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SUMMARY

In this thesis, we study qualitative and quantitative properties of stationary/uniformly-rotating
solutions of the 2D incompressible Euler equation and the generalized Surface Quasi-Geostrophic
(SQG) equations. The main goal is to establish sufficient and necessary conditions for the station-
ary/uniformly rotating solutions to be radially symmetric. In addition, we also derive quantitative
estimates for non-radial, uniformly-rotating patch solutions for the 2D Euler equation.

In chapter 1, we briefly review basic properties of the 2D incompressible Euler equation and the
generalized SQG equations. We also rigorously define stationary and uniformly-rotating solutions
to those equations by means of the stream function.

Chapters 2 to 4 describe the joint work with Javier Gomez—Serrano, Jia Shi and Yao Yao [50,
52]. We establish sufficient conditions for stationary/uniformly-rotating solutions for some active

scalar equations to be radially symmetric. In short, we prove that for the 2D Euler equation,

i (Patch setting) If a vortex patch w = 1p is uniformly rotating with angular velocity €2 € (O, %) ‘

then D must be radially symmetric up to a translation.

ii (Smooth setting) If a smooth, non-negative compactly supported vorticity w is uniformly rotat-

ing with angular velocity {2 < 0, then w is radially symmetric.

The proof is based on a variational argument that a uniformly-rotating solution can be formally
thought of as a critical point of an energy functional. We apply this idea to more general active
scalar equations (gSQG) and vortex sheet equation.

In chapter 5, we construct a non-radial vortex sheet with non-constant vortex strength, which is
rotating with angular velocity €2 > 0. We obtain a curve of such non-radial solutions, bifurcating
from trivial ones. This result comes from the joint work with Javier Gdmez—Serrano, Jia Shi and
Yao Yao [51].

In chapter 6, we describe the result in [97]. We adapt the variational argument that was used in



chapter 2 to study non-radial rotating vortex patches. It is well known that for €2 € (0, %), there are
m-fold symmetric rotating patches. We derive some quantitative estimates for those patches about

their angular velocities and the difference with the unit disk.

X1



CHAPTER 1
INTRODUCTION AND BACKGROUND

1.1 Two dimensional active scalar equations: Euler and gSQG

The two-dimensional incompressible Euler equation in vorticity form reads

Ow+u-Vw=0 in R? x R,
u(-,t) = =VH(=A)w(,t) inR? (1.1.1)
w<'70) = Wo in RQ,

\

where V+ := (—0,,, 0,,). Note that we can express u as u(-,t) = V+(w(-,t)*N), where N (z) :=
% In |z| is the Newtonian potential in two dimensions. This equation describes the motion of
incompressible ideal fluid in two dimensional space. Mathematically, the 2D Euler equation can
be seen as an example of active scalar equation, in the sense that the scalar-valued function w is
transported by the velocity u, meanwhile the velocity also depends on w. Another interesting active
scalar equation is the inviscid Surface Quasi-Geostropic equation, where we replace (—A)~! by
(—A)_% in (Equation 1.1.1). Besides its importance in the context of geophysics and atmosphere
science, the inviscid SQG also serves as a toy model for the 3D incompressible Euler equation
[32]. More generally, both the 2D Euler equation and the inviscid SQG equation belong to the

following family of active scalar equations indexed by a parameter «, (0 < a < 2), known as the



generalized SQG equations:

Ow +u-Vw=0 inR? x R,
u(-,t) = =VH(=A)"*3w(-,t) inR? (1.1.2)
w(-,0) = wo in R?.

\

Here we can also express the Biot—Savart law as
u(+,t) = VH(w(-, 1) * K,), (1.1.3)
where K, is the fundamental solution for —(—A)*”%, that is,

> In 2] for a = 0,
Ko(z) = (1.1.4)

—Cyl|z|™*  fora € (0,2),

r(e . o .
where C,, = i_# 1s a positive constant only depending on .
2

We either work with the patch setting, where w(-,t) = 1pg is an indicator function of
a bounded set that moves with the fluid, or the smooth setting, where w(-,t) is smooth and
compactly-supported in z. For well-posedness results for patch solutions, see the global well-
posedness results [9, 26] for (Equation 1.1.1), and local well-posedness results [25, 101, 43, 75,
33] for (Equation 1.1.2) with o € (0, 2).

1.1.1 Uniformly rotating/Stationary solutions of 2D Euler and gSQG

Let us begin with the definition of a stationary/uniformly-rotating solution in the patch setting. For
a bounded domain D C R? with C'! boundary, we say w = 1p is a stationary patch solution to

(Equation 1.1.2) for some « € [0,2) if u(z) - 7i(z) = 0 on D, with u given by (Equation 1.1.3).



This leads to the integral equation
1px Ky =C; onodD, (1.1.5)

where the constant C; can differ on different connected components of 0D. And if w(z,t) =
1p(Raux) is a uniformly-rotating patch solution with angular velocity €2 (where Rq,x rotates a
vector # € R? counter-clockwise by angle Q¢ about the origin), then 1, becomes stationary in the
rotating frame with angular velocity €, that is, (V*(w(-,t) * K,) — Qa*) - 7i(z) = 0 on D. As
a result we have

Q
1D*]Ca—§|:):|25(],~ on dD, (1.1.6)

where C; again can take different values along different connected components of 0. Note that a
stationary patch D also satisfies (Equation 1.1.6) with 2 = 0, and it can be considered as a special
case of uniformly-rotating patch with zero angular velocity.

Likewise, in the smooth setting, if w(x,t) = wo(Rq.x) is a uniformly-rotating solution of
(Equation 1.1.2) with angular velocity €2 (which becomes a stationary solution in the {2 = 0 case),

then we have (V*(wp * K,) — Q1) - Vwy = 0. As a result, wy satisfies

Q
wo * IKCp — §|x]2 = (; on each connected component of a regular level set of wy,  (1.1.7)

where C; can be different if a regular level set {wy = ¢} has multiple connected components.

1.1.2 Uniformly rotating/Stationary vortex sheets

A vortex sheet is a weak solution of the 2D Euler equations:

nw+v-Vo=-Vp, V.-v=0, (1.1.8)



whose vorticity w = curl(v) is a delta function supported on a curve or a finite number of curves
[ = zi(a,t), ie.

w(z,t) = Zwi(a,t)é(:r — z(a,t)). (1.1.9)

Here w;(a, t) is the vorticity strength on I'; with respect to the parametrization z;, and the above

equation is understood in the sense that

/R? o(x)dw(x,t) = Z/¢<Z1(a7t)>wi(a,t)d0[

for all test functions p(x) € C5°(R?).

The motivation of the study of the equation (Equation 1.1.8) with vortex sheet initial data comes
from the fact that in fluids with small viscosity, flows separate from rigid walls and corners [87,
102]. To model it, one may think of a solution to (Equation 1.1.8) with one incompressible fluid
where the velocity changes sign in a discontinuous (tangential) way across a streamline z. This
discontinuity induces vorticity in z.

The equations of motion of w; and z; can be derived by means of the Birkhoff-Rott operator

(120, 81, 87, 108]), namely:

_ 1 (z—2(8, )"
yielding
Oyzi(a,t) = Z BR(zj,w;)(zi(a,t)) + ¢i(a, t)0azi(a, t) (L.1.11)
atwi(aat) = 8a<ci<a?t)wi(aat))a (1112)

where the term ¢;(«, t) accounts for the reparametrization freedom of the curves. See the paper [70]

by Izosimov—Khesin where they propose geodesic, group-theoretic, and Hamiltonian frameworks



for their description.

As in the patch/smooth setting, we first define what we mean by a stationary vortex sheet. As-
sume the initial data wy of (Equation 1.1.9) is supported on a finite number of curves parametrized
by z;(«), with strength w;(«r) (with respect to the parametrization z;) respectively. If there ex-
ists some reparametrization choice ¢;(«) such that the right hand sides of (Equation 1.1.11)—
(Equation 1.1.12) are both identically zero for every 1, it gives that w(-,¢) is invariant in time,
and we say w(-,t) = wy is a stationary vortex sheet.

For any z € R? and Q) € R, let Rq,x denote the rotation of = counter-clockwise by angle (¢
about the origin. We say w(x,t) = wo(Rq:x) is a uniformly-rotating vortex sheet with angular
velocity € if wy is stationary in the rotating frame with angular velocity (). (Note that in the special
case () = 0, the uniformly-rotating sheet is in fact stationary.) In chapter 4, we will derive the

equations satisfied by a stationary/rotating vortex sheet.

1.2 Main results and idea of proofs

In subsection 1.2.1 and subsection 1.2.2, we describe the results of joint work with Javier Gébmez—
Serrano, Jia Shi and Yao Yao [50, 52, 51], which concern rigidity/flexibility of uniformly-
rotating/stationary solutions. The proofs for these results will be contained in chapter 2-chapter 5.
In subsection 1.2.3, we describe the results obtained in [97]. The proofs for quantitative estimates

will be presented in chapter 6.

1.2.1 Rigidity results for 2D Euler and gSQG [50]

Chapter 2 and Chapter 3 will be devoted to establish rigidity results for 2D Euler and gSQG
equations. Clearly, every radially symmetric patch/smooth function automatically satisfies
(Equation 1.1.6) or (Equation 1.1.7) for all 2 € R. The goal of chapter 2-chapter 3 is to address

the complementary question, which can be roughly stated as following:



Question 1. In the patch or smooth setting, under what condition must a stationary/uniformly-

rotating solution be radially symmetric?

Below we summarize the previous literature related to this question, and state our main results.
We will first discuss the 2D Euler equation in the patch and smooth setting respectively, then

discuss the gSQG equation with a € (0, 2).

2D Euler in the patch setting

Let us deal with the patch setting first. So far affirmative answers to Question 1 have only been
only obtained for simply-connected patches, for angular velocities €2 = 0, 2 < 0 (under some
additional convexity assumptions), and ) = % For stationary patches (£2 = 0), Fraenkel [41,
Chapter 4] proved that if D satisfies (Equation 1.1.6) (where K, = N) with the same constant
C' on the whole 0D, then D must be a disk. The idea is that in this case the stream function
¢ = 1p = N solves a semilinear elliptic equation Ay = g(v) in R? with ¢(¢)) = 1{y<c}, where
the monotonicity of the discontinuous function g allows one to apply the moving plane method
developed in [105, 48] to obtain the symmetry of ¢. As a direct consequence, every simply-
connected stationary patch must be a disk. But if D is not simply-connected, (Equation 1.1.6)
gives that v = C}; on different connected components of 0D, thus @ might not solve a single
semilinear elliptic equation in R%. Even if 1) satisfies Ay = g(1)), g might not have the right
monotonicity. For these reasons, whether a non-simply-connected stationary patch must be radial
still remained an open question.

For 2 < 0, Hmidi [59] used the moving plane method to show that a simply-connected
uniformly-rotating patch D satisfies some additional convexity assumption (which is stronger than
star-shapedness but weaker than convexity), then D must be a disk. In the special case {2 = %

Hmidi [59] also showed that a simply-connected uniformly-rotating patch D must be a disk, using

1

the fact that 1, * A" — £|z|? becomes a harmonic function in D when = 1.
2 2

On the other hand, it is known that there can be non-radial uniformly-rotating patches for

6



Qe (0, %) The first example dates back to the Kirchhoff ellipse [74], where it was shown that
any ellipse D with semiaxes a, b is a uniformly-rotating patch with angular velocity ﬁ Deem—
Zabusky [36] numerically found families of patch solutions of (Equation 1.1.1) with m-fold sym-
metry by bifurcating from a disk at explicit angular velocities 0, = ”;—;11 and coined the term
V-states. Further numerics were done in [116, 37, 86, 103]. Burbea gave the first rigorous proof
of their existence by using (local) bifurcation theory arguments close to the disk [12]. There have
been many recent developments in a series of works by Hmidi—-Mateu—Verdera and de la Hoz—
Hmidi—Mateu—Verdera [63, 67, 64] in different settings and directions (regularity of the boundary,
different topologies, etc.). In particular, [67] showed the existence of m-fold doubly-connected
non-radial patches bifurcating at any angular velocity 2 € (O, %) from some annulus of radii
be (0,1)and 1.

There are many other interesting perspectives of the V-states, which we briefly review below,
although they are not directly related to Question 1. Hassainia—Masmoudi—Wheeler [58] were able
to perform global bifurcation arguments and study the whole branch of V-states. Other scenarios
such as the bifurcation from ellipses instead of disks have also been studied: first numerically
by Kamm [71] and later theoretically by Castro—Cérdoba—G6émez-Serrano [22] and Hmidi—Mateu
[60]. See also the work of Carrillo-Mateu—Mora—Rondi—Scardia—Verdera [19] for variational tech-
niques applied to other anisotropic problems related to vortex patches. Love [82] established linear
stability for ellipses of aspect ratio bigger than % and linear instability for ellipses of aspect ratio
smaller than % Most of the efforts have been devoted to establish nonlinear stability and instability
in the range predicted by the linear part. Wan [114], and Tang [110] proved the nonlinear stable
case, whereas Guo—Hallstrom—Spirn [53] settled the nonlinear unstable one. See also [30]. In
[112], Turkington considered /N vortex patches rotating around the origin in the variational setting,
yielding solutions of the problem which are close to point vortices.

Our first main result is summarized in the following Theorem A, which gives a complete answer

to Question 1 for 2D Euler in the patch setting. Note that D is allowed to be disconnected, and each



connected component can be non-simply-connected. Figure Figure 1.1 illustrates a comparison of

our result (in red color) with the previous results (in black color).

Theorem A (= Corollary 2.1.8, Theorems 2.1.10 and 2.1.12). Let D C R? be a bounded
domain with C* boundary. Assume D is a stationary/uniformly-rotating patch of (Equation 1.1.1),
in the sense that D satisfies (Equation 1.1.6) (with K, = N') for some Q2 € R. Then D must be

radially symmetric if Q0 € (—o0,0) U [3, 00), and radially symmetric up to a translation if Q = 0.

m—1
2m
all patches must be radial Z all patches must be radial
@ — — = = - - - C >
convex patch > 1 299 Q0
must be a disk T
simply-connected patch simply-connected patch
must be a disk must be a disk

Figure 1.1: For 2D Euler in the patch setting, previous results on Question 1 are summarized in
black color. Our results in Theorem A are colored in red.

2D Euler in the smooth setting

One of the main motivations of this work is to find sufficient rigidity conditions in terms of the
vorticity, such that the only stationary/uniformly-rotating solutions are radial ones. Heuristically
speaking, this belongs to the broader class of “Liouville Theorem” type of results, which show
that solutions satisfying certain conditions must have a simpler geometric structure, such as being
constant (in one direction, or all directions) or being radial. In the literature we could not find
any conditions on 2D Euler that leads to radial symmetry, although several other Liouville-type
results have been established for 2D fluid equations: For 2D Euler, Hamel-Nadirashvili [55, 54]
proved that any stationary solution without a stagnation point must be a shear flow. (But note
that this result does not apply to our setting (Equation 1.1.7), since the velocity field u associated
with any compactly-supported wy must have a stagnation point). See also the Liouville theorem by

Koch—Nadirashvili-Seregin—-Sverak for the 2D Navier—Stokes equations [76].

8



Let us briefly review some results on the characterization of stationary solutions to 2D Euler,
although they are not directly related to Question 1. Nadirashvili [92] studied the geometry and
the stability of stationary solutions, following the works of Arnold [2, 3, 4]. Izosimov—Khesin
[69] characterized stationary solutions of 2D Euler on surfaces. Choffrut—Sverdk [28] showed that
locally near each stationary smooth solution there exists a manifold of stationary smooth solutions
transversal to the foliation, and Choffrut—Székelyhidi [27] showed that there is an abundant set of
stationary weak (L°°) solutions near a smooth stationary one. Shvydkoy—Luo [84, 85] classified
the set of stationary smooth solutions of the form v = V+(r? f(w)), where (r,w) are polar coor-
dinates. In a different direction, Turkington [111] used variational methods to construct stationary
vortex patches of a prescribed area in a bounded domain, imposing that the patch is a characteristic
function of the set {¥ > 0}, and also studied the asymptotic limit of the patches tending to point
vortices. Long—Wang—Zeng [80] studied their stability, as well as the regularity in the smooth
setting (see also [16]). For other variational constructions close to point vortices, we refer to the
work of Cao—Liu—Wei [14], Cao—Peng—Yan [15] and Smets—van Schaftingen [107]. We remark
that these results do not rule out that those solutions may be radial. Musso—Pacard—Wei [91] con-
structed nonradial smooth stationary solutions without compact support in w. The (nonlinear L')
stability of circular patches was proved by Wan—Pulvirenti [113] and later Sideris—Vega gave a
shorter proof [106]. See also Beichman—Denisov [7] for similar results on the strip.

Lately, Gavrilov [45, 46] provided a remarkable construction of nontrivial stationary solutions
of 3D Euler with compactly supported velocity. See also Constantin—La—Vicol for a simplified
proof with extensions to other fluid equations [31].

Regarding uniformly-rotating smooth solutions (2 # 0) for 2D Euler, Castro—Cérdoba—
Gomez-Serrano [24] were able to desingularize a vortex patch to produce a smooth m-fold V-state
with ) ~ "2‘—;11 > 0 for m > 2. Recently Garcia—Hmidi—Soler [44] studied the construction of
V-states bifurcating from other radial profiles (Gaussians and piecewise quadratic functions).

Our second main result is the following theorem, which gives radial symmetry in the smooth



setting for {2 < 0, under the additional assumption wy > 0:

Theorem B (= Theorem 2.2.5 and Corollary 2.2.6). Let wy > 0 be smooth and
compactly-supported. Assume w(x,t) = wo(Rax) is a stationary/uniformly-rotating solution
of (Equation 1.1.1) with €2 < 0, in the sense that it satisfies (Equation 1.1.7). Then wy must be

radially symmetric if 2 < 0, and radially symmetric up to a translation if Q) = 0.

The gSQG case (0 < a < 2)

Recall that in the patch setting, a stationary/uniformly-rotating patch satisfies (Equation 1.1.6)
with K, given in (Equation 1.1.4). Even though the kernels K, are qualitatively similar for all
a € [0,2), there is a key difference on the symmetry v.s. non-symmetry results between the cases
a = 0 and o > 0: For the 2D Euler equation (o = 0), we proved in Theorem A that any rotating
patch D with 2 < 0 must be radial, even if D is not simply-connected. However, this result is
not true for any o € (0,2): de la Hoz—Hassainia—Hmidi—-Mateu [68] showed that there exist non-
radial patches bifurcating from annuli at {2 < 0 and Gémez-Serrano [49] constructed non-radial,
doubly connected stationary patches (£2 = 0). Therefore we cannot expect a non-simply-connected
rotating patch D with €2 < 0 to be radial for a € (0, 2).

However, if D is a simply-connected stationary patch, then radial symmetry results were
obtained in a series of works for a € |0, g), which we review below. These works consider

(Equation 1.1.6) in a more general context not limited to dimension 2: Let K, 4 be the fundamen-

tal solution of (—A)~**% in R for d > 2, given by

Ko = —Cyglz| 02 (1.2.1)

for some C,, 4 > 0; except that in the special case —d + 2 — a = 0 it becomes K, ; = CyIn |z| for

some C; > 0. Note that K, 4 € L}, .(R?) for all & < 2. Consider the following question:

10



Question 2. Let o € [0,2). Assume D C R? is a bounded domain such that
Qo
Koax1p — §|:17| = const on 0D (1.2.2)

for some Q) < 0, where the constant is the same along all connected components of 0D. Must D
be a ball in R??

Positive answers to Question 2 were obtained in the {2 = 0 case for a < g in the following
works. As we discussed before, Fraenkel [41] proved that D must be a ball for « = 0. Also
using the moving plane method, Reichel [99, Theorem 2], Lu—Zhu [83] and Han—Lu—Zhu [56]
generalized this result to o € [0, 1). Here [83] also covered generic radially increasing potentials

not too singular at the origin (which include all Riesz potentials K, ; with o € [0, 1)). Recently,

Choksi-Neumayer—Topaloglu [29, Theorem 1.3] further pushed the range to « € |0, g), leaving
the range o € [g, 2) an open problem. We point out that in all these results for a > 0, 9D was
assumed to be at least C''. All above results were obtained using the moving plane method.

In our third main result, we use a completely different approach to give an affirmative answer

to Question 2 for all 2 < 0 and « € [0, 2), under a weaker assumption on the regularity of 0D.

Theorem C (= Theorem 3.1.2). Let D be a bounded domain in R? with Lipschitz boundary (and
if d = 2 we only require 0D to be rectifiable). If D satisfies (Equation 1.2.2) for some €} < 0 and

a € [0,2), then it must be a ball in RY.

As a directly consequence, Theorem C implies that for the gSQG equation with o € [0, 2), any
simply-connected rotating patch with {2 < 0 must be a disk (see Theorem 3.1.4). In addition, in the
smooth setting (Equation 1.1.7), we prove a similar result in Corollary 3.1.7 for uniformly-rotating
solutions with 2 < 0 for all @ € [0, 2): if the super level-sets {wy > h} are all simply-connected
for all A > 0, then wy must be radially decreasing.

Next we review the previous literature on uniformly-rotating solutions for the gSQG equa-

tion. Note that the case of « € (0,2) is more challenging than the 2D Euler case, since
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the velocity is more singular and this produces obstructions to the bifurcation theory when it
comes to the choice of spaces and the regularity of the functionals involved in the construction.
Hassainia—Hmidi [57] showed the existence of V-states with C* boundary regularity in the case
0 < a < 1, and in [21], Castro—Cérdoba—G6émez-Serrano upgraded the result to show exis-
tence and C'>° boundary regularity in the remaining open cases: « € [1,2) for the existence,
a € (0,2) for the regularity. In that case, the solutions bifurcate at angular velocities given by
Qo g1 T(l-a) (F<1+3) r(m+)

Fz—2) T (m+1—g)>' This boundary regularity was subsequently im-

T ()
proved to analytic in [22]. See also [62] for another family of rotating solutions, [68, 100] for
the doubly connected case and [23] for a construction in the smooth setting.

One can check that €2, are increasing functions of m for any «, whose limit is a finite number

r(i-g)° r(>-%)

ask whether there exist V-states (with area ) that rotate with angular velocity faster than 2, for

for a € [0,1), and 400 if @ > 1. It is then a natural question to

a € (0,1). Our fourth main theorem answers this question among all simply-connected patches:

Theorem D (= Theorem 3.2.1). For o € (0,1), let 1p be a simply connected V-state of area

and let its angular velocity be ) > Q%. Then D must be the unit disk.

Finally, we illustrate a comparison of our results in Theorem C and D (in red color) with the

previous results (in black color) in Figure Figure 1.2.

Qa
m
a simply-connected patch j a simply-connected patch

must be a disk (0 < a <2)

must be a disk (0 < a < 1)

Q,, (finite if 0 < o < 1, 0

there exists nonradial — tooif1<a<?)

non-simply-connected patch

simply-connected stationary patch

must be a disk for a € [0, %)

Figure 1.2: For gSQG in the patch setting, previous results on Question 1 are summarized in black
color, with our results in Theorem C and D colored in red.

12



Structure of the proofs: Theorem A-Theorem D

While all the previous symmetry results on Question 1 and Equation 2 [41, 83, 56, 59, 99, 29] are
done by moving plane methods, our approaches are completely different, which have a variational
flavor.

Theorem A is based on computing the first variation of the energy functional
1 Q.
E(1p] =3 Ip(z)(1p *N)(x)—glaz\ 1p(x)dx
R2

as we deform D along a carefully chosen vector field. On the one hand, we show the first variation
should be 0 if D is a stationary/rotating patch with angular velocity {2; on the other hand, we show
that the first variation must be non-zero if €2 < 0 or 2 > % leading to a contradiction. In the
proof, a rearrangement inequality due to Talenti [109] is crucial to get a sign condition. In the case
when the patch is non-simply-connected, the choice of the right vector field is more involved since
one has to deal with all the connected components at once, and even though the stream function v
is constant on each of the boundaries, it is not guaranteed that this constant will be the same for
each of them, potentially yielding extra boundary terms which are not sign definite, and having to
reprove a new version of the aforementioned inequality.

The smooth setting in Theorem B is based on a similar idea, but technically more difficult.
The point of view is to approximate a smooth function by step functions and consider the above
perturbation in each set where the step function is constant. To do this we need to obtain some
quantitative (stability) estimates on our version of Talenti’s rearrangement inequality, in particular
in terms of the Fraenkel asymmetry of the domain in the spirit of Fusco-Maggi—Pratelli [42].

Theorem C is also based on a variational approach, but we need a different perturbation from
the vector field in Theorem A, which heavily relies on the Newtonian potential, and fails for general
Riesz potential K. The key ingredient to prove Theorem C is to perturb D using the continuous

Steiner symmetrization [11], which has been successfully applied in other contexts by Carrillo—
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Hittmeir—Volzone—Yao [18] (nonlinear aggregation models) or Morgan [90] (minimizers of the
gravitational energy). This method is much more flexible and allows to treat more singular kernels
than in the existing papers using moving plane methods. Due to the low regularity of the kernels,
instead of computing the derivative of the energy under the perturbation, we work with finite
differences instead.

Theorem D uses maximum principles and monotonicity formulas for nonlocal equations. The
idea is to find the smallest disk B(0, R) containing D (which intersects 9D at some z), then use
two different ways to compute V(1 BO,R\D * K, «) at zo, and obtain a contradiction if 2 > ), and
D is not a disk. The proof works for the full range of « € [0, 2), thus closing the problem raised

by Hmidi [59] and de la Hoz—Hassainia—Hmidi—Mateu [66] among all simply-connected patches.

1.2.2  Rigidity/Flexibility results for vortex sheets [51, 52]

In chapter 4 and chapter 5, we will focus on the vortex sheet equation. There are very few known
examples of nontrivial steady solutions, and in fact, other than the circle or the line, the list only

comprises the segment of length 2a and density

v(z) = QVa? — 22, x € [—a,al, (1.2.3)

which is a rotating solution with angular velocity €2 [6] and the family found by Protas—Sakajo [98],
made out of segments rotating about a common center of rotation with endpoints at the vertices of
a regular polygon. We remark that none of these are supported on a closed curve.

Numerically, O’Neil [93, 94] used point vortices to approximate the vortex sheet and compute
uniformly rotating solutions and Elling [40] constructed numerically self-similar vortex sheets
forming cusps. O’Neil [95, 96] also found numerically steady solutions which are combinations
of point vortices and vortex sheets.

As in the patch/smooth setting, it is easy to see that if the z;’s are concentric circles with con-
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stant to; (with respect to the constant-speed parametrization) for every ¢, the solution is stationary,
and it is also uniformly-rotating with any 2 € R. We would like to understand the reverse impli-

cation, namely:

Question 3. Under what conditions must a stationary/uniformly-rotating vortex sheet be radially

symmetric?

The next two theorems are the main results in chapter 4 and chapter 5 regarding the vortex

sheet equations:

Theorem E. Let w(x,t) = wo(Rasx) be a stationary/uniformly-rotating vortex sheet with angular
velocity €). Assume that wy is concentrated on I, which is a finite union of smooth curves, and w
has positive vorticity strength on I'. (See (H1)-(H3) in section 4.1 for the precise regularity and
positivity assumptions.)

If Q < 0, I must be a union of concentric circles, and wyg must have constant strength along
each circle (with respect to the constant-speed parametrization). In addition, if Q) < 0, all circles

must be centered at the origin.

Theorem F (= Theorem 5.1.2). There exists nontrivial rotating vortex sheets with positive angu-
lar velocity ) > 0, whose vortex strength is strictly positive but not concentrated on a non-radial

curve.

Structure of the proofs: Theorem E-Theorem F

The proof of Theorem E is inspired by our recent rigidity result in the paper [50] on stationary
and rotating solutions of the 2D Euler equations both in the smooth and vortex patch settings. To
prove it, we constructed an appropriate functional and showed, on one hand, that any stationary
solution had to be a critical point, and on the other, for any curve which is not a circle there existed
a vector field along which the first variation was non-zero. This vector field is defined in terms of

an elliptic equation in the interior of the patch. In the case of the vortex sheet, this is not possible
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anymore. Instead, we desingularize the problem by considering patches of thickness ~ ¢ which are
tubular neighborhoods of the sheet. The drawback is that we lose the property that any stationary
solution has to be a critical point if € > 0 and very careful, quantitative estimates need to be done
to show that indeed the first variation of a stationary solution tends to 0 as € — 0. This setup is
also reminiscent of the numerical work by Baker—Shelley [5], where they approximate the motion
of a vortex sheet by a vortex patch of very small width. In [8], Benedetto—Pulvirenti proved the
stability (for short time) of vortex sheet solutions with respect to solutions to 2D Euler with a thin
strip of vorticity around a curve. See also the work by Caflisch-Lombardo—Sammartino [13] for
more stability results with a different desingularization.

The main strategy to prove Theorem 5.1.2, is to employ bifurcation theory and try to bifur-
cate from the simple eigenvalue b := % ffﬂ v(z,t)dr = 2. However, the standard methods
(Crandall-Rabinowitz [35]) fail since the linearized operator around the circle does not satisfy the
transversality condition: in other words, the nontrivial zero set is not transversal to the trivial one
(disks with constant vorticity amplitude). This phenomenon is usually known in the literature as
a degenerate bifurcation [73, 72]. Graphically, this can be seen in Figure Figure 5.1. The prob-
lem is that we no longer have a single branch emanating from the disk, but two, and therefore the
linearized operator fails to describe the local behaviour at the bifurcation point. To overcome this
issue, we first reduce the nonlinear problem to a suitable finite dimensional space by means of a
Lyapunov-Schmidt reduction since the restriction of DJF is an isomorphism between Ker(DJF)+
and Im(DJF). After having done so, we are left with a finite dimensional system and it is there
where we perform a higher order expansion around the bifurcation point, since, as expected by the
failure of the transversality condition, the first order approximation is identically zero. We obtain
that in suitable coordinates, the zero sets of F behave as 22 — y? = 0 and thus two bifurcation
branches emanate from the bifurcation point. The last part of the proof is devoted to handle the

higher order terms, which can be controlled if we restrict the bifurcation domain to a suitable small

enough neighbourhood. We mention here that this technique had been successfully employed by
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Hmidi—Mateu [61] (in the hyperbolic case) and Hmidi—Renault [65] (in the elliptic case).

1.2.3 Quantitative estimates for rotating vortex patches [97]

The goal of chapter 6 is to establish some quantitative estimates for non-radial simply-connected
rotating patches, which are known to exist. From now on, we assume that a bounded domain D
is simply-connected and has C? boundary. If w(z,t) := 1p(Rgx) is a uniformly-rotating patch,
then the net velocity in the rotating frame has no contribution to the deformation of the boundary
dD, namely, V* ((1p x N) — £[x|?) - i = 0, where 77 denotes the outer normal vector on 9D. By
integrating this along the boundary, one can derive the following equation for the relative stream

function V:

Q
U(x):=1p*x N — 5]3&\2 = constant forall x € OD. (1.2.4)

In the rest of the paper, we say a pair (D, ) is a solution to (Equation 1.2.4) if 1, and (2 satisfy

the equation (Equation 1.2.4).

Small angular velocity )

Our first main result is about the outmost point on D when the angular velocity €2 is small. As
mentioned earlier, ellipses are uniformly-rotating solutions. More precisely, an ellipse with semi-
axes a, b is rotating with angular velocity ) = ﬁ By imposing b = % to keep the area of the
patch equal to 7, one can easily see that for any 0 < 2 < i, there exists an ellipse that is rotating
with the given (2. Moreover, the boundary is stretching as €2 tends to 0 in the sense that the length
of the major axis is comparable with Q2. Note that ellipses are not the only uniformly-rotating

solutions for small angular velocities. For example, the existence of secondary bifurcations from

ellipses was numerically observed by Kamm in his thesis [71] and theoretically proved in [22, 60].

17



Thus it is a natural question whether every non-radial simply-connected rotating patch with a fixed
area and 0 < 2 < 1 must have its outmost point very far from the origin (center of rotation). In

the next theorem, we prove this is indeed true.

Theorem G. . Let D C R? be a simply connected domain such that |D| = |B| = w, where B

is the unit disk centered at the origin. Then there exist positive constants ()y and ko such that if

(D, Q) is a solution to (Equation 1.2.4) with Q2 € (0,€), then either D = B, or

sup |z > ko272, (1.2.5)
x€0D

Remark 1.2.1. Note that the power —% is sharp since it is achieved by ellipses. Furthermore, one
can easily show that (Equation 1.2.4) is scaling invariant in the sense that if (D, Q) is a solution,
then (D,, ) is also a solution for any a > 0, where D, := {ax € R? : x € D}. Therefore without

the restriction on the size of the patch, (Equation 1.2.5) reads as

sup |z| > 5003,
7r

1
\/|D r€dD \/_

m-fold symmetric patches

It has been known since the work of Burbea [12] that there are m-fold symmetric rotating patches
for every integer m > 2. From the numerical results [36, 58], it appears that for m > 1, the
angular velocity () along the bifurcation curve is very close to % (.e. 0< % — Q<< 1form > 1).
But there are no such type of quantitative estimates so far. In the next theorem, we will derive a

lower bound of the angular velocity by imposing large m.

Theorem H. There exist mg > 2 and ¢ > 0 such that if (Q2, D) is a solution to (Equation 1.2.4)
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and D is simply-connected, non-radial, and m-fold symmetric for some m > mg then

—Q0<

C
m

N | —

We emphasize that this theorem holds for a general simply-connected patch, which does not
need to lie on the bifurcation curve.

For m-fold symmetric solutions on the global bifurcation curves constructed in [58], we will
also estimate the difference between a rotating patch and the unit disk. To be precise, we will focus

on the curves,

G = {(am(s),ﬁm(s)> € C2(T) x (0, %) L5 € [0,00)} form > 2,

that satisfy the following properties (see [58, Theorem 1.1] for the details):
(A1) Up(s) € {u € C*T) : uw(B) =327 | a, cos(nmb) for some (a,)>>; and u > —1}.
(A2) (D™ () Q,.(s)) is a solution for (Equation 1.2.4),
where D" := {r(cosf,sinf) € R?: 0 < r < (1 +u()), 0 € T}.
(A3) Jpu(0) < 0forall & € (0, 7), where u = @y, ().

(A4) (i (0), 2 (0)) = (0, 2=1).

7 2m
For such curves, we have the following theorem:
Theorem I. Let 6, := {(am(s), Qu(s)) € C*(T) x (0,1): 0<s< oo} be a continuous curve

that satisfies the properties (Al)-(A4). Then there exist constants ¢ > 0 and mg > 3 such that if

m > myg, then

forall s > 0.

C
U oo < —
[ () lz<cx) <
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Although each curve emanates from the unit disk, the possibility that minger (1 + @, (s)) tends
to 0 along the curve has not been completely eliminated ([58, Theorem 4.6, Lemma 6.6]), while it

does certainly happen for ellipses (m = 2). The significant difference between m = 2and m > 31is

[V(1p*N)|

that if m > 3, then the stream function (1 * /') behaves quite nicely, namely, o]

is globally
bounded (especially near the origin) independently of D (Lemma 6.2.1. See also [38, 39], and the
references therein, where global boundedness of gradient of m-fold symmetric stream functions
was proved). This will play a crucial role to eliminate the scenario that 9D almost touches the

origin when % — ) is sufficiently large compared to % in Lemma 6.2.2.

We summarize the main results in Figure Figure 1.3

("5, 0)
|
c1 |
m -\~ 71"/~
N
0 T 1 0

N|—
318

Figure 1.3: Illustration of the main results. a) Any patch with 2 < 1 must have its outmost point
very far from the origin. b) A bifurcation curve of m-fold symmetric patches cannot be continued
beyond the blue dashed lines for large m.

Structure of the proofs: Theorem G - Theorem I

The starting point for Theorem G and Theorem H is the variational formulation of (Equation 1.2.4),
used by Gémez-Serrano, Shi, Yao and the author in [50]. Namely, if (D, 2) is a solution to

(Equation 1.2.4) and 0D is C?, then formally, 1p can be thought of as a critical point of the
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functional,

T()i= 5 | o< Napla)da - [ BE o) = T,(p) - OTa(p).

