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Truth is ever to be found in simplicity, and not in the multiplicity and confusion of things.
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SUMMARY

Statistical signal processing and machine learning are very important in modern science
and engineering. Many theories, methods and techniques are developed to help people
extract and analyze the hidden information from large amount of data, or so called Big
Data. The challenge of dealing with Big Data comes from either huge amount of data or
high-dimensionality of data. Considering the above two aspects, this dissertation focus on
two problems: matrix completion and sequential change-point detection.

The first one is low-rank matrix completion problem. Because many survey data is
capable of being represented approximately as an low-rank matrix, this model can apply to
many applications such as sensor network [1], network traffic analysis [2], sensor localization
[3], recommender systems [4, 5] and natural language processing [6]. Much success has
been achieved, including both theories and algorithms, to learn the model. In the case when
the entries of the matrix is assumed to be continuous, the authors of [7] prove that we can
achieve an exact recovery of the matrix provided that the number of observed entries is at
least on a logarithmic order of the total number of entries of the matrix, and they offer an
efficient algorithm to recover the missing entries of the matrix. Many following work is
then published to extend the results of [7] to more complicated cases when some unknown
continuous random errors exist. Beyond the continuous noise, the authors in [8] first develop
new techniques to handle the discrete noise, called the 1-bit matrix completion, which
is crucial since it provides the theoretical basis for the quantized matrix completion. In
Chapter 3, we extend this work to solve an important and fundamental case where the entries
are Poisson random variables. We formulate the problems into a regularized likelihood
maximization problem and solve this problem through an efficient algorithm based on the
singular value decomposition. Finally, we prove the optimality of the proposed methods and
demonstrate the good performance by synthetic simulations and real-data examples.

The second one is sequential change-point detection. The model is that we observe a

XV



sequence of independent signals and would like to detect if an unexpected change happens
in the system. This belongs to sequential decision making problems and we need decide
sequentially whether an alarm of change detected should be raised as we obtain new
observations. Due to the nature of sequential decision making, sequential change-point
detection has been applied to a large number of engineering applications, such as statistical
quality control [9], financial time series change detection [10], reliability [11], surveillance
system [12] and system prognostic [13]. In Chapter 4, 5 and 6, we consider two related
subtopics in the sequential change-point detection. One is multi-sensor gradual change-
detection and another is robust sequential change-point detection. In the next two paragraphs,
we explain them correspondingly.

As an enabling component for modern intelligent systems, multi-sensory monitoring has
been widely deployed for large scale systems, such as manufacturing systems [14], [15],
power systems [16], and biological and chemical threat detection systems [17]. The sensors
acquire a stream of observations, whose distribution changes when the state of the network
is shifted due to an abnormality or threat. We would like to detect the change online as
soon as possible after it occurs, while controlling the false alarm rate. When the change
happens, typically only a small subset of sensors are affected by the change, which is a
form of sparsity. A mixture statistic which utilizes this sparsity structure of this problem is
presented in [18]. The asymptotic optimality of a related mixture statistic is established in
[19]. Extensions and modifications of the mixture statistic that lead to optimal detection
are considered in [20]. In the above references [18, 20], the change-point is assumed to
cause a shift in the means of the observations by the affected sensors, which is good for
modeling an abrupt change. However, in many applications above, the change-point is an
onset of system degradation, which causes a gradual change to the sensor observations.
Often such a gradual change can be well approximated by a slope change in the means of the
observations. We present a mixture procedure that detects a change-point causing a slope

change to the means of the observations, which can be a model for gradual degradations. We

XVi



derive the log-likelihood ratio statistic, which becomes applying a soft-thresholding to the
local statistic at each sensor and then combining the results. The mixture procedure raises
an alarm whenever the statistic exceeds a prescribed threshold. Moreover, we prove the
asymptotic optimality of our work and demonstrate the good performance of the proposed
method using simulation and real-data examples.

In multi-sensor change-point detection problem, people consider to develop good de-
tection procedures with a high dimension of observed signals, while the robust sequential
change-point detection aims to deal with the case when the pre-change or the post-change
distributions are unknown. It is necessarily to take the robustness into consideration since
classic methods are sensitive to the mismatch of the distribution assumptions. We propose
two techniques to handle the unknown distribution parameters. The first one is to assume
a convex set for the parameters and then solve the best detection procedure via convex
optimization offline before we apply the procedure sequentially. The second one is to
combine the sequential detection procedure with the online convex optimization technique,
namely, we learn the distribution parameters and detect the changes simultaneously. Both of
the above methods improve the robustness and have better performance compared to the
classic CUSUM procedure when there is a model mismatch. We prove the nearly optimality
of the proposed methods, and we demonstrate the good performance of the methods by both

simulation and real-data example.
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CHAPTER 1
INTRODUCTION

Statistical signal processing and machine learning are very important in modern science and
engineering. Many theories, methodsandtechniques are developed to help people extract
and analyze the hidden information from the Big Data. Big Data has two aspects: 1) the
huge number of observations;2) high-dimensionality of data. This dissertation focus on
two specific topics that touch the above two aspects. The first topic is low-rank matrix
completion. Because many survey data is capable of being represented approximately
as a low-rank matrix, this model can apply to many applications such as sensor network,
network traffic analysis,sensor localization, recommender systems and natural language
processing. Even if much success has been achieved to learn the model with continuous
noise, only a few works consider the quantized noise such as Poisson noise, which is applied
to many real applications with count data. This motivates us to develop new algorithms and
theories for the Poisson Matrix Completion. The second topic is sequential change-point
detection. The model is that we observe a sequence of independent signals and would
like to detect if an unexpected change happens in the system. This belongs to sequential
decision-making problems and we need to decide sequentially whether an alarm of change
detected should be raised as we obtain new observations. Due to the nature of sequential
decision making, sequential change-point detection has been applied to a large number of
engineering applications, such as statistical quality control, financial time series change
detection, reliability, surveillance system and system prognostic. In the dissertation, several
subtopics are considered, including multi-sensor gradual change detection and robust change-
point detection via optimization techniques. For each subtopic, new theories and algorithms
are developed.

In Chapter 1, I introduce the background and history for each topic and provide the



insights and motivations. In Chapter 2, I review some preliminary results in mathematics,
in order to make readers understand the proofs in the appendix more quickly. Specifically,
I review some useful theorems in the random matrix theory since they play a crucial role
in proving the performance bounds for matrix completion problem. Then, I review briefly
the theory for classic one-sensor sequential change-point detection and present some recent
progress about multi-sensor change-point detection. Besides, I briefly introduce the classic
theory about the robust hypothesis testing and recent progress toward robust change-point
detection.

In Chapter 3, I present the work about Poisson matrix completion.We extend the theory
of low-rank matrix completion to the case when Poisson observations for a subset of the
entries of a matrix are available, which arises in various applications with count data. We
consider the usual matrix recovery formulation through maximum likelihood with proper
regularization constraints on the matrix and establish theoretical upper and lower bounds on
the recovery error.The bounds for matrix completion are nearly optimal up to a logarithmic
factor on the order of the number of entries of the matrix. Then, we show an efficient
algorithm that solves the penalized maximum likelihood approximately and demonstrates
its performance on recovering solar flare images and bike sharing count data.

In Chapter 4, I present the work about multi-sensor sequential gradual change detec-
tion.We develop a mixture procedure for multi-sensor systems to monitor data streams for a
change-point that causes a gradual degradation to a subset of the streams. Observations are
assumed to be initially normal random variables with known constant means and variances.
After the change-point, observations in the subset will have increasing or decreasing means.
The subset and the rate-of-change are unknown. Our procedure uses a mixture statistics,
which assumes that each sensor is affected by the change-point with probability py. Analytic
expressions are obtained for the average run length and the expected detection delay of the
mixture procedure, which are demonstrated to be quite accurate numerically. We establish

the asymptotic optimality of the mixture procedure. Numerical examples demonstrate the



good performance of the proposed procedure.We also discuss an adaptive mixture procedure
using empirical Bayes.

In Chapter 5, I present the work about robust change detection via offline convex
optimization.We address the computational challenge of finding the robust sequential change-
point detection procedures when the pre- and post-change distributions are not completely
specified. To tackle the difficulties of looking for least favorable distributions (LFDs) in
high-dimensional settings, we present a method based on convex optimization that addresses
this issue when the distributions are Gaussian with unknown parameters from pre-specified
uncertainty sets. We also establish theoretical properties of our robust procedures, and
numerical examples demonstrate their good performance.

In Chapter 6, I present the work about robust change detection via online convex
optimization. We consider a set of detection procedures based on sequential likelihood ratios
with non-anticipating estimators constructed using online convex optimization algorithms
such as online mirror descent, which provides a more versatile approach to tackling complex
situations where recursive maximum likelihood estimators cannot be found. When the
underlying distributions belong to an exponential family and the estimators satisfy the
logarithm regret property, we show that this approach is nearly second-order asymptotically
optimal. This means that the upper bound for the false alarm rate of the algorithm (measured
by the average-run-length) meets the lower bound asymptotically up to a log-log factor
when the threshold tends to infinity. Our proof is achieved by making a connection between
sequential change-point and online convex optimization and leveraging the logarithmic
regret bound property of online mirror descent algorithm. Numerical and real data examples

validate our theory.

1.1 Poisson matrix completion

Recovering a low-rank matrix M with Poisson observations is a key problem that arises from

various real-world applications with count data, such as nuclear medicine, low-dose x-ray



imaging [21], network traffic analysis [2], and call center data [22]. There the observations
are Poisson counts whose intensities are determined by the matrix, either through a subset
of its entries or linear combinations of its entries.

Thus far much success has been achieved in solving the matrix completion and recovery
problems using nuclear norm minimization, partly inspired by the theory of compressed
sensing [23, 24]. It has been shown that when M is low rank, it can be recovered from
observations of a subset or a linear combination of its entries (see, e.g.[7, 25, 26, 27, 28, 29,
30, 31, 32]). Earlier work on matrix completion typically assume that the observations are
noiseless, i.e., we may directly observe a subset of entries of M. In the real world, however,
the observations are noisy, which is the focus of the subsequent work [33, 34, 35, 36, 37,
38], most of which consider a scenario when the observations are contaminated by Gaussian
noise. The theory for low-rank matrix recovery under Poisson noise has been less developed.
Moreover, the Poisson problems are quite different from their Gaussian counterpart, since
under Poisson noise the variance of the noisy observations is proportional to the signal
intensity. Moreover, instead of using /5 error for data fit, we need to use a highly non-linear
likelihood function.

Recently there has also been work that consider the more general noise models, including
noisy 1-bit observations [8], which may be viewed as a case where the observations are
Bernoulli random variables whose parameters depend on a underlying low-rank matrix;
[39, 40] consider the case where all entries of the low-rank matrix are observed and the
observations are Poisson counts of the entries of the underlying matrix, and an upper bound
is established (without a lower bound). In the compressed sensing literature, there is a line
of research for sparse signal recovery in the presence of Poisson noise [41, 42, 43] and the
corresponding performance bounds. The recently developed SCOPT [44, 45] algorithm
can also be used to solve the Poisson compressed sensing of sparse signals but may not be
directly applicable for Poisson matrix recovery.

We extend the theory of 1-bit low-rank matrix completion to the case with Poisson



observations. The matrix recovery problem from compressive measurements is formulated
as a regularized maximum likelihood estimator with Poisson likelihood. We establish
performance bounds by combining techniques for recovering sparse signals under Poisson
noise [41] and for establishing bounds in the case of low-rank matrices [46, 47]. Our
results demonstrate that as the intensity of the signal increases, the upper bound on the
normalized error decays at certain rate depending how well the matrix can be approximated
by a low-rank matrix.

The matrix completion problem from partial observations is formulated as a maximum
likelihood problem with proper constraints on the matrix M (nuclear norm bound || M ||, <
av/rdyd; for some constant o and bounded entries 3 < M;; < a)'. We also establish
upper and lower bounds on the recovery error, by adapting the arguments used for one-bit
matrix completion [8]. The upper and lower bounds nearly match up to a factor on the
order of O(log(d,ds)), which shows that the convex relaxation formulation for Poisson
matrix completion is nearly optimal. We conjecture that such a gap is inherent to the
Poisson problem in the sense that it may not be an artifact due to our proof techniques
for the upper bound. Moreover, we also highlight a few important distinctions of Poisson
matrix completion compared to the prior work on matrix completion in the absence of noise
and with Gaussian noise: (1) Although our arguments are adapted from one-bit matrix
completion (where the upper and lower bounds nearly match), in the Poisson case there
will be a gap between the upper and lower bounds, possibly due to the fact that Poisson
distribution is only locally sub-Gaussian. In our proof, we notice that the arguments based
on bounding all moments of the observations, which usually generate tight bounds for prior
results with sub-Gaussian observations, do not generate tight bounds here; (2) we will need
a lower bound on each matrix entry in the maximum likelihood formulation, which can be

viewed as a requirement for the lowest signal-to-noise ratio (since the signal-to-noise ratio

'Note that the formulation differs from the one-bit matrix completion case in that we also require a lower
bound on each entry of the matrix. This is consistent with an intuition that the value of each entry can
be viewed as the signal-to-noise ratio (SNR) for a Poisson observation, and hence this essentially poses a
requirement for the minimum SNR.



(SNR) of a Poisson observation with intensity [ is VT ).

Moreover, we present a set of efficient algorithms, which can be used for both matrix
recovery based on compressive measurements or based on partial observations. These
include two generic (gradient decent based) algorithms: the proximal and accelerated
proximal gradient descent methods, and an algorithm tailored to Poisson problems called the
Penalized Maximum Likelihood Singular Value Threshold (PMLSVT) method. PMLSVT
is derived by expanding the likelihood function locally in each iteration, and finding an
exact solution to the local approximation problem which results in a simple singular value
thresholding procedure [30]. The performance of the two generic algorithms are analyzed
theoretically. PMLSVT is related to [48, 49, 50] and can be viewed as a special case where
a simple closed form solution for the algorithm exists. Good performance of PMLSVT is
demonstrated with synthetic and real data including solar flare images and bike sharing
count data. We show that PMLSVT has much lower complexity than solving the problem
directly via semidefinite program and it has fairly good accuracy.

While working on this paper we realize a parallel work [51] which also studies perfor-
mance bounds for low rank matrix completion with exponential family noise and using a
different approach for proof (Poisson noise is a special case of theirs). Their upper bound
for the mean square error (MSE) is on the order of O (log(d; + da)r max{d;, ds}/m) (our
upper bound is O (log(dids)[r(di + ds)/m]'/?)), and their lower bound is on the order
of O (rmax{dy, d>}/m) (versus our lower bound is O ([r(d; + d2)/m]"/?). There might
be two reasons for the difference. First, our sampling model (similar to one bit matrix
completion in [8]) assumes sampling without replacement; therefore there are at most d; ds
observations, and each entry may be observed at most once. In contrast, [51] assumes
sampling with replacement; therefore there can be multiple observations for the same entry.
Since our results heavily depend on the sampling model, we suspect this may be a main
source of the difference. The formulations are also different. The formulation for matrix

completion in our paper is a constrained optimization with an exact upper bound on the



matrix nuclear norm, whereas [51] uses a regularized optimization with a regularization
parameter A\ (which is indirectly related to the nuclear norm of the solution), but there is
no direct control of the matrix nuclear norm. Also, note that their upper and lower bounds
also have a gap on the order of log(d; + d2), which is consistent with our result. On the
other hand, compared with the more general framework for M -estimator [52], our results

are specific to the Poisson case, which may possibly be stronger but do not apply generally.

1.2 Multi-sensor slope change detection

As an enabling component for modern intelligent systems, multi-sensory monitoring has
been widely deployed for large scale systems, such as manufacturing systems [14], [15],
power systems [16], and biological and chemical threat detection systems [17]. The sensors
acquire a stream of observations, whose distribution changes when the state of the network
is shifted due to an abnormality or threat. We would like to detect the change online as
soon as possible after it occurs, while controlling the false alarm rate. When the change
happens, typically only a small subset of sensors are affected by the change, which is a
form of sparsity. A mixture statistic which utilizes this sparsity structure of this problem is
presented in [18]. The asymptotic optimality of a related mixture statistic is established in
[19]. Extensions and modifications of the mixture statistic that lead to optimal detection are
considered in [20].

In the above references [18, 20], the change-point is assumed to cause a shift in the
means of the observations by the affected sensors, which is good for modeling an abrupt
change. However, in many applications above, the change-point is an onset of system
degradation, which causes a gradual change to the sensor observations. Often such a gradual
change can be well approximated by a slope change in the means of the observations. One
such example is shown in Fig. 4.1, where multiple sensors monitor an aircraft engine and
each panel of figure shows the readings of one sensor. At some time a degradation initiates

and causes decreasing or increasing in the means of the observations. Another example
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Figure 1.1: Degradation sample paths recorded by 21 sensors, generated by C-MAPSS [53].
A subset of sensors are affected by the change-point, which happens at an unknown time
simultaneously and it causes a change in the slopes of the signals. The change can cause
either an increase or decrease in the means.

comes from power networks, where there are thousands of sensors monitoring hundreds
of transformers in the network. We would like to detect the onset of any degradation in
real-time and predict the residual life time of a transformer before it breaks down and causes
a major power failure.

We present a mixture procedure that detects a change-point causing a slope change to
the means of the observations, which can be a model for gradual degradations. Assume the
observations at each sensor are 7.7.d. normal random variables with constant means. After the
change, observations at the sensors affected by the change-point become normal distributed
with increasing or decreasing means. The subset of sensors that are affected are unknown.
Moreover, their rate-of-changes are also unknown. Our mixture procedure assumes that each
sensor is affected with probability py independently, which is a guess for the true fraction p
of sensors affected. When pj is small, this captures an empirical fact that typically only a
small fraction of sensors are affected. With such a model, we derive the log-likelihood ratio
statistic, which becomes applying a soft-thresholding to the local statistic at each sensor

and then combining the results. The mixture procedure fires an alarm whenever the statistic



exceeds a prescribed threshold. We consider two versions of the mixture procedure that
compute the local sensor statistic differently: the mixture CUSUM procedure T, which
assumes some nominal values for the unknown rate-of-change parameters, and the mixture
generalized likelihood ration (GLR) procedure T, which uses the maximum likelihood
estimates for these parameters. To characterize the performance of the mixture procedure,
we present theoretical approximations for two commonly used performance metrics, the
average run length (ARL) and the expected detection delay (EDD). Our approximations are
shown to be highly accurate numerically and this is useful in choosing a threshold of the
procedure. We also establish the asymptotic optimality of the mixture procedures. Good
performance of the mixture procedure is demonstrated via real-data examples, including:
(1) detecting a change in the trends of financial time series; (2) predicting the life of air-craft
engines using the Turbofan engine degradation simulation dataset.

The mixture procedure here can be viewed as an extension of the earlier work on multi-
sensor mixture procedure for detecting mean shifts [18]. The extensions of theoretical
approximations to EDD and especially to ARL are highly non-trivial, because of the non-
1.i.d. distributions in the slope change problem. Moreover, we also establish some new
optimality results which were omitted from [18], by extending the results in [54] and [55]
to handle non-:.7.d. distributions in our setting. In particular, we generalize the theory to
a scenario where the log likelihood ratio grows polynomially as a result of linear increase
or decrease of the mean values, whereas in [18], the log-likelihood ratio grows linearly. A
related recent work [19] studies optimality of the multi-sensor mixture procedure for 7.7.d.

observations, but the results therein do not apply to the slope change case here.

1.3 Robust sequential change detection

Sequential detection of an abrupt change in a system has rich applications in practice such
as statistical quality control, seismic event identification and network security monitoring

(e.g, [56]). In standard settings, these change detection problems assume that we observe a



sequence of signal whose distribution changes at some unknown point in time, referred to as
the “change-point”. The goal is to detect the change-point with as little delay as possible,
subject to the constraint that false detections occurring before the true change-point are very
rare. This single sequence case is first studied by Page over 60 years ago in [57] and then
many outstanding contributions are due to [58] and [59]. As the growing complexity of the
systems and the enlarging number of sensors needed to monitor the systems, the detection
procedures that can collect and analyze information from multiple sources are established,
such as [60], [61] and [18].

Most previous work in the area of sequential change-point detection is based on an
assumption that the distributions before and after the change-point are exactly specified.
Under this assumption, it is well known that this optimal procedure is CUSUM procedure
and many great theoretical analysis such as asymptotical and exact optimality are achieved
(e.g, [59, 62, 63]). To implement CUSUM procedure in practice, people need estimate the
parameters in the distributions based on historical data or domain knowledge. However, it is
known in [64] that CUSUM procedure is sensitive to the model mismatch. Therefore, a more
appropriate procedure should be more robust to the uncertainty of the distributions possibly
caused by noise, estimation error and inevitable system error. In the following, I present
two techniques to establish robust sequential detection procedure. The first one utilizes
the offline convex optimization to solve the best detector before we apply the procedure.
The second one utilizes the online convex optimization aiming to jointly estimating the

distribution parameters and detecting the change.

1.3.1 Sequential change detection via offline convex optimization

To improve the robustness of the detection procedure, one can use robust detector to form
the statistics. Robust detector dates back to Huber’s seminal work [65]. Also an asymptotic
version of the robust problem was introduced in [66]. The more recent contributions

[67, 68] introduce a so-called Joint Stochastic Boundedness (JSB), under which one can
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identify a pair of least favorable distributions (LFDs) from the uncertainty classes such that
the CUSUM procedure designed for the LFDs is the optimal for the robust problem in a
minimax sense. However, in the multi-dimensional setting, there remains the computational
challenge to establish robust sequential detection procedures or to find the LFDs. Closed-
form LFDs are found only for a few special cases (e.g,[69] and [70]) for one-dimensional
case. Moreover, the JSB condition in [68] is defined on the real line, and direct extension
of JSB to multi-dimensional setting becomes quite restrictive even in very simple cases.
The following example illustrates the difficulty. Consider two bivariate normal distributions.
Assume that Y is a positive-definite matrix in R?*2, and we would like to detect a possible

transition from the probability density function Py = {N(0,X)}, to a family of distributions

Pr=A{P|P=N(u,%), [lnn = (10,10)"]|2 < 1,1 € R?}.

In this case, it is impossible to find a distribution in P; that is stochastically larger than any
other distribution in P; due the following Lemma 1 (see Fig. 1.2 for the illustration) which

satisfies the JSB condition.

Lemma 1 (Theorem 5 in [71] ). Let X ~ N (11, X) and X' ~ N (i, ¥') be n-dimensional
normally distributed random vectors. Then X' is stochastically larger than X if and only if

WO > u® foralll <i<mnand¥ =Y where i) denotes the ith entry of .

I present a method of establishing the sequential detection procedures by convex op-
timization. This work is inspired by the recent work for robust hypothesis testing [72].
Given the convex set to which the parameters belong, instead of identifying LFDs under
restrictive assumptions, we solve the best choice of parameters by minimizing the Hellinger
distance between the distributions from uncertainty classes. Then we establish the CUSUM
procedure based on the parameters given by convex optimization. Even if we no longer be
able to prove the optimality of our procedures as a cost for the robustness, we can provide

some useful theoretical analysis and introduce the near optimality. Finally, note that we fix
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Figure 1.2: It is impossible to find a point on the circle of which all the entries are larger
than those of other points on the circle.

the parametric model first (e.g, Normal and Poisson) and the uncertainty class in our work is
represented by a convex set of parameters, which is different with the previous work about
identifying LFDs where the uncertainty class is represented by a set of probability functions
(and our approach leads to computationally more efficient methods).

Our approach is motivated by the recent work using convex optimization for hypothesis
testing [72, 73]. The difference of these approaches from our work is that they treat
sequential change-point detection as a multiple hypothesis test problem. Since for each time
t, there are k possible change-point locations, for a fixed time horizon ¢ < 7' there are finite
number of hypotheses. One may design the test such that the probability of error for each
of the hypothesis is uniformly controlled and the total probability of error is less than a
given level a. This approach may not be convenient to use for infinite horizon setting of the
sequential change-point detection problem. In this paper, we adopt a different approach and
also characterize two performance metrics that are commonly used for sequential problems:

the Average Run Length (ARL) and Expected Detection Delay (EDD).

1.3.2  Sequential change detection via online convex optimization

We are interested in the sequential change-point detection problem with known pre-change

parameters but unknown post-change parameters. Specifically, given a sequence of samples
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X1, Xa, ..., we assume that they are independent and identically distributed (i.i.d.) with
certain distribution f, parameterized by ¢, and the values of 6 are different before and after
some unknown time called the change-point. We further assume that the parameters before
the change-point are known. This is reasonable since usually it is relatively easy to obtain
the reference data for the normal state, so that the parameters in the normal state can be
estimated with good accuracy. After the change-point, however, the values of the parameters
switch to some unknown values, which represent anomalies or novelties that need to be

discovered.

Motivation: Dilemma of CUSUM and generalized likelihood ratio (GLR) statistics

Consider change-point detection with unknown post-change parameters. A commonly used
change-point detection method is the so-called CUSUM procedure [55] that can be derived
from likelihood ratios. Assume that before the change, the samples X; follow a distribution
fo, and after the change the samples X; follow another distribution f»,. CUSUM procedure
has a recursive structure: initialized with W, = 0, the likelihood-ratio statistic can be
computed according to Wy, = max{W; + log(fs, (X¢+1)/fa,(X¢+1)),0}, and a change-
point is detected whenever I, exceeds a pre-specified threshold. Due to the recursive
structure, CUSUM is memory and computation efficient since it does not need to store the
historical data and only needs to record the value of I¥;. The performance of CUSUM
depends on the choice of the post-change parameter 6, ; in particular, there must be a well-
defined notion of “distance” between 6, and 8,. However, the choice of 8, is somewhat
subjective. Even if in practice a reasonable choice of ¢ is the “smallest” change-of-interest,
in the multi-dimensional setting, it is hard to define what the “smallest” change would mean.
Moreover, when the assumed parameter #; deviates significantly from the true parameter
value, CUSUM may suffer a severe performance degradation [74].

An alternative approach is the Generalized Likelihood Ratio (GLR) statistic based

procedure [56]. The GLR statistic finds the maximum likelihood estimate (MLE) of the post-
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change parameter and plugs it back to the likelihood ratio to form the detection statistic. To be
more precise, for each hypothetical change-point location £, the corresponding post-change
samples are { Xj.+1, ..., X;}. Using these samples, one can form the MLE denoted as é;ﬁu.
Without knowing whether the change occurs and where it occurs beforehand when forming
the GLR statistic, we have to maximize £ over all possible change locations. The GLR
statistic is given by max,; > ;_, 1 log( fék,t(Xi) /fo,(X¢)), and a change is announced
whenever it exceeds a pre-specified threshold. The GLR statistic is more robust than
CUSUM [54], and it is particularly useful when the post-change parameter may vary from
one situation to another. In simple cases, the MLE ékﬂjt may have closed-form expressions
and may be evaluated recursively. For instance, when the post-change distribution is
Gaussian with mean 6 [75], 051, = (ZZ:,{:Jrl X,)/(t—k),and Opyy 00 = (t—k)/(t — k+
1)- QAHM + X;11/(t — k4 1). However, in more complex situations, in general MLE ékﬂ,t
does not have recursive form and cannot be evaluated using simple summary statistics. One
such instance is given in Section 1.3.2. Another instance is when there is a constraint on the
MLE such as sparsity. In these cases, one has to store historical data and recompute the MLE
ék,t whenever there is new data, which is not memory efficient nor computational efficient.
For these cases, as a remedy, the window-limited GLR is usually considered, where only
the past w samples are stored and the maximization is restricted to be over k € (t — w, t].
However, even with the window-limited GLR, one still has to recompute QAM using historical
data whenever the new data are added.

Besides CUSUM or GLR, various online change-point detection procedures using
one-sample updates have been considered, which replace with the MLE with a simple
recursive estimator. The one-sample update estimate takes the form of ék,t = h(X, ém,l)
for some function h that uses only the most recent data and the previous estimate. Then
the estimates are plugged into the likelihood ratio statistic to perform detection. Online
convex optimization algorithms (such as online mirror descent) are natural approach to

construct these estimators (see, e.g., [76, 77]). Such a scheme provides a more versatile

14



approach to develop detecting procedure for complex situations, where the exact MLE
does not have a recursive form or even a closed-form expression. The one-sample update
enjoys efficient computation, as information from the new data can be incorporated via
low computational cost update. It is also memory efficient since the update only needs the
most recent sample. The one sample update estimators may not correspond to the exact
MLE, but they tend to result in good detection performance. However, in general there is no

performance guarantees for such approach. This is the question we aim to address in this

paper.

Application scenario: Social network change-point detection

The widespread use of social networks (such as Twitter) leads to a large amount of user-
generated data generated continuously. One important aspect is to detect change-points in
streaming social network data. These change-points may represent the collective anticipation
of response to external events or system ‘“shocks” [78]. Detecting such changes can provide
a better understanding of patterns of social life. In social networks, a common form of
the data is discrete events over continuous time. As a simplification, each event contains a
time label and a user label in the network. In [79], the authors model discrete events using
network point processes, which capture the influence between users through an influence
matrix. We then cast the problem as detecting changes in an influence matrix, assuming
that the influence matrix in the normal state (before the change) can be estimated from
the reference data. After the change, the influence matrix is unknown (since it represents
an anomaly) and has to be estimated online. Due to computational burden and memory
constraint, since the scale of the network tends to be large, we do not want to store the entire

historical data and rather compute the statistic in real-time.
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Contributions

First, we present a general approach based on online convex optimization (OCO) for
constructing the estimator for the one-sided sequential hypothesis test and the sequential
change-point detection, in the non-anticipative approach of [75] if the MLE cannot be
computed in a convenient recursive form.

Second, we provide a proof of the near second-order asymptotic optimality of this
approach when a “logarithmic regret property” is satisfied and when the distributions are
from an exponential family. The nearly second-order asymptotic optimality [55] means
that the upper bound for performance matches the lower bound up to a log-log factor as
the false-alarm rate tends to zero. Inspired by the existing connection between sequential
analysis and online convex optimization in [80, 81], we prove the near optimality leveraging
the logarithmic regret property of online mirror descent (OMD) and the lower bound
established in statistical sequential change-point literature [82, 55]. More precisely, we
provide a general upper bound for one-sided sequential hypothesis test and change-point
detection procedures with the one-sample update schemes. The upper bound explicitly
captures the impact of estimation on detection by an estimation algorithm dependent factor.
This factor shows up as an additional term in the upper bound for the expected detection
delay, and it corresponds to the regret incurred by the one-sample update estimators. This
establishes an interesting linkage between sequential change-point detection and online
convex optimization. Although both fields, sequential change-point detection and online
convex optimization, study sequential data, the precise connection between them is not clear,
partly because the performance metrics are different: the former concerns with the tradeoff
between average run length and detection delay, whereas the latter focuses on bounding
the cumulative loss incurred by the sequence of estimators through a regret bound [83, 81].
Synthetic examples validate the performances of one sample update schemes. Here we focus
on OMD estimators, but the results can be generalized to other OCO schemes such as the

online gradient descent.
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CHAPTER 2
PRELIMINARIES

In this chapter, we review some fundamentals that will be used for later development. I
will review some results and techniques about matrix completion. Then, some deep and
useful theorems in the random matrix theory are introduced since they play a crucial role in
proving the performance bounds. Next, I will review briefly the theory for classic one-sensor
sequential change-point detection and present some recent progress about multi-sensor
change-point detection. Finally, I will briefly introduce the classic theory about the robust

hypothesis testing and recent progress about robust change-point detection.

2.1 Basic mathematics and results for matrix completion

2.1.1 Basic review of mathematical concepts and tools

In order to prove the theorems in [8] and in Chapter 3, we need have some basic understand-
ings of mathematics including matrix norms, divergence between distributions, information

theory and probability theory. Next, I will offer a quick review of these contents.

