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S U M M A R Y 

a f i r s t l o o p b u t n o l a s t l o o p . I f n o v o l t a g e n o r c u r r e n t s o u r c e s a r e 

p r e s e n t , t h e d i f f e r e n t i a l e q u a t i o n s w h i c h a p p l y t o t h e i n i t i a l - v a l u e 

p r o b l e m a r e a c o u n t a b l e s y s t e m o f f i r s t - o r d e r o r d i n a r y d i f f e r e n t i a l e q u a ­

t i o n s w i t h c o n s t a n t c o e f f i c i e n t s : 

[ ( £ + L ) D + r + R ] x - ( £ D + r ) x n = 0 , 
o o o o o o o l 

-(I , D + r _ ) x _ + [ ( £ , + L + £ ) D + ( r , + R + r ) ] x 
n - l n - l n - l n - l n n n - l n n n 

- ( £ D + r ) x =0 , n > l , 
n n n+1 

w h e r e D ~ d / d t . A s i g n i f i c a n t f e a t u r e o f t h e s e e q u a t i o n s i s t h a t e a c h 

( e x c e p t t h e f i r s t ) c o n t a i n s t h e d e r i v a t i v e s o f t h r e e s u c c e s s i v e l o o p 

c u r r e n t s ; t h u s t h e e q u a t i o n s a r e c o u p l e d b o t h t h r o u g h t h e l o o p c u r r e n t s 

a n d t h r o u g h t h e i r d e r i v a t i v e s . 

A n R L l a d d e r n e t w o r k i s a n e l e c t r i c c i r c u i t o f t h e f o r m s h o w n i n 

t h e a c c o m p a n y i n g s k e t c h , w h e r e R ^ a n d d e n o t e r e s i s t a n c e s a n d L n a n d 

£ d e n o t e i n d u c t a n c e s . S u c h a n e t w o r k i s c a l l e d h a l f - i n f i n i t e i f i t h a s 
n 
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T h e o b j e c t o f t h i s i n v e s t i g a t i o n i s t o s o l v e t h e s e d i f f e r e n t i a l 

e q u a t i o n s ( s u b j e c t t o a f i n i t e n u m b e r o f n o n - z e r o i n i t i a l c o n d i t i o n s ) f o r 

v a r i o u s v a l u e s o f t h e c i r c u i t p a r a m e t e r s . A s o l u t i o n i s d e f i n e d a s a 

00 
s e q u e n c e { x ( t ) } o f d i f f e r e n t i a b l e f u n c t i o n s w h i c h s a t i s f y t h e p r e -

n n = o 

s c r i b e d i n i t i a l c o n d i t i o n s a n d r e d u c e t h e d i f f e r e n t i a l e q u a t i o n s t o 

i d e n t i t i e s i n t o n t>0. F o r p r e s c r i b e d v a l u e s o f t h e c i r c u i t p a r a m e t e r s 

a n d f o r f i n i t e l y m a n y p r e s c r i b e d n o n - z e r o i n i t i a l c o n d i t i o n s , t h e r e a r e 

u s u a l l y m a n y s o l u t i o n s ; h e n c e , a d d i t i o n a l c o n d i t i o n s ( s u g g e s t e d b y t h e 

b e h a v i o r o f f i n i t e s y s t e m s ) a r e i m p o s e d w h i c h a r e s u f f i c i e n t t o g u a r a n t e e 

u n i q u e n e s s . 

T h e m a i n p r o c e d u r e u s e d t o o b t a i n a s o l u t i o n i s a n e x t e n s i o n o f 

t h e m e t h o d o f g e n e r a l i z e d e i g e n f u n c t i o n s a p p l i c a b l e t o t h e f i n i t e s y s t e m 

c o n s i s t i n g o f t h e f i r s t N l o o p s o f t h e c o r r e s p o n d i n g i n f i n i t e s y s t e m . T h e 

p r o c e d u r e i n v o l v e s t w o s t e p s . F i r s t , t h e c o e f f i c i e n t s o f t h e d i f f e r e n t i a l 

s y s t e m a r e u s e d t o g e n e r a t e a s e q u e n c e o f r a t i o n a l f r a c t i o n s { ^ ( x ) / 

U n + L +1 ) ^ } ° ° s u c h t h a t { e ^ - V ( x ) / ( £ n + L +1 ) ^ } ° ° r e d u c e s t h e 
n-1 n n n = o n n-1 n n n = o 

d i f f e r e n t i a l e q u a t i o n s t o i d e n t i t i e s i n t f o r e a c h r e a l x . T h u s , t h e 

J< oo 
s e q u e n c e ( x ) / ( £ , + L + £ ) } m a y b e t h o u g h t o f a s a n e i g e n v e c t o r 

n n-1 n n n = o 

( c o r r e s p o n d i n g t o t h e e i g e n v a l u e x ) o f t h e a s s o c i a t e d a l g e b r a i c p r o b l e m . 

00 
S e c o n d l y , a n a d d i t i o n a l s e q u e n c e { W ( x ) } o f r a t i o n a l f r a c t i o n s i s 

n n = o 

g e n e r a t e d ; a n d b y u s i n g s u p e r p o s i t i o n a n d t h e b i o r t h o g o n a l i t y p r o p e r t y 

o f t h e t w o s e q u e n c e s , a s o l u t i o n o f t h e d i f f e r e n t i a l e q u a t i o n s 

x n ( t ) = y_.{i^_^+L.+iA) 

r°° V ( x ) W . ( x ) 
J- e d g ( x ) f 

j ^ 3 J . * , ( £ + L + £ ) ^ + L . + £ . r 2 

n-1 n n 3-1 3 3 

n>0 , 
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i s c o n s t r u c t e d w h i c h s a t i s f i e s t h e i n i t i a l c o n d i t i o n s x ( 0 ) = 0 , n ^ j . 
n J 

X j ( 0 ) = Y j . H e r e $ ( x ) i s a s u i t a b l e i n t e g r a t o r , t h e d e t e r m i n a t i o n o f 

w h i c h i s t h e k e y t o s o l v i n g a p a r t i c u l a r p r o b l e m . F i n i t e l y m a n y n o n ­

z e r o i n i t i a l c o n d i t i o n s m a y b e a c c o m m o d a t e d b y a f i n i t e s u m o n j . 

Some t e c h n i q u e s f o r f i n d i n g i n t e g r a t o r s a r e d e s c r i b e d a n d a r e 

a p p l i e d t o s e v e r a l e x a m p l e s . T h e s e t e c h n i q u e s a r e e s p e c i a l l y e f f e c t i v e 

f o r s y s t e m s w i t h p e r i o d i c c o e f f i c i e n t s , t o w h i c h p a r t s o f C h a p t e r s I I I 

a n d I V a r e d e v o t e d . Q u e s t i o n s c o n c e r n i n g t h e e x i s t e n c e o f a n i n t e g r a t o r 

a r e c o n s i d e r e d . 

M a n y o f t h e c a l c u l a t i o n s i n v o l v e d i n v a r i o u s s t a g e s o f t h e w o r k 

a r e r e l e g a t e d t o a p p e n d i c e s . 
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CHAPTER I 

INTRODUCTION 

An RL l a d d e r network i s an e l e c t r i c c i r c u i t of t he form shown i n 

F i g u r e 1. Such a network i s c a l l e d h a l f - i n f i n i t e i f i t has a f i r s t l oop 

bu t no l a s t l o o p . The d i f f e r e n t i a l equa t i ons wh ich a p p l y t o the i n i t i a l -

v a l u e p rob lem are a coun tab le system of f i r s t - o r d e r o r d i n a r y d i f f e r e n t i a l 

equa t i ons w i t h cons tan t c o e f f i c i e n t s : 

[U +L )D + r + R ] x ( t ) - (£ D+r ) x n ( t ) = 0, 
o o o o o o o l 

U n D + r J x n ( t ) + [ ( £ n + L +1 )D + ( r _+R + r ) ] x ( t ) ( 1 . 1 ) 
n - l n - l n - l n - l n n n - l n n n 

(i D+r ) x ( t ) = 0 , n > l , (D ~ d / d t ) , 
n n n+1 

t h 

where x ( t ) , n>0 , denotes the n loop c u r r e n t . The o b j e c t of t h i s i n ­

v e s t i g a t i o n i s t o so l ve these d i f f e r e n t i a l equa t ions ( s u b j e c t t o a f i n i t e 

number o f n o n - z e r o i n i t i a l c o n d i t i o n s ) f o r v a r i o u s v a l u e s of the c i r c u i t 
oo 

p a r a m e t e r s . A s o l u t i o n i s d e f i n e d as a sequence { x ( t ) } o f d i f f e r e n t i -
n n=o 

a b l e f u n c t i o n s wh ich s a t i s f y the p r e s c r i b e d i n i t i a l c o n d i t i o n s and reduce 

the d i f f e r e n t i a l equa t ions ( 1 . 1 ) to i d e n t i t i e s i n t on t > 0 . 

P r e v i o u s workers [ 3 , 8 , 1 0 , 1 1 ] i n i n f i n i t e d i f f e r e n t i a l systems have 

used a t echn ique i n wh ich a s o l u t i o n o f the form 

x ( t ) = y ( x ) u ( x , t ) , n>0 , ( 1 . 2 ) 
n n 





3 

i s s o u g h t , w h e r e Y n ( x ) i s a p o l y n o m i a l o f d e g r e e n . T h e s y s t e m ( 1 . 1 ) 

d i f f e r s i n a n i m p o r t a n t w a y f r o m t h o s e i n v e s t i g a t e d i n [ 3 , 8 , 1 0 , 1 1 ] : t h e 

d e r i v a t i v e c o u p l i n g b e t w e e n s u c c e s s i v e e q u a t i o n s r e q u i r e s t h a t t h e f u n c ­

t i o n s y n ( x ) , n > 0 , b e , i n g e n e r a l , r a t i o n a l f r a c t i o n s i n s t e a d o f p o l y ­

n o m i a l s . M o r e s p e c i f i c a l l y , i t i s s h o w n i n C h a p t e r I I , w h e n t h e 

e x p r e s s i o n ( 1 . 2 ) i s s u b s t i t u t e d i n t h e s y s t e m ( 1 . 1 ) , t h a t f o r Y n ( x ) = 

[ ( L +1 ) / ( £ , + L + £ ) ] 2 ¥ ( x ) , n > 0 , I = 0 , t h e ¥ ( x ) s a t i s f y t h e 
o o n — l n n n - 1 n 

r e l a t i o n s 

b ( x - d ) y . ( x ) = ( x - a ) Y ( x ) , ( 1 . 3 a ) 
o o 1 o o 

b ( x - d _ ( x ) = ( x - a ) Y ( x ) - b _ ( x - d _ ) ¥ _ ( x ) , n > l , ( 1 . 3 b ) 
n n n + 1 n n n - 1 n - 1 n - 1 

w h e r e , f o r c o n v e n i e n c e , Y ( x ) = 1 , a n d w h e r e a , b , a n d d , n > 0 , a r e 
o n n n 

g i v e n i n ( 2 . 2 ) . I f d ^ i s i n d e p e n d e n t o f n , ( 1 . 3 a ) a n d ( 1 . 3 b ) r e d u c e t o 

t h e m o r e f a m i l i a r r e l a t i o n s f o r p o l y n o m i a l s ( s e e [ 1 0 , 1 1 ] ) 

B P . ( z ) = ( z + A ) P ( z ) , ( 1 . 4 a ) 
o 1 o o 

B P _ ( z ) = ( z + A ) p ( z ) - B _ p . ( z ) , n > l , ( 1 . 4 b ) 
n n + 1 n n n - 1 n - 1 

k 
w h e r e z = l / ( x - d ) , Y ( x ) = [ ( d - a ) / ( d - a ) ] P ( z ) , n > 0 , a n d w h e r e A 

o n o o o n n n 

a n d B n , n > 0 , a r e o b t a i n e d f r o m ( 2 . 3 ) . T h e e x p r e s s i o n s i n ( 1 . 3 b ) a n d 

( 1 . 4 b ) a r e c a l l e d t h r e e - t e r m r e c u r r e n c e r e l a t i o n s , a n d ¥ ( x ) , n > 2 , a n d 
n 

P ^ ( z ) , n > 2 , a r e s a i d t o b e g e n e r a t e d b y t h e s e r e l a t i o n s . 

B y s u b s t i t u t i n g ( 1 . 2 ) i n t o ( 1 . 1 ) , t h e d e p e n d e n c e o f x ( t ) o n n a n d 
n 

o n t i s s e p a r a t e d . T h e r e s u l t i s t h a t u ( x , t ) s a t i s f i e s o n e o f t h e 
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equa t i ons 

u f c ( x , t ) = x u ( x , t ) , ( 1 . 5 a ) 

u _ ( z , t ) = (i + d ) u ( z , t ) , ( 1 . 5 b ) 
t z o 

and t h a t the f u n c t i o n s ^ ( x ) , n > l , o r P ^ f z ) , n > l , are genera ted by ( 1 . 3 ) 

o r ( 1 . 4 ) , r e s p e c t i v e l y . I n [ 1 0 , 1 1 ] , t he o r t h o n o r m a l i t y o f t he p o l y ­

nomia ls (see D e f i n i t i o n 2 .2 ) P n ( z ) , n>0 , i n ( 1 . 4 ) i s used t o s a t i s f y i n i ­

t i a l c o n d i t i o n s on the d i f f e r e n t i a l sys tem. T h u s , i f s o l u t i o n s are sought 

i n the form 

x ( t ) = P ( z ) u ( z , t ) , n>0 , ( 1 . 6 ) 
n n 

s a t i s f y i n g the i n i t i a l c o n d i t i o n s 

Xj(0) = Y j . 

x k ( 0 ) = 0 , k^j , 

( 1 . 7 ) 

t hen a s o l u t i o n t o the i n i t i a l v a l u e p rob lem i s 

r°° P ( z ) P. ( z ) 
x ( t ) = Y - ( R . + d L . ) 1 - - 1 

3 J o , j _ L h H 
n o n j o 3 

u ( z , t ) d a ( z ) , n>0 , ( 1 . 8 ) 

where a ( z ) i s an i n t e g r a t o r (see D e f i n i t i o n 2 .1 ) f o r t he p o l y n o m i a l s 
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P (z), n>0. Since the rational fractions ¥ (x), n>0, used in this study n n 

do not in general have the type of orthonormality exhibited by polynomials, 

initial conditions on the system (1.1) must often be satisfied different­

ly. In such circumstances (to be described later), a second system of 
oo 

rational fractions {W (x)} defined by 
n n=o 

W (x) = 4» (x) - b q» (x) , (1.9a) o o o 1 

W (x) = -b _Y _(x) + V (x) - b Y .(x) , n>l , (1.9b) n n-1 n-1 n n n+1 

is used. The system {W (x)} is biorthonormal with respect to the 
n n=o 

oo system {V (x)} (see Definition 2.4), which means that n n=o 

W.(x)y (x)dB(x) = 6 . , n>0, j>0 , (1.10) 
3 n nj 

for some integrator (see Definition 2.3); and now a solution to (1.1) 

with the initial conditions given in (1.7) is 

Y (x) W.(x) 
n JL x (t) = y.(£. +L.+£.) i p ^ 

n 3 j - l 3 3 j _ m { z +L +£ ) ^ (£. + L . + £ . ) 2 

n-1 n n j-1 j j 

- u(x,t)d3(x) , n>0 . (1.11) 

Chapter II is concerned with three of the basic areas mentioned 

above: reduction of the differential system (1.1) by means of the sub­

stitution (1.2) into the separated equations (1.3) and (1.5a) or (1.4) and (1.5b), 

results on finding integrators for systems of polynomials, and results 
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on f i n d i n g i n t e g r a t o r s f o r systems of r a t i o n a l f r a c t i o n s . 

I n Chap te r I I I , t he r e s u l t s o f Chap te r I I are a p p l i e d t o the s o ­

l u t i o n of some networks i n wh ich the c o u p l i n g branches a l l have the same 

R/L r a t i o . I n such cases the f u n c t i o n s ¥ ( x ) , n>0 , o f ( 1 . 3 ) reduce t o 
n 

the p o l y n o m i a l s of ( 1 . 4 ) ; so much i n t h i s c h a p t e r i s s i m i l a r t o work done 

i n [ 1 0 , 1 1 ] . The a n a l y s i s of those systems wh ich have a c o n s t a n t R /L 

r a t i o i n the c o u p l i n g branches bu t a p e r i o d i c R /L r a t i o i n the c a r r i e r 

b ranches has i t s mathemat i ca l f ounda t i ons i n [ 4 , 6 ] . I t i s of i n t e r e s t 

t h a t the i n t e g r a t o r s f o r some of the sequences of p o l y n o m i a l s i n t h i s 

c h a p t e r a re no t i n c r e a s i n g . Wh i le t h i s f a c t does no t c o m p l i c a t e the 

task of e x h i b i t i n g a s o l u t i o n , i t does cause some d i f f i c u l t i e s i n 

p r o v i n g un iqueness , wh ich i s cons i de red i n Chap te r V I . 

The r e s u l t s of Chap te r I I a re aga in a p p l i e d i n Chap te r I V , t h i s 

t ime t o o b t a i n the s o l u t i o n s o f networks i n wh ich the c o u p l i n g branches 

have p e r i o d i c R /L r a t i o s . I n these c a s e s , the r a t i o n a l f r a c t i o n s ^ ( x ) , 

n>0 , appea r . 

Chap te r V i n v e s t i g a t e s what happens when a necessa ry c o n d i t i o n f o r 

the e x i s t e n c e o f an i n t e g r a t o r f o r the r a t i o n a l f r a c t i o n s ¥ ( x ) , n > 0 , o f 
n 

( 1 . 3 ) i s no t f u l f i l l e d . A complete r e s o l u t i o n of the p rob lem i s no t 

accomp l i shed . Some examples are g i v e n . 

One d i f f i c u l t y w i t h the system ( 1 . 1 ) i s t h a t i t f a i l s t o have a 

un ique s o l u t i o n . I n f a c t , any f u n c t i o n i n C^ tO,** ) s a t i s f y i n g the i n i t i a l 

c o n d i t i o n on x Q ( t ) can be used t o genera te a s o l u t i o n t o the p rob lem by 

s o l v i n g the s u c c e s s i v e equa t ions of the system f o r the rema in ing f u n c ­

t i o n s x ( t ) , n > l . 
n 
Chap te r V I p r o v i d e s c o n d i t i o n s under wh ich a s o l u t i o n i s u n i q u e . 
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T h e s e c o n d i t i o n s a r e t h a t x ( t ) , n > 0 , b e e x p a n s i b l e i n a M a c l a u r i n 
n 

(k) ,°° 

s e r i e s and t h a t e a c h s e q u e n c e { x ^ ( 0 ) ) ^ , k > l , c o n t a i n s a s u b s e q u e n c e 

w h i c h c o n v e r g e s t o z e r o . The b u l k o f t h i s c h a p t e r i s c o n c e r n e d w i t h 

s h o w i n g t h a t t h e s o l u t i o n s g e n e r a t e d i n t h e p r e c e d i n g c h a p t e r s s a t i s f y 

t h e s e c o n d i t i o n s . 
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CHAPTER I I 

INTEGRATORS FOR POLYNOMIALS AND RATIONAL FRACTIONS GENERATED 

BY SOME THREE-TERM RECURRENCE RELATIONS 

I n t r o d u c t i o n 

I n Chap te r I i t was s ta ted t h a t the system ( 1 . 1 ) cou ld be sepa ­

r a t e d i n t o the equa t ions ( 1 . 3 ) and ( 1 . 5 a ) o r , i n some c a s e s , i n t o the 

equa t i ons ( 1 . 4 ) and ( 1 . 5 b ) . The s e p a r a t i o n p rocedu re i s c a r r i e d ou t i n 

t h i s c h a p t e r and the parameters a , b , d , A , B , n > 0 , o f ( 1 . 3 ) and ( 1 . 4 ) 
n n n n n 

are d e f i n e d i n terms of t he R ' s and L ' s of the c i r c u i t i n F i g u r e 1. 

R e c a l l t h a t the reason f o r t h i s s e p a r a t i o n i s t h a t the b i o r t h o n o r m a l i t y 

(see D e f i n i t i o n 2 .4 ) p r o p e r t i e s o f ( 1 . 3 ) o r t he o r t h o n o r m a l i t y (see 

D e f i n i t i o n 2 .2 ) p r o p e r t i e s o f ( 1 . 4 ) can be used t o s a t i s f y the i n i t i a l 

c o n d i t i o n s on the d i f f e r e n t i a l system ( 1 . 1 ) . V a r i o u s theorems r e g a r d i n g 

the existence of these p r o p e r t i e s a re a l s o p r e s e n t e d i n t h i s c h a p t e r . 

F o r ( 1 . 4 ) t h i s i s a ma t te r of p r e s e n t i n g known r e s u l t s . For ( 1 . 3 ) , the 

p r e s e n t a t i o n i s c o n s i d e r a b l y more c o m p l i c a t e d . I n o r d e r t o keep the main 

l i n e s of t hough t as u n c l u t t e r e d as p o s s i b l e , the p r o o f s o f many of the 

lemmas and theorems s t a t e d i n t h i s chap te r a re r e l e g a t e d t o Append ix A . 

S e p a r a t i o n o f the D i f f e r e n t i a l System 

k 
I f the s u b s t i t u t i o n x ( t ) = h ( t ) , x ( t ) = [ (L +£ ) / U -,+L +1 ) ] 

o o n o o n - l n n 
• h ( t ) , n > l , i s made i n ( 1 . 1 ) under the assumpt ion t h a t £ > 0 , n>0 , t hen 

n n 
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r 

V D + ir l hi ( t ) 

[ D + i V l h o ( t ) 9 % = 0 ' 
o o o i l 

V l [ D + F 7 l h n - l ( t ) r . + R + r 

— h + [ D +

 t " " 1

t w t " l h n ( t ) ( 2 - 1 ) 

r 

£ (D + -r̂ 1) h ( t ) 
n £ n+1 

n = 0 , n > l , 

[ ( £ _ + L + £ ) ( £ + L . + £ 
n - 1 n n n n+1 n+1 

w h e r e £ ^ = 0 . N o w f o r n>0 l e t 

r , + R + r £ 
, n - 1 n n x n 

a = ) , b = 
n £ n - l + V £ n ' n [ ( £ n + L + £ ' ) ( £ + L , + £ J ] * 5 

n-1 n n n n+1 n+1 

d n = - r • ( 2 - 2 ) 

n 

w h e r e r = 0. F u r t h e r m o r e , l e t h ( t ) = V ( x ) u ( x , t ) w h e r e x i s a s e p a r a --1 n n 

t i o n p a r a m e t e r t o b e d e f i n e d s h o r t l y . T h e n (2.1) b e c o m e s 

[ u - a u ] ¥ ( x ) - b [ u - d u ] Y ( x ) = 0 , 
t o o o t o 1 

- b [ u - d u ] Y ( x ) + [ u - a u ] ¥ (x) 
n - 1 t n - 1 n-1 t n n 

- b [ u -d u ] Y (x) = 0 , n > l . 
n t n n+1 
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D i v i d e b y u a n d s e t x = u ^ / u t o o b t a i n ( 1 . 3 a ) a n d ( 1 . 3 b ) . I f i n ( 1 . 3 ) 

d = d , n > 0 , t h e n f o r z = 1 / ( x - d ) a n d Y ( x ) = [ ( d - a ) / ( d - a ) ] 2 P ( z ) , 
n o o n o o o n n 

n > 0 , i t f o l l o w s ( s i n c e V ( x ) = 1 ) t h a t i f a ( n > 0 ) ^ d , t h e n 

P ( z ) = 1 , 
o 

b P ( z ) 

° = ( z + - — — ) P ( z ) , ( 2 . 3 ) 

_ _ ^ -r _ ; tr 
[ ( d - a ) ( d - a . ) ] - 5 o " a o ° 

o o o 1 
b P _ ( z ) . b _P . ( z ) 

n n + 1 . 1 . ^ . . n-l n-l _̂ 
= ( z + )P ( z ) r , n>l 

[ ( d - a ) ( d - a x . ) ] 2 o n [ ( d - a ) ( d - a ) ] 2 

o n o n + 1 o n - l o n 

U p o n l e t t i n g A = 1 / ( d - a ) , B = b / [ ( d - a ) ( d - a _ ) ] 2 , n > 0 , ( 1 . 4 ) 
n o n n n o n o n + 1 

f o l l o w s . E q u a t i o n ( 1 . 5 ) f o l l o w s f r o m t h e s u b s t i t u t i o n x = u t / u . 

I n t e g r a t o r s — S o m e B a s i c T e r m i n o l o g y 

T h e n e x t t h r e e c h a p t e r s a r e d e v o t e d t o d e f i n i n g a n d g e n e r a t i n g 

i n t e g r a t o r s f o r t h e s e q u e n c e s o f ( 1 . 3 ) a n d ( 1 . 4 ) . T h e p r o b l e m o f d e f i ­

n i t i o n a n d g e n e r a t i o n c o n t a i n s t h r e e p a r t s : e x p l a i n i n g w h a t i s m e a n t b y 

t h e t e r m i n t e g r a t o r , p r o v i n g t h e e x i s t e n c e o f a n i n t e g r a t o r , a n d e x ­

h i b i t i n g a n i n t e g r a t o r . T h e r e m a i n d e r o f t h e p r e s e n t c h a p t e r c o n c e r n s 

i t s e l f p r i m a r i l y w i t h t h e f i r s t t w o o f t h e s e s u b j e c t s , t h e t h i r d b e i n g 

e x a m i n e d i n s u b s e q u e n t c h a p t e r s b y u s e o f t h e i d e a s n o w t o b e d e v e l o p e d . 

F i r s t s o m e b a s i c t e r m i n o l o g y i s n e e d e d . 

00 
D e f i n i t i o n 2 . 1 . A s e q u e n c e o f f u n c t i o n s { P ( z ) } i s s a i d t o b e 

^ n n = o 

o r t h o n o r m a l i z a b l e w i t h r e s p e c t t o a , a f u n c t i o n o f b o u n d e d v a r i a t i o n o n 

(-oo / 0o) if 
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P ± ( z ) P _ . ( z ) d c t ( z ) = 0 , ±?j , 

P 2 ( z ) d a ( z ) = , f o r a l l i , j > 0 . 