2 52

under measure-preserving perturbations. More precisely, it holds that
/ 7-VU¥(2z)dr =0, foranyv € C*(D)suchthatV -7 =0, (1.2.6)
D

Indeed, (Equation 1.2.6) follows directly from (Equation 1.2.4) and the integration by parts. By
choosing a specific vector field v := z + Vp, where p is defined as the solution to the Poisson

equation,

Ap=-2 inD,
(1.2.7)

p=20 on 0D,

Gomez-Serrano et al. derived the following identity for uniformly-rotating patches:

«* DY _ |DI*

Note that both parentheses are strictly positive if D # B, where B is the unit disk centered
at the origin. Thanks to the result by Brasco-De Philippis—Velichkov in [10, Proposition 2.1],
one can find a lower bound of the right-hand side of (Equation 1.2.8) in terms of | DA B|, namely,

IDE [ppdx 2 |DAB|?. Hence (Equation 1.2.8) yields that

4

2 D 2
IDAB|* < Q ﬂd.:l: _IDF < Q sup |z,
p 2 4

x€dD

for @ < 1. Therefore we only need to rule out the case where | DA B is small. Assuming |[DAB|

and (2 are sufficiently small, we will prove (Lemma 6.1.6) that D is necessarily star-shaped and
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the boundary can be parametrized by (1 + u(x))x, for x € 9B, and some u € C%(0B). However,
the difficulty is that we have [DAB| ~||ull1o5) and [, Zde — L5 ~lul|2, . while L!
and L? are not comparable. The key idea is to use a different vector 7 := x — 2V (1p * /) in

(Equation 1.2.6), which gives another identity for any simply-connected rotating patches,

1 2, |DPY) _ 1 2
<§—Q> (/D\a:| dw—?>—§/D|x—2V(1D*N)|dx. (1.2.9)

Thanks to the result of Loeper [79, Proposition 3.1], the right-hand side in (Equation 1.2.9) can
be estimated in terms of 2-Wasserstein distance between 1pdx and 1zdx (see Proposition 6.1.9).
In the proof of Proposition 6.1.8, we will construct an explicit transport map and obtain the bound

for the right-hand side: If ||ul| Lo (r) < 3,

/ |z — 2V (1p x N) [Pdz < (a/ lu|*df + E / f(6)2d<9) : (1.2.10)
D T aJr

where f(0 fo 2+ 2u(s)ds and a € (2||ul|ze(r),1). Since || fllzoor) Slullrrem,
(Equation 1.2.9) and (Equation 1.2.10) will give us |ju||pi(r) ~|lu|/z2(r) for 0 < Q < 1, if we
can choose a sufficiently small.

The proof of Theorem H also relies on the identity (Equation 1.2.9). By imposing m-fold
symmetry on the patch, we can lower the total cost of the transportation, from which we can obtain
a suitable upper bound of —  when m is sufficiently large. Indeed, if u is 2% =" periodic, then f is
also 2% periodic as well. Thus by choosing large m, we can lower || f| o (r) on the right-hand side
in (Equation 1.2.10) by using Jensen’s inequality.

Theorem I will be proved by showing that if ||z, (s)|| o is too large, then 5 — { must be large
enough to contradict Theorem H. The main difficulty is that 1 — () can be estimated in terms
Of ||t ()| 12(r) by using the identity (Equation 1.2.8) (Lemma 6.2.4), while L? and L* are not

comparable. We resolve this issue by estimating the gradient of the stream function in a very
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delicate way (Lemma 6.2.5 and 6.2.6).
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CHAPTER 2
RIGIDITY RESULTS FOR 2D EULER

In chapter 2-chapter 3, we study radial symmetry in 2D Euler equation and generalized SQG

equations.

Notations Through chapter 2-chapter 3, we use the following notations.

For a simple closed curve T', denote int(I") by its interior, which is the bounded connected
component of R? separated by the curve I'. Note that the Jordan—Schoenflies theorem guarantees
that int(I") is open and simply connected.

We say that two disjoint simple closed curves I'; and I’y are nested if Iy C int(I's) or vice
versa. We say that two connected domains D, Dy are nested if one is contained in a hole of the
other one.

For a bounded connected domain D C R?, we denote by d,, D its outer boundary. And if D is
doubly-connected, we denote by 0;, D its inner boundary,

For a set D, we use 1p(z) to denote its indicator function. And for a statement S, we let

1 if S'is true
1g = .(e.g. 1,03 =0).
0 if Sis false

For a domain U C R?, in the boundary integral |, PR f do, the vector 7i is taken as the outer

normal of the domain U in that integral.
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2.1 Radial symmetry of steady/rotating patches for 2D Euler equation

Throughout this section we work with the 2D Euler equation (Equation 1.1.1) in the patch setting.

For a stationary or uniformly-rotating patch D with angular velocity 2 € R, let

Recall that in (Equation 1.1.6) we have shown that fo = C; on each connected component of 0D,
where the constants can be different on different connected components.

Our goal in this section is to prove Theorem A, which completely answers Question 1 for 2D
Euler patches. As we described in the introduction, our proof has a variational flavor, which is
done by perturbing D by a carefully chosen vector field, and compute the first variation of an
associated energy functional in two different ways. In subsection 2.1.1, we will define the energy
functional and the perturbation vector field, and give a one-page proof in Theorem 2.1.2 that
answers Question 1 among simply-connected patches. (Note that even among simply-connected
patches, it is an open question whether every rotating patch with €2 > % or {) < 0 must be a disk.)
In the following subsections, we further develop this method, and modify our perturbation vector

field to cover non-simply-connected patches.

2.1.1 Warm-up: radial symmetry of simply-connected rotating patches

We begin by providing a sketch and some motivations of our approach, and then give a rigorous
proof afterwards in Theorem 2.1.2. Suppose that D is a C'! simply-connected rotating patch with
angular velocity (2 that is not a disk. We perturb D in “time” (here the “time” ¢ is just a name
for our perturbation parameter, and is irrelevant with the actual time in the Euler equation) with a
velocity field #(z) € C*(D) N C(D) that is divergence-free in D, which we will fix later. That is,
consider the transport equation

pr+ V- (ptv) =0
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with p(-,0) = 1p. We then investigate how the “energy functional”

el == [ 5p@ oA @) - Slafpa)da

changes in time under the perturbation. Formally, we have

— /Rz Pt(l',())((p(-70) * N)(x) — %I:dz)dx

(2.1.1)
_ /Dg(x) . v((1D « N)(z) — %|x|2)dac.

The above transport equation and the energy functional only serve as our motivation, and will not
appear in the proof. In the actual proof we only focus on the right hand side of (Equation 2.1.1),

which is an integral that is well-defined by itself:

I::—/Dﬁ'(x)-v<(1p */\/)(x)—g|x|2>dx:—/Dz7-Vdex. (2.1.2)

We will use two different ways to compute Z, and show that if D is not a disk, the two ways lead
to a contradiction for 2 < 0 or €2 > %
On the one hand, since fq, is a constant on D (denote it by c¢), the divergence theorem yields

the following for every & € C*(D) N C(D) that is divergence-free in D:

I:—c/ ﬁ-ﬁda+/(v-?7)f9dx:—c/V-de+/(v-?7)f9dx:0. (2.1.3)
oD D D D

On the other hand, we fix ¢’ as follows, which is at the heart of our proof. Let v(z) := —V(z) in
D, where
KN :
o(x) = TN +p(z) inD, (2.1.4)
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with p(z) being the solution to Poisson’s equation

Ap(x)=—-2 inD
(2.1.5)

p(z) =0 on 0D.

Note that ¢ is harmonic in D, thus ¢ is indeed divergence-free in D. This definition of v is
motivated by the fact that among all divergence-free vector fields in D, such v is the closest one
to —& in the L?(D) distance. (In fact, such ¥ is connected to the gradient flow of [, %dw in
the metric space endowed by 2-Wasserstein distance, under the constraint that | D(¢)| must remain
constant [88, 89, 1].) Formally, one expects that D becomes “more symmetric”’ as we perturb it by
U, which inspires us to consider the first variation of £ under such perturbation.

In the proof we will show that with such choice of @, we can compute Z in another way and
obtain that Z > O for Q2 < Oand Z < 0 for Q > % Therefore in both cases, we obtain a
contradiction with Z = 0 in (Equation 2.1.3).

Our proof makes use of a rearrangement inequality for solutions to elliptic equations, which is
due to Talenti [109]. Below is the form that we will use; the original theorem works for a more

general class of elliptic equations.

Proposition 2.1.1 ([109], Theorem 1). Let D C R? be a bounded domain with C* boundary, and

let p be defined as in (Equation 2.1.5). Let B be a disk centered at the origin with |B| = |D

, and
let pp solve (Equation 2.1.5) in B. Then we have p* < pp pointwise in B, where p* is the radial

decreasing rearrangement of p*. As a consequence, we have

1
/ p(x)dz < - |DP,
D 4T

and the equality is achieved if and only if D is a disk.

Now we are ready to prove the following theorem, saying that any simply-connected station-
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ary/rotating patch with 2 < 0 or Q2 > % must be a disk. Interestingly, the same proof can treat the

two disjoint intervals 2 < 0 and §2 > % all at once.

Theorem 2.1.2. Let D be a simply-connected domain with C' boundary. If D is a rotating patch
solution with angular velocity ), where Q < 0 or Q > 1 then D must be a disk, and it must be

centered at the origin unless €} = 0.

Proof. Let D be a rotating patch with Q € (—o0,0] U [3,00). As we described above, in this
theorem we will use two different ways to compute the integral Z defined in (Equation 2.1.2),
where we fix U(z) := —V(x), with ¢ and p defined as in (Equation 2.1.4) and (Equation 2.1.5).

On the one hand, we have that ¢ is divergence free in D), and elliptic regularity theory im-
mediately yields that 7 € C'(D) N C(D). Using the assumption that D is a rotating patch, we
know fq is a constant on dD. (Note that 9D is a connected closed curve since we assume D is

simply-connected). Thus the computation in (Equation 2.1.3) directly gives that Z = 0.

On the other hand, we compute Z as follows:

I:—/J-Vfgdx:/ch-Vdex:/x~Vdex+/Vp-Vdex. (2.1.6)
D D D D

-~ -~

A =1y

For 7,, we have

Ilz/x-V(lp*N)dx—/x-Qxdx
D

D
1 A —
:—//Lzy)dydx—Q/ |z|?dx
2t JpJp lr =yl D
1 A=) —v - (x —
__//x (z —y) y2(x y)dydx—Q/\dex
4w Jp Jp |z —y| D
1
— DP9 [ fopds,
AT D

where the third equality is obtained by exchanging x with y in the first integral, then taking average

(2.1.7)

with the original integral. To compute Z,, using the divergence theorem (and the fact that p = 0 on
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0D), we have

I, = —/ pA fodr = (2Q — 1)/ pdzx. (2.1.8)
D D
Plugging (Equation 2.1.7) and (Equation 2.1.8) into (Equation 2.1.6) gives

1
7= —|D[2 — Q/ ]:L’|2dx + (202 — 1)/ pdzx. (2.1.9)
4 D D

When €2 = 0, Proposition 2.1.1 directly gives that Z > 0 if D is not a disk, contradicting Z = 0.

When Q € (—00,0) U [%,00), let B be a disk centered at the origin with the same area as D.

Towards a contradiction, assume D # B. Among all sets with the same area as D, the disk B is

the unique one that minimizes the second moment, thus we have

1
/ ]:L’\2dx > / ]:c\2dx: —\D|2,
D B 2

where the last step follows from an elementary computation. Plugging this into (Equation 2.1.9)

gives the following inequality for Q2 € [1, 00):
L R LT Lo
T < = |DP?— 2D+ (20 1) pdx:a—zg)(—u)y - pdw) <0.
On the other hand, for 2 € (—o0,0), we have
7> Lipp—Lipp s o 1)/ dr = (1 20) (1D / ar) > 0

and we get a contradiction to Z = 0 in all the cases, thus the proof is finished. O]

Remark 2.1.3. In fact, one can easily check that Theorem 2.1.2 holds for a bounded discon-

nected patch D = UfilDi with C' boundary, as long as each connected component D; is simply-
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connected. Here the proof remains the same, except a small change in the Z = 0 proof: since now

we have fq = c¢; on 0D;, (Equation 2.1.3) should be replaced by

I:—Z(Ci/aDiﬁ-ﬁdU—i—/Di(V-ﬁ)dex) =0.

Even in the regime €2 € (0, %), where non-radial rotating patches are known to exist (recall that
there exist patches bifurcating from a disk at €2,, = "5—;11 for all m > 2), our approach still allows
us to obtain the following quantitative estimate, saying that if a simply-connected patch D rotates
with angular velocity €2 € (0, %) that is very close to %, then D must be very close to a disk, in the

sense that their symmetric difference must be small.

Corollary 2.1.4. Let D be a simply-connected domain with C* boundary. Assume D is a rotating

patch solution with angular velocity §, where () € (%, %) Let § := % — Q. Then we have
IDAB| < 2v26|D],

where B is the disk centered at the origin with the same area as D.

Proof. In the proof of Theorem 2.1.2, combining the equation Z = 0 and (Equation 2.1.9) to-

gether, we have that

1
—\D|2—Q/ |x]2dx—(1—2§2)/pdx:0.
4 D D

Dividing both sides by () and rearranging the terms, we obtain

1 1—20 1 25| D2
[ Jalde = P = (—|D|2 -/ pdx) < DI
D 2m Q Am D s

where in the inequality we used that 26 := 1 — 2(2, 2 > i, and f ppdr > 0.
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Since [, |z[*dx = 5=

25| D|?
/ |z [2dz —/ |z[2dz < 2IDF (2.1.10)
D\B B\D T

Since D and B has the same area, let us denote 3 := |D \ B| = |B \ D|. Among all sets U C B¢
with area 3, fU |z|?dz is minimized when U is an annulus with area 3 and inner circle coinciding

with 0B, thus an elementary computation gives

B(2 B
/ |z|?dx > inf / |z|*dx B2IBI+5) |+B)
D\B UCBe,|UI=B

Likewise, among all sets V' C B with area (3, [, ||*dz is maximized when V/ is an annulus with

area (3 and outer circle coinciding with 9B, thus

B(2|B
/ lz|?dr < sup / |z|?dr = BeIB| - B) ’ )
B\D VCB,|V|=8

Subtracting these two inequalities yields
2
/ |z|?dx — / |z|?dx > ﬁ—,
D\B B\D ™
and combining this with (Equation 2.1.10) immediately gives
6% < 28| D,
thus |[DAB| = 28 < 2v24|D|. ]

2.1.2 Radial symmetry of non-simply-connected stationary patches

In this subsection, we aim to prove radial symmetry of a connected rotating patch D with Q2 < 0,

where D is allowed to be non-simply-connected. Let D C R? be a bounded connected domain
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with C'! boundary. Assume D has n holes with n > 0, and then let Ay, - - - , h, C R? denote the
n holes of D (each h; is a bounded open set). Note that 9D has n + 1 connected components:
they include the outer boundary of D, which we denote by 0D, and the inner boundaries 0h; for
1=1,..,n.

To begin with, we point out that even for the steady patch case 2 = 0, the proof of Theo-
rem 2.1.2 cannot be directly adapted to the non-simply-connected patch. If we define ¢’ in the
same way, then the second way to compute Z still goes through (since Proposition 2.1.1 still holds
for non-simply-connected D), and leads to Z > 0 if D is not a disk. But the first way to compute
7 no longer gives Z = 0: if D is stationary and not simply-connected, f(z) := (1p * N)(z)
may take different constant values on different connected components of dD, thus the identity
(Equation 2.1.3) no longer holds.

In order to fix this issue, we still define v = —Vp = —V(@ + p), but modify the definition
of p in the following lemma. Compared to the previous definition (Equation 2.1.5), the difference
is that p now takes different values 0, ¢y, .. ., ¢, on each connected component of 9. The lemma
shows that there exist values of {c;}?,, such that |, on, VD - Tido = —2|h;| along the boundary of
each hole. As we will see later, this leads to | oh; v-ndo = 0fori=1,...,n, which ensures Z = 0.
(Of course, with p defined in the new way, the second way of computing Z no longer follows from

Proposition 2.1.1, and we will take care of this later in Proposition 2.1.6.)

Lemma 2.1.5. Let D, h; and 0Dy be given as in the first paragraph of Section subsection 2.1.2.
Then there exist positive constants {c;}"_,, such that the solution p : D — R to the Poisson

equation

Ap=-2 inD,

D= onoh; fori=1,... n, (2.1.11)

p=20 on 0D.

\
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satisfies

Vp-fido==2lh;)| fori=1,...,n. (2.1.12)
Oh,

Here |h;| is the area of the domain h; C R?

Proof. Let u satisfy that

Au=—-2 inD

u=0 on 0D.

Furthermore let the function v; for j = 1, ..., n be the solution to

(

AUjZO inD

’Uj:O onGD\ﬁhj

v; =1 on Oh;.

\

Now we consider the following linear equation,
Az = b, (2.1.13)

where A;; = [,, Vuv; - 7fidoand b; = —2|h;| — [,, Vu -7 do. We argue that (Equation 2.1.13)

has a unique solution. Thanks to the divergence theorem, we have

o:/ Avjdx = ij-ﬁda—Z/ Vo, - fido.

Therefore,

Do

ZAZ'J‘ = / VU]' ‘ndo < O,
i=1 0

where the last inequality follows from the Hopf Lemma since v; attains its minimum value 0 on
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0Dy, and v; # 0 on D. A similar argument gives that A; ; > 0 for7 # jand A;; < 0. Thus A
is invertible by Gershgorin circle theorem [47], leading to a unique solution of (Equation 2.1.13).

Let us denote the solution by = = (cy, ..., ¢,,)'. Then the function p defined by

pi=u-+ i CiU;
i=1

satisfies the desired properties (Equation 2.1.12).
Now we prove that ¢; > 0 for ¢ > 1. Suppose that ¢;, := min; ¢; < 0. Then by the minimum

principle, p attains its minimum on Oh;«. Therefore,

0< Vp - fido = —2|hi-| < 0,
Oh

which is a contradiction. O]

Next we prove a parallel version of Talenti’s theorem for the function p constructed in

Lemma 2.1.5. We will use this result throughout Section section 4.1-section 4.2.

Proposition 2.1.6. Let D C R? be a bounded connected domain with C* boundary. Assume D
has n holes with n > 0, and denote by hy, - - - , h,, C R? the holes of D (each h; is a bounded open

set). Letp : D — R be the function constructed in Lemma 2.1.5. Then the following two estimates

hold:
D
supp < u (2.1.14)
D 27T
and
D 2
/p(x)dar < IDE (2.1.15)
D 47

Furthermore, for each of the two inequalities above, the equality is achieved if and only if D is

either a disk or an annulus.

Proof. The proof is divided into two parts: In step 1 we prove the two inequalities
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(Equation 2.1.14) and (Equation 2.1.15), and in step 2 we show that equality can be achieved if
and only if D is a disk or an annulus.

Step 1. When D is simply-connected, (Equation 2.1.14) and (Equation 2.1.15) directly follow
from Talenti’s theorem Proposition 2.1.1. Next we consider a non-simply-connected domain D,
and prove that these inequalities also hold when p : D — R is defined as in Lemma 2.1.5.

For k € R*, let us denote D = {ze€D: p(z)>k}, g(k) := |Di| and Dy :=
Dy U(Ugie;>xyhi). Elliptic regularity theory gives that p € C°°(D), thus by Sard’s theorem, &
is a regular value for almost every k& € (0,supy, p), thatis, |Vp(z)| > 0on {z € D : p(x) = k}.
Thus {x € D : p(z) = k} is a union of smooth simply closed curves and equal to dDy, for almost
every k € (0,supp p).

Since 0Dy, = GDkU(U{i:cpk}@hi) for k ¢ {ci, ..., ¢, }, we compute

1 1
g(k) = ——/ Ap(z)dr = —= Vp - rido

2 Jp, 2 Jap,
1 . 1 .
=—5/ Vp-nda—|—§ Z Vp - ndo
dDy, {i:c; >k} Ohs

1
=—= Vp-iido — Y |hil,

2 Job, {i:ci>k}

where the last identity is due to (Equation 2.1.12). Therefore, it follows that

1 1
gk)+ > il = =5 [ vp-ﬁda=§/~ IVp|do, (2.1.16)
{i:c;>k} 9Dy aDy,

where the last equality follows from the fact that Vp is perpendicular to the tangent vector on the
level set.

On the other hand, the coarea formula yields that

1 o 1
g(k :// 1 —dadsz/ / ——dods.
(k) R JAD Dk|vp| k Job, VD
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Therefore, it follows that for almost every k € (0, supp, p),

1
g (k)= —/ ——do. (2.1.17)
(k) b, |Vl

Thus it follows from (Equation 2.1.16) and (Equation 2.1.17) that

1 1 1 -
g0 a0+ X l) =5 ([ 1wsae) ([ e} < 5Pt s

{i:ci >k}
where P(FE) denotes the perimeter of a rectifiable curve F. Note that the last inequality becomes
equality if and only if |Vp| is a constant on ODy. Also, the isoperimetric inequality gives that

P(Dy)? > 47| Dy, (2.1.19)

where equality holds if and only if Dy, is a disk. This yields that

gk L gtk)+ > bl | < =2n|Dif = =27 | gk)+ > |hil |- (2.1.20)
{i:¢;>k} {i:c;>k}

Therefore, ¢'(k) < —2x for almost every k € (0, supp, p). Combining it with the fact that g(0) =
|D

, we have

g(k) < (g(0) — 27k) 4 = (|D| — 27k) for almost every k£ > 0.

This proves that supp p < ‘22'. It follows that

™

|D| |D]|
2

|D|

2 i 2n D 2
/p(x)dx—/ / 1{k<p(x)}dkda:—/ g(k)dk < / (D] — 27k o = 12F
D DJo 0 0 am

Step 2. Now we show that for the two inequalities (Equation 2.1.14) and (Equation 2.1.15),
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the equality is achieved if and only if D is either a disk or an annulus. First, if D is either a disk
or annulus centered at some x, € R?, then uniqueness of solution to Poisson’s equation gives that
p is radially symmetric about xy. Since we have Ap = —2 in D and p = 0 on the outer boundary
of D, this gives an explicit formula p(z) = —% + %2 for x € D, where R is the outer radius
of D. For either a disk or an annulus, one can explicitly compute sup,, p and [ p pdx to check that
equalities in (Equation 2.1.14) and (Equation 2.1.15) are achieved.

To prove the converse, assume that either (Equation 2.1.14) or (Equation 2.1.15) achieves
equality, and we aim to show that D is either a disk or an annulus. In order for either equality
to be achieved, (Equation 2.1.20) needs to achieve equality at almost every k € (0, supp, p). In ad-
dition, g(k) needs to be continuous in & since g(k) is decreasing. Since (Equation 2.1.20) follows
from a combination of the Cauchy-Schwarz inequality in (Equation 2.1.18) and the isoperimetric
inequality in (Equation 2.1.19), we need to have all the three conditions below in order for either
(Equation 2.1.14) or (Equation 2.1.15) to achieve equality:

(1) |Vp| is a constant on each level set dDj, for almost every k € (0,sup, p);

(2) Dy, is a disk for almost every k € (0, supp p).

(3) g(k) = | Dy is continuous in k. As a result, | Dy| is continuous in k at all k& # ¢;, with
¢; > 0 defined in (Equation 2.1.11).

Next we will show that if all these three conditions are satisfied, then D must be an annulus or
disk. First, note that by sending £ ™\, 0 in condition (2), and combining it with the continuity of
|bk] as k N\, 0, it already gives that the outer boundary of D must be a circle. Therefore if D is
simply-connected, it must be a disk.

If D is non-simply-connected, using condition (2) and (3), we claim that D can have only one
hole, which must be a disk, and p must achieve its maximum value in D on the boundary of the

hole. To see this, let h; be any hole of D, and recall that p|s,, = ¢;. As we consider the set limit of
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Dy ask approaches c¢; from below and above, by definition of D, we have

lim Dy = lim DyO(Uey=eiyhy)-
By (2) and (3), the left hand side limy, ~, f?k is a disk, and the set limy~ Dk on the right hand side
is also a disk (if the limit is non-empty). But after taking union with the holes {h; : ¢; = ¢;} (each
is a simply-connected set), the right hand side will be a disk if and only if limj\ ., Dk is empty,
U{j:cj:ci}h_j = h;, and h; is a disk. This implies ¢; = supp p and ¢; < ¢; for all j # 4. But since h;
is chosen to be any hole of D, we know D can have only one hole (call it /), which is a disk, and
supp, p = plon. Finally, note that condition (1) gives that all the disks {Dj,} are concentric, and as

aresult we have D is an annulus, finishing the proof. O]

Finally, we are ready to show that every connected stationary patch D with C! boundary must

be either a disk or an annulus.

Theorem 2.1.7. Let D C R? be a bounded domain with C'* boundary. Suppose that w(z) := 1p(x)
is a stationary patch solution to the 2D Euler equation in the sense of (Equation 1.1.5). Then D is

either a disk or an annulus.

Proof. If D has n holes (where n > 0), denote them by hq,...,h,. By (Equation 1.1.5), the

function f := 1p * N is constant on each of connected component of 9D, and let us denote

a; on 8hz
f(z) = (2.1.21)

ao on aDO

Let p : D — R be defined as in Lemma 2.1.5, and let ¢ := @ + p. Similar to the proof of
Theorem 2.1.2, we calculate 7 := || » V-V fdx in two different ways. Note that V f = V(f —ao)

in D. Applying the divergence theorem to Z and using (Equation 2.1.21) and Ay = 0 in D, it
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follows that

n

1= /aD(VSO i)(f — ao)do —/DASO(f —ap)dr = _Z(Gi — ao)/ Vo -itdo. (2.1.22)

i=1 O

By definition of ¢, and combining it with the property of p in (Equation 2.1.12), we have

2
/ V- nda—/ V(H) ndo + Vp ndo
Oh;

(2.1.23)
/ 2dx+/ Vp - ndo = 0.
dh;
Plugging this into (Equation 2.1.22) gives Z = 0. On the other hand, we also have
D D
We compute
|D?
E, - (1p*x VN)dx = dyda: = , (2.1.24)
D 2T \:U - y\2 4

where the last equality is obtained by exchanging x with y and taking the average with the original

integral. For F,, the divergence theorem yields that

Eg:/ pr-ﬁda—/pAfdx:/ pr-ﬁda—/pda:.
oD D oD D

Using the property of p in (Equation 2.1.11) and the fact that A f = 0 in h;, the divergence theorem

yields

/ pr-ﬁda:—Z/ pr-ﬁda:—Zci/Afdxzo, (2.1.25)
oD i—1 Y Ohi i—1 hi
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As aresult, we have Ey = — || p pdx. If D is neither a disk nor an annulus, Proposition 2.1.6 gives

12
I=F+FE=—— pdl’>0,
47 D

contradicting Z = 0. U

In the next corollary, we generalize the above result to a nonnegative stationary patch with

multiple (disjoint) patches.

Corollary 2.1.8. Let w(zx) := Y, o;1p,, where a; > 0, each D; is a bounded connected domain
with C' boundary, and D; N D; = () if i # j. Assume that w is a stationary patch solution, that is,
the function f(z) := w x N satisfies V- f -7 = 0on dD; foralli = 1,...,n. Then w is radially

symmetric up to a translation.

Proof. Following similar notations as the beginning of Section subsection 2.1.2, we denote the
outer boundary of D; by dD;o, and the holes of each D; (if any) by h;, for k = 1,..., N;. Let

i D; — R be defined as in Lemma 2.1.5, that s, p; satisfies

(

Pi = Cik on Ohy,

p;i =0 on 0Dy,

\

where c;;, is chosen such that fah-k Vp; - ido = —2|h,|. We then define ¢ : U™, D; — R, such

|z

that in each D; we have 0 =(; = 2|2 + p;.

Similar to Theorem 2.1.7, we compute

I::/ wVe -V fdr = Z/ a;V; - Vfdr
R? i=1 7 Di

in two different ways. On the one hand, since f = w=*/ is a constant on each connected component

40



of 9D;, the same computation of Theorem 2.1.7 yields that [ p. Vi -V fdx = 0, therefore 7 = 0.

On the other hand, since Vi = x 4+ Vp, in each D;, we break Z into
7= Zaloz]/ z-V(lp, *N) dx—l—Zaza]/ Vpi-V(1p, * N)dx =1 T, + Is.
7,7=1 D; i,7=1

For Z;, we compute

n

I, = Za;aj (/ z-V(lp, *N)d$+/ x-V(lp, x N)d >

2,J=1
_Zala] / / 2dydx+/ / 2dyd:1:
2 e el
Q04
= D;||D;l, 2.1.26
Z: 11D (2.1.26)

where we exchanged ¢ with j to get the first equality. For Z,, we have

IQ Z / Vpl 1D *N d.T‘i‘ZO&ZOé]/ Vpl 1D *N)d.ﬁC— [21+[22
i#]

By the same computation for Es in the proof of Theorem 2.1.7, we have

Iy=-) o / pidz. (2.1.27)
i=1 Di

For i # j, we denote j < 4 if D, is contained in a hole of D;. (And if D; is not contained in

any hole of D;, we say j 4 i.) Using this notation, the divergence theorem directly yields that

N;

/ in(le*./\/')-ﬁda:—Z/ piV(lp, * N) -fido =0 if j A i. (2.1.28)
8Di k= 6hik
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And if j < i, then the divergence theorem and (Equation 2.1.14) in Proposition 2.1.6 yield
1
/ piV(1p, * N) -iido > —supp;|D;| > ——|D;||D;| if j <. (2.1.29)
Hence it follows that

Ie 2 =} i HDilID; = = (Vi + Licg) =2 DAIDs (2.1.30)

i#] i#]
where the last step is obtained by exchanging 7, 7 and taking average with the original sum. Note
that we have 1,.; + 1,5; < 1 for any ¢ # j. From (Equation 2.1.26), (Equation 2.1.27) and

(Equation 2.1.30), we obtain

- Di? | D3| D
7> 2 ’_’ _/ id o — 2.1.31
N e I R I = @.131)

jAiand i4j
i#£]

Since we already know that Z = 0 and all the summands in (Equation 2.1.31) are nonnegative, it

follows that

| Dy|?
4

:/ pidx foralli =1,... ,nand {(i,j) : i # j,i Ajand j A i} = 0.
D

7

Therefore every D; is either a disk or an annulus by Proposition 2.1.6 and they are nested. By
relabeling the indices, we can assume that? < ¢+ 1for¢e=1,...,n — 1.
Next we prove that all D;’s are concentric by induction. For k& > 1, suppose Dy, ..., Dy are

known to be concentric about some o € R?. To show D, is also centered at o, we break f into

k n
= Z(&ilDi) * N+ Z (a;lp,) * N.
1=1 i=k+1

In the first sum, each D; is centered at o for ¢ < k, thus Lemma 2.1.9(a) (which we prove right after
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this theorem) yields that Zle (a;lp,)*N = % In |x—o| on &, Dy 1, where C' = Zle a;|D;| > 0.
In the second sum, for each i > k + 1, since each D; is an annulus with J;,Dy. 1 in its hole,
Lemma 2.1.9(b) gives that 1, x ' = const on 9y, D1 for all i > k + 1. Thus overall we have
f= % In |z — 0|+ C5 on 0, Dy 41 for C' > 0. Combining it with the assumption that f is a constant

on Oy, Dy 1, we know Dy, must also be centered at o, finishing the induction step. ]

Now we state and prove the lemma used in the proof of Corollary 2.1.8, which follows from

standard properties of the Newtonian potential.

Lemma 2.1.9. Assume g € L>®(R?) is radially symmetric about some o € R, and is compactly
supported in B(o, R). Thenn := g x N satisfies the following:

f]R2g x

(a) nlz) = =5

In |z — o| forall x € B(0, R)°.
(b) If in addition we have g = 0 in B(o,r) for some r € (0, R), then n = const in B(o, ).

Proof. To show (a), we take any = € B(o, R)° and consider the circle I' 5 x centered at 0. By

radial symmetry of 1 about o and the divergence theorem, we have

T 1 fzg
2= fido = Az Jpe S0
Vi gl |r|/ Ve =y 27r|x—o|

which implies 7(z) = L gar

In|z — o + C. To show that C' = 0, for |z| sufficiently large we have

cl=| / SOV =) =N =0y < lglimse) sup Wie—0) =Nz =)l

yEB(o,R)

and by sending |x| — oo we have C' = 0, which gives (a). To show (b), it suffices to prove that
Vn = 0in B(o,r). Take any = € B(o,r), and consider the circle 'y > = centered at 0. Again,

symmetry and the divergence theorem yield that

|Vn(x)| = Vn ndo = Andx =

1
Ty Jr Ty int(T'2) |
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finishing the proof of (b). O

2.1.3 Radial symmetry of non-simply-connected rotating patches with €2 < 0

In this subsection, we show that a nonnegative uniformly rotating patch solution (with multiple

disjoint patches) must be radially symmetric if the angular velocity 2 < 0.

Theorem 2.1.10. Fori = 1,....n, let D; be a connected domain with C' boundary, and assume
D,ND; =0fori#j. Ifw=>"", a;lp, is a nonnegative rotating patch solution with o;; > 0

and angular velocity €) < 0, then w must be radially symmetric.

Proof. In this proof, let
Q
falx) = wx N — §|x|2

In each D,, let us define p; as in Lemma 2.1.5. Let ¢; = @ + p; in each D;. As in Theo-
rem 2.1.10, we compute Z = > " fDi V; - Vfodx in two different ways. Since fq is a
constant on each connected component of 0D; and V; is divergence free in D;, we still have
7 = 0 as in the proof of Theorem 2.1.7.

On the other hand, we have

n

I:;ai/Di(x—i—Vpi)'V(w*/\/)d:c—i—wZ(xi/ (x + Vp;) - xdx

N D;
= Il + (—Q)Ig
As in the proof of Corollary 2.1.8, we have
o o (D) | Dil| Dy
i=1 ¢ J%Z?EZ%J

Note that Z; = 0 as long as all D;’s are nested annuli/disk, even if they are not concentric. For Z,,

using Cauchy-Schwarz inequality in the second step, and Lemma 2.1.11 in the third step (which
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we will prove right after this theorem), we have

I, = Zai (/ |z|*dx +/ Vp; - xdx)
D; D

=1 (2.1.33)

> iilozi (/D |z|2dz — (/DL |Vp|2d:z;> 1/2</D‘ \x|2dac) 1/2) > 0.

7 7

Combining (Equation 2.1.32) and (Equation 2.1.33) gives us Z > 0. If there is any D); that is not a
disk or annulus centered at the origin, Lemma 2.1.11 would give a strict inequality in the last step

of (Equation 2.1.33), which leads to Z > 0 and thus contradicts with Z = 0. O]
Now we state and prove the lemma that is used in the proof of Theorem 2.1.10.

Lemma 2.1.11. Let D be a connected domain with C' boundary, and let p be as in Lemma 2.1.5.

Then we have

—/ Vp-:z:’d:c:/ \Vp\%la:ﬁ/ |z|?d. (2.1.34)
D D D

Furthermore, in the inequality, “=""is achieved if and only if D is a disk or annulus centered at

the origin.

Proof. We compute

/\Vp|2dx:/ pr-ﬁda—l—/de:c
D oD D

:—/ px-ﬁdd—i—/Zpdx,
oD D

where in the last equality we use that p is constant along each 0h;, as well as the following identity

due to (Equation 2.1.12) and the divergence theorem (here 7i is the outer normal of h;):

2
Vp - itdo = —2|h;| = —/ Al g — —/ x - fdo.
Oh; h; 2 Oh;
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On the other hand, the divergence theorem yields

—/Vp-xdx:—/ px-ﬁda—l—/dex.
D oD D

Therefore using Young’s inequality —Vp - x < %|Vp|2 + %|x|2 (where the equality is achieved if

and only if —Vp = x), we have

1 1
/ |Vp|2d:r:—/ Vp - zdx < 5/ |Vp|2dac+§/ |z|*dw,
D D D D

which proves (Equation 2.1.34). Here the equality is achieved if and only if —Vp = x in D, which
is equivalent with p+ % being a constant in D, and it can be extended to D due to continuity of p.

By our construction of p in Lemma 2.1.5, p is already a constant on each connected component of

2 . .
0D, implying % is constant on each piece of 9D, hence 0D must be a family of circles centered
at the origin. By the assumption that D is connected, it must be either a disk or annulus centered

at the origin. 0

2.1.4 Radial symmetry of non-simply-connected rotating patches with Q > 1

In this final subsection for patches, we consider a bounded domain D with C' boundary. D
can have multiple connected components, and each connected component can be non-simply-
connected. If 1, is a rotating patch solution to the Euler equation with angular velocity €2 > %, we
will show D must be radially symmetric and centered at the origin.

To do this, one might be tempted to proceed as in Theorem 2.1.2 and replace p : D — R by
the function defined in Lemma 2.1.5. Here the first way of computing Z = | p(@+Vp) -V fodx

still yields Z = 0, but the second way gives some undesired terms caused by the holes h;:

1 n
I:—D2—Q/ z|*dx + 29—1/pdx+2§2 D\on; |-
k=0 [ pfar+eo-y | > o 1
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Due to the last term on the right hand side, we are unable to show Z < 0 when 2 > % as we did
before in Theorem 2.1.2. For this reason, we take a different approach in the next theorem. Instead
of defining p as a function in D and Z as an integral in D, we want to define them in D°. But since
D¢ is unbounded, we define p and Zp, in a truncated set B(0, R) \ D¢, and then use two different
ways to compute Zr. By sending R — oo, we will show that the two ways give a contradiction

unless D is radially symmetric.