Matrix norms

As is known, the matrix norms are all equivalent in Hilbert space with certain inner prod-
uct. Then, people specify them for the convenience of analysis. The Schatten norms, as
one kind of specification, are widely used. Assume that M is an d;-by-d; matrix, and
01, -+ Omin(dy,d») ar€ the singular values of M. Then the Schatten p-norm of matrix M is

defined as follows:

1
min(dy,dz) /p

M= > of

i=1
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Many useful norms such as Frobenius norm and Spectral norm are special cases of Schatten
norms by taking various ps. Next, I explain the relationship between the norms.

When p = 2, The Schatten 2-norm is just the Frobenius norm, which is defined as the
sum of square of all the entries of a matrix. When p = oo, the Schatten co-norm is just the
spectral norm, which is defined as the largest singular value of a matrix. When p = 1, the
Schatten 1-norm is just the nuclear norm, which is defined as the sum of the singular values
of a matrix.

Define an inner product (A, B) in matrix space R%*92 (matrix space is a Hilbert space)

as follows:
di do

<A, B> = Trace(ATB) = Z Z Az]B’Lj

i=1 j=1
Moreover, we define the dual norms. For any (p, ¢) satisfying p,¢ > 0and 1/p+ 1/q =1,
then Schatten p-norm and Schatten g-norm are called dual norms. For example, the dual
norm of Spectral norm is the nuclear norm and the dual norm of Frobenius norm is itself.

Then the following Holder’s inequality holds for any pair of dual Schatten p-norms.

Lemma 2 (Theorem 2 in [84], Matrix Holder’s inequality). For any matrix A, B € R%*d2,
if 1 < p,q < oo satisfying 1/p + 1/q = 1, with the Schatten p-norms and inner product
defined before, we have that

(4, B) < || Al Blly-

This lemma is useful since we are able to bound the inner product by norms that may
offer some convenience to the analysis.

Other than p = 1, 2, oo, the Scattern p-norms are not very popular so in the following we
denote | M || as the Frobenius norm, ||/ || as the spectral norm and || M ||, as the nuclear
norm. Therefore, the above lemma offers an useful result: (A, B) < ||A]|||B||«, which is

used in the proofs of theorems in Chapter 3.
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Rademacher random variables and contraction principle

In probability theory, one popular proof technique is to take advantage of the symmetry
of random variables. Rademacher random variables, as the simplest symmetric random
variable, are widely used in the probability theory. To obtain a broad horizon, I suggest read
the book [85]. Next, I introduce some essential concepts and results used in this thesis.
Denote B as a Banach space such that there exists a countable subset D of the unit ball

or sphere of the dual space B’ such that

|z]| = sup|f(z)],z € B.
feD

If B is separable, then such D exists (e.g, linear functionals of norm 1) and ||z|| is a norm of
2 defined on B.

The Rademacher sequence (or Bernoulli sequence) is defined to be a sequence (¢;);en
of independent Rademacher random variables taking the values +1 and —1 with equal
probability. A sequence (X;);cn of random variables with values in B is called symmetric
sequence if, for every N € N, (X1, ..., £Xy) has the same probability distribution with
(X1,...,Xn)in BY. The typical example of a symmetric sequence consists in a sequence
of independent and symmetric random variables. Then, an important result about the partial

sum of a symmetric sequence is given by Lévy as follows.

Lemma 3 (Proposition 2.3 in [85]). Let (X;) be a symmetric sequence of random variables
with values in Banach space B. For every k, set Sy, = Zle X;. Then, for any integer N
andt > 0, we have

P{max [|S[| > t} < 2P{|[Sell > t}-

As a consequence, note also that by integration by parts, for every p > 0, we have

E max || Si||” < 2E||Sy||P.
k<N
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Using L(e)vy’s inequalities above, we can prove the following fundamental theorem,

which is known as the contraction principle.

Theorem 1 (Theorem 4.4 in [85], Contraction principle). Let F' : R, — R be convex. For

any finite sequence (x;) in a Banach space B and any real numbers (c;) satisfying |o;| < 1

Further, for any t > 0,
IP’{‘ >t}§2P{‘ >t}.

Next, we define the contraction. A map ¢ : R — R is called a contraction if |¢(s) —

for all i, we have

E Q€T E €T
i

i

g €5

i

E Q€T
i

o(t)| < |s—t|forall s,t € R. If we only look at the vector space and add some assumptions,
we can replace «; in Theorem 1 with contractions. The result is summarized in the following

theorem.

Theorem 2 (Theorem 4.12 in [85]). Let F' : R, — R, be convex and increasing. Let

¢i,1 < N are contractions satisfying ¢;(0) = 0. Then, for any bounded subset T in R, we

EF (% ) <EF < ) : 2.1)
T T

where ||h(t)||lz = sup,er [h(t)].
Note that the right-hand side of (2.1) is not dependent on the contractions ¢;,7 < V.

have
N

Z €0i(t)

i=1

N

Z eiti

=1

Therefore, the above theorem offers a bound without possibly complicated functions ¢;s
and then makes the analysis more easily. Finally, we offer a simple but useful result for

Rademacher random variables.

Lemma 4 (Lemma 6.3 in [85]). Let F' : R, — R be convex. Then for any finite sequence

(X;) of independent mean zero random variables in B such that EF (|| X;||) < oo for all i,
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then we have

EFG )SEF< )SEF(‘ )

Equipped with the above knowledge in probability theory, one should be well prepared

Z Gin‘

)

Z eiXi

%

to understand the proofs in Chapter 3.

Kullback-Leibler(KL) divergence and Hellinger distance

Similar with the Euclidean distance in vector space, KL divergence and Helliger distance
are used as a measure of the difference between two probability distributions. For discrete

probability distributions P and @), KL divergence from () to P is defined to be

Z
Dgi(P||Q) & ZP log o0

Then, the Hellinger distance between two discrete probability distributions P and () is

defined to be

H*(P,Q) £ Z\/— Va0,

Note that KL divergence is not symmetric with respect to P and () but Hellinger distance is
symmetric. A simple result is that the Hellinger distance can be bounded by KL divergence
(Equation (12) in Chapter 3 of [86]). I suggest reading the whole Chapter 3 in [86] to obtain

more intuition and knowledge.

Fano’s inequality

In information theory, Fano’s inequality relates the average information lost in a noisy
channel to the probability of the categorization error. In fact, Fano’s inequality has its
statistical interpretation. I refer to Lemma 3 in [87] for the people who are interested to the

generalization of Fano’s result.
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2.1.2 classic matrix completion theory

When it comes to the theory of matrix completion, people need ask three questions: which
matrices can be completed; which sample schemes is reasonable; which algorithm is
appropriate to guarantee the completion accuracy. Matrix completion is not magic but logic.
The first work that answers the above three questions clearly is presented by Dr. Candes and
Dr. Recht in [7]. Next, I will introduce the basic ideas and results and their answers about
the above three questions.

First, they make some assumptions about the matrices to be completed. Assume that
the matrix M € R%*% js the matrix to be completed. A very important observation is that
the singular vectors of M need to be sufficiently spread in order to minimize the number of
observations needed to recovery M. They present a extreme example to show the intuition.

Consider a rank-2 symmetric matrix M given by

2
M = ngukUZaul = (e1 +e2)/V2,us = (e1 — €2) V2,

k=1

where the oy, are arbitrary singular values and e; is the ¢th canonical basis vector in Euclidean
space (the vector with all entries equal to O but the ith equal to 1). Then M is zero everywhere
except the top-left 22 corner. Intuitively, one can not recovery M exactly without observing
the top-left corner entries.

Therefore, to explain this case mathematically, they define the coherence of a subspace

U € R? of dimension r as following:
s d 2
wU) = - - maxicizal Puesl)z,

where Py is the orthogonal projection onto subspace U. One can see that 1 < pu(U) < d/r
for any subspace U € R? with dimension r. They are interested in subspaces with low

coherence as matrices whose column and row spaces have low coherence cannot really be
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in the null space of the sampling operator.

Assume the singular value decomposition of M is M = >, _ u,v] and with column
and row spaces denoted by U and V, respectively. In this case, Py = Ziem w;u] and
Pv = 3 icpy vivi, where [r] is not an exact definition but represents the index set of spanned
spaces. To answer the question about which matrices can be completed with incomplete

observations, they make two assumptions:
e (A0): max(u(U), u(V)) < o for some positive 4.

e (Al): The matrix ), ;. uxv; has a maximum entry bounded by ji;1/7/(d1dz) in

absolute value for some positive fi;.

If the matrices to be completed satisfy the above two assumptions, they prove that it is
enough to set sample scheme to be randomly uniform. Finally, they consider the algorithm
used to complete the low-rank matrices. Ideally, they would like to minimize the rank of
matrix M. However, the minimization of rank is proved to be a NP-hard problem that can
not be solved in polynomial time. Therefore, they instead try to minimize the nuclear norm
of M, which is defined as the sum of singular values of M. The nuclear norm of M can
be seen as a convex relaxation (similar with relax ¢y norm to ¢; norm in LASSO problem).
They consider the following optimization problem:
minimize || X||.

(2.2)
SUbjeCt to X” = Mija (Z,j) cQ

Then, the main result is the following theorem

Theorem 3 (Theorem 1.3 in [7]). Let M be an dy-by-dy matrix of rank r obeying (AQ) and
(A1) and put d = max(dy, dy). Suppose we observe m entries of M with locations sampled

uniformly at random. Then there exist constants C| ¢ such that if

m > max(1id, jig'* i1, prod"*)dr (B log d),
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for some B > 2, then the minimizer of (2.2) is unique and equal to M with probability at

least 1 — cd=". Forr < pod/® and under (AQ) only, this estimate can be improved to

m > Cued®>r(Blogd),

with the same probability of success.

This theorem asserts that when the coherence is low, few observations are required to
recover M with high probability. Also, the theorem suggests the appropriate relationship
between the rank and the dimension for successfully recovering M from randomly sampled
entries. This work is very important and offers the procedures of analyzing the problem.

More refinement is presented in [26].

2.1.3 1-bit matrix completion

After Dr. Candes present the theories for exact matrix completion, people continue working
on this topic and extend the work to many other cases, e.g, [88, 34]. However, the famous
”Netflix Problem” brings new problems that the classic literature for matrix completion
does not consider, namely, the quantized matrix completion. Assume that there is some
unknown matrix whose entries each represent a rating for a particular user on a particular
movie. It is only able to observe a small fraction of the total entries in the matrix since
any user rates only a small subset of movies. The ”"Netflix Problem” then asks scientists
to predict the unseen ratings from the observed ratings. This problem is clearly a matrix
completion problem but there is a difference: the ratings are integers but are not continuous
values. The quantization challenges classic matrix completion theories since the classic
theories all assume continuous variables with possible continuous noise (e.g, Gaussian
noise). In recommender system, this phenomenon occurs frequently and even in some cases
the entries are categorical. Therefore, alternative mathematical techniques are needed in

order to demonstrate the performance bounds in such quantized matrix completion problem.
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The first work that considers the quantized observations is written by Dr. Davenport, Dr.
Plan, Dr. Berg and Dr. Wootters in [8]. They answer the three questions again for the
quantized matrix completion problem. Next, I will review the new theories briefly.

First question: which matrices can be completed. Similar with classic theories, the
answer in [8] is that the matrix M should be approximately low-rank. Instead of rigorously
setting the rank of M, authors in [8] presents that an upper bound for the nuclear norm of
M € R%*4 js enough. Specifically, they assume that || M ||, < av/rd;d, for some positive
« and r. The intuition is that if we see « as the upper bound for || M ||« and see r as the
upper bound for the rank of M, then the following inequalities show an upper bound for the

nuclear norm of M:

| M| < VT M|p < Vrdide|[M]|oo < an/rdyds.

Second question: which sample schemes is reasonable. Define a subset of indices
Q€ [dq] x [dq], where [d] = {1,2,...,d} and assume that the entries in () are observed.
Similar with the classic settings, the authors in [8] assume that €2 follows a binomial
model in which each entry (7, j) € [di] X [dq] is included in 2 with probability n/(d;ds),
independently, where n is the number of observed entries.

Third question: which algorithm is appropriate to guarantee the completion accuracy.
The answer in [8] is to maximize the log-likelihood function of the optimization variables
with constraints on the nuclear norm and the infinity norm of M. The log-likelihood function
is dependent on the observation model. Define a differentiable function f : R — [0, 1].
The observation model presented in [8] is as follows: given a matrix M € R%*% and a
subset of indices €2, for any (i, j) € €, people observe Y;; = +1 with probability f(M;;)
and observe Y;; = —1 with probability 1 — f(;;). Therefore, the log-likelihood function

for this observation model is defined as follows (X € R%1*%2 represents the optimization
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variables):

Loy(X)= > (I Dlog(f(Xij)) + 1(Yij; = —1)log(1 — f(Xy5)))

(3,7)€2

Then the authors consider solving the following convex optimization problem:

maximize Loy (X)
(2.3)

subject to || X ||« < av/rdids and || X < .

After answering the three questions, the main theorem in [8] proves the upper bound
for the recovery error. Before presenting the main theorem, the authors use L, and j3, to

characterize the “steepness” and “flatness” of f in the observation model above. Define that

PP 0]

lz|<a f@)(1 = f(x))’

and

o @0 f@)
Por = 800 == e

Theorem 4 (Theorem 1 in [8]). Assume that | M||. < a/rdidy and | M| < . Suppose

that Q) is chosen at random following the binomial model with E|Q)| = n. Suppose Y is
generated by the observation model above. Consider M as the solution to (2.3), Then with
probability at least 1 — C'/(dy + d3),

L”]\//j_ MHQ <C \/'r’(d1 + dy) \/1_|_ (dy + dy) log(dyds)
dl F = a 0 -

’

where Co, = CyaLy . Above, Cy, Cy are absolute constants.

This algorithm proves that when 7 is greater than (d; + ds) log(d;ds), the approximately
low-rank matrix M can be recovered accurately with high probability. In fact, the algorithm

offers a order of n for accurate recovery when d; or d, goes to infinity.
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Moreover, the authors offer a lower bound for the recovery error and demonstrate that
their method is asymptotically optimal. They design a M and proves that any algorithm can

not recovery M very accurately. The result is summarized in the following theorem.

Theorem 5 (Theorem 3 in [8]). Fix o, 7, dy, ds to be such that r > 4 and o*r max(dy, ds) >
Co. Suppose f'(x) is decreasing for x > 0. Let § be any subset of [d;] % [dy] with cardinality
n. Let Y be generated from the above observation model. Consider any algorithm which,
for any M satisfying M € K = {M € R4*% . ||M|, < av/rdidy and |M|| < a},
takes Y;;, (i,7) € Omega as inputs and returns ]\/Z, there exists a M € K such that with

probability at least 3 /4,

1 — _ rmax(dy, ds)
——||M — M||% > min C1, Coar/Bsasa\| ————= ¢,
d1d2H HF - { 1 2 ﬁ?’ '/4 n }

as long as the right-hand side of the above equation exceeds ra?/ min(dy,ds). Above,

C1, Cy are absolute constants.

There are several methods to solve (2.3). In [8], the authors choose Spectral projected-
gradient method and alternating-direction method of multipliers (ADMM).
Poisson matrix completion is also a quantized matrix completion problem. Therefore,

the work in Chapter 3 can be seen as an extension of the brilliant work in [8].

2.2 Sequential change detection

In this section, I introduce basic ideas and results about the sequential change-point detection.
There are two major types of this problem: Bayesian and non-Bayesian. In Bayesian method
people assumes that the location of change follows a prior distribution but in non-Bayesian
method there is not such assumption. Bayesian methods are usually more easily to be
analyzed mathematically but non-Bayesian methods are more generally used and more

robust (even if hard to analyze). Both methods are useful. In this thesis, I only consider the
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non-Bayesian methods. I will introduce some classic result for one-sensor case and then

introduce recent progress in multi-sensor change-point detection.

2.2.1 Basic mathematical results

At the beginning, I would like to introduce some famous results that are widely used in the
analysis for sequential change-point detection problem. The most important one is Wald’s

equation, which is also one of the most crucial results in stochastic process.

Lemma 5 (Wald’s equation). Let x1, o, . . . be independent and identically distributed. For

any stopping time T' with ET" < oo,

T
E (Z m) — Bz, - ET.
=1

This is a very good property for the stopping time. Another useful property for stopping

time is about the likelihood ratio.

Lemma 6 (Walds likelihood ratio identity). Let x1, xs, . .. be independent and identically
distributed with density f and g under Py and P, respectively. For any event A, we use
E(X; A) to denote E(X 1), where 1 4 is the indicator variable of event A which equals to 1

if A occurs and 0 otherwise. Define the likelihood ratio sequence for any n

. g(;)
l, = .
; (i)
For any stopping time T' and non-negative random variable Y prior to T, we have that
E,(Y:T <o0) =E¢ (YT < 00).
In particular, if Y = 14, then

P(AN{T < o0}) =Es(lr; AN{T < o0}).
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The proof of Wald’s likelihood ratio identity is a mathematical technique: change of
measure, which establishes an equality between the two cases when the observations are
drawn from f and g. When it is hard to analyze from one side, we can think of changing the

measure and analyzing from the other side.

2.2.2  One-sensor change-point detection

Basic settings and concepts

Assume that a system is monitored by one sensor and the sensor returns records sequentially.
We observe from the sensor a sequence of independent observations x, xs, . ... At the
beginning, the system is ”’in control” and the observations are drawn from a distribution
with probability density f. At some unknown but deterministic (not random) time x, called
change-point, the system changes from ”in control” to ”out of control” and the distribution
for the observations change from f to g. Usually we know ahead of time f since when the
system is “’in control” the sensor’s records are stable and easily predicted. However, usually,
it is difficult to know for sure g since many factors can make the system “out of control”.
Next, I will mainly introduce two type of detection procedures: cumulative sum(CUSUM)
method and generalized likelihood ratio(GLR) methods, where the former one is established
to solve the problem when g is known and the latter one is designed for the case when g is
unknown.

Next question is about how to evaluate the performance of the detection procedures. In
practice, we prefer to raise an alarm as soon as the system is out of control so that we can
take appropriate action, in other words, to minimize the detection delay. In the meantime,
we prefer to control the false alarm rates when the system is in control. One can imagine that
if a procedure with exactly zero false alarm rate it also has infinity detection delay because
of the disturb of noise. Therefore, one good detection procedure must be a procedure that
achieves a good balance between the false alarm rates and detection delay. The problem

of looking for such a procedure is known as a sequential change-point detection problem.
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Since the observations come sequentially, the detection procedure is just a stopping time if
translated to the mathematical language. In this thesis, the two names are interchangeable.
Mathematically, we can formulate the above arguments as the following hypothesis

testing problem:

H()I ZEiNf,izl,Z,...,
H : x,~fi=12 ...k, (2.4)

r,~gr1=rk+1,k+2,....

Then, the false alarm rate can be interpreted as the type-I error of hypothesis testing problem
(2.4) and the detection delay is closely rated to the type-II error of (2.4). In fact, the change-
point detection problem is highly related to the sequential hypothesis testing problem.

Under the null hypothesis probability and expectation in this case are denoted by P,
and [E,, respectively. Under the alternative hypothesis probability and expectation in this
case are denoted by PP,, and [E,;, where & is the change-point. Define a filtration at time t by
Fi =2 o(x1,...,x,), which is a smallest sigma-algebra containing z,, . . ., x,. Therefore, F,
contains all the information before time ¢. Next, I introduce the mathematical representations
that are frequently used in the theoretical analysis of change-point detection problem. For
any stopping time 7',

e Average Run Length(ARL): the average number of observations between two false

alarms. Larger the better and it can be represented as E..{T}.

e Expected Detection Delay(EDD): the average number of observations between real
change-point and the alarm time. There are two popular choices of EDD. The first

one is introduced by Lorden in [59], known as the “worst-case” detection delay:

WDD(T) £ sup (esssupEk {(T —k+1)"| fk}) ;
k>0

where the “esssup” is taken over JFj, meaning that “for any possible outcome of
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(x1,...,x%)”. The second one is introduced by Pollak in [62], known as the condi-

tional average detection delay

CADD(T) £ sup (Ex {T — k| T >k}).
Note that the event {7 > k} is not included in F}, and in fact is not measurable. Therefore,
the WDD and CADD are slightly different but both are meaningful. People would like to
choose one of them for their analysis. Define a class C., = {T": E..{T'} > ~} with some
prescribed v > 0. The goal is to find a stopping time 7" € C, that minimizes WDD(T')
or CADD(T'). Equipped with the above notations and basic concepts, I can introduce the
CUSUM and GLR detection procedures that are most widely used and are proved to be

(asymptotically) optimal.

CUSUM procedure

The CUSUM procedure is first given by Page in [89]. This method requires the distributions
of observations both before and after the change-point, namely, f and g. The core of
CUSUM procedure is the likelihood ratio between f and g. The procedure updates the
testing statistic recursively by taking new likelihood ratio into consideration. Specifically,

under the settings in this section, the CUSUM procedure is a stopping time given by:

t

Tew 2infdt>1: max S~ log 20 5 L 2.5)
Osk<t 27, f(xi)

where b is a prescribed trigger threshold. Note that larger b means larger ARL of CUSUM
procedure 7¢,,. There are two major advantages for T-y,: recursively computing and exact

optimality. First, rewriting the procedure 7 5;, we obtain that

Tey =inf {t >1:U, > b},
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where

U, = max (O,Utl + log th)) gt>1, Uy=0.

f(x)
Therefore, the testing statistic U; can be updated recursively. Note that in fact U; considers
all the information before time ¢ but at time ¢ it only needs one new computation. This
property is one of the most important properties of the CUSUM procedure. Second, the
CUSUM procedure enjoys good optimality that other procedure usually do not have. Dr.

Moustakides proves the exact optimality in [63].

Theorem 6 (modification of Theorem 1 in [63]). For any b > 0, the CUSUM procedure Ty,

minimizes the worst-case detection delay WDD(T') among all stopping times T satisfying

Eoo{T} Z EOO{TC’M}'

Fixing b first, then E..{Tcy, } is also known (note that there is no closed form for this
term). The above theorem proves that in fact the CUSUM procedure is the solution to the
optimization problem mingcc,  WDD(T) for any v > 0. Even if the simple description of
the exact optimality of the CUSUM procedure, the theorem is a deep result and is proved
about 30 years after Page presented the CUSUM procedure. The mathematical tool behind
the theorem is Markov stopping theory and I suggest read [90] if one is interested in the
details. Unfortunately, the proof using Markov stopping theory is not easily extended to
other detection procedures. Therefore, instead of exact optimality, people usually think of
the asymptotic optimality that focus on the case in which ~y goes to infinity. Note that the
CUSUM procedure is also asymptotic optimal (of course since it has stronger optimality)
and this result is proved by Dr. Lorden in [59]. Since the optimality in Chapter 4 of this
thesis is also asymptotical optimality, I would like to introduce the basic idea of proving
the asymptotical optimality, which is followed by the thinking clues from Dr. Lorden. The
first step is to prove a lower bound for the WDD, for any detection procedures T" € C, as
v — oo. The second step is to prove that the WDD of CUSUM procedure achieves the

lower bound.
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Theorem 7 (Theorem 3 in [59]). Let n(v) be the infimum of WDD(T') as T € C.,. If

= xog(m)x 00
]1—/9()1gf($)d < o9,

then as v — 00,

log ~y
n(y) = T

+ o(7).

Note that /; just defined is the KL divergence between pre and post distributions. The
above theorem offers the lower bound. Applying Theorem 2 in [59] we obtain that in fact
CUSUM procedure achieves this lower bound. Following this framework, one can know
that the asymptotic optimal detection procedure is not unique. To compare the procedures

with asymptotic optimality, one can discuss the order of 7 of the o(7).

GLR procedure

Sometimes we do not know exactly what the post-change distribution is, in this case, we can
try to use GLR procedure. GLR procedure assumes a parametric model for the post change
distribution and estimate the parameters for the model based on the historic observations.
The testing statistic is also the likelihood ratio but it is related to a window size w, which
declares from what observations the parameters are estimated. GLR procedure is first
introduced in [91].

Define that V; as follows:

. folw)
B o(x;
i= r&aé‘;log folzs)’

where fj and fy are the density before change and the density with parameter ¢, and © is the
parameter space. For example, fy can be the normal distribution with mean # and variance

1 and the density before change is just the standard normal distribution. Then the GLR
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procedure is given by

TGLRéinf{tZI: max V}Zb},

t—w<k<t—wi

where w is the window size and we estimate the parameter 6 based on x;_,, ..., ¢y, . The
theoretical analysis for GLR procedure is more difficult than that for CUSUM procedure
because of the uncertainty of parameters. Dr. Lai offers some results in [54] (see Lemma 2).

Similar with CUSUM procedure, the GLR procedure sometimes can also be computed
recursively. However, because the GLR procedure needs estimate the unknown parameters
based on the observations in a window with size w, its computation complexity is w
times than the CUSUM procedure. But this computation issue is not obvious since the
computational ability of computers is increasing rapidly, and people care more about the
performance loss caused by the mismatch between real parameters and chosen parameters
in CUSUM procedure. In the next subsection, I will assume that the observations follow
normal distributions and give examples of the CUSUM procedure and GLR procedure
under this setting in order to help reader understand them more easily. The specific form of
procedures are given by assuming /N sensors since the one-sensor detection procedure is a

special case when NV = 1.

2.2.3 Multi-sensor change-point detection

Even if much progress is achieved to detect the change of one time-series from one sensor,
few work has been done in the case when there are many sensors. When the signal-to-
noise(SNR) ratio is low, in other words, when the signal is weak, one can not detect the
change based on only one series of observations. Therefore, people use many sensors
to monitor one system and detect the change by combing the information from all the
sensors. One example is in the detection of DNA sequence in biometrics. Fig. 2.1 shows the

signals from 10 sensors and the goal is to detect where is the useful DNA sequence (in this
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Subject

0 20 40 60 80 100
Genomic locus (kb)

Figure 2.1: Figure 7.1 in [92]: An artificial example of a data matrix. The raw data for 10
subjects over 100 genomic markers are presented, with 1 marker set every 1 kb. Subjects 2,
3,7, and 10 have elevated levels of the expectation for the markers in positions 20 to 30.
example we have known that the true DNA in between 20 to 30 based on expert’s bio domain
knowledge). It is hard to detect the true DNA even if we see the signals from all the sensors
and it is impossible to distinguish the true DNA sequence from only one sensor’s information.
Other than this example, multi-sensor detection problem occurs frequently in quality control
and security field. Therefore, effective detection procedure in multi-sensor case is necessary.
Next, I will introduce three recent multi-sensor change detection procedures.

To help reader understand more easily, I assume the normal observations in the following

to show an example. Specifically, we consider the following hypothesis testing problem:

HO: yn,iNN<O,1),i:1,2,...,77,:1,2,..,’]\[,
Hy: yn; ~N(0,1),i=1,2,... K,
(2.6)
Uni ~ N (i, 1)i=r+1,k+2,...,n € A,

Yni ~N(0,1),i=1,2,...,n € A°
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where N is the number of sensors and only the sensors in the index set A observes the
change in the mean. Note that we do not know A ahead of time and A is also what we

would like to obtain.

Multivariate CUSUM procedure

This procedure is first introduced in [93]. The idea is to run multiple CUSUM procedures
simultaneously on the sensors. If one of the procedures raises an alarm then it reports
that the whole system is down. Multivariate CUSUM procedure assumes that we know
tn, 1 < n < N and assumes that all the sensors observe the change in the mean. The

multivariate CUSUM detection procedure for problem (2.6) is given by

t

Tv-cy =inflt>1: 279 — tyni) > b
o { 2 L e, D (/2 = o) 2 }

where b is a prescribed threshold.

Here comes the model mismatch: first, z,,s may be poor guess and far away from the true
values; second, the number of indexes in A is small so only few sensor observes the change.
Although the multivariate CUSUM procedure is easily to be performed in practice, it may

not have good performance if the assumptions are not similar with the real circumstances.

Mei’s Sum CUSUM procedure

In order to decrease the performance loss caused by the assumption that all the sensors
observe the change, Dr. Mei present a new method in [61] recently. The idea is to change

the “maximum” into ”sum” over the sensors. Specifically, for the problem (2.6), Mei’s

)

procedure is given by

N t
Threi 2 inf {t >1: Z [max (12 /2 — pnYn.i)
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where b is a prescribed threshold. The intuition is that summation over all the sensors is one
kind of combination of the information from all the sensors so it should be better than taking
maximum which treats sensors independently. Moreover, it is asymptotically optimal up to
first-order to detect each and every possible combination of affected data streams when the
data streams are independent, no matter how many data streams are affected. This optimality
is summarized in Theorem 1 in [61].

Even if Mei’s procedure eases the effect caused by incorrect assumption of A4, it still
assumes that we know the post-change distribution. If y,, is badly guessed, the performance
is poor. To overcome this difficulty, Dr. Xie considers the GLR procedure, but in multi-

Sensor case.

Xie’s Multi-sensor GLR procedure

Recently, Dr. Xie and Dr. Siegmund presented the first GLR procedure [18] in multi-sensor
case to solve (2.6) by introducing a sparsity factor pg. po is a prior guess for the term | A| /N,
which is the proportion of the sensors that observe the change. Instead of identifying exactly
the member in A, the guess of py is more possible to be accurate. The GLR procedure is as

follows:

N
TXie = inf {t ¢ max Zlog (1 — Po + Po exp[gn(k7t)]> > b} )
n=1

where b is a prescribed threshold and ¢,,(k, t) is the likelihood ratio given by

(Zfzkﬂ yn,i)2

balk,t) = 2(t — k)

And the version with window size w is given by

t—w<k<t

N
Txio = inf {t © max Zlog(l — po + poexplly(k,t)]) > b} ,
n=1
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where b is a prescribed threshold. Note that the procedures are not dependent on fi,,, 1 <
n < N but replace them with their Maximum Likelihood Estimators(MLEs).

Xie’s procedure addresses the mismatches from both A and y,,, however, it is slower
than the above two procedures since the MLEs are updated based on w historic observations.
This procedure is also first-order asymptotic optimal, which is proved in [13] recently. The
proof is also one major part in Chapter 4 of this thesis. One can see that there is balance
between model generalization and computational complexity. Therefore, there is no perfect
detection procedure, and the ability of establishing appropriate procedures for specific

problems is the most important.

2.3 Robust hypothesis testing and change detection

2.3.1 Classic theory about robust hypothesis testing

As is well known, for testing between two simple hypotheses, Neyman-Pearson test has
the smallest type-1I error among all the test with the same type-I error, namely, minimax.
One may ask if we can find such tests when the hypotheses are not quite exactly specified.
Assume that we observe finite sample x4, .. ., x,,, and we would like to test Hy : x; ~ Py €
Po,t =1,...,nagainst H; : x; ~ Py € P, = 1,...,n, where Py and P; are two sets
of distributions that possibly contain the true distributions. The problem of finding a test
to solve the above testing problem in some sense of optimality is called robust hypothesis
testing problem.

Dr. Huber proved in [65] first that a robust version of probability ratio test is minimax
optimal when P, and P; are small perturbations of true distributions. Then Dr. Huber
and Dr. Strassen extended the results to more general cases by introducing the concept of
2-alternating capacity. Next I will review briefly the concepts in a language of probability

theory.
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2-alternating capacity

Let (2 be a complete separate metrizable space, A be its Borel-o-algebra, C be the set of
all probability measures on 2 and P C C. Then, the non-empty set P defines an upper
probability

v(A) =sup{P(A),Pe P}, Ac A

and an lower probability

u(A) = inf{P(A),P € P}, A€ A,

then v(A) 4+ u(A°) = 1 for any A € A. They call 2-alternating capacity any set function v

satisfying the following properties:

e v()) =0and v(2) = 1.

If A € B, thenv(A) < v(B).

If A, 1 A, thenv(A,) T v(A).

If P is weakly compact and F,, | F', then v(F,) | v(F).