— 00 

T h e f u n c t i o n a ( z ) i s c a l l e d a n i n t e g r a t o r f o r t h e s e q u e n c e 

00 
{ P n ( z ) ) n _ o , a n d i t m a y b e a s s u m e d w i t h o u t l o s s o f g e n e r a l i t y t h a t 

(2.4) 

a ( -<*>) = 0 a n d f°° P 2 ( z ) d c x ( z ) = 1. 
oo o 

D e f i n i t i o n 2.2. I f i n D e f i n i t i o n 2.1, c ^ = l / i ^ O , t h e n t h e s e q u e n c e 

00 
o f f u n c t i o n s ( P ( z ) } i s s a i d t o b e o r t h o n o r m a l w i t h r e s p e c t t o a . B 

n n = o - -

oo 
D e f i n i t i o n 2.3. T h e s e q u e n c e s o f f u n c t i o n s { ¥ ( x ) } , 

n n = o 

OO 
{ W ( x ) } a r e s a i d t o b e b i o r t h o n o r m a l i z a b l e w i t h r e s p e c t t o 8, a 

n n = o 

f u n c t i o n o f b o u n d e d v a r i a t i o n o n ( - 0 0 , 0 0 ) , i f 

r oo 

(2.5) 
4 ' ± ( x ) W j ( x ) d 3 ( x ) = 0 , i ^ j , 

Y . ( x ) W . ( x ) d 0 ( x ) = c . j r f O , f o r a l l i , j > 0 . 

— 00 

T h e f u n c t i o n B ( x ) i s c a l l e d a n i n t e g r a t o r f o r t h e s e q u e n c e s 

00 00 
( x ) } , ( W ( x ) } , a n d i t m a y b e a s s u m e d w i t h o u t l o s s o f g e n e r a l i t y 

n n = o n n = o 

t h a t B(-°°) = 0 a n d f° w ( x ) ^ ( x ) d 6 ( x ) = 1. 
oo o 

D e f i n i t i o n 2.4. I f i n D e f i n i t i o n 2.3, c ^ = l , i > 0 , t h e n t h e 

s e q u e n c e s o f f u n c t i o n s a r e s a i d t o b e b i o r t h o n o r m a l w i t h r e s p e c t t o g.l 

I n t e g r a t o r s f o r S y s t e m s o f P o l y n o m i a l s 

C o n d i t i o n s g u a r a n t e e i n g t h e e x i s t e n c e o f a n i n t e g r a t o r f o r t h e 

p o l y n o m i a l s g e n e r a t e d b y t h e r e c u r r e n c e r e l a t i o n (1.4) a r e g i v e n i n t h e 

f o l l o w i n g t h e o r e m . 
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T H E O R E M 2 . 1 . F O R A ^ R E A L , B N R E A L O R P U R E I M A G I N A R Y A N D B ^ O , 

00 

N > 0 , T H E R E E X I S T S A N I N T E G R A T O R A ( Z ) S U C H T H A T T H E S E Q U E N C E ^ P

N ^ Z ^ N = 0 

O F ( 1 . 4 ) S A T I S F I E S D E F I N I T I O N 2 . 1 . B 

T H I S R A T H E R G E N E R A L T H E O R E M I S S T A T E D W I T H O U T P R O O F I N A P A P E R B Y 

S H O H A T [ 1 5 ] . T H E P R O O F I S B A S E D O N A T H E O R E M B Y B O A S [ 2 ] . 

G I V E N T H A T T H E I N T E G R A T O R A ( Z ) E X I S T S , I T C A N B E P R O F I T A B L Y I N ­

V E S T I G A T E D B Y M E A N S O F T H E C O N T I N U E D F R A C T I O N 

U N D E R C O N D I T I O N S W H I C H W I L L B E S T A T E D I N T H E O R E M 2 . 3 , T H E C O N T I N U E D F R A C ­

T I O N ( 2 . 6 ) C O N V E R G E S T O T H E S T I E L T J E S T R A N S F O R M O F T H E I N T E G R A T O R . T H E 

I N T E G R A T O R C A N T H E N B E R E C O V E R E D F R O M T H E T R A N S F O R M B Y T H E S T I E L T J E S 

I N V E R S I O N F O R M U L A . T O M A K E T H I S S T A T E M E N T M O R E S P E C I F I C , S O M E A D D I ­

T I O N A L D E F I N I T I O N S A N D T H E O R E M S A R E N E E D E D . 

D E F I N I T I O N 2 . 5 . L E T Y ( X ) B E A F U N C T I O N O F B O U N D E D V A R I A T I O N O N 

( - ° ° , ° ° ) . T H E N 

1 
2 Z + A - B O O 

Z + A L " B L 

3 
( 2 . 6 ) 

( 2 . 7 ) 

D E F I N E S T H E S T I E L T J E S T R A N S F O R M O F Y F O R L M ( Z ) ^ 0 . F O R L M ( Z ) = 0 , T H E F O L ­

L O W I N G L I M I T , I F I T E X I S T S , D E F I N E S T H E S T I E L T J E S T R A N S F O R M O F Y ( X ) : 
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l i m [ + 
e-yQ J -oo 

] , e>0 .m ( 2 . 8 ) 
z - x 

Z+6 

Theorem 2 . 2 . G i v e n I ( z ) i n D e f i n i t i o n 2 . 5 , y(x) may be r e c o v e r e d 

t h r o u g h the f o rmu la 

^[yU +0) + Y ( x . - O ) ] - \[y(x +0) + Y ( x - 0 ) ] = Z 1 1 z o o 

l i m ( - 1 

2iri 
e->0 

•xi 
[ I ( x + i € ) - I ( x - i e ) ] d x ) , e>0 . • ( 2 . 9 ) 

x 

F o r a p r o o f of t h i s theorem, see W a l l [ 1 8 ] . 

I n o r d e r to e x p l a i n what i s meant by the convergence of the c o n ­

t i n u e d f r a c t i o n , i t i s necessary f i r s t to gene ra te a sequence of a p p r o x i ­

mat ions t o ( 2 . 6 ) . F o r w , a r e a l p a r a m e t e r , z complex, d e f i n e an 

app rox ima t i on t o ( 2 . 6 ) by 

2 2 
1 I B | B | 

C ( n ; z , w ) = 1 -— 1 - -i —J - I "~" 1 , n > l , ( 2 . 1 0 ) 
z+A z+A , z+A -w 1 o 1 1 1 n 

where the n o t a t i o n of P r i n g s h e i m [14] has been used to w r i t e t h i s f i n i t e 

c o n t i n u e d f r a c t i o n . 

D e f i n i t i o n 2 . 6 . The con t i nued f r a c t i o n ( 2 . 6 ) i s s a i d t o c o n ­

ve rge c o m p l e t e l y a t a g i v e n p o i n t z , i f a t t h i s p o i n t the sequence 

00 

( C ( n ; z , w ) } n _-L converges to the same l i m i t f o r a l l r e a l w ( i n c l u d i n g 

w=°°) and u n i f o r m l y i n w. 

Theorem 2 . 3 . L e t p ( z ) =1/1 P ( z ) f o r the P ( z ) o f ( 1 . 4 ) and 
^ u i n i n 

n=o 
f u r t h e r suppose A , B r e a l , B ^ 0 , n>0 . T h e n , i f t h e r e e x i s t s a f i n i t e 

r n n n 
z w i t h p ( z ) = 0, ( 2 . 6 ) converges comp le te l y t o I ( z ) , t he S t i e l t j e s 
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t r a n s f o r m o f t h e f u n c t i o n a ( z ) i n D e f i n i t i o n 2 . 1 . F u r t h e r m o r e , p ( z ) = 0 

a t a l l p o i n t s o f c o n t i n u i t y o f a ( z ) a n d e q u a l s t h e j u m p o f a ( z ) a t a 

p o i n t o f d i s c o n t i n u i t y . • 

P r o o f s o f t h e s e a s s e r t i o n s a r e a v a i l a b l e i n S h o h a t a n d T a m a r k i n 

[ 1 6 ] . 

I n t e g r a t o r s f o r S y s t e m s o f R a t i o n a l F r a c t i o n s 

A s i n t h e p o l y n o m i a l c a s e , i n t e g r a t o r s f o r r a t i o n a l f r a c t i o n s 

g e n e r a t e d b y t h e r e c u r r e n c e r e l a t i o n ( 1 . 3 ) m a y a l s o b e p r o f i t a b l y i n ­

v e s t i g a t e d b y m e a n s o f a c o n t i n u e d f r a c t i o n , n o w o f t h e f o r m 

2 9 2 2 
. | b ^ ( x - d ) , b : ( x - d . ) | 

1 1 ° ° 1 1 1 - 1 - . . . . ( 2 . 1 1 ) 
x - a Q | x - a x | x - a 2 

A s e q u e n c e o f a p p r o x i m a t i o n s t o ( 2 . 1 1 ) i s - g e n e r a t e d b y d e f i n i n g 

( F ( x ) } ° ° , { G ( x ) } ° ° w h e r e F ( x ) = 0 , F . ( x ) = 1 , G ( x ) = 1 , G . ( x ) = 
n n = o n n = o o 1 o 1 

x - a , a n d 
o 

F n + 1 ( x ) = ( x - a ) F ( x ) - hi n ( x - d ) 2 F ^ ( x ) , 
n + 1 n n n - l n - l n - l 

( 2 . 1 2 ) 

G . ( x ) = ( x - a ) G ( x ) - b 2 _ ( x - d . )
 2Gn . ( x ) , n > l . 

n + 1 n n n - l n - l n - l 

K h o v a n s k i i [ 9 ] h a s s h o w n t h a t 

F . ( x ) - | b 2 ( x - d ) 2 . b 2 . ( x - d n n ) 2 

n + 1 1 o o n - l n - l 

G . ( x ) x - a x - a . * x - a 
n + 1 o 1 1 1 n 

A s a n a s i d e , n o t e t h a t i f $ ^ ( x ) , n > 0 , i s d e f i n e d b y $ Q ( x ) = 0 , 
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* _ ( x ) = F . ( x ) / [ b ( x - d ) b . ( x - d _ ) . . . b ( x - d ) ] , n > 0 , t h e n i t a l s o 
n + 1 n + 1 o o 1 1 n n 

f o l l o w s t h a t F , ( x ) / G , ( x ) = $ , ( x ) / Y _ ( x ) , n > 0 , s i n c e V ( x ) = G ( x ) 
n + 1 n + 1 n + 1 n + 1 o o 

a n d 

G ( x ) 

^ , ( x ) =7—,—J ^ ! , > r r ~ 7 — j — r , n > 0 , ( 2 . 1 3 ) 
n + 1 b x - d b . x - d , . . . b x - d 

o o 1 1 n n 

b y s u b s t i t u t i o n i n ( 1 . 3 ) . T h e s e q u e n c e { $ ( x ) } i s a g a i n e n c o u n t e r e d 
n n = o 

i n C h a p t e r V . 

N o w t h e v e r i f i c a t i o n o f t h e e x i s t e n c e o f a n i n t e g r a t o r ( s e e 

D e f i n i t i o n 2 . 3 ) f o r t h e s e q u e n c e s o f ( 1 . 3 ) a n d ( 1 . 9 ) e m p l o y s t h e f u n c ­

t i o n s F ( x ) / G ( x ) , n > 0 , a n d c o n s i s t s o f t h r e e b a s i c s t e p s : f i r s t , i t i s 

n n 

n e c e s s a r y t o s h o w t h a t e a c h f u n c t i o n F n ( z ) / G n ( z ) , n > 0 , i s t h e S t i e l t j e s 

t r a n s f o r m o f s o m e f u n c t i o n B n ( x ) w h i c h i s b o u n d e d a n d i n c r e a s i n g ; s e c o n d , 

i t i s n e c e s s a r y t o e x t r a c t a c o n v e r g e n t s u b s e q u e n c e f r o m t h e s e q u e n c e o f 

f u n c t i o n s B n ( x ) , n > 0 ; t h i r d , i t i s n e c e s s a r y t o s h o w t h a t t h e l i m i t o f 

t h i s s u b s e q u e n c e i s t h e d e s i r e d i n t e g r a t o r . 

I n s h o w i n g t h a t e a c h f u n c t i o n F n ( z ) / G n ( z ) i s t h e S t i e l t j e s t r a n s ­

f o r m o f s o m e f u n c t i o n , t h e f o l l o w i n g r e p r e s e n t a t i o n t h e o r e m i s u s e f u l . 

T h e o r e m 2 . 4 . I f F n ( z ) / G n ( z ) i s a n a l y t i c i n t h e h a l f - p l a n e y > 0 a n d 

I m ( F ( z ) / G ( z ) ) < 0 i n t h i s h a l f - p l a n e , a n d i f , i n a d d i t i o n , t h e r e e x i s t s 
n n 

l i m r 0 0 

a f i n i t e l i m i t A = z F ( z ) / G ( z ) , t h e n f o r y > 0 , F ( z ) / G ( z ) = J d B ( x ) / 
n Z-H» n n n n -°° n 

. 0 0 

[ z - x ] , w h e r e 8 ( x ) i s b o u n d e d a n d i n c r e a s i n g , A i s r e a l , a n d / d B ( x ) = A . • 
n n — 0 0 n n 

T h e p r o o f o f t h i s t h e o r e m d e p e n d s o n s e v e r a l o t h e r s i m i l a r r e p r e ­

s e n t a t i o n t h e o r e m s a n d m a y b e f o u n d i n [ 1 6 ] o r [ 1 7 ] . 

T o u s e t h e t h e o r e m , i t m u s t b e s h o w n t h a t t h e h y p o t h e s e s a r e 

s a t i s f i e d — t h a t i s , t h a t F ( z ) / G ( z ) , n > 0 , s a t i s f i e s t h r e e c o n d i t i o n s : 

n n 
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F ( Z ) / G ( Z ) I S A N A L Y T I C F O R L M ( Z ) > 0 ; N N 

I M ( F ( Z ) / G ( Z ) ) < 0 F O R L M ( Z ) > 0 N N 

1 : ^ M Z F ( Z ) / G ( Z ) I S F I N I T E 
Z-H» N N 

F I R S T , S I N C E F ( Z ) A N D G ( Z ) A R E P O L Y N O M I A L S , T H E A N A L Y T I C I T Y O F F ( Z ) / N N N 

G ( Z ) F O R L M ( Z ) > 0 I S E S T A B L I S H E D I F I T I S S H O W N T H A T G ( Z ) H A S N O Z E R O S N N 

I N T H E U P P E R H A L F - P L A N E . T H E F O L L O W I N G T H E O R E M P R O V I D E S C O N D I T I O N S 

S U F F I C I E N T T O G U A R A N T E E T H I S R E S U L T . 

T H E O R E M 2 . 5 . S U P P O S E T H E R E E X I S T G_^ W I T H 0 < G _ ^ _ 1 < L , I > 0 , S U C H T H A T 
2 

B ^ < G_^ ( L - G _ ^ _ 1 ) . F U R T H E R S U P P O S E G

I + 1 ^ D ^ ^ ? 0 , I > 0 , A N D T H A T A ^ , D ^ A R E 

R E A L F O R I > 0 . T H E N G ( X ) H A S N R E A L D I S T I N C T Z E R O S F O R N > L . B 
N 

T H E P R O O F O F T H I S T H E O R E M I S I N A P P E N D I X A . 

T H E S E C O N D C O N D I T I O N I S N O T S O E A S I L Y E S T A B L I S H E D . T H E K E Y I S T O 

E X A M I N E , F O R F I X E D Z , T H E C O M P O S I T I O N M A P T ( N ; Z , W ) = T _ T . . . T _ T _ ( Z , W ) 
- 1 O n-z N - 1 

W H E R E T ^ ( Z , W ) I S D E F I N E D B Y 

2 2 
B ( Z - D ) ^ / X / X N N ^ ^ 

T ( Z , W ) = ( Z - A ) , N > 0 , 
N N W 

(2.14) 

A N D T _ 1 ( Z , W ) = 1 / W . T H U S 

T ( N ; Z , W ) = 
Z - A 

B 2 ( Z - D ) 2 

O O 
I Z - A . 

2 2 
hz _ ( z - d y 

N - 1 N - 1 , N > L (2.15) 

N O T E T H A T T ( N ; Z , ° ° ) = F ( Z ) / G ( Z ) ; S O S H O W I N G T H A T I M ( T ( N ; Z , » ) ) < 0 F O R 
N N 

I M ( Z ) > 0 V E R I F I E S T H A T T H E S E C O N D C O N D I T I O N O F T H E O R E M 2.4 I S S A T I S F I E D . 

T H E F O L L O W I N G T H E O R E M I S H E L P F U L I N E S T A B L I S H I N G T H I S F A C T . 
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Theorem 2.6. Suppose there exist with 0<g^ ^ < ^ ' i^O, such that 

^ 2 ^ H £ 2 ^ ' < 2 - 1 6 ) 

for y = Im(z) > 0. So lm(t(0;z,w)) < 0 for Im(w) > 9_1Y and y = Im(z) > 0. 

Now examine the region Im(w) -9" ^v- BY induction and Theorem 

2.6, it follows that if Im(w)>g _y, then Im(t (t.(t„ ... (t _ (z,w))...))) 
n-1 o 1 2 n-1 

> g y. If w in the previous paragraph is replaced by 

t t_t_ ... t _(z,w), it can be shown that t(n;z,w) (=t _t t_ ... t .(z,w)= 
o 1 2 n-1 -1 o 1 n-1 

l/(t t_t_ ... t _(z,w))) satisfies (2.16) for y= Im(z) > 0. So o 1 Z n—1 

Im(t (n; z,w) ) <0 for Im(w) - 9"n_iy a n ( ^ y=Im(z) > 0. 

To establish the second condition of Theorem 2.4, let w go to 

infinity through those values for which lm(w) > y; then Im(t (n;z,°°)) = 

Im(F (z)/G (z)) < 0 for y= lm(z) > 0. 
n n 

The third and final hypothesis of the representation theorem is 

established by means of the following lemma. 

Lemma 2.1. Suppose there exist g^ with 0<g^ -^1' i^0, such that 

b. ̂ g.(l-g. and suppose that a., d. are real for i>0. Let y=Im(z); 
l l i-l i i 

let t (z,w) be defined by (2.14). Then for Im(w) >g y, n>0, it follows 
n n 

that Im(t (z,w)) >g j.l 
n n-1 

The proof of this theorem may be found in Appendix A. 

By employing an inductive argument on n. Theorem 2.6 is used to 

show that Im(t(n;z,°°)) <0 for Im(z) > 0 as follows. 

First examine the region Im(w) >g ^y. From the theory of con-

formal mapping or from a simple calculation, it can be shown that in this 

region t(0;z,w) (=t ^(z,w) = 1/w) satisfies 

2 
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2 

F ( z ) /•« dB ( x ) 

' n (2.17) 
G ( z ) J z - x 

n J -°° 

f o r s o m e $ n ( x ) w h i c h i s b o u n d e d a n d i n c r e a s i n g . A c t u a l l y a g r e a t d e a l 

m o r e i s k n o w n a b o u t 8 ( x ) . I n f a c t , e a c h 8 ( x ) i s , b y T h e o r e m 2.5, a 
n n 

s u m o f s t e p f u n c t i o n s , e a c h o f w h i c h b e g i n s a t a z e r o o f G

n ( x ) a n ^ n a s a 

m a g n i t u d e e q u a l t o t h e r e s i d u e o f F n ( x ) / G n ( x ) a t t h a t z e r o . A l t h o u g h 

s o m e o f t h i s i n f o r m a t i o n a b o u t 3 ( x ) i s n o t n e e d e d i n t h e p r o o f o f t h e 

n 

e x i s t e n c e o f a n i n t e g r a t o r , i t d o e s p r o v i d e a c l e a r e r p i c t u r e o f t h e f o r m 

o f e a c h 8 ( x ) . T h e p a r t w h i c h i s n e e d e d l a t e r i s f o r m a l i z e d i n t h e 
n 

f o l l o w i n g l e m m a . 

L e m m a 2.2. L e t G d e n o t e t h e c l o s u r e o f t h e s e t o f a l l z e r o s o f 

t h e G n ( x ) , n > 0 . T h e n t h e c l o s u r e o f t h e s e t o f a l l p o i n t s o f i n c r e a s e 

o f t h e 8 ( x ) , n > l , i s c o n t a i n e d i n G . B 
n 

T h e s e c o n d p a r t i n t h e p r o o f o f t h e e x i s t e n c e o f t h e i n t e g r a t o r 

f o r t h e s e q u e n c e s i n (1.3) a n d (1.9) i s t h e e x t r a c t i o n o f a c o n v e r g e n t 

0 0 

s u b s e q u e n c e f r o m (8 ( x ) } 
n n = l 

b . < g . ( l - g . , ) ; a n d s u p p o s e t h a t a . , d , a r e r e a l f o r i > 0 . T h e n F ( x ) 
1 l l - l l l n 

a n d G

n ( x ) ' a s d e f i n e d i n (2.12), a r e p o l y n o m i a l s o f d e g r e e n - l a n d n , 

X iin 
r e s p e c t i v e l y , a n d ( z F ( z ) / G ( z ) ) e x i s t s a n d i s u n i f o r m l y b o u n d e d 

c u 2-*-°° n n 

f o r a l l n>2.« 

A p r o o f i s g i v e n i n A p p e n d i x A . 

T h u s t h e f i r s t o f t h e t h r e e p a r t s n e c e s s a r y i n t h e p r o o f o f t h e 

e x i s t e n c e o f a n i n t e g r a t o r f o r t h e s e q u e n c e s i n (1.3) a n d (1.9) h a s b e e n 

c o n c l u d e d . 

I t i s n o w p o s s i b l e t o w r i t e 
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T H E O R E M 2 . 7 . L E T B ( X ) , N > 2 , B E A S E Q U E N C E O F N O N - D E C R E A S I N G N 

/
c o D B ( X ) < A , N > 2 , W H E R E A I S F I N I T E . T H E N 
- o o N 

/
o o D $ ( X ) = A A N D A 
— C O 

S E Q U E N C E O F I N D I C E S ( N , L ) < ( N , 2 ) < . . . < ( N , J ) < . . . , S U C H T H A T F O R A L L 

X , I™ B . ( X ) = B ( X ) . B 
K - * » N , K 

A P R O O F C A N B E F O U N D I N [ 1 8 ] . T H I S C O N C L U D E S T H E S E C O N D P A R T . 

T H A T B ( X ) I S A N I N T E G R A T O R F O R T H E S E Q U E N C E S O F ( 1 . 3 ) A N D ( 1 . 9 ) 

I S N O W E S T A B L I S H E D I N T H R E E B A S I C S T E P S : F I R S T , I T I S S H O W N T H A T 

W ( X ) D B ( X ) = 6 , M > 0 , ( 2 . 1 8 ) M O M 

* y ( X ) D B ( X ) 
- - : = 0 , L < J < E , M > 0 , ( 2 . 1 9 ) 

- « ( X - D ) M 

W H E R E M E A S U R E S H O W M A N Y T I M E S T H E N U M B E R D ^ A P P E A R S I N T H E P R O D U C T 

( X - D ) ( X - D . ) . . . ( X - D ) ; N E X T , E Q U A T I O N ( 2 . 1 9 ) I S U S E D T O S H O W T H A T O 1 M 

~ VN ( X ) D B ( X ) 
= 0 , M > 0 , N > L , ( 2 . 2 0 ) 

E 
( X - D ) M 

( S E E L E M M A A . 4 ) ; F I N A L L Y , ( 2 . 1 8 ) A N D ( 2 . 2 0 ) A R E U S E D T O G E T H E R W I T H T H E 

P A R T I A L F R A C T I O N E X P A N S I O N S O F ( X ) A N D ^ ( X ) T O P R O V E T H E O R E M 2 . 9 , T H E 

M A I N E X I S T E N C E R E S U L T . O N L Y T H E F I R S T O F T H E S E T H R E E S T E P S I S U N D E R T A K E N 

I N T H I S C H A P T E R . T H E P R O O F S O F T H E R E M A I N I N G S T E P S A R E G I V E N I N A P P E N D I X 

A . 

T H E B A S I C A P P R O A C H I N T H E F I R S T S T E P I S T O S H O W T H A T F O R E A C H 

B N ( X ) , N > L . 
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W ( X ) D B ( X ) = 6 M N O M 0 < M < N - L ( 2 . 2 1 ) 

/ •«» Y ( X ) D B ( X ) 
= 0 , 0 < M < N - L , L < J < E 

- O O ( X - D ) 
( 2 . 2 2 ) 

M 

A N D T H E N T O T A K E A L I M I T , O V E R T H E S U B S E Q U E N C E O F T H E O R E M 2 . 7 , I N E A C H O F 

T H E S E E Q U A T I O N S T O O B T A I N ( 2 . 1 8 ) A N D ( 2 . 1 9 ) . T H E C O N D I T I O N S G O V E R N I N G 

T H E V A L I D I T Y O F ( 2 . 2 1 ) A N D ( 2 . 2 2 ) A R E G I V E N I N T H E O R E M 2 . 8 , W H I L E A 

G E N E R A L D I S C U S S I O N O F T A K I N G L I M I T S U N D E R N E A T H I N T E G R A L S I G N S I S G I V E N 

I N L E M M A 2 . 3 . T H I S I S F O L L O W E D B Y T H E A P P L I C A T I O N O F T H I S L E M M A T O 

( 2 . 2 1 ) A N D ( 2 . 2 2 ) . 

T H E O R E M 2 . 8 . L E T D D E N O T E T H E C L O S U R E O F T H E S E T O F A L L D , N > 0 . 
N 

I F T H E I N T E R S E C T I O N O F D W I T H G ( S E E L E M M A 2 . 2 ) I S E M P T Y , S O T H A T ( 2 . 2 1 ) 

A N D ( 2 . 2 2 ) A R E W E L L - D E F I N E D , A N D I F T H E H Y P O T H E S E S O F T H E O R E M 2 . 5 A R E 

S A T I S F I E D , T H E N ( 2 . 2 1 ) A N D ( 2 . 2 2 ) A R E V A L I D F O R E V E R Y N > L . B 

A P R O O F I S A V A I L A B L E I N A P P E N D I X A . 

L E M M A 2 . 3 . L E T C D E N O T E T H E C L A S S O F A L L C O N T I N U O U S F U N C T I O N S 
00 

F ( X ) D E F I N E D O N ( - 0 0 , 0 0 ) A N D H A V I N G T H E P R O P E R T Y T H A T F ( X ) = F ( X ) = 0 , 

T H E N U N D E R T H E H Y P O T H E S E S O F T H E O R E M 2 . 7 , 

L I M F ( X ) d 3 . ( X ) = N , K F ( X ) d 3 ( X ) ( 2 . 2 3 ) 

T H I S L E M M A I S P R O V E D I N [ 1 3 ] . W H E N G A N D D H A V E A N E M P T Y I N T E R ­

S E C T I O N , T H E R E I S A F U N C T I O N I N C W I T H T H E S A M E V A L U E S A S W ( X ) ( S E E 
° ° M 

( A . 2 5 ) ) O N G A N D S I M I L A R L Y F O R Y . ( X ) / ( X - D ) 3 , L < J < E ( S E E ( 2 . 1 3 ) ) . 
M + L M M 

T H U S ( 2 . 1 8 ) A N D ( 2 . 1 9 ) A R E O B T A I N E D B Y A P P L Y I N G L E M M A 2 . 3 T O ( 2 . 2 1 ) A N D 
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( 2 . 2 2 ) . N O T E T H A T L E M M A 2 . 2 I S N E E D E D H E R E T O I N S U R E T H A T T H E C O N T R I ­

B U T I O N S T O T H E I N T E G R A L S O F ( 2 . 2 1 ) A N D ( 2 . 2 2 ) O U T S I D E O F G A R E Z E R O . 