Theorem 2.1.12. For a bounded domain D with C* boundary, assume that 1, is a rotating patch
solution to the Euler equation with angular velocity €} > % Then D is radially symmetric and

centered at the origin.

Proof. Since D is bounded, let us choose Ry > 0 such that Br, D D. For any R > Ry, consider
the domain By \ D, which may have multiple connected components. We call the component
touching 0Bpr as Dy g, and name the other connected components by Uy, ..., U,. Throughout
this proof we assume that n > 1: if not, then each connected component of D is simply con-
nected, which has been already treated in Theorem 2.1.2 and Remark 2.1.3. We also define
V' := Bg \ Do g, which is the union of D and all its holes. Note that V' may have multiple con-
nected components, but each must be simply-connected. See Figure Figure 2.1 for an illustration

of Dy g, {U;}_, and V.

dB(0, R)

Figure 2.1: For a set D C B(0, Ry) (the whole yellow region on the left), the middle figure
illustrates the definition of Dy r (the blue region), {U;} (the gray regions), and right right figure
illustrate V' = Bp \ Dy g (the green region).



To prove the theorem, the key idea is to define p? and Zp in By \ D, instead of in D. Let po r

||

and p; be defined as in Lemma 2.1.5 in Dy r and U; respectively, then set pg g := por + 5 in

|=[?

Do, g, and ¢; :=p; + - in U; fori = 1,..., n. Finally, define p* and ¢ : R? — R as

p" = porlp, » + ZPJUN "= porlp, 5 + Z pily,-
i=1 1=1

Since 1p rotates with angular velocity {2 > % we know fo = 1p * N — %|x!2 1S constant on

each connected component of dD. Next we will compute

Ig = / Vfa - Vlida (2.1.35)
Bgr\D

in two different ways. If some connected component of 0D is not a circle, we will derive a
contradiction by sending i — oo. We point out that as we increase 2, the domain Dy p will
change, but the domains {U;}}" , and V" all remain unchanged.

On the one hand, we break 75 into

n

Ir = / Vfa - Vo rdr + Z Vfa Ve =T+ Tk,
Do, r

i=1 Y Ui

Since fu is constant on each connected component of OU;, the same computation as
(Equation 2.1.22)—(Equation 2.1.23) gives Z% = 0. For Z}, note that although fq is a constant
along the boundary of each hole of Dy g, it is not a constant along Oy Do p = OBg. Thus similar
computations as (Equation 2.1.22)—(Equation 2.1.23) now give
1 Q _
Iy = (1D *N — =R )cho,R-nda
dBr

2
(2.1.36)

— [ ((p <) (@) = IDIN(@) Vi idoz).
0Bg
where in the second equality we used [, B, V#or - fido = 0 and the fact that /(z) is constant on
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OBpg. For any x € dBp, since D C Bg, and R > Ry, we can control (1p * N')(z) — |D|N (x) as
Ry

1 1——

(%)

We introduce the following lemma to control |V g - 77| on 0 Bg, whose proof is postponed to the

1 D
(1p <A (@) = DIV )| < o [ [1ogle — o] = log al|dy < 1ol
T JD

0B-p.
2 on R

(2.1.37)

end of this subsection.

Lemma 2.1.13. Let D C Bpg, be a domain with C! boundary. For any R > R, let Dor, V, por

and @ r be defined as in the proof of Theorem 2.1.12. Then we have

NR?
Vor il < ST 0 on 0B, (2.1.38)

og(R/Ro)

where N > 0 is the number of connected components of V' (and is independent of R).

Once we have this lemma, plugging (Equation2.1.38) and (Equation 2.1.37) into
(Equation 2.1.36) yields

C(D, Ry)

N|D|R2
Th < =50

Combining this with Z% = 0 gives

lim Zp = 0. (2.1.39)
R—o0
z|?

Next we compute Zr, in another way. Note that 15, * N — |T is a radial harmonic function in Bp,

thus is equal to some constant C'p in Bg. Using this fact, we can rewrite fq as

Q Q 1
fQ:]-D*N_§|x|2:(1D_1BR)*N_(§_Z>|$|Q+OR
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As aresult, Zp can be rewritten as

20—-1
IR:—/ V(lBR\D*N»VgoRdx—Q/ z - Vldz
Br\D 2 Br\D

2.1.40
(29 ) ( )

= _j}% jR

Next we will show J3%, J2 > 0, leading to Zr < 0. Let us start with 73. Applying Lemma 2.1.11

to each of Dy r and {U;}!_, immediately gives

\7}%2/ |z + Vpor - xdx—f—Z/ 2| + Vp; - xda =: T0R+ZT >0. (2.1.41)
Do, r

=1

Note that the 7;’s are independent of R for ¢ = 1,...,n, and we know 7; > 0 with equality
achieved if and only if U; is an annulus or a disk centered at the origin. This will be used later to
show all {U;}!", are centered at the origin in the 2 > 3 case (When 2 = %, the coefficient of 73
becomes 0 in (Equation 2.1.40), thus a different argument is needed in this case.)

We now move on to J4. We first break it as

Jéz/ V(g5 *N) ~xd:c+/ V(lgap*N) - Vplide =: Jiy + Ja.
Br\D ' Br\D

An identical computation as (Equation 2.1.24) gives J;; = <|D0 r| + Z \U; |> For Ji5, the
same computation as (Equation 2.1.27)—(Equation 2.1.29) gives the followmg (where we used that

each U; lies in a hole of Dy g forev =1,...,n):

- |Uil|U;]
Ji2 = _/Do,RpQRd:B_;/Uipidx_ Z |U|SUPP Z Com

1<i<n 1<i,5<n
j=<t
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Adding up the estimates for J1; and .J;5, we get

1 1
L'> | —|Dggl? —/ d U; — 1Dy r| —
Ir 2 <47T| 0,R] DO’RPO,R T |+ Z Uil 27?’ 0.R| ijlillzpo,R

1<i<n

n 1 1 (2.1.42)
+3 (k- [ pac)+ X Ll
im1 T Ui jhiandigs
i#]

By Proposition 2.1.6, all terms on the right hand side are nonnegative. But note that only the two
terms in the second line are independent of R. Plugging (Equation 2.1.42) and (Equation 2.1.41)
into (Equation 2.1.40) gives the following (where we only keep the terms independent of R on the

right hand side):

n

. L, 1 20 — 1 &
h&g}f(_I@ZZ(E’Ui’ —/Uipidx)—i— Z E]UiHUj]—F ) ;ﬂzo.

i=1 JAiand iAj
7]

Combining this with the previous limit (Equation 2.1.39), we know U; must be an annulus or a
disk for 2 = 1, ..., n, and they must be nested in each other. In addition, if €2 > %, we have T; = 0
forv =1,...,n, implying that each U; is centered at the origin.

The radial symmetry of Dy  is more difficult to obtain. Although the first two terms on the
right hand side of (Equation 2.1.42) are both strictly positive if Dy g is not an annulus, we need
some uniform-in- R lower bound to get a contradiction in the R — oo limit. Between these two
terms, it turns out the second term is easier to control. This is done in the next lemma, whose proof

we postpone to the end of this subsection.

Lemma 2.1.14. Let D C Bpg, be a domain with C! boundary. For any R > Ry, let Dy r, V and

po,r be given as in the proof of Theorem 2.1.12. If V is not a single disk, there exists some constant
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C(V)) > 0 only depending on 'V, such that

1
lim inf <2—|D07R| — suppo,R) >C(V)>o0.
m

R—o0 DO,R

If V is not a disk, Lemma 2.1.14 gives liminfr oo T4 > (31,2, [Ui]) C(V)) > 0. (Recall
that in the beginning of this proof we assume ) _, <i<n |U;| > 0, and it is independent of R.) This
implies liminfp_,o.(—Zg) > C(V) > 0, contradicting (Equation 2.1.39).

So far we have shown that 9D is a union of nested circles, and it remains to show that they are
all centered at 0. For the 2 > % case, we already showed all {U; }}_, are centered at 0, so it suffices
to show the outmost circle OV (denote by B(6, 7)) is also centered at 0. By definition of {U;}!" |,
we have D = B(0,7) \ (U?:lUi). Note that 157 * N = @ + C for some constant C', and
Lyr  u, * N is radially increasing. Therefore fq can be written as

|z —of

4

Q
Ja = 1B@# * N — Lo v, * N — §|x|2 = —g(z),

where ¢ is radially symmetric, and strictly increasing in the radial variable. Since both f and
229 4re known to take constant values on 0B(0,T), it implies g must be constant on 0B(0, )
too, and the fact that g is a radially increasing function gives that o0 = 0. This finishes the proof for
Q>4

For QQ = %, we do not know whether {U;}?_, are centered at O yet. Denote by U; be the
innermost one. Then we have
lz|> o-x

Lop g, x N — e +const for z € Oy, U1, (2.1.43)

=0

fa(z) 1

where the second equality follows from Lemma 2.1.9(b), where we used that 1 < j for all 2 <
j < n. Combining (Equation 2.1.43) with the fact that fo = const on Oy, U; gives 0 = 0, that is,

the outmost circle must be centered at 0. This leads to fo = — Z?:l 1y, * N. Since fq = const
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on each connected component of JU;, we can apply the last part in the proof of Corollary 2.1.8
to show that all {U;}!_; are all concentric. Denoting their center by o1, we can show that 0; = 0:
Lemma 2.1.9(a) gives fo(x) = C'ln|z — 04| for some C' < 0 on 9B(0,7), and since we have

f = conston 0B(06,7) and 6 = 0, it implies that o, = 0, finishing the proof. O

Proof of Lemma 2.1.13. For notational simplicity, we shorten py r, Dy r and g g into pr, Dgr
and g thoughout this proof. Recall that 0Dr = 0Bgr U 9V. Clearly we have pr = %2 on 0Bp,

due to pgr = 0 on Oy, Dr = 0Br. We claim that

NER _ R _ R}

5 ;<5 ondV. (2.1.44)

where N > 1 is the number of connected components of V. Once it is proved, we apply the

comparison principle to the functions pr — %2 and +g, where

(2) __ Nrg R
I = Slog(R/Ro) ° [l

NR2

Note that g = 0 on Bpg, and g > —;

on 9V since V C Bg,. If 0 € Dg, then the functions

YR — %2 and +g are all harmonic in Dpg, their values on 0By, are all 0, and their boundary values

on OV are ordered due to (Equation 2.1.44). The comparison principle in D then yields

—g(x) < pr(z) — 5 <g(x) inDg. (2.1.45)
Since pr — R; = g = 0 on 0Bg, (Equation 2.1.45) gives |Vpg - 7| < |Vg-ii| = ﬁ% on

OBp, which is the desired estimate (Equation 2.1.38). And if 0 € Dp, then (Equation 2.1.45) still
holds in Dy \ B, for all sufficiently small ¢ > 0 by applying the comparison principle in this set,

and (Equation 2.1.38) again follows as a consequence.

53



In the rest of the proof we will show (Equation 2.1.44). Its second inequality is straightforward:

R2 RQ R2 2
or— — < =L +suppr— — < —> ondV,
2~ 2 5 2~ 2

here the first inequality follows from the definition of ¢ and the fact that V' C Bp,, and the
second inequality is due to supp_-pr < % < R; in Proposition 2.1.6.

It remains to prove the first inequality of (Equation 2.1.44). Let us fix any R > Rj. Denote
the N connected components of V by {I’;}¥,, and let Ty := OBg. These notations lead to
ODr = UYT;. Fori = 0,...,N,let L; C R be the range of ¢p — %2 on I[';. By continuity of
¢r, each L; is a closed bounded interval, which can be a single point. Clearly, L, = {0} due to

2 . .
Yrlop, = %. Towards a contradiction, suppose

.. ) R? N|Ry|?
Vpnin 1= 11;1}1§11N1nf L, = 1ar%/f (apR — 7) =t -~ 0 for some d > 0. (2.1.46)
As for the maximum value, since Ly = {0} we have
Umax := mMmax sup L; > 0. (2.1.47)

0<i<N

Fori=1,..., N, using pg|r, = const, o = pr + % and I'; C Bp,, the length of each interval
L; satisfies
2 RQ
L] = oscpl.k”7 < fori=1,....N. (2.1.48)
Comparing (Equation 2.1.48) with (Equation 2.1.46)—(Equation 2.1.47), we know the union of
{L;}¥, cannot fully cover the interval [vUmin, Vmax)» thus they can be separated in the following

sense: there exists a nonempty proper subset S C {0,..., N}, such that the range of L; for

indices in S and S¢ := {0,..., N} \ S are strictly separated by at least d, i.e. min;cginf L; >
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max;ege sSup L; + 4. In terms of ¢ g, we have

ininf op > J. 2.14
mininf op 2 maxmax gp + ( 9

Since ¢p is harmonic in Dp, whose boundary is UY T, it is a standard comparison principle

exercise to show that (Equation 2.1.49) implies

Z/ Vg - itdo > 0, (2.1.50)

ics /T

where 77 denotes the outer normal of Dg. But on the other hand, we have
/ Vygr-ndo =0 fori=0,..., N. (2.1.51)
T

To see this, the cases ¢ = 1,..., N can be done by an identical computation as (Equation 2.1.23),
and the i« = 0 case follows from faDR YR - fido = fDR Appdr = 0 and the fact that 0Dy =
vazol“i. Thus we have obtained a contradiction between (Equation 2.1.50) and (Equation 2.1.51),

completing the proof. [

Proof of Lemma 2.1.14. Assume V' has N connected components {V]}jvz , for N > 1. For

notational simplicity, we shorten Dy r, por and ¢g r into Dg,pr and g in this proof. Let
€R 1= %\D;ﬂ — supp,, pr, Which is nonnegative by Proposition 2.1.6. Towards a contradiction,
assume there exists a diverging subsequence { R; }3°, such that lim; ,qeg, = 0.

Define ¢g, := pgr, — R; We claim that {Pg, }2°, has a subsequence that converges locally
uniformly to some bounded harmonic function ¢, in R? \ V.

To show this, we will first obtain a uniform bound of {pg, }2°,. Note that (Equation 2.1.44)

NR2

<

gives that supyy |@r, forall i € N*. Since ¢, = 0 on 0Bp, forall i € N*, the maximum

2
principle for harmonic function gives supj, 5 |Pr,| < NQR 0 forall i € NT.

For any R > 2R, we will obtain a uniform gradient estimate for {@g, } in Dp, for all R; > 2R.
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First note that since 0Bp, is in the interior of Dpg, (due to R; > 2R), interior estimate for harmonic

function (together with the above uniform bound) gives that ||@p,

C2(0BR) < C(N, RO) On the

av; = % + Ci j» with |Ci,j| S M~ Thus ||95RZ

other boundary 0V, recall that ¢p, >

c2Dgr) <

C(N, Ry) for all R; > 2R, and the standard elliptic regularity theory gives the uniform gradient

estimate supp,. |[V@g,| < C(V). This allows us to take a further subsequence (which we still
denote by {@g,}) that converges uniformly in Dy to some harmonic function ¢, € C(Dpg).
Since R > 2R, is arbitrary, we can repeat this procedure (for countably many times) to obtain

a subsequence that converges locally uniformly to a harmonic function @, in R? \ V, where

Poolov;, = % + ¢; with |¢;| < w. This finishes the proof of the claim.
Now define
s R o
PRr; ‘= PR; 2 = ©R; 2 )

which is known to converge locally uniformly to P, 1= Poo — % in R? \ V. Note that p, is not
radially symmetric up to any translation: To see this, recall that p|av;, = ¢;. If ps is radial about
some xg, it must be of the form —% + c due to Aps, = —2. As a result, the level sets of P,
are all nested circles, thus V' must be a single disk (where we used that each connected component
of V' is simply-connected).

Next we will show that lim; ,pep, = 0 implies p., is radial up to a translation, leading to a

contradiction. For k € R, let g;(k) := |[{z € Dg, : pr,(x) > k}|. In the proof of Proposition 2.1.6,

we have shown that g;(0) = |Dg,|, g; is decreasing in k, with g/(k) < —27 for almost every

k € (0,supp, pr,). Since supp,. pr, = 5=|Dr,| — €r,, we can control g;(k) from below and

above as follows:
(|Dg,| — 27k — 2meR,)+ < gi;(k) < (|Dg,| — 27k), forall k > 0. (2.1.52)

Likewise, define g;(k) := |{z € Dg, : pr,(z) > k}|, and goo(k) := |{x € Dg, : Poo(x) > k}|.

Since pr, = pr, — RT?, we have g;(k) = gi(k + R;) for all &k > —RT?, thus (Equation 2.1.52) is
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equivalent to

2
(—|V| =27k — 2meR,)+ < gi(k) < (—|V| —27k), forall k > —%,

The locally uniform convergence of pp, gives lim; ., g; = go, and since we assume lim;_,, €p, =

0, we take the ¢ — oo limit in the above inequality and obtain
Joo(k) = (—27k — |V|)+ forall k € R,

which implies

g (k) = =21 forall k € (—o0, SUp peo)- (2.1.53)
R2\V

Applying the proof of Proposition 2.1.6 to p,, (note that the proof still goes through even
though p., takes negative values, and is defined in an unbounded domain), we have that
(Equation 2.1.53) can happen only if Dk = {Poo > k}U(U{j:Cj>k}Vj) is a disk for almost ev-
ery k € (—00,Supg2\y Poo)> and |V is a constant on almost every dDy,. These two conditions
imply that all regular sets of p., are concentric circles, thus p, is radial up to a translation, and we

have obtained a contradiction. O]

2.2 Radial symmetry of nonnegative smooth stationary solutions

Let w be a nonnegative compactly supported smooth stationary solution of the 2D Euler equation.

Note that w being stationary is equivalent with
Viw - V(ws*N)=0 inR%.

As a result, along every regular level set of w, we have f := w x N is a constant.

In this section, we prove that such w must be radially symmetric up to a translation. In the
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proof, the two key steps are to show that every regular level set of w is a circle, and these circles
are concentric. These are done by approximating w by a step function w,, = Zﬁﬁ a;1p, such that
the sets {D;} are disjoint, and ||w — wy, ||z~ = O(1/n). We then define ¢" = @ + M 1
corresponding to this step function w,,, and compute Z,, = [ w,V¢" - V fdx in two ways.

Due to the O(1/n) error in the approximation, the qualitative statement in Proposition 2.1.6
that “the equality is achieved if and only if D is a disk or annulus” is no longer good enough
for us. We need to obtain various quantitative versions of (Equation 2.1.14) for doubly-connected
domains, and two such versions are stated below.

In Lemma 2.2.2, the quantitative constant ¢y > 0 depends on the Fraenkel asymmetry of the

outer boundary defined in Definition 2.2.1.

Definition 2.2.1 (c.f. [42, Section 1.2]). For a bounded domain E C R?, we define the Fraenkel

asymmetry A(E) € [0,1) as

A(E) = inf

zo

{ |EA(zo + 1B))|

g € R? mr? = ]E]},
|E|

where B is a unit disk in R>.

Lemma 2.2.2. Let D be a doubly connected set. Let us denote the hole of D by an open set h, and
let D :== D U h. We define p in D as in Lemma 2.1.5. Then if A(D) > 0, there is a constant ¢,
that only depends on A(D), such that
D
on < (1~ co),
Lemma 2.2.2 will be used in the main theorem to show that all level sets of w are circles. To
obtain radial symmetry of w, we also need to show all these level sets are concentric. To do this,

we need to obtain some quantitative lemmas for a region between two non-concentric disks. In

Lemma 2.2.3 we consider a thin tubular region between two non-concentric disks whose radii are
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close to each other, and obtain a quantitative version of (Equation 2.1.14) for such domain.

Lemma 2.2.3. For € > 0, consider two open disks By := B(01,1) and By = B(02,1 + €) such
that By C Bsy. Suppose |0y — 0o| = ae with a € (0, 1), and let p be defined as in Lemma 2.1.5 in

D := By \ By. Then if ¢ and a satisfy that 0 < € < g—i, we have

|D| a?
p‘aBl S5 \-= ) (2.2.1)

- 27

In Lemma 2.2.4 we consider a region between two non-concentric disks (that is not necessarily

a thin tubular region), and obtain a quantitative version of (Equation 2.1.14) for such domain.

Lemma 2.2.4. Consider two open disks B, := B(o1,r) and Br = B(09, R) such that B, C Bpg.
Let p be defined as in ( 2.1.5) in D := Bg\B,. Suppose | := |0 — 03] > 0 and there exist §; > 0,
and 65 > 0 such that 6, < r < R < 09. Then there exist a constant c, that only depends on 61, oo

and [ such that

The proofs of the above quantitative lemmas will be postponed to Section subsection 2.2.1.

Now we are ready to prove the main theorem.

Theorem 2.2.5. Let w be a compactly supported smooth nonnegative stationary solution to the 2D

Euler equation. Then w is radially symmetric up to a translation.

Proof. Note that as mentioned in step 1 of Proposition 2.1.6, we have that for almost every k €
(0, ||wl||z=), w™t({k}) is a smooth 1-manifold. Furthermore, since w is compactly supported, each
such level set is a disjoint union of finite number of simply closed curves. For any such closed
curve, we call it a “level set component” in this proof.

We split the proof into several steps. Throughout step 1, 2 and 3, we prove that all level set

components of w must be circles. In step 4, we will prove that any two level set components are
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nested, i.e. one is contained in the other. Lastly we present the proof that all level set components
are concentric in step 5 and 6.

Step 1. Towards a contradiction, suppose there is £ > 0 that is a regular value of w, and
w({k}) has a connected component I" that differs from a circle. Recall that int(T") denotes the
interior of I', which is open and simply connected. Since I is not a circle, we have A(int(I")) > 0,
with A as in Definition 2.2.1.

In this step, we investigate level set components near ['. Since k is a regular value, we can find
an open neighborhood U of I' and a constant > 0 such that |[Vw| > nin U. For any z € T,

consider the flow map ®;(x) originating from z, given by

i o) = Vw(®,(x))
4t ") = (@, () P

Vw

A is smooth and bounded in U, we can choose §; > 0

with initial condition ®y(x) = . Since
so that ®,(T") := {®y(x) : € T'} lies in U for any t € (—d7,071). Note that ¥, is a 1-parameter
group of diffeomorphisms, thus ®,(I") is also a smooth simply closed curve for ¢ € (—dy,4;). Then

we observe that

d Vw(®,(x))

() = V@) - L

p =1 for(t,x) € (—&,8) xT. (2.2.2)

Hence for each t € (—d1,01), ®+(") is a level set component and
w(®y, (1) # w(®y, (1)) if t) 2 to. (2.2.3)
By continuity of the map (¢, z) — ®;(x), we can find §5 € (0, ;) such that

A(int(®,(I))) > %A(int(l“)) for any £ € (—0y,d). (2.2.4)
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Since two different level sets cannot intersect, we can assume without loss of generality
that int(®_;,(I')) C int(Ps,(I")). Then it follows from the intermediate value theorem and

(Equation 2.2.2) that
int(®_g, (T)) C ®4(T) C int(Dg, (T)), for any t € (=05, ds). (2.2.5)

Lastly we denote V' := int(®s, (I"))\int(P_s,(I')) which is a nonempty open doubly connected

set, therefore |V| > 0.

Step 2. For any integer n > 1, we claim that we can approximate w by a step function w,, of

the form w, () = 32" a;1p, (x), which satisfies all the following properties.

(a) Each D; is a connected open domain with smooth boundary and possibly has a finite number

of holes.

(b) Each connected component of dD; is a level set component of w.

(d) ”U)n — WHLOO(]RZ) < gHwHLoo(Rn).

- n

To construct such w,, for a fixed n > 1, let 7o = 0 and 7,41 = ||w||p=. We pick 71,...,7,
to be regular values of w, such that 0 < ry < -+ < 1, < |lw||p, and iy — 73 < 2||w| L
fori = 0,...,n. Wedenote D; := {z € R? : r; <w(x) <rjyq} fori =1,...,n — 1, and let
D, = {x € R? : w(x) > r,}. Thus foreachi = 1,--- ,n, D, is a bounded domain with smooth
boundary. We can then write it as D; = U;"", D! for some m; € N where D!’s are connected
components of D;. Then let w,(z) = > " r;> "1 pi- By relabeling the indices, we rewrite
wp(x) = Zf\i’i a;1p,, where M, = >  m;, and each o; € {ry,...,r,}. One can easily check

that such w,, satisfies properties (a)—(d).
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Of course, there are many ways to choose the values 7y, --- ,r,, with each choice leading
to a different w,. From now on, for any n > 1, we fix w,(z) := Y. a;1p,(z) as any function
constructed in the above way. (Note that «; and D; all depend on 7, but we omit their n dependence
for notational simplicity.)

Finally, let us point out that for w, (x) constructed above, if D; C V for some 4, then D; must
be doubly connected, since step 1 shows that all level set components in V' are nested curves. We
will use this in step 3 and 5.

My

Step 3. For any n > 1, let w,,(z) = > .7} o;1p,(x) be constructed in Step 2. For each D;, let

we define p in D; as in Lemma 2.1.5. We set

n My n
p = Zi:lpi 1p,

o =p; + @ in D, (2.2.6)

SOn = le\iﬁ (p?lDi.

\

As in Theorem 2.1.7, let f := w * N, and we will compute

"= / wn(2)Ve"(x) - V f(x)dx (2.2.7)
R2

in two different ways and derive a contradiction by taking the n — oo limit.
On the one hand, the same computation as in (Equation 2.1.22)—(Equation 2.1.23) yields that
My,

"= a ( o (2)Vl(x) - fido — /D i f(a:)Ago?(a:)da:) = 0. (2.2.8)

i=1
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On the other hand,

" = /R2 wy(z)x - V f(z)dr + /R? wn(2)Vp™(x) - Vf(x)d

=1 +1I.
Since w,, satisfies property (d) in step 2, it follows that

lim 77 = / w(z)x - Vf(x)dx
R?

n—oo

A similar computation as in (Equation 2.1.24) yields that

/}R2 (z)x- Vf(z /]}@/R2 w(@)w(y) |x(—y|2)dxdy
/R2 /]R2 y)dxdy
T 4r ( /RQ (v Mx) ) (2.2.9)

where we used the symmetry of the integration domain to get the second equality.
Now we estimate the limit of Z§'. By Lemma 2.1.11, we have [, |Vpi|*dz < [, |z[*dz,
hence ||w,Vp||r2(r2) is uniformly bounded. Since w, — w in L, the bounded convergence

theorem yields that

lim [ w,Vp" -V ((w, —w)*N)(z)dz =0,

n—oo R2

therefore

liminf Z) = liminf [ w,(z)Vp"(z) - V(w, * N)dzx

n—00 n—o00 R2
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From now on, we will omit the n dependence in p!' for notational simplicity. Let us break the

integral in the right hand side as

My,

/]R2 wn () V™ (x) - V(wn ¥ N)dz = Z Q; / | Vp; - V(1p, * N)dx

ij=1 Di

My,
= E a?/ Vp; - V(1p, * N)dz + E aiaj/ Vpi - V(1p, * N)dx
i=1 D; i#] D;

=. F1 + FQ.
(2.2.10)

For F1, the divergence theorem yields

Mp

F1 :ZO%Q (/8DPIV(1DZ*N>ﬁdO'—/

=1 D

M'IL
pidﬁ) = —Za?/ pidx, (2.2.11)
i i=1 D;

where the second equality follows from an identical computation as in (Equation 2.1.25). Then by

Proposition 2.1.6, we have
1 U
2 2
Fy > I ;1 oz | Ds|*. (2.2.12)

For F5;, the divergence theorem yields

F=> o (/@D_pN(le « N) - iido — /_pi1D].dx) = Za,aj/ piV(lp, ¥ N) - fido,

i D i oD

where we use property (c) in step 2 to get the last equality.

For ¢ # j, recall that as in the proof of Corollary 2.1.8, we denote j < 4 if D, is contained in
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a hole of D;. Then divergence theorem gives

=0 if A4,
/ piV(1p, * N) - iido (2.2.13)
ob: > —supp, pi|D;| i j <.

Next we will improve this inequality for j < i and i € L, where L := {i : D; C V'}. (Note that
L depends on w,,, where we omit this dependence for notational simplicity.) From the discussion
at the end of step 2, we know that D, has exactly one hole for all « € L. Using the divergence

theorem together with this observation, (Equation 2.2.13) becomes

p

=0 it A,
/aD piV(lp, * N} -7ido § > —supp, pi|D;| if j < iandi ¢ L, (22.14)
= —pila.n;|Djl ifj<iandi e L.
\
For the second case on the right hand side, we simply use the crude bound supp,. p; < “23;‘ from

Proposition 2.1.6. For the third case we can have a better bound: for any 7 € L, by Lemma 2.2.2

and (Equation 2.2.4), there exists an ¢ > 0 that only depends on A(int(I")) (and in particular is

independent of n), such that p; |y, p, < (55 — €)|D;|. Thus (Equation 2.2.14) now becomes

;

=0 if j 41,

/a piV(lp, * N) - iido § > —5-|Dy|| D] ifj <iandi ¢ L, (2.2.15)
D;

> —(L —o)|Di||D;| ifj<iandie€ L.
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Now we are ready to estimate F5. Let us break it into

FQ = Z Q04 ADPZV(IDj *N) . fid0+ Z ;0 /aDprV(lDJ *N) - nido

j=<i J=i
(4,5)LXL (4,§)ELXL
>~ Y a5 DD, L _ )ipiiny|
J=<i 2m j<i 27
(i,5)¢LXL (i,j)ELXL

where the first equality follows from case 1 of (Equation 2.2.15), and the second inequality follows
from case 2,3 of (Equation 2.2.15). Finally, by exchanging ¢ with 7 and taking average with the

original inequality, we have

1 1 1
Fy > e Z (Lizj + 1<) ouey | Ds || Dj| — 3 Z (Lizs + Tj<i)aioy (% - 6) | Dil| Dyl
(m‘g?ng (z‘,j?:ng
> L DD -5 Y oo — ) IDiID)
— 4r — J J 2 vy I\orm J
<m‘>€£xL (m‘)eng
1 €
:_EZ%%|D1‘HD3‘|+§ > aiay|Dy|| Dy,
i# it
(4,j)ELXL

(2.2.16)

where the second inequality is due to the fact that for any ¢ # 7, at most one of ¢ < j and j < ¢
can be true, thus we always have 1,.; + 1,.; < 1.

Therefore, from (Equation 2.2.12) and (Equation 2.2.16) it follows that

M,
1 = € €
Pid Fy> == ouy [ Dil|Dj + 5 Y cioy| Dif[Dy| = 5 Y o[ Dif?

L=l (i,/)ELXL Py
1 My 2 2
€ €
=~ i (ZWH) +3 (ZaiiDi\) - £ oD 22.17)
i=1 ieL ieL

Since we will send n — oo, in the rest of step 3 we will denote L by L" to emphasize that L

depends on w,,. (In fact o; and D; depend on n as well, and we omit the n dependence for them to
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avoid overcomplicating the notations.)
Note that ), ;. a;1p, converges to wly in L'(R?). Alsoif ¢ € L", then the nondegeneracy of

|Vw| on V yields that lim,, . sup,c;» | D;| = 0, consequently
lim ) " af[Di|* < ||wllz lim sup [Di | wdz = 0.
n—oo icLn n—oo icLm R2

Therefore it follows that

liminf Z3 = liminf (F} + F3)

n—oo n—o0
1 M,, 2 2
. . €

_ _% (/R2w(x)dx)2 +§ (/Vw(:c)d:c)Q. (2.2.18)

Note that w is strictly positive in V, due to |[Vw| > 0in V and w > 0 in R?. Thus from

(Equation 2.2.8), (Equation 2.2.9) and (Equation 2.2.18), it follows that

n—oo n—o0

2
0= lim Z" > lim I} 4 liminf Z} > g (/ w(x)dx) >0, (2.2.19)
n—oo V

which is a contradiction and we have proved that any connected component of a regular level set

is a circle.

Step 4. In this step we show that every pair of disjoint level set components are nested. Towards
a contradiction, assume that there exist ['; and I'; that are connected components of level sets of
regular values of w, such that I'y and I's are not nested.

From step 3, we know that I'; and I'; are circles. Then the disks int(I';) and int(I's) are disjoint,
and they must be separated by a positive distance since ['; and I'y are level sets of regular values of

w. As in step 1, using the flow map @, originating from the two circles, we can find disjoint open
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annuli V; and V5 such that I'; C V; for ¢ = 1,2, and both 0,,V; and 0,,V; are level set components

of w.

For any n > 1, let w,(z) = Zf\i’i a;1p,(x) be constructed in step 2, and let

Ly :={i:D;cVi} and L3:={i:D;C Vp}.

Let p; be defined in (Equation 2.2.6) of step 3, and Z" defined in (Equation 2.2.7). Then on the one

hand, the same computations in step 3 give

1 2
lim 7" =0 and lim Z}' = yp (/ w(w)dm) . (2.2.20)
R2

n—00 n—o0 T

Let F and I be given by (Equation 2.2.10). For F7, the estimate (Equation 2.2.12) still holds.

For F5, using (Equation 2.2.13) and Proposition 2.1.6, we have

1
Frz- > @iy |Dy||Dyl.

1<7j or j<t

Since V; and V5 are assumed to be not nested, if (i,7) € L} x LY then neither i < j nor j < i.

Therefore it follows that

1 1 1
FzZ—EZ%%!DiHDjHE > aio | Dil | Dyl + Y oy Dil|D;l.

i#j (i.j)EL1X Lo (ji)€Ly x Lo

Combining the estimates for F; and F5 yields

M
JRR 1

ij=1 ieLy ieLy

As n — oo, since ), 1y @ilp, and D oic 13 ®ilp, converge to wly, and wly, respectively in
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L'(R?), we have

liminf Ty > lim (F+ Fy) = —% (/R2w(x)dx>2 + % (/V w(x)dx) </V2w(x)dx) |

(2.2.21)

Combining (Equation 2.2.20) and (Equation 2.2.21) gives us a similar contradiction as in
(Equation 2.2.19), except that § ( [, w(x)dzx)” is now replaced by = (fvl w(x)dx) (fv2 w(a:)dx).
Thus we complete the proof that level sets are nested.

Step 5. In this step, we aim to show that all level set components are concentric within the
same connected component of supp w. This immediately implies that each connected component
of supp w is an annulus or a disk, and w is radially symmetric about its center.

Towards a contradiction, suppose that there are two level set components ', and I'yy in the
same connected component of supp w, such that they are nested circles, but their centers Oy, and

Oyt do not coincide. We denote their radii by 7, and r,,, and define

U :=int(Toy) \ int(T';,).

For an illustration of I'};, and 'y, and U, see Figure Figure 2.2(a).

We claim that w is uniformly positive in U. Recall that all level set components of w are nested
by step 4. Thus if w achieves zero in U, the zero level set must be also nested between I';, and
["ou», since it can be taken as a limit of level set components whose value approaches 0; but this
contradicts with the assumption that I';;, and 'y lie in the same connected component of supp w.
As a result, we have w,,;, := infy w > 0.

For a sufficiently large n, let w, = "2 a;1p, () be given in step 2, where we further require

both I';, and I'y, coincide with some boundary of D;. (This is allowed in our construction of w,, in
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out

(a) (b)

Figure 2.2: (a) Illustration of the circles I';, and 'y, whose centers are Oy, and O,,. The set U
is colored in blue. (b) For a fixed n, each open set {D;};cp, is colored in yellow. Note that their
union gives exactly the set U.

step 2, since w is regular along both I';;, and I'y,.) Let us denote

B, ={1<i<M,:D;CcU},

and note that U := U,¢ Bnﬁi. See Figure Figure 2.2(b) for an illustration of {D; };cp, .
As before, we denote @ < j if D; is nested in D;. For the integral Z" in (Equation 2.2.7), on
the one hand, we have 7" = 0 for all n > 1 by (Equation 2.2.8). On the other hand, following

the same argument as in step 3 up to (Equation 2.2.13) (where we also use that each D; is already

i if 7 < 1), we have

intg

known to be doubly-connected, thus f 8D, V(1 D, * N) -iido = —p;

Q5 D; ‘&nDi ’Dj ‘)

liminf Z" = lim inf < (ZCMD | Z / pidr —
n—00 n—00 1<7,]<Mn i<
Z hggloglf ( Z O[ZOé]<%|DZ| _pi‘BmDi>|Dj|)’

1<i,j <M, j=<i
-

J/

-~

An

where in the last step we used Proposition 2.1.6.
Note that Proposition 2.1.6 gives 7,, > 0, where we have strict positivity, since Oy, # Ogu

implies that some { D, };c 5, must be non-radial. But since the area of these D;’s may approach 0 as
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n — 00, in order to derive a contradiction after taking lim inf,,_, .., we need to obtain a quantitative
estimate for Proposition 2.1.6 for a thin tubular region D; between two circles, which is done in
Lemma 2.2.3.