W(AUB) +v(AN B) < v(A) + v(B),

Least favorable distributions and probability ratio tests

Let C be the set of all probability measures on a complete separable metrizable space ).

Define that

P; 2{PcC|PA) < vj(A) for all Borel sets A}, j = 1,2,

where vy and v; are both 2-alternating capacities. Then there exists a pair (Qp, Q) €

Po x Py such that the Neyman-Pearson tests between the simple hypotheses Qg, Q; are
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minimax among all the tests between Py and P;. The pair (Qg, Q) is called least favorable
distributions(LFDs) and they prove the existence of the LFDs if the distributions are upper
bounded” by 2-alternating capacities. The main results are summarized in the following

theorem.

Theorem 8 (Simplification of Corollary 4.2 in [94]). Define that © as the probability ratio
between Qq and Qq, namely, a version of dQ1/dQy. For any sample size n and any level «,

the Neyman-Pearson test of level o, between Qg and Q,, defined by

o(x1, ..., x,) =1 for Hﬂ'(xl) >C
i=1
=y for [ [n(ei)=C 27
i=1

=0 for H?T(:L‘l) < C,

=1

where C and ~ are chosen such that Eq,{¢} = «, is also a minimax test between P, and

Py with the same level o and with the same minimum power.

The existence of the least favorable distributions are proved in the above theorem, how
to solve for them remains a very difficult problem, especially in come complicated cases
(e.g., high-dimensional sample space 2 = R" with a large N). To solve this problem, they
offer a representation of (Qp, Q1) in the following theorem as a solution to a minimization

problem.

Theorem 9 (Theorem 6.1 in [94]). Let ® be a continuous and strongly convex function

in [0, 1], then the pair (Qo, Q1) € Py x Py satisfies the above theorem if and only if it

among all (Py,P1) € Py x Py

minimizes

Unfortunately, the above minimization problem is not easy to solve since the minimiza-
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tion is over a set of distributions and the ratio i dPo

d(For By Can not computed easily in many

circumstances.

Examples of robust testing problems with 2-alternating capacities

Dr. Huber presents that when the observation set is compact, several uncertainty models
such as e-contamination neighborhoods, total variation neighborhoods, band classes, and
p-point classes are special cases of this model with different choices of capacity.

First example. Let €2 be compact. Define that v(A) = (1 — €)Py(A) + € for A # (), then
v 1s a 2-alternating capacity. And the e-contamination neighborhoods is just the following

set of distributions:
Pvé{IP’EC|IP’:(1—6)IP’0+6H,H€C}.

Second example. Let €2 be compact. Define that v(A) = min(Pg(A), 1) for A # (), then

v is a 2-alternating capacity. And the total variation neighborhoods is just the following set
P, 2 {PeC|[PA) —Py(A)] <€ VA}.

For more examples and details, one can see [94] or Chapter 10 in [69].
In summary, Dr. Huber’s work offers us confidence that the probability ratio test is also
minimax in a large number of robust hypothesis testing problems, even if more efficient way

of finding such probability ratio tests are still needed in practice.

2.3.2 Minimax robust sequential change detection in one dimensional case

Recently in [68], Dr. Veeravalli and other authors apply the theories in robust hypothesis
testing to the robust sequential change detection problem. The basic idea is to find the
least favorable distributions first and then use CUSUM procedure to detect the change.

Since the testing statistic in CUSUM procedure is just the probability ratio of pre and post
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change distributions, Dr. Veeravalli and other authors prove the optimality of their detection
procedures by extending Dr. Huber’s work.

The main difference between robust hypothesis testing and robust sequential change
detection is the assumption on the number of sample size. In hypothesis testing problem, the
sample size is fixed ahead of time, however, the sample size in unknown and the observations
come sequentially in the change detection problem. Other than this difference, the change
detection problem uses different metrics to characterize the optimality. Therefore, even
if it seems like a straightforward extension, it remains many difficulties if one wants to
offer a rigorous proof. For this reason, in [68], the authors only consider the case when the
distributions are on the real line R, an assumption that simplifies the analysis much. Next, |
review their results briefly and show some difficulties not addressed in high-dimensional

case.

Joint Stochastic Boundedness(JSB)

The main result in [68] is highly dependent on the assumption called Joint Stochastic
Boundedness. First, I review the definition of stochastic order of random variables. If and X
and X’ are two real-valued random variables defined on a probability space (€2, F,P) such
that

P(X >1t) > P(X'>1),Vt €R,

then we say that the random variable X is stochastically larger than the random variable X",

denoted by X > X'.

Definition 1 (Joint Stochastic Boundedness in [67]). Consider the pair (Py, P1) of classes
of distributions defined on a measurable space (0, F). Let (Ty,v,) € Py x P1 be some
pair of distributions from this pair of classes such that v, is absolutely continuous with
respect to Uy. The pair (Py, P1) is said to be Joint Stochastic Bounded by (U, v,) if for all
(v, 1) € Po X Py,

Vo = Vo, V1= Uy
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And (Vy, v,) is the pair of LFDs for the uncertainty classes (P, P1).

The asymptotical optimal robust CUSUM procedure in one dimensional case

Next, I introduce the main result in [68], which claims that the robust CUSUM procedure

is asymptotical optimal in a minimax sense if the JSB assumption is satisfied. Since the

pre-change and post-change distributions are uncertain, we change a little bit the notation

defined before in the one-sensor change detection. When the change happens at k£ and the

pre-change and post-change distributions are v and 14 respectively, the probability law is
Yo,

denoted by ,**" and the expectation is denoted by ;. When there is no change, the

notations are changed to P%2 and EX2, respectively.

Theorem 10 (Theorem IIL.2 in [68]). Suppose the following conditions hold: (i) The pair
(Po, P1) is Joint Stochastic Bounded by (vy, v,). (ii) All distributions vy € Py are absolutely
continuous with respect to Uy. (iii) The function L*(-), representing the log-likelihood ratio
between v, and vy, is continuous over the support of Vy. Define that the robust CUSUM

procedure Tr_cp as follows:

0<k<t
i=k+1

t
Th_cum £ inf {t > (0 : max L*(fﬂl) > b} ,

where ;s are the observations and b is the prescribed threshold chosen such that EZ3{Tr_cn } =
v. Then T'r_cp; minimizes

sup sup WDD""(T')
VoEPy 11 €P,

among all the stopping times in {T : sup,, cp, BT > v}, where WDD""'(T') is defined

as follows (just change the expectation operator)

WDD(T) £ sup (esssupE”" {(T —k+1)" | Fi}).
k>0

This theorem shows that in one-dimensional case, we need two steps to find the asymp-
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totic optimal procedure. The first step is to find the pair LFDs (7, v, ) given two uncertainty
classes Py and P;. The second step is to construct classic CUSUM procedure that is used in

the case when the pre-change and post-change distributions are 7 and v, respectively.

Difficulty in high-dimensional sample space

The above JSB assumption is defined only in the case where the distributions are defined
on the real line. One may ask why not extend it to the high-dimensional case with the
extended definition for “’stochastically larger”. Next, I give an counterexample to show that
the high-dimension” JSB assumption can not be satisfied even in very simple cases.

First, I introduce the definition of multivariate stochastic order. If and X and X’ are two

real-valued random variables defined on a probability space (2, F,P) such that

Ef(X) > Ef(Y),Y increasing, bounded function f : RY — R,

then we say that the random variable X is multivariate stochastically larger than the random
variable X', denoted by X > X’. We can see that this definition is a direct extension
and when N = 1 the definition is equivalent with the definition of stochastic order for the
distributions on the real line.

Second, we keep the description about JSB assumption except replacing the definition of
stochastic order with the definition of multivariate stochastically larger, and show that this
assumption is too strong to be satisfied in high dimensional case. Consider 2 = R? and P,
and P; are two sets of bivariate normal distributions. Assume that X is a positive-definite
matrix in R?*2,

Po=A{P| P =N(uo, %), lloll2 < 1, 10 € R*},

and

Pr=AP|P=N(u1, %), pa —10[]2 < 1,1 € R*}.

Next lemma shows easily that we can not find a 7y € P, such that vy > vy, Viy € Pp.
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Similarly, we can not find v, € P; such that v, > 14,V € P;.

Lemma 7 (Theorem 5 in [71]). Let X ~ N (,Y) and X' ~ N (i, Y") be n-dimensional
normally distributed random vectors. Then X' = X if and only if i, > p;, forall1 <i <mn

and ¥ = Y.

Therefore, the JSB assumption for multivariate normal distributions is not satisfied in
R? even in such a simple case. This is because the definition of multivariate stochastic order

is so strong that it needs all the coordinates to satisfy certain property of stochastic order.

2.3.3 Robust optimization for robust hypothesis testing

Recently, Dr. Nemirovski, Dr. Juditsky and Dr. Goldenshluger presents another clue of
solving the robust hypothesis testing problem in [72], from the robust optimization point of
view. Instead of minimizing over a set of distributions, the authors first specifies a parametric
model and then solving a convex optimization problem with variables in very nice parameter
space such as RY. This offers a practical and more efficient method of finding the LFDs,

especially in high dimensional case. Next, I basically introduce the ideas of the authors.

Good observation scheme

The authors first makes some general assumptions and then claims their main results based
on the assumptions. Assume a parametric family P = {P,,u € M} of probability
distributions on a sample space ) and an observation w ~ P, with unknown parameter
p € M. The collection ((€2,P), {p,, p € M}, F) is called a good observation scheme if

the following four assumptions are satisfied:
1. M € R™ is a convex set which coincides with its relative interior

2.  is a Polish space equipped with a Borel o-additive o-finite measure P and the
support of [P is 2. Define that p,(w) as the density of P, € P with respect to IP. Then

Py is continuous, positive and locally uniformly summable in 1 € M and w € €.
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3. Given a finite-dimensional linear space F of continuous functions on {2 containing

constants such that log(p,,/p,) € F whenever p1, v € M.

4. For every ¢ € F, the function

R = g ( [ esplobnu(ipla)

is well defined and concave in © € M.

Even if long description about the assumptions, in most popular cases the above assumptions
are satisfied. For example, the assumption 3 is equivalent to to saying that distributions
P, n € M form an exponential family with continuous minimal sufficient statistics. There-
fore, the exponential family is a good parametric family that is included in the good

observation scheme. In the end, I will review the case when the distributions are Gaussian.

One sample simple test by convex optimization

The simplest case is when there is only one sample and we would like to test between two
simple hypotheses. On the top of a good observation scheme, given two nonempty convex

compact sets X, Y € M and one sample w, then the testing problem is
Hy:w~P,,peX, against Hy :w~P,,uecY.

Assume a detector ¢(-) € F and the decision rule based on the sample w is: it accepts Hy if
¢(w) > 0 and it accepts H; if ¢(w) < 0. The quality of the detector ¢ is characterized by

the error probabilities. The robust type-I error is then defined as

ex(¢) = sup P {w : p(w) < 0},

zeX
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and the robust type-II error is defined as

ev (6) 2 sup P, {w : ¢(w) = 0},

yey

However, the above two terms do not satisfy good convex or concave properties. Therefore,
the authors convexify the problem by defining another type of error (noting the assumption
4 in the good observation scheme). The risk €(¢) of detector ¢ on (Hy, H;) is defined to be

the smallest € satisfying the following two conditions:

/Q exp{9(—w) hpa (@) P(de) < e(6),Var € X,

and

| explot)lp (P < o).y € v

Using Markov inequality, one can prove that max{ex(¢), ey (¢)} < e. The authors then
minimize €(¢) instead of the classic type-I and type-II errors, which transforms the problem

into a convex setting.

Nearly optimal detector for one sample case

In the just described situation and under the above assumptions, define that ® : F x (X x

Y) — R as follows

8(6. ;) 2 log ( / eXp{—d)(W)}px(W)P(dW)) +log ( / exp{qs(w)}py(w)wdw)) .

Then the nearly optimal detector can be found by solving the saddle point of ®(¢, [z;y]).
The existence of saddle point and the simple form of the detector is summarized in the

following main theorem.

Theorem 11 (Simplification of Theorem 2.1 in [72]). The theorem contains three parts:

existence of saddle points, nearly optimality; and specification of the detector.
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1. ®(o, [x;y]) is continuous in its domain. It is convex in ¢(-) € F and is concave in
[z;y] € X X Y. The saddle point (min in ¢ and max in [z;y)) exists and is denoted

by (¢, [T4;ys]). Then the following equation holds

/Qexp{dﬁ*(W)}px*(W)P(dW) < e(¢y) = /QGXP{QS*(W)}py* (W)P(dw) < €(¢.),

and the common value of the two quantities is denoted by €. Then €(¢,) < €.

2. Let € be a positive value such that there exists a test for deciding between two simple
hypotheses Hy : w ~ p,, and Hy : w ~ p,, with the sum of type-I and type-II error

less than 2e¢, then €, < 2,/€(1 — ¢).

3. In fact, the detector ¢, is just the probability ratio test. Specifically

Py = 1log P
27 Py
The above theorem offers an efficient method of finding the good detector for the robust
hypothesis testing problem. For example, when w ~ N (p, X) with unknown g and known
Y., defining that F as the space of all affine functions on R™, then the solution of [z; ] is
just the minimizer of the following optimization problem

1
. — i — TS
oy = arg max | —2(z—y)E (@ —y)|,

which is the nearest pair of two points in X and Y in the sense of Euclidean distance.

K -Repeated observations

I review the case when there is only one sample. Next, I introduce the case when K sample
points are collected repeatedly. Good observation schemes admit naturally defined direct

products. Assume that ¢, is the nearly optimal detector for one sample. Then for K -repeated
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sample points, the detector is
K
gbiK) = Z QZS* (wk)v

k=1
and the risk is ¢/ = eX. Note that when the sample size increases the risk decreases

exponentially.
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CHAPTER 3
POISSON MATRIX COMPLETION

In this chapter, I present the work about poisson matrix completion. This work is mainly
summarized in [95]. Section 3.1 sets up the formalism for Poisson matrix completion.
Section 3.2 presents matrix recovery based on constrained maximum likelihood and es-
tablishes the upper and lower bounds for the recovery accuracy. Section 3.3 presents the
PMLSVT algorithm that solves the maximum likelihood approximately and demonstrates
its performance on recovering solar flare images and bike sharing count data. All proofs are
delegated to the appendix.

The notation in this chapter is standard. For reader’s convenience, I present the notations
again here. In particular, R, denotes the set of positive real numbers and Z" denotes a
m-dimensional vector with positive integer entries; [d] = {1,2,...,d}; (z)T = max{z,0}
for any scalar z; Let [z]; denote the jth element of a vector x; I{[¢]} is the indicator function
for an event ¢; |A| denotes the number of elements in a set A; diag{x} denotes a diagonal
matrix with entries of a vector x being its diagonal entries; 14, x4, denotes an d;-by-ds
matrix of all ones. Let ||z, ||x||2 denote the ¢; and {5 norms of a vector z. Let entries of a
matrix X be denoted by X;; or [X|;;. For a matrix X = [z1,...,z,] with z; being the jth

T

column, vec(X) = [#],...,27]T denote vectorized matrix. Let || X || be the spectral norm

which is the largest absolute singular value, || X||r = (3=, ; X7)"/* be the Frobenius norm,

Xl = 2222515l

be the ¢; norm, and finally || X ||, = max;; | X;;| be the infinity norm of the matrix. Let

| X ||« be the nuclear norm which is the sum of the singular values,

rank(X) denote the rank of a matrix X. We say that a random variable Z follows the
Poisson distribution with a parameter A (or Z ~ Poisson(\)) if its probability mass function
P(Z = k) = e *\*/(k!)). Finally, let E[Z] denote the expectation of a random variable Z.

The only set of non-conventional notations that we use is the following. By a slight
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abuse of notation, we denote the Kullback-Leibler (KL) divergence between two Poisson

distributions with parameters p and ¢, p, ¢ € R, as

D(pllq) £ plog(p/q) — (p — q),

and denote the Hellinger distance between two Poisson distributions with parameters p and

q as

dt(p,q) = 2—2€Xp{—%(\/]3_ \@2}.

It should be understood that the KL distance and the Hellinger distance are defined between
two distributions and here the arguments p and ¢ are merely parameters of the Poisson
distributions since we restrict our attention to Poisson. Based on this, we also denote, by

a slight abuse of notation, the average KL and Hellinger distances for two sets of Poisson

distributions whose parameters are determined by entries of two matrices P, () € Ril xdz,

DPI) L o 7 2 D(Pul0w)
d2 (P Q dld Zdz Z]?Q’L]

3.1 Formulation

3.1.1 Matrix completion

A related problem is matrix completion. Given a matrix M &€ Ril *d2 consisting of positive
entries, we obtain noisy observations for a subset of its entries on an index set 2 C [d;] %
[d>]. The indices are randomly selected with E[|€2|] = m. In other words, I{ (i, j) € Q} are

i.i.d. Bernoulli random variables with parameter m/(d;ds). The observations are Poisson
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counts of the observed matrix entries and they are mutually independent
Yij ~ Poisson(M;;), (i, j) € Q. 3.1)

Our goal is to recover M from the Poisson observations {Yij}(i,j)eg.

The following assumptions are made for the matrix completion problem. First, we set an
upper bound o > 0 for each entry M;; < « to entail that the recovery problem is well-posed
[36]. This assumption is also reasonable in practice; for instance, M may represent an image
which is usually not too spiky. The second assumption is characteristic to Poisson matrix
completion: we set a lower bound 3 > 0 for each entry M;; > 3. This entry-wise lower
bound is required by our later analysis (so that the cost function is Lipschitz), and it also has
an interpretation of a minimum required signal-to-noise ratio (SNR), since SNR of a Poisson
observation with intensity I is given by v/I. Third, we make a similar assumption to one-bit
matrix completion [8]; the nuclear norm of M is upper bounded || M|, < a+/rdids. This
is a relaxation of the assumption that M has a rank exactly r (some small integer). This
particular choice arises from the following consideration. If M;; < o and rank(M) < r,

then

Ml < VP Mlp < Vrdido||[M||oo < ay/rdids.

We consider a formulation by maximizing the log-likelihood function of the optimization
variable X given our observations subject to a set of convex constraints. In the matrix

completion problem, the log-likelihood function is given by

Foy(X)= Z Yi;log Xy — Xij, (3.2)

(4,7)€Q

where the subscript {2 and Y indicate the data involved in the maximum likelihood function
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F'. Based on previous assumptions, we define a candidate set

S2 {X € R - ||X ||, < av/rdydy,

B < Xy <a,V(i, ) € [di] x [da]}-

(3.3)

An estimator M can be obtained by solving the following convex optimization problem:

M= arg max Foy(X). {matrix completion} (3.4)
XeS

3.1.2 Relation of two formulations

Note that the matrix completion problem can also be formulated as a regularized maximum
likelihood function problem. However, we consider the current formulation for the conve-
nience of drawing connections, respectively, between Poisson matrix recovery and Poisson
compressed sensing studied in[41], as well as Poisson matrix completion and one-bit matrix
completion studied in [8].

Indeed, these two formulations in the forms of nuclear norm regularized maximum
likelihood function and (3.4) are related by the well-known duality theory in optimization

(see, e.g. [96]). Consider a penalized convex optimization problem:
mxin flz)+ Ag(z), A>0, (3.5)
and the constrained convex optimization problem:
mxin f(z) subjectto g(z) <ec. (3.6)

Denote x* as the solution to (4.1). Then z* is also the solution to (3.6), if we set ¢ = g(x*).
Conversely, denote z* as the solution to problem (3.6). We can interpret A > 0 as the the

Lagrange multiplier and consider the Lagrange dual problem. Under Slater’s condition (i.e.
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there exists at least one z such that g(x) < c), there is at least one A such that 2* is also
the solution to problem (4.1). Therefore, (4.1) and (3.6) are equivalent in the sense that the
two problems have the same minimizer for properly chosen parameters. More details can

be found in [97]. Using the suggestion by Theorem 1 in [97], we choose A to be around

1/@\/ T'dldg.

3.2 Performance Bounds

In the following, we use the squared error
R(M. ) £ | M — M| 3.7)

as a performance metric for both matrix recovery and matrix completion problems.
For matrix completion, we first establish an upper bound for estimator in (3.4), and then
present an information theoretic lower bound which nearly matches the upper bound up to a

logarithmic factor O(d;ds).

Theorem 12 (Matrix completion; upper bound). Assume M € S, ) is chosen at random
following our Bernoulli sampling model with E[|Q|] = m, and M is the solution to (3.4).

Then with a probability exceeding (1 — C'/(d1dy)), we have

1 — ,( 8aT /T
apRoni <o (25) - (5

m+@YF

m

(a(e® — 2) + 3log(dids)) - ( (3.8)

+ (di + do) 10g(d1d2)} V2

1
m
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If m > (dy + ds)log(dyds), then (3.8) simplifies to

L R, ) < \/50'( Sal > . (O‘\/F) .

dldg 1—eT B
dy + dz)m

m

(3.9)

(a(e® = 2) + 3log(didy)) - <

Above, C', C are absolute constants and T depends only on o and 3. Here the expectation
and probability are with respect to the random Poisson observations and Bernoulli sampling

model.

The proof of Theorem 12 is an extension of the ingenious arguments for one-bit matrix
completion [8]. The extension for Poisson case here is nontrivial for various aforementioned
reasons (notably the non sub-Gaussian and only locally sub-Gaussian nature of the Poisson
observations). An outline of our proof is as follows. First, we establish an upper bound for
the Kullback-Leibler (KL) divergence D(M]||X) for any X € S by applying Lemma 13
given in the appendix. Second, we find an upper bound for the Hellinger distance d%,( M, M )
using the fact that the KL divergence can be bounded from below by the Hellinger distance.

Finally, we bound the mean squared error in Lemma 14 via the Hellinger distance.

Remark 1. Fixing m, a and (3, the upper bounds (3.8) and (3.9) in Theorem 12 increase
as the upper bound on the nuclear norm increases, which is proportional to \/rd,ds. This
is consistent with the intuition that our method is better at dealing with approximately
low-rank matrices than with nearly full rank matrices. On the other hand, fixing dy, ds, o, 5
and r, the upper bound decreases as m increases, which is also consistent with the intuition

that the recovery is more accurate with more observations.

Remark 2. Fixing o, 5 and r, the upper bounds (3.8) and (3.9) on the mean-square-error
per entry can be arbitrarily small, in the sense that the they tend to zero as d; and ds go to
infinity and the number of the measurements m = O((dy + ds) log®(dyds)) (m < dyds) for
o> 2.
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We may obtain an upper bound on the KL divergence (which may reflect the true

distribution error) as a consequence of Theorem 12.

Corollary 1 (Upper bound for KL divergence). Assume M € S, ) is chosen at random
following the Bernoulli sampling model with E[|Q)|] = m, and M is the solution to (3.4).

Then with a probability exceeding (1 — C'/(dyds)),

D(MI||M) <2C" (av/r/B) (a(e® — 2) + 3log(didy)) -

3.10
(dl : d2) " {1 o (di + dy)log(dsd) 2 10

m m

Above, C and C’ are absolute constants. Here the expectation and probability are with

respect to the random Poisson observations and Bernoulli sampling model.

The following theorem establishes a lower bound and demonstrates that there exists an

M € & such that any recovery method cannot achieve a mean square error per entry less

than the order of O(y/r max{dy, ds}/m).

Theorem 13 (Matrix completion; lower bound). Fix «, (3, r, dy, and ds to be such that
a>1,a>28r >4, and o*rmax{d,,dy} > Co. Fix Qqy be an arbitrary subset of
[d1] x [ds] with cardinality m. Consider any algorithm which, for any M € S, returns an

estimator M. Then there exists M € S such that with probability at least 3/4,

1 —
R(M, M
d1d2 ( ) )
> i 1 Csa3/? rmax{dy,ds} 1/2 (.11
< min 2567 20X m )

as long as the right-hand side of (3.11) exceeds Cyra?/ min{dy, ds}, where Cy, C} and
Cs are absolute constants. Here the probability is with respect to the random Poisson

observations only.

Similar to [8, 98], the proof of Theorem 13 relies on information theoretic arguments

outlined as follows. First we find a set of matrices y C & so that the distance between
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any X X0) ¢ y, identified as || X — X ||, is sufficiently large. Suppose we obtain
measurements of a selected matrix in x and recover it using an arbitrary method. Then we
could determine which element of x was chosen, if the recovered matrix is sufficiently close
to the original one. However, there will be a lower bound on how close the recovered matrix
can be to the original matrix, since due to Fano’s inequality the probability of correctly

identifying the chosen matrix is small.

Remark 3. Fixing o, B and r, the conditions in the statement of Theorem 3 can be satisfied

if we choose sufficiently large dy and do.

Remark 4. When m > (d; + dy) log(dyds), the ratio between the upper bound in (3.9) and
the lower bound in (3.11) is on the order of O(log(didz)). Hence, the lower bound matches

the upper bound up to a logarithmic factor.

Our formulation and results for Poisson matrix completion are inspired by one-bit
matrix completion [8], yet with several important distinctions. In one-bit matrix completion,
the value of each observation Y;; is binary-valued and hence bounded; whereas in our
problem, each observation is a Poisson random variable which is unbounded and, hence, the
arguments involve bounding measurements have to be changed. In particular, we need to
bound max;; Y;; when Y;; is a Poisson random variable with intensity A/;;. Moreover, the
Poisson likelihood function is non Lipschitz (due to a bad point when M;; tends to zero),

and hence we need to introduce a lower bound on each entry of the matrix M;;, which can be

YR
interpreted as the lowest required SNR. Other distinctions also include analysis taking into
account of the property of the Poisson likelihood function, and using the KL divergence as

well as the Hellinger distance that are different from those for the Bernoulli random variable

as used in [8].
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3.3 Algorithms

In this section we develop efficient algorithms to solve the matrix completion problems (3.4).
The problem (3.4) is semidefinite program (SDP), as they are nuclear norm minimization
problems with convex feasible domains. Hence, we may solve it, for example, via the
interior-point method [99]. Although the interior-point method returns an exact solution to
(3.4), it does not scale well with the dimensions of the matrix d; and ds as the complexity of
solving SDP is O(d} + d;d3 + d2d3). Therefore, we develop two set of algorithms that can
solve both problems faster than the interior point methods. These algorithms including the
generic gradient descent based methods, and a Penalized Maximum Likelihood Singular
Value Threshold (PMLSVT) method tailored to our problem. We analyze the performance
of the generic methods. Although there is no theoretical performance guarantee, PMLSVT
is computationally preferable under our assumptions. Another possible algorithm not cover

here is the non-monotone spectral projected-gradient method [100, 8].

3.3.1 Generic methods

Here we only focus on solving the matrix completion problem (3.4) by proximal-gradient.

First, rewrite S in (3.3) as the intersection of two closed and convex sets in R% *%2:

Fl = {X € RledZ :B < XU < a,

(3.12)
V(i,5) € [di] x [d2]},
and
Iy 2 {X e R"*% || X||, < av/rdidy},
where the first set is a box and the second set is a nuclear norm ball. Let f(X) £ —Fqy(X)

be the negative log-likelihood function. Then optimization problem (3.4) is equivalent to

—~

M = arg min FX). (3.13)
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Noticing that the search space S = I'; [ I'y is closed and convex and f(X) is a convex
function, we can use proximal gradient methods to solve (3.13). Let I-(.X) be an extended

function that takes value zero if X € I' and value oo if X &€ I'. Then (3.13) is equivalent to

—~

M =arg min f(X) 4+ Ip, A, (X). (3.14)

XERdl Xdo
To guarantee the convergence of proximal gradient method, we need the Lipschitz constant
L > 0 such that

Hence, L = «/3% by the definition of our problem. Define the orthogonal projection of a

matrix X onto a convex set ' as

[x(X) 2 argmin || Z — X 3.

zZer

Proximal gradient

Initialize the algorithm by [X,];; = Y;; for (i, j) € Q, and [Xo);; = (a + 3)/2 otherwise.
Then iterate using

X, =s(X1 — (1/L)V f(Xy_1)). (3.16)
This proximal gradient method has a linear convergence rate:

Proposition 1 (Convergence of proximal gradient). Let { X} be the sequence generated by

(3.16). Then for any k > 1,

—  L||Xo— M|]?
F(X0) = f(OM) < == —E,
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Accelerated proximal gradient

Although proximal gradient can be easily implemented, it converges slowly when the
Lipschitz constant L is large. In such scenarios, we may use Nesterov’s accelerated method
[101]. With the same initialization as above, we perform the following two projections at
the £th iteration:

Xy =Us(Zy—1 = (1/L)V f(Zk-1)),
(3.17)

Z=Xp+ (k=1 /(k+2) (X — Xp_1).
Nesterov’s accelerated method converges faster:

Proposition 2 (Convergence of accelerated proximal gradient). Letr { Xy} be the sequence

generated by (3.17). Then for any k > 1,

— 2L|| X, — M|
f(Xy) = f(M) < CEE E

Alternating projection

To use the above two methods, we need to specify ways to perform projection onto the
space S. Since S is an intersection of two convex sets, we may use alternating projection to
compute a sequence that converges to the intersection of I'; and I';. Let Uj be the matrix to
be projected onto S. Specifically, the following two steps are performed at the jth iteration:
V; = lr,(U;—1) and U; = I, (V;), until |V; — U,||F is less than a user-specified error
tolerance. Alternating projection is efficient if there exist some closed forms for projection
onto the convex sets, which is true in our problems. Projection onto the box constraint I'; is
quite simple: [IIr, (Y)];; assumes value (5 if Y;; < ( and assumes value « if Y;; > «, and

otherwise maintains the same value Y;; if 5 < Y;; < a. Projection onto I'y, the nuclear
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norm ball, can be achieved by projecting the vector of singular values onto a ¢; norm ball

via scaling [30] [102].

3.3.2 Penalized maximum likelihood singular value threshold (PMLSVT)

We also develop an algorithm, referred to as PMLSVT, tailored to solving our Poisson
problems. PMLSVT differs from the classical projected gradient in that instead of computing
the exact gradient, it approximates the cost function by expanding it using a Taylor expansion
up to the second order. The resulted approximate problem with a nuclear norm regularization
term has a simple closed form solution using Theorem 2.1 in [30]. Therefore, PMLSVT
does not perform gradient descent directly, but it has a simple form and good numerical
accuracy as verified by numerical examples.

The algorithm is similar to the fast iterative shrinkage-thresholding algorithm (FISTA)
[103] and its extension to matrix case with Frobenius error [48]. Similar to the construction
in [37] and [49], using Ao and )\, as regularizing parameters and the convex sets ['y and I'y

defined earlier in (??) and (3.12), we may rewrite (??) and (3.4) as

—~

M = argmin f;(X) + N|| X, ¢=0,1, (3.18)

XEFi

respectively, where fo(X) = — > ", {y;log[AX]; — [AX];} and f1(X) = —Fo v (X).
The PMLSVT algorithm can be derived as follows (similar to [48]). For simplicity, we
denote f(X) for the fo(X) or f1(X). In the kth iteration, we may form a Taylor expansion

of f(X) around X}_; while keeping up to the second term and then solve

X = arg;nin [Qr, (X, Xi—1) + M| X|4], (3.19)
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with

Q1. (X, Xpo1) = f(Xim1) + (X = Xpom1, VI (Xpmr))

t
+ I = Xl (3.20)

where V f is the gradient of f, ¢ is the reciprocal of the step size at the kth iteration, which
we will specify later. By dropping and introducing terms independent of M/ whenever

needed (more details can be found in [104]), (3.19) is equivalent to

X =
2

. ] (3.21)
arg min [— HX - (Xk—l - —Vf(Xk—l))

A
- t—nxu*] .
k

F

Recall d = min{d,, dy}. For a matrix Z € R%*%_let its singular value decomposition be
Z = UXVT, where U € R1*4 V€ RE2x4 Y] = diag{[oy,...,04]T}, and o; is a singular

value of the matrix Z. For each 7 > 0, define the singular value thresholding operator as:
D.(Z) & Udiag{[(o1 —7)",..., (04— 7)T|T}VT.