C O N D I T I O N S S U F F I C I E N T T O P R O V E T H A T 8 ( X ) I S A N I N T E G R A T O R F O R 

T H E S E Q U E N C E S O F ( 1 . 3 ) A N D ( 1 . 9 ) A R E G I V E N B E L O W I N T H E O R E M 2 . 9 . T H E 

P R O O F O F T H I S T H E O R E M E M P L O Y S ( 2 . 1 8 ) A N D ( 2 . 2 0 ) A N D M A Y B E F O U N D I N 

A P P E N D I X A . 

T H E O R E M 2 . 9 . U N D E R T H E C O N D I T I O N S T H A T 

( I ) A , . , B _ . , D . . A R E R E A L , J > 0 , 

( I I ) T H E R E E X I S T G_ . W I T H 0 < G ^ ^<1, J > 0 , A N D 

B J S G J ( 1 - G J - I ' ' 

( I I I ) G A N D D A R E D I S J O I N T , 

8 ( X ) I S A N I N T E G R A T O R ( S E E D E F I N I T I O N 2 . 3 ) F O R T H E S E Q U E N C E S O F ( 1 . 3 ) 

A N D ( 1 . 9 ) . B 
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CHAPTER III 

NETWORKS WITH THE SAME R/L 

RATIO IN EACH COUPLING BRANCH 

This chapter examines solutions to (1.1) when the ratio r /% , 
n n 

n^O, is a constant. Under this condition, the separation equations 

that arise from (1.1) are (1.4) and (1.5), where the coefficients A and 
n 

B n of (1.4) are given by 

I n+L +1 I n-l n n _ n ^_ . _ n. A = n _ , B = p , n>0 (3.1) 
N V d o L n n [ (R +d L ) (R +d L ) ] 2 

n o n n+1 o n+1 

(see (2.3)). It is clear from Theorem 2.1 that an integrator for the 

sequence {P (z) }°° of (1.4) exists if R +d L ^ 0 , n>0, and I >0, n>0. n n=o n o n n 
Then a solution to (1.1) satisfying the initial conditions of (1.7) is 

/•«> P (z) P . (z) (-+ d ) t 
x (t) = y . (R.+d L.) --1 2

 T e Z ° da(z) , n>0 , 
J J ° J ( R + d L )" 2 ( R . ^ L.)" 2 

n o n 3 o j 
(3.2) 

provided: 

(i) x (t), as given in (3.2), exists for all t^O, 

n 

(ii) dx n(t)/dt exists and is obtained by differentiating 

(3.2) under the integral sign. 
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W i t h t h e s e p r o v i s i o n s , s u b s t i t u t i o n d i r e c t l y v e r i f i e s t h a t ( 3 . 2 ) i s a 

s o l u t i o n t o ( 1 . 1 ) . A d e r i v a t i o n o f ( 3 . 2 ) c a n b e b a s e d o n t h e r e s u l t s o f 

[ 3 ] . T h e q u e s t i o n o f t h e p e r m i s s i b i l i t y o f d i f f e r e n t i a t i n g ( 3 . 2 ) u n d e r 

t h e i n t e g r a l s i g n m a y i n v o l v e a c o n s i d e r a b l e p a t h o l o g y i f t h e c l o s u r e o f 

t h e s e t o n w h i c h a ( z ) i s n o n - c o n s t a n t i n c l u d e s z = 0 ( t h i s t r o u b l e d o e s n o t 

o c c u r i n e i t h e r o f t h e e x a m p l e s g i v e n b e l o w ) . B u t i f a ( z ) i s n o n -

c o n s t a n t o n l y o n t h e u n i o n o f t w o c l o s e d h a l f - i n f i n i t e i n t e r v a l s n o t c o n ­

t a i n i n g z e r o a n d i s m o n o t o n e o n e a c h o f t h e m s e p a r a t e l y ( f o r e x a m p l e , 

i n c r e a s i n g o n o n e a n d d e c r e a s i n g o n t h e o t h e r ) , t h e n ( 3 . 2 ) i s a s o l u t i o n 

t o ( 1 . 1 ) ( s e e A p o s t o l [ 1 ] ) . S o l u t i o n s t o t w o s y s t e m s a r e d e v e l o p e d i n 

t h i s c h a p t e r , o n e w h i c h g e n e r a t e s c l a s s i c a l p o l y n o m i a l s a n d o n e w h i c h , 

i n g e n e r a l , d o e s n o t . 

T h e f i r s t e x a m p l e i s b a s e d o n t h e L a g u e r r e p o l y n o m i a l s . L e t & n = 

n + 1 , r = 4 ( n + 1 ) , L = 1 , R = 2 , n > 0 , s o t h a t A = - ( n + 1 ) , B = ( n + l ) / 2 , 
n n n n n 

n > 0 . T h e n i t i s e a s i l y s h o w n t h a t P ( z ) = ( - l ) n L ( 2 z - l ) w h e r e L ( x ) i s 
n n n 

t h e n t h L a g u e r r e p o l y n o m i a l . B y u s i n g t h i s f a c t , i t f o l l o w s t h a t t h e 

i n t e g r a t o r a ( z ) o f ( 3 . 2 ) i s g i v e n b y 

1 
, - ~ < z < - , 

( 3 . 3 ) 

T o o b t a i n o t h e r p h y s i c a l s y s t e m s i n v o l v i n g c l a s s i c a l p o l y n o m i a l s , a 

m e t h o d [ 7 ] m a y b e u s e d w h e r e b y i t i s p o s s i b l e t o d e t e r m i n e w h e t h e r a 

s y s t e m o f p o l y n o m i a l s g e n e r a t e d b y a g i v e n r e c u r r e n c e r e l a t i o n i s c l a s ­

s i c a l t o w i t h i n a l i n e a r t r a n s f o r m a t i o n o f t h e a r g u m e n t a n d t o w i t h i n a 

d a ( z ) = 

2 e d z 
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f u n c t i o n o f n . A m e t h o d f o r f i n d i n g t h e i n t e g r a t o r i n s u c h c a s e s i s a l s o 

g i v e n . 

N o w a n e x a m p l e i n v o l v i n g n o n - c l a s s i c a l p o l y n o m i a l s i s p r e s e n t e d . 

S u p p o s e r 2 n = r o, * 2 n = V r ^ . ^ , R
2 n = V L

2 n = L 2 ' R 2 n - 1 = R 

I . = L , , n > l , a n d i n a d d i t i o n R + d L = R _ + d L _ , r./Z. = r / £ . T h e n 
2 n - l 1 o o o 2 o 2 1 ' l o o 

1̂  k 
B = £ / [ ( R + d L ) ( R . + d L ) ] 2 , B = £ / [ ( R + d L ) ( R + d L j ] 2 , n > 0 , A = 

2 n o o o o l o l 2 n + l 1 o o o l o l 2 n 

( £ . + L + £ ) / ( R + d L ) , A _ = ( £ + L n + £ , ) / ( R . + d L ) , n > l , a n d A = 
1 2 o o o o 2 n - l o 1 1 1 o 1 o 

( £ + L ) / ( R + d L ) ( r e c a l l d = - r / £ ) . T h u s P = 1 , B P . ( z ) = z + A , a n d 
o o o o o o o o o o l o 

B l P 2 n ( z ) = ( z + A ^ P ^ ^ z ) - B o P 2 n _ 2 ( z ) , n * l , 

B o P 2 n + l ( z ) = < z + A

2

) P 2 n ( z ) " B l P 2 n - l ( z ) ' n ^ ' 

L e t x = Z + A _ , a = A - A , b = A - A _ , c = B 2, d = B 2, b V J p ( z ) = S _ ( x ) , 
2 o 2 1 2 o l o l 2 n 2 n 

B
n + 1

B
n

p ^ _ s ^ ^ n>0. T h e n s ~it s = x + a / a n d 
o 1 2 n + l 2 n + l o 1 

S 2 n ( x ) = ( x + b ) S 2 n _ 1 ( x ) - c S 2 n _ 2 ( x ) , n > l , 

S 2 n + ! ( X ) - x S 2 n ( x ) " d S 2 n - l ( x ) ' n ^ ' 

( 3 . 4 ) 

( 3 . 5 ) 

T h e r e m a i n d e r o f t h i s c h a p t e r c o n c e r n s t h e d e r i v a t i o n o f a n i n t e g r a t o r 

f o r t h e p o l y n o m i a l s o f ( 3 . 5 ) . T h e c o e f f i c i e n t s o f t h e s i n g l e r e c u r r e n c e 

r e l a t i o n e q u i v a l e n t t o ( 3 . 5 ) a r e p e r i o d i c o f p e r i o d t w o a n d a g r e a t d e a l 

o f w o r k h a s b e e n d o n e o n s u c h s y s t e m s [ 4 , 6 ] . T h e m o s t c o m p l e t e e f f o r t 

i s d u e t o G e r o n i m u s [ 5 ] . I n t h e c a s e s w h e n c a n d d a r e p o s i t i v e ( a s s u r ­

i n g t h e e x i s t e n c e o f a n o n - d e c r e a s i n g i n t e g r a t o r ) , G e r o n i m u s h a s s h o w n 
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t h a t the d e r i v a t i v e o f an i n t e g r a t o r f o r ( 3 . 5 ) i s g i v e n by 1/TT t imes 

the imag ina ry p a r t o f the con t i nued f r a c t i o n 

F ( x ) - 1 1 C 1 d | 

x+a | x+b | x | x+b 

p l u s p o s s i b l y some impulse f u n c t i o n s . 

The p e r i o d i c i t y of the c o n t i n u e d f r a c t i o n p e r m i t s a s imp le e v a l u a ­

t i o n . I n t h i s c a s e . 

/ 2 2 
1 T 1 , v4cd - (x + b x - d - c ) . 
- I m ( F ( x ) ) = — ( — - - - - ) . ( 3 . 6 ) 
^ 2TT 2. 2 . . 2 , 

ax +x (ab+d+a ) + ( a b+ad-ac ) 

The ze ros o f the denominator o f ( 3 . 6 ) , wh ich are the p o i n t s where the 

impulse f u n c t i o n s may o c c u r , a re x = [ (cd) 2 q / a ] - a and x = [ (cd) 2 p / a ] - a 

2 i— % 2 j- % 
where p = [a - a b - d + / H ] / 2 ( c d ) and q = [a - a b - d - / H ] / 2 ( c d ) , and where 

2 2 2 

H = (ab+d-a ) + 4a c . The cases when c and d a re bo th n e g a t i v e are no t 

cove red by Geron imus , b u t i t can be v e r i f i e d d i r e c t l y t h a t o f t e n the 

d e r i v a t i v e o f an i n t e g r a t o r i s s t i l l I m ( F ( x ) ) d x p l u s p o s s i b l y some i m ­

p u l s e f u n c t i o n s . These r e s u l t s a re p r e s e n t e d i n the f o l l o w i n g theo rem. 
2 

Theorem 3 . 1 . I f cd > 0 (and p ^ q when p > 1) , then the system 

( 3 . 5 ) ( d e r i v e d f rom ( 2 . 3 ) w i t h n o n - n e g a t i v e RL v a l u e s ) i s o r t h o n o r m a l i -

z a b l e w i t h r e s p e c t t o the i n t e g r a t o r V (x) where 

r i 
— ( I m ( F ( x ) ) ) d x on I.. , 
TT 1 

d u ( x ) = < ( 3 . 7 ) 

- - ( I m ( F ( x ) ) ) d x on L , 
v. 7 7 2 
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for 

= [(-b+^4 
2 _ ,h 

I = [ (-b+/4(d+c)+b -8(cd) *)/2, (-b+/4 (d+c) +b +8 (cd) *) /2] (3.8) 
/A 

2 . . . 

and 

I 2= [(-b-v4(d+c)+b2+8(cd)i2)/2, (-b-^ (d+c)+b2-8 (cd) S /2] (3.9) 

and where p (x) has a jump at: 

k 2 k r-
(A) x= [(cd) q/a] - a of magnitude (p -1) (cd) /p/H if 

2 2 
p > 1, q < 1; 

% 2 h r~ 
(B) x= [(cd) p/a] - a of magnitude (q -1) (cd) /q/H if 

2 2 
q > 1, p < 1; 

(C) x= [ (cd) 2p/a] - a and x= [(cd) 2q/a] - a of magnitudes 

(q2-l)(cd^/q^H and (p2-l)(cdj^/pv^, respectively 

2 2 
if p > 1, q > 1, p ? q; 

^ 2 
(D) x= [(cd) 2p/a] - a of magnitude 1 if p = 1, p=q. 

2 2 2 
Ifp < 1, q < 1, p ^ q o r p <1, p = q, there are no jumps in u (x) . • 

An outline of steps to be followed in verifying Theorem 3.1 is 

available in Appendix B. 

2 

Theorem 3.1 excludes the particular combination cd > 0, p > 1, p = q. 

There are two basic reasons for not including this case in the preceding 

theorem: first, this case does not occur for non-negative RL values; 

secondly, the function y(x) obtained from the continued fraction in this 
k 

case contains an impulse or delta function at x= [ (cd) p/a] - a and hence 
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p o s s i b l y s h o u l d n o t b e r e f e r r e d t o a s a n i n t e g r a t o r ( i f i n t e g r a t o r s a r e 

r e s t r i c t e d t o b e f u n c t i o n s o f b o u n d e d v a r i a t i o n ) . B o t h o f t h e s e r e s u l t s 

a r e c o n t a i n e d i n t h e f o l l o w i n g t h e o r e m . 

T h e o r e m 3 . 2 . F o r n o n - n e g a t i v e R L v a l u e s i n ( 1 . 1 ) , t h e c a s e 

2 

c d > 0 , p > 1 , p = q d o e s n o t o c c u r . T h e p o l y n o m i a l s i n ( 3 . 5 ) s t i l l s a t i s f y 

( 2 . 4 ) p r o v i d e d a ( z ) i s r e p l a c e d b y t h e g e n e r a l i z e d f u n c t i o n n ( z ) s u c h t h a t 

1 

«P,T)> = -
f 

(j) ( x ) ( I m ( F ( x ) ) ) d x 

- I < j ) ( x ) ( I m ( F ( x ) ) ) d x 

TT |I 2 

+ P ! + 1 4 ( i£ i rp__ a ) 

^ Si 
p + a-Kl(cd) 2 ^ L / ( 3 . 1 0 ) 

a p d x / ( c d ) p 
/ x = a 

a 

( s e e ( 3 . 8 ) a n d ( 3 . 9 ) f o r t h e d e f i n i t i o n s o f I 1 a n d I 0 , r e s p e c t i v e l y ) . ! 

A n o u t l i n e o f s t e p s t o b e f o l l o w e d i n v e r i f y i n g T h e o r e m 3 . 2 i s . 

a v a i l a b l e i n A p p e n d i x B. 

I f t h e e n d p o i n t s o f t h e i n t e r v a l s 1 ^ a n d I 2 a r e n o l o n g e r r e a l , 

t h e n 1 ^ a n d I 2 m u s t b e r e p l a c e d b y c o n t o u r s i n t h e c o m p l e x p l a n e . T h e s e 

/ 2 

c o n t o u r s a r e o b t a i n e d b y a p p l y i n g t h e t r a n s f o r m a t i o n s x = ( - b ± / 4 ( d + c ) + b + 4 z ) / 2 

t o z i n t h e i n t e r v a l [+2/cd, ±2-/cd] ( u p p e r s i g n s f o r 1 ^ , l o w e r f o r I 2 ) . 

T h i s r e s u l t a p p l i e s t o T h e o r e m 3 . 2 , a n d i t a l s o a p p l i e s t o T h e o r e m 3 . 1 

s h o u l d i t b e d e s i r a b l e t o a d m i t o t h e r t h a n n o n - n e g a t i v e R L v a l u e s . 
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CHAPTER IV 

PERIODIC NETWORKS IN WHICH THE R/L RATIO OF THE 

COUPLING BRANCHES IS NOT CONSTANT 

This c h a p t e r examines s o l u t i o n s t o (1.1) when t he r a t i o r /% , 
n n 

n>0, v a r i e s wi th n . Under t h i s c o n d i t i o n , t h e s e p a r a t i o n e q u a t i o n s t h a t 

a r i s e from (1.1) a r e (1.3) and (1 . 5 ) . In Chapter I I s u f f i c i e n t c o n d i ­

t i o n s a r e g iven so t h a t a s o l u t i o n t o (1.1) (for t h e i n i t i a l c o n d i t i o n s 

of (1.7)) can be w r i t t e n as (1.11). 

These s u f f i c i e n t c o n d i t i o n s a r e : 

( i ) a , b , d a r e r e a l , n>0; 
n n n 

( i i ) t h e r e e x i s t g wi th 0 < g < 1, n>0 and 
n n - l 

b n s ' n ( 1 - « n - l ) ' 

( i i i ) G and D a r e d i s j o i n t . 

Some s i m p l i f i c a t i o n of t h e s e c o n d i t i o n s i s p o s s i b l e . For example, when 

i n t e r p r e t e d in terms of t h e R*s and L ' s of t h e c i r c u i t , t h e f i r s t c o n d i ­

t i o n i s c l e a r l y s a t i s f i e d , a s seen from ( 2 . 2 ) . A s i m p l i f i c a t i o n of t h e 

r equ i r emen t s of t he second c o n d i t i o n i s a l s o ob ta ined by t r a n s l a t i n g 

t h e s e r equ i rement s i n t o t h e R ' s and L ' s of t h e c i r c u i t . This s t e p o c ­

c u p i e s t he f i r s t p a r t of t he c h a p t e r . For p a r t i c u l a r examples, t he t h i r d 

c o n d i t i o n i s by f a r t h e most t roublesome t o v e r i f y . Although i t can be 

weakened, some knowledge of t h e ze ros of t he G^, n>0, i s s t i l l r e q u i r e d . 

The weakening of c o n d i t i o n ( i i i ) i s accomplished by i n t r o d u c i n g a theorem 
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W H I C H S H O W S T H A T A N E C E S S A R Y C O N D I T I O N F O R T H E E X I S T E N C E O F A N I N T E G R A T O R 

I S T H A T G ( D .) ?0, N > L . A L L O F T H I S I N F O R M A T I O N I S T H E N C O M B I N E D I N N N - 1 

T H E O R E M 4.2 T O P R O V I D E A F O R M A L S T A T E M E N T O N T H E E X I S T E N C E O F A S O L U T I O N 

T O (1.1) O F T H E F O R M I N (1.11) ( F O R T H E I N I T I A L C O N D I T I O N S O F (1.7)). 

H O W E V E R , W H E N N O C O N D I T I O N S O T H E R T H A N ( I ) , ( I I ) , ( I I I ) , A B O V E , A R E I M ­

P O S E D O N T H E C I R C U I T P A R A M E T E R S , T H E D I F F I C U L T Y O F E X H I B I T I N G T H E I N T E ­

G R A T O R W H O S E E X I S T E N C E I S G U A R A N T E E D B Y T H E O R E M 4.2 I S S U B S T A N T I A L . 

T H I S D I F F I C U L T Y I S E A S E D B Y T H E A D D I T I O N A L R E S T R I C T I O N T H A T T H E R ' S A N D 

L ' S B E P E R I O D I C . T H E C H A P T E R E N D S W I T H A N E X A M P L E O F T H I S T Y P E . B E C A U S E 

S O M E O F T H E D E T A I L S O F T H E E X A M P L E A R E S T I L L T E D I O U S D E S P I T E T H E S I M P L I ­

F I C A T I O N S R E S U L T I N G F R O M P E R I O D I C I T Y , T H E Y A R E R E L E G A T E D T O A P P E N D I X C . 

B Y U S I N G D E F I N I T I O N A . L A N D L E M M A A . 2 , T H E S E C O N D C O N D I T I O N 

A B O V E C A N B E W R I T T E N A S 

2 0 0 

" ( I I ) { B } I S A C H A I N S E Q U E N C E W I T H A T L E A S T N N = O 

O N E S E Q U E N C E O F P O S I T I V E P A R A M E T E R S . " 

2 °° F O R T H E R L N E T W O R K O F (1.1), I T I S S H O W N I N L E M M A 4.1 T H A T { B } n n = o 

I S I N D E E D A C H A I N S E Q U E N C E P R O V I D E D £ ^ > 0 , N > 0 ; A L S O , T H E R E Q U I R E M E N T 

T H A T A T L E A S T O N E S E Q U E N C E O F P A R A M E T E R S B E P O S I T I V E I S I N T E R P R E T E D B E L O W 

I N T E R M S O F A S I M P L E R C O N D I T I O N O N T H E L ' S O F T H E C I R C U I T . 
2 2 oo L E M M A 4.1. T H E S E Q U E N C E { B = £ / [ ( £ . , + L + £ ) ( £ + L n+£ J ] } , N N N - 1 N N N N+1 N+1 N = O 

£ ^ ^ = 0 , I S A C H A I N S E Q U E N C E ( D E F I N I T I O N A . L ) F O R £ N > 0 , N > 0 . B 

2 
P R O O F . B Y L E M M A A . 2 , I T S U F F I C E S T O S H O W T H A T { £ / [ ( £ . . + £ ) 

N N - 1 N 
0 ° 

( £ n + £ n + 1 ) ] ) n _ o , ^ _ 1 = 0 , I S A C H A I N S E Q U E N C E . B U T , I N F A C T , T H I S S E Q U E N C E 

H A S M I N I M A L P A R A M E T E R S , A S D E F I N E D I N L E M M A A . L , G I V E N B Y Y N

= 

( £ + £ , ) , N > - L . B N N+1 
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2 0 0 

(i + L ) a + L , + £ ) a ) u +£,) 
o o o l l o o l 

I t i s c l e a r t h a t ( 4 . 1 ) h o l d s i f , a n d o n l y i f , l j

Q

+ I j

1

> 0 ( r e c a l l t h a t a l l 

t h e l's a n d L ' s a r e n o n - n e g a t i v e ) . T h u s t h e s e c o n d c o n d i t i o n l i s t e d 

a b o v e c a n b e r e p l a c e d b y 

S o n o w ( b } i s a c h a i n s e q u e n c e , b u t i t r e m a i n s t o s h o w t h a t 
n n = o 

i t h a s a t l e a s t o n e s e q u e n c e o f p o s i t i v e p a r a m e t e r s 9 " N _ ^ / n > 0 . L e m m a 

A . 2 c a n b e u s e d t o d e t e r m i n e s i m p l e c o n d i t i o n s u n d e r w h i c h , i n p a r t i c u l a r , 

2 oo " 
t h e m a x i m a l p a r a m e t e r s M n , n > - l , o f t h e c h a i n s e q u e n c e ^ n ^ n _ 0

 a r e p o s i -

2 2 
t i v e . I n L e m m a A . 2 , l e t a . =l./[(l. .+Z.)(Z.+Z. J ] , i > 0 , a n d l e t 

I I l - l I I I + I 

2 2 
T . = b . , i > 0 . T h e n b y L e m m a A . 2 e a c h m a x i m a l p a r a m e t e r M . , i > 0 , o f t h e 

i i I 
2 oo 

c h a i n s e q u e n c e ( T . } . i s b o u n d e d b e l o w b y t h e p a r a m e t e r s Y - = 

1 i = o 1 1 
2 oo (SL.+SL. , ) , i > 0 , o f t h e c h a i n s e q u e n c e { a . } . . N o t i c e t h a t e a c h s u c h 

1 1 + 1 1 i = o 

i s p o s i t i v e , p r o v i d e d 0 , i > 0 , a n d t h u s > 0 , i > 0 . T h i s l e a v e s 

o n l y t o c o n s i d e r . U n f o r t u n a t e l y , i s n o t a l w a y s p o s i t i v e f o r 

0 , i ^ O , a s t h e f o l l o w i n g l e m m a i l l u s t r a t e s . 

r 2,oo 
L e m m a 4 . 2 . L e t > - a ^ } ^ _ o b e a c h a i n s e q u e n c e w i t h m i n i m a l p a r a m e t e r s 

2 , 0 ° 
Y . ., , i ^ 0 . T h e s e q u e n c e { a . } . d e t e r m i n e s i t s p a r a m e t e r s u n i q u e l y i f , 

1 - 1 1 i = o 

0 ° i 
a n d o n l y i f , t h e s e r i e s . ! TT Y / ( 1 ~ Y ) d i v e r g e s . • 

i = o n = o 1 n n 

F o r a p r o o f s e e [ 1 8 ] . 

2 2 
I f a . = £ . / [ ( £ . , + £ . ) ( £ . + £ . J ] , i ^ 0 , I . = 0 , i t i s e a s i l y c a l c u -

I I l - l I I i + I - 1 
oo x 00 

l a t e d t h a t . £ TT Y / ( 1 - Y ) = & 1 / & . • I f t h i s s e r i e s c o n v e r g e s , 
i = o n = o n ' n o i = l I 

2 °° 
t h e n b y L e m m a s 4 . 2 a n d A . 2 , t h e s e q u e n c e { b . } . h a s M . > 0 . B u t i f t h i s 

1 1 = 0 - 1 

s e r i e s d i v e r g e s , t h e n i n o r d e r t h a t b e p o s i t i v e , i t f o l l o w s f r o m 

2 2 
L e m m a A . 2 t h a t b m u s t b e l e s s t h a n a o r 

o o 

£2 I2 

( 4 . 1 ) 
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" ( i i ) I > 0 , n > 0 , L + L n > 0 . " 
n o 1 

N o w a s h a s b e e n m e n t i o n e d p r e v i o u s l y , t h e t h i r d s u f f i c i e n t c o n d i ­

t i o n ( G a n d D a r e d i s j o i n t ) f o r t h e e x i s t e n c e o f a n i n t e g r a t o r i s v e r y 

d i f f i c u l t t o v e r i f y . S i n c e i t i s n o t a n e c e s s a r y c o n d i t i o n f o r t h e e x i s ­

t e n c e o f a n i n t e g r a t o r , i t c a n b e w e a k e n e d b y i n t r o d u c i n g a n e c e s s a r y 

c o n d i t i o n ( u n f o r t u n a t e l y , a l m o s t a s d i f f i c u l t t o v e r i f y ) t o g e t h e r w i t h 

s o m e a d d i t i o n a l c o n d i t i o n s w h i c h y i e l d s u f f i c i e n c y . T h e n e c e s s a r y c o n d i ­

t i o n i s t h e s u b j e c t o f t h e f o l l o w i n g t h e o r e m . 