Next we show that the sets { D, };c g, that are “non-radial to some extent” must occupy a certain
portion of U. Fori € B,, denote by o, and ! the center and radius of d;,D;, and likewise 0!,

and 7! . the center and radius of 9., D;. Note that if D; is the inner-most set in {D; };c5, , then we

out
have 0! = O, and the outmost D; satisfies o, = Ooy. In addition, if OpyD; = OnD; for some

i,j € By, then o}, = m Thus triangle inequality gives

> 10l = Ol = [Oin = Oou| =1 co > 0 forall n > ng. (2.2.22)
i€Bn
In order to apply Lemma 2.2.3 (which requires the region to have inner radius 1), for each

1 € B, consider the scaling

ﬁl(x) = (riin)72pi (Tllnm)

Then j; is defined in D; := (ri Y~ D;. Due to the scaling, D; has inner radius 1 (denote the hole by

ﬁi), and outer radius 1 + ¢;, where ¢; := % > (0. In addition, the distance between the centers

in

of 0., D; and Oy, D; is a;e;, where

a; 1= |Oiin B 0;)ut| )
|Tin - Tout|
One can also easily check that j; satisfies Ap; = —2 in D;, and faiz Vp - ndo = —2|l~zi| = 27
By Lemma 2.2.3,if 0 < ¢; < (ai , then plldh < | |(1 — —) Thus in terms of p;, we have
1 2 i 2
Pily p, < %\DJ —c1a?|D;| ifi € By, satisfies ', — i < cpa?, (2.2.23)

where ¢; := 51— and ¢, := £ are independent of n and 4, due to the fact that 7, > r;, > 0 for all

m —
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1 € B,,. Using the definition of a;, (Equation 2.2.22) can be written as

> ailrl, = riul > co. (2.2.24)

1€By,

Note that ), |r}, — i, satisfies the upper bound

: : U
TZ J— 741 S ‘ ‘ = M’ (2.2.25)
n out

27T
i€B mn

which follows from

|U| Z |D ’ =m Z |Tm - out’ Tln +T0ut)

ZEBn ’LGBn >2rin

Combining (Equation 2.2.24) and (Equation 2.2.25) gives

i i Co ;
Z 1ai>261?4 rin - rout| Z Z <al 2M)| - ()ut| - 2 (2.2.26)

1€By, 1€Bp

where the first inequality follows from ]lai> Lo > a; — % (recall that a; € (0, 1)), and the second
inequality follows from subtracting 57; times (Equation 2.2.25) from (Equation 2.2.24).
Let

. Co
Kn::{eB Z>—}
¢ YV

Using this definition and the fact that |D;| > 27r,|rl, —

as

Z | Di| > 277y Z |7y — Tl > Trinco. (2.2.27)

€Ky €Ky

Now we take a sufficiently large n, and discuss two cases (note that different n may lead to different

cases):
Case 1. Every ¢ € K, satisfies ), — ri, < min{ca(5%)?, 2}, By definition of K, we have
ri— 1 < 02(—M) < cpa? for i € K,. (The motivation of the second term in the min function
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will be made clear later.) Then by (Equation 2.2.23), we have

1
gy

2

16
4M?

> ca?|D;| > |D;|  foralli € K,.

Z| _pi‘ainDi

Since K, is a subset of B,, (and recall that a;; > wy,;, > 0 for all 7 € B,,), we have the following

lower bound for 7,,:

1
To> o ) (%!Di\—Pi . i>|Dj’

1,J€EKn, j=<1
Zwmmu;‘ i IDIIDI Wi ';i IDIIDI (2.2.28)
1,J€EKn, j=<1 1,0€EKy,1#]
s GGG ’ 2
€Ky €Ky

Note that the second term in the min function in the assumption gives

D;| <2
{Iel?(}nd | < 27rou(r

; ; TrinCo _ 1
) S 5= <5 ) D,

1€Ky

where we use (Equation 2.2.27) in the last inequality. Applying this to the right hand side of

(Equation 2.2.28) gives

C1 C%

1, > wr2nin 16 M2 ’ (Z |D |) = m1n32M2 (ﬂ-riHCO)Q'

Case 2. If Case 1 is not true, then there must be some i, € K, satisfying 79, — r’® >

m

. co \2 TinCo . .
min{ca(537)?%, 22} =: c3, which leads to

. . CoC3
|0 Oout ai0<ré?]t - rizr?) > — =1

2M

Although this set D;, is likely not thin enough for us to apply Lemma 2.2.3, since ofg — o0, is
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bounded below by a positive constant independent of n, we can still use Lemma 2.2.4 to conclude

that %|Di0| — Dis ‘ OuDrg > ¢4 for some ¢, > 0 only depending on 7y, 7oy and . This leads to

1
T, > Zwminajc4|Dj| 2 WminC4 Z a;|Dj| > wmints - 5/ wd,
int(Fin)

io>-j D;Cint(Tjp)

where the last inequality follows from the fact that for all sufficiently large n, the definition of w,,
gives 305 cinr) UlDi = S,y @nd® = 5 [y, wdz. Note that the last integral is positive
since w > 0 on [}, and it is clearly independent of n.

From the above discussion, for all sufficiently large n, regardless of whether we are in Case
1 or 2 for this n, we always have that 7}, is bounded below by some uniformly positive constant

independent of n. Therefore taking the n — oo limit gives

liminf Z™ > liminf 7,, > 0.

n—oo n—oo

This contradicts Z" = 0, therefore finishing the proof of step 5.

Step 6. It remains to show that all connected components of supp w are concentric. If supp w
has finitely many connected components, we could proceed similarly as the end of the proof of
Corollary 2.1.8. But since supp w may have countably many connected components, we need to
use a different argument.

Let us denote the connected components of supp w by {U, };c7, where I may have countably
many elements. Denote their centers by {0; };¢;, their radii by { R; };<;, and their outer boundaries
by {OouwU; }icr. Without loss of generality, suppose the z-coordinates of their centers {0} };c; are
not all identical.

Among the (possibly infinitely many) collection of circles {0y U; }icr, let ', be the “circle with
rightmost center” among them, in the following sense:

o If there exists some iy € I such that o} = sup;c;o;, we define I, := JouUj,. (If the
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supremum is achieved at more than one indices, we set 7y to be any of them.)

e Otherwise, take any subsequence {iy } ey C I such that lim_,o 0j, = sup;c; o;. Since w has
compact support, we can extract a further subsequence (which we still denote by {ix }ren), such
that both o;, and r;, converge as £ — oo, and denote their limit by O, € R? and R, € R. Finally
let', := 90B(O,, R,).

With the above definition, we point out that f := w * A/ = const on I',. Note that in both
cases above, we can find a sequence of level set components of w that converges to I',, in the sense
that the Hausdorff distance between the two sets goes to 0. Since f = const on each level set
component of w, continuity of f gives that f = conston [',..

Let fi(z) := (wly,) * N for i € I; note that by definition we have f =", fi. Lemma 2.1.9
gives the following:

(a) For all z € (int(9ouU;))°, we have fi(z) = 5-( [, wdz) In|z — o],

(b) If U; is doubly-connected, then f; = const in int(9;,U;), where the constants are different
for different :.

Note that for any ©+ € I, U; must be either nested inside I',, or have I, nested in its hole.
(By a slight abuse of notation, we use ¢ < I'. and 2 > [, to denote these two relations.) Let
% .= (0! + R,,0?) and TL := (O} — R,, O?) be the rightmost/leftmost point of the circle T,.

Note that (b) implies f;(I'®) = f;(I'L) for all i = T',, whereas (a) gives the following for all i < I',:

wdx
8 o > e ),

f U, wdx

21

fi(rf) =

where the inequality follows from that |O} + R, — o}| > |O} — R, — o}|, which is a consequence
of oz1 < O} due to our choice of O,. (Also note that Ff and Ff have the same y-coordinate.)

As a result, summing over all i € I gives f(T'2®) > f(T'L), where the equality is achieved if
and only if o] = O, for all i < I',. Now we discuss two cases:

Case 1. There is some i < I, with o} < O,. In this case the above discussion gives f(I'Z) >
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f(T'%), which directly leads to a contradiction to f = const on T',..

Case 2. If case 1 does not hold, then let us define I'; as a “circle with leftmost center” among
{OoutU; }ier in the same way as I',.. Then we must have Ol1 < O},, and since case 1 does not hold
(i.e. all = < I', satisfy that 0} = O,), we must have I['; > I',.. By definition of I, there exists some
U, whose outer boundary is sufficiently close to I', and center sufficiently close to O,. As a result,
ig < I'yand o), > O},

Let I'/ and T'F be the leftmost/rightmost point of I';. A parallel argument as above then gives
that f;(T'}) > f;(Tf) for all i € I. Since we have found an iy < I'; with o} > O}, we have
fio(CE) > fi,(DF), thus summing over all 7 € [ gives the strict inequality f(I'F) > f(T'F),
contradicting with f = const on I';.

In both cases above we have obtained a contradiction, thus {o;};c; must have the same x-
coordinate. An identical argument shows that their y-coordinate must also be identical, thus
{Ui;}ier are concentric. Since w is known to be radial within each U; (about its own center) in

step 1-5, the proof is now finished. O

In the next corollary, we show that the above proof for stationary smooth solutions can be

extended (with some modifications) to show radial symmetry for rotating patches with €2 < 0.

Corollary 2.2.6. Let w be a compactly supported smooth nonnegative rotating solution to the 2D

Euler equation, with angular velocity ) < 0. Then w is radially symmetric about the origin.

Proof. The proof is very similar to the proof of Theorem 2.2.5, and we only highlight the dif-
ferences. Let {w,} be the same approximation for w as in step 2 of Theorem 2.2.5. We con-
sider the same setting as in (Equation 2.2.6) and (Equation 2.2.7), except with f(z) replaced by
fo(z) := w* N — 2|z|2. From the assumption on w, we have that fq is a constant on each regular
level set component of w. Thus the same computations in (Equation 2.2.8) give 2" = 0 for all

n > 1.
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On the other hand, we have

"= /R2 W,V -V (wx N)dz + (—9Q) /}R2 W, V" - xdr =: I +(;91§. (2.2.29)
>0
The same argument as in (Equation 2.1.33) of Theorem 2.1.10 gives that Z3' > 0. As for Z', in
step 3 — step 5 of the proof of Theorem 2.2.5, we have already shown that lim inf,, ., Z{* > 0, and
the equality is achieved if and only if each connected component of {w > 0} is radially symmetric
up to a translation, and they are all nested.

Let us decompose supp w into (possibly infinitely many) connected components U,¢;U;, with
centers {0;};cr. Our goal is to show o; = (0,0) for i € . Note that it suffices to show that their
z-coordinates satisfy sup,.; o} < 0. Once we prove this, a parallel argument gives inf;c; o} > 0,
which implies o; = 0 for ¢ € I, and the same can be done for the y-coordinate.

Towards a contradiction, suppose sup,.; o; > 0. We can then define I, in the same way as step
6 of the proof of Theorem 2.2.5, i.e. it is the “circle with rightmost center” among {ouU; }ic1,
and its center O, satisfies O} = sup,.; o; > 0. Since the new f function takes constant values
along each level set component of w, we again have that f = const on I',.. Let I'Z and 'L be the
rightmost/leftmost points on T',.. Note that their distances to the origin satisfy |[['%| > |T'Z|, where
the strict inequality is due to the assumption O} > 0.

Let us define f;(z) = (wly,) * N for ¢ € I, and note that fo = (3, ; fi) — Q|z|*. The
properties (a,b) in step 6 of Theorem 2.2.5 still hold for f;, thus we have f;(I'%) > f;(T'L) for all

¢ € I. This leads to

= (2 AED) + I > (3 ATDH) + ([T = fa(h),

el >0 el

contradicting the fact that fo = const on ;.. O
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2.2.1 Proofs of the quantitative lemmas

Let us start with the proof of Lemma 2.2.2. Let us begin by stating two lemmas that we will use in
the proof. The first one is a quantitative version of the isoperimetric inequality obtained by Fusco,

Maggi and Pratelli [42].

Lemma 2.2.7 (c.f. [42, Section 1.2]). Let E C R? be a bounded domain. Then there is some

constant ¢ € (0, 1), such that

P(E) > 27 [E] (1+ cA(EY)

where P(E) = H'(OF) denotes the perimeter of E.

The second lemma is a simple result relating the Fraenkel asymmetry of a set £/ with its subsets

U.

Lemma 2.2.8 (c.f. [34, Lemma 4.4]). Let £ C R? be a bounded domain. For all U C E satisfying

\U| > |E|(1 — @), we have

A(U) > @.

Proof of Lemma 2.2.2. The proof of the Lemma 2.2.2 is similar to [34, Proposition 4.5] obtained
by Craig, Kim and the last author. For the sake of completeness, we give a proof below. Let g(k),
Dy, and Dy, be defined as in Proposition 2.1.6, let D = D U h and define P := plon. We start by
following the proof of Proposition 2.1.6, except that after obtaining (Equation 2.1.18), instead of

using the isoperimetric inequality, we use the stability version in Lemma 2.2.7 to control P(f)k)
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This gives

9 B) (9(k) + Wl 1y, 0) < —3 P(DR)?
< —2n|Dil (1 + cA(Dk)2)2

< =27 (g(k) + [hl1p,6) (1+ cADR)?)

Hence it follows from Lemma 2.2.8 that

/ VL(L )2 2 2 “l<l:)
< — > - —F ). L.
g (k) 27T<1 +c 16 ) for all k such that |Dy| > |D| (1 1 ) (2.2.30)
We claim that
g(k) < |D| 27r<1 +c 16 )k for k < min {ph, Tom } (2.2.31)

Towards a contradiction, suppose there is £y < min (ph, %) such that (Equation 2.2.31) is

violated. Since 1 + 0#2)2 < 2, we have

A(D)|D
g(ko) > |D| — 4mky > |D| — %’
therefore

|D~k0| = 9(k0)+ W
A(D)|D
( 4)\ \

1] - ANy AD)Y

> |D[ -
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Hence for all k£ < ko, ¢'(k) satisfies the inequality (Equation 2.2.30). Thus we have

g(ko)S/OkO —or (1+c“4(£) )dk+|D|

.,

= |D| —27T<1+c

contradicting our assumption on k.

Finally, to control p,, we discuss two cases below, depending on which one in the minimum

function in (Equation 2.2.31) is smaller. For simplicity, we denote A := A(@T‘Dl and B := cA(fZ)Q.

Case 1: p, < A. In this case (Equation 2.2.31) holds for all &£ < pj,, thus
0 < g(pn) < |D| =27 (1 + B) pn,

implying
Dl _ D]

= 1—
ph_27r(1+B) <5 1)

for some constant ¢, which only depends on A(D).

Case 2: p, > A. In this case (Equation 2.2.31) gives g(A) < |D| — 2n(1 + B)A and

we use a crude bound for £ > A thatis ¢’(k) < —2m. Therefore for k > A,

g(k) = /Ak g (k)dk + g(A) < —2w(k — A) +|D| —27(1+ B)A

= |D| — 27k — 2w AB

< |D|(1 - %D)B) — 2nk,
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where the last inequality follows from A > %. Plugging in k£ = py, gives

A(D
0< () < 1010~ 22 ) o,
leading to
D
DPh < %(1 — ),
again ¢, only depends on A(D). O

Next we prove Lemma 2.2.3.

Proof of Lemma 2.2.3. Without loss of generality, we can assume that o; = (0,0) and 0, =

(ae,0). To estimate p|yp,, we decompose p into

P="p|yp9+u
where ¢ satisfies
(
Ag=0 inD
g=1 on OB, (2.2.32)

g=0 on 0Bs,

and v satisfies

Au=—-2 inD
(2.2.33)
u=0 on OD.

Using this decomposition as well as the definition of p, we have

—2|B;| = Vp'ﬁda—pbBl/ Vg - fido + Vu - ndo,
8B1 8B1 8Bl
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where 71 is the outer-normal of B; throughout this proof. Thus

1

p == < | 27— Vu - ﬁda) . (2.2.34)
}831 faBl Vg - ndo ( 9B

To estimate p‘ 9B, it remains to estimate the two integrals in (Equation 2.2.34).
The function g can be explicitly constructed using the conformal mapping from D to a perfect

annulus centered at 0. Consider the Mobius map h : C — C given by

where b € R will be fixed soon. Note that the unit circle and the real line are both invariant under
h, and 0B, is mapped to some circle centered on the real line. In order to make h(0B) centered

at 0, since the left/right endpoints of 0B; are £(1 + €) + ae, we look for b € R that solves
h(1+ €+ ae) = —h(—1 — € + ae). (2.2.35)

Plugging the definition of h into the above equation, we know that b is a root of the quadratic

polynomial
24+ (1 —a?e
a

F(b) =% — b+ 1.

Clearly, for 0 < a < 1, f has two positive roots whose product is 1, thus one is in (0, 1) and the
other in (1, +00). We define b to be the root in (0, 1). One can easily check that f(a) < 0, and
£(2) > 0if > > 2(1—a?)e, which is true due to our assumption a®> > 64e. Thus for all e € (0, &)

we have

O<g<b<a<1.

Note that A is holomorphic in C except at the two singularity points —b and —%. We have

already shown that —b € B, thus it is outside of D). Next we will show that —% € B¢, thus is also
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outside of D. To see this, note that

—1—€e4ae+b 14+e+ae+d
=h(—1-— = —h(1 = —
1+b(—1— €+ ae) ( €+ ae) (1+€+ae) 1+ b(1+ €+ ae)

< 0,

where the inequality follows from the fact that a,b,e > 0. Since the numerator of the left hand

side is already known to be negative due to a, b € (0, 1), its denominator must be positive, leading

1 : 1 c
to—3 <—-l—¢€+aeie —3 € Bs.

Now we define g : R*\ {(—b,0) U (—1/b,0)} — R as

(x) !
x) = —
g log [h(1+ € + ae)]

log|h(z)|+1 forz =z + izs.

Let us check that g indeed satisfies (Equation 2.2.32): first note that g satisfies the boundary condi-
tions in (Equation 2.2.32), since h maps D to a perfect annulus centered at the origin, whose inner
boundary is 9By . In addition, g is harmonic in R? \ {(—b,0) U (—1/b,0)}, thus harmonic in D.

Using the explicit formula of g, we have

27

Aglz) = “log [h(1 + € + ac)]

in the distribution sense. We can then apply the divergence theorem to ¢ in B;, and compute the

integral containing ¢ in (Equation 2.2.34) explicitly as

2
Vg - fido = T

— i 2.2.36
o8B, log |h(1 + € + ae) ( )

As for the integral containing u in (Equation 2.2.34), we compare v with a radial barrier function

w(z) == =2(|z| = D(|z] =1 = 2e),
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which satisfies w = 0 on 9B; and w > 0 on 0B,. Note that

4 + 4e
r

1
Aw = (6TT+—8T)M:—8+ < -2 inD,
r

where we used that € € (0, %) and 7 > 1 in D in the last inequality. Thus w — w is superharmonic
in D and nonnegative on 9D, which allows us to apply the classical maximum principle to obtain

u<winD. Combining this with the fact that u = w = 0 on 0B;, we have

d
Vu(z) -ri(x) < Vw(z) - 1i(z) = $w(r) =4e forall z € 0By,
r=1
hence
Vu - fido < 8re. (2.2.37)

0B

Plugging (Equation 2.2.36) and (Equation 2.2.37) into (Equation 2.2.34), we obtain
Py, < 1og(|h(1+ €+ ae)|)(1 + 4e).

Since log s < s — 1 for s > 1, it follows that

_ l+etae+bd
14 b(1+ €+ ae)

. 1+a—2b—ab—be—abe
B 1+0b(1+ €+ ae)

2
Se(l—a—b)§6<1—a—),
4 8

where we used b > £ to obtain the last two inequalities. Finally, using that € < 6—i, we have

a? a? 1 |D| 1
<ell——=—)(1+—=)<e[l-—=a® —(1—-—=a
p’%’l—ﬁ( 8)(+16)_6( 16a)<27r( 16“)’

where in the last step we use that |[D| = 7(1 + €)> — 7 > 2me. This finishes the proof of the

log |h(1+ €+ ae)| < h(1+ €+ ae) — 1
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lemma. [l
Finally we give the proof of Lemma 2.2.4.

Proof of Lemma 2.2.4. Without loss of generality, we can assume that o, is the origin. Let 5 :=
plop,. From the proof of Proposition 2.1.6, we already know that ¢'(k) < —27, where g(k) :=

|{x € D : p(x) > k}|. This implies that g(k) > —27(k — (3). Therefore we have
B B
/ pdxr = / g(k)dk > / —2n(k — B)dk = 3%
D 0 0
On the other hand, the same computation in the proof of Lemma 2.1.11 gives

1 1
ﬁ]Br]+/pdx: —/ |Vpdx < —/ |z2dx.
D 2Jp 2Jp

Since

1 1
—/ |z|?dr = = (/ |z|*dx —/ |x|2dx>
2 Jp 2\ /g, B,

_IDP | IDIB| | |BP 1

2
= d
A7 2m AT 2 /B, [z de
_ D IDIB _ 1B,
47 27 2 7
it follows that
D*> |D||B.| [?|B.
w62+B!Br!§| L Y (2.2.38)
47 27 2
By solving the quadratic inequality (Equation 2.2.38), we find that
D]
< —(1—
for some constant ¢y which only depends on 9, d5 and [. [
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CHAPTER 3
RIGIDITY RESULTS FOR GENERALIZED SQG

3.1 Radial symmetry for stationary/rotating gSQG solutions with (2 < 0

In this section, we consider the family of gSQG equations with 0 < o < 2, and study the symmetry
property for rotating patch/smooth solutions with angular velocity 2 < 0.

Let us deal with patch solutions first. As we have discussed in the introduction, we cannot
expect a non-simply-connected patch D with 2 < 0 to be radial, due to the non-radial examples
in [68, 49] for o € (0,2). For a simply-connected patch D, the constant on the right hand side of
(Equation 1.1.6) is the same on 0D, which motivates us to consider Question 2 in the introduction.
The goal of this section is to prove Theorem C, which gives an affirmative answer to Question 2
for the whole range « € [0, 2).

Our results are not limited to the Riesz potentials K, 4 in (Equation 1.1.4); in fact, we only
need the potential being radially increasing and not too singular at the origin. Below we state our

assumption on the potential /X, which covers the whole range of K, 4 with a € [0, 2).

(HK) Let K € C*(R4\ {0}) be radially symmetric with K'(r) > 0 for all » > 0. (Here we
denote K (x) = K (r) by a slight abuse of notation.) Also assume there is some J > 0 such that

K'(r) <r 4 forall0 < r < 1.

Our proof is done by a variational approach, which relies on a continuous Steiner symmetriza-

tion argument in a similar spirit as [18].

3.1.1 Definition and properties of continuous Steiner symmetrization

Below we define the continuous Steiner symmetrization for a bounded open set D C R¢ with

respect to the direction ¢; = (1,0, ..., 0), which can be easily adapted to any other direction in R,
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The definition is the same as [18, Section 2.2.1], which we briefly outline below for completeness.
For a one-dimensional open set U C R, we define its continuous Steiner symmetrization
MT[U] as follows. If U = (a,b) is an open interval, then M7[U] shifts the midpoint of this

interval towards the origin with velocity 1, while preserving the length of interval. That is,

(a — ngn(“T“’),b — ngn(“T“’)) for0 <71 < @,

MU :=
(_’FTG,”*T‘I) for 7 > @.

If U = UY,U; is a finite union of open intervals, then M7[U] is defined by UY , M7[U;], and
as soon as two intervals touch each other, we merge them into one interval as in [18, Definition
2.10(2)]. Finally, if U = U2, U; is a countable union of open intervals, we define M7 [U] as a limit
of MT[UN,U;] as N — oo as in [18, Definition 2.10(3)]. See [18, Figure 1] for an illustration of
MTUJ.

Next we move on to higher dimensions. We denote a point z € R? by (z,,2'), where 2’ =
(22,...,74) € R¥L For a bounded domain D C R? and any 2’ € R?~!, we define the section of

D with respect to the direction x; as
D, :={x; € R: (x1,2") € D},

which is an open set in R. If the section D, is a single open interval centered at O for all 2’ € R,
then we say the set D is Steiner symmetric about the hyperplane {z; = 0}. Note that this definition
is stronger than being symmetric about {x; = 0}. For example, an annulus in R? is symmetric
about {z; = 0}, but not Steiner symmetric about it.

Finally, for any 7 > 0, the continuous Steiner symmetrization of D C R% is defined as

ST[D] := {(zy,2') € RY: 2y € M"[D,]},
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with M7 given above being the continuous Steiner symmetrization for one-dimensional open sets.

See Figure Figure 3.1 for a comparison of the sets D and S™[D] for small 7 > 0.

D :3\ S7 @,LZ:A\
/ \ / \
/ \ / \
/ /
/ / )
—~ \ /
{z; =0} {z1 =0}

Figure 3.1: Ilustration of the continuous Steiner symmetrization S™[D] for a set D C R?. The left
figure is the set D, with the midpoints of all subintervals of its 1D section highlighted in red circles.
The right figure shows the set S™[D] for some small 7 > 0, with the new midpoints denoted by
blue squares.

One can easily check that S™[D] satisfies the following properties.

Lemma 3.1.1. For any bounded open set D C RY, its continuous Steiner symmetrization S™[D]

satisfies the following properties:
(a) |ST[D]| = |D| for any T > 0, where | - | denotes the Lebesgue measure in R%.
(b) (ST[D]))AD C B7[D] for any T > 0, where /\ is the symmetric difference between the two

sets, and BT D] is the T-neighborhood of 0D, given by

B7[D] := {x € R*: dist(x,0D) < 7}. (3.1.1)

Proof. (a) is a direct consequence of the fact that |M7[U]| = |U| for any open set U C R and
7> 0[18, Lemma 2.11(b)]. To prove (b), one can start with the one-dimensional version: For any

bounded open set U C R, we have M7[UJAU C {z € R : dist(z,0U) < 7}, which follows from
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the fact that the intervals move with velocity at most 1. Thus for any bounded open set D C R?,

S'IDIAD = (o) € RY s € MTDoAD2)
C {(xy,2') : dist(zy,0(Dy)) < 7}

C B"|D],

finishing the proof. O

3.1.2  Simply-connected patch solutions with €2 < 0

We assume that D C R? satisfies the following condition.

(HD) D C R<is a bounded domain, and there exists some M > 0 depending on D, such that
|B7[D]| < M for all sufficiently small 7 > 0, where B7[D] is given in (item 3.1.1).

It can be easily checked that for d > 2, any bounded domain D with Lipschitz continuous
boundary satisfies condition (HD). In fact, for d = 2, we will show any domain D C R? with a

rectifiable boundary satisfies (HD), with a precise bound

|B7[D]| < 2|8D|r forall T > 0, (3.1.2)

where |0D)| is the total length of 9D. Let us first prove (Equation 3.1.2) holds for any polygon
P C R% Erect two polygons at distance 7 from P and the transversal sides being bisectors of
the inner angles of P (see Figure Figure 3.2). It is clear that B”[P] is contained in the trapezoidal
region, which has area no more than 2|0P|7. Finally, this can be extended to the general case by
approximating any rectifiable curve by polygons.

Below we state our main theorem of this section, which is slightly more general than Theo-

rem Theorem C.

Theorem 3.1.2. Let D C R? and K € CY(R?\ {0}) satisfy the conditions (HD) and (HK)
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area = 2017

Figure 3.2: Illustration of the polygon P and the underlying trapezoidal region (the whole colored
region). Here the blue trapezoid has area 2[;7 (l; is the corresponding side length in P), and
summing over all edges gives a total area 2|0P|7. Since the trapezoids may intersect for large 7,
the whole trapezoidal region has area no more than 2|0 P|r.

respectively. Let g € CY(R?) be a radial function with ¢'(r) > 0 for all r > 0.
If D satisfies that

Q
Ip* K — Eg(:c) = const on 0D (3.1.3)

for some Q) < 0 (where the constant is the same on all connected components of D), then D is a

ball. Moreover, the ball is centered at the origin if () < 0.

Remark 3.1.3. (1) Note that D does not need to be simply-connected in Theorem 3.1.2. However,
since the constant on the right hand side of (Equation 3.1.3) is assumed to be the same on all
connected components of 0D, comparing with (Equation 1.1.6), Theorem 3.1.2 only implies that
all simply-connected patches with Q) < 0 must be a disk.

(2) In the case () = 0, the problem is translation invariant, so in the proof we assume without

loss of generality that the center of mass of D is at the origin.

Proof. We prove it by contradiction. Without loss of generality, we assume D is not Steiner sym-
metric about the hyperplane {z; = 0}. Let D™ := S7[D] be the continuous Steiner symmetrization

of D at time 7 > 0. By Lemma 3.1.1(b), we have

D"AD C B7[D], (3.1.4)
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where BT is defined in (item 3.1.1). Let us consider the functional

£[D] = / d / (@) () K (5~ y)drdy + (~9) / 9(x)1p(x)d

-~ -~

=:Z[D] =:V[D]

We will use two different ways to compute %S[DT] , where % denotes the right derivative.

7=0

On the one hand, using the equation (Equation 3.1.3) and the regularity assumptions on D, K and

g, we aim to show that

iS[DT]

=0. 3.1.5
dr ( )

T7=0

Instead of directly taking the derivative, we consider the finite difference

£1D7] — E[D] :/

Rd

Q
201 = 10) (104K = 5o ) o+ [ (1o = 15)((1p- ~ 19) + K}
Rd

=:1; =:1I2

(.

where in the equality we used that [ 15(1p- * K)dz = [ 1p-(1p % K)dx for any radial kernel K.

Let us control the term /; first. First note that (Equation 3.1.4) implies that the integrand is
supported in B, [D]. Next we claim that (HK) implies 1 px K —£g € COY(R?) for ¢’ := min{6, 1},
where C%! stands for Lipschitz continuity. The proof is a simple potential theory estimate, which

we provide below for completeness. For any z, z € RY,

(1 * K) (2 + 2) = (1p * K)(z)] =

/Rd Ip(z —y)(K(y + 2) — K(y))dy
: /y|<2|z Ky +2) - Kl)ldy + /|y>22| Lpx —y)lK(y +2) = K(y)ldy

== Jl + Jg.

For Ji, a crude estimate gives

)
I < / K Ky <2 /| K (y)ldy < C(d)]=],

yl<3lz|
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where in the last step we used that (HK) implies | K (y)| < Cly|~¢* for |y| < 1. For J,, note that

(HK) and the mean-value theorem gives
[K(y+2) = K(y)| < Cly[*"*[2|  forall |y| > 2],

and plugging it into the integral gives J, < C(d,|D])|z|°. Putting the estimates for J; and .J
together gives that 15 x K € C% (R?) for ' = min{d, 1}, and combining this with the assumption
g € CY(R?) gives 1p x K — £g € C*'(R?).

In addition, by (Equation 3.1.3), We have 1p x K — % g(x) = Cy on D for some constant Cj.
Thus we have

Ipx K — %g(m) — Co| < C(&,d,|D))r* in B7[D]

for some constant C' > 0, where we used the Holder continuity of 1 x K — % g and the definition

of B7[D]. This leads to

Q

|| < 2[B7[D]| sup ‘1D * K — —g(x) — Co‘ < C(¢,d,|D|) M7
z€BT[D] 2
where in the first inequality we used that f BT(l b — 1p-)Codz = 0, which follows from

Lemma 3.1.1(a); and in the second inequality we used (HD).

Next we control /5 by the crude bound
|IQ’ S /d 1BT[D]|(1BT[D] * K)|d{lf S ’BT[D“ ||1BT[D] * KHoo S MT“(lBT[D])* k KHOO,
R

where the last step follows from the Hardy—Littlewood inequality, where (15-[p))* is the radial

decreasing rearrangement of 15-p;. By (HD), (1 BT[D] )* is a characteristic function of a ball whose
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radius is bounded by C(d)(M )4, thus

C(d)y(Mr)/d (d)(Mr)/d )
| (L))" * Koo < / | K (r)| wqr?dr < / war " dx < C(d)(MT)4,
0 0

and plugging it into the /5 estimate gives

Putting the estimates of /; and I, together directly yields

D7) = E[D]|

T

< C(8'.d, M, |D)r" @,

and since 0 > 0 we have —S[DT] = 0.

=0
Now, we use another way to calculate %5 (D7

0" Let us deal with the €2 < 0 case first.
Since K is radial and increasing in r, it has been shown in [11, Corollary 2] and [78, Theorem 3.7]

that the interaction energy Z[D"| = [,. [,,. K(z —y)dzdy is non-increasing along the continuous

Steiner symmetrization, leading to

d+
—Z[D"] <0 forallT > 0.
dr

For the other term V[D"| = (—Q) [,. g(x)dx, by the assumptions that ¢(r) > 0 for all » > 0 and

D is not Steiner symmetric about {z; = O}, we can use [18, Lemma 2.22] to show, for 2 < 0,

dr dr
—V[D7] = (—Q)—/ g(x)dx < 0.
dr =0 dr [p- =0
Adding them together gives
d+
—E&[D7] <0
dr 7=0

leading to a contradiction with (Equation 3.1.5).
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In the €2 = 0 case, recall that we assume that the center of mass of D is at the origin. Thus if D

is not Steiner symmetric about {z; = 0}, the same proof as [18, Proposition 2.15] gives that Z[D]
must be decreasing to the first order for a short time, leading to

d+

€D

d+
= — K(|lz — y|)dxd 0
[ ] Ko shasay) <o,

7=0 7=0

again contradicting (Equation 3.1.5). We point out that although the proposition was stated for
continuous densities, the same proof works for the patch setting. In addition, although [18] only
dealt with the kernels no more singular than Newtonian potential, the proof indeed holds for all

kernels K satisfying (HK): see [17, Theorem 6] for an extension to all Riesz potentials K, ; with

a € (0,2). O

The above theorem immediately leads to the following result concerning simply-connected

stationary/rotating patch solution with 2 < 0.

Theorem 3.1.4. Let D C R? be a bounded, simply-connected domain with rectifiable boundary. If
1p is a V-state for (Equation 1.1.2) for some o € [0, 2) with angular velocity 2 < 0, then D must

be a disk. In addition, the disk must be centered at the origin if Q) < 0.

Proof. We have 1p * K — %|90|2 = ( for some constant C' on dD. For the Euler equation,
K = 5= In|z|. For the g-SQG equation. K = —C,|x|™. In both cases, the proof follows from
Theorem 3.1.2. L

Remark 3.1.5. As we discussed in the beginning of this subsection, in the case of gSQG with
a € (0,2), Theorem 3.1.4 is not true if the simply connected assumption is dropped, due to the

non-radial patches in [68, 49] bifurcating from annuli.

3.1.3 Smooth solutions with simply-connected level sets with 2 < 0

The rest of this section is devoted to the smooth setting. We will show that any nonnegative smooth

rotating solution of the Euler or gSQG equation with angular velocity €2 < 0 must be radial, under
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the additional assumption that all the super level-sets U"
U= {r e R: w(z) > h} (3.1.6)

are simply-connected for any A > 0. We believe that the simply-connected assumption is neces-
sary, since it is likely that the bifurcation arguments from annuli in [68, 49] can be extended to the

smooth setting as well, using a similar argument as in [24] or [23].

Theorem 3.1.6. Let w(x) € C'(R?) be nonnegative and compactly supported. In addition, assume
the super level-set U" as in (Equation 3.1.6) is simply connected for all h € (0,supw). Assume K

satisfies (HK). If for some 2 < 0, we have

Q
wx K — §|x]2 = Co(h) ondU" forall h € (0,supw), (3.1.7)

then w is radially decreasing up to a translation. Moreover, it is centered at the origin if () < 0.

Proof. We prove it by contradiction. For the €2 < 0 case, without loss of generality, we assume w
is not symmetric decreasing about the line 1 = 0. For the {2 = 0 case, similar to Remark 3.1.3,
without loss of generality we assume the center of mass is at the origin, and then we assume w is
not symmetric decreasing about the line z; = 0.

For any 7 > 0, we define the continuous Steiner symmetrization w” () in the same way as [18,

Definition 2.12]:
ho
() = / Lo () dh,
0

where g := supw, and ST[U"] is the continuous Steiner symmetrization of the super level set U"

at time 7 > 0.
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Consider the energy functional

£l = / | e = pdzdy+ (<) [ oo

RQ

— T[] =Vl

We proceed similarly as in Theorem 3.1.2 to compute %S [w7] in two different ways. We first

rewrite the finite difference £[w”] — £[w] as

Elw™] = Eluw]

— [ 2w - (we k= Glal ok [ @) - )@ )~ ol

=. Il + ]2.