To obtain a closed form solution to (3.21), we use the following proposition proved in [30]:

Proposition 3 (Theorem 2.1 in [30]). For each 7 > 0, and Z € R%*;

1
D,(Z) = argmin {§||X—Z|y%+r|yzu*}. (3.22)

X eRd1xd2

Due to Proposition 3, the exact solution to (3.21) is given by

1
Xi = D, (Xk_l -3V f(Xk_l)) . (3.23)
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The PMLSVT algorithm is summarized in Algorithm 1. The initialization method for
matrix recovery problem is suggested by [105] and that for matrix completion problem is to
choose an arbitrary element in the set [';. For a matrix Z, define a projection of Z onto 'y
as follows:

I

P(2) = W(Z) :

where (i, j)th entry of (Z) is (Z;;)*. In the algorithm description, ¢ is the reciprocal of
the step size, n > 1 is a scale parameter to change the step size, and K is the maximum
number of iterations, which is user specified: a large K leads to more accurate solution, and
a small K obtains the coarse solution quickly. If the cost function value does not decrease,
the step size is shortened to change the singular values more conservatively. The algorithm
terminates when the absolute difference in the cost function values between two consecutive
iterations is less than 0.5/ K. Convergence of the PMLSVT algorithm cannot be readily

established; however, Proposition 1 and Proposition 2 above may shed some light on this.

Algorithm 1 PMLSVT for Poisson matrix recovery and completion

1: Initialize: The maximum number of iterations K, parameters «, (3, , and .
[X]i; < Y for (i,7) € Qand [X];; + (o + )/2 otherwise {matrix completion}

2. fork=1,2,... K do

C+ X—-(1/t)Vf(X)

C = UXVT {singular value decomposition }

X+ (Bl — A/ i=1,...,d

X'+ X {record previous step}

X + P (UXVT) {matrix recovery}

X « Iy, (UXVT) {matrix completion}

8:  If f(X) > QuX,X') thent < nt, go to 4.

9:  If |f(X) — Qi(X, X')| < 0.5/K then exit;

10: end for

AN A

Remark S. At each iteration, the complexity of PMLSVT (Algorithm 1) is on the order of
O(d3dy + d3) (which comes from performing singular value decomposition). This is much
lower than the complexity of solving an SDP, which is on the order of O(d} + dyd3 + d3d3).
In particular, for a d-by-d matrix, PMLSVT algorithm has a complexity O(d?), which is

lower than the complexity O(d*) of solving an SDP. One may also use an approximate SVD
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method[106] and a better choice for step sizes [103] to accelerate PMLSVT.

3.4 Numerical examples

In all the examples below we use our PMLSVT algorithm to solve the optimization problems.

All the numerical examples are run on a laptop with 2.40Hz dual-core CPU and 8GB RAM.

3.4.1 Synthetic data based on solar flare image

We demonstrate the good performance of the PMLSVT algorithm for matrix completion
on the same solar flare image as in the previous section. Set & = 200 and S = 1 in this
case. Suppose the entries are sampled via the Bernoulli model such that E[|Q2|] = m. Set
p = m/(d,dy) in the sampling model. Sett = 10~* and = 1.1 for PMLSVT. Fig. 3.1
shows the results when roughly 80%, 50% and 30% of the matrix entries are observed. Even
when about 50% of the entries are missing, the recovery results is fairly good. When there
are only about 30% of the entries are observed, PMLSVT still recovers the main features in

the image. It is also quite fast: the run times for all three examples are less than 1.2 seconds.

3.4.2 Bike sharing count data

To demonstrate the performance of our algorithm on real data, we consider the bike sharing
data set!, which consists of 17379 bike sharing counts aggregated on hourly basis between
the years 2011 and 2012 in Capital bike share system with the corresponding weather and
seasonal information. We collect countings of 24 hours over 105 Saturdays into a 24-by-105
matrix M (d; = 24 and dy = 105). The resulted matrix is nearly low-rank. Assuming that
only a fraction of the entries of this matrix are known (each entry is observed with probability
0.5 and, hence, roughly half of the entries are observed), and that the counting numbers
follow Poisson distributions with unknown intensities. We aim at recover the unknown

intensities, i.e., filling the missing data and performing denoising. We use PMLSVT with

I'The data can be downloaded at
http://archive.ics.uci.edu/ml/datasets/Bike+Sharing+Dataset[107].
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the following parameters: o = 1000, 5 = 1,¢t = 107%, 7 = 1.1, K = 4000 and X = 100. In
this case there is no “ground truth” for the intensities, and it is hard to measure the accuracy
of recovered matrix. Instead, we are interested in identifying interesting patterns in the
recovered results. As shown in Fig. 3.2(b), there are two clear increases in the counting
numbers after the 17th and the 63th Saturday, which may not be easily identified from the

original data in Fig. 3.2(a) with missing data and Poisson randomness.

3.5 Conclusions

In this paper, we have studied matrix recovery and completion problems when the data are
Poisson random counts. We considered a maximum likelihood formulation with constrained
nuclear norm of the matrix and entries of the matrix, and presented upper and lower bounds
for the proposed estimators. We also developed a set of new algorithms, and in particular
the efficient the Poisson noise Maximal Likelihood Singular Value Thresholding (PMLSV)
algorithm. We have demonstrated its accuracy and efficiency compared with the semi-
definite program (SDP) and tested on real data examples of solar flare images and bike

sharing data.
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() p = 0.8. (b) A = 0.1, K = 2000.

(d) A =0.1, K = 2000.

() p =0.3. () X = 0.1, K = 2000.

Figure 3.1: Matrix completion from partial observations: (a), (c), and (e): 80%, 50% and
30% of entries observed (dark spots represent missing entries); (b), (d), and (f): images
formed by complete matrix with A = 0.1 and no more than 2000 iterations, and the run times
of the PMLSVT algorithm are 1.176595, 1.110226 and 1.097281 seconds, respectively.
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(a) original data, p = 0.5. (b) A =100, K = 4000.

Figure 3.2: Bike sharing count data: (a): observed matrix M with 50% missing entries;
(b): recovered matrix with A = 100 and 4000 iterations, with an elapsed time of 3.147153
seconds.
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CHAPTER 4
MULTI-SENSOR SLOPE CHANGE DETECTION

In this chapter, I present the details about sequential gradual change detection in the multi-
sensor case. The work is mainly summarized in [13]. Section 4.1 sets up the formalism of
the problem. Section 4.2 presents our mixture procedures for slope change detection, and
Section 4.3 presents theoretical approximations to its ARL and EDD, which are validated by
numerical examples. Section 4.4 establishes the first order asymptotic optimality. Section
4.5 shows real-data examples. Finally, Section 4.6 presents an extension of the mixture

procedure that adaptively chooses pg. All proofs are delegated to the appendix.

4.1 Assumptions and formulation

Given N sensors. For the nth sensor n = 1,2, ..., N, denote the sequence of observations
by yni, @ = 1,2, . ... Under the hypothesis of no change, the observations at the nth sensor
have a known mean pi,, and a known variance 2. Probability and expectation in this case are
denoted by P, and E, respectively. Alternatively, there exists an unknown change-point
that occurs at time x, 0 < k < oo, and it affects an unknown subset A C {1,2,..., N}
of sensors simultaneously. The fraction of affected sensors is given by p = | A|/N. For
each affected sensor n € A, the mean of the observations y,,; changes linearly from the
change-point time « + 1 and is given by u,, + ¢,(t — k) for all ¢ > k, and the variance
remains ai. For each unaffected sensor, the distribution stays the same. Here the unknown
rate-of-change c,, can differ across sensors and it can be either positive or negative. The
probability and expectation in this case are denoted by PA and E4, respectively. In particular,

r = 0 denotes an immediate change occurring at the initial time. The above setting can
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formulate as the following hypothesis testing problem:

Hy: Yni~N(tn,02),i=1,2,....n=1,2,... N,

Hi: ypi ~N(n,02),i=1,2,... K,
(4.1

Yni ~ N (lin +cu(i — K),02)i=k+1,k+2,...,n €A,

yn,iNN(Mnao—i)ai:1727"'7n€AC'

Our goal is to establish a stopping rule that stops as soon as possible after a change-point
occurs and avoids raising false alarms when there is no change. We will make these
statements more rigorous in Section 4.3 and Section 4.4. Here, for simplicity, we assume
that all sensors are affected by the change simultaneously. This ignores the fact that there
can be delays across sensors. For asynchronous sensors, one possible approach is to adopt
the scheme in [108], which claims a change-point whenever the any sensor detects a change.
We plan investigate the issue of delays in our future work.

A related problem is to detect a change in a linear regression model. One such example
is a change-point in the trend of the stock price illustrated in Fig. 4.6(a). This can be casted
into a slope change detection problem, if we fit a linear regression model under H, (e.g.,
using historical data) and subtract it from the sequence. The residuals after the subtraction
will have zero means before the change-point, and their means will increase or decrease

linearly after the change-point.

4.2 Detection procedures

Since the observations are independent, for an assumed change-point location x = k and an

affected sensor n € A, the log-likelihood for observations up to time ¢ > k is given by
t

1
lalk,tcn) = 5 > [2e0Yni — pn) (i — k) = (i — k)] . (4.2)

" i=k+1
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Figure 4.1: Degradation sample paths recorded by 21 sensors, generated by C-MAPSS [53].
A subset of sensors are affected by the change-point, which happens at an unknown time
simultaneously and it causes a change in the slopes of the signals. The change can cause
either an increase or decrease in the means.

Motived by the mixture procedure in [18] and [109] to exploit an empirical fact that typically
only a subset of sensors are affected by the change-point, we assume that each sensor is
affected with probability p, € (0, 1] independently. In this setting, the log likelihood of all

N sensors is given by

N
Z log (1 — po + poexp [n(k, t,c,)]) - 4.3)

n=1

Using (4.3), we may derive several change-point detection rules.
Since the rate-of-change c,, is unknown, One possibility is to set ¢, equal to some
nominal post-change value 9,, and define the stopping rule, referred to as the mixture

CUSUM procedure:

N
Ty = inf < ¢ : max Zlog (1 — po + poexplln(k,t,8,)]) >0y, 4.4)
n=1

where b is a threshold typically prescribed to satisfy the average run length (ARL) require-
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ment (formal definition of ARL is given in Section 4.3).

Another possibility is to replace c,, by its maximum likelihood estimator. Given the
current number of observations ¢ and a putative change-point location k, by setting the
derivative of the log likelihood function (4.2) to 0, we may solve for the maximum likelihood

estimator:
ZZ:k—&-l(i - k)(yn,i - ,un)

S ipan (i — k)2

Define 7 = ¢t — k to be the number of samples after the change-point £. Denote the sum of

Cn(k,t) =

4.5)

squares from 1 to 7, and the weighted sum of data as, respectively,

T t
A'r — ZiQ, Wnd;’t = Z ('l — k’)(ynﬂ —_ Iun)/()‘n
i=1 i=k+1
Let
Unier = (A) 72 Wk, (4.6)

Substitution of (4.5) into (4.2) gives the log generalized likelihood ratio (GLR) statistic at
each sensor:

Colk,t, ) = Ufl,k,t /2, 4.7)

and we define the mixture GLR procedure as

N
T, = inf {t s max » log (1 —po +poexp [Ur,,/2]) > b} : (4.8)
n=1

where b is a prescribed threshold.

Remark 6 (Window limited procedures.). In the following we use window limited versions
of Ty and T, where the maximum for the statistic is restricted to a window t—w < k < t—u’
for suitable choices of window size w and w'. In the following, we use T to denote a window-

limited version of a procedure T. By searching only over a window of the past w — w' + 1
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Figure 4.2: Matched filter interpretation of the generalized likelihood ratio statistic at each

sensor U ke = A72> 0, (i — k)(yn; — f1n)/0n: data at each sensor is matched with

a triangle-shaped signal that starts at a hypothesized change-point time &k and ends at the
current time ¢. The slope of the triangle is A, so that the ¢, norm of the triangle signal is
one.

samples, this reduces the memory requirements to implement the stopping rule, and it also
sets a minimum level of change that we want to detect. The choice of w may depend on b and
sometimes we need make additional assumptions on w for the purpose of establishing the
asymptotic results below. More discussions about the choice of w can be found in [110] and
[54]. The other parameter w' is the minimum number of observations needed for computing

the maximum likelihood estimator for parameters. In the following, we set w' = 1.

Remark 7 (Relation to mean shift.). For the mean-shift multi-sensor change-point detection
[18], the detection statistic depends on a key quantify, which is the average of the samples
in the time window [k + 1,t]. Note that in the slope change case, the detection statistic has
a similar structure, except that the key quantity is replaced by a weighted average of the
samples in the window: (t — k)~/ Zﬁzkﬂ(yn,i — pin)/0n. This has an interpretation of

“matched filtering”, as illustrated in Fig. 4.2: each data stream is matched with a triangle

shaped signal starting at a potential change-point time k that represents a possible slope
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change.

Remark 8 (Recursive computation.). The quantity W, j, + involved in the detection statistic

for (4.8) can be calculated recursively,

Wiktr1 = Wape + (E+1 = k) (Ynitr1 — fn)/0n)

where W, £ (. This facilitates online implementation of the detection procedure. The

quantity A, can be pre-computed since it is data-independent.

Remark 9 (Extension to correlated sensors.). The mixture procedure (4.8) can be easily
extended to the case where sensors are correlated with a known covariance matrix. Define
a vector of observations 'y, = [yi.i, ..., yn.|T for all sensors at time i. When there is no
change, y; follows a normal distribution with a mean vector ji = |, ...,uy|" and a
covariance matrix . Alternatively, there may exist a change-point at time r such that after
the change, the observation vectors are normally distributed with mean vector |1 + (i — K)c,
c = [c1,..., ¢, and the covariance matrix remains X for all i > k. We can whiten the
signal vector by y; = ¥, Y 2(yi — 1), where ¥y Y2 s the square-root of the positive definite
covariance matrix that may be computed via its eigen-decomposition. The coordinates of
yi are independent and the problem then becomes the original hypothesis testing problem
(4.1) with all sensors being affected simultaneously by the change-point, the rate-of-change
vector is ¥ Y °¢, the mean vector is zero before the change, and the covariance remains an

identity matrix before and after the change. Hence, after the transform, we may apply the

mixture procedure with po = 1 on'y;.

4.3 Theoretical properties of the detection procedures

In this section we develop theoretical properties of the mixture procedure. We use two
standard performance metrics (1) the expected value of the stopping time when there is no

change, the average run length (ARL); (2) the expected detection delay (EDD), defined to
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be the expected stopping time in the extreme case where a change occurs immediately at
r = 0. Since the observations are i.i.d. under the null, the EDD provides an upper bound on
the expected delay after a change-point until detection occurs when the change occurs later
in the sequence of observations (this is also a commonly used fact in change-point detection
work [18]). An efficient detection procedure should have a large ARL and meanwhile a
small EDD. Our approximation to the ARL is shown below to be accurate. In practice, we
usually fix ARL to be a large constant, and set the threshold b in (4.8) accordingly. The
accurate approximation here can be used to find the threshold analytically. Approximation
for EDD shows its dependence on a quantity that plays a role of the Kullback-Leibler (KL)

divergence, which links to the optimality results in Section 4.4.

4.3.1 Average run length (ARL)

We present an accurate approximation for ARL of a window limited version of the stopping

rule in (4.8), which we denote as Tg. Let

g(x) £ log(1 — py + po exp(z?/2)), (4.9)

and

Y(0) = log E{exp|[fg(Z)]},
where Z has a standard normal distribution. Also let

1

7(6) = SO°E{[9(2)] exp [09(2) — $(0)]}

and )
012my(0)]'/2

H(N,0) = =555

exp{N[0:(8) — v (6)]},

where the dot f and double-dot f denote the first-order and second-order derivatives of

a function f, respectively. Denote by ¢(x) and ®(z) the standard normal density func-

74



tion and its distribution function, respectively. Also define a special function v(z) =
20 2exp[—2 32  n~'®(—|x|n'/?/2)]. For numerical purposes an accurate approximation

is given by [111]
(2/2)[®(x/2) = 1/2]
(z/2)®(x/2) + d(z/2)

Theorem 14 (ARL of Tg.). Assume that N — oo and b — oo with b/N fixed. Let 0 be

v(z) ~

defined by )(#) = b/N. For a window limited stopping rule of (4.8) with w = o(b") for
some positive integer r, we have

V/2N/(4/3)1/2 -1
g2 (y\/7 (0 dy | + o(1). (4.10)

2N/ (4w/3)1/2

E-o{To} = H(N.60)- [ /

The proof of Theorem 14 is an extension of the proofs in [18] and [92] using the change
of measure techniques. To illustrate the accuracy of approximation given in Theorem 14, we
perform 500 Monte Carlo trials with py = 0.3, and w = 200. Figs. 4.3(a) and (b) compare
the simulated and theoretical approximation of ARL given in Theorem 14 when N = 100
and N = 200, respectively. Note that expression (4.10) takes a similar form as the ARL
approximation obtained in [18] for the multi-sensor mean-shift case, and only differs in the
upper and lower limits in the integration. In Figs. 4.3(a) and (b) we also plot the approximate
ARL for the mean shift case in [18], which shows the importance of having the corrected
integration upper and lower limits in our approximation. In practice, ARL is usually set
to 5000 and 10000. Table 4.1 compares the thresholds obtained theoretically and from

simulation at these two ARL levels, which demonstrates the accuracy of our approximation.

4.3.2 Expected detection delay (EDD)

After a change-point occurs, we are interested in the expected number of additional observa-

tions required for detection. In this section we establish an approximation upper bound to
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Figure 4.3: (a) Comparison of theoretical and simulated ARL when (a): N = 100, pg = 0.3,
and w = 200; (b): N = 200, py = 0.3, and w = 200.

Table 4.1: Theoretical versus simulated thresholds for po = 0.3, N = 100 or 200, and

w = 200.
ARL | Theory b | Simulated ARL | Simulated b
N =100 | 5000 46.34 5024 46.31
10000 | 47.64 10037 47.60
N =200 | 5000 77.04 5035 76.89
10000 | 78.66 10058 78.59

the expected detection delay. Define a quantity

1/2
A = (Z ci/ag) : (4.11)

neA
which roughly captures the total signal-to-noise ratio of all affected sensors.

Theorem 15 (EDD of fg.). Suppose b — oo, with other parameters held fixed. Let U be a

standard normal random variable. If the window length w is sufficiently large and greater

than (6b/A%)Y/3, then

BT < {b_ |Allog po — (N — |A|)]E1{9(U)}}l/3 +o(1), (4.12)

A2/

where E' is defined at the beginning of Section 4.1. To demonstrate the accuracy of
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(4.12), we perform 500 Monte Carlo trials. In each trial, we let the change-point happen at
the initial time and randomly select Np sensors affected by the change and set the rate-of-
change ¢,, = ¢ for a constant ¢, n € A. The thresholds for each procedure are set so that
their ARLs are equal to 5000. Fig. 4.4 shows EDD versus ¢, where our upper bound turns

out to be an accurate approximation to EDD.

50 T T T

——Theory
45 — — Simulation |1

40

0 0.1 0.2 0.3 0.4 0.5
Rate-of-Change c

Figure 4.4: Comparison of theoretical and simulated EDD when N = 100, py = 0.3,
p = 0.3, and w = 200. All rate-of-change ¢,, = c for affected sensors.

4.4 Optimality

In this section, we prove that our detection procedures: 7 and the window limited versions
ﬁ and TQ are asymptotically first order optimal. The optimality proofs here extends the
results in [55], [54], for our multi-sensor non-i.i.d. data setting. The non-i.i.d.ness is due to
the fact that under the alternative, the means of the samples change linearly as the number

of post-change samples grows. Following the classic setup, we consider a class of detection
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procedures with their ARL greater than some constant +y, and then find an optimal procedure
within such a class to minimize the detection delay. Since it is difficult to establish an
uniformly optimal procedure for any given v, we consider the asymptotic optimality when ~
tends to infinity.

We first study a general setup with non-:.7.d. distributions for the multi-sensor problem,
and establish optimality of two general procedures related to 77 and 75. Then we specialize
the results to the multi-sensor slope-change detection problem. In particular, we generalize
the lower bound for the detection delay from the single sensor case (Theorem 8.2.2 in [55]
and Theorem 1 in [54]) to our multi-sensor case. We also generalize the result therein to our
setting where the log-likelihood ratio grows polynomially on the order of ;¢ for ¢ > 1 as the
number of post-change observations j grows (in the classic setting ¢ = 1); this is used to

account for the non-stationarity in our problem.

4.4.1 Setup for general non-i.7.d. case

Consider a setup for the multi-sensor problem with non-i.i.d. data. Assume there are NV
sensors that are independent (or with known covariance matrix so the observations can
be whitened across sensors), and that the change-point affects all sensors simultaneously.
Observations at the nth sensor are denoted by x,,; over time ¢ = 1,2,.... If there is no
change, x,, are distributed according to conditional densities f, ;(%n¢|Zn,[1,4-17), Where
T [1—1] = (Zn1,--.,%n—1) (this allows the distributions at time ¢ to be dependent on the
previous observations). Alternatively, if a change-point occurs at time ~ and the nth sensor
is affected, x,,, are distributed according to conditional densities f, +(Zy ¢|%y,1,4—1]) for

(%)

t =1,...,k, and are according to g, ; (T ¢|Zn,14—1)) for t > k. Note that the post-change
densities are allowed to be dependent on the change-point . Define a filtration at time ¢
by F; = o(x114, .-, TN,1). Again, assume a subset A C {1,2,..., N'} of sensors are
affected by the change-point. Similar to Section 4.1, with a slight abuse of notation, we

denote P, E,., PA and E as the probability and expectation when there is no change, or
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when a change occurs at time  and a set A of sensors are affected by the change, with the

understanding that here the probability measures are defined using the conditional densities.

4.4.2 Optimality criteria

We adopt two commonly used minimax criteria to establish the optimality of a detection
procedure 7'. Similar to Chapter 8.2.5 of [55], we consider two criterions associated with the
m-th moment of the detection delay for m > 1. The first criterion is motivated by Lorden’s

work [59], which minimizes the worst-case delay

ESM;(T) £ sup esssup B {[(T — k)*]™|Fi}, (4.13)

0<k<oo

where “esssup” denotes the measure theoretic supremum that excluded points of measure
zero. In other words, the definition (4.13) first maximizes over all possible trajectories
of observations up to the change-point and then over the change-point time. The second
criterion is motivated by Pollak’s work [62], which minimizes the maximal conditional

average detection delay

SMY(T) & sup B {(T — k)™|T > k}. (4.14)

0<k<oo

The extended Pollak’s criterion (4.14) is not as strict as the extended Lorden’s criterion
in the sense that SM:A(T) < ESMZ(T), and we prefer (4.14) since it is connected to the
conventional decision theoretic approach and the resulted optimization problem can possibly
be solved by a least favorable prior approach. The EDD defined earlier in Section 4.3 can be
viewed as ESM,,, and SM,,, for m = 1, and the supremum over k£ happens when k£ = 0.

Define C'(7y) to be a class of detection procedures with their ARL greater than :

C(7) AT Ef{T} 2 7}
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A procedure 7' is optimal, if it belongs to C'(y) and minimizes ESM,,,(7T") or SM,,,(T').

4.4.3 Optimality for general non-i.i.d setup

Under the above assumptions, the log-likelihood ratio for each sensor is given by

Tni| T, 15—
At = Z loggnz | 1,-1))
i—kt1 n,i wnz‘xn[lz 1])

For any set A of affected sensors, the log-likelihood ratio is given by

Mkt = Y An. (4.15)
neA

We first establish an lower bound for any detection procedure. The constant /4 below
can be understood intuitively as a surrogate for the Kullback-Leibler (KL) divergence in the
hypothesis problem. When the observations are 7.:.d., I 4 is precisely the KL divergence

[54].

Theorem 16 (General lower bound.). For any A C {1,..., N} such that there exists some

q > 1, j79N\a gkt converges in probability to a positive constant I 4 € (0, 00) under P,

1 PA
_)\Akk+] T La, (4.16)

and in addition, for all € > 0, for an arbitrary M — oo

A q
02;1500 esssup P, {M Or<na)]<\/[ Mpgri > (L)l fk} m 0. 4.17)
Then,
(i) forall 0 < e < 1, there exists some k > 0 such that
lim sup IP’A{k;<T<k;+(1—5)(IAllog7) } 0. (4.18)
TR TeC(y)

80



(ii) forall m > 1,

inf ESMA (T inf SMA(T 1
lim inf W TeC) m(T) > lim inf infrecy) SMyn(T) >

. 4.19
y—00 (log 'y)m/q y—00 (log fy)m/q - [Zl/q ( )

Consider a general mixture CUSUM procedure related to 77, which has also been studied
in [109] and [18]:

N
Tes = inf {t : max Z log(1 — po + poexp(Anit)) > b} , (4.20)
n=1

where b is a prescribed threshold. The following lemma shows that for an appropriate choice
of the threshold b, T has an ARL lower bounded by ~ and, hence, for such thresholds it
belongs to C'(7).

Lemma 8. For any p, € (0,1], Tcs(b) € C(7), provided b > log 7.

Theorem 17 (Optimality of T¢g.). For any A C {1,..., N} such that there exists some
q > 1 and a finite positive number I 4 € (0, 00) for which (4.17) holds, and for all ¢ € (0,1)
andt > 0,

sup esssup P (j_q)\A,k,k+j < I4(1— €)|]:k) — 0. 4.21)

0<k<t j—oo
Ifb > log~y and b = O(log ), then Tcs is asymptotically minimax in the class C(7y) in the

sense of minimizing ESM(T) and SM2}(T') for all m > 1 to the first order as y — oc.

We can also prove that the window-limited version fcs is asymptotically optimal. Since
the window length affects ARL and the detection delay, in the following we denote this

dependence more explicitly by w,.

Corollary 2 (Optimality of Tvcs.). Assume the conditions in Theorem 17 hold and in addition,

lim inf Ll/q > 1. (4.22)
1= (logy/1a)
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Ifb > log~y and b = O(log ), then fcs(b) is asymptotically minimax in the class C(7) in

the sense of minimizing ESM:A(T) and SM(T)) for all m > 1 to the first order as -y — <.

Intuitively, this means that the window length should be greater than the first order
approximation to the detection delay [(log~)/I4]"/?. Note that our earlier result (4.12)
for the expected detection delay of the multi-sensor case is of this form for ¢ = 3 and
Iy = A?%/6.

Similarly, we may consider a general mixture GLR procedure related to 75 as in [18].
Denote the log-likelihood (4.15) as A 4 .+(#) to emphasize its dependence on an unknown
parameter 6. The mixture GLR procedure maximizes ¢ over a parameter space © before
combining them across all sensors. Unfortunately, we are unable to establish the asymptotic
optimality for the general GLR procedure and its window limited version, due to a lack of

martingale property.

4.4.4 Optimality for multi-sensor slope change

Note that 7} and ﬁ correspond to special cases of T¢g, Tcs, so we can use Theorem 17
and Corollary 2 to show their optimality by checking conditions. Although we are not able
to establish optimality of the general mixture GLR procedure as mentioned above, we can

prove the optimality for Tg by exploiting the structure of the problem.

Lemma 9 (Lower bound.). For the multi-sensor slope change detection problem in (4.1),
for a non-empty set A C {1, ..., N}, the conditions of Theorem 16 are satisfied when q = 3

and [, = A?/6.

The following lemma plays a similar role as the general version Lemma 8 in our multi-
sensor case in (4.1), and it shows that for a properly chosen threshold b, ARL of Ty is lower

bounded by ~ and, hence, for such threshold it belongs to C'(7y).
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Lemma 10. For any p, € (0, 1], To(b) € C(7), provided

b> N/2 — 4log [1 (- 1/7)1/“’7] .

Remark 10 (Implication on window length.). Lemma 10 shows that to have b = O(log ),

we need log w., = o(log ).

Theorem 18 (Asymptotical optimality of 77, Ty and T3.). Consider the multi-sensor slope

change detection problem (4.1).

(i) If b > log~y and b = O(log~), then T (b) is asymptotically minimax in class C(7y) in
the sense of minimizing expected moments ESM\(T) and SM(T) for all m > 1 to

the first order as v — oc.

(ii) In addition to conditions in (i), if the window length satisfies

lim inf D>,
7o [6(logy) /A%

(4.23)

then T; (b) is asymptotically minimax in class C(7y) in the sense of minimizing expected

moments ESM2}(T) and SM(T) for all m > 1 to first order as v — oo.

(iii) If b > N/2 — 4log[l — (1 — 1/9)""], b = O(log ), the window length satisfies
log(w,) = o(log ) and (4.23) holds, then Ty(b) is asymptotically minimax in class
C(7) in the sense of minimizing ESM=(T) and SM-\(T) for m = 1 to first order as

¥ — oQ.

Remark 11. Above we prove the optimality of T1(b) and ﬁ(b) for m > 1. However, we
can only prove the optimality of Tz(b) for a special case m = 1, due to a lack of martingale

properties here.
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4.5 Numerical Examples

4.5.1 Comparison with mean-shift GLR procedures

We compare the mixture procedure for slope change detection, with the classic multivariate
CUSUM [112] and the mixture procedure for mean shift detection [18]. The multivariate
CUSUM essentially forms a CUSUM statistic at each sensor, and raises an alarm whenever
a single sensor statistic hits the threshold. As commented earlier in Remark 7, the only
difference between TQ and the mixture procedure for mean shift in [18] is how U, ; ; 1s
defined. Following the steps for deriving (A.44), we can show that the mean shift mixture
procedure is also asymptotically optimal for the slope change detection problem. Here, our
numerical example verifies this, and show that the improvement of EDD by using Ty versus
the multi-variate CUSUM and the mean-shift mixture procedure is not significant. However,
the mean-shift mixture procedure fails to estimate the change-point time accurately due to
model mismatch. Fig. 4.5 shows the mean square error for estimating the change-point time
K, using the multi-chart CUSUM, the mean-shift mixture procedure, and Ty, respectively.

Note that T} has a significant improvement.

4.5.2 Financial time series

In the earlier example illustrated in Fig. 4.6(a), the goal is to detect a trend change online.
Clearly a change-point occurs at time 8000 in the stock price, and such a change-point is
verifiable. Fig. 4.6(b) shows that there is a peak in the bid size versus the ask size, which
usually indicates a change in the trend of the price (possible with some delay). To illustrate
the performance of our method in this financial dataset, we plot the detection statistics
by using a “single-sensor”, i.e., using only one data stream, and by using “multi-sensor”
scheme, 1.e. using data from multiple streams, which in this case correspond to 8 factors
(e.g, stock price, total volume, bid size and bid price, as well ask size and ask price). In fact,

only 4 factors out of 8 factors contain the change-point. Fig. 4.6(c) plots the statistic if we
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Figure 4.5: Comparison of mean square error for estimating the change-point time for the
mixture procedure tailored to slope change 75, the mixture procedure with mean shift, and
multi-chart CUSUM, when N = 100, pg = 0.3, p = 0.5 and w = 200.

use only a single-sensor. Fig. 4.6(e) illustrates the statistic when we use all the 8 factors
and preprocess by whitening with the covariance of the factors as described in Section 9.
Comparing Fig. 4.6(c) and Fig. 4.6(e), we can see that the sample path of the statistic
designed for multi-sensor is smoother than that of the statistic designed for single-sensor.
This means that the multi-sensor statistic is more robust to the noise than single-sensor
statistic, and this is consistent with intuition since we take advantage of more information.
Looking at Fig. 4.6(e), after the major trend change (around sample index 8000), the multi-
chart CUSUM statistic rises the slowest. Although it appears, the slope-change mixture
procedure rises a bit slower than the mean-shift mixture procedure, we demonstrate in
simulation that for fixed ARL these two procedures have similar EDDs, and also in Fig.
5 that the slope-change mixture procedure has a better performance in estimating £* than

the mean-shift mixture procedure. Therefore, the slope-change mixture procedure is still
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preferrable.
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Figure 4.6: Statistic for detecting trend changes in financial time series with w = 500 for
both single sensor and multi-sensor procedures, and p, = 1 for the multi-sensor procedure.