T h e o r e m 4 . 1 . A n e c e s s a r y c o n d i t i o n t h a t a n i n t e g r a t o r e x i s t f o r 

t h e s e q u e n c e s o f ( 1 . 3 ) a n d ( 1 . 9 ) i s t h a t G

n + 1 ( d

n ) ^ 0 ' n > 0 . B 

P r o o f . A s s u m e f o r t h e s a k e o f c o n t r a d i c t i o n t h a t G . ( d ) = 0 f o r 
n + 1 n 

s o m e n > 0 . L e t j b e t h e s m a l l e s t s u c h n . I t f o l l o w s f r o m t h e e x p r e s s i o n 

f o r r m i n t h e p r o o f o f L e m m a A . 5 t h a t r" ! = 0 a n d s o t h e r e e x i s t c o n s t a n t s 
m 3 

t 3 s u c h t h a t W . ( x ) = ^ Z 1 t ? W , ( x ) . F r o m D e f i n i t i o n 2 . 3 , u p o n s u b s t i t u t i n g 
k 3 k — o k K 

f o r W . ( x ) , c . = | W . ( x ) Y . ( x ) d 3 ( x ) = 0 — a c o n t r a d i c t i o n . * 
3 ^ J -co ^ : 

W i t h t h e a d d i t i o n o f t h e a b o v e n e c e s s a r y c o n d i t i o n , t h e d i s j o i n t -

n e s s o f G a n d D c a n b e r e l a x e d a l i t t l e . B y r e f e r r i n g t o t h e p r o o f s o f 

t h e b a s i c p r e m i s e s i n C h a p t e r I I , i t c a n b e s e e n t h a t i f t h e r e i s a 

s e q u e n c e o f F ^ i/G

n ±' w ^ t n n ' i g o i n g t o i n f i n i t y , s u c h t h a t t h e c l o s u r e 

o f t h e s e t o f a l l z e r o s o f t h e s e G . , G N , d o e s n o t i n t e r s e c t t h e c l o s u r e 
n , l 

o f t h e s e t o f a l l d _ ^ , D , t h e n t h i s c o n d i t i o n p l u s T h e o r e m 4 . 2 c a n r e p l a c e 

t h e d i s j o i n t n e s s o f G a n d D . T h u s c o n d i t i o n ( i i i ) b e c o m e s 

" ( i i i ) G ( d . ) 7 * 0 , n > l , a n d t h e r e e x i s t ( n , l ) < ( n , 2 ) < . 
n n - 1 

g o i n g t o i n f i n i t y s u c h t h a t G N a n d D a r e d i s j o i n t . " 
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I N O T H E R W O R D S , G I V E N G ( D _ ) ^ 0 , N > L , I T I S S U F F I C I E N T T O H A V E O N L Y A N 
N N - L 

I N F I N I T E N U M B E R , R A T H E R T H A N A L L , O F T H E G W I T H Z E R O S D I F F E R E N T F R O M 
N 

T H E D ^ . T H E A B O V E R E S U L T S A R E F O R M A L I Z E D I N T H E F O L L O W I N G T H E O R E M . 
OO 

T H E O R E M 4 . 2 . L E T { N , I } I = 0 B E A N I N C R E A S I N G S E Q U E N C E O F I N T E G E R S ; 

L E T G N D E N O T E T H E C L O S U R E O F T H E S E T O F A L L Z E R O S O F T H E G . ( X ) , I > 0 
N , L 

( S E E ( 2 . 1 2 ) ) ; L E T D B E A S I N T H E O R E M 2 . 8 ; L E T Y ( X ) , W ( X ) , N > 0 , B E D E -
N N 

F I N E D B Y ( 2 . 2 ) , ( 1 . 3 ) , A N D ( 1 . 9 ) . T H E N I F 

( I ) I > 0 , N > 0 A N D L + L , > 0 , 
N O 1 

( I I ) G , ( D ) ? 0 , N > 0 A N D G N A D = <F> , 
N + 1 N 

A S O L U T I O N T O ( 1 . 1 ) W I T H I N I T I A L C O N D I T I O N S X . ( 0 ) = y., X , ( 0 ) = 0 , J ? K , I S 

3 3 * 
X „ ( T ) = y. U . , + L . + £ . ) V X ) V X )

 X T — ~ R E d B ( x ) , N > 0 , 
n 3 3 ~ 3 3 J - - {i + L +£ )^ u . 1 + L . + £ . ) ' 2 

N - L N N J - L 3 3 ( 4 . 2 ) 

F O R S O M E 3 ( X ) W H I C H I S N O N - D E C R E A S I N G W I T H d 8 ( X ) < ° ° . B 

J — 0 0 

S O M E F U R T H E R D I S C U S S I O N O F T H I S T H E O R E M C A N B E F O U N D I N A P P E N D I X 

D . 

T H E R E M A I N D E R O F T H I S C H A P T E R I S A D I S C U S S I O N O F A N E X A M P L E I N 

W H I C H T H E C I R C U I T P A R A M E T E R S A L L H A V E P E R I O D T W O , T H A T I S R _ = R , R _ = 
2 N O 2 N + L 

R I ' * 2 N = V £ 2 N + L = £ L ' R 2 N + 2
 = V R 2 N + 1 = V L 2 N + 2 = L 2 ' L 2 N + L = L L ' N " ° ' 

W H E R E A L L P A R A M E T E R S A R E A S S U M E D P O S I T I V E . I N A D D I T I O N , T H E C H O I C E S R = 
O R 0 + R , L = L _ + £ A R E M A D E T O K E E P T H E M A T H E M A T I C S S I M P L E . W I T H T H E S E 2 O O 2 O 

C H O I C E S , I T F O L L O W S T H A T A _ = A , A _ _ = A . B = B , B „ = B N , D ^ = D , 
2 N O 2 N + L 1 2 N O 2 N + L 1 2 N O D « . = D _ , N > 0 . S I N C E A T R A N S L A T I O N I N T H E V A R I A B L E O F T H E R E C U R R E N C E 2 N + L 1 
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relation (1.3) can make a^, a Q, or d Q equal to zero, it may be as 

without loss of generality that a Q = 0 . So with ¥ 1 = 0 , ^ 0 ~ l f f 1* 3) 

becomes 

sumed 

b o ( x - d o ^ 2 n + l ( x ) = ( x ) f 2 n ( x ) " b l ( x - d l , y 2 n - l ( x ) ' n*° 

b1(x-d1)4>. ^.(x) = (x-a,)¥, (x) - b (x-d )Y_ (x) , n>0 . l l 2n+2 i 2n+l o o 2n 

( 4 . 3 ) 

The associated polynomials from (2.12) are given by G Q ( X ) = 1, G.^ (x) =x 

and 

G 0 .(x) = (x-a.)G. A l(x) - b2(x-d ) 2G. (x) , n>0 , 2n+2 1 2n+l o o 2n 

G 2 n + 3(x) = (x)G 2 n + 2(x) - ^ ( x - d / c ^ l x ) . n>0 . 

( 4 . 4 ) 

The question of the existence of an integrator is now investigat­

ed. Condition (i) of Theorem 4.2 is satisfied by requiring ^ Q
> 0, 

0. This leaves condition (ii) of Theorem 4.2. First, conditions 

2 2 
so that G (d J ^ O , n>l, are derived. For K= [d (d -aj-b,(d -dj ], 

n n-1 o o l l o l 

it can be shown that G„ (d ) = d (d -a.)Kn 1 , G„ _ (d ) = d K n; so it is 
2n o o o 1 2n«-l o o 

necessary to require that d^^O, K^O. Similarly for L= [d^(d^-a^) -

2 2 n n 
b (d-d ) ], it can be shown that G_ (d_) = L , G_ _(d_) =d_L . So it 
o 1 o 2n 1 2n+l 1 1 

is necessary that Lj^O and it is useful to require that d^^O. Thus 

the conditions L^O, K^O, d^^O, d^ ̂  0 are sufficient to guarantee 

G (d _) ? 0, n>l. Now it is shown that the closure of the set contain-n n-l 

ing the zeros of G_ _ (x), n>l, does not contain d or d. (recall that 
2n+l o 1 
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d_ = d , d. = d n ) . In order to find the zeros of G„ n (x) , n>0, let 2n o 2n+l 1 2n+l 

x X~ al b^x-d ) 1 

A = . . X - . ; B = ; C = — 7 j—- '* 2 = AB-C- — . (4.5) b (x-d ) b_(x-d.) b (x-d ) C 
0 0 1 1 0 0 

Then for R (z) = 1, R.(z) = 2, o 1 

R _ (z) = zR (z) - R (z) , n>l , (4.6) 
n+1 n n-l 

it can be shown that 

y (x) = R (z)+Cll (z) ; Y (x) = AR (z) , 2n n n-l 2n+l n 

n>0, R = 0 . (4.7) 

The zeros of R^(z), n>0, are well-known (R̂  is a Tchebichef polynomial 

of the second kind), and in fact. R (z) has n zeros on the interval 
n 

(-2,2). Now let 

m=a -2(b2d +b 2d n)-b bnz(d +d n) ; s= 2(l-b2-b2-b b nz) 1 o o l l o l o l o l o l 

2 2 2 2 f~2 
r = 2(-b d -b,d -b b,d d,z) ; q = /m -sr 

o o l l o l o l ^ 

(4.8) 

It follows that for each value of z, x= (m+q)/s or x = (m-q)/s. It is 

easy to see that q> 0 on (-2,2) since -sr> 0 on (-2,2) \ Thus there 

s>0 on (-2,2) since s=2 (1- (bo+bĵ ) +(2-z)b0b1) and (b^b^ 2 = U 0+£i ) 2/[ ( 
Iq+I^L-l) {l0+k1+L2)]^l. Also r<0 on (-2,2) since r=-2 [ (bodo-bid^* + 
(2-z)b 0b 1d Qd 1] d o

d l > 0 a n d r=-2[(b 0d 0+bid 1) 2+(-2-z)b 0b 1d 0d 1] for 
d Qd 1<0. 
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a r e t w o v a l u e s o f x f o r e a c h v a l u e o f z i n ( - 2 , 2 ) . S o b y u s i n g t h e f a c t 

t h a t yn , ( x ) a n d G „ , ( x ) h a v e t h e s a m e z e r o s , i t i s c l e a r t h a t G „ , ( x ) 
2 n + l 2 n + l 2 n + l 

h a s 2 n z e r o s i n t h e i n t e r v a l s c o r r e s p o n d i n g t o z i n ( - 2 , 2 ) p l u s a n 

a d d i t i o n a l z e r o a t x = 0 d u e t o t h e p r e s e n c e o f t h e f a c t o r A . T h u s i n 

t h e x - d o m a i n , G „ „ ( x ) h a s n z e r o s i n t h e i n t e r v a l w i t h e n d p o i n t s 
2 n + l 

a - 2 ( b + b _ ) ( b d + b , d . ) + / ( a - 2 ( b + b ) ( b d + b 1 d _ ) ) 2 + 4 ( 1 - ( b + b _ ) 2 ) ( b d + b 1 d 1 ) 2 

1 o 1 o o l l 1 o 1 o o l l O 1 o o 1 1 

2 ( l - ( b + b . ) 2 ) 
O I 

( 4 . 9 a ) 

a - 2 ( b - b ) ( b d - b . d _ ) + / ( a - 2 ( b - b _ ) ( b d - b . d _ ) ) 2 + 4 ( 1 - ( b - b ) 2 ) ( b d - b . d ) 2 

1 o 1 o o l l 1 o 1 o o l l o 1 o o 1 1 

2 ( l - ( b - b . ) 2 ) 
o 1 

( 4 . 9 b ) 

a n d n z e r o s i n t h e i n t e r v a l w i t h e n d p o i n t s 

a - 2 ( b + b , ) ( b d + b . d . ) - / ( a - 2 ( b + b . ) ( b d + b . d . ) ) 2 + 4 ( l - ( b + b j 2 ) ( b d + h d j 2 

1 o 1 o o l l 1 o 1 o o l l o 1 o o 1 1 

2 ( l - ( b + b . ) 2 ) 
o 1 

( 4 . 1 0 a ) 

a - 2 ( b - b . ) ( b d - b . d . ) - / ( a - 2 ( b - b . ) ( b d - b . d . ) ) 2 + 4 ( 1 - ( b - b j 2 ) ( b d - b . d . ) 2 

1 o 1 o o l l 1 o 1 o o l l o 1 o o 1 1 

2 ( l - ( b - b . ) 2 ) 
o 1 

( 4 . 1 0 b ) 

p l u s a z e r o a t x = 0 . T h e i n t e r i o r o f t h e c l o s e d i n t e r v a l c o r r e s p o n d i n g 

t o ( 4 . 9 ) c o n s i s t s o f p o s i t i v e v a l u e s i n x w h i l e t h a t o f ( 4 . 1 0 ) h a s 
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n e g a t i v e v a l u e s . F i n a l l y , t o s e e t h a t d Q a n d d ^ a r e n o t i n t h e s e i n t e r ­

v a l s , n o t e t h a t f r o m ( 4 . 5 ) , 

2 2 2 2 
x ( x - a _ ) - b ( x - d ) - b . ( x - d . , ) 

1 o o 1 1 , „ , , N 

z = zr~~f—. \, / — T - I ( 4 . 1 1 ) 
b ( x - d ) b . ( x - d . ) 

o o 1 1 

a n d f o r x = d , z i s n o t i n t h e i n t e r v a l [ - 2 , 2 ] u n l e s s p o s s i b l y d ( d - a . ) -
o o o l 

2 2 
b n ( d - d . ) = 0 . B u t t h i s i s t h e s a m e t h i n g a s K = 0 a n d i t i s a s s u m e d K ^ O . 

1 o 1 

S i m i l a r l y L ^ 0 g u a r a n t e e s t h a t x = d ^ d o e s n o t y i e l d a z i n t h e i n t e r v a l 

[ - 2 , 2 ] . A l l r e q u i r e m e n t s f o r t h e e x i s t e n c e o f a n i n t e g r a t o r h a v e n o w 

b e e n m e t . 

B y u s i n g t h e r e s u l t s i n C h a p t e r s I I a n d I I I c o n c e r n i n g p e r i o d i c 

c o n t i n u e d f r a c t i o n s a n d i n t e g r a t o r s , t h e f o l l o w i n g t h e o r e m r e s u l t s . 

T h e o r e m 4 . 3 . S u p p o s e t h a t i n (1.1) r 2 n

= r

0 ' ^ 2 n = ^ o ' r 2 n + l = r i ' 

* 2 „ + l = £ l ' R2n +2 = R 2 ' L2„ +2 = L 2 ' R2n+1 = R 1 ' L2n +1 = L 1 ' f o r n~° a n d 

R = R 0 + r , L = L ^ + £ . L e t b . , i > 0 , b e a s i n ( 2 . 2 ) ; l e t f = - ( R + r j / 
o 2 o o 2 o l o 1 

( L + £ . ) , a 0 = 0 , a o = [ - ( r + R . + r ) / ( £ + L . + £ . ) ] - f , d _ = ( - r / £ ) - f , 
o 1 2 n 2 n + l o i l o i l 2 n o o 

d _ = ( - r / £ . ) - f , n > 0 . T h e n f o r p = - b . d / b d , d ?0, d . ^ 0 , 
2 n + l 1 1 l l o o o l 

d ( d - a j ^ b 2 ( d - d ) 2 , d n ( d - a ) ? b 2 ( d - d ) 2 , a s o l u t i o n t o (1.1) f o r 
o o l l o l 1 1 1 o l o 

x . ( 0 ) = y . , x ( 0 ) = 0 , K ^ j i s ( 4 . 2 ) ( w i t h t h e ^ ( x ) o f (1 . 3 ) r e p l a c e d b y j j K n 

t h o s e i n ( 4 . 3 ) , t h e W ( x ) o f ( 1 . 3 ) , (1.9) r e p l a c e d b y t h o s e i n ( 4 . 3 ) , 
n 

x t ( x + f ) t (1.9), a n d e r e p l a c e d b y e ) w h e r e d £ ( x ) i s g i v e n b y 

( 4 b 2 ( x - d ) 2 b 2 ( x - d n ) 2 - ( x ( x - a . ) - b 2 ( x - d ) 2 - b 2 ( x - d . ) 2 ) 2)%x 

o o l l l o o l l , « v 
_ _ (4.12) 

2 T r | x | b 1 ( x - d 1 ) 

o n t h e i n t e r v a l s d e t e r m i n e d b y t h e e n d p o i n t s g i v e n i n ( 4.9) a n d ( 4 . 1 0 ) . 
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E l s e w h e r e 8 ( x ) i s c o n s t a n t u n l e s s > 1 , i n w h i c h c a s e 3 ( x ) h a s a j u m p 

2 
o f s t r e n g t h ( 1 - ( 1 / p ) ) a t x = 0 . • 

A n o u t l i n e o f a p r o o f t o T h e o r e m 4 . 3 a p p e a r s i n A p p e n d i x C . 
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CHAPTER V 

EXAMPLES WITHOUT INTEGRATORS ( INCLUDING A 

NON-PERIODIC NETWORK) 

T h i s c h a p t e r c o n s i s t s p r i m a r i l y o f two examples o f systems o f 

00 00 

r a t i o n a l f r a c t i o n s ( { ¥ ( x ) } , {w ( x ) } ) f o r wh i ch no i n t e g r a t o r 
n . n=o n n=o 

e x i s t s . I n each example, the c o n d i t i o n t h a t G (d . ) ^ 0 , n > l , i s v i o l a t -
n n-1 

e d . Bo th examples are t r e a t e d by the same app roach , wh i ch c o n s i s t s 

b a s i c a l l y o f the f o l l o w i n g s t e p s : 

1. t r u n c a t e the i n f i n i t e system ( 2 . 1 ) as i n ( 5 . 1 ) 

be low ; 

2 . f i n d the Lap lace t r ans fo rms o f h ^ ( t ) , 0 < i < N ; 

3 . i n v e r t these t r a n s f o r m s , and separa te each o f 

t he r e s u l t s i n t o two sums, one wh i ch depends on 

the s i z e o f the f i n i t e system and one wh ich 

does n o t ; 

4 . i n the exp ress ions f o r h u ( t ) , 0 < i < N , found i n 3 . , 

l e t N approach i n f i n i t y ; 

5. i f the h ^ ( t ) , 0 < i < N , approach l i m i t s as N approaches 

i n f i n i t y , t e s t to see i f these l i m i t s a re a s o l u t i o n 

o f the i n f i n i t e sys tem. 

C o n s i d e r the f o l l o w i n g f i n i t e system of d i f f e r e n t i a l equa t i ons 
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( D - a ) h ( t ) - b ( D - d ) h _ ( t ) = 0 , 
o o o o 1 

- b . ( D - d _ ) h . ( t ) + ( D - a ) h ( t ) - b ( D - d ) h _ ( t ) = 0 , l < n < N - l , ( 5 . 1 ) 
n - 1 n - 1 n - 1 n n n n n + 1 

- b N - l < D - d N - l ) h N - l < T > + ( D - V V T > = ° 

s u b j e c t t o t h e i n i t i a l c o n d i t i o n s h , ( 0 ) = A. , h ( 0 ) = 0 , n ^ k . L e t 
J k k n 

H ( s ) , n > 0 , d e n o t e t h e L a p l a c e t r a n s f o r m o f h ( t ) . T h e n i t c a n b e s h o w n 
n r n 

( s o l v e f o r H ( s ) ; u s e ( A . 1 0 ) e x t e n s i v e l y i n t h e p r o c e s s ; t h e n f i n d H ( s ) , 
o n 

n > l , i t e r a t i v e l y ) t h a t 

H (s) F N + l ( s ) 

— T = Y (s){- W.(s) - V , ( s ) } , 0<n<k-l , ( 5 . 2 a ) 
Ak N S + K s ) k k 

H v ( s ) F N + l ( s ) 

- T = Y v ( s ) { ^ , , W. ( s ) - V . ( s ) } + b . . [ * . ( s ) V . . ( s ) 
A K G , , , ( S ) K K K - 1 K K - 1 K N + 1 

- $ k _ 1 ( s ) ¥ k ( s ) ] , ( 5 . 2 b ) 

F ( s ) 

- W K ( s ) { c — ( s i V S ) - V S ) } + V V S ) V I ( S ) - VL(s)vs)] 
(5.2c) 

H ( s ) F N + 1 ( S ) 

" T = W . ( s ) { , , y ( s ) - $ ( s ) } , k + l < n < N , (5.2d) 
A k k % + l ( s ) n n 

w h e r e F a n d G a r e g i v e n i n (2.12), W i n (1.9), 1 i n (1.3), 
n n ^ n n 
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$ (s) =0, $ (s) 
o n 

F (s) n 
b (s-d )bn (s-d.) o o 1 1 

b .(s-d .) 
n-l n-l 

n>l (5.3) 

and 

V (s) = 
o -b (s)+$ (s), o 1 o 

V (s) = 
n 

•b <t> .(s)+$ (s)-b .$ .(s) n n+1 n n-l n-l 

n>l (5.4) 

The first two steps of the procedure outlined above are now complete. 

As an aside it is interesting to see what h (t) becomes, from these 
J n 

equations, when it is assumed that G„ .(d.) ^ 0, 0<i<N. Let the zeros 
N+1 l 

of G„ n (s) be u., 0<i<N. Then the solution to (5.1) can be shown to be N+1 l 

N F (u.) u.t Vt) = Ak I G- AU1) rwVui)3e 1 ' °"n"N * (5*5) 
i=o N+1 l 

Not surprisingly, if 3N+-^(x) is chosen so that 

F
N + i ( z ) r d e N + i ( x ) 

G X T ^ 1 (Z) J Z " X 

N+1 J -°° 

then (5.5) can be written as 

h (t) = X 
n k 

(5.6) 

Y (x)W^(x)eXtdBM^.(x) , 0<n<N . (5.7) 
n k N+1 

— CO 

Finally note that under the conditions of Theorem 2.9, this solution to 

the finite system (5.1) is the same as the solution to the infinite sys­

tem (2.1), for the same initial conditions, except that in the solution 
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to ( 2 . 1 ) , $ N + i ( x ) i s r e p l a c e d by 8 (x) wh ich i s o b t a i n e d as a l i m i t o f a 

oo 
subsequence o f the sequence {3 „ . - , ( x ) } „ (see Theorem 2 . 7 ) . 

N+1 N=o 
Now the f o l l o w i n g example i n d i c a t e s how ( 5 . 2 ) can be employed to 

sugges t a s o l u t i o n to an i n f i n i t e system f o r wh ich no i n t e g r a t o r e x i s t s . 

C o n s i d e r the system of ( 2 . 1 ) w i t h R = 2 , L = 4 , R = L = r = 1, 
2 o o n+1 n+1 n 

I = 2 , n>0 . Then b = / 2 / 1 5 , b = 2 / 5 , d = - 1 / 2 , a = - 1 / 2 , a = - 3 / 5 , 
n o n n - l o n—l 

n>. l . The G n ' s (see ( 2 . 1 2 ) ) ob ta ined f o r t h i s system a re g i v e n by 

G n (x) = (x + ^ ) G (x) , 
1 z o 

G _ ( x ) = (x + | ) G n (x ) - - 2 - ( - ^ + x ) 2 G (x) , ( 5 . 8 ) 
2 5 1 15 2 o 

( x > = ( x + i ) G (x ) -~(^+x)2Gn Ax) , n>2 . n+1 o n 2 b 2 n - l 

Note t h a t d = - 1 / 2 , n>0 , and G (d . ) = 0 f o r a l l n > l . T h e r e are t h r e e 
n n n - l 

cases t o c o n s i d e r i n d e t e r m i n i n g the s o l u t i o n to t h i s sys tem, namely 

k=0 (h (0) = X ) , k = l , and k>2 . 
o o 

Case 1: k=o. 

I f k = 0 , i t i s e a s i l y c a l c u l a t e d t h a t W (s ) = 0. I f the i n f i n i t e 
o 

system i s t r u n c a t e d i n the f a s h i o n of ( 5 . 1 ) , i t i s easy t o see f rom 

( 5 . 2 ) t h a t a s o l u t i o n to the f i n i t e system f o r any N i s 

h ( t ) = X e " t / 2 

o o 

h ( t ) = 0 , l<n<N . 
n 

( 5 . 9 ) 

Note t h a t no p a r t o f ( 5 . 9 ) depends on N ; hence , i f a l i m i t i s taken on 
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N , i t m i g h t b e s u s p e c t e d t h a t t h e s o l u t i o n t o t h e i n f i n i t e s y s t e m i s 

a l s o ( 5 . 9 ) . D i r e c t s u b s t i t u t i o n v e r i f i e s t h a t t h i s i s t h e c a s e . 

C a s e 2 : k = l . 

F i r s t f i n d h Q ( t ) f o r t h e s y s t e m t r u n c a t e d a s a b o v e . N o t e t h a t 

( 5 . 2 a ) f o r n = 0 b e c o m e s 

o r N + 1 2 2 N + 1 
= ~ b n { 

K 1 g ^ t ^ s ) b ( s - d ) b . ( s - d . ) k N + 1 o o l l 

F ( s ) G ( s ) - F ( s ) G ( s ) 
+ { J < + 1 1 1 N + l _ _ } . * ( 5 . 1 0 ) 

G N + 1 ( S ) b O ( S - d O } 

_ r N + 1 o o N + 1 
- b { 7—r i 

G N + 1 ( S ) 

B u t f r o m ( A . 1 0 ) , [ F M J _ . ( s ) G . ( s ) - F . ( s ) G M J _ . ( s ) 1 / t G ^ . ( s ) b ( s - d ) b . ( s - d . ) . . . 