Since w € CCI(RQ) and K satisfies (HK) (hence is locally integrable), one can easily check that
wk K —2|x|?is Lipschitzin D := {z € R?: dist(z, suppw) < 1}. Note that we have supp w” € D
for all 7 € [0, 1]. Combining this fact with the assumption (Equation 3.1.7), there exists C; > 0

independent of h, such that

Q
(w K)(@) = lal* - (Jo(h)’ <Oy on ST[UMAU" forall h € (0, o). (3.1.9)

Let us first rewrite /; as

I = 2/0h0 /R (1ST[Uh](a;) - 1Uh(x)> ((w « K)(x) — %m?) dz dh.

By Lemma 3.1.1(a), we have [, (1grpn(2) — 1yn(z))dz = 0 for all h € (0, hg). Thus we can
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control I; as

=2 [ [ (tswn) - 100) (1w 600) = Sial - o) it

R2 2
ho
S 2017'/
0

ho
< 2017/ 2|10U" |7 dh
0

(ST[Uh])AUh’dh
(3.1.10)

= 4017'2/ |Vwldr < C(w)7>.
supp w

Here in the second line we used (Equation 3.1.9); in the third line we used Lemma 3.1.1(b) and the

property (Equation 3.1.2) in two dimensions; and in the fourth line we used the co-area formula

and the fact that w € C*.

We next move on to 5. Since |Vw| is bounded, Lemma 3.1.1(b) leads to

W () = w(z)| =

/ Lgr () — Lun(2)dh
0

< ||Vwl|[ger forall z € R?

and supp w” € D for all 7 € [0, 1]. Thus

L] < o = wllp | @ = w) * Ko~
< o — wllon o — o / K (2)|dz
D

< O(w)T2

Combining the estimates for I; and I, gives E[w™| — E[w] < C(w)7? for all T € [0, 1], thus

=0. (3.1.11)
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On the other hand, we compute %8 [w] ‘ in a different way as

7=0

d+ T _ d+ T T
“ew)| =@+ v

7=0 7=0

In the 2 < 0 case, similarly as in Theorem 3.1.2, we have Z|w"] is non-increasing along the

continuous Steiner symmetrization by [11, Corollary 2] and [78, Theorem 3.7], thus

+
—Z[w"™] <0 forall T > 0.
dr

For V|wT], by the assumption that w is not symmetric decreasing about {x; = 0}, we again use
[18, Lemma 2.22] to show, for 2 < 0,

dr dr

TV = (0 [ wlolefde| <o

=0

Adding them together gives %8 [D7] }Tzo < 0, contradicting (Equation 3.1.11).

In the 2 = 0 case, we assume that the center of mass of w is at the origin. Thus if w is not
symmetric decreasing about {z; = 0}, the same proof as [18, Proposition 2.15] gives that Z[D|
must be decreasing to the first order for a short time (again, the proof holds for all kernels K
satisfying (HK); see [17, Theorem 6] for extensions to Riesz kernels K, 4 with a € (0,2)). This

gives %5 [D7] L:o < 0, again contradicting (Equation 3.1.11). O

The above theorem immediately gives the following corollary concerning the V-states for the

Euler and gSQG equations.

Corollary 3.1.7. Assume w(x) € C'(R?) is a nonnegative, compactly supported V-state satisfying
the Euler equation or the gSQG equation for some o € (0,2) with Q < 0. In addition, assume the
super level-set U" as in (Equation 3.1.6) is simply connected for all h € (0,supw). Then w must

be radially decreasing if Q) < 0, and radially decreasing up to a translation if €2 = 0.
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Proof. For the Euler equation, K = - In|z|. For the gSQG equation. K = —Cj,|z|~*. In both
]

cases, the proof follows from Theorem 3.1.6.

3.2 Radial symmetry of rotating gSQG solutions with 2 > Q)

In this section, we focus on rotating gSQG patches with area 7w and v % 0. As we discussed in the

introduction, for @ € [0, 2), there exist rotating patches bifurcating from the unit disk at angular
r(m+g . . .
(rm+3) ) ) , where 2% is increasing in m for any fixed

43 a _ ga—1_I'(l1-a) F(1+%) _
velocities €2 = 2 r(1f%)2 <r(2—g) i3
a € ]0,2). Let us denote €, := lim,,, o, Q2. If & € (0,1) we have that
'l — ri+%
q, = 901 L O‘)2 ( i). (3.2.1)
Pu-gTe- Y

5, and Q, = oo for all

Note that €2, is a continuous function of « for a € (0, 1), with y =

a€l,2).
A natural question is whether there can be rotating patches with area 7= with 2 > , for

a € (0,1). Note that the area constraint is necessary for all o« > 0: if D is a rotating gSQG patch for

a € (0,2) with angular velocity €2, then one can easily check that its scaling \D = {\z : x € D}

is a rotating patch with angular velocity A=*).
In Theorem 2.1.12, we showed that for the 2D Euler case (o« = 0), all rotating patches with
Q>0 = % must be a disk. In this section, our goal is to show that all simply-connected rotating

patches with area 7 with Q@ > Q, for o € (0, 1) must be a disk. Whether there exist non-simply-

connected or disconnected rotating patches with > Q,, for o € (0, 1) is still an open question.
Below is the main theorem of this section. Recall that for o € (0,2), K, = —Cy|z|~“ is the
1 T(S)
~ 27 2Ter(1-2)

fundamental solution for —(—A)~'*%, where C,, =
Theorem 3.2.1. Let D C R? be a bounded, simply-connected patch with C' boundary. Let us

denote R := max,cp |x|. Assume that D is a uniformly rotating patch with angular velocity ) of
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the gSOG equation with o € (0,1), i.e.,
Q 5
Ip*x K, — §|x] =C ondD. (3.2.2)

Let Q.(R) := R™%Q,. If Q > Q.(R), then D must coincide with B(0, R).

Remark 3.2.2. (a) Note that all sets D C R? with area ™ must have R > 1. In this case we have
Q.(R) < Q, thus Theorem 3.2.1 immediately implies that all simply-connected rotating patches
with area 7 and §) > ), must be a disk.

(b) Note that the constant (), is sharp, since there exist patches bifurcating from a disk of radius

1 at velocities (X, which can get arbitrarily close to (), as m — oo [57, Theorem 1.4].

Proof. Towards a contradiction, assume that D # B(0, R). Let xqg € 0D be the farthest point
from 0. Then we have that D C B(0, R), and let U := B(0, R) \ D. See Figure Figure 3.3 for an

illustration of U and xy. Then (Equation 3.2.2) can be rewritten as

Q
1U * Ka = 1B(0,R) * Ka — 5’37‘2 - C on 0D. (323)

Figure 3.3: Illustration of the set U and the point .

The key idea of this proof is to use two different ways to compute V(1y * K,)(x¢) - o, and
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obtain a contradiction if 2 > Q.(R). On the one hand,

(ﬂfo—y)'ﬂﬂod

ooy >0 (3.2.4)

V(ly * Ku)(xo) - xo = ozC’a/U

where we used the fact that (xo — y) - o > 0 forall y € U C B(0, R) since the two vectors point
to the same halfplane.

On the other hand, we claim the following properties hold for 1;; * K:

1. A(ly * K,) < 0in D.

2. Along 0D, the minimum of 1y x K, is achieved at x.

To show property 1, using the fact that K, = —C,|z|™ is the fundamental solution for
—(—=A)71*2, we have 1y * K, = —(—A)" 21y, thus A(ly * K,) = (=A)*?1y. Thus for
any x € D, using the singular integral definition of the fractional Laplacian [77, Theorem 1.1,
Definition (e)] and the fact that 1;; = 0 in D, we have

1U(37) — 1U(y) 0— 1U(y)
—Aa/QlU:E—C'Oz/—d —Ca/—d <0 forxeD
( ) ( ) 1< ) 5 |I y|2+a Yy 1( ) 9 |$ y|2+a Y

for some constant C' («) > 0. Note that despite the denominator being singular, the integral indeed
converges for all x € D, due to the fact that D is open and the integrand is identically zero in D
which yields

A(ly x K,)(z) = (—A)a/QlU(x) <0mD.

We now move on to property 2. Due to (Equation 3.2.3) and the fact that z is the outmost
point on dD, it suffices to show that the radial function 15 r) * Ko — %|x|2 1S non-increasing in
|z| for all 2 > Q.(R). We prove this in Proposition 3.2.3 right after this theorem.

The above claims allow us to apply the maximum principle to 1y * K, which yields that the
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minimum of 1;; % K, in D is also achieved at x, thus

V(lU * Ka)(l’o) . ﬁ(l‘o) S O,
where 7i(x) is the outer normal of D at . Since 7(z() = x¢ /||, the above inequality contradicts
with (Equation 3.2.4). As a result, D must coincide with B(0, R). [

Now we prove the proposition that was used in the proof of the above theorem.

Proposition 3.2.3. For a fixed o € (0,1) and R > 0, let Q.(R) be the smallest number such that

Q,
gr() == 1p(o,r) * Ko — ?\x|2

is non-increasing in |x|. Then we have Q.(R) = R™*Q,, with Q) given in (Equation 3.2.1).

Proof. Recall that K, = —C,|z|~* with C,, = %#(%1)_7) Since |x|* and 1p(0,r) * K, are both
2

radially symmetric and increasing in |x|, we have

/ 2o — y| dy — / |1 — y|~dy
B(0,R) B(0,R)

o1 |22 |71]2 — ||

Q.(R) =2C,

Let us denote the fraction above by F'(zy,z5). We claim that the sup,,, 4 ,,,| F'(z1, 72) is attained
when |z;| = R, and |z3] — R.

To prove the claim, we first compute I () := [, (0.1) |z —y|~*dy. Taking the Fourier transform:

I(x) = CR*™ / 21 (r) Jo (%) dr,

0

where C' is some positive constant. By Sonine-Schatheitlin’s formula [115, p. 401] and by conti-
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nuity, we obtain

I(x) = ( 2

By the mean value theorem, it is enough to check that min J(z) = J(R?), where

d a o 2z
J(z) = L(R(5-151%)) if 2 < R
| £ (0-5)= TR (55.2.2)) ite>
(
N oo LR (2,142,2, %) if 2 < R?
2o SRR (514+4,2.8) it > B2

Writing the series expansion (respectively at z = 0 and z = 00) of the hypergeometric series:

ala—2) 1 e F(§+n)T(n+1+%) Z\"
—=h (5 1+222>_ﬁnz%1“(%—12)1“ 2 ()

. (9)T(1 +n)C(2 +n) \R?
e Besmn (5a+520) = (3) P ra e rre s 1)

which are both minimized at z = R? since every coefficient is negative. This proves the claim.

The claim immediately implies

C, d
Qu(R) = —— =~ |z —y|™dy| (3.2.5)
R d|z| B(0,R) |z|=R
Where d‘ | denotes the derivative in the radial variable (recall that [ BOR) 1T~ y|~“dy is radially

symmetric). To compute the derivative at |z| = R, we can simply compute the partial derivative in
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the x; direction at the point (R, 0):

— xz —y| %
o |z —y|™dy

:—2/0 ((R—y1) +y2) le_ﬁ

1 _a a
= ot ([ (- vim) P / 1evi=a) ) (326)
0

— _9l-5 Rl (/2 (1 —cosf)~2 cosfdh — /2 (14 cosB) 2 COSQdQ)
0 0

= =2 2RI, - Ib),

_a 1
a/ R Y1) —l—yg) > (R —y1)dydys
2=(R,0) B(0,R)
Y2
Y2

where in the third line we used the identity (R 4 \/R? — y2)? + y2 = 2R*(1 +

as well as the substitution u = R~ y,.

1= (R~1y2)?),

Using a substitution § = 23, we rewrite [; as

hi=2 [ (1 cos(20) % cos(20)dg = 2% [ (sin ) (1~ 2sin? 6) 5.
0

0

Likewise, the substitution § = 7w — 25 allows us to rewrite — I, as

I, =2 /2(1 — cos(26))% cos(28)dB = 212 /Q(Sin B)7%(1 — 2sin* B) dg.

4

4

Adding the above two identities for /; and — I, together gives

L —L=2"% /Q(Sin B)7*(1 — 2sin® B) dB
0

- (3o(528) -85 )
2 2 2 2 2
1—

where B stands for the beta function. Here the second identity follows from the property that
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B(z,y) = 2 foﬂ/ ®(sin 0)2*~1(cos §)%~1df, and the third line follows from the property that

B(z,y) = Fr(égiéy)) . According to the properties of the gamma function I'(z + 1) = 2I'(z) and

[(2)(z 4 3) = 2'7%/7[(2z), we have

a 21— «)

L —L,=2"""" : 3.2.7
1T 29— T1-2p (5.2.7)
Finally, plugging this into (Equation 3.2.6) and (Equation 3.2.5) gives
Q(R) = R°C,2'7"2 (I, — L)
_ po 1 ['(5) a [(270(1 —«)
S 2w2ter(1—2)2—a\ T(1—9)?
207I0(1 — )T (2 + 1
:R—a ( aQ) (2 - >:R_aQa7
F1—3)r2-3)
finishing the proof. 0

At the end of this section, we point out that Theorem 3.2.1 directly gives the following quan-
titative estimate: if a simply-connected patch D rotates with angular velocity 2 € (0, €2,,) that is

very close to €1, then D must be very close to a disk in terms of symmetric difference.

Corollary 3.2.4. Assume 0 < o < 1. Let D be a rotating patch with area  and angular velocity

Q€ (0,9,), and let B be the unit disk. Then we have

IDAB| < 27 ((%)M . 1) .

Note that for a fixed o € (0, 1), the right hand side goes to 0 as )/ (1,

Proof. Denote R := max,¢p |z|. If D is a rotating patch with angular velocity (2 and is not a disk,

Theorem 3.2.1 gives that 0 < R™*(),, which gives that R < (£&)Y/*. Thus D C B(0, (%)"/*),
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which implies that the symmetric difference DA B satisfies

IDAB| =2|D\ B| <2 ’B(O, (%)”a) \B‘ —or ((%)m - 1) .
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CHAPTER 4
RIGIDITY RESULTS FOR VORTEX SHEETS

In this chapter, we study radial symmetry of stationary/uniformly-rotating vortex sheets. We fix

the following notations in this chapter.

Notations For a bounded domain D C R?, we denote |D| by its area (i.e. its Lebesgue measure).
For z € R? and r > 0, denote by B(z,r) or B,(z) the open ball centered at = with radius 7.
Through section 4.2-section 4.3, we will desingularize the vortex sheet into a vortex layer with
width ~ ¢, and obtain various quantitative estimates. In all these estimates, we say a term f is
O(g(e)) if | f| < Cg(e) for some constant C' independent of e.
For a domain U C R?, in the boundary integral [, f ndo, n denotes the outer normal of the

domain U.

4.1 Equations for a stationary/rotating vortex sheet

Let w(-,t) = wo(Rq;:) be a stationary/rotating vortex sheet solution to the incompressible 2D Euler
equation, where wy € M(R?) N H~!(R?) is a Radon measure. Here 2 = 0 corresponds to a
stationary solution, and €2 # 0 corresponds to a rotating solution. Assume wy is concentrated
on I', which is a finite disjoint union of curves. Throughout this paper we assume I' satisfies the
following:

(H1) Each connected component of I' is smooth and with finite length, and it is either a simple
closed curve (denote them by I'y,...,T',), or a non-self-intersecting curve with two endpoints
(denote them by I',, 1, ..., [, ,,). Here we require n + m > 1, but allow either n or m to be 0.

Let us denote

dp = mindist(';, Ty), (4.1.1)
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which is strictly positive since we assume the curves {T';}!1" are disjoint. Fori = 1,...,n + m,
denote by L; the length of I';. Let z; : S; — I'; denote a constant-speed parameterization of I'; (in

counter-clockwise direction if I'; is a closed curve), where the parameter domain S; is given by

R/Z fori=1,...,n,
Si =

0,1] fori=n+1,...,n+m.

Note that this gives |z| = L;, and the arc-chord constant

o — B
zi(a) = zi(P)]

4.1.2)

Fr:= max sup
i=1,...,n+m a#BES;

is finite, since I is non-self-intersecting. Let s : I' — R? be the unit tangential vector on I, given

by s(zi(a)) == 249 = 2 apdn : T — R be the unit normal vector, given by n = s. See

«
T lE@ T L

Figure Figure 4.1 for an illustration.
Fori = 1,...,n + m, let us denote by ~;(«) the vorticity strength at z;(«) with respect to the

arclength parametrization, which is related to w;(a) by

_ wi(a) ,
vila) = o)) for a € S;. (4.1.3)

Throughout this paper we will be working with -;, instead of ;. We impose the following regu-
larity and positivity assumptions on 7;:

(H2) Assume that v; € C?(S;) fori = 1,...,nand~; € C°(S;) N C1(S?) for some b € (0, 1)
fori=n+1,...,n+m.!

(H3) Fori=1,...,n,assumey; > 0in S;. Andfori =n+1,...,n+ m, assume ; > 0 in

57, and 7;(0) = (1) = 0.

"For an open curve i = n+1,...,n+m, note that (H2) does not require -y; to be C up to the boundary of .S;, and
its derivative is allowed to blow up at the endpoints. This is motivated by the fact that in the explicit uniformly-rotating
solution (Equation 1.2.3), its strength ~y is Holder continuous in [—a, a] and smooth in the interior, but its derivative
blows up at the endpoints.
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Note that for a closed curve, (H3) implies that +; is uniformly positive; whereas for an open
curve, ; is positive in the interior of .S; but vanishes at its endpoints. This is because any station-
ary/rotating vortex sheet with continuous +; must have it vanishing at the two endpoints of any
open curve: if not, one can easily check that |BR(z;(«)) - n(z;(«))| — oo as « approaches the
endpoint, thus such a vortex sheet cannot be stationary in the rotating frame.

With the above notations of z; and +;, the Birkhoff-Rott integral (Equation 1.1.10) along the

sheet can now be expressed as

n+m n+m

BR(zi(a)) = Y _ BRy(zi(a)) = Y PV /5 Ko(zi(a) — ze(a)) (o)) |24 ()| da!,  (4.1.4)

with the kernel K5 given by

xJ_

N 1yl —
K (x) := (2m)" V™ log|z| = TR

4.1.5)

and the principal value in (Equation 4.1.4) is only needed for the integral with k£ = 1.

Let v : R? — R? be the velocity field generated by wy, given by v := V= (wp * N). Note that
v € C°(R?\T), but v is discontinuous across I'. Let v, v~ : T' — R? denote the two limits of v
on the two sides of I" (with v being the limit on the side that n points into — see Figure Figure 4.1
for an illustration), and [v] := v~ — vT the jump in v across the sheets. [v] is related to the

vortex-sheet strength + as follows (see [87, Eq. (9.8)] for a derivation): [v] - n = 0, and

In addition, the Birkhoff-Rott integral (Equation 4.1.4) is the the average of v and v, namely

BR(zi(«)) = %(VJ“(zi(a)) +v (%(a))) foralla e S;,i=1,....,n+m.
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| ST r\_/

Ty,....T,

Figure 4.1: Illustration of the closed curves 'y, ..., I", and the open curves I';,,1,...,[',1,,, and
the definitions of n, s, v and v—.

In the following lemma, we derive the equation that the Birkhoff-Rott integral satisfies for a

stationary/rotating vortex sheet.

Lemma 4.1.1. Assume w(-,t) = wo(Rqx) is a stationary/uniformly-rotating vortex sheet with

?jlmFi, with z; and y; defined as above.

angular velocity ) € R, and wy is concentrated on U
Then the Birkhoff-Rott integral BR (Equation 4.1.4) and the strength y; satisfy the following two
equations:

(BR—Qa") n=v  -n=v -n= onT, (4.1.6)

and

| ol s o C; onS;fori=1,... n,
(BR(zi(a)) — Qz (a)) - s(zi(@)) vi(a) = (4.1.7)
0 onS;fori=n+1,....,n+m.

In particular, the above two equations imply that BR(z;(a)) — Q2 (o) =0 fori=n+1,...,n+

m.

Proof. By definition of the stationary/uniformly-rotating solutions, wy is a stationary vortex sheet

in the rotating frame with angular velocity €. In this rotating frame, an extra velocity —$2z;-
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should be added to the right hand side of (Equation 1.1.11). Therefore the evolution equations
(Equation 1.1.11)—(Equation 1.1.12) become the following in the rotating frame (where we also

use (Equation 4.1.4)):

Oizi(a,t) = BR(z(a, 1)) — Qzi-(a, 1) + ¢, )0a2i(a, ) (4.1.8)

atwi(av t) = aa<ci(a7 t)wi(av t))> (419)

where the term ¢;(«,t) accounts for the reparametrization freedom of the curves. Since wy is
stationary in the rotating frame, z;(-, t) parametrizes the same curve as z;(-, 0). Therefore 0;z;(«, t)

is tangent to the curve I';, and multiplying n(z;(«a, t)) to (Equation 4.1.8) gives

0 = 0yzi(a, t) - n(zi(a,t) = (BR(zi(a, 1)) — Qzi-(a, 1)) - n(zi(a, 1)), (4.1.10)

where we use that n(z;(«a, t)) - 0a2;(a, t) = 0. This proves (Equation 5.1.1).
Now we prove (Equation 5.1.2). Towards this end, let us choose
(BR(zi(a,t) — Qz (1)) - s(zi(a 1))

Ci(a7t) = |8azi(a, t)| )

so that multiplying s(z;(«a, t)) to (Equation 4.1.8) gives 0;z;(a, t) - s(z;(a, t)) = 0, and combin-
ing it with (Equation 4.1.10) gives 0,z;(c,t) = 0. In other words, with such choice of ¢;, the
parametrization z;(cv,t) remains fixed in time. Since wy is stationary in the rotating frame, we
know that with a fixed parametrization z;(a, t) = 2;(«, 0), the strength w;(«, t) must also remain

invariant in time. Thus (Equation 4.1.9) becomes

cila, t)yw;(a,t) = C;.

Plugging the definition of ¢; into the equation above and using the fact that z; is invariant in ¢, we
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have
(BR(zi(a)) = Q2 (a)) - s(zi(@))wi(e)
|Oazi(c)]

=—-C; foralla € S;,

and finally the relationship between ~y; and w; in (Equation 4.1.3) yields (Equation 5.1.2) for : =
1,...,n.

And for the open curves i = n + 1,...,n + m, note that we do not have any reparametrization
freedom at the two endpoints o = 0, 1, therefore the endpoint velocity BR(z;(0,t)) — Qz:-(0,1)

must be 0 to ensure that wy is stationary in the rotating frame. This immediately leads to C; = 0

fori =n+41,...,n + m, finishing the proof of (Equation 5.1.2). [l

4.2 Approximation by a thin vortex layer

Our aim in this section is to desingularize the vortex sheet wy. Namely, for 0 < ¢ < 1, we will
construct a vorticity w® € L>*(R?) N L'(IR?) that only takes values 0 and e, and is supported in
an O(e) neighborhood of T, such that w® weakly converges to wy as € — 0.

Foreachi = 1,...,n + m, we will describe a neighborhood of I'; using the following change

of coordinates: let RS : S; x R — R? be given by

Ri(a,n) = zi(@) + evi(a)n(z(@))n, (4.2.1)

and let

Di :={R{(a,n) : € S7,ne€(-1,0)}.

Note that each D is a connected open set, and for all € > 0 sufficiently small, the sets (D¢)7™

are disjoint. For 7 = 1,...,n, the domains D; are doubly-connected with smooth boundary, and
its inner boundary coincides with I';; see the left of Figure Figure 4.2 for an illustration. And for
t=n+1,...,n+m, the domains Dy are simply-connected, and its boundary is smooth except at

at most two points; see the right of Figure Figure 4.2 for an illustration.

112



Figure 4.2: Illustration of the definitions of 12§ and D for a closed curve (left) and an open curve
(right).

In addition, for € > 0 that is sufficiently small, one can check that R{ : SY x (—1,0) — DS isa
diffeomorphism. Since v; € C''(S;) and z; € C*(S;), we only need to show RS : S9 x (—1,0) —
D is injective. Below we prove this fact in a stronger quantitative version, which will be used

later.

Lemma 4.2.1. For any i = 1,...,n + m, assume I'; and ~; satisfy (H1)—-(H2). Then the map
R¢ : S? x (—1,0) — D¢ given by (Equation 4.2.1) is injective. In addition, there exist some

co, €0 > 0 depending on || z||c2(s,), ||Vill Lo (s,) and Fr, such that for all € € (0, ¢y) we have

|RS(e ') — Ri(a,n)| = co(le — oo + €|vi(a)n — vi(a)n']), (4.2.2)

forall a,o’ € S7, n,n € (—1,0).2

)

Proof. To begin with, note that (Equation 4.2.2) immediately implies that R : S x (—1,0) — D5
is injective, where we used the positivity assumption ; > 0 in S7 in (H2). Thus it suffices
to prove (Equation 4.2.2). Throughout the proof, we fix any ¢ € {1,...,n + m}, and we will

omit the subscript ¢ for notational simplicity. Using the definition (Equation 4.2.1), let us break

%In fact, (Equation 4.2.2) also holds (with a slightly smaller ¢y and cg) for 7,7’ € (—2,2), even though such RS
may not belong to Df. We will use this fact later in the proof of Lemma 4.2.5.

113



Re(a/,n') — R*(a,m) into

R(a!, ) =R (a,n) = z(a) — z(a) + e (y(a)n = v(a)n) n(z(c)) + ey()n (n(z(a)) — n(x(a)))
T T =Ty
4.2.3)
For T} and T3, we have
Ty — 2/ () (' = a)] <[|z]lc2g)la — ',
4.2.4)

Ts] < ev(a@)[zllc2gs)l = .

Also, using that 2’'(a’) = Ls(z(«)) is perpendicular to n(z(«’)), we have

(@) (o — @) + T = [L(a = a)s(z(a) + € (v(a") = y(a)n) n(z(a’))]

1 1
> §L|o/ —al + 3¢ [v(e)n" — ()],

where we use that \/z2 + y? > £(|z| + |y|). Combining this with (Equation 4.2.4) gives

L 1
3+ T+ B 2 o = ] (5 =lellncs (la = o+ 2(@) ) + et = (e,
thus
€ / / € L / 1 / /
B, n) = B, m)| 2 7l — o] + Sely(a)n” — ()] (4.2.5)
forall 0 < e < L(8||z]|c2 |||l z~) ! and |a — /| < W'
For |a —a/| > W, recall that the definition of Fr- in (Equation 4.1.2) gives |z(a/) — z(«)| >
c2

Fi'a’ — a|. Thus a crude estimate gives
1
R )= e )] = [+(0")=2(0)| =26l =) = o’ —al el (@) =1 ()] @.26)

for 0 < € < L(64Fv||z||c2]|7|lz=)"". (Note that for such ¢ we have 4e||7y||z~ < %W — a due
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to our assumption that o — o/| > W).
C
Finally, combining (Equation 4.2.5) and (Equation 4.2.6), it follows that (Equation 4.2.2) holds
for co = min{Z%, ﬁ, 1} and eg = min{L(8||z||c2 ||V o) ", L(64FF| 2|2 ||7||2o=) "} This fin-

ishes the proof. 0

In the next lemma we compute the partial derivatives and Jacobian of R{(«, ), which will be

useful later.

Lemma 4.2.2. Foranyi =1,...,n+m, let z; be a constant-speed parameterization of the curve

I'; (with length L;), and let R; be given by (Equation 4.2.1). Then its partial derivatives are

0o RS (a,m) = zi(a) + € (%{(Q)MU X %(OOZZ{/(CM) 77) ’

b L 4.2.7)
‘ (o)
aWRi(aa 77) = E%’(Oé) I
Moreover; its Jacobian is given by
det(VanR;) = eLivi(or) — €Ly} (a)ri(a)n, (4.2.8)

where k;(«) denotes the signed curvature of T'; at z;(«).

Proof. Since z; is the constant-speed parameterization of I'; (which has length L;), we have |2]| =
L; and n(z;(a)) = zi(a)*/L;. Taking the o and 7 partial derivatives of (Equation 4.2.1) directly
yields (Equation 4.2.7).
Putting the two partial derivatives into columns of a 2 x 2 matrix and computing the determinant,
we have
e Tat) = AL 0 ),

= L) — €Ly} (o) ki),
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where in the second equality we used that 2/ («) = s;(a)n(z;(«))L? (recall that z; has constant

speed L;). This finishes the proof. [

Remark 4.2.3. We point out that for each i = 1,....n + m, the determinant formula
(Equation 4.2.8) immediately gives the following approximation of |DS|, which will be helpful in

the proofs later:

Df 1 1 0
1Dil = —/ ldx = —/ / det(Vo, R (a,n)) dndo = Li/ vila)da+ O(e),  (4.2.9)
D €Js; J-1 S;

€ €

where the O(¢) error term has its absolute value bounded by Ce, with C only depending on
[zillc2(s) and ||vill Loos,)-

Finally, let D¢ := U"{" D5, and w* : R* — R is defined as

n+m

w(z) =€ Mpe(z) =€ ? Z 1pe (),

and let

ve = VH(w s N) (4.2.10)

be the velocity field generated by w©.

In the next lemma we aim to obtain some fine estimate of v in the thin vortex layer D¢. Our
goal is to show that along each cross section of the thin layer (i.e. fix ¢ and «, and let n vary in
[—1,0]), the function  — v°(R{(a,n)) is almost a linear function in 7, with the endpoint values

(at n = —1 and 0) being almost v~ (z;(«)) and v (z;(«)) respectively.

Lemma 4.24. Fori=1,...,n+ m, assume I'; and ~; satisfy (H1)-(H3). Let

gian) = BR(z(0)) — (n+ 3 )¥(2(a))  foracs,

and note that g;(a,0) = v (z;(a)) and g;(a, —1) = v~ (z;(«)) (see Figure Figure 4.3 for an
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illustration of g;(«,n)). Then for all sufficiently small € > 0, foralli =1, ..., n+ m we have

IV (R(a,n)) — gi(a,n)| < Ce’|loge| foralla € S;,n € [—1,0], (4.2.11)

where b € (0,1) is as in (H2), and C depends on b, max; ||| c2(s,), max; ||7il|cv s,y dr and Fr.

Ré(a,m)e gi(a,m)

Figure 4.3: Tllustration of the definition of g;(«, -) (the orange arrows).

Proof. Let i be any fixed index in 1, ..., n+m. We begin with breaking v* into contributions from

n-+m

different components { D, } 71", namely
n+m n+m

ve(z) = Z Z - Kz (z — y)dy,

where the kernel K, is given by (Equation 4.1.5). Similarly, we can break BR(z;(«)) into

n+m

BR(zi(a)) = Z BRy(z(«)), where BRy is the contribution from the k-th integral in
k=1
(Equation 4.1.4), and note that the PV symbol is only needed for £ = 1.

e Estimates for k # i terms. For any k # i, we aim to show that
Vi (R (o, ) — BRi(zi())] < Ce, (4.2.12)

where C' depends on dr, maxy ||zx||c2 and maxy ||vk||z~. Applying a change of variable y =
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R (!, 1), we can rewrite vj, as

Vi(Ri(a,n) =€ [ Ky(Ri(o,n) —y)dy

Dy

0 4.2.13)
= / / Ko(Ri(a,m) — Ry(o/,n')) et det(Vo p Ri(o/, 1)) dnfdd.
Sk J—1 N ~ ~~ -~

-~

=T =T

Using the facts that R(a,n) — R (o/, 1) = z;(a) — zx(a’) + O(e) as well as |z; () — zx (/)| >
dr > 0 (recall that dr is as given in (Equation 4.1.1)), for all sufficiently small ¢ > 0 we have
Ty = Ky(zi(a) — zi(a’)) + O(e). For Ty, the explicit formula (Equation 4.2.8) for the determinant

gives Ty = Lyye(a’) + O(€). Plugging these into the above integral yields

vi (B (a,m)) = g Ks(zi(@) — zi(a”)) Li(@) da’ + O(€) = BRi(zi(a)) + O(e),

finishing the proof of (Equation 4.2.12).
e Estimates for the k = 1 term. It will be more involved to control the k£ = ¢ term, and our goal

is to show that

1

Vi(Ri(a,n)) = BRi(z(a)) + (1+ 5 ) M(z:(@))

: < Ce’|loge|. (4.2.14)

To begin with, we again rewrite v§ as in (Equation 4.2.13) with £ = ¢, and plug in the formula

(Equation 4.2.8) for the determinant. This leads to

0

vi(Ri(a,n)) = /S / Ks(Ri(er,n) — Ri(',)) (Livi(@) — eLini (o )ri(@')') dnfdef
rJ—1
= [1 + [27

where [, I, are the contributions from the two terms in the last parenthesis respectively. Let us
control [, first, and we claim that

|I5] < Celloge]. (4.2.15)
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Using (Equation 4.2.2) of Lemma 4.2.1 and the fact that | K»(z)| < |x|~!, we can bound I as

[Io] =

0
/ / Ko(Re(em) — RE(al, ) eLir?(o! s (o' dif d
Sk J —1

0 (A
S CE/ / - fY’L(a,) - dn/da/
Sk o —qaf +€|%(04)77 — vi(a)n|

1¥illoo
< Ce/ / do'de’ (0" = ~;(a)n — ~vi(a)n (4.2.16)
S J—lilloo —al Fel0] ( (@) ()n)
1/€ ”'71”00 ( 1( ))
<C€/ / d@ld/@, 6/ e a/—a
e i 1814191 | +16']
< Celloge|

where C' depends on || z;||c2 and ||| -
0
In the rest of the proof we focus on estimating [, = / Ky(Ri(a,m) —
Sk

RS, n")) Livi(a') dnfda’. For t € [0, 1], let us define

f(aa 0/7 , 77/7 t) = Rze'(a7 n— tn/) - R'LE'(O/7 77/ - tn/)a

0
J(t) 3:/ / Kz(f(oz,a’,n,n’;t))Lm(a’)dn’do/- (4.2.17)
Sy J—1

Note that in the definition of f, the argument n — ¢1/ of R belongs to [—1, 1], instead of [—1, 0]
as in the original definition of (Equation 4.2.1). Here R(«,n — tn’) is defined as in the formula
(Equation 4.2.1), even though it might not belong to D;. Clearly, J(0) = I;. The motivation for

us to define such f and J(t) is that at £ = 1, we have

0

J(1) = / / Kol Re (s — 1) — (0")) Loy (o) dif dol’ = / vi(Re(asn — 1)) i,

-1

(4.2.18)

where v; is the velocity field generated by the sheet I';. Recall that v; has a jump across I';, where

we denote its limits on two sides by V . Using Lemma 4.2.5, which we will prove momentarily,
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we have

vi(zi(a)) + O(e"|loge|) ifn—n"€(0,2),
vi(Ri(a,n—1')) = (4.2.19)

v; (zi(a)) + O(’|loge]) ifn—1n' € (-2,0).

We can then split the integration domain on the right hand side of (Equation 6.2.56) into ' €
(—1,n) and " € (n,0), and use (Equation 4.2.19) to approximate the integrand in each interval.

This gives

J(1) = (n + 1)v{ (zi(@)) = nvi (z:(a)) + O(e’| log e])
1

= BRi(z(a)) — (n + 5) [v](2i(@)) + O(’| log e]),

(4.2.20)

where in the last step we used that [v](z;(«)) = [v;](zi(«)), since all other v with k # i are
continuous across I';.

Finally, it remains to control |J(0) — J(1)|. Note that by (Equation 4.2.2), we have

flod nn'st) > co|a— o + e|y(e )" —vi(a)n]).

In addition, we have

%f(a,a’,n,n’;t) = |e(vi(a)n(zi(a)) =il n(zi(a))| < Cela — o],

where the last inequality follows from (H2) and the fact that n(z;(«)) € C'(S;). Therefore, for

any t € (0, 1), taking the ¢ derivative of (Equation 4.2.17) and using that |V K5 (z)| < |z]72, we
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have

/
|Jl |<C/ / "774( ) an,da/
/
s /-1 (la — o] +6|%( ' = vi(a)nl)
%(O/) 170
< CE/ / dn do
Se -1 la =/ [0 (Ja = o[ + €elri(a’)ny — yila)n])

/e plhvillo 1
Ceé /;1/ /;”’y | |ﬁ/’1 b |ﬁ/’ T ’9/‘) de’dﬁl (9/ — ’Yi(a/)n/ . ’}/1(06)77, B/ . e_l(a’ o

1/e ) -
< CEb/ |B |b 11 ( ||/VZ||/L )dﬁ/
1/e |/B|

< Oe,

where C' depends on b, ||7vil|ce(s,)» [|2illc2(s,) and Fr. This leads to
(1) = 1] = (1) = J(O)] < Celoge].