4.5.3 Aircraft engine multi-sensor prognostic

We present an engine prognostic example using the aircraft turbofan engine dataset simulated
by NASA!. In the dataset, multiple sensors measure different physical properties of the

aircraft engine to detect a faulty condition and to predict the whole life time. The dataset

'Data can be downloaded from http://ti.arc.nasa.gov/tech/dash/pcoe/prognostic-data-repository/
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contains 100 training systems and 100 testing systems. Each system is monitored by N = 21
sensors. In the training dataset, we have a complete sample path from the initial time to
failure for each of the 21 sensors of each training system. In the testing dataset, we only
have partial sample paths (i.e., the system fails eventually but we have not observed that yet
and it still has a remaining life). Our goal is to predict the whole life for the test systems
using available observations. The dataset also provides ground truth, i.e., the actual failure
times (or equivalently the whole life) of the testing systems.

We first apply our mixture procedures to each training system j, 5 = 1,...,100, to
estimate a change-point location x; (which corresponds to the maximizer of k in the
definition of T, when the procedure stops), and the rate-of-change at nth sensor for the jth
system ¢, ; using (4.5). Then fit a simple survival model using #; and ¢, ; as regressors
in determining the remaining life. We build a model for the Time-To-Failure (TTF) Y of
system j based a log location-normal model, which is commonly used in reliability theory
[14]: P{Y; < y} = @ [(log(y) — 7;)/n] , where 7 is a user specified scale parameter that is
assumed to be the same for each system, 7; is the location parameter that is assumed to be a
linear function of the rate-of-change: 7; = 5y + Zgzl Bjcn.j, Where (5o, f1,...,0n)isa
vector of the regression coefficients that are estimated by maximum likelihood. Next, we
apply the mixture procedure on the jth testing system to estimate the change-point time &;;
and the rate-of-change ¢, ;, and substitute them into the fitted models to determine a TTF
using the mean value. The whole life of the jth system is estimated as ~; plus its mean TTE.

We use the relative prediction error as performance metric, which is the absolute dif-
ference between the estimated life and the actual whole life, divided by the actual whole
life. Fig. 4.7 shows the box-plot of the relative prediction error versus threshold 0. Our
method based on change-point detection works well and it has a mean relative prediction
error around 10%. Here the choice of the threshold b has a tradeoff: the relative prediction

error decreases with a larger b; however, a larger b also causes a longer detection delay.
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Figure 4.7: Aircraft engine prognostic example: box-plot for relative prediction error of the
estimated life time of the engine versus threshold b.

4.6 Discussion: adaptive choice of p,

The mixture procedure assumes that a fraction p, of the sensors are affected by the change.
In practice, p, can be different from p which is the actual fraction of sensors affected. The
performance of the procedure is fairly robust to the choice of py. Fig. 4.8 compares the
simulated EDD of a mixture procedure with a fixed p, value, versus a mixture procedure
when setting py = p if we know the true fraction of affected sensors. Again, thresholds are
chosen such that ARL for all cases are 5000. Note that the detection delay is the smallest if
po matches p; however, EDD in these two settings are fairly close when py # p.

Still, we may improve the performance of the mixture procedure by adapting the pa-
rameter py using a method based on empirical Bayes. Assume each sensor is affected with
probability pg, but now py itself is a random variable with Beta distribution Beta(«, 3). This
also allows the probability of being affected to be different at each sensor. With sequential
data, we may update by computing a posterior distribution of py using data in the following
way. Choosing a constant a, we believe that the nth sensor is likely to be affected by the

change-point if U, x; is larger than a. Let I{-} denote an indicator function. For each ¢,
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Figure 4.8: Simulated EDD for a mixture procedure with py set to a fixed value, versus a

mixture procedure with py = p equal to the true fraction of affected sensors, when ¢,, = 0.1,
N =100 and w = 200.

assume s,,; = I{max;_, <<t Upn i+ > a} is a Bernoulli random variable with parameter p,,.
Due to conjugacy, the posterior of p, at the nth sensor, given s, ; up to time ¢, is also a Beta
distribution with parameters Beta(s,,; +«, 1 — s,,+ + /). An adaptive mixture procedure can

4

be formed using the posterior mean of py, which is given by p,, = (s, + «)/(a + 8+ 1):

N
Thdaptive = inf {t : max_ Y log(1 = p, + poexp(U7,,/2)) > b} , (4.24)
n=1

t—w<k<t

where b is a prescribed threshold.

We compare the performance of fadaptive with its non-adaptive counterpart fg by nu-
merical simulations. Assume N = 100 and there are 10 sensors affected from the initial
time with a rate-of-change c,, = c¢. The parameters for fadaptive area=1,f=1anda = 2.

Again, the thresholds are set so that the simulated ARL for both procedures are 5000. Table
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4.6 shows that 7, adaptive has @ much smaller EDD than TQ when signal is weak with a relative
improvement around 20%. However, it is more difficult to analyze ARL of the adaptive

method theoretically.

Table 4.2: Comparing EDD of Tg and Tadaptive.
Rate-of-change | 0.01 | 0.03 | 0.05 | 0.07 | 0.09
Non-Adaptive T, | 54.15 | 26.24 | 18.75 | 14.98 | 12.74
Adaptive Tyqaptive | 38.56 | 20.28 | 14.42 | 12.17 | 10.13
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CHAPTER §
ROBUST SEQUENTIAL CHANGE-POINT DETECTION WITH OFFLINE
CONVEX OPTIMIZATION

In this chapter, I present the robust sequential change-point detection with offline convex
optimization. This work is summarized in [113]. I address the computational challenge
of finding the robust sequential change-point detection procedures when the pre- and post-
change distributions are not completely specified. Earlier works [67, 68] establish the
general conditions for robust procedures which include finding a pair of least favorable
distributions (LFDs). However, in the multi-dimensional setting, it is hard to find such LFDs
computationally. I present a method based on convex optimization that addresses this issue
when the distributions are Gaussian with unknown parameters from pre-specified uncertainty
sets. I also establish theoretical properties of our robust procedures, and numerical examples

demonstrate their good performance.

5.1 Formulation

5.1.1 General setup

Assume that we observe a sequence of observations {&; }32, that take values in X'. Denote
P(X) as the set of all the probability distributions on X" and assume that there are two
known distributions vy, v; € P(X). If there is no change, the observations are drawn i.i.d.
from distribution 1. The probability and expectation in this case are denoted by P22 and
EY, respectively. Alternatively, the 1.i.d. observations §; ~ 1y fori =1,...,x — 1, and
at some unknown change-point x, the distributions of the observations switch abruptly to
vy, namely, & ~ vy fori = K,k 4+ 1, . ... The observations are independent conditioned on

the change-point x. The probability and expectation in this case are denoted by [P/*** and
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Eror1 respectively. In particular, £ = 0 denotes an immediate change occurring at the initial
time.

A sequential change detection procedure is characterized by a stopping time 7" with
respect to the observation sequence. To evaluate the performance of the detection procedure
T, two performance measures are widely used: the average run length (ARL) and the
expected detection delay (EDD). There are three commonly used mathematical formulations
about ARL and EDD: Lorden’s worst-case formulation in [59], Pollak’s average worst-case
formulation in [62] and the Bayesian formulation in [58]. In this paper, we adopt the
Lorden’s formulation, where the worst-case EDD of a detection procedure 7' is defined as
follows:

WDD(T') = supesssup E”"" [(T — k+1)* | Frq], (5.1

k>1
where (z)™ = max(x,0). The quantity in (5.1) is called the worst-case EDD as a result of
the two supreme appearing in (5.1). The first supreme means that the detection delay is
taken over all possible locations of the change-point k£ and the second essential supreme
means that the detection delay is taken over all possible realizations of the observations
before the change-point k. ARL can be interpreted as the mean time between two false
alarms, denoted by EX2[T']. In practice, one usually fixes a lower bound + for the ARL and
denotes C'(vy) as the set of stopping times with ARL larger than v > 0, in other words,

C(vy) ={T : EL[T] > ~}. Then, our goal is to solve the following problem:

min  WDD(T)). (5.2)
TeC(y)

In [59] and [63], it has been proven that the cumulative sum (CUSUM) procedure [57] is

both the asymptotically optimal solution as v — oo and the exact optimal solution to (5.2)

for any given v > 0. Hence, in the following, we will focus on CUSUM-type procedures.
Now we consider the case when 1 and v, are not specified exactly but belong to two

classes of distributions Py, P; € P(X), respectively (e.g., [68]). Denote C(Py,y) = {71 :
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EX[T] > ~,Vvy € Py} as the set of all candidate stopping times whose ARL is lower

bounded by ~y. Then our goal is to solve the following robust version of (5.2):

min sup  WDD(T'), (5.3)
TeC(Poyy) vyePo,vi€P1

Mean change: Assume that we observe a sequence of d-dimensional multivariate normal
distribution with a known covariance matrix that does change. At some time ~, the mean
vector switches from g, 1o € My to py, 1 € My, where M and M, are two known
convex sets in R? that are user-specified beforehand. The observations are independent
conditioned on the change-point k. Mathematically, we formulate the problem as the

following hypothesis testing problem:

HO : giNN(MU)Z)7MO€M07i21727"'
Hy & ~N(po,X), o € Mo, i=1,2,... K (5.4)

&NN(NJl,Z),[}q6M1,i=li+1,l-€—|—2,...,

where Y is the known positive definite covariance matrix. Here, the mean vector 1o and
{1 can be any element in the convex sets M, and M, respectively. For example, in the
context of quality control, M can be defined as the set of all the allowable mean vectors
if the system is in-control and M denotes the set of all the possible mean vectors if the
system is out-of-control. Our goal is to identify the occurrence of the change as fast as
possible subject to the false alarm constraints.

Covariance matrix change: Similarly, we may come up with a formulation when both
the mean and the covariance matrix of the observations change. Assume a sequence of
d-dimensional multivariate normal observations. At some time x, the mean vector changes
from g, p1o € My to 1, 41 € Mj and the covariance matrix changes from ©g, ©y € U,
to ©,,0, € U;, where M, and M, are two known convex sets in R?, U, and I/, are two

known convex sets in Si, which are user-specified beforehand. We formulate the problem
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as the following hypothesis testing problem:

Hy fz NN(M(),@()),MQ c Mo,@o GUo,i =1,2,...
Hy: & NN(MOa@o),uo e My, ely,2=1,2,.... K,
(5.5
& ~N(p,01), 11 € My,0, € Uy,

1=rk+1,k+2,....

Even if the formulation (5.5) looks similar to the formulation (5.4), (5.5) is much more
difficult than (5.4). For instance, a natural approach is to use sample mean and sample
covariance matrices from the in-control and out-of-control data (there usually are these
training data available in certain form) as the parameters before and after the change when
designing the procedures. Then the uncertainty sets represents the estimation “precision”,
which depend on the sample size and how the estimators are constructed. Mean vectors
can usually be estimated up to good precision. However, it is much harder to estimate high-
dimensional covariance matrix accurately (see, e.g, [114], [115], and [116]). Fortunately,
most of the existing methods can guarantee that the true covariance matrix belongs to a
convex set in Si, which enables us to reasonably construct uncertainty sets for covariance

matrices.

5.2 Main results

5.2.1 Robust procedure for detecting mean change

For the robust version for mean shift detection (5.4), we consider a CUSUM-type proce-
dure. CUSUM procedure needs specified likelihood ratio for two singleton pre-change and
post-change distributions. Here, we solve a convex optimization problem to identify an
appropriate pairs of parameters for the pre-change and post-change distributions, and use
them to form the CUSUM procedure.

Let Py = {N (1o, X), o € Mo} and Py = {N (11, %), p € My }. Specifically, denote
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(15, po7) as the solution to the following convex optimization problem:

(o, p7) = argmin  (po — )" X7 (po — tnn). (5.6)
uoEMo,uleMl

In other words, i, and ] are two points in M and M; with the minimal Mahalanobis
distance.
Our detection procedure is given as follows:
1
T, = inf {t > 0: max §L*(€Z) > b} , (5.7)

1<k<t
i=k

where L* denotes the likelihood ratio between v ~ N (u;, ) and 15 ~ N (), ). The
threshold b is chosen such that EX2[T}] > ~ for all 14y € P, and a prescribed lower bound ~y
for ARL. We can show the following relationship between v and b, which offers a guideline

about how to determine b given any ~.

Theorem 19 (ARL). For any vy € Py, for the detection procedure Ty defined in (5.7), we

have that B2 [Ty] > v as long as

6*

1—e’

b > log~y + log (5.8)

where

¢ =exp(—= (s — 1) S (ug — 1)) (5.9)

Remark 12. When Py = {1y} and P, = {v1} are two singletons, Ty is just the classic
CUSUM procedure and the classic analysis tells us that if b > log~y then EX0[T1] > ~. The
additional second term log(e* /(1 — €*)) in (5.8) can be seen as a cost for the uncertainty.
Specifically, € is the upper bound for the Type-1 and Type-II error for the one sample

composite hypothesis testing problem: Hy : & ~ vy, vy € Py versus Hy : £ ~ vy, v € Py
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Next, we prove an upper bound for the worst-case detection delay as the threshold b

goes to infinity.

Theorem 20 (EDD). For any vy € Py and v, € Py, for the detection procedure T defined

in (5.7), as b — 0o, we have that

b

1 —e¢*

WDD(T;) < (1+o0(1)),

where €* is defined in (5.9) and o(1) is a vanishing term as b — oo. Therefore, as v — 00,

we can have both EX2[T] > ~ and

log
1 — e

WDD(T) < (1+0(1)),

where €* is defined in (5.9) and o(1) is a vanishing term as v — 0.

Remark 13. Note that 1 — €* is just the Hellinger distance between the two multivariate
normal distributions found by solving the convex optimization problem: N (u$, %) and
N(ui,X). When Py = {vo} and P1 = {11} are two singletons, the classic analysis
tells that the WDD(T) is asymptotically upper bounded by 2b/ I, where I is the Kullback-
Leibler(KL) divergence between pre-change and post-change distributions. The Hellinger
distance plays a similar role with the KL divergence as the denominator in Lorden’s work
[59]. Since KL divergence is known to be bounded below by Hellinger distance, our upper

bound is a little bit looser. This can also be seen as the cost for uncertainty.

Remark 14. Define that iy and vy are true pre-change and post-change distributions. Since
we can interpret the robust detection procedure I as a repeated one-sided sequential
probability ratio test (SPRT) between vi = N (ué, X)) and vi = N (uj,X), we in fact
can obtain that the WDD of T} is asymptotically upper bounded by 2b/(K L(in||v§) —

KL(||vY)). As stated in the seminal work [68], compared with the optimal CUSUM
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procedure between vy and vy, WDD(T}) is asymptotically larger by a factor no more than

KL(]m)
KL(mivi) — KL

Furthermore, as a consequence of theorem 20, for any two true pre-change and post-change
distributions vy and vy, we have that WDD(T}) is asymptotically larger by a factor no
more than K L(1y||1)/[2(1 — €*)]. When the Mahalanobis distance between M and M,
increases, €* in (5.9) becomes smaller and then factor above decreases, which means that
our procedure moves closer to the optimal one. This is consistent with our intuition that one

can detect the change more easily when the change is more obvious.

5.2.2 Robust procedure for detecting covariance change

Next, consider the case when both the mean vector and the covariance matrix of a multi-
variate normal distribution change and they belong to some uncertainty sets. In this case,
we may consider linear and quadratic detectors, parameterized by vector i and matrix H
defined below, as suggested in [73]. We include the original derivation from [73] below.
First we define the cost function, which can be viewed as exponential loss function
which relates to the type-I and type-II error in the test (in the fixed sample size scenario).
Let || - || denote the spectral norm and || - || » the Frobenius norm, respectively. Let I/ be a
convex compact set contained in the interior of the cone S? of positive semidefinite d x d
matrices in the space S* of symmetric d x d matrices. Let ©, € S¢ be such that ©, = ©

forall © € U, and let § € [0, 2] be such that
0202 — 1, <6 VO e U. (5.10)

Let Z be a nonempty convex compact subset of the set Z+ = {Z € Sf“l : Zar1.ae1 = 1},
and let

¢z(Y) = maxTe(ZY) (5.11)
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be the support function of Z. These specify the closed convex set
H=H ={(h,H) eR'xS*: —pO;' < H < O}, (5.12)

and the function ®z : H x U — R,

— %log Det(I — ©Y2HOY?) + %Tr([@ — ©.]H)
3(2+9)

|©y*HOL?|; (5.13)
21— [|02HeM?)) "
1 H|h .
+_¢Z + [Hv h] [6*_1 - H]_l [H7 h]
2 hT

Then, we have that ¢z is continuous on its domain, convex in (h, H) € #H and concave in
OclU.

Next, we specify the uncertainty sets for the pre-change and post-change multivariate
normal distributions. Given two collections of data as above: (U, @53‘), By Zy), x = 0,1,
we define that

Gy ={N(1, ©): © € Uy

(5.14)
Fu:p=[us 1], [u; w1 € 2.}, x =0, 1.

Now to solve for the quadratic detector (h, H), which will be applied on each individual
samples and then used to construct the CUSUM recursion, we consider the convex-concave
saddle point problem

SV = min max
(h,H)EHoNH1 Oo€UY,O1EU

\% [@z,(—h,—H;0¢) + @z, (h, H; 91)1-

-
(I)(th;®07el)

(5.15)
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A saddle point (H,, h.; ©f, O7) in this problem does exist, which corresponds to the pa-
rameters of the quadratic detector and the picked worst-case parameters. We obtain the

following quadratic detector

1
9" (£) =§€TH*£ + hTe+
1 .
B (@2, (=ha, —H,; ©}) — @z, (hs, Hy; ©7)], (5.16)

(. >
v~

a

Given above (which is pre-solved before we have seen any data), now given a sequence of
data, we may evaluate ¢* in (5.16) for each sample and define our detection procedure as

follows:

1<k<t
i=k

t
Ty = inf {t >0: max » (—¢*(&)) > b} , (5.17)
where 0 is a prescribed threshold.

Corollary 3 (ARL). For any vy € Gy, for the detection procedure T5 defined in (5.17), we

have that EZ[T5] > ~y as long as

*
€
o

1—c¢

b > log~y + log
where
€ = exp(SV) (5.18)
and SV is defined in (5.15).

Corollary 4 (EDD). For any vy € Gy and vy € Gy, for the detection procedure T, defined

in(5.17), as b — oo, we have that

b

WDD(T,) <
<2)_1—e*

(1+0(1)),

where €* is defined in (5.18) and o(1) is a vanishing term as b — oo. Therefore, as v — oo,
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we can have both E[T\] > ~ and

log v
1 — ¢

WDD(Ty) < (1+0(1)),

where €* is defined in (5.18) and o(1) is a vanishing term as y — 0.
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Figure 5.1: Histogram of detection delay. 7} is established by solving (5.6) with: (Left)
My = {0} and M; = {x € R?: ||z — 1]|; < 27}; (Right) My = {0} and M, = {z €
R? : ||z — 1]|2 < 27}. Tcusuu is established by choosing pre-change distribution N(0, )
and post-change distribution N(1, I). The result has 500 Monte Carlo trials.

5.3 Numerical examples

In this section, we numerically compare our procedures with the corresponding classic
CUSUM procedure. In all the following experiments, we set the dimension d = 30 and
choose b’s such that the ARL of 7} and Tcysym are both 5000. The classic CUSUM
procedure are formed using randomly chosen pre-change and post-change distributions from

the uncertainty sets. In the following, we denote 1 as an all-one vector.

5.3.1 Mean change detection

Assume My = {0} and ¥ = [ in (5.4). In the first example, set M; = {z € R? :
|z —1||; < 27} in (5.4). We run 1000 experiments and for each run we choose a mean

vector i whose entries are random from [0.1, 0.5], then generate the post-change observations
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from N (u, I). For classic CUSUM, we specify the pre-change distribution as N'(0, /) and
the post-change distribution as A/ (1, I). Then we obtain 1000 simulated detection delays
of 177 and Tcysum, whose histograms are shown in Fig. 5.1. The mean and standard
deviation of detection delay of 7' are 7.6 and 2.3, and those of T-ysuy is 32.2 and 30.1,
respectively. In this case, 7 performs much better than 7ysuwm since it is difficult to choose
a good post-change distribution in M that is close to the true post-change distribution.

In the second example, the only difference between the second and the first example is
that we replace the norm in M, from ¢; to ¢. Set M; = {z € R? : ||z — 1|2 < 27} in
(5.4). We run 1000 experiments, and for each run we choose a mean vector ©« whose entries
are random from [0.1, 0.5], then generate the post-change observations from A (u, ). For
classic CUSUM, we specify the pre-change distribution to be N (0, I), and the post-change
distribution to be N(1,I). Then we obtain 1000 simulated detection delays of 73 and
Tcusum, whose histograms are shown in Fig. 5.1 (Right panel). The mean and standard
deviation of detection delay of 77 is 10.3 and 2.9, and those of T-ysyy is 32.1 and 31.0,

respectively. In this case, 77 again performs much better than 7Tcysum-

5.3.2  Covariance matrix change detection

Consider My = M; = {0} and Uy = {I} in (5.5). In the first example, we set U =
{I 4+ oV,o € [0.5,1]} in (5.5), where V' is a known matrix with diagonal entries V;; =
0,4 = 1,...,d and off-diagonal entries V; ; = exp(—(i — j)?),i,j = 1,...,d,i # j. We
run 500 experiments and for each run we randomly choose o € [0.5, 1] and then generate
the post-change observations from N(0,I + oV'). For classic CUSUM, we specify the
pre-change distribution as A/ (0, I) and the post-change distribution as N'(0, [ + 0.75V).
Then we obtain 500 experiments for 75 and Tysum, whose histograms are shown in Fig.
5.2. The mean and standard deviation of detection delay of 75 is 9.10 and 4.21, and
those of Tysuy is 8.28 and 5.10. In this case, there is no obvious difference between the

two detection procedures, which means that 75 performs almost as well as classical CUSUM
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procedure. The reason is that the set 4, is so small that the cost for mis-specified model is
not large.

In the second example, consider the case with larger uncertainty sets: U; = {O € Si .
1©]|2 < 0.5} in (5.5). Again, we run 500 experiments and for each run we randomly choose
a Y € U, and generate the post-change observations from N (0, X). For classic CUSUM,
we randomly choose a matrix in U/; as the covariance matrix of its post-change normal
distribution. Then, we obtain the detection delays of 75 and Tysym, whose histogram are
shown in Fig. 5.2. The mean and standard deviation of detection delay of 7 is 2.06
and 0.33, and those of T-ysun is 10.28 and 9.22. In this case, T5 outperforms Tcusum
since U is a large convex set and cost for a misspecified model is greater. Note that for the
above two choices of U, (5.15) can be solved by first removing the inner maximum since
the maximum is achieved at the boundary of U/;. Then solving saddle point is equivalent to

solving a convex optimization.

200 T T T T 500
T T T T s
. ",

150} -Tcusum 400 -Tcusum
g £300 -
3_100 E
o g
£ £200 §

50 E
100 E
0 lil- - 1 1 oﬂ|||“|h.. i 1 1
0 10 20 30 40 50 0 20 40 60 80 100
EDD EDD

Figure 5.2: Histogram of detection delay. (Left) 75 is established by solving (5.15) with
e = 1,0V =25,0, =2l and By = B = 0.5. Teysuw is established by choosing
pre-change distribution N (0, I') and post-change distribution A/(0, I + 0.75V"). (Right) T5
is established by solving (5.15) with ©” = 1, @) = 0.5 and 8, = B, = 0.5. Teusun
is established by choosing pre-change distribution A(0, I) and post-change distribution
N(0,X), where ¥ is randomly chosen from U; = {© € S% : ||©]|» < 0.5}. The result has
500 Monte Carlo trials.
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5.4 Conclusions

In this chapter, we propose robust detection procedures for detecting the change for mean
vectors and covariance matrices, when they belong to some convex uncertainty sets. The
proposed procedures are similar to classic CUSUM procedure, and the task is to determine
appropriate pre-change and post-change distributions. Prior works look for pairs of least
favorable distributions and use them to establish CUSUM procedure, but this is difficult in the
multi-dimensional case. In this paper, we solve the pre-change and post-change distributions
by convex optimization and this method is very efficient in both one dimensional and high
dimensional cases. Moreover, from the asymptotic analysis, we obtain useful results to
characterize the ARLs and EDDs and show the upper bound for the cost of robustness.
Another advantage of our method is that the proposed procedures can be implemented
recursively. Compared to Generalized Likelihood Ratio (GLR) methods, our method does
not require solving a possibly complicated nonconvex optimization problem to estimate the

parameters at each time.
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CHAPTER 6
ROBUST SEQUENTIAL CHANGE-POINT DETECTION WITH ONLINE
CONVEX OPTIMIZATION

In this chapter, I present the robust sequential change-point detection via online convex

optimization. This work is summarized in [117].

6.1 Preliminaries

Assume a sequence of i.i.d. random variables X, X5, ... with a probability density function
of a parametric form fy. The parameter # may be unknown. Consider two related problems:
one-sided sequential hypothesis test and sequential change-point detection. The detection
statistic relies on a sequence estimators {ét} constructed using online mirror descent. The
OMD uses simple one-sample update: the update from 6,1 to b, only uses the current
sample X;. This is the main difference from the traditional generalized likelihood ratio
(GLR) statistic [54], where each ét is estimated using historical samples. In the following,
we present detailed descriptions for two problems. We will consider exponential family

distributions and present our non-anticipating estimator based on the one-sample estimate.

6.1.1 One-sided sequential hypothesis test

First, we consider a one-sided sequential hypothesis test where the goal is only to reject
the null hypothesis. This is a special case of the change-detection problem where the
change-point can be either 0 or co (meaning it never occurs). Studying this special case will
given us an important intermediate step towards solving the sequential change-detection
problem.

Consider the null hypothesis Hy : # = 6, versus the alternative H; : 6 £ 6,. Hence the

parameter under the alternative distribution is unknown. The classic approach to solve this
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problem is the one-sided sequential probablity-ratio test (SPRT) [118]: at each time, given
samples { X7, X5, ..., X, }, the decision is either to reject Hy or taking more samples if the
rejection decision cannot be made confidently. Here, we introduce a modified one-sided

SPRT with a sequence of non-anticipating plug-in estimators:
0, :=0,(Xy,...,X,), t=1,2,.... (6.1)

Define the test statistic at time ¢ as

i, (X)
— 1 1> 1. 6.2
H Xy 2 (62)

The test statistic has a simple recursive implementation:

fo,_ (Xt)

Ae= Bt foo (X
o t

Define a sequence of o-algebras { F;}:>1 where F; = o(X7, ..., X;). The test statistic has
the martingale property due to its non-anticipating nature: E[A; | ;1] = A;_1, where the
expectation is taken when X, . .. are i.i.d. random variables drawn from f,,. The decision
rule is a stopping time

7(b) = min{t > 1: log Ay > b}, (6.3)

where b > 0 is a pre-specified threshold. We reject the null hypothesis whenever the statistic
exceeds the threshold. The goal is to reject the null hypothesis using as few samples as

possible under the false-alarm rate (or Type-I error) constraint.

6.1.2 Sequential change-point detection

Now we consider the sequential change-point detection problem. A change may occur at
an unknown time v which alters the underlying distribution of the data. One would like to

detect such a change as quickly as possible. Formally, change-point detection can be cast
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into the following hypothesis test:

ii.d.

~ f907

11d
le X17"'a ~ feoa XV+17XV+27"'

HQZ Xl,XQ,... (64)

ii.d.

~" fo,

Here we assume an unknown 6 to represent the anomaly. The goal is to detect the change as
quickly as possible after it occurs under the false-alarm rate constraint. We will consider
likelihood ratio based detection procedures adapted from two types of existing ones, which
we call the adaptive CUSUM (ACM), and the adaptive SRRS (ASR) procedures.

For change-point detection, the post-change parameter is estimated using post-change
samples. This means that, for each putative change-point location before the current time
k < t, the post-change samples are { X}, ..., X;}; with a slight abuse of notation, the

post-change parameter is estimated as
Ori = Ori( X, ..., X0), 0>k (6.5)

Therefore, for k = 1, ékl becomes él defined in (6.2) for the one-sided SPRT. Initialize
with ék,k—l = 0. The likelihood ratio at time ¢ for a hypothetical change-point location £ is

given by
f 0y i
- 1 (6.6)
H e

where Ay, can be computed recursively similar to (6.2).
Since we do not know the change-point location v, from the maximum likelihood
principle, we take the maximum of the statistics over all possible values of k. This gives the

ACM procedure:
Tacm(b1) = inf {t > 1: max log A > bl} , 6.7)
1<k<t
where b, is a pre-specified threshold. Similarly, by replacing the maximization over & in (6.7)
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with summation, we obtain the following ASR procedure [75], which can be interpreted as a

Bayesian statistic similar to the Shiryaev-Roberts procedure.

t
TASR(bg) = inf {t >1: IOg <Z Ak,t) > bg} , (68)
k=1

where b, is a pre-specified threshold. The computations of Ay ; and estimator {ét} {ékt}
are discussed later in section 6.1.4. For a fixed k, the comparison between our methods and
GLR is illustrated in Figure 6.1.

Remark 15. In practice, to prevent the memory and computation complexity from blowing
up as time t goes to infinity, we can use window-limited version of the detection procedures
in (6.7) and (6.8). The window-limited versions are obtained by replacing max, <<; with
max;_,<k<¢ in (6.7) and by replacing 22:1 with ZZ:FUJ in (6.8). Here w is a prescribed
window size. Even if we do not provide theoretical analysis to the window-limited versions,

we refer the readers to [54] for the choice of w the window-limited GLR procedures.

GLR One-sample update
(X X ) (Xein ) (60 | (X1 ]
H_J H_/

[ Compute MLE: 0, ;1 ]
v

fa X7 fo, (Xt+1)
[GLRiAk,t+1 = f:;%] [ACM: Ak'“'l - Ak’t fek(;t(Xt+1) ]

Figure 6.1: Comparison of the update scheme for GLR and our methods when a new sample
arrives.

6.1.3 Exponential family

In this paper, we focus on fy being the exponential family for the following reasons: (i)
exponential family [77] represents a very rich class of parametric and even many nonpara-

metric statistical models [119]; (i) the negative log-likelihood function for exponential
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family — log fy(x) is convex, and this allows us to perform online convex optimization.
Some useful properties of the exponential family are briefly summarized below, and full
proofs can be found in [120, 77].

Consider an observation space X equipped with a sigma algebra B and a sigma fi-
nite measure H on (X,B). Assume the number of parameters is d. Let 27 denote
the transpose of a vector or matrix. Let ¢ : X — R? be an H-measurable function
o(z) = (p1(x), ..., Pa(x))T. Here ¢(x) corresponds to the sufficient statistic for 6. Let ©
denote the parameter space in R%. Let {Py, 6 € O} be a set of probability distributions with
respect to the measure H. Then, {Py, 0 € O} is said to be a multivariate exponential family
with natural parameter 6, if the probability density function of each f, € Py with respect
to H can be expressed as fy(z) = exp{0T¢(z) — ®(0)}. In the definition, the so-called

log-partition function is given by

() = log /X exp(076(x))dH (z).