N + 1 j j N + 1 N + 1 O O 1 1 

b . . ( s - d . _ ) ] = b ( s - d ) b . ( s - d . ) . . . b . . ( s - d . _ ) X . M J _ . ( s ) / G M J _ ( s ) . T h u s 
3 - 1 3 - I O O 1 1 3 - 1 3 - I 3 , N + l - 3 N + 1 

t h e H e a v i s i d e i n v e r s i o n f o r m u l a c a n b e a p p l i e d t o ( 5 . 1 0 ) o v e r t h e z e r o s 

o f G , ( s ) , o n e o f w h i c h i s s = d = d . L e t u . , l < i < N , d e n o t e t h e z e r o s 
N + 1 N o 1 

o f G „ n ( s ) w i t h u = d = d . U n d e r t h e s e c o n d i t i o n s , i t f o l l o w s t h a t 
N + 1 o o N 

h ( t ) N F

N + 1 ( u . ) u . t 

" T = I —7— -—.——r ( - b G ( u . ) + G n ( u . ) - b G ( u . ) ) e 

\ i = l G N + l ( U i ) 1 2 1 1 1 0 0 1 

- b ° . ( 5 . 1 1 ) 

° G N + 1 ( V 

= - 1 ! G ; + 1 ( - . ) [ W l ( U i ) ] S " b O G ' • ( d ) S 

1 = 1 N + 1 1 N + 1 o 

I t i s e a s i l y c a l c u l a t e d , f o r t h i s e x a m p l e , t h a t F . ( d ) / G ' . ( d ) = 1 . 
N + 1 o N + 1 o 

T h u s t h e t e r m s u n d e r t h e s u m m a t i o n s i g n a r e d e p e n d e n t o n N , b u t n o t t h e 
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h ( t ) r °° 
o 

= W n ( x ) Y ( x ) e X t d 3 ( x ) - / 2 / 1 5 e " t / 2 , 

1 J-co 1 ° 
(5.12) w h e r e B ( x ) i s s o m e , a s o f y e t , u n k n o w n f u n c t i o n . I n o r d e r t o f i n d B ( x ) , 

oo 
c o n s i d e r t h e s e q u e n c e ( B „ ( x ) } ., f o r m e d f r o m d e f i n i n g 8 _ ( x ) b y 

N N = l N + 1 

N+1 
( z ) r°° dB , ( x ) ' mn+1 

G N + 1 ( Z ) 

J-c 
Z - X 

(5.13) N o t i c e i n p a r t i c u l a r t h a t FN+1(2> GN+1(Z) 
z-d 

dB , ( x ) 
N + 1 

z - x z - d 

F K T -. ( u . ) 6 ( x - u . ) d x 
N + 1 l l 

G ' Au.) 
i = o ' -oo n+1 1 

z - x z-d 

(5.14) N /-oo F , ( u . ) 6 ( x - u . ) d x 
_ ^ | N + 1 l l 

i-! GN+l(ui> 
Z - X 

a n d s o 

h ( t ) 
o _ 

I J — 0 0 

N F ( u . ) 

W _ ( x ) Y ( x ) e X t [ I 1 6 ( x - u . ) ] d x 
1 ° i = l G N + l ( U i ) 

(5.15) T h u s ( s e e C h a p t e r I I ) , i t i s p o s s i b l e t h a t B ( x ) i s g i v e n b y t h e i n v e r s e 

S t i e l t j e s t r a n s f o r m o f „ [ ( F „ . ( z ) / G „ , ( z ) ) - l / ( z - d ) ] . B y r e f e r r i n g t o 

N - * 3 0 n+1 N + 1 o J 

t h e t e c h n i q u e s o f C h a p t e r I V , i t c a n b e s h o w n t h a t t h e 8 ( x ) o b t a i n e d i n 

t h i s m a n n e r s a t i s f i e s 

t e r m b e I f a l i m i t i n N i s n o w t a k e n , i t m i g h t b e s u s p e c t e d t h a t 
o 
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9/(~) - (x + -) dx 
D B ( X ) = - T ( 3 X T L ) T 2 ^ 1 ) - ' «[-l f- ?] . (5.16) 

It can also be shown, for the infinite system, that 

_ J > 

h (t) = X, W.(x)Y (x)eX td3(x) - /2/15 e " t / 2 . (5.17) o 1 J_x 1 o 

For k=l, (5.2b) becomes 

H (s ) F (s ) F (s ) 

— - " V L ( S ) [ G — " ( I F V s ) - * 2 ( S ) ] + V S ) E ^ T I T V S ) " V S ) ] 

F N + 1 ( S ) 

- V O ( S ) [ G — ( I R V 8 ) - * i ( 8 ) ] • ( 5 - 1 8 ) 

N+1 

SO 

H I ( T ) - A I ] 1 ? 7 S E U I T , - V I ( » I ) f 2 < U I ) + F I ( U I ) - V 1

T A I ) L 

1=1 N+1 L 

N P ( U . ) U.t 
" X I I T T ^ T E X W W • ( 5 - 1 9 ) 

1=1 N+1 1 

Again for the infinite system it can be shown that for d(3(x) as given in 

(5.16), 

5 
F 9 xt h (t) = X. W_(x)Y (x)e d3(x) , n>l . (5.20) 

J -1 n 

Case 3: k>2. 

By using the same approach as above, it can be shown that 
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5 

T h i s c o n c l u d e s t h e f i r s t e x a m p l e . 

Now c o n s i d e r a s l i g h t l y m o r e c o m p l i c a t e d e x a m p l e w h e r e t h e d ^ , 

i > 0 , a r e a l l d i s t i n c t , b u t G ( d , ) i s s t i l l z e r o f o r a l l n > l . F i r s t 
n n - l 

n o t e t h a t i f q ^ d e n o t e s t h e l e a d i n g c o e f f i c i e n t o f G_^(x) a s i n t h e p r o o f 

o f T h e o r e m 2 . 5 , t h e n 

G ( x ) = q ( x - d ) ( x - d _ ) . . . ( x - d ^ ) ( 5 . 2 2 ) 
n n o 1 n - l 

a n d t h u s 

^ W l " * n " b n - A - l ' " a 0 ' < ! - i = 0 • < 5 - 2 3 > 

F u r t h e r n o t e t h e n t h a t 

q 
Y ( x ) = n , n > 0 , ( 5 . 2 4 ) 

n b b . . . . b , 
o 1 n - l 

a n d h e n c e 

- b q _ q b n q , 
. . n ^ n + 1 , n n - l T i - 1 

W n < X ) = b b , • • • b t b b 1 . . . b - b b, . . . b , = ° ' n - ° ' 
o 1 n o 1 n - l o 1 n - 2 

( 5 . 2 5 ) 

f r o m ( 5 . 2 3 ) . T h u s ( 5 . 2 ) b e c o m e s 

9 x t 
h ( t ) = X , I VJ ( x ) V ( x ) e d B ( x ) , n > 0 . ( 5 . 2 1 ) 

n K | K n 
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H (s ) 
- ? = - V , ( s ) Y (s ) , 0 < n < k - l , ( 5 .26a ) A, k n 

k 

H (s) 

-j = - V k ( s ) , i ' k ( s ) + b k _ 1 [ $ k ( s ) 1 i ' k _ 1 ( s ) - < D k _ 1 ( s ) ^ k ( s ) ] * ( 5 .26b ) 
k 

= \ [ V s ) $ k + l ( s ) ~ \ + l ( s ) * k ( s ) 3 ( 5 . 2 6 c ) 

H (s ) 
n 

= 0 , k + l < n < N . ( 5 .26d ) 

I n o r d e r t o f i n d h ( t ) , 0<n<k, i t remains t o f i n d F (s ) f o r s = d . , 
n n I 

0 < i < n - l . T o t h i s end , note t h a t f rom ( 1 . 3 ) and ( 5 . 2 4 ) , 

o r 

2 
d q = a q - b . d . q . , n>0 , ( 5 . 2 7 ) 

n *n+ l n*n n - l n - l ^n -1 

2 
n n+1 n - l n - l ^ n - l a = , n>0 . ( 5 . 2 8 ) n q 

By u s i n g ( 5 . 2 8 ) and ( 5 . 2 3 ) , i t can be shown t h a t 

F n + l ( d

j

> = b o b l - - - b j - l ( a

j - d o ) ( d

j - d l ) • • • t d J - d J - l ) ( d J - d j + l ) • • • ' W 

— , j ^ n . ( 5 . 2 9 ) 

An example o f the c a l c u l a t i o n s l ead ing t o ( 5 . 2 9 ) f o l l o w s ( f o r j = n ) . From 

( 2 . 1 2 ) F _ ( d ) = (d - a ) F (d ) - b 2 . ( d - d _ ) 2 F . ( d ) o r , by u s i n g 
n+1 n n n n n n - l n n - l n - l n 

( 5 . 2 8 ) t o r e p l a c e a n . 
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b 2 ( d - d ) 

F ( d ) = n - i n n - i F ( d ) - q ( d - d . ) F . ( d ) ) . (5.30) 
n+1 n q n-1 n n n n n-1 n-1 n 

I n a s i m i l a r f a s h i o n . 

q _F ( d ) - ( d - d )q F . ( d ) = 
n-1 n n n n-1 n n-1 n 

b 2 _ ( d - d _ ) [ q _ F . (d ) - b 2

 0 q .(d-d _ ) F 0(d )] . (5.31) 
n - 2 n n - 2 n - 2 n - 1 n n - 2 ^ n - l n n - 2 n - 2 n 

B y p u t t i n g (5.31) i n t o (5.30), F „ ( d ) b e c o m e s 

n+1 n 

b 2 b 2 „ ( d - d ) ( d - d )q 
, . . . n-1 n-z n n-1 n n - 2 n+1. 

F ( d ) = ( ) 
n+1 n q q , n 

m ^ n + 1 

[ q F n - . ( d )-b 2 _ q ^ (d -d 9)F^ (d ) ] . (5.32) n-Z n - 1 n n-2 n-1 n n-2 n-2 n 

I n d u c t i o n r e a d i l y e s t a b l i s h e s t h e d e s i r e d r e s u l t . F _ ( d ) i s t h e n 
n + 2 n 

e a s i l y f o u n d f r o m F . ( d ) a n d s i m i l a r l y f o r o t h e r v a l u e s . 
n+1 n 

N o w r e t u r n t o ( 5 . 2 6 a ) . F o r k ^ l . 

H ( s ) q * > . F . . ( s ) 
n ^ n . k k+1 
X. b b . ...b . [b (s-d )b. (s-d.) ...b.(s-d.) 

k o l n-1 o o l 1 k k 

F . ( s ) 
k 

b ( s - d ) b . (s-d.) . . . b . . ( s - d . ) 
o o 1 1 k-1 k - 1 
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I n v e r t ( 5 . 3 3 ) by us ing the H e a v i s i d e fo rmu la and the f a c t ( f rom ( 5 . 2 9 ) ) 

t h a t F

k + 1 ( s ) - ( s ' d

k

) F j c

( s ) " b k - l ( s " d k - l ) ( s _ d k ) F k - l ( s ) = ° f ° r s = d i ' O - i - k " 2 ' 

The rema in ing c o n t r i b u t i o n s ( f rom s=d^ ^ , d

k ) y i e l d 

h ( t ) q Khth2• • • hl o ^ i 
n 2ll { k o 1 k -2^k+ l 
X k = b o b l • • • V l b o b l • • • b k q k - l q k 

b o b l ' - - b k - 2 q k . d k - l * r

b k b o b l • • • b k - l q k + l , V , 
- 7 — r r ] e + T — r r 1 e } 

b o b l • • • b k - l q k - l q k b o b l • • • b k q k q k + l 

q b b . . . . b , . d . t d. . t 
n o 1 k - l r k k - l . ^ , , / r . — r — r [e - e ] , 0 < n < k - l . ( 5 . 3 4 ) 

q. b b. . . . b n ^k o 1 n - l 

F o r n=k , i t i s e a s i l y seen from ( 5 . 2 6 c ) t h a t 

h k ( t ) d k t 

-r = e . ( 5 . 3 5 ) 
A k 

T h i s conc ludes the second example. T h a t such an example can a r i s e f rom 

F i g u r e 1 w i t h p o s i t i v e c i r c u i t parameters i s i l l u s t r a t e d by the cho i ces 

r = 4 n + 1 / ( 4 n + 1 - l ) , £ = 2 , L = 1, R = 2 / 3 , R = 4 n + 1 / (1+2 ( 4 ) n + 1 ) , n>0 . 
n n n o n+1 

D e f i n e B , n>0 , by B = ( l + 2 ( 4 ) n ) / 3 . Then f o r x, (0) = Y , x = 0 , n^Oc, a 
n n k k n 

s o l u t i o n to ( 1 . 1 ) i s 

£ £ _ . . . £ . n B - r . t / £ . -r. . t / £ . . 
n n+1 k - l n , k k k - l k - l v x ( t ) = Y k g (e -e , n<k , 

" r k t / £ k 
x k ( t ) = y ke 

x ( t ) = 0 , n>k . ( 5 . 3 6 ) 
n 
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CHAPTER V I 

UNIQUENESS 

The s o l u t i o n s ( 3 . 2 ) and ( 4 . 2 ) t o the system ( 1 . 1 ) w i t h the i n i t i a l 

c o n d i t i o n s ( 1 . 7 ) are no t u n i q u e . I n f a c t , t he re are an uncoun tab le number 

o f s o l u t i o n s , s i nce any f u n c t i o n i n C^[0,°°) s a t i s f y i n g the i n i t i a l c o n d i ­

t i o n on X Q ( t ) can be used to genera te x ^ ( t ) , i > l . T h i s chap te r i s 

devo ted to de te rm in i ng c o n d i t i o n s s u f f i c i e n t t o guaran tee t h a t ( 4 . 2 ) i s 

a un ique s o l u t i o n o f ( 1 . 1 ) ( the techn iques employed are s i m i l a r l y a p ­

p l i c a b l e to ( 3 . 2 ) ) . The p rocedure separa tes i n t o two p a r t s . I n the 

f i r s t p a r t i t i s shown t h a t i f a s o l u t i o n e x i s t s s a t i s f y i n g ( 1 . 1 ) , ( 1 . 7 ) 

and the a d d i t i o n a l r e s t r i c t i o n s t o be d e r i v e d be low , such a s o l u t i o n i s 

u n i q u e . The second p a r t de termines c o n d i t i o n s s u f f i c i e n t t o guaran tee 

t h a t ( 4 . 2 ) s a t i s f i e s the r e s t r i c t i o n s d e r i v e d i n the f i r s t p a r t . 

P a r t I 

I n l i n e w i t h s i m i l a r i n v e s t i g a t i o n s o f coun tab le systems [ 3 ] , i t 

i s assumed t h a t each x ( t ) i s expans ib l e i n a M a c l a u r i n ' s s e r i e s . The 
n 

v a l u e s x

n ( 0 ) a r e assumed g i v e n s ince they are the i n i t i a l loop c u r r e n t s . 

T h e n , i f the va l ue x ^ ( 0 ) , the k t h d e r i v a t i v e o f x ( t ) a t t = 0 , i s 
n n 

u n i q u e l y de te rmined f o r each k, x

n ( t ) i s u n i q u e . I t i s shown be low t h a t 

two a d d i t i o n a l r e s t r i c t i o n s are s u f f i c i e n t t o guaran tee t h i s un iqueness . 

Wi th the i n t e n t o f e v e n t u a l l y s o l v i n g f o r x ^ k + ^ ( 0 ) , n > l , i n 
(}r) (k+1) 

terms o f x . ( 0 ) , i > 0 , and x v ; ( 0 ) (see ( 6 . 6 ) ) , d i f f e r e n t i a t e ( 2 . 1 ) 
1 o 

(k+1) (k) 
k t imes and l e t v ( t ) = h ( t ) , v ( t ) = h ( t ) , n>0 . F o r t = 0 , i t 

n n n n 
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f o l l o w s t h a t 

- b v , + v = a v - b d v . , 
o 1 o o o o 1 

- b v _ + v - b - v . = a v - b d v - b . d _ v . , n > l . ( 6 . 1 ) 
n n + 1 n n - 1 n - 1 n n n n n + 1 n - 1 n - 1 n - 1 

T h e e q u a t i o n s i n ( 6 . 1 ) a r e m o r e a m e n a b l e t o m a n i p u l a t i o n a n d h e n c e t o 

s o l u t i o n i f t h e c h a n g e s v ( t ) = t ( t ) , T n ( t ) = - ( a v ( t ) - b d v , ( t ) ) , 
o o - l o o o o 1 

v ( t ) = t ( t ) / ( b b . . . . b n ) , a n d T . ( t ) = - ( b b . . . . b . ) ( - b d v . ( t ) 
n n o 1 n - 1 n - 1 o 1 n - 1 n n n + 1 

- b , d , v n ( t ) + a v ( t ) ) , n > l , a r e m a d e . T h e n ( 6 . 1 ) b e c o m e s , f o r t = 0 , 
n - 1 n - 1 n - 1 n n 

t n - t = T 1 o -1 

2 
t - t + b n t = T . , n > l 

n + 1 n n - 1 n - 1 n - 1 

( 6 . 2 ) 

2 0 0 

F u r t h e r , s i n c e { b } i s a c h a i n s e q u e n c e , r e c a l l f r o m L e m m a A . l t h a t 
n n = o 

2 2 
0 = m . , b = m , b , = m , ( 1 - m ^ ) , n > 2 , w h e r e t h e m a r e t h e m i n i m a l 

- l o o n - 1 n - 1 n - 2 n 

p a r a m e t e r s o f L e m m a A . l . T h e n , i n t h e i n t e r e s t o f f u r t h e r s i m p l i f i c a ­

t i o n , i f t h e s u b s t i t u t i o n s u ( t ) = t , ( t ) - t ( t ) a n d u ( t ) = ( t , ( t ) 

o 1 o n n+1 
- ( 1 - m . ) t ( t ) ) , n > l , a r e m a d e , ( 6 . 1 ) v i a ( 6 . 2 ) b e c o m e s , f o r t = 0 , 

n—1 n 

u - m , u , = T . , n > 0 . ( 6 . 3 ) 
n n-1 n-1 n-1 

T h i s i s a d i f f e r e n c e e q u a t i o n a m e n a b l e t o s t a n d a r d s o l u t i o n t e c h n i q u e s 

a n d i n f a c t h a s s o l u t i o n 
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n-l n-l T.(0) 
u (0) = ( n m.)(T (0) + I -r ) , n>l . (6.4) 
n . l - l . i i=o i=o 

IT m. 
j -o 3 

Now it is necessary to solve the difference equation, for t=0; 

t -(1-m _)t =u (with initial condition t = u +t ) since t (0) then 
n+1 n-l n n l o o n 

• (k+1) (k+1) 
gives v

n(°) which then gives h^ (0) which then gives (0). By 

standard techniques, it follows that 

n-l n-l u.(0) 
t (0) = [ n (1-m. .)][£ (0) + I —r-1 3 , n>l , (6.5) 
n . l-l o . i 

i=o i=o _ . 
n (1-m ) 
j=o 

whence 

/i . -i \ Ii +Z ! . n-l 1-m. i /i . i x 
n I ,+L +J6 . *2 . m. o 

n-1 n n (1-m .) i=o i 
n-l 

n-l u.(0) 
+ I — ~ 3 , n>l . (6.6) 

i = ° n (1-m ) 
j=o 

Thus, in general, x ^ + ^ ^ (0) f° r n-l/ is uniquely determined in terms of 

(k) (k+l) 
ai' b i ' d i ' X i f ° r i " 0 ' a n d Xo * 0 ^ * T h e d i f f i c u l t y i s that, as 

(k+l) (k+l) 0 0 

of yet, x (0) is undetermined. But if {x (0)} . contains a 
o n n=l 

subsequence which converges to zero, it is shown below that the existence 

of such a subsequence is sufficient to determine x ^ + ^ (0) uniquely and 

hence each x ^ + ^ (0) , n>l. Before proceeding, however, some preliminary 

information is required. 

2 0 0 

Lemma 6.1. Let {b } be the chain sequence of Lemma 4.1. Then n n=o 
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£ £ + L , + £ , ^ N 1 . N N + 1 N + 1 _ _ _ , _ M < - — , - < , N > 0 . • ( 6 . 7 ) N £ + L .+1 _ 1 - M £ , ' N N + 1 N + 1 N N + 1 

P R O O F . F O L L O W S I M M E D I A T E L Y B Y I N D U C T I O N . B 

2 , 0 0 

T H E O R E M 6 . 1 . L E T { B } B E A S I N L E M M A 4 . 1 , A N D S U P P O S E A N N = O 

S O L U T I O N T O ( 1 . 1 ) E X I S T S W I T H T H E P R O P E R T I E S 

( I ) -*-S E X P A N S I B L E I N A M A C L A U R I N ' S S E R I E S ; 

( K ) 0 0 

( I I ) E A C H S E Q U E N C E { X ^ ^ ^ N - 1 ' ^ - 1 * C O N T A I N S A 

S U B S E Q U E N C E W H I C H C O N V E R G E S T O Z E R O . 

T H E N T H E S O L U T I O N T O ( 1 . 1 ) I S U N I Q U E . • 

P R O O F . U P O N R E F E R R I N G T O ( 6 . 6 ) , I T I S S E E N T H A T I F T H E C O E F F I C I E N T 

[ ( L + £ ) / ( £ , + L + £ ) ] 2 « L / ( L - M . ) 2 • I I ( ( L - M . ) / M . ) 2 W E R E B O U N D E D A W A Y O O N - 1 N N N - L I L 
1 = ° ( K + 1 ) ° ° F R O M Z E R O F O R A L L N > L , I T W O U L D F O L L O W T H A T X ( 0 ) = - J U . ( 0 ) / 

O 1 
I 1 = 0 

^ II ( 1 - M . - ) ) . T H U S X ^ K + ^ ( 0 ) W O U L D B E U N I Q U E L Y D E T E R M I N E D I N T E R M S O F J - L O 
3 = 0 ( K ) A . , B . , D . , A N D X . ( 0 ) , I > 0 ; A N D T H E T H E O R E M W O U L D B E P R O V E D . B U T B Y 
1 1 1 1 

U S I N G L E M M A 6 . 1 , 

L + £ , . N - 1 1 - M . I L I 

< r i ^ V > ^ — ^ ^ - > o . -
N - 1 N N ( 1 - M . , ) I = O L O N - 1 

N O T I C E T H A T N O A S S U M P T I O N C O N C E R N I N G T H E N U M B E R O F N O N - Z E R O I N I T I A L 

L O O P C U R R E N T S I S M A D E . 

P A R T I I 

I N T H I S S E C T I O N S U F F I C I E N T C O N D I T I O N S A R E D E T E R M I N E D S O T H A T T H E 

S O L U T I O N ( 4 . 2 ) E X H I B I T E D I N T H E O R E M 4 . 2 H A S T H E D E S I R E D P R O P E R T Y T H A T E A C H 
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(k) 0 0 

sequence {x^ ^°^ n=i' contains a subsequence which converges to 
(k) co 

zero. The elements in the sequence {x^ (0)Jn_^ a r e obtained by 

differentiating (4.2) k times and evaluating at t=0. Parenthetically, 

one may observe that successively differentiating under the integral 

sign and then setting t=0 in the resulting integrands yields the required 
one-sided derivatives at t=0 provided, as is assumed in Theorem 6.2, 

f°° r 
that | x d(3 (x) | < 00, r>l. See Appendix D for a further discussion. 

J — 0 0 

The result of these operations is 
(k) r vx) vx)

 k 
x' (0) = y (I +L +£ ) p 3 p x dB(x) , ' - 0 0 (£. _+L +£ ) 2 (£. ,+L.+£.) 2 

n-l n n j-1 j j 

n>0 . ( 6 . 9 ) 

The approach to be followed from this point is fairly simple: first, 
0 0 

orthonormalize the sequence {w (x)} to obtain a new sequence 
n n=o 

0 0 (<j) (x) } ; then, expand ¥ (x) in terms of the <$>. (x) , i>0; verify that n n=o n l 
the coefficients in this expansion are square summable; replace ^ n( x) 

in ( 6 . 9 ) by its expansion; interchange the resulting summation and inte-

gral signs; finally, apply Bessel's inequality to the function x W..(x) 

and obtain, after some algebra, either lim(xfk)(0))[(l-2b.)(£. n+L. + 
l-*00 l l l-l l 

= 0 or l i m ( x f k ) (0)) (i. n+L.+£. ) ^ = 0. 
1 1-H» 1 1 - 1 1 1 

The key to this investigation is the orthonormalizing of the 
0 0 0 0 

sequence {W (x) } . To this end, define a new sequence {<J> (x) } 
n n=o n n=o 

by <J>0(x) = w
0 < x ) a n d 
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1 - 1 r°° 

W ± ( X ) - I 4>K(X) <|>K(S)w (S )DB(S) 
K=O ^ -OO 

4 . ( X ) = ~ . , I > L . ( 6 . 1 0 ) 
1 r°° 1 - 1 F 0 0 ^ 

( (vMt)- I 4>k(t) (^K(S)W I(S)d8(S))2d8(t))'1 

^ -OO k = 0 * -OO 

T H E N I T I S E A S I L Y V E R I F I E D THAT (^(XJCJK ( X ) D B ( X ) = 6 , I , J > 0 . NOTE 

THAT ( 6 . 1 0 ) , TOGETHER WITH THE D E F I N I T I O N (J )

Q ( X ) = W Q ( X ) , A C T U A L L Y SAYS 

THAT <T>. (X) , I > 0 , CAN BE WRITTEN AS A L I N E A R COMBINATION OF W, (X) , L . K l 
0 ^ K < I ; THAT I S , <T> . (X) = 7 A . , W , (X) , I > 0 . I N EXPANDING 1 (X) I N TERMS L , I K K 3 N K=O 
O F THE D). (X) , SOME A D D I T I O N A L INFORMATION ABOUT T H E C O E F F I C I E N T S A . , I S L LK 
N E E D E D . T H I S INFORMATION I S NOW O B T A I N E D . 

LEMMA 6 . 2 . L E T ITK , I ^ - 1 , B E THE MINIMAL PARAMETER SEQUENCE 
2 OO 

(OBTAINED FROM LEMMA A . L ) FOR T H E CHAIN SEQUENCE { B . } . . T H E N 
L I = O 

I - 1 M. ^ 
a - v = <TI T n / i 3 / 0 < K < I - L , 

LK (1 -M. . ) ( 1 - M . ) 
K - 1 3=K : 

A = I F , ( 6 . 1 1 ) 
1 1 ( 1 - M . 

l-l 

A . . = 0 , K > I . • 
LK 

P R O O F . L E T S = 1 AND D E F I N E O 

2 2 2 
1 I B N - L I B N - 2 | B L | . 2 . S = v-^T - I \ - I i - . . . - r-f-1 ~ B , N>L . ( 6 . 1 2 ) N 1 1 1 1 O 

T H E N I T I S P O S S I B L E TO V E R I F Y D I R E C T L Y THAT 
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,̂ M-1 M-1 
<J> (X) = S 2 [ I ( N B. S. )W. ( X ) + W M ( X ) ] , M>0 ( 6 . 1 3 ) 

D=O K=J 

(TO DO S O , SUBSTITUTE ( 6 . 1 3 ) FOR 0<M<I-L I N T O THE R IGHT S I D E O F ( 6 . 1 0 ) ; 

PERFORM THE I N D I C A T E D I N T E G R A T I O N S ; SHOW THAT THE R E S U L T I S ( 6 . 1 3 ) FOR 

M = I ) . T H E ABOVE V E R I F I C A T I O N I S F A C I L I T A T E D BY NOTING THAT THE S N , N > L , 

S A T I S F Y THE D I F F E R E N C E E Q U A T I O N 

S^ = \ , N>L , ( 6 . 1 4 ) N . , 2 1 - B , S N N - L N - L 

WITH I N I T I A L C O N D I T I O N S = 1 . WITH Q =Q = 1 , S = Q / Q N>0, ( 6 . 1 4 ) 
O O 1 N ^ N ^-N+1 

BECOMES 

* N + L " V B N - L * N - L ' " 2 1 ' ( 6 - 1 5 ) 

E Q U A T I O N ( 6 . 1 5 ) I S SOLVED I N A P P E N D I X A I N T H E PROOF OF THEOREM 2.5 AND 
N-2 

I N F A C T a = N ( 1 - M . ) , N > L . T H E CONCLUSION FOLLOWS BY S U B S T I T U T I O N . • 
X = - L 

T H I S COMPLETES THE F I R S T STEP L I S T E D A B O V E . 