Finally, combining this with (Equation 4.2.20) and (Equation 4.2.15) yields (Equation 4.2.14), fin-
ishing the proof of the £k = 7 case. We can then conclude the proof by taking the sum of this

estimate with all the £ # ¢ estimates in (Equation 4.2.12). [

The following lemma proves (Equation 4.2.19). Let v; be the velocity field generated by the
sheet I';, which is smooth in R?\ T';, and has a discontinuity across I';. It is known that v; converges

+

to v;- respectively on the two sides of I'; [87]. However, we were unable to find a quantitative

convergence rate (in terms of the distance from the point to I';) in the literature, especially under

the assumption that ; is only in C?(S;) for the open curves. Below we prove such an estimate.

Lemma 4.2.5. Fori = 1,...,n+m, let v; be the velocity field generated by the sheet I';, given by

x) = / Ky(z — z(a)) vi(a)|zi(a))| da’  for z € R*\ T
S;

'”Cb(Si) and FF,

illo2(s,),
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such that for all € € (0,¢€y) and n € (—2,2) we have

V(R (r,n)) = v (zi())| < Ce’|loge| ifn € (0,2), (4.2.21)
Vi(R;(c, ) — vi (zi())| < Ce’lloge| ifn € (—2,0), (4.2.22)
where
n(zi(@)la) n(zi(a)) vi(a)

vii = BRi(zi(a)) +

(2

v, = BR;(zi(a)) —

2 ’ 2 ’

and B R; is the contribution from the i-th integral in (Equation 4.1.4).

Proof. We will show (Equation 4.2.21) only since (Equation 4.2.22) can be treated in the same

way. From the definition of 7§ in (Equation 4.2.1), we have

L (2(0) — () () ,
vi(Ri(a,m)) = — 5 do
(Bilam) = o /S 2:(@) — () + am(a(@)n(a)]
L em(z(0) (@)
2 Js, Tor(@) — 2a(a!) + emm(z(a)) @)

= Al + AQ.

We claim that for all ¢ > 0 sufficiently small and 7 € [0, 2), we have

|A; — BRi(2(a))| < Ceb|loge|, (4.2.23)

n(z(e)) () < Ce (4.2.24)

Ay — 5

and note that these two claims immediately yield (Equation 4.2.21). From now on, let us fix

i€ {l,...,n+ m} and omit it in the notation for simplicity. Throughout this proof, let us denote

y(a,a') = 2(a) —z(a')  and  c(a) := epn(z(a))y(e),
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so that

L[ yMedh) ., L[ k)
Al‘zw/g|y<a,a'>+c<a>|2d A 27r/g|y<a,a'>+c<a>|2d |

Note that

Filla — o] < Jy(a, )| < ||1z]ler|a = &) (4.2.25)

N

For the closed curves with i = 1, ..., n, since z has period 1, we can always set « — o/ € [—3, %)

in this proof.

Applying (Equation 4.2.2) (with = 0), we have

ly(a, o) +e(a)* > colla — o + n*y*(a)) = collo — o' + [e(a) ). (4.2.26)

Since 2'(a) = Ls(z(«)), let us define

which is a close approximation of y in the sense that

ly(a, o) —y(a,a’)| < ||z|lc2(a — )2 (4.2.27)

Using s(z(«)) L n(z(«)), we have

¥ (a,a’) +c(a)|* = L?|a — d/|* + n*y*(a) = L*la — )* + |c(a) | (4.2.28)

From now on, for notational simplicity, we compress the dependence of y(«, '), y(a, &), c(«)
on « and ¢ in the rest of the proof.

e Estimate (Equation 4.2.23). Note that BR;(z(«)) can also be written using the above nota-
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tions as

L N
BR;(2(a)) = %PV ; ny(a )da,

thus A; — BR;(2(«)) can be written as follows:

Ay — BRi(2(a)) = £PV/S (| A ) (o)

2 y+cl  lyl?
::f‘(;,c)

L Lvy(«

- & [15.00@) i + Py [ sy, e
m™Js 27 S
= All + A12-
A direct computation gives
1 I - 2
fly.c) = Y 2y-ctld (4.2.29)

YRyt
Sincey -¢c = (y —y) - ¢ < Cla— o|*|c|, (where we use y | n(z(«)) and (Equation 4.2.27)),
combining this with (Equation 4.2.25) and (Equation 4.2.26) gives a crude bound

o — o'P[e] + |ef?
— |(Ja =o' +c?)

£ <
.0l S

Plugging this into A;; and using the Holder continuity of -, we have

o — ] + [cf b
Aqq] < — o' |°da’
'““&Lm—a«m—wP+M%m o da

</ UWﬂ¢+HWﬂw+/ (Iellol* + |cPloP)d8 (6= o —a)
16]<]c]|

~Y
le[<|0]<1

< le)’ < Ce,

where the last step follows from the fact that |c| < 2¢||y||». Now let us turn to A;5, which requires

a more delicate estimate of f(y, c). Let us break A, as

Apy = sz) /S (£(y, ) — £(§, ¢))da’ + Lz—ff‘)Pv /S £(§,c)da = B, + By,
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For By, let us take the gradient of f(y, c) (as in (Equation 4.2.29)) in the first variable. An elemen-

tary computation yields that

Vif(x, )| < CJx|"2min {1, ’%} (4.2.30)

as long as x satisfies

Ix +c|* > co(|x|* + [c]?). (4.2.31)

We point out that x = y + (1 — &)y indeed satisfies (Equation 4.2.31) for all £ € [0, 1]: to see
this, in the proof of Lemma 4.2.1, if we replace 77 in (Equation 4.2.3) by {y + (1 — £)y, one can

easily check the proof still goes through for £ € [0, 1]. In addition, for any £ € [0, 1] we also have
€y + (1 =)yl = cola — o'}, (4.2.32)

Thus the gradient estimate (Equation 4.2.30) together with (Equation 4.2.27) and (Equation 4.2.32)
yields

[f(y,e) = f(¥.¢)] < min{L, [c[ja —o'[7} S min{l,ela —a/|7'},

and plugging this into B; gives
| By 56—1—/ ela — /|7 tda’ < e|logel.
e<|la—a’|<1

As for By, using the definition of y, the identity (Equation 4.2.28) and the fact thaty - ¢ = 0, we

have

BQI

/_y_ el da/
|y +cf?
(

H
< efi:(a) o —a ,
/s|a o —aP e
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For the closed curves ¢ = 1,...,n, we immediately have By = 0 since « — o/ € [—%, ), and the

1
2

integrand is an odd function of o/ — «.

For the open curves © = n + 1, ..., n + m, the above integral becomes
Ly(a)c[*n(z(a)) /”‘ 4 ,
By = PV dd (0:=a —
: oL L paep e e

_ Ly(a)le/’n(z(a)) / e b a6,

2rL 62(L%62 + |c|?)
where in the second inequality we used that the integral in [—«, ] gives zero contribution to the
principal value, since the integrand is odd.

Next we discuss two cases. If a > |c|, we bound the integrand by C'9~3, which gives
|By| < Cy(a)|c|?’a™® < Clcff a2 < Cle|’ < Ce.

where the second inequality follows from the assumption (0) = 0 for an open curve in (H3), as
well as the Holder continuity of 7. And if 0 < « < |c|, the integrand can be bounded above by

0~!|c|~2, which immediately leads to
|Bz| < Cy(@)[logal < Clef’[loglc]| < Ce’|loge].

In both cases we have |By| < C¢®|loge|, and combining it with the B; and A;; estimates gives

(Equation 4.2.23).

e Estimate (Equation 4.2.24). We break A, into

Lct N — Lct 1 1 Lct 1
A2 — C / 7(06 ) 72((1) da/ + Y 7(05) / ( 5 S — 2) da/ + C ”Y(O[) / _ 2d0/
2 Js |y +c 2 s \ly +¢| |y + ¢l 2m s |y +¢l

=: Aoy + Ago + Aos.
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For Ay, (Equation 4.2.26) and the Holder continuity of v immediately lead to

/‘b

|Agy| < Ccl da/ < ||’ < Cé. (4.2.33)
|a ’|2 cf?

For Ass, its integrand can be controlled as

1 1

3 y =3y +el+ly+c) . Cla—af
ly +c|> |y+c|?

y+clPly+cf 7 (Ja—aoP+[c))P

where the last step follows from (Equation 4.2.26), (Equation 4.2.27) and (Equation 4.2.28). This

allows us to control Ass as
|Aga| < C|c|/ | B 3/2d9 < Clel |log|c|| < Ce|loge. (4.2.34)

Finally, for the As3 term, (Equation 4.2.28) gives

Lety(a) 1 nt(a)y(a) 1 L(d — a)
Ays = da’ = db tf = ———~=
23 27 /s L2/ — of? + |c|? “ 27 /92 +1 (se c| )
where the integration interval [ = (—ﬁ, ﬁ) fori = 1,...,n,and [ = (—%r, L(|10—‘a)) for
t=n+1,...,n 4+ m, and in the last equality we also used that % =n'. Fori=1,...,n, one

can easily check that

1

Ie2+1d9—7r

© 1
=2 < <
/L g 76 < Clel < Ce.

2[c|

which immediately leads to

- Bl

) nL(zjrv(Oé) </I GQilde_w)‘ < Ce

fori = 1,...,n. Next we turn to the open curves i = n+1,...,n+m, and let us assume o € [0, 5]

127



without loss of generality. In this case we have

Lo
1 Tl 1 > 1 , lc| =
6 — 7| = do o < I .
[9%+1 i ,/w 0211 ‘ﬁﬁwm9%+1 _mm{Ca,2}+Ce

le
where we used 1 — o > % to control the second integral by C'e. Using the above inequality as well

as the fact that y(a) < Ca® due to (H3), we have

/ ! df — 7| < Cab min H, 1+4+Ce < O(|c|'+e) < Cé°
102 +1

(07

4, BE@) (@)
2

_ (o)
2T

fori = n+1,...,n 4+ m. Finally, combining the Ay3 estimates together with (Equation 4.2.33)

and (Equation 4.2.34) yields (Equation 4.2.24). [

4.3 Constructing a divergence-free perturbation

In this section, we aim to construct a divergence-free velocity field u® : D¢ — R2, such that —u*

tends to make each Df “more symmetric”. Let u® : D¢ — R? be given by
u‘ =+ Vp" in D" 4.3.1)
where the function p¢ : D¢ — R is chosen such that
V-u =0 in D", (4.3.2)
and on each connected component [ of 0D°¢, u satisfies

/uﬁ ndo =0, (4.3.3)
l
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where 7 is the unit normal of [ pointing outwards of D¢. Note that 0D has a total of 2n +
m connected components: D is doubly-connected for ¢« = 1,...,n (denote its outer and inner

boundaries by 0 D5, and 0 D5 _; note that 9D

i,0ut 7,in? %,in

coincides with I';), whereas it is simply-connected
fori =n+1,...,n 4+ m (denote its boundary by 0D5).
Next we show that there indeed exists a function p¢ so that u satisfies (Equation 4.3.2)—

(Equation 4.3.3). Clearly, (Equation 4.3.2) requires that p° satisfies
Ap* = -2 in D" (4.3.4)
As for the boundary conditions, we let
Plope =0 fori=n+1,...,n+m, 4.3.5)

so the divergence theorem yields that (Equation 4.3.3) is satisfied for each [ = 0D5 fori = n +

1,...,n+m. Asfor: =1,...,n, we define

0 onoDs

7,0ut

P = fori =1,...,n, (4.3.6)
¢ onodDs. =T,

) %,in

where ¢ > 0 is the unique constant such that

Vp-ndo = =2|U;| fori=1,...,n, (4.3.7)
aU;

where U; is the domain enclosed by dD5;, = T'; (thus U; is independent of ¢), and n is the outer
normal of U; (thus the inner normal of D). The existence of ¢ is guaranteed by [50, Lemma 2.5].
One can then check that |, oy, U ndo = 0. Applying the divergence theorem in D then gives us
that [,,. u‘-ndo =0 as well.

7,out
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In [50] we proved a rearrangement inequality for such p® in a similar spirit of Talenti’s rear-

rangement inequality for elliptic equations [109], which we state below.

Lemma 4.3.1 ([50, Proposition 2.6]). The function p¢ : D¢ — R defined in (Equation 4.3.4)—

(Equation 4.3.7) satisfies the following in each D5 fori =1,...,n+m:

D
sup p© < , (4.3.8)
D 2
and
D¢|?
/ p(x)dx < D . 4.3.9)
Ds 4

Moreover, each inequality above achieves equality if and only Dy is either a disk or an annulus.

Note that the inequalities (Equation 4.3.8)—(Equation 4.3.9) hold for any domain with C'*
boundary. Even though the inequalities are strict when Dy is non-radial, they are not strong enough
to rule out non-radial vortex sheets, as we need quantitative versions of strict inequalities that are
still valid in the ¢ — O limit. As we will see in the proof of Proposition 4.4.2, the key step is
to show that if some I'; is either not a circle or does not have a constant ;, then the following

|Ds1>
4

quantitative version of (Equation 4.3.9) holds: e2 < Il D pe(x)d:v) > ¢p > 0, where ¢y is
independent of e.

In order to upgrade (Equation 4.3.9) into a quantitative version, we need to obtain some fine
estimates for p° that take into account the shape of the thin domains DS. Fori =n+1,...,n+m,
since p° = 0 on 0D, and the domain Dy is a thin simply-connected domain with width e < 1,

intuitively one would expect that |p¢| < C'¢?. The next proposition shows that this crude estimate

is indeed true, and its proof is postponed to Section subsection 4.3.1.

Proposition 4.3.2. Foranyi=n-+1,...,n+m, let p° : D — R be given by (Equation 4.3.4)—

(Equation 4.3.5). Then there exist ¢, and C only depending on ||z c2(s;), |Vill Lo (s,) and Fr, such

(3
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that

p| < Ce®  in DS
foralle € (0, ).

For : = 1,...,n, the estimate is more involved, since p° takes different values ¢ and 0 on
the inner and outer boundaries of D;. Heuristically speaking, since D5 is a doubly-connected
thin tubular domain with width ~ ¢, we would expect that p§ (in o, 1) coordinate) changes almost
linearly from O to ¢ as 1 goes from —1 (outer boundary) to O (inner boundary). Next we will show
that the error between p(R¢(«, 7)) and the linear-in-n function ¢§(1 + 7) is indeed controlled by
O(€*). We will also obtain fine estimates of the gradient of the function c{(1 + 7)), as well as the

boundary value c{. Again, its proof is postponed to Section subsection 4.3.1.

Proposition 4.3.3. Foranyi=1,...,n, let p° : DS — R and c§ € R be given by (Equation 4.3.4)

and (Equation 4.3.6)—(Equation 4.3.7). For such p°, let us define p¢,q° : DS +— R as follows:

P(R;(o,m)) :i=c5(1+1n) fora e S;,nel0,-1], (4.3.10)
q-=p°—p° in D5.
Also let

_ 2|U]
L; fsi v H(a)da

Then there exist €, and C only depending on ||z;||c3(s,), |illc2(s,) and Fr, such that for all € €

B : (4.3.11)
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(0, €1) we have the following:

| < Ce* in D,

4.3.12)
¢ =0 on 0D,
c
= B < C, (4.3.13)
€
’fo(Rf(a,n)) — 7f;é)n(,zl~(oz)) < Ce foraeS;,necl0,—1]. (4.3.14)

4.3.1 Proof of the quantitative lemmas for p*

In this subsection we aim to prove Propositions 4.3.2 and 4.3.3. We start with a technical lemma

on estimating the solution of Poisson’s equation (with zero boundary condition) in the domain D;.

Lemma 4.3.4. Foranyi=1,... ,n+m, assume I'; and ~; satisfy (H1)~(H3). Let v € C?*(D) N

C(Ds) solve the Poisson’s equation with zero boundary condition:

Ave = -1 in Ds,

(4.3.15)
v =10 on 0D.
Then there exist positive constants ¢ = C(||zl|c2(s,), |Vill Lo (s, Fr) and C1,Cy =
C(|17ill oo (sy))» such that for all € € (0, €9) we have
0<v°<Cié® inDS (4.3.16)
and
|V |poo(ryy < Coe  fori=1,...,n. (4.3.17)

Proof. Throughout the proof, leti € {1,...,n+m} be fixed. For notational simplicity, in the rest

of the proof we omit the subscript 7 in R, D5, S;, z; and ;.

R
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Step 1. We start with a simple geometric result that D€ is “flat” in a small neighborhood of any
z(a). Forany o € S, let V(@) := D N Bee|jy|| (2(x)), where || - [|oo denotes || - || oo (s). We will

show that any y € V() satisfies

|(2() = y) - n(2(a))] < 27| (4.3.18)

for all sufficiently small € > 0 (to be quantified in (Equation 4.3.23)). See Figure Figure 4.4(a) for
an illustration.
Since y € V¢(a) C D¢, there exist 5 € S and n € (—1,0) such that y = R (8,n) =

2(B) + ey(B8)n(z(B))n. It follows that

|(2() = y) - n(z())| < |(2(a) = 2(8)) - n(=(e)] + €Vl

<[1#"lloo (@ = B)* + €l|¥lloo,

(4.3.19)

where in the second inequality we used

[(2(@) = 2(B)) — 2 (a) (e = B)] < 2" loo(x = B)? (4.3.20)

and 2'(«) - n(z(a)) = 0. To bound « — S on the right hand side of (Equation 4.3.19), the fact that

Y € BGEll’YHoo(z<O‘)) gives

Gel|Vlloo = [2(@) —y| = [2(a) — 2(B)| — ev(B), (4.3.21)

which implies |z(«) — 2(5)| < 7€||7]|- Since the arc-chord constant FT- given in (Equation 4.1.2)
is finite, this implies

la — B] < TFr ||| e (4.3.22)

Plugging this into the right hand side of (Equation 4.3.19), we know (Equation 4.3.18) holds for
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(a) (b)

Figure 4.4: (a) In Step 1, V() (the yellow set) must lie between the two dashed lines for small e.
(b) In Step 2, 9V (ay) is decomposed into OV () (in dark green) and OV () (in purple).

all

0 <e< (492" | FEV]lo0) " (4.3.23)

Step 2. Next we prove (Equation 4.3.16). Note that v is superharmonic in D¢ and vanishes
on the boundary, thus it follows from the maximum principle that v > 0 in D¢. Denote M :=
max,cpe v(x), and pick g = R(ag,nm9) € D€ such that v(xy) = M. Without loss of generality,
we can assume that z(ap) = (0,0) and s(z(ap)) = e; := (1,0), so that n(z(ap)) = (0,1) and

zo = (0, €ey(ap)no). Let us consider a barrier function b; : R? — R given by

2
xT
bl<$1,$2) = ng — 31

Clearly Ab; = 1, so v + by is harmonic in D¢. It then follows from the maximum principle that
maXper,oy(ve + by) is achieved at some boundary point Zy € 9V(ay). Let us break OV(ayp) into

IV (ap) U OV (ayp) (see Figure Figure 4.4(b) for an illustration), given by
IV () 1= 0D N Bgejly (2(0)), Vs () := D M OBge|y (2(00)). (4.3.24)
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We claim that Zo € OV (). To see this, note that any y = (y1,y2) € IV () satisfies |y| =
67|00 and |ya| < 2¢€||7v]|o0,» Where the latter follows from (Equation 4.3.18) and our assumption
that s(z(ap)) = e;1. This implies that |y;| > 4€l|v]|c > |y2|, thus b;(y) < 0. Using that v*(xg) =
M > v(y) and by (zo) = b1(0, ey(ag)no) > 0, we have (v + by)(y) < (v° + by)(z). This shows
that maxyz;5(v° + b1) cannot be achieved on 9V (ay), finishing the proof of the claim.

Since T € OV (ap) C OD¢, the boundary condition in (Equation 4.3.15) yields that v(Z() =

0. Thus
M + by(x0) = v(x0) + b1(z0) < v(To) + b1(Zo) = b1(Zo).
Using by (z9) = b1(0, ey(ao)no) > 0, the above inequality becomes
M < by(Zo) < |To|* < 36|7]|%.€, (4.3.25)

where the second inequality follows from the definition of b;. This proves (Equation 4.3.16) for
C1 = 361713

Step 3. It remains to prove (Equation 4.3.17). First note that for i € {1,...,n}, the assump-
tions (H1)-(H3) yield that D¢ has C? boundary, therefore v¢ € C?(D§) N C*(D5). Let us fix
i€ {l,...,n}and any a € S, and we aim to show that |[Vv®(z(«))| < Cse. Again, without loss
of generality we can assume that z(«) = (0,0) and s(z(«)) = e;. Let us consider a new barrier
function by : R? — R

2
x
ba(x1, x9) 1= x% + del|v|| o2 — 51, (4.3.26)

which satisfies b5(0,0) = 0, and one can easily check that its zero level set has horizontal tangent
at (0,0) (thus tangent to 0D¢ at z(«)).

Again, let us decompose OV “(«) as OV () U OV () as in (Equation 4.3.24) (except that «
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now becomes «). We claim that for all sufficiently small e > 0, the new barrier function b, satisfies

Aby =1 inV<a), (4.3.27)
b, <0  ondVy, (4.3.28)
by < —€*  on dVy. (4.3.29)

Let us assume for a moment that (Equation 4.3.27)—(Equation 4.3.29) are true. Then it follows
that

v+ Caby < 0in Ve(a), (4.3.30)

where Cy := max{1,C;} and C is as in (Equation 4.3.16) (in the end of step 2 we have
Cy = 36/|7||%). To show (Equation 4.3.30), note that v¢ + Cyb, is subharmonic in V¢(«) due
to (Equation 4.3.27) and the definition of C5, thus its maximum is attained on its boundary.
The boundary conditions in (Equation 4.3.15) and (Equation 4.3.28) yield that v¢ + Csby < 0
on OV («); whereas (Equation 4.3.16), (Equation 4.3.29) and the definition of Cy yield that
v+ Coby < 0 on OV (). Thus v€ + Ceby < 0 on OV (a) U IV (), implying (Equation 4.3.30).

However, v¢ + Cyb, is actually zero at z(a) € OV («v), therefore Hopf’s Lemma implies that

V (v¢ + Cabs) (2()) - 1i(z(cx)) > 0, where 7i(z(cv)) is the outer normal of D¢ at z(«). Hence

IVo(z(a))] = =Vo(z(a)) - 1i(z(a)) < CoVbe(z(a)) - 1i(2(a)) = 4Cs||7|| o, (4.3.31)

where the first equality follows from the fact that v is superharmonic in D¢ and constant on
0DF¢, and the second equality is a direct computation of Vb,. Thus (Equation 4.3.31) proves
(Equation 4.3.17).

To complete the proof, we only need to prove (Equation 4.3.27)—(Equation 4.3.29) for small
e > 0. Note that (Equation 4.3.27) follows immediately from computing the Laplacian of b,.

For (Equation 4.3.28), let us pick y € 0V («), and we aim to show that by(y) < 0. Note that
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y = R(f,0) or R°(3, —1) for some /5 € S. We first deal with the first case.
Let us denote ¥y = (yi1,%2). Rewriting (Equation 4.3.20) into two inequalities for the two
components, and using that z(«) = (0,0) and z'(«) = Le; (L is the length of the curve I';), we

have

0—y1 — L(ar = B)| < [|2"]| oo (e = B)? (4.3.32)

[y2| = [0 — ya| < [|2"]|oe(c — B)%. (4.3.33)

Also, (Equation 4.3.22) gives |a — 3| < 7TFT||7]|so€. Applying it to (Equation 4.3.32), forall e > 0
sufficiently small we have that

L
1| > §\a—ﬁl- (4.3.34)

Plugging (Equation 4.3.34) and (Equation 4.3.33) into by(y) = —34% + y3 + 4€||7||scy2, we have

2

ba(y) < —%(a = B)* + 112" [5(r = B)" + dellv oo 2" ll oo (0 — B)*

2
< (—%+C€2+C€) (a—B)* <0,

for all € > 0 sufficiently small, where the second inequality follows from (Equation 4.3.22). This
finishes the proof of (Equation 4.3.28) for the case y = R((3,0).

Before we deal with the case y = R(/3, —1), let us prove (Equation 4.3.29) first. For any y =
(y1,y2) € OV (), (Equation 4.3.18) gives |ya| < 2¢€||7||o. Combining this with |y| = 6€|v||

yields |y;| > v/32¢[|v]|. Thus

(v/32€[7]l0)?
ba(y) < (2€ll7lloc)” + el Voo 2ellY]lo0) = == < —4€’.

Finally we turn to the proof of (Equation 4.3.28) for the case y = R(3, —1). Note that the

curve {R(B,—1) : p € S} N B, z(«)) lies in the interior of the region bounded by I' N
{R(5, s g y
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Bee|||. (2(cv)) on the top, 0Bg ||| (2(cr)) on the sides, and y» = —2¢||7||~ on the bottom. (The
last one follows from (Equation 4.3.18) and our assumption that s(z(«)) = e;). We have already
shown by < 0 on I' N Be|y.. (2(«)) and the lateral boundaries, and it is easy to check that b, < 0
on ys = —2¢||v||. Since the set {by < 0} is simply-connected, it implies that b, < 0 in the

interior of this region, finishing the proof. [

Note that (Equation 4.3.16) of Lemma 4.3.4 immediately implies Proposition 4.3.2. (The
only difference is that Av® = —1 in Lemma 4.3.4 whereas Ap® = —2 in Proposition 4.3.2, so the
constant C' in Proposition 4.3.2 is twice of that in (Equation 4.3.16)). The lemma also implies the

following corollary, which will be helpful in the proof of Proposition 4.3.3.

Corollary 4.3.5. Forany i = 1,...,n + m, assume I'; and ~; satisfy (H1)—(H3). Assume v €
C%(D5) N C(D) satisfies that
|Ave| < Cy  in Ds,

v =0 on 0D5,

for some constant Cyy > 0. Then for the same constants €y, Cy, Cy as in Lemma 4.3.4, the following
holds for all € € (0, ¢€):
lv| < CoCié®  in DS, (4.3.35)

and if v¢ € C*(DS) N CY(D5), we have

HV’UGHLOOO"Z.) S CQCQG for 1= 1, coe N (4336)

Proof. Let v be a solution to

>

- L.
v=—Cy in Dy,

o3

=0 on 0D5.

It is clear that v + v is super-harmonic and v — 0 is sub-harmonic in D, and they both vanish on
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the boundary. Thus the maximum principle implies that
-0 <v°<0 inD;. (4.3.37)

Applying (Equation 4.3.16) of Lemma 4.3.4 to Cio, we obtain 0 < o < CyC1€é? in D5 for all
e € (0, €p), leading to (Equation 4.3.35). Furthermore, (Equation 4.3.37) and the fact that v and v

both have zero boundary condition imply that
|Voe| < |V ondDs.

We then apply (Equation 4.3.17) of Lemma 4.3.4 to Cio and obtain || Vv<| g (r,) < CoChe, which

%

proves (Equation 4.3.36). U
Now we are ready to prove Proposition 4.3.3.

Proof of Proposition 4.3.3. Throughout the proof, let i € {1,...,n} be fixed. For notational
simplicity, in the rest of the proof we omit the subscript ¢ from all terms.

‘We claim that

V(R (a,m)) — n(z(a))| < Ce foralla € S,n e |0,—1], (4.3.38)

ey(a)
|AGS||oo(pey < C (4.3.39)

for some constant C' > 0 only depending on ||z;||c3(s,), || Villc2(s,) and Fr. Assuming these are
true, let us explain how they lead to (Equation 4.3.12)—(Equation 4.3.14). By (Equation 4.3.6) and
(Equation 4.3.10), p° and p° have the same boundary condition, thus ¢¢ = 0 on dD¢. This and
(Equation 4.3.39) allow us to apply Corollary 4.3.5 to ¢° to obtain the estimate (Equation 4.3.35),

implying (Equation 4.3.12).
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Due to (Equation 4.3.36) of Corollary 4.3.5, we also have
V|| ooy < Ce. (4.3.40)
Using (Equation 4.3.7) and p° = p° + ¢°, we have

—2|U| = V- ndo + V¢ - ndo
ou ou
‘L
—-%= [y @yda+ 0
S

€

where the second equality follows from (Equation 4.3.38) for n = 0, n(z(a)) = —n(z(«)) and
do = Lda, as well as (Equation 4.3.40). Rearranging the terms and using the definition of 3 in
(Equation 4.3.11) yields (Equation 4.3.13).

Finally, note that (Equation 4.3.13) and (Equation 4.3.38) directly lead to (Equation 4.3.14),
where we are using the fact that ~; is uniformly positive fori = 1,...,n, due to (H3).

The rest of the proof is devoted to proving the claims (Equation 4.3.38) and (Equation 4.3.39).
For (Equation 4.3.38), we compute the gradient of p°. Differentiating (Equation 4.3.10) with re-

spect to o and 7, we obtain

0
(VanR (., n))' V(R (a, 1)) = : (4.3.41)

CE

where (V,,R)" denotes the transpose of the Jacobian matrix of R°. Since V,,R‘ =

(0o R¢, 0, R°), using the formula for inverses of 2 x 2 matrices, we have

(Vo B)) ™ = (—(0,R)*, (9. R)"). (4.3.42)

J(a, )

where J(a, n) := det(V,,, k). Multiplying the inverse matrix on both sides of (Equation 4.3.41),
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we have

Vi (R (a,n)) = = (=(0,R)", (0 R)™T) ! :C—;(aaRE)L. (4.3.43)

CG

~l =

Recall that Lemma 4.2.2 gives (0,R)*" = 2'(a)* + O(e) = Ln(z(a)) 4+ O(e), and J = eLvy +

O(€?). Plugging these into (Equation 4.3.43) gives

Vi (R(a,n)) = < <H(ZT(Q)) + O(e)> : (4.3.44)

€

Note that it follows from (Equation 4.3.8) that c¢ < %, where | D¢| < Ce due to (Equation 4.2.9).
These imply
e (4.3.45)
€

and applying it to (Equation 4.3.44) yields (Equation 4.3.38).

To prove (Equation 4.3.39), since ¢ = p° — p and Ap° = —2 in D¢, it suffices to show that
|Apf| < C  in DS, (4.3.46)

and we will begin with an explicit computation of 0,,,,p¢ and 0,,,,p°. Let us denote R® =:
(R', R?). For notational simplicity, in the rest of the proof we will use subscripts on R, R, R?
and J to denote their partial derivative, e.g. R} := 9, R

From (Equation 4.3.43), it follows that
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Differentiating in o and 7, we get

thus

€ N 1
O (R, ) = & (‘] R lpg

1
N ﬁ n+ Lo g aa_Jg(Ri)Q_'__RQRQ >

J et
Likewise, O,,.,P(R(a, n)) takes the same expression except every R? is changed into R'. Adding

them together gives

~€ c J0< € € 1 € €
Ap (R(Oé777>) = 7 (ﬁRn ’ Ra - jRn ) Raa

I

1
-7 =

R, - R;
« Oé+J

R - Rgm) . (4347

Using the explicit formulae of R,,, R, and J in Lemma 4.2.2, we directly obtain | R |, | RS, | < C;
R |, RS, | 1 Jal < Ce |y < Ce? and J~' < Ce' when ¢ is sufficiently small, where
C depends on ||z||cscs,) and ||yillc2(s,)- As a result, all the four terms in the parenthesis of
(Equation 4.3.47) are bounded by some constant C' independent of €. Finally, (Equation 4.3.45)

yields 07 < C as well, thus |Ap¢| < C, and this proves the second claim (Equation 4.3.39). OJ

4.4 Proof of the symmetry result

In this section we prove that a stationary vortex sheet with positive vorticity must be radially sym-
metric up to a translation, and a rotating vortex sheet with positive vorticity and angular velocity

2 < 0 must be radially symmetric. The key idea of the proof is to define the integral

Q
I :—/ elue-V(we*N—E\ﬂQ) dx

0 4.4.1)
= / e Nz +Vp)-V (of * N — §\x|2> dx,
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and compute it in two different ways. The motivation of the definition is as follows. As discussed

in [50, Section 2.1], I€ can be thought of as a first variation of an “energy functional”

el i= [ Jrwt e A) = Fulal?da
when we perturb w* by a divergence free vector u® in D¢. (This functional £ only serves as
our motivation, and will not appear in the proof.) On the one hand, using that wy is stationary
in the rotating frame with angular velocity {2 and w° is a close approximation of wy, we will
show in Proposition 4.4.1 that /¢ is of order O(¢|loge|), thus goes to zero as ¢ — 0. On the
other hand, using the particular u® that we constructed in Section section 4.3, we will prove in
Proposition 4.4.2 that if (2 = 0, € is strictly positive independently of € unless all the vortex

sheets are nested circles with constant density; and also prove a similar result in Corollary 4.4.3

for 2 < 0.

Proposition 4.4.1. Assume w(-,t) = wo(Rqy) is a stationary/uniformly-rotating vortex sheet with
angular velocity Q) € R, where wq satisfies (H1)—-(H3). Then there exists some C' > 0 only
depending on b (as in (H2)), max; || z;[|cs(s,), maxi<n ||7Villc2(s), MaXisn [|Villcv(s,), dr and Fr,

such that |I¢| < Ce®|log €| for all sufficiently small ¢ > 0.

Proof. Let us decompose [¢ =: > 7" I¢, where If := [, e Yz + Vp) - V(w x N — L|z|*)dz.
We start with showing that |If| < Ce®|loge| fori =n +1,...,n + m. For such 4, p = 0 on

OD¢, thus the divergence theorem (and the fact that w® = e~ ! in DY) gives

Q
If = / ey .V (we * N — —\xP) dx —/ e et —20)p (z)dx.
D 2 D

N J/

=:T¢

k3

Using the estimate |p°| < C¢* in Proposition 4.3.2 and the fact that |[Df| < Ce from

(Equation 4.2.9), we easily bound the second integral by Ce. To control the first integral 77,
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we rewrite it using the change of variables z = R¢(a, 7)) and the definition v¢ := V+(w® * ) in

(Equation 4.2.10): (also note that on the right hand side we group ¢! with the determinant)

Te = /S | / Ri(on) - (= () (Rifo,n) = ORi(am) ) ! det(Vay Bi(ar ) dido.

J/

—.Je ::KI.€

k3

Let us take a closer look at the integrand, which is a product of 3 terms. Clearly, the definition of

R gives RS (a,n) = z;(a) + O(e). As for the middle term Jf, Lemma 4.2.4 yields

J(a,n) = —BR*(zi(a)) + (77 + %) [V]* (2zi(@)) — Qzi(a) + O(e”| log e|). (4.4.2)

Using the fact that BR(z;(a)) = Qz(a) for i = n + 1,...,n + m (which follows from

(Equation 5.1.1) and (Equation 5.1.2)), it becomes

1

i) = (n+ ) W) + O e @43)

Also it follows from (Equation 4.2.8) that K{(«,n) = L;v;(«) + O(€). Plugging these three esti-
mates into the above integral gives

1= [ [ i) (n+ 3 ) W@ Lon(ednda + 0@ ogel) = O] ozel,

where the last step follows from the fact that ffl (n + %)dn = 0. This finishes the proof that
|If] < Ce’|loge| fori = n+1,...,n+m, where C' depends on b, max; ||z;||c2(s,), max; |7l ce(s;)»
dr and Fr.

In the rest of the proof we aim to show |If| < Ce’|loge| fori = 1,...,n, which is slightly
more involved. Recall that in Proposition 4.3.3 we defined p© and ¢ in D; for¢ =1, ..., n, where

they satisfy p© = p°+¢° in D5, and ¢° = 0 on 0D;. This allows us to apply the divergence theorem
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(to the ¢° term only) and decompose I as

Q
If = / ¢ '(z+Vp) -V (wE * N — §|x|2> dx — / e (e = 20)¢ (x)dw =: I + I},
€ Df

i

We can easily show that I, = O(e): (Equation 4.3.12) of Proposition 4.3.3 gives |¢°| < C¢*, and
combining it with | D§| < Ce in (Equation 4.2.9) immediately yields the desired estimate.

Next we turn to I7,. Again, the change of variables z = Rf(c,7) and the definition v :=

V4 (we * N) gives

S

(& J/

fa= [ (i ) (-6 (Rilo.n) = QRifa ) € det(To B ) dndor

:‘:;'5 =:K¢

k3

For the three terms in the product of the integrand, we will approximate the first term using the

definition of 1§ and (Equation 4.3.14) of Proposition 4.3.3:

Bi
i)

Ri(a,n) + VP (Ri(e,n)) = zi(e) + n(zi(a)) + O(e),

% is given by (Equation 4.3.11). Lemma 4.2.4 allows us to approximate

the middle term J{ as (Equation 4.4.2), however (Equation 4.4.3) no longer holds since for i =

where 3; :=

1,...,n we do not have BR(z;(a)) = Qz(a). As for K¢, we again use (Equation 4.2.8) to
approximate it by Kf(a,n) = L;y;(a) + O(e). Plugging these three estimates into the integrand of

¢
Ii, gives

1= [ (st gt ) - (-BR-(@) = 2x(e) Loyfa)da + O g,

where we again use the fact that the (1) + 3) term gives zero contribution since | 31 (n+ 3)dn=0.