To make sure fy(x) a well-defined probability density, we consider the following two sets

for parameters:
0= {0 R : log / exp(076(x))dH (z) < +oo},
X

and

@J = {9 € O : V2q)(9) i Ujdxd}'

Note that — log fp(z) is o-strongly convex over ©,. Its gradient corresponds to V& (6) =
Eg[¢(X)], and the Hessian V2®(#) corresponds to the covariance matrix of the vector ¢(X).
Therefore, V2®(6) is positive semidefinite and ®(0) is convex. Moreover, P is a Legendre

function, which means that it is strongly convex, continuous differentiable and essentially
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smooth [120]. The Legendre-Fenchel dual ®* is defined as

®*(2) = sup{uTz — ®(u)}.

u€eO

The mappings V®* is an inverse mapping of V® [121]. Moreover, if ® is a strongly convex
function, then V&* = (VP) 1.

A general measure of proximity used in the OMD is the so-called Bregman divergence
Br, which is a nonnegative function induced by a Legendre function F' (see, e.g., [120, 77])
defined as

Br(u,v) := F(u) — F(v) = (VF(v),u — v). (6.9)

For exponential family, a natural choice of the Bregman divergence is the Kullback-Leibler
(KL) divergence. Define £y as the expectation when X is a random variable with density fj
and 1(6;,0,) as the KL divergence between two distributions with densities fy, and f,, for

any ¢,,0, € ©. Then

(01, 02) = Eqg, [log(fo, (X)/fo,(X))] . (6.10)

It can be shown that, for exponential family, 7(6;, 05) = ®(05) — ®(01) — (02 —01)TVP(6,).

Using the definition (6.9), this means that Bg

Bg(01,02) := 1(02,0,) (6.11)

is a Bregman divergence. This property is useful to constructing mirror descent estimator

for the exponential family [122, 121].

6.1.4 Online convex optimization (OCO) algorithms for non-anticipating estimators

Online convex optimization (OCO) algorithms [81] can be interpreted as a player who makes

sequential decisions. At the time of each decision, the outcomes are unknown to the player.
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After committing to a decision, the decision maker suffers a loss that can be adversarially
chosen. An OCO algorithm makes decisions, which, based on the observed outcomes,
minimizes the regret that is the difference between the total loss that has incurred relatively
to that of the best fixed decision in hindsight. To design non-anticipating estimators, we
consider OCO algorithms with likelihood-based regret functions. We iteratively estimate
the parameters at the time when a one new observation becomes available based on the
maximum likelihood principle, and hence the loss incurred corresponds to the negative
log-likelihood of the new sample evaluated at the estimator ¢;(6) := — log fy(X;), which
corresponds to the log-loss in [80]. Given samples X3, ..., X, the regret for a sequence of

estimators {f; }'_, generated by a likelihood-based OCO algorithm a is defined as

Z{—log fi, (X))} = inf Z{—log F3(X)1. 6.12)

Below we omit the superscript a occasionally for notational simplicity.

In this paper, we consider a generic OCO procedure called the online mirror descent
algorithms (OMD) [81, 123]. Next, we discuss how to construct the non-anticipating
estimators {ét}t21 in (6.1), and {ék,t}, k=1,2,...,t — 1in (6.5) using OMD. The main
idea of OMD is the following. At each time step, the estimator 0, 1 is updated using the
new sample X;, by balancing the tendency to stay close to the previous estimate against the
tendency to move in the direction of the greatest local decrease of the loss function. For the

loss function defined above, a sequence of OMD estimator is constructed by

0, = argmln[uTV&(Gt 1)+ B@(u 0, V), (6.13)

uel’ ni
where Bg is defined in (6.11). Here I' C O, is a closed convex set, which is problem-specific
and encourages certain parameter structure such as sparsity.

Remark 16. Similar to (6.13), for any fixed k, we can compute {ék,t}tzl via OMD for

sequential change-point detection. The only difference is that {ék,t}t21 is computed if we
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use Xy, as our first sample and then apply the recursive update (6.13) on Xyy1, . ... For ét,

we use X as our first sample.

There is an equivalent form of OMD, presented as the original formulation in [122]. The
equivalent form is sometimes easier to use for algorithm development, and it consists of
four steps: (1) compute the dual variable: [i;_; = V(D(ét_l); (2) perform the dual update:
[y = [li_1 — ntV&(ét_l); (3) compute the primal variable: 0, = (V®)*(f1y); (4) perform the
projected primal update: 0, = arg min, . B (u, 5,5). The equivalence between the above
form for OMD and the nonlinear projected subgradient approach in (6.13) is proved in [121].
We adopt this approach when deriving our algorithm and follow the same strategy as [76].

Algorithm 2 summarizes the steps'.

Algorithm 2 Online mirror-descent for non-anticipating estimators

Function Exponential family specifications ¢(z), ®(z) and fp(x); initial parameter value
fo; sequence of data X,..., X;,...; a closed, convex set for parameter [' C ©,; a
decreasing sequence {7 };>1 of strictly positive step-sizes.

1: 0y = 0y, Ao = 1. {Initialization}

2: forallt=1,2,...,do
3:  Acquire a new observation X,

4:  Compute loss Et(ét_l) £ _log fo, [(Xi) = @(ét_l) — étT_lgb(Xt)
5. Compute likelihood ratio Ay = A1 f;,  (X1)/ fo, (X:)

6 fi—1 = V(0 1), fuu = fu_1 — m(fu_1 — ¢(X;)) {Dual update}
7 0= (V) (fu)

8: 0, = argmin, By (u,0;) {Projected primal update}

9: end for

10: return {ét}t21 and {A;}>1.

For strongly convex loss function, the regret of many OCO algorithms, including the
OMD, has the property that R,, < C'logn for some constant C' (depend on fy and ©,) and

any positive integer n [124, 77]. Note that for exponential family, the loss function is the

'"The implementation of the code can be downloaded at http://www2.isye.gatech.edu/
~yxie77/one-sample-update-code.zip.
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negative log-likelihood function, which is strongly convex over ©,. Hence, we can have the

logarithmic regret property.

6.2 Nearly second-order asymptotic optimality of one-sample update schemes

Below we prove the nearly second-order asymptotic optimality of the one-sample update
schemes. More precisely, the nearly second-order asymptotic optimality means that the
algorithm obtains the lower performance bound asymptotically up to a log-log factor in the
false-alarm rate, as the false-alarm rate tends to zero (in many cases the log-log factor is a
small number).

We first introduce some necessary notations. Denote [Py, and [y, as the probability
measure and the expectation when the change occurs at time v and the post-change parameter
is 6, i.e., when X1, ..., X, arei.i.d. random variables with density fy, and X, 1, X, o,...
are i.i.d. random variables with density fy. Moreover, let P, and E, denote the probability
measure when there is no change, i.e., X7, X5, ... are i.i.d. random variables with density

fo,- Finally, let ; denote the o-algebra generated by X, ..., X, fort > 1.

6.2.1 “One-sided” Sequential hypothesis test

Recall that the decision rule for sequential hypothesis test is a stopping time 7(b) defined in
(6.3). The two standard performance metrics are the false-alarm rate, denoted as P, (7(b) <
o0), and the expected detection delay (i.e., the expected number of samples needed to reject
the null), denoted as Ego[7(b)]. A meaningful test should have both small P (7(b) < 00)
and small £y [7(b)]. Usually, one adjusts the threshold b to control the false-alarm rate to
be below a certain level.

Our main result is the following. As has been observed by [125], there is a loss in the
statistical efficiency by using one-sample update estimators relative to the GLR approach
using the entire samples X7, ..., X; in the past. The theorem below shows that this loss

corresponds to the expected regret given in (6.12).
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Theorem 21 (Upper bound for OCO based SPRT). Let {ét}tZI be a sequence of non-
anticipating estimators generated by an OCO algorithm a. As b — oo,
b Eo,0 [Rf(b)]

EG,O[T(b)] = 1(97 90) " 1(97 00)

+0(1) (6.14)

Here O(1) is a term upper-bounded by an absolute constant as b — oc.

The main idea of the proof is to decompose the statistic defining 7(b), log A(t), into
a few terms that form martingales, and then invoke the Wald’s Theorem for the stopped

process.

Remark 17. The inequality (6.14) is valid for a sequence of non-anticipating estimators
generated by an OCO algorithm. Moreover, (6.14) gives an explicit connection between
the expected detection delay for the one-sided sequential hypothesis testing (left-hand side
of (6.14)) and the regret for the OCO (the second term on the right-hand side of (6.14)).
This illustrates clearly the impact of estimation on detection by an estimation algorithm

dependent factor.

Note that in the statement of the Theorem 21, the stopping time 7(b) appears on the
right-hand side of the inequality (6.14). For OMD, the expected sample size is usually small.
By comparing with specific regret bound R, (), we can bound Eg o[7(b)] as discussed in
Section 6.3. The most important case is that when the estimation algorithm has a logarithmic
expected regret. For the exponential family, as shown in section 6.2.3, Algorithm 2 can
achieve Eg o[R,] < C'logn for any positive integer n. To obtain a more specific order of
the upper bound for Ey o[7,] when b grows, we establish an upper bound for Ego[7] as a

function of b, to obtain the following Corollary 5.

Corollary 5. Let {ét}tZI be a sequence of non-anticipating estimators generated by an

OCO algorithm a. Assume that Ego[R2] < C'logn for any positive integer n and some
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constant C' > 0, we have

b C'log b
Eqo[7(b)] < &

~ 1(0,60) * 1(9,90)(1 +o(1)). (6.15)

Here o(1) is a vanishing term as b — oc.

Corollary 5 shows that other than the well known first-order approximation b/1(6, 6,)
[59, 75], the expected detection delay Eg o[7(b)] is bounded by an additional term that is on
the order of log(b) if the estimation algorithm has a logarithmic regret. This log b term plays
an important role in establishing the optimality properties later. To show the optimality
properties for the detection procedures, we first select a set of detection procedures with
false-alarm rates lower than a prescribed value, and then prove that among all the procedures
in the set, the expected detection delays of our proposed procedures are the smallest. Thus,

we can choose a threshold b to uniformly control the false-alarm rate of 7(b).

Lemma 11 (false-alarm rate of 7(b)). Let {ét}t21 be any sequence of non-anticipating

estimators. For any b > 0, P (7(b) < 00) < exp(—b).

Lemma 11 shows that as b increases the false-alarm rate of 7(b) decays exponentially
fast. We can set b = log(1/«) to make the false-alarm rate of 7(b) less than some o > 0.
Next, leveraging an existing lower bound for general SPRT presented in Section 5.5.1.1 in
[55], we establish the nearly second-order asymptotic optimality of OMD based SPRT as

follows:

Corollary 6 (Nearly second-order optimality of OCO based SPRT). Let {ét}tZI be a
sequence of non-anticipating estimators generated by an OCO algorithm a. Assume that
Epo[R2] < Clogn for any positive integer n and some constant C' > 0. Define a set
Cla) ={T : Poo(T < o0) < a}. Forb =log(1l/a), due to Lemma 11, T7(b) € C(«). For

such a choice, 7(b) is nearly second-order asymptotic optimal in the sense that for any

114



0e€0,—{b} asa—0,

Eoo[r(0)] — inf Ego[T] = O(log(log(1/a))). (6.16)

TeC(a)

The result means that, compared with any procedure (including the optimal proce-
dure) calibrated to have a false-alarm rate less than «, our procedure incurs an at most
log(log(1/a)) increase in the expected detection delay, which is usually a small number.
For instance, even for a conservative case when we set &« = 107° to control the false-alarm

rate, the number is log(log(1/a)) = 2.44.

6.2.2 Sequential change-point detection

Now we proceed the proof by leveraging the close connection [59] between the sequential
change-point detection and the one-sided hypothesis test. For sequential change-point
detection, the two commonly used performance metrics [55] are the average run length
(ARL), denoted by E..[T]; and the maximal conditional average delay to detection (CADD),
denoted by sup,~ Eg, [T — v | T > v]. ARL is the expected number of samples between
two successive false alarms, and CADD is the expected number of samples needed to detect
the change after it occurs. A good procedure should have a large ARL and a small CADD.
Similar to the one-sided hypothesis test, one usually choose the threshold large enough so
that ARL is larger than a pre-specified level.

Similar to Theorem 21, we provide an upper bound for the CADD of our ASR and ACM

procedures.

Theorem 22. Consider the change-point detection procedure Tacn(b1) in (6.7) and Tasr (b2)

in (6.8). For any fixed k, let {ék,t}t21 be a sequence of non-anticipating estimators generated
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by an OCO algorithm a. Let by = by = b, as b — oo we have that

sup EQ,V[TASR(b) -V ‘ TASR(b) > V] < sup EQ,V[TACM(()) -V | TACM(b) > V]
v=0 V=0 (6.17)

< (100,60)) 7 b+ Eoo [R2) | +0O(1).

To prove Theorem 22, we relate the ASR and ACM procedures to the one-sided hypoth-
esis test and use the fact that when the measure P is known, sup,~oEg [T — v | T > v
is attained at v = 0 for both the ASR and the ACM procedures. Above, we may apply a
similar argument as in Corollary 5 to remove the dependence on 7(b) on the right-hand-side
of the inequality. We establish the following lower bound for the ARL of the detection

procedures, which is needed for proving Corollary 7:

Lemma 12 (ARL). Consider the change-point detection procedure Tacn(by) in (6.7) and
Tasr(b2) in (6.8). For any fixed k, let {ém}tzl be any sequence of non-anticipating

estimators. Let by = by = b, given a prescribed lower bound v > 0 for the ARL, we have
Ex[Tacm(b)] > Ex[Tasr(b)] > 7,

provided that b > log 7.

Lemma 12 shows that given a required lower bound v for ARL, we can choose b = log y
to make the ARL be greater than ~. This is consistent with earlier works [126, 75] which
show that the smallest threshold b such that E[Tacn(b)] > v is approximate log .
However, the bound in Lamma 12 is not tight, since in practice we can set b = p logy for
some p € (0, 1) to ensure that ARL is greater than ~.

Combing the upper bound in Theorem 22 with an existing lower bound for the CADD

of SRRS procedure in [82], we obtain the following optimality properties.

Corollary 7 (Nearly second-order asymptotic optimality of ACM and ASR). Consider the

change-point detection procedure Tacyi(b1) in (6.7) and Tasr(bs) in (6.8). For any fixed k,

116



let {ék,t}tzl be a sequence of non-anticipating estimators generated by an OCO algorithm
a. Assume that By o[R2] < C'logn for any positive integer n and some constant C' > 0.
Let by = by = b. Define S(y) ={T : Eo[T] > ~}. For b =log~, due to Lemma 12, both
Tasr(b) and Tacm(b) belong to S(y). For such b, both Txgr(b) and Taca(b) are nearly
second-order asymptotic optimal in the sense that for any 0 € © — {6}

sup Eg , [Tasr(b) — v + 1| Tasr(b) > v

v>1

(6.18)

— inf supEy,[T(b) —v+1|T(b) > v] = O(loglog~).
T(b)eS() v>1

A similar expression holds for Txcn (D).

The result means that, compared with any procedure (including the optimal procedure)
calibrated to have a fixed ARL larger than +, our procedure incurs an at most log(log )
increase in the CADD. Comparing (6.18) with (6.16), we note that the ARL ~ plays the
same role as 1/« because 1/ is roughly the false-alarm rate for sequential change-point

detection [59].

6.2.3 Example: Regret bound for specific cases

In this subsection, we show that the regret bound R, can be expressed as a weighted sum
of Bregman divergences between two consecutive estimators. This form of ‘R, is useful to

show the logarithmic regret for OMD. The following result comes as a modification of [83].

Theorem 23. Assume that X,, X5, ... are i.i.d. random variables with density function
fo(z). Let m; = 1/i in Algorithm 2. Assume that {éz’}izl, {1 }i>1 are obtained using
Algorithm 2 and 0, = 6, (defined in step 7 and 8 of Algorithm 2) for any © > 1. Then for any
0o € Oandt > 1,

R: = i- B<I>* ,uz,lj'z 1

=1 =1

MN
l\DI»—l
M
~.
I;
Z
&)
KA
=
=
=
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where [1; = A\i; + (1 — \)fi;_1, for some X € (0,1).

Next, we use Theorem 23 on a concrete example. The multivariate normal distribution,
denoted by N (0, I;), is parametrized by an unknown mean parameter # and a known
covariance matrix I; (I; s a d X d identity matrix). Following the notations in subsection
6.1.3, we know that ¢(z) = z, dH(x) = (1//|271L4]) - exp (—272/2), © = O, = R?
for any o < 2, ®(0) = (1/2)070, p = 6 and ®*(u) = (1/2)pu i, where | - | denotes the
determinant of a matrix, and H is a probability measure under which the sample follows
N(0,1;)). When the covariance matrix is known to be some X # I, one can “whiten” the

vectors by multiplying ¥~'/2 to obtain the situation here.

Corollary 8 (Upper bound for the expected regret, Gaussian). Assume X1, Xo, ... are i.i.d.
following N (0, I;) with some 0 € R®. Assume that {0;}i>1, {fi; }i>1 are obtained using
Algorithm 2 withn; = 1/i and ' = R%. For any t > 0, we have that for some constant
C1 > 0 that depends on 0,

Egpo[R:] < Cidlogt/2.

The following calculations justify Corollary 8, which also serve as an example of how to
use regret bound. First, the assumption 0, = 6, in Theorem 23 is satisfied for the following
reasons. Consider I' = RY is the full space. According to Algorithm 2, using the non-
negativity of the Bregman divergence, we have §, = arg min, . By (u, 6;) = . Then the
regret bound can be written as

1 t

. . . . 1 o . . .
Ry :§(l~01 — f10)T(fu1 — fuo) + 5 Z[Z (i = frim1)T(fts — fie1)]
i=2

t

:%(Xl —600)T(Xy — o) + % Z(ﬂz — fi—1)T(P(X5) — frizn).

=2
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Since the step-size 17; = 1/, the second term in the above equation can be written as:

5 Z — i) (P(Xi) = fiz1)

:_Z — fli_1) )+ ) — Z% — 1) (fli1 + fis)

- Z 2(i 1_ 1) (A(Xs) — 1) (d(X3) + fui) + ; %(H,&le? — ”,[%HQ)

=2

~+

t

1 1
X =y —— i — il
20— 1) [ X]| ;:2 20— 1) 2| + = HmH 5 | e

2

)

Combining above, we have

t

1 1 1
Eg’o[Rt] < §E9,0[(X1 - GO)T(XI - 00)] + 5 Z i—1

=2

1
Eo,of||1X:*] + §E9,0[IIX1H2].

Finally, since Eqo[[| X;||] = d(1 + 6?) for any i > 1, we obtain desired result. Thus,
with 1.1.d. multivariate normal samples, the expected regret grows logarithmically with the
number of samples.

Using the similar calculations, we can also bound the expected regret in the general case.

As shown in the proof above for Corollary 8, the dominating term for R; can be rewritten as

t

> S (006 — T ()66 + ).

where [i; is a convex combination of ji;_; and ;. For an arbitrary distribution, the term
(A(X;) — f13)T[V2®*(j1;)](6(X;) + f1;) can be viewed as a local normal distribution with the
changing curvature V2®*(ji;). Thus, it is possible to prove case-by-case the O(log t)-style
bounds by making more assumptions about the distributions. Recall the notation O, in
subsection 6.1.3 such that — log fy(x) is o-strongly convex over ©,. Let || - || denote the
{5 norm. Moreover, we assume that the true parameter belongs to a set I" that is a closed

and convex subset of ©, such that sup,p [|[V®(0)||2 < M for some constant M. Thus, one
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can show that — log fy(x) is not only o-strongly convex but also M -strongly smooth over I'.
Theorem 3 in [77] shows that for all @ € T" and n > 1, consider that {é¢}¢21 is obtained by

OMD, then

Eg 0 [(% maxi<i<p || Xi|l2 + %M>2}

g

EG,O[RTL] S

- (logn +1).

Therefore, for any bounded distributions within the exponential family, we achieve a loga-
rithmic regret. This logarithmic regret is valid for Bernoulli distribution, Beta distribution
and some truncated versions of classic distributions (e.g., truncated Gaussian distribution,

truncated Gamma distribution and truncated Geometric distribution analyzed in [127]).

6.3 Numerical examples

In this section, we present some synthetic examples to demonstrate the good performance of
our methods. We will focus on ACM and ASR for sequential change-point detection. In
the following, we consider the window-limited versions (see Remark 15) of ACM and ASR
with window size w = 100. Recall that when the measure P, is known, sup, . Eg,, [T — v |
T > v] is attained at v = 0 for both ASR and ACM procedures (a proof can be found in
the proof of Theorem 22). Therefore, in the following experiments we define the expected
detection delay (EDD) as Ey,[T] for a stopping time 7. To compare the performance
between different detection procedures, we determine the threshold for each detection
procedure by Monte-Carlo simulations such that the ARL for each procedure is about 10000.
Below, we denote ||-||,, [|-||; and ||-||, as the ¢, norm, ¢; norm and ¢, norm defined as the
number of non-zero entries, respectively. The following experiments are all run on the same

Macbook Air with an Intel i7 Core CPU.
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6.3.1 Detecting sparse mean-shift of multivariate normal distribution

We consider detect the sparse mean shift for multivariate normal distribution. Specifically,
we assume that the pre-change distribution is A/(0, I;) and the post-change distribution is
N (0, 1,) for some unknown 6 € {# € R? : ||0]|p < s}, where s is called the sparsity of
the mean shift. Sparse mean shift detection is of particular interest in sensor networks [18,
109]. For this Gaussian case, the Bregman divergence is given by Bg (01, 602) = 1(65,0;) =
|61 — 65||3/2. Therefore, the projection onto I" in Algorithm 2 is a Euclidean projection
onto a convex set, which in many cases can be implemented efficiently. As a frequently used
convex relaxation of the {y-norm ball, we set ' = {6 : ||6]|; < s} (it is known that imposing
an /; constraint leads to sparse solution; see, e.g., [48]). Then, the projection onto ¢; ball
can be computed very efficiently via a simple soft-thresholding technique [102].

Two benchmark procedures are the CUSUM and the GLR. For the CUSUM procedure,
we specify a nominal post-change mean, which is an all-one vector. If knowing the post-
change mean is sparse, we can also use the shrinkage estimator presented in [128], which
performs hard or soft thresholding of the estimated post-change mean parameter. Our
procedures are Tasr(b) and Tacpr(b) with T = R and T' = {6 : ||0]|; < 5}. In the
following experiments, we run 10000 Monte Carlo trials to obtain each simulated EDD.

In the experiments, we set d = 20. The post-change distributions are N(6, I;), where
100p% entry of € is 1 and others are 0, and the location of nonzero entries are random.
Table 6.1 shows the EDDs versus the proportion p. Note that our procedures incur little
performance loss compared with the GLR procedure and the CUSUM procedure. Notably,
Tacar(b) withT' = {0 : ||6]|; < 5} performs almost the same as the GLR procedure and
much better than the CUSUM procedure when p is small. This shows the advantage of

projection when the true parameter is sparse.
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p=01|p=02|p=03|p=04|p=05|p=0.6
CUSUM | 188.60 | 146.45 | 64.30 18.97 7.18 3.77
Shrinkage | 17.19 9.25 6.38 4.96 4.07 3.55
GLR 19.10 10.09 7.00 5.49 4.50 3.86
ASR 45.22 19.55 12.62 8.90 7.02 5.90
ACM 45.60 19.93 12.50 9.00 7.03 5.87
ASR-/1 45.81 19.94 12.45 8.92 6.97 5.89
ACM-/1 19.24 10.17 7.51 6.11 541 4.92

Table 6.1: Comparison of the EDDs in detecting the sparse mean shift of multivariate
Gaussian distribution. Below, “CUSUM”: CUSUM procedure with pre-specified all-one
vector as post-change parameter; “Shrinkage”: component-wise shrinkage estimator in
[128]; “GLR”: GLR procedure; “ASR”: Tasr(b) with I' = R%; “ACM”: Txcm(b) with
' = RY “ASR-L17: Tagr(b) with T' = {6 : 0]y < 5}; “ACM-L1”: Tacp(b) with
I'={6:|0|ly < 5}. pis the proportion of non-zero entries in §. We run 10000 Monte
Carlo trials to obtain each value. For each value, the standard deviation is less than one half
of the value.

6.3.2 Detecting the scale change in Gamma distribution

We consider an example that detects the scale change in Gamma distributions. Assume
that we observe a sequence X;, X5 ... of samples drawn from Gamma(c, 5) for some
a, f > 0, with the probability density function given by f, s(z) = exp(—z3)z*"3%/T'(a)
(to avoid confusion with the I' parameter in Algorithm 2 we use f() to denote the Gamma
function). The parameter o ! is called the dispersion parameter that scales the loss and the
divergences. For simplicity, we fix a = 1 just like we fix the variance in the Gaussian case.
The specifications in the Algorthm 2 are as follows: § = —f3, © = (—0,0), ¢(z) = =z,
dH(z) = 1, ®(0) = —log(—0), p = —1/0 and ®*(u) = —1 — log 1. Assume that the
pre-change distribution is Gamma(1, 1) and the post-change distribution is Gamma(1, /3)
for some unknown # > 0. We compare our algorithms with CUSUM, GLR and non-
ancitipating estimator based on the method of moment (MOM) estimator in [75]. For
the CUSUM procedure, we specify the post-change J to be 2. The results are shown
in Table 6.2. CUSUM fails to detect the change when = 0.1, which is far away from
the pre-specified post-change parameter 5 = 2. We can see that performance loss of the

proposed ACM method compared with GLR and MOM is very small.
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B=01]8=05]|8=2]B8=5]8=10
CUSUM | NaN | 4812 | 3375 | 1437 | 12.04
MOM | 341 | 3287 | 4086 | 1142 | 721
GLR 240 | 2379 | 3329 9.07 | 567
ASR 395 | 3234 | 45.18 | 13.45 | 8.55
ACM | 3.70 | 31.80 | 47.20 | 12.42 | 7.87

Table 6.2: Comparison of the EDDs in detecting the scale change in Gamma distribution.
Below, “CUSUM”: CUSUM procedure with pre-specified post-change parameter J = 2;
“MOM”: Method of Moments estimator method; “GLR”: GLR procedure; “ASR”: Txsr ()
with I' = (—00,0); “ACM”: Trcm(b) with I' = (—o0, 0). We run 10000 Monte Carlo trials
to obtain each value. For each value, the standard deviation is less than one half of the value.

6.3.3 Communication-rate change detection with Erdos-Renyi model

Next, we consider a problem to detect the communication-rate change in a network, which
is a model for social network data. Suppose we observe communication between nodes
in a network over time, represented as a sequence of (symmetric) adjacency matrices of
the network. At time ¢, if node ¢ and node 7 communicates, then the adjacency matrix has
1 on the 7jth and jith entries (thus it forms an undirected graph). The nodes that do not
communicate have 0 on the corresponding entries. We model such communication patterns
using the Erdos-Renyi random graph model. Each edge has a fixed probability of being
present or absent, independently of the other edges. Under the null hypothesis, each edge is
a Bernoulli random variable that takes values 1 with known probability p and value 0 with
probability 1 — p. Under the alternative hypothesis, there exists an unknown time «, after
which a small subset of edges occur with an unknown and different probability p’ # p.

In the experiments, we set N = 20 and d = 190. For the pre-change parameters, we set
p; = 0.2foralls =1,...,d. For the post-change parameters, we randomly select n out of
the 190 edges, denoted by &, and set p; = 0.8 fori € £ and p; = 0.2 fori ¢ £. As said
before, let the change happen at time v = 0 (since the upper bound for EDD is achieved
at v = 0 as argued in the proof of Theorem 22). To implement CUSUM, we specify the
post-change parameters p; = 0.8 forall: =1,...,d.

The results are shown in Table 6.3. Our procedures are better than CUSUM procedure
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when n is small since the post-change parameters used in CUSUM procedure is far from the
true parameter. Compared with GLR procedure, our methods have a small performance loss,

and the loss is almost negligible as n approaches to d = 190.

n=78n=100 | n =120 | n =150 | n =170 | n = 190
CUSUM | 473.11 2.06 2.00 2.00 2.00 2.00
GLR 2.00 1.96 1.27 1.00 1.00 1.00
ASR 8.64 6.39 5.08 3.92 3.36 2.94
ACM 8.67 6.37 5.07 3.88 3.32 2.94

Table 6.3: Comparison of the EDDs in detecting the changes of the communication-rates in a
network. Below, “CUSUM”: CUSUM procedure with pre-specified post-change parameters
p = 0.8 ; “GLR”: GLR procedure; “ASR”: Thsr(b) with I' = R; “ACM”: Trcm(b) with
' = R. We run 10000 Monte Carlo trials to obtain each value. For each value, the standard
deviation is less than one half of the value.

Below are the specifications of Algorithm 2 in this case. For Bernoulli distribution with
unknown parameter p, the natural parameter 6 is equal to log(p/(1 — p)). Thus, we have
© =R, ¢(x) =z, dH(z) = 1, ®(0) = log(1 + exp(#)), u = exp(0)/(1 + exp(#)) and

®*(pn) = plog p+ (1 — p)log(1 — p).

6.3.4 Point process change-point detection: Poisson to Hawkes processes

In this example, to illustrate the situation in Section 1.3.2, we consider a case where a
homogeneous Poisson process switches to a Hawkes process (see, e.g., [79]); this can
be viewed as a simplest case in Section 1.3.2 with one node. We construct ACM and
ASR procedures. In this case, the MLE for the unknown post-change parameter cannot
be found in close-form, yet ACM and ASR can be easily constructed and give reasonably
good performance, although our theory no longer holds in this case due to the lack of i.i.d.
samples.

The Hawkes process can be viewed as a non-homogeneous Poisson process where
the intensity is influenced by historical events. The data consist of a sequence of events
occurring at times {1, to, . .

., t, } before a time horizon T": t; < T'. Assume the intensity of

the Poisson process is A;, s € (0,7") and there may exists a change-point £ € (0,7") such
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that the process changes. The null and alternative hypothesis tests are

Ho: ds=p, 0<s<T,
Hi: As=p, 0<s<k,

As=p+03, 4 sols —1;), w<s<T,

where 1 is a known baseline intensity, # > 0 is unknown magnitude of the change, ¢(s) =
Be~P¢ is the normalized kernel function with pre-specified parameter 3 > 0, which captures
the influence from the past events. We treat the post-change influence parameter 6 as
unknown since it represents an anomaly.

We first use a sliding window to convert the event times into a sequence of vectors
with overlapping events. Assume of size of the sliding window is L. For a given scanning
time 7; < T, we map all the events in [T; — L, T;] to a vector X; = [t(1), ..., tmy]T
tw € [T; — L, T;], where m, is the number of events falling into the window. Note that X,
can have different length for different ;. Consider a set of scanning times 77,75, ..., T;.
This maps the event times into a sequence of vectors X, X, ..., X; of lengthes my, mo,
..., my. These scanning times can be arbitrary; here we set them to be event times so that
there are at least one sample per sliding window.

For a hypothetical change-point location £, it can be shown that the log-likelihood ratio

(between the Hawkes process and the Poisson process) as a function of 6, is given by

00|1X;) = Z log | pn+6 Z Be Ala=ti) | _1,—0 Z [1- e*B(Ti*t‘Z)} :
tee(T;—L,T;) t;€(T;—Litq) tee(T;—L,T;)

(6.19)

Now based on this sliding window approach, we can approximate the original change-point

detection problem as the following. Without change, X1, ..., X; are sampled from a Poisson

process. Under the alternative, the change occurs at some time such that X;, ..., X, are

sampled from a Poisson process, and X, .1, ..., X; are sampled from a Hawkes process

with parameter 6, rather than a Poisson process. We define the estimator of 6, for assumed
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change-point location x = k as follows

~

Ori 2 0ci(Xp, ..., X)) = Ori(ty € [Tx, T]) (6.20)

A~

Now, consider k € [i —w, 7 — 1], and keep w estimators: QAZ-_W, ..., 0;_1,;. The update for

each estimator is based on stochastic gradient descent. By taking derivative with respect to

6, we have

ztjE(Tqu) Be—ﬂ(tq—tj) B
o + 0 the(Ti—L,tq) /Befﬁ(tqftj)

: [1— e fTt)]
(0%

?

or(0|X;
0x) _ 5 >

tqe(TifL»Ti) th(TifL,Ti)

Note that there is no close form expression for the MLE, which the solution to the above
equation. We perform stochastic gradient descent instead

o6 Xit1)

k=i—w+1i—w,..., 1
69 Ozékﬂ-’ Y ) YR

ék:,i-i—l = ék,i -7
where v > 0 is the step-size. Now we can apply the ACM and ASR procedures, by using
the fact that fy (Xi41)/foo(Xet1) = (01,4 X141) and calculating using (6.19).