F O R F U T U R E R E F E R E N C E , DENOTE T H E MATRIX O F C O E F F I C I E N T S A . , BY 
LK 

ONCE THE SEQUENCE { < F > N ( X ) ) N _ 0 I S ACQUIRED I T I S F A I R L Y E A S Y TO 

WRITE EACH ^ ( X ) , N>0 , AS A L I N E A R COMBINATION O F ¥ ^ ( X ) , I > 0 , S IMPLY BY 

USING ( 1 . 9 ) AND ( 6 . 1 3 ) , BUT THE I N V E R S E PROBLEM I S S L I G H T L Y MORE C O M P L I ­

C A T E D . T H E METHOD O F ATTACK EMPLOYED H E R E I S F I R S T TO WRITE EACH W ^ ( X ) , 

I > 0 , AS A L I N E A R COMBINATION OF <F> (X) , N>0, THEN TO USE T H I S R E S U L T TO 
N 

SOLVE FOR <J>N(X) , N>0 , I N TERMS OF (X) , J > 0 , AND F I N A L L Y TO U S E T H E 
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insight developed through this procedure to invert the relation between 

<|> (x) and Y.(x) . 
n 3 

Lemma 6.3. Let tt (x) = W (x) ; let tf> (x) , n>l, be as in (6.10); 
o o n 

let IIK, i^-1, be as in Lemma 6.2. Then 

W.(x) = (1-m. .) 2<f> . (x)-m2 .tj). _ (x) , i>0 . • (6.16) 
l l-l l l-l l-l 

Proof. Follows by direct substitution in (6.13).• 

Thus each (x), i>0, has now been written as a linear combination 

of <J> (x) , n>0. Next each <J>. (x) , i>0, must be found as a linear combina-
n l 

tion of (x) , j>0. For this endeavor, some additional notation is re­

quired. Denote the infinite matrix of coefficients in (6.16) by [b] 
w 

T 
with transpose [b] . Let (¥) , (<f>) , and (W) represent the infinite column 

w 

of vectors of 4̂  (x) , t}>̂ (x), and W^(x), i>0. Then 

[b] [blTm = (W) (6.17) 
w w 

because 

1 -b 0 
o 

-b 1 -b. o 1 

[bitbr = 
w w 

0 -b 1 1 
(6.18) 

as direct multiplication shows. Since from (6.16), [b] (t}>) = (W) , it 
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T 
m igh t be suspec ted f rom ( 6 . 1 7 ) t h a t [b] (Y) = (<{>)• 

Lemma 6 . 4 . [ b ] T ( 4 / ) = (<{>)•• 
w 

P r o o f . D i r e c t s u b s t i t u t i o n s 

Now employ the i n s i g h t ga rne red thus f a r t o i n v e r t the r e l a t i o n 

of Lemma 6 . 4 . S p e c i f i c a l l y , r e c a l l t h a t [a] (W) = (<{>) and [b] (<$>) = (W) 
w w 

wh ich seems to imp l y t h a t [a] i s an i n v e r s e f o r [b] o r , more i m p o r t a n t l y , 
w w 

T T 
t h a t [a] i s an i n v e r s e f o r [b] . 

w w 
T 

Lemma 6 . 5 . [a] i s bo th a l e f t - h a n d and a r i g h t - h a n d i n v e r s e f o r 
w 

T 
[b] 

w 

P r o o f . By d i r e c t m u l t i p l i c a t i o n . • 

As a r e s u l t of Lemmas 6.4 and 6 . 5 , 

(x ) = (1 -m. n ) 2 4 \ ( x ) -m . 2 4 \ , , (x) , i > 0 , ( 6 . 1 9 ) 
l ' x i - l ' l i i+1 

and (¥) = [a] T (<f)) o r 
w 

y ( x ) = - r:[<l>-(x) + I n (-r-^-)^ <$>. ( x ) ] , i>o . (6.20) 
( 1 - m . , ) 2 1 j = i + l k = i 1 _ m k 3 

i - l 

T h i s comple tes the second s t e p . 

Now i t must be shown t h a t the c o e f f i c i e n t s i n ( 6 . 2 0 ) a re square 

summable. I n f a c t , the sum of the squares of these c o e f f i c i e n t s becomes 

j - 1 m 

n (7-^ 
' i - l ' j = i + l k = i k " i - l " ' i - l 

n W 1

1 , [ 1 + I n (TT-|-) ] = M
 1

 m , i>0 , ( 6 . 2 1 ) 
( 1 - m . . ) • • . -1 , . 1-m, M. n -m 

2 0 0 

f rom [18] where M, . i s a maximal parameter f o r { b . } . ; and s i n c e M .>m. , 
i - l 1 1 = 0 1 1 

f o r a l l i > - l (see C h a p t e r I V ) , the c o e f f i c i e n t s are indeed square 
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S U M M A B L E . T H U S , T H E T H I R D S T E P I S C O M P L E T E . T H I S S T E P I S I M P O R T A N T 

B E C A U S E I T J U S T I F I E S T H E I N T E R C H A N G E O F A N I N T E G R A T I O N A N D A S U M M A T I O N 

W I T H R E G A R D T O T H E S E C O E F F I C I E N T S I N T H E P R O O F O F T H E F O L L O W I N G T H E O R E M 

W H I C H E N C O M P A S S E S T H E R E M A I N I N G S T E P S . 
. 0 0 

1 R 1 
T H E O R E M 6 . 2 . S U P P O S E T H A T | X D ( 3 ( X ) | < <X>, R > 0 , A N D T H A T N O S U B -

J — CO 
00 00 

S E Q U E N C E O F E I T H E R { ( L - 2 B . ) } . O R { ( £ . + L . + £ . ) } . H A S L I M I T Z E R O . 
1 1 = 0 L - L 1 1 1 = 0 

T H E N T H E S O L U T I O N ( 4 . 2 ) T O ( 1 . 1 ) , ( 1 . 7 ) I S U N I Q U E . ! 

P R O O F . I T M U S T B E S H O W N T H A T T H E R E E X I S T S A S U B S E Q U E N C E O F T H E 

( K ) 00 

S E Q U E N C E { X ( 0 ) } W H I C H C O N V E R G E S T O Z E R O . F R O M N A Y L O R A N D S E L L N N = O 
[ 1 2 ] , W I T H B_^_. D E N O T I N G T H E E N T R I E S I N A M A T R I X F O R M E D F R O M ( 6 . 2 0 ) 

T 
( T H A T I S , [ A ] ) , W 

*OO 00 » 0 0 

( X ) W ( X ) X K D B ( X ) = lb.. (J>. ( X ) W ( X ) X k d 3 ( X ) 

J -00 1 % - I = I 1 ^ J _ o o 3 % 

( 6 . 2 2 ) 

L E T C . = 
1 

< | ) . ( X ) W ( X ) X D B ( X ) . S I N C E I T C A N B E S H O W N T H A T 
1 X/ 

X r d 3 ( X ) 

< ° ° , R > 0 , I M P L I E S 2 2k 
W ( X ) X d8 ( X ) <°°, K > 0 , I T F O L L O W S F R O M B E S S E L ' S 

0 0 ' — 0 0 

2 I N E Q U A L I T Y T H A T I C . < ° ° . L E T 
I = O 

: ( K ) 
£ , I 

¥ I ( X ) W £ ( X ) X " D $ ( X ) ( 6 . 2 3 ) 

T H E N 

2 1 C . = { [ ( L - M I _ 1 ) ^ I ( X ) - M ^ I + 1 ( X ) ] W J L ( X ) X K D B ( X ) } 2 

W F ( K ) . 2 ( K ) 2 „ - ( K ) . ( K ) ( 1 - M . . ) ( F 0 . ) + M . ( F . ) - 2 B . F . F , L - L £ , 1 1 £ , I + L 1 £ , 1 £ , I + L ( 6 . 2 4 ) 

A N D 

1 
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1=0 1=0 0 0 CO ^ But f . = 7 b..c= 7 b..c.-b..c.= f fk! - c . / (1-m. ..) 2 and so £,i+l . . i] 1 13 1 11 1 £,1 1 i-l 3=1+1 J 3=1 J 

1=0 1=0 
00 r 2 (k) 00 Thus, since I < °°, it follows that either {f ĵj_.Q nas a subsequence (k) 00 1—0 (k) 00 {f„ . , ,} which converges to zero or {f .(l-2b.)}. has a subsequence £,i(n) n=o £,1 1 1=0 

{fjk! ... (l-2b. ...)}"_ which converges to zero. Thus (from (6.9)) either lim(xfk\ (0)) (£. . . _+L. , ,+£. , Ĵ= 0 or lim(xfk).. (0)) (l-2b. ... ) (£. ... . n+°° i(n) i(n)-l i(n) i(n) j-** i(D) i(3) i(j)-l h +L. ,..+£.,.. ) =0. The conclusion follows.• i(lj) i(]/ 
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CHAPTER V I I 

DISCUSSION AND RESULTS 

THIS CHAPTER BRIEFLY DISCUSSES SOME OF THE MORE UNUSUAL RESULTS 

OBTAINED IN THE PRECEDING WORK. ALSO SOME OF THE EXTENSIONS AND APPLI­

CATIONS OF THESE RESULTS ARE MENTIONED. 

NOTICE FIRST THAT THE SUFFICIENT CONDITIONS FOR UNIQUENESS, AS 

GIVEN IN THEOREM 6.2, HOLD FOR ALL OF THE EXAMPLES IN CHAPTERS I I I AND 
LIM % IV EXCEPT THE LAGUERRE POLYNOMIALS. IN THIS CASE _^(L-2B^) ^+L^+£^) 

= 0, SO THEOREM 6.2 DOES NOT APPLY. FOR THIS REASON AN ALTERNATIVE (BUT 

MORE SPECIALIZED) UNIQUENESS RESULT IS NOW OBTAINED. THIS RESULT RE­

QUIRES NONE OF THE MACHINERY DEVELOPED IN PART I I OF CHAPTER VI BUT IT 

APPLIES ONLY TO POLYNOMIAL SYSTEMS. MORE PARTICULARLY, IT APPLIES ONLY 

TO THOSE POLYNOMIALS IN (2.3) FOR WHICH THE INTEGRATOR OF (3.2) IS KNOWN 

TO BE NON-DECREASING. 

THEOREM 7 . 1 . THE SOLUTION TO (1 .1 ) , (1.7)GIVENBY (2.3), (3.2) 

SATISFIES THEOREM 6.1 PROVIDED: 

(I) L N F | R +D L I ^ 0; 
N 1 N ON 1 

(II) THERE EXISTS A NON-DECREASING A(Z) WHICH SATISFIES 

(2 . 4 ) ; 

( I I I ) F 
(DQ+L/Z)RDA(Z)| < », R>L. 

— O O 

PROOF. SINCE R +D L ^0 , IT IS SUFFICIENT TO SHOW (SEE (3.2)) N N O N 

THAT 
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L I M P ( Z ) P . ( Z ) ( D + L / Z ) K D A ( Z ) = 0 , K > L . ( 7 . 1 ) 

N j O 

K R B U T I F ( I I I ) H O L D S , T H E N P . ( Z ) ( D + L / Z ) C A N B E W R I T T E N A S ) A P ( Z ) 1 O N N N = O 
W H E R E E A C H A I S G I V E N B Y T H E I N T E G R A L I N ( 7 . 1 ) . S I N C E A ( Z ) I S N O N -

00 

R 2 

D E C R E A S I N G , I T F O L L O W S T H A T l A < ° ° A N D H E N C E ( 7 . 1 ) H O L D S F O R K > L . B 
N = O 

F O R T H E E X A M P L E S O F C H A P T E R V , T H A T I S , T H O S E F O R W H I C H N O I N T E G R A ­

T O R E X I S T S , T H E U N I Q U E N E S S C R I T E R I A D E V E L O P E D I N P A R T I O F C H A P T E R V I 

( S E E T H E O R E M 6 . 1 ) C A N S T I L L B E A P P L I E D D I R E C T L Y I N E A C H P A R T I C U L A R 

E X A M P L E . 

I N T H E G E N E R A L C A S E , T H E Q U E S T I O N O F T H E F O R M O F A S O L U T I O N T O 

( 1 . 1 ) W H E N N O I N T E G R A T O R E X I S T S F O R ( 1 . 3 ) , ( 1 . 9 ) R E M A I N S U N A N S W E R E D . T H E 

T W O E X A M P L E S G I V E N I N C H A P T E R V R E P R E S E N T T W O W I D E L Y V A R Y I N G C A S E S , O N E 

F O R W H I C H A N I N T E G R A T O R " A L M O S T " E X I S T S ( S E E ( 5 . 9 , 1 7 , 2 0 , 2 1 ) ) A N D O N E F O R 

W H I C H N O T H I N G L I K E A N I N T E G R A T O R E X I S T S ( S E E ( 5 . 3 6 ) ) . N O T E , H O W E V E R , 

T H A T D E S P I T E T H E I R D I S S I M I L A R I T I E S , T H E S A M E A P P R O A C H , B A S E D O N ( 5 . 2 ) , 

W O R K S I N E A C H C A S E . 

A N O T H E R I N T E R E S T I N G R E S U L T I S T H A T S O M E T I M E S A N I N T E G R A T O R F O R T H E 

S Y S T E M O F P O L Y N O M I A L S ( 1 . 4 ) M A Y B E O N L Y O F B O U N D E D V A R I A T I O N W H I L E A N I N ­

T E G R A T O R F O R T H E C O R R E S P O N D I N G S Y S T E M O F R A T I O N A L F R A C T I O N S ( 1 . 3 ) , ( 1 . 9 ) 

M A Y B E N O N - D E C R E A S I N G . I N P A R T I C U L A R , C O N S I D E R T H E S E C O N D E X A M P L E O F 

C H A P T E R I I I . F R O M ( 3 . 5 ) A N D [ 1 0 ] , I T C A N B E S E E N T H A T T H E I N T E G R A T O R 

D E F I N E D I N T H E O R E M 3 . 1 I S O F B O U N D E D V A R I A T I O N W H E N E V E R C A N D D A R E B O T H 

N E G A T I V E . Y E T I T C A N A L S O B E S H O W N T H A T W H E N T H E P H Y S I C A L S Y S T E M F O R 

T H I S I N T E G R A T O R H A S I T S S O L U T I O N C O U C H E D I N T H E F O R M O F ( 4 . 2 ) , T H E I N ­

T E G R A T O R 8 ( X ) I N ( 4 . 2 ) I S N O N - D E C R E A S I N G . I N O R D E R T O M A K E T H I S M O R E 

c o n c r e t e , l e t r n - * n - l . R 2 n + 1 = 2 , L - l . R ^ - l . L 2 n + 2 = 2 ' n " ° ' 
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and let R =2, L =3. Let 
o o 

/ 2 2 
. . /4-(z -z-10) _ 

W ( 2 ) 2M4^> d Z • ( 7 - 2 ) 

Then dcx(z) is defined by y (z) on [l+v/33/2,4] and by -y (z) on [-3,1-/33/2] . 

On the other hand, let 

v(x) = [((x+l)4-(6(x + |) (x + |)-(x+l)2)2)J2/(7T(x+l)2(x + |))]dx . (7.3) 

Then d$(x) for the same RL values is -v(x) on [ (~17-/3~3~)/16,-4/3] and 

v(x) on [-3/4,(-17+/33/16]. Notice that B(x) is non-decreasing while 

ot(x) is not. 

Some extensions on the above chapters have been made but have not 

been included since they do not pertain directly to the problem of solv­

ing (1.1). Among these are: the problem of determining the coefficients 

in the recurrence relation for ¥ (x), n>0, given an integrator $(x); the 
n 2-> 2 -> -> -> 

extension of (5.2) to systems of the form [A]d x/dt +[B]dx/dt+[C]x= 0 

where [A], [B], and [C] are finite tridiagonal matrices, and x is a 

vector function of t; and the evaluation of such integrals as 
0 0 

¥.(x)V, (x)d£(x), primarily by means of Chapter VI (for example, 
— 0 0 

fCO 
Y 2(x)d8(x) =1 / M . ) . 

' - c o ° _ 1 

One result which has been included is the example (in Theorem 

3.2) of an "integrator" which is neither non-decreasing nor of bounded 

variation. In fact, this "integrator" contains an impulse function. 

Although (1.1) cannot give rise to this case when admitting only 
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n o n - n e g a t i v e RL v a l u e s , t h i s r e s u l t has been i n c l u d e d f o r two b a s i c 

r e a s o n s : f i r s t , i t completes the c o n s i d e r a t i o n o f ( 3 . 5 ) f o r cd>0 ; 

s e c o n d l y , i t r e p r e s e n t s a s l i g h t ex tens ion o f the i n t e g r a t o r s i n [ 1 0 , 1 1 ] . 

No a t tempt has been made t o determine whether o r no t t h i s e x t e n s i o n p r o ­

v i d e s s o l u t i o n s which are somehow " b e t t e r " than the s o l u t i o n s o f Theorem 

2 . 1 . Compar ison w i t h a s o l u t i o n us ing an i n t e g r a t o r o f bounded v a r i a t i o n 

(guaran teed t o e x i s t by Theorem 2 .1 ) m igh t p rove i n t e r e s t i n g , p a r t i c u l a r l y 

i f un iqueness i s t o be d i s c u s s e d . 
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APPENDIX A 

, if ITK = 1 

m i + l 
gj+l 
(1-m.) ' " "*i 

, if m.<l, i>-l , 

(A.l) 

2 2 
a i a i 

M. = 1 - - r - ^ - . . . , i^-l 

r 2,oo 2 2 
Lemma A.2. If {a.}. is a chain sequence and T . ̂ O., i>0, then 

l . 1 = 0 1 1 

This appendix contains the statements and proofs of a number of 

theorems and lemmas stated in Chapter II. Additional supportive lemmas, 

definitions, and proofs are given as needed. Theorems 2.5 and 2.6 and 

Lemma 2.1 are the first results proved here. They deal with the problem 

of representing F n(z)/G n(z), n>l, as the Stieltjes transform of some 

function 3 n(x). Before these results are proved, however, some infor­

mation regarding chain sequences is needed. 

r 2,°° 
Definition A.l. The sequence «-aj_Jj_0 i s called a chain sequence 

2 
if there exist numbers Y . with 0<Y.<1, i^-1, such that a. =Y.(1~Y . 

I I 1 1 1 - I 
i>0. The numbers y^, i^-1, are called parameters of the sequence 

, 2 oo 
1 i=o 

r 2, 

Lemma A.l. Every chain sequence tc^l nas minimal parameters ITK , 

i>-l, and maximal parameters M ^ , i>-l, such that I T U ^ Y ^ M ^ , i^-1, for all 

other parameters y^, i^-1, of the chain sequence. In fact, m ^=0 and 
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2 ° ° 

G ^ ( X ) = - B 2 . ( X - D J 2 G . ( X ) . ( A . 2 ) N + 1 N , M N - 1 N , M N - 1 N - 1 N , M 

{ T ^ K _ Q I S A C H A I N S E Q U E N C E . F U R T H E R M O R E , I F I T K A N D M ^ , I > - L , A R E T H E 

2 ° ° 
M I N I M A L A N D M A X I M A L P A R A M E T E R S , R E S P E C T I V E L Y , F O R " T T ^ ^ _ 0

 A N D I F Y ^ ' 
2 0 0 

I > - L , A R E P A R A M E T E R S F O R {a.}. , T H E N M . < Y . ^ M . , I > - L . I N P A R T I C U L A R , 
1 1 = 0 1 1 1 

if
 ii'VIfor s o m e k - - 1 ' t h e n m

k + i < Y k + i a n d Y k < M k - " 

T H E P R O O F S O F L E M M A S A . L A N D A . 2 C A N B E F O U N D I N [ 1 8 ] . 
T H E O R E M 2 . 5 . S U P P O S E T H E R E E X I S T G ^ W I T H 0 < G ^ 1 - 0 / S U C H T H A T 

2 
B ^ ^ G ^ ( L - G ^ _ 1 ) . F U R T H E R S U P P O S E T H A T G

I + 1 ( D J ^ ^ ° » I ^ O , A N D T H A T A ^ , D_^ 
A R E R E A L F O R I > 0 . T H E N G ( X ) H A S N R E A L D I S T I N C T Z E R O S F O R N > L . [ T H E 

N Q U A N T I T I E S A , B , D , G ( X ) A R E D E F I N E D I N E Q U A T I O N S ( 2 . 2 ) A N D ( 2 . 1 2 ) ] . B N N N N 
0 0 2 ° ° 

P R O O F . S I N C E { G ^ D - G ^ I ^ I = C . ^ S A C N A I N S E Q U E N C E , S O I S { K J _ } I = 0 
00 

B Y L E M M A A . 2 . L E T " T M ^ _ L ^ - 0 K E T N E M I N I M A L P A R A M E T E R S E Q U E N C E F O R 

2 0 0 

{ B ^ K _ Q . N O T E T H A T 0 < i r K < L F O R I > 0 , S I N C E T H E P H Y S I C A L A S S U M P T I O N T H A T 
2 2 £ . > 0 G U A R A N T E E S T H A T B . > 0 , I > 0 . T H E F A C T T H A T B . = M . ( 1 - M . J W I T H 

1 1 1 1 L - L 0 < M . < L I S N O W U S E D T O S H O W T H A T T H E C O E F F I C I E N T O F X 1 1 I N G ( X ) I S P O S I -
1 N 

T I V E . L E T Q D E N O T E T H I S C O E F F I C I E N T . W I T H Q = Q N = 1 , Q S A T I S F I E S T H E N O 1 N 
2 

D I F F E R E N C E E Q U A T I O N Q = Q - B - , Q , W H I C H B E C O M E S ( Q - ( 1 - M N ) Q ) = N + 1 N N - 1 N - 1 ~ N + 1 N - 1 N N - 2 
M ( Q - ( 1 - M .Jq , ) , W H O S E S O L U T I O N I S Q = IT ( 1 - M . ) , N > L . T H U S Q I S 

N - 1 N N - 2 N - 1 N I = - 1 1 n 

. ± . „ L I M „ . . , . , L I M . . ., L I M _ . . P O S I T I V E . S O G ( X ) = » , W H I L E G „ ( X ) = » A N D G „ N ( X ) = X - > ° ° N X - > - ° ° 2 N X - > - « 2 N - L 

A L L F O R N > L . N O W G . ( X ) H A S O N E R E A L Z E R O A T X = A . S I N C E G 0 ( A ) = 
1 O 2 O 

2 2 

- B O ( A O - D Q ) A N D A Q ? D ^ B Y A S S U M P T I O N T H A T G 1 ( D Q ) ^ 0 , I T F O L L O W S T H A T 

G ( A ) < 0 A N D H E N C E T H A T G ( X ) H A S T W O R E A L Z E R O S S E P A R A T E D B Y T H E Z E R O 

O F G ^ ( X ) . N O W A S S U M E T H A T T H E Z E R O S O F G ^ ( X ) S E P A R A T E T H O S E O F G

I + 1 ( X ) , 

L < I < N - L A N D S H O W T H A T T H E Z E R O S O F G ( X ) S E P A R A T E T H O S E O F G ( X ) . L E T 
N N + 1 X . < X . _ < . . . < X . . N D E N O T E T H E Z E R O S O F G . ( X ) . T H E N 

1 , 0 I , L I , I - L 1 
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Bu t by h y p o t h e s i s x f d , so G ., (x ) and G ., (x ) have o p p o s i t e 
2 n,m n - l n+1 n,m n - l n,m 

s i g n s . S ince i n a d d i t i o n G , ( x ) and G . ( x ) have oppos i t e s i g n s 
^ n - l n,m n - l n ,m+l 

f o r 0^m<n-2, i t f o l l o w s t h a t G ., (x ) and G . ( x n ) have o p p o s i t e 
n+1 n,m n+1 n,m+l 

s i g n s f o r each v a l u e 0<m<n-2. T h i s accounts f o r n - l ze ros of G , ( x ) . 
n+1 

Now G n (x ) and G ., (x ) have the same l i m i t as x tends t o -°° bu t have 
n - l n+1 

oppos i t e s i gns a t x [ se t m=0 i n ( A . 2 ) ] . S ince G , ( x ) does no t aga in 
n ,o n - l 

c r o s s the x - a x i s on (-°°,x ) , G ., (x) mus t , wh ich accounts f o r one a d -
n ,o n+1 

d i t i o n a l z e r o . S i m i l a r l y G .. (x . ) > 0 w h i l e G n ( x n ) < 0 and 
J n - l n , n - l n+1 n , n - l 

1 im 
s i n c e G , (x) = 0 0 , the l a s t z e r o l i e s i n (x , ,°°) . • 

X _ H » n+1 n , n - l 

A l t h o u g h the p r o o f o f Theorem 2 .6 p roceeds a long l i n e s s i m i l a r t o 

the p r o o f o f a lemma i n [ 1 8 ] , the d i f f e r e n c e s make an e x p l i c i t p r e s e n t a ­

t i o n d e s i r a b l e . 