Next we will show the integral on the right hand side is in fact 0. Since w is a rotating solution
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with angular velocity €2, the conditions (Equation 5.1.1) and (Equation 5.1.2) yield that
—BR*(z(a)) — Qzi(a) = Ciy; ' (a)n(z(a)),

for some constant C;. Plugging this into the above integral gives

I, =Gl /S <zi(oz) ‘n(z(a)) + %) da+ O log €])
_ (/S 24(0) - n(z(0))da + Z'LU;') + O(eHlog e]).

where the second step follows from the definition of /3; in (Equation 4.3.11). Let us compute the in-
tegral on the right hand side by changing to arclength parametrization and applying the divergence

theorem:

1 2|U3]

zi(a) - n(z(a))da = —— T -ndo = — 7
L()(()) n -

which yields If; = O(e’|loge

), and finishes the proof that |If| < C¢®|loge| fori = 1,...,n,
where C' depends on b, || z;[|c3(s,), [|Villc2(s;)» dr and Fr.
Finally, summing the I¢ estimates fori = 1,...,n + m gives |I¢| < Ce®|log¢| for all suffi-

ciently small € > 0, thus we can conclude. O]

Now we will use a different way to compute /€. Let us first define a new integral I€ that is the

same as /€ except with €2 set to zero:
I = / ez + Vp) -V (w xN)dz. (4.4.4)

Next we will prove that Ie is strictly positive independently of e unless all the vortex sheets
are nested circles with constant density. As we will see in the proof, the key step is to show
that if some I'; is either not a circle or does not have a constant ~y;, then the estimates on

p¢ in Propositions 4.3.2— 4.3.3 lead to the following quantitative version of (Equation 4.3.9):
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€2
('D | — [hep e P ) > ¢y > 0, where c, is independent of e.

Proposition 4.4.2. Let I¢ be defined as in (Equation 4.4.4). Assume that T'; and ~; satisfy (H1)—
(H3) fori=1,...,n+ m. Then we have Ie> 0 for all sufficiently small ¢ > 0.

In addition, if I is not a union of nested circles with constant v;’s on each connected compo-
nent, there exists some ¢ > 0 independent of €, such that I > ¢y > 0 for all sufficiently small

e > 0.

Proof. We start by decomposing I¢ as
I = / e o V(w * N)de + / e VpS - V(w x N)dx =: I{ + I5.
I can be easily computed as

|D6|2 n+m 2
" 2re /e/e |x—y|2 dxdy— Are? 47‘(‘62 ; Dl (#:4:2)

where the second equality is obtained by exchanging x with y and taking the average with the

original integral. As for /5, we have

1 1
IS = —/ pV(w *xN)-ndo — —/ prwidx
8De € €
———Z Vw x N) - nala—l “dx
- "~ 2 )P (4.4.6)

n n+m n+m
De
jzl i

where the first equality follows from the divergence theorem, the second equality follows from the
boundary conditions (Equation 4.3.5) and (Equation 4.3.6) for p¢ (as well as the fact that OU; and
0D have opposite outer normals), and the last inequality follows from the divergence theorem as

well as the inequality ¢§ < sup pep < % due to (Equation 4.3.8).
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Letus denote j < iifi € {1,...,n},j € {1,...,n+m}, j # ¢ and ['; lies in the interior of
the domain enclosed by I'; (that is, I'; C U;). If not, we denote j 4 ¢. Note that for sufficiently

small € > 0, we have

|DS|if j <4,
/ lpedr = 4.4.7)

‘ 0 otherwise.

Applying this to (Equation 4.4.6) yields

n+m n+m
I5>—— Z 1< | Di||D§| — Z/ pidx
D¢

| et (4.4.8)
=1 Z =i + Lizy) | D[ D5| — Z/ pidx
i,7=1
where in the first step we used that the ¢ = n + 1,...,n + m terms have zero contribution in the

first sum, due to the definition of j < 1.

Adding (Equation 4.4.5) and (Equation 4.4.8) together, we obtain

n+m n+m
e 1 (|Df? | D || D5
Ie> Zl 5 < e —/ d:c> +ij1\ ligj — Lz + Lizy)) — (4.4.9)

€
K3

From (Equation 4.3.9), it follows that A; > 0 for all = 1,...,n + m, with equality achieved if
and only if each Dj is a disk or an annulus. Note that B; ; > 0 as well for all  and j, since for any
1 # j, at most one of ¢ < j and j < ¢ can hold. Putting these together yields that I¢ > 0 for any
sufficiently small € > 0.

In the rest of the proof, we assume I is not a union of nested circles with constant +;’s on each
connected component. Therefore at least one of the following 3 cases must be true. In each case
we aim to show that I, « > ¢o > 0, where ¢y is independent of ¢ for all sufficiently small € > 0.

Case 1. There exists some open curve ['; that is not a loop. In this case Dy is simply-

connected, and p° = 0 on 0D; by (Equation 4.3.5). Applying Proposition 4.3.2 to p¢ in Dy,
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we have supp. p¢ < Ce®, where C is independent of e. This leads to [, p“de < Cé®, since

|D§| = O(e) by (Equation 4.2.9). As a result, for the index i we have

D2 L ’
AS = |47Tz€|2 _ 62/ pidr > ﬁ (/ %(a)da> — Ce,
5 S

where we again used (Equation4.2.9) in the second inequality. This gives that A >

f si vi(a 2 > 0 for all sufficiently small € > 0.
Case 2. There exists some closed curve I'; that is either not a circle, or +; is not a constant. In
this case we aim to show that A > ¢y > 0, and this will be done by finding good approximations

(independent of €) for both terms in AS. For the first term |D |2 , using (Equation 4.2.9) we again

have

‘De‘2 2
Tt 2 i(a)da —Ce=:J; — Ck, (4.4.10)
TE T

where J; > 0 is independent of e. For the second term e 2 | pe Pidx, rewriting the integral using

the change of variables = = R{(a,n) gives

o [ st [ [ PO AT,
DC

Recall that in Proposition 4.3.3 we defined p¢(RS(«, n)) := ¢§(1+n) and ¢, such that p° — p. = q..

By (Equation 4.3.12) and (Equation 4.3.13), for all « € S; and p € (—1,0) we have

€

< Ck,

' (Rifa.n) s

p(Ri(a,n) ¢

—5¢(1+77)‘ <

(1+n)'+ “

2|U;]|

where 3; ;= Lo (@da

is defined in (Equation 4.3.11). Combining this with the expression of
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the determinant in (Equation 4.2.8), we have

e/ edx_// (Bi(1+ 1) + O()) (Livi(a) + O(€))dnda

Ui
< W/S vila)da + Ce =: K; + Ce,

where K is independent of . Putting this together with (Equation 4.4.10) yields the following:

A > J; — K, — Ce

e % a)da - P @4.11)
T v (@)da | vi(a)da — —5— | — Ce.
47T fSi ryl )dOé Si Sy Lz

Let us take a closer look at the two terms inside the parenthesis. For the first term, Cauchy-Schwarz

/Si %l(oz)da/S vi(@)da > 1,

7

inequality gives

with equality achieved if and only if 7; is a constant. For the second term, the isoperimetric
inequality yields
L2

<1

(recall that L; = |0U;|), with equality achieved if and only U; is a disk. By the assumption of
Case 2, at least one of the inequalities must be strict, thus the parenthesis on the right hand side of
(Equation 4.4.11) is strictly positive (and independent of ¢). Therefore there exists some constant
co > 0 such that Ie > AS > ¢ for all sufficiently small e.

Case 3. There exist i # j such thati A j and j A . Then it is clear that for such 4, j, By ; in
IDEIIDEI

(Equation 4.4.9) is given by B; ; = . Hence (Equation 4.2.9) gives

B> LI, (/S fyi(a)da> (/S %-(ama) e,
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which yields 7€ > 1L, L;( s, vida)( [, s, Vida) > 0 for all sufficiently small ¢ > 0.
This finishes our discussion on all 3 cases. To conclude, since I' is not a union of nested circles
with constant ;’s on each connected component, at least one of the 3 cases must hold, and all of

them lead to I* > co > 0. L]
The above proposition immediately leads to the following corollary for the {2 < 0 case.

Corollary 4.4.3. Assume that I'; and ~; satisfy (H1)-(H3) fori =1,...,n+ m. Let I° be defined
as in (Equation 4.4.1), and assume €} < 0. Then we have 1¢ > 0 for all sufficiently small € > 0. In
addition, if I is not a union of concentric circles all centered at the origin with constant ~y;’s, there

exists some co > 0 independent of €, such that [¢ > co > 0 for all sufficiently small € > 0.

Proof. Let us decompose /€ as follows (recall the definition of I€in (Equation 4.4.4))

I =14 (-Q) <e—1/ (Jz|* + Vp© - x)dx) = I+ (—0) J~. (4.4.12)
‘ >0

Recall that Proposition 4.4.2 gives I, > ¢, > 0 as long as I is not a union of nested circles with

constant ;’s. By [50, Lemma 2.11], we have
/ (|z|* + Vp*-2)dr >0 foranyi=1,...,n+m,
D

thus J¢ > 0. Putting them together, and using the fact that 2 < 0, we know /¢ > ¢; > 0if [ is not
a union of nested circles with constant ~;’s.

To finish the proof, we only need to focus on the case that the I';’s are nested circles with
constant -y;’s, but not all of them are centered at the origin. Assume that there exists £ € {1,...,n}
such that I';, is a circle with radius rj, centered at x;, # 0. Since 7 is a constant, Dj is an

annulus given by B(xy, 7 + €7x) \ B(zk, 7). The symmetry of Dj, about x;, immediately leads to
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Dy = —2|z — zi|* + 5(rk + ev)?. An elementary computation gives

6_1/
D

where in the second-to-last step we used that | D§| = 2mweryy;, + me*y2. Setting ¢y := 2wy yi| T |

pG

(|:17|2 + Vp© - x)dx = e_l/ |:17|2 — (z —xg) - xdr = 6_1|$k|2|DZ| > 27Trk7k|azk|2 >0,
D

€ €
k k

gives € > ¢y > 0, thus we can conclude. O]

Now we are ready to prove Theorem A. Note that for {2 < 0, the symmetry result immediately
follows from Proposition 4.4.1 and Corollary 4.4.3. For €2 = 0, Proposition 4.4.1-4.4.2 already
imply that a stationary vortex sheet with positive strength must be a union of nested circles with
constant strength on each of them. To finish the proof, we only need to show that these nested

circles must be concentric.

Proof of Theorem A. For a uniformly-rotating vortex sheet with {2 < 0, the symmetry result for
2 < 0 is a direct consequence of Proposition 4.4.1 and Corollary 4.4.3. Next we focus on the
stationary (i.e. {2 = 0) case.

Combining Propsitions 4.4.1- 4.4.2, we obtain that I' is a union of nested circles, and ~; is
constant on ['; for all ¢ = 1... n. It remains to show that all I';’s are concentric. Let us denote by
v, the contribution to the velocity field by I';. Since I'; is a circle with constant strength ;, a quick
application of the divergence theorem yields that v; = 0 in the open disk enclosed by I';, whereas
0y

~ viLli(x — f

vi(x) = o] i in the open set outside I';, where ¥ is the center of the circle T';.

Without loss of generality, let us reorder the indices such that I'; is nested inside I'; for i < j.
Towards a contradiction, let & > 1 be such that I'j, is the first circle that is not concentric with I';.

From the above discussion, we know that v; = O on I', fori = k£ + 1,...,n (since I'; is nested
. YiLi(z — $(1))L

inside I';), whereas forz = 1,...,k — 1 we have v; = on I';, since all these I';’s

27|z — 292
have the same center 2¥ and are nested inside 'y. Summing them up (and also using the fact that
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'y, contributes zero normal velocity on itself, since it is a circle with constant strength), we have

r—29)t n

n k—1
BR(z)-n=)Y vi(z) n= (> vl ( o
=1 1=1

on [,
27|z —

where the right hand side is not a zero function since T'; has a different center from 2?. This
causes a contradiction with the fact that w = wy is stationary. As a result, all I'y, ..., I, must be

concentric circles, finishing the proof. [
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CHAPTER §
FLEXIBILITY RESULTS FOR VORTEX SHEETS

5.1 The equations and the functional spaces

Let w(-,t) = wo(Ra:) be a stationary/rotating vortex sheet solution to the incompressible 2D Euler
equation, where wy € M(R?) N H~'(R?). Here 2 = 0 corresponds to a stationary solution, and
Q) # 0 corresponds to a rotating solution. Assume that wy is concentrated on I'. Throughout this
paper we will assume that I is a simple closed curve and 2 > 0. Following [52, Lemma 2.1], we

have that:

Lemma 5.1.1. Assume w(-,t) = wo(Rq:x) is a stationary/uniformly-rotating vortex sheet with
angular velocity ) € R, and wq is concentrated on T, with z and ~ defined as above. Then the
Birkhoff-Rott integral B R (Equation 4.1.4) and the strength v satisfy the following two equations:

(BR—Qa") n=v  -n=v -n=0 onl, (5.1.1)

and

(BR(:(a)) — 224 (a)) - s(2(a)) LY — ¢ (5.1.2)
Note that (Equation 5.1.2) can be written as
(I — Po) | (BR(z,T)(2(0) — Qz(6)*) - 22| — (5.1.3)
where F, is a projection to the mean, that is, Py f := % | fﬂ f(60)db. For simplicity, we also denote

ff(0)do := &= [T f(6)d6. Now plugging z(0) = (1+7(0))(cos(f),sin(0)) and v(6) := b+ g(0)
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into (Equation 5.1.1), (Equation 5.1.2) and (Equation 5.1.3) yields that

F(b,g,r):= (F1,F2) = (0,0), (5.1.4)
where
_ I (r'(6) cos(0 —n) — (1 +(0)) sin(0 —n)) (1 +r(n)) — (1 +r(6))r'(6)
Filbr) = 0 00 e e o T e
+ Qr'(0)(1 + r(6)),
Fo(b,g,r) = (I — Py) Fa(b, g,7),
s _ I (1+7(0))* — (r'(0) sin(0 — n) + (1 + r(6)) cos(6 —n))(1 + r(n))
Falbgr) = f 000 e 20 7 O ) e
(b+g(8)) B ()2 b+g(9)
sy O e e

Throughout the paper we will work with the following analytic function spaces. Let ¢ > 0 be a
sufficiently small parameter and let C,,(¢) be the space of analytic functions in the strip |3(2)| < c.
For k € N, denote

Xk {f(e) €Cule) FO) = ancos(2n0), Y /W F(0 )2+ |08 F(0 % ic)[2d0 < oo}

n=1 + Jo

vF .= {f(e) €Culc), f(0) = aysin(2nh), Z/_ﬂ (0 £ ic)|> + 0% f(0 % ic) 2o < oo} :

From now on, due to scaling considerations, we will fix {2 = 1 and b will play the role as
bifurcation parameter. It is clear that F(b,0,0) = (0,0) for all b € R since F;(b,0,0) = 0 and

F5(b,0,0) is constant. Our main theorem in this paper is the following:

Theorem 5.1.2. Let k > 3, and let ¢ > 0 be sufficiently small. Then, there exists a curve of
solutions (b, g,r) of F = (0,0), belonging to R x X* x X**! and a neighbourhood of (b, g,r) =
(2,0,0), bifurcating from (b, g,r) = (2,0, 0) such that (g,r) # (0, 0).
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5.2 Proof of Theorem 5.1.2

The goal of this section is to prove the existence of non-radial uniformly-rotating vortex sheets.
To do so, we will split the proof into the following steps: first we will prove that the functional
F is C3, next we will study DF to show that, as mentioned in the introduction, it is a Fredholm
operator of index 0, with dim(Ker(DJF)) = 1. The next step is to apply Lyapunov-Schmidt theory
and reduce the problem to a finite (2) dimensional one. In those coordinates, linear expansions
fail to be conclusive (all the linear terms vanish) since 2 nontrivial branches emanate from the
bifurcation point (as opposed to 1). Instead, we perform a quadratic expansion to determine that
locally the bifurcation branches look like two pairs of straight lines (specifically as 2% — y? = 0
in some well-chosen coordinates) and hence the bifurcation does not trivialize (as if it had been of
the type 22 + y?> = 0). We conclude the proof by handling the higher order terms and showing that
they don’t alter the quadratic behaviour in a sufficiently small neighbourhood of the bifurcation

point.

5.2.1 Continuity of the functional

In this subsection, we will check the regularity of /. As explained above, we will reduce the
infinite dimensional problem to a finite dimensional problem and investigate its Taylor expansion
up to quadratic order. Hence, we need to check if the functional is regular enough to do so. To this

end, we have the following proposition:

Proposition 5.2.1. Let k > 3. Then there exists a neighborhood U of (2,0,0) € R x Xk x XF+1
such that F € C3 (U; YF x XF).

Proof. Since the stream function, w * A/, is invariant under rotations, it follows immediately that
F 1s also invariant under rotation by m-radians, hence F has only even Fourier modes. Also the

oddness of F; and evenness of F; follow from the invariance under reflection.
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To prove the regularity, we briefly sketch the idea. We impose k& > 3 to ensure that H* is a
Banach algebra. It is clear that F is smooth in b. It is also straightforward that, for example, for all
(g,7) near (0,0) € X* x Xk

d
%fl(b g +th1,’l" ‘l‘thg)

B (1(8) cos(0 — 1) — (1 + r(8))sin(® — 1)) (L + () — (1 + ()" (6)
- PV][ ) T r @) + (11 ()2 — 21+ r(@)(1 + r(n) cos(d — 1)

+ b+ g(n)) {( 5(0) cos(0 —n) — ha(0) sin(6 — n))(1 + r(n)) — ha(6)r'(6)
(147(0))* + (1 +7r(0)? = 2(1 +r(0))(1 + r(n)) cos(6 — n)
L (r'(0) cos(® —n) — (1 +r(0))sin(6 —n)) ha(n) — (1 +1(0))h5(0)
(L4+7(0))? + (1 +7(0)* = 2(1+r(0))(1 + r(n)) cos(6 — n)

—[((0) cos(0 = n) = (1 +7(0)) sin(0 —n)) (1 +r(n)) = (1 +7(0))r'(0)]
)

o 2+ 7(0)ha(0) +2(1 + 7(n)h2(n) — 2cos( —n)(ha(0)(1 + 7(n)) + ha(n)(1 +7(0)))] dn
(L +7(0))* + (1 +7(0)? = 2(1 +r(0))(1 + r(n)) cos(6 — n))?

+ Qhy(6)

= D‘Fl(bag’r)[hly h’2]7

and DF; : R x X* x XF1 5 £(XF x Xk YR x X*) is continuous. A similar derivation can
be performed for DJF;. For the higher derivatives, we refer to [21, 22, 49, 63, 100] for the method

to deal with the singular integrals arising throughout the calculations. [

5.2.2 Fredholm index of the linearized operator DJF

This subsection is devoted to show that DF is Fredholm of index zero. We can make all the
calculations explicit, moreover the operator diagonalizes in Fourier modes. We have the following

lemmas:
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Lemma 5.2.2. Let g(0) = > " | a, cos(2nd) and r(0) = Y, b, cos(2nb). Then we have that

DF(b,0,0)[g,r] = ,
where
= Z ansin(2nf), 7(0) = Z by cos(2n8),

n=1 n=1

and the coefficients satisfy, for any n > 1:

Proof. We use (Equation A.1.3) in Lemma A.1.2 and obtain

§(0) = 2 Fi(v,tg.tr) = - ][ = )2?;((99_—% w (Q B g> "o

dt
cos(2nn) sin( — n) °° b ‘
-9 0O_"2 9
][ 2 —2cos(f —n) d77+2( n)( 2) by, sin(2nd)

n= n=1

Ool _771 on) (Q _ g) bn) sin(2n),

where the last equality follows from (Equation A.1.29). Similarly, we apply (Equation A.1.4) in

n=

Lemma A.1.2 and (Equation A.1.30) to obtain

- Q) g(0) + b2 (][ 5 _T(zel(;@@ 5= 7’(6))

) o) 50 f )

n=1

(5
_ i ((9 _ Q) an+ B (0 —1) bn) cos(2nf).
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This proves the lemma. O

Lemma 5.2.3. Let us fix b = 2 and Q) = 1. We also denote v := (0,cos(20)) € X x Xk and
w := (0,cos(20)) € Y* x X*. Then it holds that

Ker (DF(2,0,0)) = span {v} C X* x Xk

Im (DF(2,0,0))" = span{w} C Y* x X*,

Proof. From Lemma 5.2.2, we have

foralln > 1. Foralln > 2, M, is clearly an isomorphism, while Ker(M;) = Im(M;)* =

By orthogonality of Fourier modes, this proves the lemma. [

5.2.3 Lyapunov-Schmidt reduction

In this subsection, we will aim to derive a finite dimensional system which is equivalent to
(Equation 5.1.4). From Lemma 5.2.3, we have the following orthogonal decompositions of the

function spaces:

X = XF x X**! = span {v} @ Ker (DF(2,0,0))" =: span{v} & X, v € Ker(DF(2,0,0)),

Y :=YF x X¥ = span {w} & Im (DF(2,0,0)) =: span {w} &Y, w € Im(DF(2,0,0))",

where v and w are as defined in Lemma 5.2.3. Let us consider the orthogonal projections

P:X —span{v}, @Q:Y — span{w}.
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More precisely, we have

P(g(0),7(0)) = (0, (%/r(n) Cos(2n)dn) cos(29)) forall (g,r) € XF x Xk (52.1)

Q(G0),R(0)) = (O, <%/R(17) cos(2n)dn) cos(?@)) forall (G,R) € YF x XF. (5.2.2)

We remark that we will sometimes abuse notation and identify F (b, g, r) with F(b, (g, 7)), where

(g,7) € X. Letus define G : R x span{v} x X — Y as follows:
GO, f,z) =F(b, f+x), for beR, fespan{v}, =ze€X.
Then (Equation 5.1.4) is equivalent to (for (g,7) = f + x)
QG(, f,z)=0 and (I —Q)G(,f,z)=0. (5.2.3)
However, it follows from Lemma 5.2.3 that
D, (I -Q)G)(,0,0)=( —Q)DF(b,0)P: X +— Y (5.2.4)

is an isomorphism, consequently, the implicit function theorem yields that there is an open set

U C R x span {v} near (b,0) and a function ¢ : U — X such that
Note that from F(b,0) = (0, 0) for any b € R, we have

¢(b,0) =0, (5.2.5)
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and thus (Equation 5.2.3) is equivalent to

Since span{v} is one dimensional, we have f = tv for some ¢ € R, therefore the system

(Equation 5.2.6) can be written in terms of the variables b and ¢ as

0= QF(b,tv+ (b, tv)) = /01 dis (QF (b, stv + (b, stv))) ds

1
= / QDF (b, stv + ¢(b, stv))(tv + t0sp(b, stv)v)ds,
0

where we used (Equation 5.2.5) to obtain the second equality. Dividing the right-hand side by ¢ to

get rid of the trivial solutions, we are led to solve the following two dimensional problem:

1
0= Frea(b,t) := / QDF (b, stv + (b, stv))(v + dpp(b, stv)v)ds, (b, tv) € U.  (5.2.7)
0

5.2.4 Quadratic expansion of the reduced functional

The main idea is to expand the reduced functional F..; up to quadratic terms. To this end, we recall

the following proposition for the derivatives of F..4.

Proposition 5.2.4. ([61, Proposition 3], [65, Proposition 3.1]) Let F,.; be defined as in

(Equation 5.2.7). Then the following hold:

(a) First derivatives:

abFred(Z O) = Q@bD}"(Q, O)U,

1 d?

8tFred(2,0) = 5@@?(2,“))

t=0

161



(b) Second derivatives:

OwFrea(2,0) = 2Q0,DF(2,0)7,

1d? d’
Fre 27 = —— 2,t =, 7 27t ) )
O0uFrea(2,0) 3 de3 [QF(2,tv)] 0 + thds F2,tv+ s50) t=s=0
OuFea(2.0) = 2L F )|+ 20aDFE 00+ Q-1 F(2 10+ 50)
tb L red\ 4, - 2 b dt2 A bt 2 b ) v dtds A SU t:s:(]?

where

= - IDFRO (T -QFCw)| |

>

v :=—[DF(2,0)]"' (I — Q)8,DF(2,0)v.

Now using the values found in Lemma A.1.7, we can obtain the derivatives of F..,.

Proposition 5.2.5. Let F,.; be defined as in (Equation 5.2.7). Then it holds that

OhFrea(2,0) =0, (5.2.8)
OiFrea(2,0) = 0. (5.2.9)
Oy Frea(2,0) = 2w, (5.2.10)
OnFreq(2,0) = —8w, (5.2.11)
OiFrea(2,0) = 0. (5.2.12)

Proof. (Equation 5.2.8) follows immediately from (Equation5.2.2) and (Equation A.1.14).
For (Equation 5.2.9), we use (Equation A.1.15) and the orthogonality of the Fourier
modes. (Equation 5.2.10) follows from (Equation A.1.23). (Equation 5.2.11) follows
from (Equation A.1.19) and (Equation A.1.20). Lastly, (Equation 5.2.12) follows from

(Equation A.1.16), (Equation A.1.21) and (Equation A.1.22). ]
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5.2.5 Proof of Theorem 5.1.2

Now we are ready to prove the main theorem of this section.

Proof. From (Equation 5.2.7), it suffices to show that there exist (b,¢) such that ¢ # 0 and
Freq(b,t) = 0. To do so, we expand F,.; up to quadratic terms and obtain that for all (b, 1)

near (2,0),

Fred(b7 t) = [Fred(27 0) + abFred(za O)<b - 2) + atFred<2a O>t

1 1
+§abbFred(2a 0) (b - 2>2 + §8ttFred(27 0>t2 + atbFred<27 O)(b - 2>t + ((b - 2>2 + t2) E(ba t) w,

where €(b, t) is a continuous function such that lim, ), (2,0) €(b, t) = €(2,0) = 0. From Proposi-

tion 5.2.5, it follows that (we drop w for simplicity)
Frea(b,t) = (b—2)> — 4> + (b — 2)> + t*) €(b, t).

Now we use the change of variables b := x + 2 and ¢t = xy, so that

A Freglx + 2,2y
P(a,y) = el 22 20)

z = (1—4¢") + (1 +y)e( + 2, 2y). (5.2.13)

Clearly, ' (0,%) = 0and 9,F (0,1) = —4 # 0. Therefore the implicit function theorem implies
that there exists a continuous function ¢ near 0 such that F'(x, ¢(x)) = 0 and $(0) = 1. Therefore
it follows from (Equation 5.2.13) that there exists a pair (b, t) such that ¢t # 0 and F}..4(b,t) = 0.
This finishes the proof. [
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1 15 2 25 3 35 4 45 5 55 6 65 7 75 8 85 9 95 10
b

Figure 5.1: Plot of the bifurcation diagram of the solutions given by Theorem 5.1.2. The dotted
red lines correspond to the linear expansion (Equation 5.2.13) around the bifurcation point (2, 0).
See Figure Figure 5.2 for a numerical plot of the solutions at the points A, B, C, D. The branches
continue beyond what is calculated.

5.3 Numerical results

In this section, we describe how to compute numerically the branches of solutions emanating from
the disk, previously proved (locally) in Theorem 5.1.2. See Figure Figure 5.1. To do so, we

calculate solutions of the form

N N
Z T cos(2k0), ~(0) = Z i cos(2k0)

k=1

with 79 = b. We first employed continuation in b, in increments of Ab = (0.001, starting from
b = 1.8 and b = 2.1 and using as initial guess for the starting b the solution given by the linear
theory and for the subsequent b the solution found in the previous iteration. After discovering a fold
at approximately b ~ 1.68, we switched variables and instead we recalculated using continuation
in 71, which appears to be monotonic along the branches. As before, we start at 7; = +0.125 and

take an increment Ar; = 0.001.
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+(6)

To compute a solution for a fixed r; we use the Levenberg-Marquardt algorithm. We aim to find
a zero of the system of equations F (b, g,)(6;), with §; = %, j=1,...,Ngand Ny = 1024
with variables 7, k # 1 (recall that 7 is fixed at each iteration since it is the continuation param-
eter) and ;. We take N = 160. In order to perform the integration in space, we desingularize the
principal value at 7 = 6 by subtracting %7—[(7) to F1, where H denotes the Hilbert transform, com-
puted explicitly since we have the Fourier expansion of 7, and perform a trapezoidal integration on
the rest (for which the integrand is smooth), with step h = ]2V—’; We remark that the integrand of F
has a removable singularity (thus no principal value integration is needed) and can be integrated

using the trapezoidal integration if the limit at 7 = 6 is taken properly.

1 18 1
16 0.8

14 06

05 " 04

02

= 0 g0 = 0
< Z 0.2

0.4

05 08

B

CESES
S
®

0 /4 12 34 1 54 32 74 2 15 -1 05 0 0.5 1 15 0 /4 12 34 1 54 32 74 2 "2 45 4 05 0 05 1 15 2
o/m 0/m

(a) v(#) and z(#) for r; = 0.362,b ~ 1.6799 (b) v(0) and z(0) for r; = 0.825,b ~ 1.7779
(c) v(#) and z(0) for r; = 0.525,b ~ 4.0954 (d) v(0) and z(0) for r; = 0.925,b ~ 9.3439

Figure 5.2: Panels (a)-(d): v(f) and z(0) at the points A-D highlighted in Figure Figure 5.1.
In panel (b), v appears to tend to be concentrated only on the horizontal parts of z, leading to a
possible solution consisting only of two symmetric curves (cf. [93, Figure 1]) and a change of
topology.
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CHAPTER 6
QUANTITATIVE ESTIMATES FOR UNIFORMLY ROTATING VORTEX PATCHES

6.1 Quantitative estimates for small ()

This section is devoted to the proof of Theorem G. Throughout this section, we will always assume
that |D| = | B| = m. We begin this section by proving two identities for simply-connected rotating

patches.

Lemma 6.1.1. Let (D, Q) be a solution to (Equation 1.2.4). Then it holds that

2 2
Q (/ |z|?dx — %) = (1-29Q) (% — / pdx> : (6.1.1)
D D

1 D|? 1
(5 - Q) (/D |z|?dw — %) =5 /D |z — 2V (1p * N) |*dz. (6.1.2)

where p is the unique solution to (Equation 1.2.7).

Proof. The proof of (Equation 6.1.1) can be found in [50, Theorem 2.2]. For the sake of complete-
ness, we give a proof below.

In order to prove (Equation 6.1.1), we plug ¥ = z + Vp into (Equation 1.2.6) to get

O:/(x+Vp)~V<1D*N—9|x]2) dx
D 2

—/x-V(lD*N)—Q/]x\2dx—|—/Vp-V(lD*N—Q\:UP)dx
D D D 2

:/:E-V(lD */\/)—Q/ |x|2d:p—(1—2§2)/pdx, (6.1.3)
D D D

where we used divergence theorem for the last equality. Note that the first integral can be computed
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as

\D|
/Dx V(1p*xN)d 27?// |£E—y|2 dydx— pp (6.1.4)

where the last equality is obtained by exchanging = and y in the double integral, and then taking

the average with the original integral. Therefore (Equation 6.1.3) and (Equation 6.1.4) yield

2
0= |D| /|x! dx — (1—2Q)/pdx

which is equivalent to (Equation 6.1.1).

For (Equation 6.1.2), we choose ¥ = © — 2V (1p * N) in (Equation 1.2.6) and obtain

0= /D(:c—zqu*N))-v (1D*N— QW) dx

= (1 —i—QQ / IV (1p * N) |*dx — Q / |z|*d, (6.1.5)
where we used (Equation 6.1.4). Since [, |V (1p * N) |2dx can be computed as

2/|V(1D*N)]2da:—%/\x—QV(ID*N’)Pdm—l—Z/x V(lD*N)dx—%/|x|2dx
D D
2
/\x—zw + ) Pda +’D| /\|d

plugging it into (Equation 6.1.5) yields (Equation 6.1.2). [

Thanks to Lemma 6.1.1, the angular velocity can be estimated by comparing the quantities,

o |z2de =22 P2 1 pdgand [ |x — 2V (1p * N) |2dz, which vanish if and only if D = B.

2w’ Aw

To estimate those quantities for non-radial patches, we use the following notion of asymmetry.

Definition 6.1.2. [42, Section 1.1] For a bounded domain D C R?, the Fraenkel asymmetry A(D)
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is defined by

gt JIPAB@
A(D) .—x1€r1ﬂ£2{ D cmr® =D .

If A(D) is not small, then we can find a lower bound of the right-hand side in (Equation 6.1.1)

by using the following result:

Proposition 6.1.3. [10, Proposition 2.1] Let p be as in (Equation 1.2.7) and |D| = 7. Then there

exists a constant o > 0 such that

[DP?

2
ym /Dpdx > g A(D)”. (6.1.6)

Using the above proposition and the identity (Equation 6.1.1), one can easily show that
SUD,cop |2 2 \/MQ*%. Therefore Theorem G can be proved if we can show A(D) is al-
ways bounded below by a strict positive constant. In other words, we will aim to prove in the next
lemmas that if A(D) and €2 are sufficiently small, then D must be a disk.

In the following lemma, we will estimate the boundedness of rotating patches in a crude way

but this will be improved later.

Lemma 6.1.4. There exist positive constants () and c; < % such that if Q < Qy and A(D) < oy,

then

D C BQ(QIQ), (617)

o] < 4A(D), (6.1.8)

where x is a point such that M:M = A(D).
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Proof. Let us pick €2y and o so that for all 2 < Q; and a < a1 < %, it holds that

2
1 4o 1

—log2>0 10+ ————— [ 1+4/—= + 3V 2. (6.1.9)
2 i (V)

We will first show that if (D, €2) satisfies {2 < €; and A(D) < ay, then (Equation 6.1.7) holds.
Note that the center of mass of D is necessarily the origin ([64, Proposition 3]). Therefore we

have

0= 2 [t =1 [2(00) -ty devre 6110)

Hence it follows from Cauchy-Schwarz inequality that

|| < %/]m\ ’1D(1’) — 1B(x0)(x)}dx < % (V\DAB(%)\\//D ]35‘20[1;—1—/3( )|x|2dl’)

< \/@M/Dkd?dx—k \/@ /B@O) 2.

6.1.11)

Since ”fB(xo) |z|2dx < \/fB(xo) 2|z — zo|?dx + QfB(xo) |zo|2dx = /7 +2lzoPm < 7+

V27 |xg|, (Equation 6.1.11) yields that

(1 . \/W) lzo| < /A(D) + \/@,// |z |2d. (6.1.12)

In addition, it follows from (Equation 6.1.1) that

D|? T
Q *d _ PR 1—29/ dr < —
[ Jolde = 25— (1-29) [ pas < T,

where we used (2 < %, p > 0in D and |D| = 7 to get the last inequality. Plugging this into
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(Equation 6.1.12), we obtain

1

(1— 2A(D)) lzo| < /A(D) (1+ m>,

hence,

A(D) I

To prove (Equation 6.1.7), let us suppose to the contrary that there exist x; € dB(x¢) N D

and xo € 0Bs(x¢) NOD. Then it follows from (Equation 1.2.4) that 0 = ¥(z;) — U(x2), therefore
1B(o) * N (%) = 1oy * N (21) = Q|22]” — [21]*) + h(21) — h(22), (6.1.14)

where h(z) := (1p — 1p()) * N. For the left-hand side, we use

Hlr—zo|? — 1 if |z —m] <1,
13(330) *N =
tlog|z — 9|  otherwise,
and obtain
1
1B(g) * N (22) = Lp(ge) * N (21) = 5 log 2. (6.1.15)

For Q (|z2|? — |21|?) in the right-hand side of (Equation 6.1.14), we use the triangular inequality
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and (Equation 6.1.13) to obtain

2
2A(D 1
lz1]? < 2|21 — 20* + 2|20 < 2+ (D) 5 <1+ E) : (6.1.16)
(1 - \/2A(D)>
2
2A(D 1
|zo|* < 2|T9 — 20| + 2|z0* < 8 + A(D) - <1+ ) (6.1.17)
(1 . \/2A(D)>
To estimate h(x;) — h(xs), we use the fact that
2
IVf*x N = < \/;\/||f||L1Hf||Loo for any f € L' N L°(R?). (6.1.18)
Indeed, one can compute with a := M,
27"HfHLOO(R2)
VieN@ls o [ il s [ i< I o) e
27 lz—y|>a ’l’ - y’ Y Y 27 lz—y|<a |£L’ - yl Y = 21a D

which yields (Equation 6.1.18). Thus we have

2
|h(x1) — h(z2)| < |[Vh|pe|z1 — 22| < \/;\/ |DAB(z0)||x1 — 22| = 3/2A(D).  (6.1.19)

Hence it follows from (Equation 6.1.14), (Equation 6.1.15), (Equation 6.1.16), (Equation 6.1.17)

and (Equation 6.1.19) that

Lig2 <010y AP . (1 n \/I> +3v/2A(D), (6.1.20)
2 (1- v24(D)) 402

which contradicts our choice of €); and «a; for (Equation 6.1.9). This proves the
claim (Equation 6.1.7).