Table. 6.4 shows the EDD for different o. Here we choose the threshold such that ARL
is 5000. We see that the scheme has a reasonably good performance, the detection delay

decreases as the true signal strength 6 increases.

0=0410=05]0=05|60=0.7
ACM | 33.03 27.75 20.39 16.16
ASR | 38.59 24.96 20.17 13.91

Table 6.4: Point process change-point detection: EDD of ACM and ASR procedures for
various values of true ; ARL of the procedure is controlled to be 5000 by selecting threshold
via Monte Carlo simulation.
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6.4 Conclusion

In this chapter, we consider sequential hypothesis testing and change-point detection with
computationally efficient one-sample update schemes obtained from online mirror descent.
We show that the loss of the statistical efficiency caused by the online mirror descent
estimator (replacing the exact maximum likelihood estimator using the complete historical
data) is related to the regret incurred by the online convex optimization procedure. The
result can be generalized to any estimation method with logarithmic regret bound. This
result sheds lights on the relationship between the statistical detection procedures and the

online convex optimization.
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APPENDIX A
PROOFS

A.1 Proofs for matrix completion

To begin, we first recall some definitions from introduction and explain some additional
notation that we will need for the proofs. For two probability distributions P and Q on a
countable set A, D(P||Q) will denote the Kullback-Leibler (KL) divergence
()
DPIQ) = Pl s (50)

where P(x) denotes the probability of the outcome x under the distribution P. In the
following, we will abuse this notation slightly, to mean the KL divergence between two
Poisson distributions with different parameters (the arguments in the notations denote
parameters of the Poisson distributions), in the following two ways. First, for scalar inputs
p,q € Ry, we will set D(p|lq) = plog(p/q) — (p — q), which gives the KL divergence
between two Poisson probability distributions. Second, we allow the KL divergence to act on
Ril xda

matrices via the average KL divergence over their entries: for two matrices P, () €

b

we define

D(PQ) & ddZD il1Qi).

For two probability distributions P and Q on a countable set A, d% (P, Q) will denote the

Hellinger distance

B(P,0) =3 (VP - ))2.

€A

Similarly, we abuse this notation slightly to denote the Hellinger distance between two
Poisson distributions with different parameters (the arguments in the notation denote

parameters of the Poisson distributions). We use the Hellinger distance between two
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Poisson distributions, which, for two scalars p,q € R,, is given by, d%(p,q) = 2 —
2 exp {—% (vp— \/5)2} . For matrices P, Q € R?*% the average Hellinger distance is
defined by

dy (P, Q) = d Zcﬁ Py, Qij)-

A.1.1 Proof of Theorem 12

To prove Theorem 12, the key is to establish the concentration inequality (Lemma 13) and

the lower bound for the average Hellinger distance (Lemma 14).

Lemma 13. Let oy (X) be the likelihood function defined in (4.2) and S be the set defined
in(3.3), then

P {?{1239 |Foy(X) — E[Fqy(X)]|

> C" (a/7/B) (ee® — 2) + 3log(dids)) - (A.1)

(\/m(dl + dy) + didy log(d1d2)) } <

didy’

where C" and C' are absolute positive constants and the probability and the expectation are

both over the choice of () and the draw of Y.

Lemma 14. For any two matrices P, () € S, we have

1—e"||P-QlF

2(P.Q) >

where T = 5(04 — B)~

We will prove Lemma 13 and Lemma 14 below, but first we use them in proving Theorem

12.
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Proof of Theorem 12. To begin, notice that for any choice of X € S,

E[Foy(X) — Fay(M)]

= 5 [ontos (52 - 05 - )

ij
m Mij
=id > |:Mz'j log <X1> — (M;; — Xij)}

= ———— > D (Myl|Xy) = —mD(M|X),
i

(A.2)

where the expectation is over both {2 and Y.
On the other hand, note that by assumption the true matrix M € S. Then for any Z € S,

consider the difference below

Foy(Z) — Fay (M)
= Foy(Z) + E[Foy(2)] — E[Foy(Z)]
+E[Foy (M)] - E[Foy(M)] - Foy (M)
=E[Foy(2)] — E[Foy (M)]+
Foy(Z) = E[Foy(2)] + E[Foy (M)] — Foy (M)
SE([Foy(Z) = Foy(M)]+
|Foy(Z) = E[Fo,y (Z)]| + [Fay (M) — E[Fa,y (M)]]

< —mD(M||Z)—|—2)s(ug]FQ,Y(X) —E[Foy(X)][, (A.3)
€

where the second equality is to rearrange terms, the first inequality is due to triangle

inequality, the last inequality is due to (A.2) and the fact that

[Fay(2) - ElFoy(Z)]] < Sup [Fay (X) — E[Foy (X)]|
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and

|Fay (M) — E[Foy(M)]| < Sup [Fa.y (X) — E[Foy (X)]].

Moreover, from the definition of M , we also have that M e S and ng(]\/i ) > Faoy(M).

Thus, by substituting M for Z in (A.3), we obtain
0 < —mD(M| M) +2 sup | Fo,y (X) = E[Foy (X))
€

To bound the second term in the above expression, we apply Lemma 13, and obtain that

with probability at least 1 — C'/(dds), we have

0 < —mD(M||M) +2C" (av/r/8) (a€® = 2) + 3log(dyds)) -

<\/m(d1 Y dy) + dids log(d1d2)> .

After rearranging terms, and use the fact that \/d,d> < d; + ds, we obtain

D(M||M) <2¢" (a/r/B) (afe® — 2) + 3log(dids)) -
< \/d1+d2 (dr + do) log(d1d2)) (A4)

Note that the KL divergence can be bounded below by the Hellinger distance (Chapter 3
n [86]). Using our notation to denote the parameters of the Poisson distributions in the

argument of the distance, we have

d%(p,q) < D(pllg), (A.5)

for any two scalars p, ¢ € R, that denote the parameters of the Poisson distributions. Thus,
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(A.4) together with (A.5) lead to

4% (M, M) < 2C" (ay/7/5) (a(e? — 2) + 3log(dydy)) -

m m .

Finally, Theorem 12 follows immediately from Lemma 14.

]

Next, we will establish a tail bound for Poisson distribution with the method of estab-

lishing Chernoff bounds. And this result will be used for proving Lemma 13.

Lemma 15 (Tail bound for Poisson). ForY ~ Poisson(A) with A < o, P(Y — A > t) < e,

forall t >ty where ty = a(e? — 3).

Proof of Lemma 15. The proof below is a specialized version of Chernoff bound for Poisson

random variable [129] when ) is upper bounded by a constant. For any § > 0, we have

PY -A>t)=P(Y >t+))
=POY >0(t+ ) =P (exp (0Y) = exp (0(L + A)))

< exp(—0(t+N)E (") = exp(—=0(A + 1)) - exp (M’ — 1)),

where we have used Markov’s inequality and the moment generating function for Poisson

random variable above. Now let § = 2, we have

exp(t) - P(Y —A>t) <exp(—t+A(*—3)).

Given ty 2 a(e? — 3), then for all t > t,, we have exp(t) - P (Y — A > t) < 1. It follows

that P(Y — A >t) < e 'whent >ty > a(e? — 3). O

Proof of Lemma 13. We begin by noting that for any & > 0, by using Markov’s inequality
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we have that

P {Sup |Foy (X) — E[Fqy(X)]|

Xes
> (' (a\/F/B) (04(62 —2)+ 310g(d1d2)) .
(Vm(ds + do) + drdy og(dvdy) ) }

=P {Sup ‘FQy(X) - E[FQ,Y(X)] ’h
XeSs

> (C' (av/1/B) (ale® - 2) + 3log(didy)) - (A7)

(v/mldi + ) + vy log<d1d2>))h}

<E Ls(lég |Foy(X) — E[FQY(X)”h} /

{(C (av/B) (ale —2) + 3log(drda)) -
<\/m(d1 +dy) + dyds log(d1d2)>>h}.

The bound in (A.1) follows by combining this with an upper bound on E [sup ves [Fay(X) = E[Foy (X)]|
and setting h = log(d;d>).
Let ¢;;s be 1.1.d. Rademacher random variables. In the following derivation, the first
inequality is due the Radamacher symmetrization argument (Lemma 6.3 in [85]) and the
second inequality is due to the power mean inequality: (a + b)" < 2"=1(a" +b") if a,b > 0

and A > 1. Then we have

E {Sup |Foy(X) — EFQY(X)]}‘]
XeS

h

< 2"E |sup
XeS

> esl{l(i.5) € QHY;;log Xij — Xiy)

1,J
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h
< 2"E (2" | sup

> eul{l(i,) € QA (Yy(—log X))

xes |5
h
+ 21 | sup ZQ’]’H{[(Z'J) € QI} X5
XeS |-
ij
\ : (A.8)
= 221 iﬁ% ZEz’jH{[(iaJ) € Q}(Y3;(— log Xij))
4.J
h
+ 22h71E sup ZGUH{[(Z,]) € Q]}X@] 9
xes |45

where the expectation are over both €2 and Y.

To bound the first term of (A.8) with the assumption that || X ||, < ay/rd;d, we use the
contraction principle (Theorem 4.12 in [85]). Let ¢(t) = —Flog(t + 1). We know ¢(0) = 0
and |¢'(t)] = |B/(t+1)|,50 |¢ (t)| < Lift > B—1. Setting Z = X — 14,4, then we have

Zij > B —1,Y(i,j) € [di] x [d2] and || Z||. < av/rdi1da + +/d1d> by triangle inequality.
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Therefore, ¢(Z;;) is a contraction and it vanishes at 0. We obtain that

h

22h=1E | sup
Xes

> eul{l(i, ) € QA (Yy(—log Xyy))

i)j

< 2?-IE maxli-?] :
L Z7j

h

> eul{l(i,) € AH(~log X))

i3

E |sup
Xes

— 22h—1E {max )/l;L:| .
l’]
, (A.9)

E |sup
XeS

ZZ%]I{[(M) € QJ} (%d)(Zij))

h
< 921 z E |max Y| -
< 3 1ax ¥

> e I{((i,5) € A} Z;)

i3

h

E |sup
XeSs

o\
_ 92h-1 (_) E {maxyi;?] E {sup |(Aqo E, Z>|h} ;
/3 ,] XeS

where £ denotes the matrix with entries given by ¢;;, A denotes the indicator matrix for 2
and o denotes the Hadamard product.
The dual norm of spectral norm is nuclear norm. Using the Holder’s inequality for

Schatten norms in [130], which is, [(A, B)| < || A||||B

«, we have

h

22h=1R, | sup
XeSs

> el{l(i.5) € QY (~log X))

,L"j

2\ "
oh-1 [ 2 h b 7|k
<2 (ﬁ) E|:H%EJLXK]:|E|:§(1§;”EOAQH HZ||*] (A.10)

E[|E o Ag|"],
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Similarly, the second term of (A.8) can be bounded as follows:

h

22h=1R, | sup
Xes

> e {[(i4) € QX

i’j

A.ll
<2718 s £ Aol ] (b
XeS

<21 (o) (Viids) B (150 Balf].

Plugging (A.10) and (A.11) into (A.8), we have

E {sup |Foy(X) — ]EFQ,Y(X)W}
XeSs

<2 (avr +1)" (Vaida) "B |1 o dall] - (A1)
h
() els] )

To bound E [||E o Agl|"], we use the very first inequality on Page 215 of [8]:

E [[|E o Agl"]

< C (2(1 + \/g)>h \/m(ch + dy) + dydy log(dydy)

h

dydy

for some constant Cy. Therefore, the only term we need to bound is [maxm Yzﬂ .
From Lemma 15, if ¢ > t,, then for any (4, j) € [d1] % [d2], the following inequality

holds since 7 > a:

P(|Yi; — M| = 1)
=P Yy = My +1¢) +P(Vi; < Mj; — 1) (A.13)

< exp(—t) +0 = B(W;; > ¢),

where W, ;s are independent standard exponential random variables. Because |Y;; — M;;|s
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and W;;’s are all non-negative random variables and max(x1, Zo, ..., x,) is an increasing

function defined on R", we have, for any h > 1,
P (max Vi — My|" > t) < P(max WZJL >t), (A.14)
[2¥} 2¥)

for any t > (to)".
Below we use the fact that for any positive random variable g, we can write E[q] =

fooo P(q > t)dt, and then

E [H}z}xYlﬂ
< 92h-1 (ah +E {Hzlf;ﬂyij o Mij|h:|>
= 22h~1 (ah + /OOIP (mé}x Yy — M| > t) dt>
0 i
< 921 (ah + (o)™ + /Ooh P (Q?X\Yij — My|" > t) dt)

(to)
< 2h-1 (ah + (to)" _|_/ P (max WZ]; > t) dt>
(t())h’ ]

< 2%t (ah + (t)"+E {max WZ;}) .
Z?J

(A.15)

Above, first we use the triangle inequality and the power mean inequality, then along
with independence, we use (A.14) in the third inequality. By some standard computations

for exponential random variables,

E [max Wi’;} < 2h! + log"(dydy). (A.16)

/L?]

Thus, we have

E [max Yg} <2271 (aP + (to)" + 2! + log" (did2)) - (A.17)

]
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Therefore, combining (A.17) and (A.12), we have

& [y o () - BlFay (O]

< 2" (ay/r +1)" (@)hE [1E 0 Agl"] (A-18)

h
(%) (0 + (to)" + 21! + log" (dydy)) .

Then,

1

(E [sup |[Foy (X) — E[Foy (X)] lh] ) '

XeS

<16 (av/r + 1) (@) E[||E o Ag|"]" -

(%) (a + to 4 2h + log(dydy))

<16 (%) (avr+1) (@)E [HEOAQHhﬁ. (A.19)

(a(e® — 2) + 3log(dids))

<128 (1 n \/6) ch <a%/?) (a(e® — 2) + 3log(didy)) -

(\/m(dl +dy) + dyds log(d1d2)> .

where we use the fact that (a” +b" +c* +d")V/" < a+b+c+difa,b,c,d > 0 in the first
inequality and we take h = log(d;dy) > 1 in the second and the third inequality.

Plugging this into (A.7), we obtain that the probability in (A.7) is upper bounded by

log(d1d2
(128(1+\/6)> i)
Oy [ =22V

0

< )
— dydy

Cl

provided that C’ > 128 (1 + v/6) e, which establishes this lemma.
]

Proof of Lemma 14. Assuming x is any entry in P and y is any entry in (), then § < x,y <

aand 0 < |r — y| < a — . By the mean value theorem there exists an &(x,y) € [, a]
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such that

T8y

The function f(z) = 1 — e~ 7 is concave in [0, +o0], so if z € [0, 7|, we may bound it from
below with a linear function

1—e T
1—e?>
©C =77

2. (A.20)

Plugging = = 3(vZ — \/§)* = gz (¢ — y)? into (A.20), we have

2-2¢ < N f)2>>1_6T S——
—2CXp | —5 —VY =z r—y
2 T 4(x,y) (A.21)
S l—e T 1 ( 2
=TT 4o Y
Note that (A.21) holds for any = and y. This concludes the proof. 0

A.1.2 Proof of Theorem 13

Before providing the proof, we first establish two useful lemmas. First, we consider the

construction of the set y.

Lemma 16 (Lemma A.3 in [8]). Let

H2 {X X < an/rdida, | X e < a}

and y < 1 be such that r /v* is an integer. Suppose v /> < d,, then we may construct a set

X € H of size

ng
x| > exp (1672) (A22)

with the following properties:
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1. Forall X € x, each entry has | X;;| = a.

2. Forall X, XU) € y, i # j,

XD — X2 > o2~2dydy /2.

Second, we consider about the KL divergence.
Lemma 17. For z,y > 0, D(z||y) < (y — z)?/y.

Proof of Lemma 17. First assume z < y. Let 2z = y — x. Then z > 0 and D(z||x + 2) =

log —* + 2. Taking the first derivative of this with respect to 2, we have 2D(z||z+ 2) =

z
T+

—. Thus, by Taylor’s theorem, there is some & € [0, 2] so that D(z|ly) = D(z||z)+z- x%g
Since the z&/(x + &) increases in &, we may replace £ with z and obtain D(z||y) < %
For z > y, with the similar argument we may conclude that for z = y — x < 0 there is
some £ € [z,0] so that D(z||y) = D(z|x) + z - x%g Since z < 0 and £/(z + ) increases
in &, then z£/(z + £) decreases in . We may also replace ¢ with z and this proves the

lemma. ]

Next, we show how Lemma 16 and Lemma 17 imply Theorem 13. We prove the theorem

by contradiction.

Proof of Theorem 13. Without loss of generality, assume dy > d;. We choose € > 0 such

1 d
¢ = min {ﬁ Cha®/? | in—?} : (A.23)

where (5 is an absolute constant that will be be specified later. Next, use Lemma 16 to

that

construct a set y, choosing ~y such that /42 is an integer and
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We can make such a choice because

o’r r o’r
Al G Gt
64e? — 42 T 32¢?
and
2 2 2
a’r  ofr a’r
= > 4a%r > 1.

322 642 G4e?
We verify that such a choice for v satisfies the the requirements of Lemma 16. Indeed, since
¢ < szand a > 1,y < 1 < 1. Further, by assumption of the theorem that the right-hand
side of (A.23) is larger than Cra?/d;, which implies r/+? < d; for an appropriate choice
of (.

Let x/, 2 be the set whose existence is guaranteed by Lemma 16, with this choice of ~y

and with a//2 instead of .. Then we can construct x by defining

Y= {X’ +a <1 — %) Liyxa, : X' € X/a/m} ,

where 14, .4, denotes an d;-by-d, matrix of all ones. Note that x has the same size as x/, 27

i.e.|y| satisfies (A.22). y also has the same bound on pairwise distances

> 4dyds€?, (A.24)

, : 242dyd
xX@ _ x))2, > Q@ 7ty
[ [k

for any two matrices XV, XU) € y. Define o’ £ (1 — v)a, then every entry of X € y has
Xi; € {a, @'}. Since we assume r > 4 in theorem statement, for any X € y, we have that

for some X' € x7, 5

X1+

1"+ a (1= ) Lagsasll

%\/ledg T a/didy < an/rdids.

IA

Since we choose 7 less than 1/2, we have that ' is greater than «/2. Therefore, from the
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assumption that 5 < a//2, we conclude that y C S.
Now suppose for the sake of a contradiction that there exists an algorithm such that for

any X € &S, when given access to the measurements on {2, returns X such that
L x—xp<e (A.25)
didy F '

with probability at least 1/4. We will imagine running this algorithm on a matrix X chosen

uniformly at random from Y. Let
X* = min ||Z — X||%.
arg Zelg | %

By the same argument as that in [8], we can claim that X* = X as long as (A.25) holds.

Indeed, for any X’ € y with X’ # X, from (A.24) and (A.25), we have that
I1X' = Xl > |X' = X[p = |X = X|lp > Vdidse.
At the same time, since X € y is a candidate for X*, we have that
1X* = Xllp < 1X = Xlp < Vdrdae.

Thus, if (A.25) holds, then || X* — X||p < || X’ — X|| for any X’ € y with X’ # X, and
hence we must have X* = X.

Using the assumption that (A.25) holds with probability at least 1/4, we have that

P(X*# X) <~ (A.26)

1w

We will show that this probability must in fact be large, generating a contradiction.
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By a variant of Fano’s inequality in [87], we have

max DX®XxVY +1
maxP(X* # X) >1— XW£XO ( | )

A.27
XeS log | x| ’ (A.27)

where

DXW|x®)y 2 3 DxPXY),

(1,4)€0
and the maximum is taken over all pairs of different matrices X *) and X in y. For any such
pairs X, X0 € x, D(X{P|| XY is either 0, D(al|a’), or D(e/||cr) for (i, ) € [di] % [d].
Define an upper bound on the KL divergence quantities

D2 max D(X®|x®).

X k) £Xx 1)
By the assumption that |}y| = m, using Lemma 17 and the fact that o/ < a, we have

2 2
D < m(ya) < 64me

% - o

Combining (A.26) and (A.27), we have that

1 D+1
1o P(X AX) < 2T
4 log |x|
64me? +1 64me2 +1 (A-28)
<1672 < " | <1024€? | . " .
= rdsy - ¢ o?rdsy

We now show that for appropriate values of Cy and (5, this leads to a contradiction.

Suppose 64me? < o, then with (A.28), we have that

which together with (A.23) implies that a?rd, < 32. If set Cy > 32, this would lead to a
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contradiction. Suppose 64me* > o/, (A.28) simplifies to

1 128me?
Z<1024€2< Bme )

(1 —7)adrdy

3/2
1024V m

Setting Cy < 1/1024 in (A.23) leads to a contradiction. Therefore, (A.25) must be incorrect

Since 1 — v > 1/2, we have

with probability at least 3/4, which proves the theorem.

A.1.3  Proofs of Proposition 1 and Proposition 2

Lemma 18. If f is a closed convex function satisfying Lipschitz condition (3.15), then for

any X,Y € S§, the following inequality holds:

FOY) < F(X)+ (VF(X),Y = X)+ SV = X

Proof. Let Z =Y — X, then we have

FOY) = F(X) + (T(X), 2)
+ /01<Vf(X—|—tV) - Vf(X),Z)dt
< F(X) + (V(X), 2)
-/ X+ V)~ TECO el Z )
< SO0+ (VIR + [ Lzl

= FX) + (VAX).Y = X) + LY — X[,
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where we use the Taylor expansion with integral remainder in the first line, the fact that
dual norm of Frobenius norm is itself in the second line and Lipschitz condition in the third

line. [
In the following, proofs for Proposition 1 and Proposition 2 use results from [101].

Proof of Proposition 1. Tt is well known that the proximal mapping of a Y € § associated

with a closed convex function / is given by
A . 1 2
prox,, (V) £ axgmin ( ¢+ h(X) + 2| X = VI )

where ¢ > 0 is a multiplier. In our case, h(P) = Is(P). Define for each P € S that

GU(P) £ & (P~ prox,, (P~ 1 f(P))

then by the characterization of subgradient,

G,(P) — Vf(P) € Oh(P), (A.29)

where Oh(P) is the subdifferential of h at P. Noticing that P — tG,(P) € S, then from

Lemma 18 we have
F(P—1GP)) < f(P) — (VF(PLIG(P) + LIGAP)E (A30)

forall 0 < ¢ < 1/L. Define that g(P) £ f(P) + h(P). Combining (A.29) and (A.30) and

using the fact that f and h are convex functions, we have forany Z € Sand0 <t < 1/L,
t

g(P —tGy(P)) < g(Z) +(Gi(P), P — Z) — §|!Gt(P)H%7 (A.31)

which is analogous to inequality (3.3) in [101]. Taking Z = Mand P = X} in (A.31), then
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for any k£ > 0,

— — t
9(Xp41) — g(M) < (Gi(Xi), Xip — M) — §||Gt(Xk)||%
(A.32)

1 —_~ —_~
= 5 (1% = Ml = 1 X2 = M3

where we use the fact that (P, P) = || P||%. By taking Z = X}, and P = X} in (A.31) we
know that g(Xy41) < g(Xj) for any £ > 0. Thus, taking t = 1/L, we have,
1k _
9(Xe) — g(MD) < S (9(Xi21) = 9(D))
=0 (A.33)

— L|| Xy — M|)2
> (16— T — i — 37J3) < HEe Ml

Since X, € S for any £ > 0 and M e S, we have that h(X}) = 0 for any & > 0 and

h(M) = 0, which completes the proof.
O

Proof of Proposition 2. The definitions and notations in the proof of Proposition 1 are also
valid in the proof of Proposition 2.

Define V; £ X, and for any k > 1,

A 2

1
ap = Pl Vi & Xp1 + o (Xp — Xpi-1) -

For any 0 < ¢ < 1/L, noticing that
X = Z—1 —tG(Zy—1),

then we can rewrite V}, as

t
Vi = Vier — —Gi(Zg—1).
ay
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Taking Z = Xj_; and Z = M in (A.31) and making convex combination we have

—

9(Xk) < (1 —ap)g(Xp—1) + arg(M)

— t
+ ar(Gi(Zy—1), Vieer — M) — §HGt(Zkfl)Hi“

L (A.34)
= (1 — ap)g9(Xp-1) + arg(M)
a% T2 72
+ 55 (Vs = M1 — Vi = M)
After rearranging terms, we have
= (9(Xe) = g(M)) + o Vi = M <
1’€ . . (A.35)
— a _ _
7 (9(Xe—1) = g(M)) + - |[Vies — M|
ay 2t

Notice that (1 —ay)/(ai) < 1/(ai_,) for any k > 1. Applying inequality (A.35) recursively,

—(9(Xp) — g(M)) + = ||Vis — M3 < = || Xo — M]3 (A.36)
ay 2t 2t

Taking ¢t = 1/L, we have

= _ 2L Xo — M|}
Xp) —g(M) <

Since X, € S for any &£ > 0 and M e S, we have that h(X}) = 0 for any & > 0 and
h(]\//f ) = 0, which comcludes the proof.

A.2  Proofs for multi-sensor slope change

A.2.1 An informal derivation of Theorem 14: ARL

We first obtain an approximation to the probability that the stopping time is greater than some

big constant m. Such an approximation is obtained using a general method for computing
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first passing probabilities first introduced in [92] and developed in [109]. The method relies
on measure transformations that shift the distribution of each sensor over a window that
contains the hypothesized post-change samples. More technical details to make the proofs
more rigorous are omitted. These details have been described and proved in [109].

In the following, let 7 = ¢ — k. Define the log moment-generating-function v, (6) =
log E exp{0¢g(U, )} Recall that U, ; ; is a generic standardized sum over all observations
within a window of size 7 in one sensor, and the parameter 6 = 6, is selected by solving the
equation

0 (6) = b/N.

Since U, j ; is a standardized weighted sum of 7 independent random variables, 1) converges
to a limit as 7 — 0o, and 6, converges to a limiting value. We denote this limiting value by
6.

Denote the density function under the null as P. The transformed distribution for all
sequences at a fixed current time ¢ and at a hypothesized change-point time & (and hence

there are T hypothesized post-change samples) is denoted by P¥ and is defined via

N
dP} = exp |0- > g(Unpe) — N7 (6;) | dP.
n=1

Let

N
Uy = 1og(dPy[dP) = 0, g(Un ki) — Ntor(6;).

n=1
Let the region

D={(tk):0<t<tyl<t—k<w}

be the set of all possible change-point times and time up to a horizon m. Let

N
A {(gé%;g(%k,t) > b}
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be the event of interest. Hence, we have

-1

P{A} = Z E{Z( eENyk’thyk,’t/;A} = Z Rk Z et A

(t,k)eD t',k")eD © (t,k)eD (t'k"YeD

M
= 3 N Eff{ SN’” e~ tvwetog My, I 1 log My gy > 0}
(t,k)eD ~ Al g

T
(A.37)

where

mt—ze Unt) = bl,

Sviki= Y X1 019U 1) =9Wn k)],
(t',k")eD

My = max eXn=1 019Uy g7 1) =9(Un i.0)]
(' ,k")eD

As explained in [109], under certain verifiable assumptions, a “localization lemma” allows

simplifying the quantities of the form in / into a much simpler expression of the form
oxt (2m)PE(M/S),

where o, is the P7 standard deviation of £ and E[M/S] is the limit of E{ My x.,/Sn s}
as N — oo. This reduction relies on the fact that, for large NV and m, the “local” processes
Mpy .+ and Sy 1+ are approximately independent of the “global” process / . This allows
the expectation to be decomposed into the expectation of My /Sy times the expectation
involving / + log My, treating log My as a constant.

Let 7/ = t' — k/, and denote by 2,,; = (Yn; — tn)/0n Which are i.i.d. normal random
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variables, : = 1,2, . ... Note that, use Taylor expansion up to the first order, we obtain

Ze nk/t’ _g nkt Zeﬂ'g nk:t nk/t’_Unkt]

= Z eTg(Un,k:,t) [A;ll/QWn,k’,t’ - A;I/QWn,k”,t’ + A;l/QWn,k’,t’ - A;l/QWn,k’,t]
n=1
N

eTg(Unkt)
= E ( nt' —1/ § n,t/ —r
—~ VA jz v T 2 e +9)
+ § 97’9 nkt 1/2 <§ Zzn t—7'+i — E Zznt ‘r-H)

(A.38)

Note that in the above expression, the first term has two weighted data sequences running
backwards from ¢ and when 7 and 7’ both tends to infinity they tend to cancel with each
other. Hence, asymptotically we need to consider the second term. Observe that one may let
t' — k' = 7and 0 = lim,_,, 0, for 0, in the definition of the increments and still maintain
the required level of accuracy. When 7 = w the first term in the above expression, and
the second term consists of two terms that are highly correlated. The second term can be

rewritten as

N N
A;I/QQT [Z g(Un,k,t)Wn,k:’,t’ - Z g(Un’7k7t)Wn’7k7t] : (A39)
n=1

n/=1

Since all sensors are assumed to be independent (or has been whitened by a known covariance
matrix so the transformed coordinates are independent), so the covariance between the two

terms is given by

N N
Cov (Zg nkt nkt> Z n kt n kt) = Z[Q(Un/,k,t)]ZCOV(Wn,k,ta Wn’,k/,t’)-
n=1

- (A.40)

Foreachn,letk < k' <t <t andt —k =t — k' = 7, and define u £ k' — k and
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s 2t — k. We have

Siiir (= B)znd) (D (6= B2
AT_ICOV(Wn’k’t, Wn,k’,t’) =K ( e ) ( . o >

. { Sk (i =K = k)2, } XL ur

By choosing u = /7, we know that the expression above is approximately on the order of

K=K+ (=) =R+ (1)

2 5)

1 —

Letn £ %7’2. Hence, by summarizing the derivations above and applying the law of large
number, we have that when N — oo and 7 — o0, the covariance between the two terms

become

N N
1 / 1 /
cov (Z OrgUnirr), Y HTg(Un/7k7t)> ~ 0PN - [1— 5(k — k) — 5(t —1)].
n=1

n'=1

This shows that the two-dimensional random walk decouples in the change-point time A’
and the time index ¢’ and the variance of the increments in these two directions are the
same and are both equal to #> N /7. Hence, the random walk along these two coordiates are
asymptotically independent and it becomes similar to the case studied in [109]. Compare
this with (the equation following equation (A.4) in [109]), note that the only difference is
that here the variance of the increment is proportional to 3/(472) instead of 7, so we may
follow a similar chains of calculation as in the proof in Chapter 7 of [92], [109] [18], the

final result corresponds to modifying the upper and lower limit by changing the window

length expression to be y/4/3 and \/4w/3.
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A.2.2 An informal derivation of Theorem 15: EDD

Recall that U, ., is defined in (4.6), let z,,; = (Yni — fn)/0n. Then forn € A, z, ; are i.i.d.
normal random variables with mean c¢,i/c,, and unit variance, and for n € A°, z, ; are i.i.d.

standard normal random variables. Since we may write

ZZ:kJrl(i - k)zn,i

Un,k,t =
Vi = k)2

(A41)

For any time ¢ and n € A, we have

2t 2 2,3
P Ca . e\ tt+ DR+ e\ 5
IEO{Unm}—lJr(O_) Zz-l—i—( ) ; =) 5+,

=1 In
(A42)

which grows cubically with respect to time. For the unaffected sensors, n € A¢, Eé{Uz,o,t} =
1. Hence, the value of the detection statistic will be dominated by those affected sensors.