Theorem 2 . 6 . Suppose t h e r e e x i s t g^ w i t h 0<g^ • \ < ^- ' such 
2 

t h a t b. < g . ( l - g . _) ; and suppose t h a t a . , d . , a re r e a l f o r i > 0 . L e t 
l l i - l i i 

y = I m ( z ) > 0; l e t t ( z , w ) be d e f i n e d by ( 2 . 1 4 ) . Then f o r Im(w) > g y ( n > 0 , 
n n 

i t f o l l o w s t h a t I m ( t ( z , w ) ) > g n y . » 
n n - l 

P r o o f . The p r o o f h inges on the f a c t t h a t i f z = x + i y , t hen w i t h 

2 2 
Q = b ( z - d ) , i t f o l l o w s t h a t 
x n n 

2 2 i 

2 b n y = IQ - Re (Q) , ( A . 3) 

as may be v e r i f i e d by expanding the r i g h t - h a n d s i d e . By h y p o t h e s i s , 

g U-g„ Jy b y 
_ , x . n n - l . n . 
Im(w) > g y = -jz > — — . ( A . 4 ) 

n u - g ^ y d - V ^ y 

2 2 
Now by m u l t i p l y i n g ( A . 4 ) by two and subsequen t l y r e p l a c i n g b n y by i t s 
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e q u i v a l e n t f rom ( A . 3 ) , 

2Im(w) +

 R e ( g » , * f g l . ; ( A . 5 ) 

and so , s i n c e | A + i B | > I m ( A ) + Re(B) f o r any complex numbers A and B, 

w + —±M—I > _Lal . t A . 6 ) 

Upon squa r i ng bo th s ides of ( A . 6 ) , i t f o l l o w s t h a t 

( R E ( W ) )

2

 + (IMQ))2 _ R e ( w ) I m ( Q ) + 2 + 

4 y 2 d - g n . 1 ) 2 y ( 1 " g n - l ) 

( R e ( Q ) ) 2

 + I m ( w ) R e ( Q ) > ( I m ( Q ) ) 2 + ( R e ( Q ) ) 2 

/ I 2 / I \ 2 y d - g ^ ) YI 2 / 1 \ 2 

4y d - S ^ ) 1 1 - 1 4 Y ( 1 ~ 9 n - l ) 

Now i n ( A . 7 ) use the f a c t t h a t 

I M (2 ) = R e ( w ) I m ( Q ) - I m ( w ) R e ( Q ) 
w , , 2 

w 

to o b t a i n 

2 2 

y ( l - g . ) > i m ( ^ ) = Im( ) , ( A . 8 ) 
n-1 w w 

f rom wh ich the d e s i r e d c o n c l u s i o n f o l l o w s by us ing ( 2 . 1 4 ) . • 

Lemma 2 . 1 . Suppose t h e r e e x i s t g . w i t h U < 9 " ^ _ ^ < 1 / i ^ O , such t h a t 

2 
b . < g . ( l - g . . ) ; and suppose t h a t a . , d . a re r e a l f o r i > 0 . Then F (x) and 

l l l - l i i n 
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G ^ C x ) , A S D E F I N E D I N ( 2 . 1 2 ) , A R E P O L Y N O M I A L S O F D E G R E E N - L A N D N , R E ­
S P E C T I V E L Y , A N D ^ " " ^ ( Z F ( Z ) / G ( Z ) ) , Z C O M P L E X , E X I S T S A N D I S U N I F O R M L Y 

Z - * » N N 
B O U N D E D F O R A L L N > 2 . B 

P R O O F . I N T H E P R O O F O F T H E O R E M 2 . 5 , I T I S S H O W N T H A T G ( X ) I S A 
N - 2 N 

P O L Y N O M I A L O F D E G R E E N W I T H L E A D I N G C O E F F I C I E N T G ^ = I I ( 1 - M . ) , N > 2 . 

N - L I = ° S I M I L A R L Y , I F P I S T H E C O E F F I C I E N T O F X I N F ( X ) , T H E N P . = 1 , P _ = 1 , N N L 2 
2 

A N D P = P - B , P , . T H E S O L U T I O N O F T H I S D I F F E R E N C E E Q U A T I O N I S N + 1 N N - L N - L , . , N - 2 N - L J - L 
P = [ I I ( 1 - M ) ] ( 1 + £ I I ( M . / ( 1 - M . ) ) ) , N > 2 , F O R T H E M . A P P E A R I N G I N T H E 

R = O J = L I = O 1 1 N - L J - L 

P R O O F O F T H E O R E M 2 . 5 . C L E A R L Y , T H E N ( Z F ( Z ) / G ( Z ) ) = 1 + £ Jl 
J = L I = O 

00 ( M . / ( L - M . ) ) , N > 2 . W A L L [ 1 8 ] H A S S H O W N T H A T I F { M , } I S T H E M A X I M A L L L N - L . N = O 
O « . co j-l 

P A R A M E T E R S E Q U E N C E F O R { B } , T H E N 1 / M , = 1 + ) I I ( M . / ( L - M . ) ) . S I N C E 
N N = O - 1 • • 1 I 

D = L I = O L I M 

M ^ > G ^ B Y L E M M A A . 2 A N D G ^ > 0 , T H E S E R I E S F O R 1 / M ^ C O N V E R G E S . T H U S 
N - L J - L 0 0 J - L 

( Z F N ( Z ) / G ( Z ) ) = L + I n ( M . / ( L - M . ) ) < L + £ I I ( M . / ( 1 - M . ) ) = L / M ^ " . ! 
J = L I = O J = L I = O 

T H E P R O O F O F T H E O R E M 2 . 8 R E Q U I R E S T H E F O L L O W I N G L E M M A . 
L E M M A A . 3 . L E T U , V , N > 0 , B E D E F I N E D B Y U = 0 , U = 1 , V = 1 , V = P , N N O L O 1 O 

U N = P U - Q U , N > L , N + 1 N N N - L N - L 

V = P V - Q V . , N > L , N + 1 N N N - L N - L 

W H E R E P ^ A N D Q ^ A R E C O E F F I C I E N T S D E P E N D I N G O N N A N D P E R H A P S O N A D D I T I O N A L 

P A R A M E T E R S . F U R T H E R , L E T X B E D E F I N E D B Y X = 0 , X . = 1 , 
M , N M , O M , L 

M , N + L M + N M , N M + N - 1 M , N — 1 

T H E N , F O R T H O S E V A L U E S O F P A N D Q F O R W H I C H V . ^ 0 ( I ^ 0 ) , 
N N 1 



6 9 

u. u q n q q-i • • • q n 

k m ^ - l ^ o ^ l ^ m - l X , k - m > 0 , q = 1 . • ( A . 1 0 ) 
V , V V V , m , k - m ^ - 1 

k m m k 

P r o o f . N o t e t h a t ( A . 1 0 ) h o l d s t r i v i a l l y f o r k - m = 0 . I n [ 9 ] , i t 

i s s h o w n b y i n d u c t i o n t h a t ( A . 1 0 ) h o l d s f o r k - m = l . A s s u m e t h e n t h a t 

( A . 1 0 ) h o l d s f o r 0 < k - m < n ( n > l ) a n d s h o w t h a t i t h o l d s f o r k - m = n + l . B y 

u s i n g ( A . 1 0 ) o n ( U / V ) - ( U / V ) a n d ( U , / V _ ) - ( U _ / V _ ) , 
* m + n m + n m m m + n + 1 m + n + 1 m + l m + l 

a d d i n g a n d t h e n u s i n g ( A . 1 0 ) f o r ( U / V ) - ( U _ / V J , i t c a n b e 
m + n m + n m + l m + l 

e s t a b l i s h e d t h a t 

U . U q , q . . . q , X V , V . , + q V V X ., 
m + n + 1 _ _ m _ - 1 o m - l m , n m + l m + n + 1 m m m + n m + l , n 

V V ~ V V V V 
m + n + 1 m m m + n + 1 m + l m + n 

q V V X 
m m m + n + 1 m + l , n - 1 . . 

V V ] * * 
m + l m + n 

S o i t m u s t b e s h o w n t h a t 

V , , ( V , X , _ - V , , X ) = q V ( V , X . 
m + l m + n m , n + l m + n + 1 m , n m m m + n m + l , n 

- V ^ ^ . X ^ . _ ) . ( A . 1 2 ) 
m + n + 1 m + l , n - l 

D i r e c t s u b s t i t u t i o n v e r i f i e s ( A . 1 2 ) f o r n = l . F o r n > 2 , f i r s t v e r i f y b y 

i n d u c t i o n o n i ( > 1 ) t h a t ( V . . X . . - V . . n X . . ) = q . q . n . . . q . . , V . , 
3 + 1 3 , 1 + 1 3 + 1 + I 3 , 1 3 3 + 1 3 + 1 - 1 ] ' 

f o r j > 0 , i ^ l ; t h e n ( A . 1 2 ) f o l l o w s ( r e p l a c e j b y m , i b y n ; r e p l a c e j b y 

m + l , i b y n - 1 ; s u b s t i t u t e i n ( A . 1 2 ) ) . B 

T h e o r e m 2 . 8 . L e t D d e n o t e t h e c l o s u r e o f t h e s e t o f a l l d , n £ 0 . 
n 

I f t h e i n t e r s e c t i o n o f D w i t h G ( s e e L e m m a 2 . 2 ) i s e m p t y , s o t h a t ( 2 . 2 1 ) 

a n d ( 2 . 2 2 ) a r e w e l l - d e f i n e d , a n d i f t h e h y p o t h e s e s o f T h e o r e m 2 . 5 a r e 
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satisfied, then 

W (x)dB (x) = 6 , 0<m<n-l , (2.21) 
m n om 

— 0 0 

and 

* V (x)d3 (x) 
? = 0 , 0<m<n-l, l<j<e , (2.22) 

- (x-d ) 3 

m 

are valid for every n>l.B 

Proof. First define tt . (x) by tt . (x) = 1 and tt . (x) =b (x-d )• 
3 - 1 3 o o 

b,(x-d,) ... b.(x-d.), j>0. Now it is desirable to show that for t not 
1 1 3 3 

in G, 

°o G.(t)7T (X)-G.(X)7T (t) 

(-J IZ 3 ) d S n ( x ) = F ( t ) , l S j S n , ( A . 1 3 ) 
-oo j-l 

because the process used to derive (A.13) also yields (2.21); and once 

(A.13) is obtained, (2.22) follows almost immediately. When j=l. 

°o G, (t) tt (x)-G.. (x)tt (t) 
r 1 O 1 Q i j o , \ 

„ [ (t-x), (x) ] d 6 n ( X ) 

— oo o 

f°° (t-a ) (x-d ) - (x-a ) (t-d ) 
' r o o o o n , n , . 

1 (t-x) (x-d ) l d 6 n ( x ) 

—oo O 

°o (a -d ) (t-x) 
° w . , (x) (t-x)(x-d ) n 

—oo O 

or 
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f00 G (t) TT (x)-G1(x)TT (t) r°° 
I [~ -~- —r 2 ]d£ (X) = W (X)d3 (X) . (A.14) 
I (t-x)Tr (x) n o n 

J —oo O — 0 0 

Evaluate (A.14) at t=d and use (2.17) to obtain 3-(d )F (d )/G (d ) = 
o 1 o n o n o 

r W (x)d8 (x) . But from (A. 10) with U = F, V = G, p = x-a , and q = o n m m m 9 2 b̂ (x-d ) (see (2.12)), it follows, since q (d ) = 0, that F (d )/G (d )= m m o o n o n o F, (d )/G, (d ) ; so W (x)d8 (x)=F.(d ) = 1, and (A. 13) holds for j=l. l o l o o n l o 
Induction is now used to prove (A.13) for j>l. For this purpose, assume 
(A.13) holds for l<j<k and show that it holds for j=k+l. The steps in 
the procedure are, first, to write the left-hand side of (A.13) with 
j=k+l and 7r, , (t)W, (x) added in and out and then to use the relation J k-1 k 
Wk(x, = [(ak-dk)Gk(x)+b^1(dk-dk_1) ( x - a ] t „ 1 ) V l < x ) ] / t V l ( J ° '^k' 1 < S e e 

(A.25)), and the induction hypothesis. As is shown below, the result is 

" . W t > V x > " W x ) \ ( t ) „ „ , , „ 
i _ x ]dBn(x) = Pk+1(t) 

-oo k 
+ V i ( t ) W. (x)d3 (x) , (A.15) k n 

— 0 0 

which can be manipulated, as is also shown below, to obtain (A. 13). Now these 
steps are actually done. By using (2.12) and the relation for W (̂x), it 
follows that 

G k + i ( t ) i r k ( x ) ~ G k + i ( x ) V t ) 

{ [ (t-x)Mx) 1 + I Vl ( t ) "k ( X ) "Vi ( t > "k ( X ) » } d 6 n < X ) 
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b t i ( t-Vi ) 2 Gk-i ( t ) V 2 ( x >

1 ] r ,, r ' ^ ' ^ ' v i ' " ^ ' ^ 1 

(t-x)n. ,(x) JiBn(x) j i (t-x)Ti. (x) 
k-2 J -«> k 

v i ( t ) 'W '^ 's '^v „ ,, 
+ ( t - x ) . , . ( x )

 l d e n ( x ) 

( t - x ) IT ( X ) 

b k - i ( V d k - i ' ( x- dk-i' ( t - x ) b A - i ( x ) V i ( t ) 

(t-x)7Tk(x) •]dPn(x) 

The last two integrals on the right-hand side of this expression become 

0 0 V k - i ( t ) 

* V . , (-G. (x) (t-a, ) (x-dJ (t-x)Tr (x) k k k -oo k 

+ V l ' ^ k - l ' ( x- dx) ( t - d k - l > G k - l ( x ) ) d 6 n ( x ) 

Thus 

r- G
k + l ( t ) \ ( x ) " G k + l ( x ) \ ( t ) 

( (t-x), (x) —>«nWVl ( t )j V x > d * n < x ) 

—oo k —00 

G k ( t ) 7 T k - l ( x ) ~ G k ( x ) 7 T k - l ( t ) 

+ (t-a, ) I ( K * , — )dp (x) k I (t-x)Tr. . (x) n 
-oo k-l 

2 2 
- bk-i ( t- dk-i' 

r \ - i ( t > V 2 M - V i M V 2 ( t l

n r , , 
« ( t - x , V 2 ( x ) ) d 6 n ( x ) 
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from which (A.15) follows by using the induction hypothesis and (2.12). 

f°° 
It remains to show that W. (x)dB (x) = 0, l<k<n-l. To do so, first 

k n 
J — CO 

divide both sides of (A. 15) by G
k + 1 ( t ) t o obtain 

F „ ( t ) r G k + l < X , \ ( t ) d 6 n ( x ) F k + i ( t ) 

G n ( t ) J . ^ W ' i W M S + l ( t ) 

(A. 16) 
V i ( t ) 

G
K + l ( t ) 

W. (x)d6 ( x ) 
k n 

— CO 

Now differentiate both sides of (A.16) e -1 times with respect to t, 

evaluate at t=d , use the fact (from (A.10)) that 

m
 F (t) i m F (t) m, n / m , k+1 D W / d ' o T m ' 

n / k+1 

dt m / t=d„ dt m / t=dk 
k 

0<m<2ek-l, n>k , 

(A.17) 

and obtain the result | W (x)dB (x) = 0; so (A.15) becomes (A.13) with 
Jc n 

—oo 

j=k+l. Parenthetically, note that differentiation under the integral sign 

is valid because of the form of each $n(x) (see the discussion preceding 

Lemma 2.2). Hence (A.13) holds for l<j<n. So from (A.16) and (2.13), 

n k+1 1 k+1 , 0 , x ^ /„ -ir.x 
d3 (x) , 0<k<n . (A.18) 

n K+1 k+1 J - 0 0 

To obtain (2.22) for j=l, differentiate both sides of (A.18) (with respect 

to t) e k times, evaluate at t = ^ k , and use (A.17). To obtain the remaining 



74 

equations of (2.22) use induction on j. Assume that j [Y (x)/ 
o 

(x-d. ) 3 ] d 8 (x) = 0, 0<k<n, l<j<i<e. and show that this result holds for 
k n k 

j=i+l. Differentiate both sides of (A.IS) (with respect to t) e^+i 

times; evaluate at t =d k; use (A.17) and the induction hypothesis to 

obtain the desired result.• 

The proof of Theorem 2.9 depends on the following three lemmas 

(A.4-A.6). 

Lemma A.4. Under the conditions that 

(i) â  , b^ , d_. are real, j^O, 

(ii) there exist g.. with 0<g_._^<l, j>0 and 

b r 9 j ( 1 - 9 J - I ' ' 

(iii) G and D are disjoint. 

» Y (x)dB(x) 
: = 0 , n>l, m>0, l<j<e . • (2.20) 

- (x-d ) 3 

m 

Proof. The method of proof is by induction on j where at each 

stage induction on n is used. 

f 
Let j=l. By (2.19), [Y _ (x)/(x-d ) ]d3(x) = 0. Now use induc-

. m+l m 
J — CO 

tion on n, assuming that 

» Y (x)d3(x) 
n + 7 . . = 0 (A.19) 

(x-d ) _oo m 

holds for l<n<k and showing that this result holds for n=k+l. In order 

to show that (A.19) holds for n=k+l, it is first verified that 
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0 ° b (d - d ) Y . (x)d3(x) ro+n m m+n m+n+1 
( x - d ) 

—oo m 
( A . 2 0 ) 

r [ ( d - a )¥ ( x ) - b ^ n (d -d ^ _(x)]d6(x) 1 m m+n m+n m+n-1 m m+n-1 m+n-1 
( x - d ) 

m 

by us ing the r e c u r r e n c e r e l a t i o n ( 1 . 3 ) f o r ^ m + n + 1 ( x ) ' d i v i d i n g by ( x - d ^ ) , 

w r i t i n g ( x - d . ) / ( x - d ) as 1 + ( d - d ) / ( x - d ) ( s i m i l a r l y f o r ( x - a . ) / 
m+n m m m+n m m+n 

( x - d ) and ( x - d n ) / ( x - d ) ) , c o l l e c t i n g the terms wh ich appear i n 
m m+n+1 m 

( A . 2 0 ) , i n t e g r a t i n g , and us ing ( 1 . 9 ) and ( 2 . 1 8 ) on the rema in ing t e rms . 

Then f rom ( A . 2 0 ) w i t h n=k ( the r i g h t - h a n d s ide be ing z e r o by the i n d u c t i o n 

h y p o t h e s i s ) , i t f o l l o w s t h a t e i t h e r d = d . o r ( ¥ . n ( x ) / ( x - d ))dB (x)= 
m m+k m+k+1 m 

J — 0 0 

B U T I F V W T H E N B Y ( 2 - 1 9 >
 O f m + k + 1

( x ) / ( x - d m + k ) ) d B ( x ) = 0 - 0 \ + K + 1 < x > 
( x - d ))dB (x )=0 ; so the d e s i r e d r e s u l t f o l l o w s whether d =d , o r n o t . 

m m m+k 

Now assume t h a t ( 2 . 2 0 ) ho lds f o r l < j < i < e , n > l , and show t h a t 
m 

( 2 . 2 0 ) ho lds f o r j = i + l . By ( 2 . 1 9 ) , (Y L l ( x ) / ( x - d ) 1 + 1 ) d B (x ) = 0. Now 
m+1 m 

J _ 0 0 

use i n d u c t i o n on n , assuming t h a t 

V . (x)d3 (x) 

-°o ( x - d ) 
m 

ho lds f o r l<n<k and showing t h a t t h i s r e s u l t ho lds f o r n = k + l . I n o r d e r 

t o show t h a t (A .21 ) ho lds f o r n = k + l , f i r s t observe t h a t 

foo b (d -d )Y , (x)dB (x) 
m + n m m + n m+n+1 

J_oo (X_d 

m 

( A . 2 2 ) 

roo ((d - a )Y ( x ) - b ^ . (d -d )V . ( x))dB ( x ) 
1 m m+n m+n m+n-1 m m+n-1 m+n-1 

/ , x i + l -oo (x-d ) 
m 
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A S C A N R E A D I L Y B E V E R I F I E D A S A B O V E E X C E P T T H A T A F T E R C O L L E C T I N G T H E 

T E R M S I N ( A . 2 0 ) , D I V I D E B Y ( X - D ) 1 , I N T E G R A T E , A N D U S E T H E I N D U C T I O N 
M 

H Y P O T H E S I S T O E L I M I N A T E T H E R E M A I N I N G T E R M S . T H E R E S T O F T H E P R O O F 

P R O C E E D S E X A C T L Y A S A B O V E . B 

L E M M A A . 5 . I F G ( D N ) j- 0 , M > L , T H E N F O R S O M E C O N S T A N T S R ™ , S ! ° , M M - L K K 

0 < K < M , 

M 
M R 

W ( X ) = J , M > 0 , ( A . 2 3 ) 
M , U E , K = O K ( X - D K ) 

W H E R E R ™ ^ 0 , M > 0 . A L S O M 

1 m 

= I S ! V ( X ) , M > 0 . • ( A . 2 4 ) E . K K . M K = O ( X - D ) M 

P R O O F . B Y B E G I N N I N G W I T H ( 1 . 9 ) , U S I N G ( 1 . 3 ) T O E L I M I N A T E 

V _ ( X ) , A N D T H E N U S I N G ( 2 . 1 3 ) , I T F O L L O W S T H A T M + L 

( ( A - D ) G ( X ) + B 2 . ( X - D ) ( D - D _ ) G . ( X ) ) ,., , . M M M M - L M - L M M - L M - L ._ . . _. W ( X ) = ; - - - — - - - - — , M > L . ( A . 2 5 ) M B ( X - D ) B . ( X - D _ ) . . . B . ( X - D , ) ( X - D ) O O 1 1 N - 1 M - L M 

T H E N A P A R T I A L F R A C T I O N E X P A N S I O N O F ( A . 2 5 ) Y I E L D S ( A . 2 3 ) F O R M > L . F O R 
E 

M = 0 , W ( X ) = ( A - D ) / ( X - D ) ° . I T I S R E A D I L Y V E R I F I E D T H A T R ™ = ( - 1 / O O , O O M M - L 
B B N . . . B _ ) I T G . ( D ) / ( D - D . ) W H I C H I S N O N - Z E R O S I N C E G , , ( D ) ^ 0 , O 1 M - L . , .. M + L M M I M + L M ^ O ^ D M ^ D I 
M > 0 . E Q U A T I O N ( A . 2 4 ) N O W F O L L O W S B Y A M A T R I X I N V E R S I O N . * 

POO #OO 
L E M M A A . 6 . ¥ . ( X ) W . ( X ) D £ ( X ) = ¥ ( X ) W ( X ) D £ ( X ) = L , J > 0 ( S E E 

I _ C O 1 3 J - O O ° ° 
( 2 . 1 8 ) ) , U N D E R T H E S A M E C O N D I T I O N S A S L E M M A A . 4 . B 

. 0 0 f O 0 e 

P R O O F . Y .(x )W.(x)dS(x) = ( X ) [ R ] . / ( X - D . ) : ] d 3 ( X ) B Y L E M M A S 

A . 4 A N D A . 5 . N O W P E R F O R M T H E F O L L O W I N G S T E P S O N Y .(x ) W .(x)dB(x), 
J - O O -1 3 
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j > l : r e p l a c e ( x ) b y i t s p a r t i a l f r a c t i o n e x p a n s i o n ; e l i m i n a t e t h e 

c o n s t a n t t e r m i n t h i s e x p a n s i o n b y ( 2 . 1 8 ) ; r e w r i t e W_. ( x ) b y u s i n g ( 1 . 9 ) ; 

e l i m i n a t e a l l p o s s i b l e r e m a i n i n g t e r m s b y u s i n g ( 2 . 2 0 ) . T h i s t o g e t h e r 

w i t h t h e f i r s t e q u a t i o n a b o v e y i e l d s 

4 \ (x)W_. ( x ) d 8 ( x ) = 
r j j ~ *d (3 (x ) 

V . - ( x ) W . . ( x ) d 8 ( x ) , j > l . 

B y r e p e a t e d u s e o f t h i s r e s u l t , t h e c o n c l u s i o n f o l l o w s . 

T h e o r e m 2 . 9 . U n d e r t h e c o n d i t i o n s t h a t 

( i ) b . , i a r e r e a l , j > 0 . 

( i i ) t h e r e e x i s t g_. w i t h 0 < g ^ 1 < 1 , j > 0 a n d 

b j S g j U - g >. 