On the other hand, note that when x is large,

22 ? L—=po .25 z?
g(x) =log(1 — py + poe™/*) = log po + 5 *log P ~ 5 +logpo.
0

Then the expectation of the statistic in (4.8) can be computed if w is sufficiently large (at

least larger than the expected detection delay), as follows:

N
1 N - |A
Eg' {maxZg(Un,k,t)}z (!A\logpoJr§ZE5“{U§J€¢}+—( 2‘ |>>,
n=1

k<t
neA

At the stopping time, if we ignore of the overshoot of the threshold over b, the value statistic
is b. Use Wald’s identity [131] and if we ignore the overshoot of the statistic over the

threshold b, we may obtain a first order approximation as b — oo, by solving

~ Al BT

N
|
| Al log po + 5 6

3 (C—"ﬂ —b. (A.43)

g
neA n
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From Jensen’s inequality, we know that E{T3} > (Eg'{Ty})®. Therefore, a first-order

approximation for the expected detection delay is given by

b~ Nlogpy — (N — |ADE{g(U ”)”3 to(l). (A

B 1) < —

A.2.3 Proof for Optimality

Proof of Theorem 16. The proof starts by a change of measure from P, to P;!. For any

stopping time 7" € C'(7y), we have that for any X, > 0,C > 0and ¢ € (0, 1),

Pof{k <T <k+(1—¢e)K,|T >k}
=B { Lperart-ok,} eXp(—Aanr) T > k}

> Ry {Therarreyi, dapr<cy €XP(—Aapr)|T > k}
(A.45)

k<j<k+(1—g)K,

Ze_CIP’;j{k;<T<k’+(1—5)KW, max AAk.j <C"T>k}
>e CPMHT <k+(1—e)K,|T >k} —

]P)kA{ max >\A,k,k+j > C‘T > k‘}:| ,

1<<(1-e)Ky

where Il; 4} is the indicator function of any event A, the first equality is Wald’s likelihood
ratio identity and the last inequality uses the fact that for any event A and B and probability
measure P, P(A( B) > P(A) — P(B°).

From (A.45) we have for any ¢ € (0,1)

PAAT < k+ (1= )K,|T > k} < plU(T) + BT, (A.46)
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where

PIUT) = CP AT < k+ (1 — ) K,|T > k},

Bk (T)ZP'I?{ max )\A,k,k—i-j ZC‘T>I€}

e 1<j<(1-¢) K

Next, we want to show that both pgkg(T) and 5,(/“2 (T') converge to zero for any T € C(7)

and any k£ > 0 as ~y goes to infinity.
First, choosing C' = (1 + ¢)I[(1 — ¢) K,,]%, then we have

BRN(T) =Py {[(1 — o)K7 max Mg > (1+ 5)I’T > k;}

1<j<(1—e) Ky

(A.47)
< esssup Py {[(1 — )K" 1< B Agrs = (1 + 5)]‘-7'}} :
By the assumption (4.17), we have
sup 8% —— 0. (A.48)

0<k<o0 V=0

Second, by Lemma 6.3.1 in [55], we know that for any T € C(~) there exists a k > 0,
possibly depending on +, such that
Po{T <k+(1—-e)K,|T >k} <(1—¢)K,/7.
Choosing K., = (I"'1og~)'/9, then we have
C=0+e)l(1—e)  ogy=(1-e*)(1—¢e) " logn,
and therefore,

—e2)(1—¢)a?
pIUT) < AU (1 — ) K,/
N (A.49)
= (1 —e)(I " logy)/aylt=e)t=el =t —— 0,

y—+00
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where the last convergence holds since for any ¢ > 1 and ¢ € (0,1) we have (1 —¢?)(1 —
£)?7! < 1. Therefore, for every ¢ € (0,1) and for any T' € C(v) we have that for some
k>0,

PAT < k+ (1 —e)K,|T >k} —0

which proves (4.18).

Next, to prove (4.19), since

ESM;,(T') > SMi(T) > sup Ef {(T — k)*)"|T > k},

0<k<oo

it is suffice to show that for any 7' € C(7),

sup Ef {[(T — k)™™|T > k} >[I logy]™ (1 + o(1)) as v — 0, (A.50)

0<k<oo

where the residual term o(1) does not depend on 7. Using the result (4.18) just proved, we

can have that for any ¢ € (0, 1), there exists some k& > 0 such that

'fIP’A{T—k;> 1— &) (I log~)
cof P > (1—¢)(I " log7)

T>l<:}—>1.

Y—00

Therefore, by also Chebyshev inequality, for any € € (0,1) and T' € C(+y), there exist some

k > 0 such that

B2 ([T — B[ > k)

1

> [(1 — o)1 1ogfy)ﬂmlP’7§ {T —k>(1—e)(I " log)s

T> k} (A51)

> [(1— &)™ (I log7)™] (1 + o(1)), as y — os,

where the residual term does not depend on 7. Since we can arbitrarily choose € € (0, 1)

such that the (A.51) holds, so we have (A.50), which completes the proof.
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Proof of Lemma 8. Rewrite Tcg(b) as

N
Tes(b) = inf {t : max (1 —po+ poexp(An k) > eb} (A.52)

0<k<t
n=1

and define Tsg (b) an extended Shiryaev-Roberts (SR) procedure as follows:
Tsr(b) = inf {t: R, > €'}, (A.53)

where

t—1

N
H —po+poexp(Ange)) ,t=1,2,...; Ry =0.

1 n=1

=
Il

Clearly, Tcs(b) > Tsr(b). Therefore, it is sufficient to show that Tsg (b) € C'(7) if b > log~y.

Noticing the martingale properties of the likelihood ratios, we have

Ew {exp(An k)| Fio1} =1 (A.54)

foralln =1,2,...,N,t > 0and 0 < k < t. Moreover, noticing that

t—2 N N
Z H (1= po+ poexpAnpi—t + Ana—10)) + [ [ (1 = po + poexp(Ans-14)) .
=1 n=1 n=1
(A.55)
then combining (A.54) we have for all £ > 0,
t—2 N
Eoo {Re|Fia} =) [T (1 = po+poexpnps1) - 1) +1
k=1 n=1 (A.56)
:Rt,1 + 1

Therefore, the statistic { R, — t},_ is a (Px, F;)-martingale with zero mean. If Eo, {Tsz(b)} =
oo then the theorem is naturally correct, so we only suppose that E., {Tsr(b)} < oo and

thus Eo { Ry ) — Tsr(b) } exists. Next, since 0 < R, < ¢’ on the event {Tsg (b) > t},
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we have
lim inf/ |R; — t| dPs = 0.
t200 J{Tsr(b)>t)

Now we can apply the optional sampling theorem to have E, {RTSR © } =Eo {Tsr(b)}.
By the definition of stopping time Tsg (b), we have Ry, () > €’. Thus, we have Eo, {Tcs(b)} >

Eo {Tsr(b)} > €, which shows that E, {Tcs(b)} > vif b > log .

Proof of Theorem 17. First, we notice that if b > log~y

B {Tes(0)} = Euc {Tes()} = 7.

Therefore, by Theorem 16, it is sufficient to show that if b > logy and b = O(log ), then

m/q
ESMA (T (b)) < (lojg;) (14 0(1)) as 7 — oo. (A.57)

Equivalently, it is sufficient to prove that

m/q
ESMA (Ts(b)) < (ﬂ) (1+0(1))asb — oo. (A.58)

To start with, we consider a special case when py = 1 in T(-g and denote it by

0<k<t
n=1

N
Tcsg(b) = inf {t > (0 : max )‘nJﬁt > b} .

Next, we will prove an asymptotical upper bound for the detection delay of Trgo(b).

(=)

and then (G})? < b/[I4(1 — ¢)]. Noticing that under P{, we have S-2 A, = Aans

Let

Gy =

almost surely since the the log-likelihood ratios are 0 for the sensors that are not affected.
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Therefore, by (4.21) we can have that for any € € (0, 1), ¢ > 0 and some sufficiently large b,

g

< sup esssup PR {\ arrrc, < (Gp)Ia(1 — )| Fi} (A.60)

0<k<t

N
sup esssup PPy} {Z MgesirGy, < (Gp)Ia(l —¢)

0<k<t

n=1
< sup esssup P;! {Mrric, <blFp} <e.
0<k<t

Then, for any £ > 0 and integer [ > 1, we can use (A.60) [ times by conditioning on

(Xn,1, e ,Xn,kﬂlo,l)gb) ,n=12 ... Nforly=1[,1—1,...,11in succession (see [54])

to have
esssup PiH {Tesa (D) — k > 1Gy| Fi}
N (A.61)
< esssup ;! {Z Akt (lo—1)Gyp+1k+10Gy> o = 1,1 ]:k:} <
n=1

Therefore, for sufficiently large b and any ¢ € (0, 1), we have

ESM,,(Tess(8)) < 3 ([0 + 1)GIJ" — (16"}

=0

sup esssup Py, {[(Tosy — k)*]™ > (1Gy)™| Fi }
0<k<0o0

< (@) I+ 1) — 7

=(Gp)"(14+0(1)) as b — o0,

(A.62)

where the first inequality can be known directly from the geometric interpretation of expec-
tation of discrete nonnegative random variables and the last equality holds since for any
givenm > 1, [(1+1)™ — ™" — 1asl — oo so that the radius of convergence is 1. Using

the fact that (G3)™ < [b/I(1 — £)]™7 we prove (A.58) for the case py = 1.
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Next, we will deal with the case when p, € (0, 1). Rewrite Ti-g2(b) as

0<k<t

N
Tese(b) = inf {t : max (Nlogpo + Z/\fm> >b+ Nlogpo} ,

n=1

then

N
s ) k
Tos2(b — Nlogpy) = inf {t : ongll{?ft (Nlogpo + Z_; )\n’t> > b} .

Clearly, ESM? (Teg(b)) < ESMA (Tego(b — N log po)), and thus

b — N log po

m/q
T ) (14 o0(1)). (A.63)

ESM? (Tes(D)) < (

Therefore, we can claim that (A.58) holds for any fixed p, € (0, 1] since N and p, are
constants. If b > logy and b = O(log ), Tes(b) belongs to C(7y) and ESMA (Tts) achieves
its lower bound.

]

Proof of Corollary 2. The main steps are almost the same with that in the proof of Theorem
17. The only different thing is that we need the condition w., > G, (defined in (A.59)) in
order to make (A.61) be correct for any £ > 0 and any integer [ > 1. And the additional

assumption (4.22) ensures this. OJ

Proof of Lemma 9. Consider testing problem (4.1), then for any £ > O and j > 1,
1 2 (i — k)?
Ak Jotj = Z 52 Z (i = k) (Yni — p15) — 9 (-

neA " i=k+1

We define, foreachn € Aand foralll =1,...,7,

272
(k) 1 Cnl
Xol = U_Z {Cnl(yn,Hk — 1) — 7} .
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Then we have

J
Mkt = ZZX;? —ZX;’T},
=1

=1 ncA

where we define XAI > nea X ®),

Under probability measure P, we easily know that (Xff}){:l are independent variables

2 l2
neA Cn»

which follow normal distribution N ((1?/2) > > nea €2). Other simple computa-

tion tells us that

EA{(X( ))}<oo Vi=1,.

and under probability measure P,

where Var(.X) denotes the variance of random variable X . Therefore, combining Kroneckers
lemma with the Kolmogorov convergence criteria, we have immediately a strong law of

large numbers which tells us that
1 as c
- AN E _n
3T 602

Finally, we complete the proof by using the fact that all the observations are independent.

]
Proof of Lemma 10. First, define y* , = %, then
’ 05 2si=k+10—
~ N (yk )2
Py {Tg(b) >t0} > P, { max max Z"Tto <b
0<t<tg maX(O,t—m7)§k<to —) (A64)

> [Poo{Y < 20},

where Y is a random variable with x% distribution. Then, since Tg(b) is a non-negative
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discrete random variable, we have

E. {”T;(b)} - ipm {”T;(b) > to}

=0 1 (A.65)
>) [P fY < 20} = o
= 1— [Poo{Y < 20}

Then if we can choose some b so that

1 1/my
Pm{yzzb}g1—<1——) :
Y

we can claim that E, {Tg(b)} > ~ and thus T3(b) € C (7). To choose appropriate threshold
b, we need use the tail bound for the x% distribution. Since x? is sub-exponential with

parameter (2v/N, 4), it is well known that Po {Y > 2b} < exp(—2%) if b > N. If we set

()"

then T (b) € C(7). O

N
b2§—410g

Proof of Theorem 18. By Lemma 9, we can use Theorem 16 to obtain a lower bound for

the detection delays of arbitrary procedures in C'(7y). Specifically, for all m > 1,

1 m/q
liminf inf ESMA(T) > liminf inf SMA(T) > (Ogv) . (A.66)
y—00 TeC(v) y—00 TeC(v) I,

(i) Since T3 (b) is a specified mixture CUSUM procedure for testing problem (4.1) and
the observations are independent, the optimality is an immediate corollary from Theorem
17.

(i1) Since ﬁ(b) is a specified window-limited mixture CUSUM procedure for testing
problem (4.1) and the observations are independent, the optimality is an immediate result

from Corollary 2.

162



1/m~
(iii) The assumption that log w., = o(log ) ensures that b > %—4log [1 — (1 — %) 1
and b = O(log y) can be satisfied simultaneously. Since the observations are independent,
then ESM{(T3(b)) = SM{(Ty(b)) = EA[T5(b)]. The optimality of T5(b) is an immediate
result from Lemma 10 and the first order approximation of the detection delays in (A.44).

]

A.3 Proofs for sequential change detection with offline convex optimization

In the following, we denote E¢.., [ f(£)] as the expected value of f(£) when £ follows some

distribution v.

Proof of Theorem 12. Define that ¢* £ —%L*. From Theorem 2.1 in [72], we have that

Eevno[exp(—0*(€))] < €, Yy € P, (A.67)

Eew, [exp(07(€))] < €, Vi € Py, (A.68)

where €* is the solution to the equation

Eewvslexp(=07())] = Eenu; [exp(97(£))];

or equivalently, it is defined in (5.9).
Define a stopping time T = inf{t > 0: 3"/_, —¢*(&) > b}, then T} in (5.7) is the same

procedure as 7" and the arguments about 7" are also true for 7;. Following the definition of
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T, for any m > 0, we have that

k=1 \ =1
m k
<> P (Z —¢"(&) > b) (A.69)
k;l lzl :
=Y P (Z (—925*(&) - E) > 0)
k=1 i=1

Fix m and k, we define that 5* = ¢* + b/k and then we use Chernoff inequality and

inequality (A.67) to obtain that

- Ec.,[exp(—¢*(€))]
Peor(—¢"(€) > 0) < 1 (A.70)

b
< exp(—E)e*, Vv e Py.

Under Hy, & ~ vy € Py,2 = 1,...,mand ;s are independent. If we apply the shifted detec-
tor (5* on the independent variables &1, &, . . ., &, from the result for k-repeated observations

(Section 2.4 in [72]) , we can have that

20 (é (—d)*(&-) - %) > 0) < <exp (_g> a)k.

Then, we have that

k=1

= exp (-0 ()", (AT)
k=1

:eXp(_b) €* (6*)m+1
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Letting m go to infinity, we have that

P2(T < 00) = exp(—b) -

(1—e)
Applying Theorem 2 in [59], we have that

1 1—¢*
EX(T)> ——— = .
D) 2 =y = (D)

ex

which concludes our result. O]

Proof of Theorem 20. Similar with the proof for Theorem 12, we define that ¢* = —%L*,
Sy =3"1_, —¢*(&) and a stopping time T = inf{t > 0 : S; > b}. Then T is the same as
T;. Noticing that under P>, &, &, . . . is a sequence of i.i.d random variables following

some distribution 1y € P, the well known Wald’s equality (e.g, [131]) shows that

N B0 [Sy) b+Eg" [Sr — b]
]E 0,1 T — 0 = )
0 [ ] E£1~V1 [_¢* (51)] Eil"”l [_¢* <51)]

vo,v1

where E;”"" [St — b] is the expected overshoot above the decision boundary.

Combining (A.68) and the fact that for any x € R, —x > 1 — exp(z), we have that

B i [=04(61)] = 1 — Egymay [exp((£1))] > 1 — €.

To estimate the overshoot, we apply (8.18) and (8.50) in [131] to show that as b — oo, the

following limit holds,

Y

N A e S ey
BSOS = S @) = w

n=1

where = = — min(z, 0).

By the assumption made in the statement, we have that for some M > 0, E¢, ., [¢2(&1)] <
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M. Therefore, as b — oo, we have that E(*"" [Sp — b] = o(b). Combing the Theorem 2 in

[59], we conclude the result.

]

Proof of Corollary 3 and 4. When ¢* is obtained from (5.16), from the Proposition 4.1 in
[73], we have that

E¢v,lexp(—¢7(§))] < €, Vi € Go, (A.72)

Ee, [exp(¢™(£))] < €, Vi € Gy, (A.73)

where €* is defined in (5.18). Then, following the same proof routine as Theorem 12 and 20,

we conclude the results.

A.4 Proofs for Sequential change detection via online convex optimization

Proof of Theorem 21. In the proof, for the simplicity of notation we use N to denote 7(b).

Recall 6 is the true parameter. Define that

B : Jo(Xi)
SE=2 los g Ky

Then under the measure Py o, S; is a random walk with i.i.d. increment. Then, by Wald’s

identity (e.g., [131]) we have that
Eg0[S%] = Eoo[N] - 1(0,6)). (A.74)

On the other hand, let 8}, denote the MLE based on (X7, ..., Xy). The key to the proof
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is to decompose the stopped process S% as a summation of three terms as follows:

N f (X))

21 fa* _ Z f91 Z) z;log—fG;(Xi), (A.75)

Note that the first term of the decomposition on the right-hand side of (A.75) is always

non-positive since

N
Z Zlog fo(Xi) = Suleog fi(X
fG* J 0€0 j—1
Therefore we have
N N
. fo,, z’)
Ego <E90 Zlog f6‘ +]E90 Zlo 01
f@l 1 f90

Now consider the third term in the decomposition (A.75). Similar to the proof of
equation (5.109) in [55], we claim that its expectation under measure Py  is upper bounded
by b/1(0,00) + O(1) as b — oo. Next, we prove the claim. For any positive integer n, we

further decompose the third term in (A.75) as

Zl f;; 1 ;) = M,(0) — Gn(0) +m,(0,00) + nl(0,6,), (A.76)
where
_ . fGZ 1( z)
Ma6) = 3 108~y + Gl0)
Gp(0) = il(e,e}_l),
and

< Jo(Xi)
ma(0,00) = ;1og ) nl(0,0,).

The decomposition of (A.76) consists of stochastic processes { M,,(0)} and {m,(0,6y)},
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which are both [Py -martingales with zero expectation, i.e., Eg o[M,,(8)] = Ego[m,(6,60)] =
0 for any positive integer n. Since for exponential family, the log-partition function ®(0) is

bounded, by the inequalities for martingales [132] we have that

Eo,0|M,(0)] < Civ/n,  Egolm,(0,600)| < Cov/n, (A7)

where C'; and (5 are two absolute constants that do not depend on n. Moreover, we observe

that for all § € ©,

EaalG()] < Bao |G (0)]| = Eoa[R,(6)] < Clogn

Therefore, applying (A.77), we have that n='G,,(0), n~' M,,(0) and n~'m,,(6, 6,) converge
to 0 almost surely. Moreover, the convergence is Py o-r-quickly for r = 1. We say that
n~'A, converges Py o-r-quickly to a constant [ if Eg[G(€)]” < oo for all € > 0, where
G(e) = sup{n > 1:|n"'A, — I| > €} is the last time when n~'A,, leaves the interval
[I — €, 1 + €] (for more details, we refer the readers to Section 2.4.3 of [55]). Therefore,
dividing both sides of (A.76) by n, we obtain ="' 3" log(f;,  (Xi)/ fa,(Xi)) converges
Py o-1-quickly to I(6,6y).

For € > 0, we now define the last entry time

L(e) = sup{ > en} :

By the definition of PPy o-1-quickly convergence and the finiteness of (6, 6,), we have that

" f611 2)
eeo 2 los ey "

Eg0[L(€)] < 400 for all € > 0. In the following, define a scaled threshold b = b/I(8, 6).

Observe that conditioning on the event {L(¢) + 1 < N < 400}, we have that

N—-1 f@l ) z)

(1—€)(N —1)I(0,6y) < Zlo X <b.
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Therefore, conditioning on the event { L(€)+1 < N < +o0}, we have that N < 1+b/(1—¢).

Hence, for any 0 < € < 1, we have

N <1+I({N > L(@+1})~£+H({N < L(e)+1})-L(e) < 1+&+L(e). (A.78)

Since Ego[L(€)] < oo for any € > 0, from (A.78) above, we have that the third term in
(A.75) is upper bounded by b + O(1).

Finally, the second term in (A.75) can be written as

= Jor (X5) al X
;log T ; —log f5, ,(X3) — 912({;; —log f3(X3),

which is just the regret defined in (6.12) for the online estimators: R, when the loss function
is defined to be the negative likelihood function. Then, the theorem is proven by combining

the above analysis for the three terms in (A.75) and (A.74). ]

Proof of Corollary 5. First, we can relate the expected regret at the stopping time to the

expected stopping time, using the following chain of equalities and inequalities
Eo,0[R-@)] = Eo0[Eo0[Rn | 7(b) = n]] < Ego[Clog7(b)] < ClogEgo[r(b)], (A.79)

where the first equality uses iterative expectation, the first inequality uses the assumption
of the logarithmic regret in the statement of Corollary 5, and the second inequality is due
to Jensen’s inequality. Let « = (b+ O(1))/1(0,6,), 5 = C/1(0,6y) and = = Eg,[7(D)].
Applying (A.79), the upper bound in equation (6.14) becomes = < « + log(x). From this,
we have z < O(«). Taking logarithm on both sides and using the fact that max{a; + as} <
a1 +ay < 2max{ay, az} foray, as > 0,log(z) < max{log(2«),log(28logz)} < log(a)+
o(log b). Therefore, we have that x < a + S(log(a) + o(logb)). Using this argument, we

obtain
b N C'logb
(0,60)  1(6,60)

Egpo[7(b)] < 7 (14 o0(1)). (A.80)
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Note that a similar argument can be found in [128]. []

Next we will establish a few Lemmas useful for proving theorem 22 for sequential
detection procedures. Define a measure Q on (AX'*°,3%°) under which the probability
density of X; conditional on F;_; is féifl' Then for any event A € F;, we have that
Q(A) = f 1 A;dP,. The following lemma shows that the restriction of Q to F; is well
defined.

Lemma 19. Let Q; be the restriction of Q to F;. Then for any A € Fy and any i > k,
Qi(A) = Qi(A).

Proof of Lemma 11. To bound the term P, (7(b) < 00), we need take advantage of the
martingale property of A, in (6.2). The major technique is the combination of change of
measure and Wald’s likelihood ratio identity [131]. The proofs are a combination of the
results in [125] and [75] and the reader can find a complete proof in [125]. For purpose of
completeness we copy those proofs here.

Define the L; = dPP;/dQ; as the Radon-Nikodym derivative, where P; and Q; are the
restriction of Py, and Q to F;, respectively. Then we have that L; = (A;)~! forany ¢ > 1
(note that A; is defined in (6.2)). Combining the Lemma 19 and the Wald’s likelihood ratio

identity, we have that

Poo(AN{7(b) < 00}) = Eq [I({7(b) < 00}) - Lry)] . VA € Frn), (A.81)

where I(F) is an indicator function that is equal to 1 for any w € FE and is equal to 0
otherwise. By the definition of 7(b) we have that L) < exp(—b). Taking A = A in

(A.81) we prove that P (7(b) < 00) < exp(—b). O

Proof of Corollary 6. Using (5.180) and (5.188) in [55], which are about asymptotic perfor-

mance of open-ended tests. Since our problem is a special case of the problem in [55], we
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can obtain
loga  log(log(1/a))

inf Egyo|T] = 1 1)).
pdB BTl = 70505+ or0.0 o)
Combing the above result and the right-hand side of (6.15), we prove the corollary. 0

Proof of Theorem 22. From (A.83), we have that for any v > 1,
Eo,[Tasr(b) — v | Tasr(b) > v] < Egp[Taca(b) — v | Tacu(b) > v].
Therefore, to prove the theorem using Theorem 21, it suffices to show that

sup EQJJ[TACM(b) i 4 | TACM(b) > l/] < Eg’o[T(b)].

v>0

Using an argument similar to the remarks in [75], we have that the supreme of detection
delay over all change locations is achieved by the case when change occurs at the first
instance,

sup EH,V[TACM(b) -V | TACM(b) > l/] = E@,O[TAC]V[(Z)>]~ (A.82)

v>0
This is a slight modification (a small change on the subscripts) of the remarks in [75] but
for the purpose of completeness and clearness we write the details in the following. Notice
that since 6, is known, for any j > 1, the distribution of {max;1<x< Ak,t};ﬁj 41 under Py ;
conditional on F; is the same as the distribution of {max;<y<; Ay }72, under Py . Below,
we use a renewal property of the ACM procedure. Define

G _ -
Tt (b) =inf{t > j: jfnax log A > b}.

Then we have that Eg[Tacn ()] = ]Eg,j[TnggM(b) -7 Tf(ng(b) > j]. However,

maxi <<t 10g A+ > max;ii<g<t Age for any ¢ > j. Therefore, Tf(fc) (b) > Tacm(b)
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conditioning on {T'4c(b) > j}. So that for all j > 1,
Eo o[Tacar (b)] = Eo (T2, (0) = 5 | Tacar(b) > j] = Boj[Tacar(b) — j | Tacar(b) > 3.

Thus, to prove (A.82), it suffices to show that Eg o[Tacr(b)] < Ego[7(b)]. To show this, de-
fine 7(b)® as the new stopping time that applies the one-sided sequential hypothesis testing
procedure 7(b) to data { X;}2°,. Then we have that in fact Ty as(b) = mings, {7(b)® +t —
1}, this relationship was developed in [59]. Thus, Tacas(b) < 7(5)M) +1 — 1 = 7(b), and

Eg,0[Tacm ()] < Ego[T(D)]. -

Proof of Lemma 12. This is a classic result proved by using the martingale property and the

proof routine can be found in many textbooks such as [55]. First, rewrite T4sr(b) as
t
TASR(b) = inf {t 2 1: log (Z Ak,t) > b} .
k=1
Next, since

t
log (; Ak,t> > log (fg% Ak,t) = 112% log A, (A.83)

we have E[Tacn (0)] > Ex[Tasr(D)]. So it suffices to show that Eo[Tasr(b)] > 7, if

b > log~y. Define R; = 22:1 Ay ;. Direct computation shows that

t—1
Ex[R: | Fio1] =Eoo |Arr + ZAk,t | ]:t—l]

L k=1
fo, (X4)
=E |1+ Agyoy - log ———= | Fie
2 e o T e
t—1
fo, (X2)
=14+ Api1-Ex |log—— | Fiu
2 At B |l T | iy
:1+Rt—1-

Therefore, { R;—t}:>1 is a (Pwo, F7)-martingale with zero mean. Suppose that Eo[Tasr(b)] <
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oo (otherwise the statement of proposition is trivial), then we have that

> Poo(Tasr(b) > t) < oo (A.84)

t=1
(A.84) leads to the fact that P, (T4sr(b)) >t = o(t ') and the fact that 0 < R; < exp(b)
conditioning on the event {T4sr(b) > t}, we have that

lim inf/ |R; — t|dPs < liminf (exp(b) + )P (Tasr(b) > t) = 0.
{Tasr(b)>t} fmreo

t—o00

Therefore, we can apply the optional stopping theorem for martingales, to obtain that
Eoo[R7sn®)] = Eos[Tasr(b)]. By the definition of Tgr(b), Rr,s,p) > exp(b) we have
that E[Tasr(b)] > exp(b). Therefore, if b > log~, we have that E.[Taca(b)] >
Eoo[Tasr(b)] > 7. O

Proof of Corollary 7. Our Theorem 1 and the remarks in [82] show that the minimum

worst-case detection delay, given a fixed ARL level v, is given by

1 dlogl
inf  supEg, [T(b) —v+1|T(b) >v] = og Yy og logy

1+o0(1)). (A.85
T®)eS() v>1 1(0,60) ' 21(0,6,) (1+o(1)). ( )

It can be shown that the infimum is attained by choosing 7(b) as a weighted Shiryayev-
Roberts detection procedure, with a careful choice of the weight over the parameter space

©. Combing (A.85) with the right-hand side of (6.15), we prove the corollary. 0

The following derivation borrows ideas from [83]. First, we derive concise forms of the

two terms in the definition of R; in (6.12).

Lemma 20. Assume that X1, Xs, . .. are i.i.d. random variables with density function fy(x),
and assume decreasing step-size n; = 1/i in Algorithm 2. Given {éi}i217 {f1; }i>1 generated

by Algorithm 2. If 0, = 0, for any © > 1, then for any null distribution parameter 0, € ©
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andt > 1,

t t
> {-log fy_(Xi)} = iBae(fts, fri1) — 19 (fu). (A.86)
i=1

i=1

Moreover, for any t > 1,
¢
inf > _{—log fo(Xi)} = —t&"(j), (A.87)
€0 =1

where i1 = (1/t) - Zle O(Xi)-

By subtracting the expressions in (A.86) and (A.87), we obtain the following result which
shows that the regret can be represented by a weighted sum of the Bregman divergences

between two consecutive estimators.

Proof of Lemma 20. By the definition of the Legendre-Fenchel dual function we have that
O* () = 0T — ®(0) for any § € O. By this definition, and choosing 7; = 1/i, we have that

forany: > 1

—log f;, ., (X3)

= (I)(éifl) - éZT_1<Z5(Xz)

N ~ * [~ L. ~ ~ * (0~
=011 (-1 — (X3)) — O (f1i-1) = —ieg_l(ﬂi—l — i) — ®* (i) (A.88)
1 *x [ A B AT ~ o 1 * (0 1 * (N
= ;(‘I) (i) = @*(fti-1)) — 01 (f1i — fli-1) — ;‘I) () + | — = 1) " (fi-1)
1 o Lo, |
= — B+ (fli; fli-1) + ——P*(fli-1) — — (),
i Ni—1 i

where we use the update rule in Line 6 of Algorithm 2 and the assumption 6; = 6; to have

the third equation. We define 1/7y = 0 in the last equation. Now summing the terms in
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(A.88), where the second term form a telescopic series, over ¢ from 1 to ¢, we have that

t t

1 - | |
> {—log f (X} =) ;B@(Muﬂz‘—l) + %@ (f10) — — 2" (fur)
i=1

i=1 1 e

t
1 A .
:Z — Bo (fii, flim1) — t@* (fu)-

i=1
Moreover, from the definition we have that
t

>_{=log fo(X)} = 3 [®(6) — 076(Xi)].

=1

Taking the first derivative of S"i_, {—log fs(X;)} with respect to 6 and setting it to 0, we

find /i, the stationary point, given by

Similarly, using the expression of the dual function, and plugging /i back into the equation,
we have that
t t
inf > {—log fy(Xo)} = - 0Tjn = 1" (1) = 3 _076(X;) = —t0" ().
€9 i=1 i=1
]
Proof of Theorem 23. By choosing the step-size 1; = 1/i for any ¢ > 1 in Algorithm 2, and

assuming 0; = 6, for any 2 > 1, we have by induction that
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Subtracting (A.86) by (A.87), we obtain

Z{ log f;, (X mfZ{—logfg )}

t
= iBas (fis, fri-1) — 1" (fue) + 1" (f2)
=1
t

- Z ZB‘I’* (ﬂla ﬂi—l)

= Z 0 () = (1) — (VO (). s — i)
= 52 G P )~ )

The final equality is obtained by Taylor expansion.
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