( i i i ) G a n d D a r e d i s j o i n t , 

8 ( x ) i s t h e i n t e g r a t o r o f D e f i n i t i o n 2 . 3 f o r t h e s e q u e n c e s ( 1 . 3 ) a n d 

( 1 . 9 ) . • 

P r o o f . I t m u s t b e s h o w n t h a t 

Y . (x)W, (x)dB(x) = 0 , jA, j,k>0 . 
3 K 

( A . 2 6 ) 

I f k < j , ( A . 2 6 ) f o l l o w s i m m e d i a t e l y f r o m ( A . 2 3 ) a n d Lemma A . 4 . I f j < k , 

t h e n ( A . 2 6 ) f o l l o w s b y a n e x p a n s i o n o f ( x ) i n t o a c o n s t a n t p l u s a s u m 
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e, 
of factors of the form r / ( x-d.) for r a constant and 0<i<j-l. Finally 

4> . ( x ) W . (x)d8 (x ) = 1^ 0, j>0, follows from Lemma A . 6 . 1 
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A P P E N D I X B 

P ( z ) d y ( z ) = 0 , n > l , 
n 

— 0 0 

( B . l ) r00 

d y ( z ) I- 0 . 
_oo 

T h e n (2.4) i s s a t i s f i e d f o r t h e s e q u e n c e { P ( z ) } o f (1.4) a n d (3.1), 
n n = o 

w h e n a ( z ) ( s e e D e f i n i t i o n 2.1) i s r e p l a c e d b y y(z).U 

A s i m i l a r t h e o r e m i s p r o v e d i n A p p e n d i x C ; s o t h e p r o o f o f t h i s 

r e s u l t i s n o t p r e s e n t e d ( i t i s a s t r a i g h t f o r w a r d u s e o f t h e f a c t t h a t 

n + m 

P ( x ) P ( x ) = 7 a . . . P . ( x ) ) . 
n m , u i ( n , m ) I 

i = o ' 

O u t l i n e f o r T h e o r e m 3.1. B y T h e o r e m B . l , i t i s s u f f i c i e n t t o s h o w 

t h a t ( B . l ) h o l d s w i t h y ( x ) = y ( x ) a n d p

n ( x ) = s

n ^ x ^ * T n e a p p r o a c h i s v e r y 

s i m i l a r t o t h a t f o u n d i n C h a p t e r I V a n d A p p e n d i x C . F i r s t a c h a n g e o f 

v a r i a b l e i s e f f e c t e d . L e t z = x ( x + b ) - d - c , R ( z ) = 1, R ^ ( z ) = z , a n d 

R _ ( z ) = z R ( z ) - c d R . ( z ) . ( B.2) 
n+1 n n-1 

T h e n 

T h e t e d i o u s p r o c e s s o f d i r e c t l y v e r i f y i n g t h a t y ( x ) a n d n ( x ) o f 

T h e o r e m s 3.1 a n d 3.2 w o r k a s i n t e n d e d i s e a s e d b y t h e f o l l o w i n g r e s u l t , 

T h e o r e m B . 1 . G i v e n t h e s y s t e m o f (1.4) a n d (3.1), s u p p o s e t h a t 

t h e r e e x i s t s a g e n e r a l i z e d f u n c t i o n y ( z ) s u c h t h a t 
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S„ (x) = R ( z ) + (ax+ab+d)R . ( z ) 
2n n n - l 

S o < x> = ( x + a ) R ( z ) + acR . ( z ) 2n+ l n n - l 

h 
Now l e t z = 2 ( c d ) c o s 6 and d e f i n e A ( z ) , B ( z ) by 

-h -h 
2 _/ _ j \ 2 

( B . 3 ) 

*t ^ t>I ^
 1 1 / /•. ̂  \ , P (cd) ' q (cd) * % 2 a , 1 A ( z ) - B ( z ) = —( (b -2a ) ( — ^ ^ ) - — ( ^ 

>^G~ / H 1+p -2pcos0 1+q -2qcos0 1+p -2pcos6 

( B . 4 ) 

2 
1+q -2qcos9 

) , 

and 

A ( Z ) + B ( z ) = SS^Z^. ( _E 3. , , (B<5) 

/ H 1+p -2pcos6 1+q -2qcose 

2 
where G = 4d+4c+b + 4 z . I t can be shown by a t e d i o u s b u t s t r a i g h t f o w a r d 

p rocedu re o f s u b s t i t u t i o n t h a t b o t h / 4 - z A ( z ) d z and / 4 - z B ( z ) d z become 
/ 2 / 2 

• 4 - z A ( z ) d z and v4-i 

I 2 2 
, , , / 4 c d - (x + b x - d - c ) dx 

o ) ( x ) d x = ( B . 6 ) 
(ax +x (ab+d+a ) + (a b + a d - a c ) ) 

on the i n t e r v a l s o f ( 3 . 8 ) and ( 3 . 9 ) , r e s p e c t i v e l y (note t h a t ( B . 6 ) i s 

( 3 . 6 ) t o w i t h i n a f a c t o r o f 2TT) . T o show the above , i t i s necessa ry t o 

use the f a c t s t h a t , f o r A ( z ) , • G ~ = 2x+b, x = ~(-h+ v 4 d + 4 c + b 2 + 4 z ) , and f o r 

B ( z ) , • G ~ = - ( 2 x + b ) , x = - ^ - ( - b - v 4 d + 4 c + b 2 + 4 z ) . I t can a l s o be shown t h a t the 

i n t e g r a l o f S„ ( x )u ) ( x ) on the i n t e r v a l s o f ( 3 . 8 ) and ( 3 . 9 ) becomes 
2n 
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f2/cd 

-2/cd 
Acd-z2 [(A(z)+B(z)) (R (z) + — ~ R (JB)) 

n 2 n-1 

+ ( A ( z ) - B ( z ) ) R . ( Z ) ) ] d z . 2 n-1 

(B.7) 

Similarly, the integral of s
2n+l ̂  ^ ̂  ° n t h e i n t e r v a l s o f ( 3« 8) and 

(3.9) becomes 

f2/c& 

-2/cd 
£c7-2 2a-b z [(A(z) +B(z))( - R (z)+acR (z)) 2 n n-1 

+ ( A ( z ) - B ( z ) ) (—- R ( Z ) ) ] d z . 2 n 

(B.8) 

By using the fact that 

1 
2TT 

2i/cd 

-2/cd 

2 ^ R (z) (4cd-z ) " n 
2 

1+r -2r(cos6) 

r n+2 
(cd) 2 r1 

dz = / 

(cd) 
n+2 
2 1 

n+2 

, r <1 , 

, r >1 , 

(B.9) 

2 2 ^ plus the facts pq=-a /d, a -ab-d= (cd) 2(p+q) , a straightfoward calcula-
2 

tion will verify that O)(X)/2TT I S the weight function for the case p < 1, 
2 2 2 q < 1. For the cases when either p > 1 or q > 1 or both, the fact that 

for x = [(cd)\/a]-a, S 2 n = ( c d ) n / 2 / p
n , S 2 n + 1 = (-a/d) ( c d ) ( n + 1 ) / 2 / p n + 1 (also 

true for p and q interchanged) helps verify orthonormalizability for 

(A), (B), and (C) of Theorem 3.1 (when strict inequality holds). In the 
2 2 

cases when either p = 1 or q = 1, p^q, the formula 
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_1_ 
2tt 

f 2 / c d 2sh > R ( z ) ( 4 c d - z ) * 
— dz = ( + / c d ) 

- 2 / c d 
2±cos6 

( B . 1 0 ) 

i s h e l p f u l . F i n a l l y f o r p = q , p < 1, f i r s t note t h a t ( B . 4 ) and ( B . 5 ) 

become 

A ( z ) + B ( z ) = 
( G d ) ( l+p 2 -2p(cos8)) 2 

( 1 - p 2 ) ( B . l l ) 

and 

A ( z ) - B ( z ) = 
(1-P 2) 4a (p-cos8) (b -2a ) _ 

(cdJv^G ( 1 + p 2 - 2 p ( c o s 6 ) ) 2 ( c d ) ^ d v / G ( 1 + p 2 - 2 p ( c o s 6 ) ) 
(B .12 ) 

I n these cases use ( B . 1 0 ) i f p = 1 ; o t he rw i se use the r e s u l t s t h a t 

1 
27T 

2 /cd 

J - 2 / c d 

2 h R (z)(4cd -z ) 2(r-cos0) n 

( l + r 2 - 2 r(cose)) 2 

dz = / 

_ | ( c d ) ( n + 2 ) / 2 r n - l 

n + 2 ( c d ) ( n + 2 ) / 2 _ l 
n+3 

r 2 < l 

r 2 > l 

(B .13 ) 

and 

1 
2tt 

f2/cd . . .„ J 2 N % 
' R (z)(4cd-z ) 2 

n 

J-2>/cd d + r 2 - 2 r(cose)) 2 

d z = • < 

( n + l ) r ( c d ) ( n + 2 ) / 2 

d - r 2 ) 

( n + l ) ( c d ) ( n + 2 ) / 2 

• , 2 n+2 
^ ( r - l ) r 

r 2 < l 

9 
r " > l 

( B . 1 4 ) 

I n the subsequent e v a l u a t i o n s , the f a c t t h a t b = [ - ( c d ) ( p + q ) / a ] + a ( 1 + 1 / p q ) 
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I S H E L P F U L . B 

O U T L I N E F O R T H E O R E M 3 . 2 . F I R S T I T I S S H O W N T H A T T H I S C A S E D O E S 

N O T O C C U R F O R N O N - N E G A T I V E R L V A L U E S . R E C A L L T H A T A , B , C , A N D D ( A S 

D E F I N E D F O R ( 3 . 5 ) ) A R E G I V E N B Y A = (LQ-!L -l*2) / U , B = - ( ( £ + L ) / V ) -

2 2 ((Z + L „ + £ ) / U ) , C = - £ / ( U V ) , A N D D = - £ . / ( U V ) W H E R E , F O R C O N V E N I E N C E , 1 2 O O 1 

U = R „ + D L „ A N D V = - ( R N + D L N ) ( N O T E T H A T U V > 0 S I N C E C < 0 A N D D < 0 ) . T H E 2 O 2 1 O 1 
2 2 2 2 2 R E Q U I R E M E N T T H A T P > 1 B E C O M E S (L^Z^-'L^) v/(uZ^) > 1 ( S I N C E P = - A / D ) 

O R 

( L - L -21.) ( L - L 5 ) > £ - l H ? • ( B . 1 5 ) 
O 2 1 O 2 V 1 

2 

T H E R E Q U I R E M E N T T H A T P = Q B E C O M E S H = 0 ( S E E C H A P T E R I I I ) O R ( A B + D - A ) = 

± 2 A V ^ C ~ W H I C H R E D U C E S T O 

L Z2 

- L r ^ i - ¥ - ( L = V 1 * 1 ^ ' 2 ( B - 1 6 ) 

O 1 2 

2 ( N O T E T H A T L - £ - L _ = 0 I M P L I E S A = 0 O R P ^ 1 , A D I F F E R E N T C A S E ) . A N E C E S -O 1 2 
S A R Y C O N D I T I O N S O T H A T ( B . 1 6 ) H O L D S F O R N O N - N E G A T I V E R L V A L U E S I S T H A T 

( L - L 0 ) < 0 . L E T L - & . . - L = - e F O R S O M E e > 0 . T H E N ( B . 1 5 ) R E D U C E S T O O 1 2 O 1 2 

e 2 > ^ £ 2 . (B.17) 

F U R T H E R , S I N C E T H E L E F T - S I D E O F ( B . 1 6 ) M U S T B E N O N - N E G A T I V E . 

- L r L 2 H u r £ ) < V ^ a 0 ( B . 1 8 ) 
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There are three cases to consider in (B.18): 

Case 1: > e. 

/ V / V 
Since from (B.17) , £ ,< / — e, it follows that v — > 1; hence, 

1 u u 

— > J~^- . Thus £„ < €< — € or £,- — €< 0, which contradicts (B.18). 
u u 1 u u 1 u 

Case 2: £^ = e. 

/ v u 
— = 1 and from (B.17) — < 1, a contradiction. 

Case 3: Jl < £ . 

2 
Return to (B.16); since -£ -£_/(L -Jl-L.) is now negative, (B.16) 

1 1 o 1 2 

is contradicted. 

Now Theorem B.l can be invoked to verify the remainder of Theorem 

3.2. The integrals involving (3.10) are discussed in (B.ll) through 
h (B.14). The values of S 0 and S„ , at x= [(cd) p/a]-a are also dis-2n 2n+l 

cussed in the proof of Theorem 3.1. It remains to determine the values of 

h 
the derivatives of S_ and S. _ at x= [(cd) p/a]. These tedious calcu-

2n 2n+l 

lations (use the chain rule on (B.3) plus various recurrence relations) 

are omitted. The results are 
n-l 

dS. (x) / (cd) 2 (n) 
2n-l 

n-l 
P 

n>l 

(B.19) 

2n+2 / p _ 
dx / (cdf* ~ n+2 

x = p-a p 
n>0 

This information can now be used to verify that the requirements of Theorem 

B.l are satisfied.• 
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APPENDIX C 

( i ) | W Q ( x ) d Y ( x ) ^ 0 , 
—oo 

( i i ) Y . ( x ) W ( x ) D Y ( x ) = 0 , i > l . 
1 o 

— 0 0 

Then i f an i n t e g r a t o r f o r the system (x) ,W_̂  (x) 3 ^ e x i s t s (see 

D e f i n i t i o n 2 . 3 ) , y(x) i s such an i n t e g r a t o r . • 

P r o o f . Assume t h a t t he re e x i s t s a f u n c t i o n $ ( x ) o f bounded v a r i a ­

t i o n such t h a t 

( i i i ) 

( i v ) 

Y ± ( X ) W ( X ) D B ( X ) = 0 , i^j , 

Y . ( x ) W . ( x ) d f l ( x ) j 0 , i > 0 . 
J -oo 1 1 

Then 6 ( x ) i s an i n t e g r a t o r . I t i s d e s i r e d t o r e p l a c e ^ . ( x j w . f x ) by W (x) 
1 3 0 

t imes a sum of f s . T o do t h i s , observe t h a t W (x) = (a - d ) / ( x - d ) and 
o 0 0 o 

The p r o o f o f Theorem 4 .3 r e q u i r e s a g r e a t d e a l o f a l g e b r a . 

N o r m a l l y , i t wou ld be necessary t o v e r i f y the b i o r t h o n o r m a l i z a b i l i t y 

p r o p e r t i e s o f a l l p o s s i b l e comb ina t ions o f ¥ ' s and W ' s . G i v e n p e r i o d ­

i c i t y , however , the task i s eased by a r e s u l t somewhat s i m i l a r t o t h a t 

g i v e n i n Append ix B. 

Theorem C . 1 . L e t the d ^ , i > 0 , of ( 1 . 3 ) be p e r i o d i c w i t h p e r i o d n , 

t h a t i s , d . = d . , i > 0 . L e t v ( x ) be a f u n c t i o n o f bounded v a r i a t i o n w i t h 
l l + n 

the f o l l o w i n g p r o p e r t i e s : 
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I e 

(A) a c o n s t a n t ; 

(B) n / ( x - d ) q , l < q ^ 2 e m . 
m m 

W r i t e (A) as ¥ (x ) t imes a c o n s t a n t . S ince the d are p e r i o d i c , t h e r e i s o m r r 

a p such t h a t e = q and d = d ; so (B) can be w r i t t e n as a sum o f s by 
p m p ^ 

us ing Lemma A . 5 and ( 1 . 9 ) . Thus ¥ . ( x ) W . ( x ) / W (x) = Y a, , . . % ¥ , (x) f o r 
I j o k ^ Q k ( i , j ) k 

some f i n i t e £ w i t h i , j a r b i t r a r y . Then by us ing ( i i i ) and ( i v ) on 

¥ . ( x )W. ( x ) , i t can be seen t h a t a . . .. ? 0 and a , . . = 0 , i ^ j . W i t h 
I D 0 ( 1 , 1 ) o ( i , j ) 

a y . . . 7̂  0 and a . . . = 0 , i t t hen f o l l o w s by use o f ( i ) and ( i i ) t h a t 
0 ( 1 , 1 ) o ( i , j ) 

( i i i ) and ( i v ) h o l d w i t h d3 (x ) r e p l a c e d by d y ( x ) . T h a t i s , y(x) i s an 

i n t e g r a t o r s 

P r o o f o f Theorem 4 . 3 . I t i s c l e a r t h a t x ( t ) o f ( 4 . 2 ) s a t i s f i e s n 

the d i f f e r e n t i a l system ( 1 . 1 ) . I t remains t o show t h a t x ( t ) s a t i s f i e s 
n 

the i n i t i a l c o n d i t i o n s , X . ( 0 ) = Y . , x (0) = 0 , k ^ j , o r , i n o t h e r w o r d s , . 
3 3 * 

3 (x ) as g i v e n i n Theorem 4 .3 i s i n f a c t the d e s i r e d i n t e g r a t o r (whose ex ­

i s t e n c e i s assu red by the c o n d i t i o n s i n the t h e o r e m ) . 

By Theorem C . l , i t i s s u f f i c i e n t t o show t h a t 

r 
Y (x)W (x)dB(x) = 6 , n>0 . ( C . l ) 

n o on 
— 0 0 

T o s i m p l i f y subsequent a rguments , i t w i l l be assumed t h a t bo th d and d 
o 1 

l i e between the i n t e r v a l s whose endpo in t s are g i v e n i n ( 4 . 9 ) and ( 4 . 1 0 ) . 

Under these assumpt ions , i t i s p o s s i b l e t o f i n d the r i g h t - h a n d e n d p o i n t 

Y. ( x )W. (x) = W (x) [Y. ( x )W. ( x ) / W (x) ] . Now w r i t e V . (x) = Y 6 / ( x - d ) m + 
l i o i . i o l ^ m m j e m=o 

6. , and W . ( x ) / W (x) =• ) Y / ( x - d ) + Y . _ , m u l t i p l y t o g e t h e r and oe r fo rm 
i + I i o ^ m m 3+1 

m—o 
a p a r t i a l f r a c t i o n expans ion r e s u l t i n g i n terms o f the f o rm: 
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of each interval. For the interval of (4.9), it is known that G 0 ,(x) 
2n+I 

is positive at the right-hand endpoint (see the proof of Theorem 2.5). 

But G 0 ^ (x) =b n(x-d j ' V N x-d.^xR (z) from (4.7) and (2.13) while R (2) = 2n+l o o 1 1 n n 
n+1 and R n ( - 2 ) = (-l)n(n+l). Thus (4.9a) is a right-hand endpoint. 

Similarly, knowing that G
2 n + 1 ^ ^ S n e9* a t :*- v e a t t^ l e left-hand endpoint of 

the interval given in (4.10) says that (4.10b) is the right-hand endpoint 

of that interval. In all subsequent discussions, where ± or + appear, 

the upper sign refers to the interval of (4.9) and the lower to (4.10). 
2 , 

Case 1: p < 1. 
For the d£(x) of (4.12), it can be shown, since a = 0, that 

o 

-d b (x-d )b (x-dj v 4 - z 2 dx / 2 -b d (dx) o 4 o o 1 1 /4-z , 0 0 ' 

W (x)dB(x) = (- , _ \, i J v | I 
o x-d _ | i,2 2 2TT b. (x-d.) x o 27r[x|b 1(x-d 1) 1 1 1 

(C.2) 

2 2 Now l/x=s/(m±q) = (m+q)/r; so -dx/x = [ (m +q )r- (m+q) r ]dz/r , where m, 

q, r and s are defined in Chapter IV and m , q , r represent the deriva-
z z z 

tives of the functions m, q, and r, respectively, with respect to z. With 
2 U = b (d s-2d m+r) , which is a constant, it follows that o o o 

d Ub (x-d )x 
- —~ = £(-2b b.d ( 1 - — ) + — . )dz , (C.3) 2 r o 1 o x qx(x-d ) x ^ o 

d X = -(2b d ± J d z , (C.4) xb,(x-d,) r o o q(x-d ) 

where the upper sign holds on the interval of (4.9) and the lower on 

(4.10). Thus 
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/4-z / o ox , , u x 

Wd$(x) = — — (—z-̂ ) (2b d i )dz . (C.5) o 2tt r o o q (x-a ) 

Let T= (-b d /r) (2b d +Ux/[q(x-d )]), V= (-b d /r) (2b d -Ux/[q(x-d )]). o o o o o o o o o o 

Then on the interval of (4.9), 

t l[_Iq-Hz-£-p_] / { Q m 6 ) 

iq(l+p -pz) 

and on the interval of (4.10), 

1 Iq+Hz+J+p 

V = ±[-2 j^—} , (C.7) 
Iq(l+p -pz) 

where H, I, and J are coefficients in the expansion C= Hz± lq+J (see 

(4.5)). Equations (C.6) and (C.7) are verified by working backwards and 

using the fact I= b.^(d^-d^)/U. In addition, if A (see (4.5)) is written 

as Ez± Fq + G, where E, F, and G are constants, then for ze[-2,2]. 

T +V = \ , (C.8) 
1+p -pz 

T - V = ~ <J+P+f > - (G+E

2

2' . (C.9) 
Iq(l+p -pz) Fq(l+p -pz) 

Thus (see (4.7)) 

f°° f2 A- 2 

J ¥ 2 n + l ( x ) W o ( X ) d 3 ( x ) = (Ez+Fq+G)Rn(z) T(z)dz 
• — 0 0 « — 9 
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v£7 + (E'Z-Fq+G) R (z) 

J-2 n 2 7 T 

( - V ( z ) ) d z ( C . 1 0 ) 

= 0 , 

b y u s i n g ( C . 8 ) a n d ( C . 9 ) a f t e r c o l l e c t i n g t e r m s o n t h e r i g h t s i d e o f 

( C . 1 0 ) . A l s o f r o m ( 4 . 7 ) , 

b d b ( d - d ) x b ( d - d ) 
¥ 2 n ( z > = R n ( z ) + { — + h d ° ) R n _ l ( g ) - R n ( g ) + ( 2 

o o o o o o 

A - p ) R . ( z ) . 
n - 1 

T h u s 

, r 2 / R ( z ) - p R ( z ) 

( x ) W ( x ) d 3 ( x ) = 7 = r I / 4 - z ( — n ~ ± 

2 n o 2 t t 
) d z . ( C . l l ) 

- 2 1 + p - p z 

B y u s i n g t h e f a c t t h a t 

r 

_ i _ 
2tt 

2 

- 2 

L 2 n 

/ 4 - z 
R_ ( z ) 

, — d Z = < 
1 + p - p z 

P , P < 1 

, P > 1 

P 
v . 

n + 2 

( C . 1 2 ) 

t h e c a s e p < 1 i s n o w c o n c l u d e d . 

2 
C a s e 2 : p > 1 . 

I t i s n o t h a r d t o s e e t h a t w h e n x = 0 , z = ( 1 + p ) / p , R

n ( z ) = 

[ l / ( l - p 2 ) ] [ l / p n - p n + 2 ] , a n d ^ 2 n ( 0 ) = l / p n . S o f o r p 2 > 1 , ( C . l l ) b e c o m e s 
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l / p n + - p / p n + = l / p n ( l / p - 1 ) . T h u s i t i s n e c e s s a r y t o a d d t o 3 (x ) a 

j u m p o f m a g n i t u d e ( 1 - 1 / p " ) a t x = 0 i n o r d e r t o m a k e t h e i n t e g r a l i n 

( C . l l ) z e r o ; a n d a d d i n g t h i s j u m p l e a v e s t h e i n t e g r a l i n ( C . 1 0 ) u n a f f e c t e d 

b e c a u s e Y _ , . ( 0 ) = 0 . 
2 n + l 

2 , 
C a s e 3 : p = 1 . 

B y u s i n g t h e f a c t s 

l f2 / 9 R n ( z ) 

^ 7 / 4 - z v5rr- d z = ( + 1 ) , ( C . 1 3 ) 
2 7 7 J _ 2 

t h e d e s i r e d r e s u l t f o l l o w s (± a n d + h e r e d o n o t r e f e r t o ( 4 . 8 ) a n d 

( 4 . 9 ) ) . • 
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A P P E N D I X D 

r°° V ( x ) W . ( x ) 

x ( t ) « Y U + L + * . ) ~ 17 1 p e X d B ( x ) , 
J J J 3 J - « A _ + l +I ) 2 A . T + l . + j i . ) 2 

n - 1 n n 3-I : : 

n > 0 . ( 4 . 2 ) 

B y L e m m a 2 . 2 , S i s c o n t a i n e d i n G , t h e c l o s u r e o f t h e s e t o f a l l z e r o s 

o f t h e G n ( x ) , n > 0 . F u r t h e r , i n T h e o r e m 2 . 8 , i t i s r e q u i r e d t h a t D , t h e 

c l o s u r e o f t h e s e t o f a l l d n , n > 0 , n o t i n t e r s e c t G . S i n c e t h e s i n g u l a r i ­

t i e s o f V ( x ) ( s e e ( 2 . 1 3 ) ) a n d W . ( x ) ( s e e ( A . 2 5 ) ) a l l l i e i n D , a n d s i n c e 

n 3 

t h e p r o d u c t V ( x ) W . ( x ) i s f i n i t e a s x - ^ ± o o ( 4 ' ( x ) W . ( x ) i s t h e r a t i o o f a 
n J n 2 

p o l y n o m i a l o f d e g r e e ( j + n ) t o a p o l y n o m i a l o f d e g r e e ( j + n + 1 ) ) , i t f o l l o w s 

x t 
t h a t V ( x ) W . ( x ) i s b o u n d e d f o r x e G ( h e n c e S ) , t c [ 0 , a ] . T h e f u n c t i o n e 

n 3 

i s a l s o b o u n d e d f o r x e G , t e [ 0 , a ] b e c a u s e t h e s e t G i s c o n t a i n e d i n t h e 

i n t e r v a l ( - ° ° , 0 ] a s i s n o w s h o w n . 

G ( 0 ) a n d G , ( 0 ) > 0 ( s e e ( 2 . 2 ) a n d ( 2 . 1 2 ) ) ; s o b y t h e z e r o 

S e v e r a l t i m e s i t h a s b e e n n e c e s s a r y t o d i f f e r e n t i a t e ( 4 . 2 ) u n d e r ­

n e a t h t h e i n t e g r a l s i g n . T h i s a p p e n d i x d i s c u s s e s s o m e o f t h e f a c t o r s 

w h i c h p e r m i t t h i s i n t e r c h a n g e o f o p e r a t i o n s . F i r s t i t i s s h o w n t h a t t h e 

i n t e g r a l i n ( 4 . 2 ) i s w e l l - d e f i n e d ; t h a t i s , i t i s d e m o n s t r a t e d t h a t 

x t 
V ( x ) W . ( x ) a n d e a r e b o t h b o u n d e d f o r x e S ( t h e c l o s u r e o f t h e s e t o f 

n D 

a l l p o i n t s o f i n c r e a s e o f B ( x ) ) , a n d f o r t e [ 0 , a ] , " a " f i n i t e . T h i s 

a r g u m e n t i s t h e n e x t e n d e d t o p e r m i t t h e d e s i r e d d i f f e r e n t i a t i o n . 

R e c a l l t h a t 
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separation properties of the G^(x.) , n>0, (see the proof of Theorem 2.5) 

and by the fact that the leading coefficient of G^(x) is positive (see 

the proof of Theorem 2.5 again), it follows that it is sufficient to 

show that G (0) > 0, n>0. To show this, first note that if 3(x) in n 
(4.2) exists, then a^^O, n>0 (the condition a

n
 = 0 f°r some n requires 

that r = r = 0 or d = d = 0 and then from G , (0) = (-a )G (0) -n n-l n n-l n+1 n n 
b 2 ,d 2 _G ,(0) (see (2.12)) it follows that G _ (d ) = G , (0) = 0 which n-l n-l n-l n+1 n n+1 
violates Lemma 4.1). Since a ^ 0, n>0, it is possible to write G (0) = 

n n 
(-a ) (-a.) ... (-a _)H where H _ = H -r 2 H _/[(r 0+R _+r ) (r _ o 1 n-l n n+1 n n-l n-l n-2 n-l n-l n-l 
+R +r )]. The coefficient of H . in this equation generates a chain se­tt n n-l 
quence and by the techniques of solution developed earlier (see the proof 

of Theorem 2.5 and the first part of Chapter IV), H n > 0, n>0, from which 

it follows that G (0) > 0, n>0. n 
Since 3(x) is non-decreasing and bounded, it is now clear that 

(4.2) is well-defined. 

Now, in order to verify that (4.2) is a solution of (1.1) for 

t>0, it must be shown that 

dx (t) fco y (X) w. (x) 
3 3 3 3 J-«> U ,+L +1 )2 U . +L.+S,.)2 

n-l n n j-l j j 
n>0 . (D.l) 

An extension of the argument above shows that x¥ n (x) W_. (x) is bounded on 

G and by the Weierstrass M-test and Theorem 14-24 in Apostol [1], dxn(t)/dt 

is indeed given by (D.l) for t>0. 

In order to apply the Weierstrass M-test and Theorem 14-24 in 
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A p o s t o l [1] t o h i g h e r o r d e r d e r i v a t i v e s , i t i s s u f f i c i e n t t o r e q u i r e 

t h a t 

, 0 0 

x r d B ( x ) | < oo , r > 0 . 
J _ 0 0 

N o t e a l s o t h a t t h e a b o v e r e s u l t s a l l h o l d i f t h e s e t G i s r e p l a c e d 

b y t h e s e t G N o f T h e o r e m 4 . 2 . 
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