To prove (Equation 6.1.8), let us fix ; and «a; < % so that the claim (Equation 6.1.7)
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holds. Then for all uniformly-rotating patches with 2 < €y and A(D) < ay, it follows from

(Equation 6.1.10) that

1
2ol < —[DAB(zo)| sup |z < A(D) (Jzo +2),

x€DUB(z0)

where we used (Equation 6.1.7) to get the last inequality. Therefore

2A(D
’.730| < 1_#

AD) < 4A(D),

where we used A(D) < oy < % for the last inequality. Hence (Equation 6.1.8) is proved. 0

Since we are interested in patches that rotate about the origin, let us consider the asymmetry

between D and the unit disk centered at the origin:

DAB DAB
Ay 1DBBI _ 102

Tautologically, it holds that A(D) < Ay(D). For rotating patches, we have the following

lemma:

Lemma 6.1.5. There exist positive constants )y and ¢, such that if (D,Q) is a solution to

(Equation 1.2.4) with 2 < €0y, then
Ao(D) < 1 A(D). (6.1.21)

Proof. Let x, be a point in R? such that m = A(D). By Lemma 6.1.4, we can pick 2; and

oy < % such that if Q < Q and A(D) < a, then

20| < 4A(D). (6.1.22)
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Let us assume for a moment that the claim is true. If A(D) > a4, then it follows from the definition

of Ay that

m (03]

Ao(D) A(D). (6.1.23)

Now let us assume that A(D) < «;. For a constant ¢ > 0 such that | BAB(z)| < c|zo|, we can

compute

Ao(D)

> > = T ’

™ s ™

(6.1.24)

where the last inequality follows from (Equation 6.1.22). Therefore (Equation 6.1.21) follows from

17

(Equation 6.1.23) and (Equation 6.1.24) by choosing ¢; := max {O% (1+ %) } O

In the next lemma, we will prove that if 4y(D) is sufficiently small, then D is necessarily

star-shaped.

Lemma 6.1.6. There exist positive constants (s, ay and ¢y such that if (D,<)) is a solution to

(Equation 1.2.4) with Q) < Qy and Ay(D) < o, then there exists u € C'(T) such that
0D = {(1 +u(f))(cosb,sinb) : 0 € T}, (6.1.25)
and
[u[ e < e2Ag(D) [log Ao(D)] - (6.1.26)

Proof. Without loss of generality, we assume that D # B. The key observation is that if €2 and
Ao(D) are sufficiently small, then the radial derivative of the relative stream function W is strictly

positive near 0B, while 0D is a connected level set of W.
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To prove the lemma, let us consider the following decomposition of W:

U(z):=1p*x N — %|a€|2 =1g*xN — %|x|2—|—(1D —1p) *N(ml

-

—grad(z) =0l

We claim that there exist positive constants {2; and «; such that if (D) is a solution to

(Equation 1.2.4) with Q < €, and Ay(D) < aj, then it holds for some ¢, C' > 0 that

0, (1) > ¢ for |z| € <g g) (6.1.27)
|We(x)] < CA(D) [log Ag(D)| for z € R%, (6.1.28)

Let us assume for a moment that (Equation 6.1.27) and (Equation 6.1.28) are true. Then we set
D :=Q; and «ay:={aj,a’},

where o = min {a >0 %alogi = 1—16} If Q < Q5 and Ay(D) < «o, then for any x; and x5

such that
2C 7
r1 €0DNOB, and |z3] =1——Ay(D)|log Ay(D)| > 3
c
we have

U(zy) — W(xy) = (U (x1) — U (23)) 4 (U°(21) — ¥¥(2))
> c (o] = |za|) + (V(22) — ¥ (21))

>0, (6.1.29)

where the first and the second inequalities follow from (Equation 6.1.27) and (Equation 6.1.28)
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respectively. In the same way, one can easily show that for any z3 such that |z3] = 1 +

2 Ay(D) logm < 2, we have ¥(z3) — U(x;) > 0. Since dD is a connected level set of

W and OB N 0D # (), we get

L, 2 ! 2 )
8DC{$€R i1 . AO(D)lOgAO(D) <l|z| <1+ . AO(D)lOgAO(D) . (6.1.30)

Hence the implicit function theorem with (Equation 6.1.27) and (Equation 6.1.30) yields that there
exists u € C''(T) such that (Equation 6.1.25) holds. Furthermore, (Equation 6.1.30) immediately
implies (Equation 6.1.26).

To complete the proof, we need to prove the claims. To prove (Equation 6.1.27), note that

0, (r) is explicit and given by
(% — Q) r ifr<1
L Qr ifr > 1.

Then (Equation 6.1.27) follows immediately by choosing sufficiently small €. For
(Equation 6.1.28), note that Lemma 6.1.4 implies that we can choose {2, and a; so that D C Bs.

Then we have for any = € R? that

()| =

/y (1ol = 15 e ~ y|dy\

S

/ (1p () — 1n(y)) log |z — y|dy\ i
yEBs,|z—y|<10

< / 1o(y) - 1a()]
y€Bs,|z—y|<10

log ]DAB\'

/ (1o () — 1n(y)) log |z — y|dy\
yEBs,|z—y|>10

log |z —y
log|a:—y|'dy+\ / (1) - 1B<y>>¥dy)
y€EB3,|z—y|>10 log ©

< |DAB|

< Ap(D)|log A (D)

?
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where we used [ 1p(y)—1p(y)dz = 0 to get the second inequality. This proves (Equation 6.1.28).
O

The proof of the following proposition will be postponed to the next subsection.

Proposition 6.1.7. There exist positive constants Q23 and o such that if (D, Q) is a solution to

(Equation 1.2.4) with Q < Q3 and D is a star-shaped domain with Ay(D) < a3, then D = B.

Now we are ready to prove Theorem G.

Proof of Theorem G: We will choose () and « so small that all the previous lemmas are appli-
cable. Let us set {25 := min {Ql, s, O3, %} and o := min {‘2‘—12, ‘2‘—1’}, where s and ¢, are as in
Lemma 6.1.5, 6.1.6 and Proposition 6.1.7. Moreover, let o be as described in Proposition 6.1.3.
We assume that (D, Q) is a solution to (Equation 1.2.4) with Q2 < g and D # B. Then we will
prove

7

OzOQ’% < sup |z|. (6.1.31)
2m z€dD

Since D # B, we have A(D) > «ag. Indeed, if A(D) < «p, then Lemma 6.1.5 and
Lemma 6.1.6 imply that D is star-shaped and Ay(D) < ciap < az. Therefore, Proposi-
tion 6.1.7 yields that D = B, which is a contradiction. Thus it follows from (Equation 6.1.1)

and (Equation 6.1.6) that

Q/ |z|?dx > (1 —2Q) [P —/pda: > 10042
b - A b 2 W

where we used 2 < 1. Itis clear that Q) [, |7|2dz < 7Q (sup,cqp |2])%, hence the above inequality

yields (Equation 6.1.31). l
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6.1.1 Proof of Proposition 6.1.7

In this subsection, we aim to prove Proposition 6.1.7. We say a simply-connected bounded domain

is star-shaped if there exist u : T +— (—1, 00) such that

OD = {(1+u(f))(cos,sinf) e R*: 6 € T} .

If | D| = 7, we have that

(1+u(0)) 1
T = / 1p(x)dx = // rdrdd =T+ = / u(6)* + 2u(6)db,
R? TJo 2 Jr

thus

/T u(6)%do = — /T 2u(6)do.

(6.1.32)

Furthermore Aq(D) and the difference of second moments of 1pdz and 1pdx can be written in

terms of u as

u(6)?
2

/ w2z — PF — / (O)]2 + u(6) + ~u(6)'do
D 27 T 4 ’

AfD) =+ / u(®)] + sgn(u(9)) L dp,
where

1 ifxz>0
sgn(x) =
—1 otherwise.
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Note that if ||u|f(r) < % then (Equation 6.1.33) and (Equation 6.1.34) imply that there exists

c3 > 0 such that

— [ 1uo)1d0 < AD) < s [ fuio)las. (6.1.35)
C3 JT T

[ gy 1OF <, [ o

Cg/T\u(e)y deg/D 5 dr = <o Tyu(9)| de. (6.1.36)

The proof of Proposition 6.1.7 is based on the identity (Equation 6.1.2). We will estimate the

right-hand side of (Equation 6.1.2) in the following proposition.

Proposition 6.1.8. Let D be a star-shaped domain parametrized by u : T — R with ||ul|~ < 1.

Then there exists § > 0 such that for any a € (2||u||zo(r), 1), it holds that

/ 2 — 2V (1p « ) [2de < 6 (a/ 2 + - / f(@)?de) | 6.1.37)
D T aJr

where f(0) := foeu(s)2 + 2u(s)ds.

The above proposition will play a key role in the proofs of Proposition 6.1.7 and Theorem The-
orem H. In the proof of Proposition 6.1.7, we simply use | f(6)| S||ul[z1(r), so that the left-hand
side can be almost bounded by L!-norm of u. Note that if we can choose a small enough, then the
proposition, together with (Equation 6.1.1) and (Equation 6.1.36) will give ||u||z2(my Slullzr(r).

In section section 6.2, we will use the fact that if u(6) is 2= periodic, then f(6) is also 2-
periodic, which follows from (Equation 6.1.32). This will be used for the proof of Theorem Theo-

rem H.
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Proof. Using Cauchy-Schwarz inequality, we obtain that

/|$—2V(1D*N)|2d:v,§/|:17—2V(1B*N)|2dat—l—/|VN*(IB—1D)|2dx::H1+H2
D D D

(6.1.38)

To estimate H;, note that

if |z] <1

N8

V(1g*N)=

L if |z > 1.

2[z[?

Therefore we can compute

dx

/ |z — 2V (1 * N) |?dx = /
D D\B
9 1
= 2|7 =2+ —dv
D\B ||

1+u(9) 1
:/ / .<r2—2+—2>7“drd9
TN{u>0} J 1 r

|z

However, we have that for u(6) > 0,

1+u(9) 1
/ 3 — 2 + —dr =
1 r

where we used log(1 + z) < o — 32% + 32° forz > 0 and 0 < u(f) < 3. Hence it follows that
H, < a/ |lu|?df. (6.1.39)
T
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In order to estimate H,, we recall the following result:

Proposition 6.1.9. [79, Proposition 3.1] Let p, and ps be two probability measures on R® with

L densities with respect to Lebesgue measure. Then

IV (1 = p2)) 72 gy < max((lpr]l e, lloallzo ) W3 (o1, p2),
where Wy (p1, p2) denotes 2-Wasserstein distance between py and ps defined by
W)= { [ [1(0) = oy (0) : Tyor = 2 .

Thanks to Proposition 6.1.9, it follows that

D
for any 7" : D — B such that
Ty (1p(x)dz) = 1p(z)dx, (6.1.41)

where T p denotes the pushforward measure of p by 7. Note that in polar coordinates,

(Equation 6.1.41) is equivalent to
Ty (1p(r,0)rdrdd) = 15(r,0)rdrdd, (6.1.42)

where D := {(r,0) € [0,1) x T: 0 <7 < 1+u(@)}and B := {(r,0) € [0,1) x T:0<r < 1}.

Hence it suffices to find a transport map 7" which gives the desired estimate.
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Let us define T : D — B by,

a(2—a)(r’>—(14u(6))?) () .
(\/u a)(u —a +]"a —a +0) ifr>1—a
T(r,0) = (T"(r,0),T°(0)) = WO +a@2-a T b ae-a

(r,0) ifr<1l-—a.

(6.1.43)

for a € (2||ul|z, 1), where f(8) := [ u(n)* + 2u(n)dy.

Figure 6.1: Illustration of the transport map 7" that pushes forwards D to B.

Our motivation for the transport map 7' is the following: We first choose 7" so that T is indepen-
dent of r and preserves the area in the sense that (see Figure Figure 6.1 for the illustration)

6 pldu(s) T90) ,1
/ / rdrds = / / rdrds.
0 l1—a 0 1—a

And then, we choose 77 (r, §) so that (Equation 6.1.42) is satisfied. Note that in order to check the

condition (Equation 6.1.42) for 7', it suffices to show that
15(r,0)r = 15(T(r,0))T" (r,0)|det(VT)], (6.1.44)

almost everywhere with respect to the measure 15rdrdf (see [104]). Then it is clear that 6 +—
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T%(0) and r +— T (r,6) are increasing for fixed r and @ respectively. Indeed,

u(0)? + 2u() >2a—a2+‘%f—a> a—3a?

iy o =
T =1+ al2—a) — a(2 —a) ~a(2—a)

> 0,
where the first inequality follows from that |juf =) < 3a and z +— 22 + 2z is increasing
for x > —1 thus u(0)? + 2u(9) > % — a. Since T maps {(r,0):r=1—aorl1+u(f)} to

{(r,0) :r=1—aorr =1} continuously, 7" is bijective and therefore 15(r,8) = 15 o T'(r,0).

Furthermore, the Jacobian matrix of 7' can be computed as

1 a(2—a)r o TT( 2]
o " (0 —a 0 T, )
T7(r0) (u(0)+a)(u(0)+2—a) if1—a<r<1+u(d),
0 (u(0)+a)(u(8)+2—a)
VT(r,0) = e
1 0
otherwise,
0 1
\
therefore

T"(r,0)|det(VT)| =

almost everywhere. This implies that 7" satisfies (Equation 6.1.44) and thus (Equation 6.1.42)

holds. Then it follows from (Equation 6.1.40) that

1+u(6
H, < / / V77 (. 8) cos(T*) — 1 cos B2 + |T™(r. 6) sin(T*) — r-sin B rdrde.
1
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The cosine term in the integrand can be estimated as

T (r,0) cos(T?) — rcos 0> = |(T"(r,0) — 1) cos(T?()) + r(cos(T?(6)) — cos #)]?
<|T7(r,0) — r|* + | cos(T?()) — cos )?

ST (r,0) — 7P+ |T°(6) — 6],
In the same way, the sine term can be bounded as |T" sin(7?) — rsin |2 < |T" —r|2 + |T? — 62,

thus we have

1+u(0 1+u(0)
H, < // \T’“ 7,0) — r|*rdrdf + // IT%(0) — 0)*rdrdd =: A, + Ay, (6.1.45)
1 1

Ajg is bounded by

1+u 1
Ay < // FOF d9</f g)21u0 L” N—/f(e)%ze, (6.1.46)
1 a a Jr

where we used ||u|| () < a to get the first and the last inequalities.

For A;, we assume for a momoent that for r € (1 — a, 1 + u(6)),
T (r,0) — r| < Ju(6)]. (6.1.47)

From (Equation 6.1.47), we obtain

14u(0 14+u(9)
= T

where the last inequality follows from a > ||u|| o). Therefore, it follows from (Equation 6.1.45),
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(Equation 6.1.46) and (Equation 6.1.48) that

1
H, ga/|u|2d0+—/|f|2d9. (6.1.49)
T aJr

Thus (Equation 6.1.37) follows from (Equation 6.1.38), (Equation 6.1.39) and (Equation 6.1.49).

2=a)(r2—(1+2)2)
\/a GrajGere—a) 17

To check (Equation 6.1.47), let g(a,r, z) = — so that
TTSI(’z;_r = g(a,r,u(M)). Then it suffices to show that |g(a,r,z)] < 1 in

{(a,r,2) : (1 —a)<r<l4uz 2lz]<a<1}. Since g(a,r,z) is continuous everywhere
except for z = 0, we only need to check |g(a,r,z)| < 1 when 0 < x < 1. Taking the limit, we

obtain

K a(2—a)(r2—(14+x)?) 1 )
. ( ) Ox (\/ (z4a)(x+2—a) + r 0 (1 _ T2) _ CL(2 _ CL)
1m a,r,xr) = = .
a0 I 1 ra(2 — a)

If r < 3, then a > 3 therefore it follows from 7 > 1 — a > 0 that

. [r? — (a —1)?| r (a—1)2 2r
1 = < < <1
50 l9(a. ) ra(2—a) T a(2—a) N ra(2—a) ~ a(2—a) ™’

where the second inequality follows from (1 — a) < r. If > 3, then it follows from |[r — 1| < a

that
1—1? 2 — 1 2 —
lim [g(a,r,a)| < AL L Bm0) o dHr | 2oa oy
20 ra(2—a) r(2—a) r(2—a) r(2-—a)
This proves (Equation 6.1.47) and finishes the proof. [

Now we are ready to prove Proposition 6.1.7.

Proof of Proposition 6.1.7: We will fix {23 and a3 so small that all the lemmas are applicable. To

do so, let us denote h(x) := —xlogz. Also we denote by o* > 0 the smallest positive number
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such that
(h(a*))® > (a*)2 (6.1.50)

Furthermore, let 2}s, /s and ¢}s for i = 1,2 be as in Lemma 6.1.5 and Lemma 6.1.6, let c;
be as in (Equation 6.1.35) and (Equation 6.1.36) and let ¢ be as in Proposition 6.1.8. Lastly, let

¢4 := 187362, Then let us fix

3 3
1 o _1 ’ 1 ’
Q3 :=min 4, Q, —, —5—5— d =0 '
3 mln{ 1, 274; 166%6%04} an Q3 {Oé ,0617042, (262) ’<4CQC35) }

(6.1.51)

Then our goal is to show that if (D, Q) is a solution to (Equation 1.2.4) with Q < Q3 and Ag(D) <
as, then D = B,

Step 1. Let us claim that

(6.1.53)

2 1
||| Lo (my < 2 A0(D)3 < 5

Since Q23 < Q) and A(D) < Ay(D) < az < ay, it follows from Lemma 6.1.5 that Ay(D) <
c1 A(D). In addition, Q3 < s, Ag(D) < a3 < ay and Lemma 6.1.6 imply that

ul| Lo (my < eah(Ao(D)) < cado(D)3,

Njw

where the last inequality follows from a3 < a*. Since Ag(D) < a3z < (ﬁ) , we have

CQAO(D)% < %, which proves (Equation 6.1.53).
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Step 2. In this step, we will show that

1 1
—/ |z — 2V (1p * N) [2dz < —/ lu|?df + c4Ao(D)?, (6.1.54)
2 D 403 T

where ¢4 := 18m¢36°. Since |Jul| (()) < 3. we will apply Proposition 6.1.8 with a := 5. Note

that

2
3

2
2HUHL“(T) < QCQAO(D) < 2cp053 < a,

where the first inequality follows from (Equation 6.1.53), the second follows from the assump-

tion that Ay(D) < ag and the last inequality follows from (Equation 6.1.51), which says a3 <

4coc360

3
<;> *. Thus we can obtain by using Proposition 6.1.8 that

1/ |z — 2V (1p * N) [Pdz < L / lu|*df + 0362/f(9)2d0, (6.1.55)
2J)p des Jr T
where f(0) = foe u(s)? + 2u(s)ds. Moreover, we have
0
16) < [ stu(s)lds < [ 3fu(s)lds < 3esAo(D), (6.1.56)
0 T

where the last inequality follows from (Equation 6.1.35). Therefore it follows from

(Equation 6.1.55) and (Equation 6.1.56) that

1 2 1 2 352 2

— | |z =2V (1p*N)|?dx < — [ |ul*df + 187c36° Ag(D)?,
D des Jrp

2

which proves the claim (Equation 6.1.54).
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Step 3. Now we will prove that
/ |u(0)2d0 < 4czes Ag(D)?. (6.1.57)
T

Since 2 < Q3 < }L, it follows from (Equation 6.1.36) that

|z !DP
(1—29)( e ) 203/| 0)[2do. (6.1.58)

Thus it follows from (Equation 6.1.2) and (Equation 6.1.54) that

/|u |d«9<—/!u )|2d6 + e Ao(D)?,
203

which proves (Equation 6.1.57).

Step 4. Finally, we will prove D = B by showing that A4y(D) = 0. This will be done
by estimating the left/right-hand side in (Equation 6.1.1). It follows from Proposition 6.1.3 and
(Equation 6.1.52) that

’ 2

(1-29) ('D—_

4r /Dpda:) > CT.A( )2 > 50 20«40( )%, (6.1.59)

where we used 2 < }L. Moreover, it follows from (Equation 6.1.36) and (Equation 6.1.57) that

2 2
202 ( / @dx - ﬂ) < 2Qc3 / lu(0)|>d0 < 8Qc3csAo(D)>. (6.1.60)
D 2 47T T

Therefore (Equation 6.1.1) yields that

(890304 - %) Ao(D)? > 0.
€1

< 803cicy — 5= < 0, which follows from
1

This implies Ay(D) = 0, since 8Qcic, —

o
2
2c]
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(Equation 6.1.51) and €2 < €23. This proves that D = B.

6.2 Rotating patches with m-fold symmetry

We now move on to the quantitative estimates for m-fold symmetric rotating patches. We say a

domain D is m-fold symmetric, if D is invariant under rotation by % We divide this section

into two subsections: The first subsection is devoted to the proof of Theorem H and the second

subsection is devoted to the proof of Theorem I.

6.2.1 Proof of Theorem H

The goal of this subsection is to prove Theorem H. As explained in Remark 1.2.1, angular velocity
) is independent of radial dilation, thus we will assume that |D| = |B| = = throughout this
subsection.

For a simply-connected and m-fold symmetric patch D, we denote 7,,;, := inf,cop |z|, and
Tmaz = SUDyegp |Z|. Note that the origin is necessarily contained in D since D is simply-
connected and m-fold symmetric, therefore r,,;, > 0. Furthermore, since we are assuming
|D| = 7, it is necessarily r,,;, < 1 and r,,,, > 1if D is not a disk.

We will prove the theorem by contrapositive. We suppose to the contrary that (D, () is an

1_

m-fold symmetric solution with sufficiently large m and A := 3

) is sufficient large compared
to % Then Lemma 6.2.2 tells us that the patch is necessarily star-shaped and the polar graph
that parametrizes 0D must be small. With this fact, we will apply the identity (Equation 6.1.2)
and Proposition 6.1.8 to derive an upper bound of A\, which we expect to contradict our initial

assumption on \.

Now we introduce a decomposition of the stream function 1, * N. We define a radial function

188



g : R? — R as follows (where we denote it by g(r) by slight abuse of nontation):

9(r) = —H' (9B, D),

2rr

where H! denotes the 1-dimensional Hausdorff measure. Then we shall write, in polar coordinates,

(Ip # N) (r,0) = (g * N) (r) + (1p — g) * N (1, 6) =: ¢"(r) + om(r, 0). (6.2.1)

Therefore the relative stream function can be written as U(r, 0) = " (r) — £r? 4 ¢,,(r, ).

Note that g is a radial function with the same integral as 1, on each 0B,. If D is m-fold
symmetric for large m, we would expect that the velocity field generated by the vorticity 1, must
be very close to the velocity field generated by g, that is, we expect that [Vy,,| < 1if m > 1.

Below we will give a quantitative proof of this fact in Lemma 6.2.1.

Lemma 6.2.1. Let D be an m-fold symmetric bounded domain for m > 3. Then

DN B,|
o' (r) = ——, 6.2.2
" (r) - (6.2.2)
Vo (r,0)| S —. (6.2.3)
m
Proof. Let us prove (Equation 6.2.2) first. Obviously, (Equation 6.2.2) is equivalent to
211" (r) = |D N By|. (6.2.4)

Clearly both sides of (Equation 6.2.4) are zero at » = 0. Also we have that

0, (|IDN B,|) =H" (D NOB,) = 2mrg(r) = 2nrA (o"(r)) = 0, (27rd.¢" (1)),

where we used A = %& (ro,) + 7%899. This proves (Equation 6.2.4), thus (Equation 6.2.2).
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We will prove (Equation 6.2.3) by using the formula for the stream function given in
Lemma B.1.2. Let h(r,0) := 1p(rcos@,rsinf) — g(r). We apply (Equation B.2.3) and

(Equation B.2.4) to (Equation B.1.2) and (Equation B.1.3) respectively, and obtain

i (&)™ (cos(mm) — (2)")

SO B C =R

" (1- (g)m)Q +2 (;)m (1 = cos (mn))
—CA - A, (6.2.5)
(f)Wrl sin(mn)
vntc =g [ [ o0 (st )
<§>m1 sin(mn)

dpdn

_T_// pan+0 my 2 m dpd?]
(1 - (2) ) +2 (g) (1 — cos(mn))
=: —1rAs —rAy (6.2.6)
We claim that
14| <~ fori=1,2,3 and 4. 6.2.7)
m

Let us assume for a moment that the claim is true. Then (Equation 6.2.5) and (Equation 6.2.6)
yield that |V, (r,0)| ~ |0,pm(r, 0)] + \M| < ~, which finishes the proof. We give a proof
of (Equation 6.2.7) for only A, since the other terms can be proved in the same way. Note that in
the proof, we will see that the assumption m > 3 is crucial to estimate Ay and Ay.

From the change of the variables, (g) — x and 2E’r-periodicity of the integrand in the angular
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variable, it follows that

! 1 xl’i(cos(mn) —x) T
|Ag| < h(raz™m,n+0) ((1 T 21— Cos(mn))> e dxdn
z = (cos(mn) — )
- 1 — )2+ 2x(1 — cos(mn)) dwdn
<r / / (1—2)+(1- cos(mn)))dxdn

1 — )% 4 2z(1 — cos(mn))
_ // = m((1—x) +(1_C08n))dxdn
m 1—x + 2x(1 — cosn)
// (1 —-x) +(1_COSU))dxdn
1—95 )2+ 22(1 — cosn)
1
2 2 7w ((1— 1- (1 - 11—
2r // z) + (1 —cosn) ddn+// z) + ( cosn))dwd77
1—33 )2+ 2x(1 — cosn) 1—3: )2+ 2x(1 — cosn)

9
= — (Ao + Ag)
m

where we used 2E”—periodicity of the integrand to get the third inequality, the change of variables,
n — %77 to get the first equality, and the evenness of the integrand in 7 to get the second equal-
ity. Note that the denominator of the integrand As; is bounded from below by a strictly positive

number, therefore

S

1

™ 32
Agl 5 / / l'i%dl'd’ﬂ 5 m
o Jo m —

for m > 3. For Asy, we use that (1 — cosn) ~ n? for n € (0,7) and the change of variables,

z — 1 — x, to obtain

1
2 x4 i z + n? T+
A dxdn = 1, sdxd 1s, dd
22N//3[:2+77 Ul /0/0 lz<n} 22 5U7I+// {>’7}2+ xran
< (M + ndd T+ 2’
< 5 —dwdn + 5 —dndx
o Jo n o Jo z
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This proves |A;| < . As mentioned, the same argument applies to A;, A and A, to prove

(Equation 6.2.7). This completes the proof.
O]

From (Equation 6.2.2) and (Equation 6.2.3) in the above lemma, it is clear that 0,V (7., 0) =
Tmin <l - Q- —8“%(7"””"’9)) and

2 Tmin

ar‘@m (Tmin 79)

Tmin

~ % Thus one can expect that if % — Q is suffi-

ciently large compared to %, then the level set D cannot be too far from the a circle. We give a

detailed proof for this in the following lemma.

Lemma 6.2.2. Assume that (D, () is a solution to (Equation 1.2.4). Then there exist constants
c1,co > 0 and my > 3 such that if D is m-fold symmetric for some m > my and \ = % -Q >

then D is star-shaped and |Tqp — Timin| < 2. Hence there exist u € C Y(T) such that
0D = {(1+u(f))(cos0,sin0) : 0 € T} and ||uf|pomy < 2.
m

Proof. Thanks to (Equation 6.2.3) in Lemma 6.2.1, we can find a constant C' > 0 (which we can

also assume to be larger then 1) such that
Vatpm (7, 0)] < C%, (6.2.8)

where V, denotes the gradient in Cartesian coordinates, that is, V, := 0, + %89. We will first

prove the bound for 7,4, — 7, and show star-shapeness of 0D afterwards. Let

3C
€1 := max {60, \/487TC’} +1, = 64—1 and m; = max {7, %,3} + 1. (6.2.9)
We will show that if A > 2t and m > my, then 1,00 — Tiin < 72
Let q(r) := % — Q. Since &5 > —— — =2 —(r — ryin) fOr 7 > Ty, and [D N B, | is

min min
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increasing in 7, we have that

1 1
q(r) > 5/\, forr € (Tmm,rmm (1 + ZA)) ,

which implies that

Q ; 1
O, (gpr(r) — 57“2) =rq(r) > rr;zn)\’ forr € (Tmm,rmm (1 + Z)\)) , (6.2.10)

where the equality follows from (Equation 6.2.2) in Lemma 6.2.1. Let ¢ := 22 By the

assumption A > % we have

e < Iminy 6.2.11)

We choose 71,z € R? such that for some 0;, 60, € T,

2
1 = Tmin(cos(01),8in(01)),  x9 = (T + €)(cos(6s),sin(f2)) and |0 — O] < _7r.
m

We claim that
U(zg) — U(zy) > 0. (6.2.12)

Let us assume that the claim is true for a moment. Then from m-fold symmetry of D and the fact
that 0D is a level set of U, it follows that 7,,,. < 7.:n + €. Thus it follows from (Equation 6.2.9),

(Equation 6.2.11) and r,,,;,, < 1 that

<2 (6.2.13)
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Furthermore, for all z € 0D, it follows from (Equation 6.2.8) and (Equation 6.2.10) that 0,V (z) >

—“’;’” \ — Yrmez Hence
m

TminC1 . C17hma3: > &1

0, V(z) >

(Tmax i C_Q) . Ormaax _ (Clrmaa: . Ormaax) + &1 (Tmaa: o 2) > 07

2m m  — 2m m m 4dm m om

1

where the first inequality follows from A > 2 the second inequality follows from

(Equation 6.2.13) and the last inequality follows from (Equation 6.2.9) and r,,,, > 1, which say

< > C and ™= >

7 > 22 Therefore the implicit function theorem yields that there exists

1
2
u € CY(T) such that 9D = {(1 + u(0))(cosf,sin®) : § € T}. This proved star-shapeness of D

and the desired L°°-norm bound for .

Now it suffices to prove (Equation 6.2.12). We compute

e~ w(en) = ()~ G ) = (0D~ ) +puten) —pnier)

Thanks to (Equation 6.2.10), we have

T'min Tmm)\ﬁ

To estimate Lo, let us pick 2} = 7, (cos(0s), sin(6s)). Then it follows from (Equation 6.2.8) that

Ly = (pm(z2) — ‘Pm(x/l)) + (me(x/1> — m(71))

x r2. 2m
> 02| ) - ¢ Tmn 2
m m m
Crmine  Ce?  27Cr2,,
= et _ 22 T min, (6.2.15)

Hence it follows from (Equation 6.2.14) and (Equation 6.2.15) that (we split ”’"T"’\E into three
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pieces evenly)

Toin\e CTmin€ Tmin\e  Ce? TminAe  2mCr2 .
6 m )7 T )7 -

v - v > — =: L3+ Ly + Ls.
(22) ~ (o) > e A B} gy Lt Ly

(6.2.16)

From A > 2 and (Equation 6.2.9), which says ¢; > 6C, we have L3z = ””6#& ()\ — %) > 0. For

Ly, it follows from that

L, — Tmin)\ . Ce > Tmz'n/\ _ Ormin)\ o Tmin)\ 1— 3C -0
U T m ) T Ue am ) "6 2m) ~

where the first inequality follows from (Equation 6.2.11) and the last inequality follows from

(Equation 6.2.9), which says m > my > % Finally,

Lo — r2 . A B 2mCr2n  Thin <C1>\ B 487TC'> . r2 . (ﬁ 487TC'> >0,

24m m2 © 24m m 24m \m  m

where the first equality follows from the definition of ¢, the first inequality follows from A > £ and
the last inequality follows from (Equation 6.2.9), which says ¢; > +/487C. Therefore it follows

from (Equation 6.2.16) that
U(zy) — U(zy) >0, (6.2.17)

which finishes the proof. 0
Now we are ready to prove Theorem H.

Proof of Theorem H: Let ¢, co and m; be constants in Lemma 6.2.2 and § be as in Proposi-
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tion 6.1.8. Lastly, let c3 be the constant in (Equation 6.1.36). Now we set

2
¢ := max {cl, 62 (025 om 5) } and  mg = max {2cy, my } + 1. (6.2.18)
Co

We will prove that if (D, Q) is a solution to (Equation 1.2.4) such that D is m-fold symmetric for

m > myg and simply-connected, then

1
Ai=-—Q< o (6.2.19)
2 m
Towards a contradiction, let us suppose that there exists (D, §2) such that
c
A > —. (6.2.20)
m

It is clear that (Equation 6.2.18) implies A > < and m > m;. Thus Lemma 6.2.2 implies that

there exists u € C'(T) such that
0D = {(1+u(0))(cos0,sinf) : 0 € T} and ||uf|pom) < —. (6.2.21)
m

Since m > myg > 2c,, which follows from (Equation 6.2.18), we have that ||ul| e (r) < 3.
To derive a contradiction, we will use the identity (Equation 6.1.2). To estimate the right-hand

side of it, we apply Proposition 6.1.8 with a := 22 € (2||ul|=(r), 1) and obtain

/|x—2V(1D*N ) [2da <2025/| 2d0 + m/f(&)%l@

2(3 ) wom
2c20 / 28+ T ey (62.22)

where f(0) = | 09 u(s)? + 2u(s)ds. Using (Equation 6.1.32) and 2Z-periodicity of u, it is clear that
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f is also 2* ~*-periodic. Furthermore, for 6 € (0, 2 =1), we have that (recall that |||z 1) < %),

5| < /093|U(8)Ids <3 /09 Ju(s)|2ds vV < 3W\/%

Thus, (Equation 6.2.22) yields that

1872 1 1872
/|x—2V(1D>x</\/' ) [2de < 220 /| 2d0 + 87”5/| |d0_—(2026+ S 5)/|u|2d0.
m C2 T

(6.2.23)

For the left-hand side of (Equation 6.1.2), we use (Equation 6.1.36) to obtain

2
—/|u] d9</ |z|?dx — |D| (6.2.24)

Hence it follows from (Equation 6.2.23), (Equation 6.2.24) and (Equation 6.1.2) that

2\ D|? 1 1 2§
—/|u|2d0§)\ /]:c|2dx—u :_/ 2= 2V (1 # N) Pz < — (05 + 2= /\ume.
C3 T D 27T 2 D m (&) T

Therefore we have

where the last inequality follows from our choice for ¢ in (Equation 6.2.18). This contradicts our

assumption (Equation 6.2.20), thus completes the proof. U
By simple maximum principle type argument, Theorem H gives a upper bound for 7,4

Corollary 6.2.3. There exist constants ¢ > 0 and my > 3 such that if (D,Y) is a solution to
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(Equation 1.2.4) that is simply-connected, m-fold symmetric for some m > my and |D| = =, then

Tmaz — 1 S

3o

Proof. Thanks to Theorem H, we can pick a constants C; and myq such that if m > my, then A <
%. Moreover, it follows from Lemma 6.2.1 that there exists C5 > 0 such that |V, (r, 0)] < %

Now, let us choose
my := max {mg,2 (Cy + C)} + 1.

Since AV = 2\ > 0 in D, the maximum principle for subharmonic functions implies that

Op ¥ (Tmaz, 0) > 0. Thus it follows from Lemma 6.2.1 that

rmam

0 < 09" (Trmaz) + Co
m

DnNB r
— | Tmaz’ + 02 max _ Qrmax
2T maz m

1 cy, 1
- - — 3 A max
2rmax+ (m 2+ )T

1 1
+ (Cl il 02 - _) T'mazx,

T 2Tmax m 2

- Qrmax

where we used |D N B = |D| = = to get the second equality and the last inequality follows

Tmax |

from A < & Since Y€ < 1 we obtain,

6.2.2 Patches along bifurcation curves

This subsection is devoted to the proof of Theorem I. Since we are interested in a curve %,

that satisfies (A1)-(A4), we will make the following assumptions for the patches throughout this
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subsection.

(a) D is star-shaped, that is 9D = {(1 + u(6))(cos ,sin6) : 6§ € T} for some u € C*(T).
(b) wis even and 2Z-periodic for some m > 3, that is, u(—6) = u(6) and u(f + %) = u(0).

(c) Jgu(f) < Oforall§ € (0, ).

For such a patch, we denote 7, := mingeap [2| = u(X) and rpq, = maxzeop |2| = u(0).
Furthermore, we denote 77 := (14 )" : (Fmin, Tmaz) — (0, Z). By the symmetry, we only need
to focus on the fundamental sector S := {(r,0) : v >0, § € (0, Z)}. See Figure Figure 6.2 for

an illustration of these definitions.

PO
(7 min m>

(rmam 0)

Figure 6.2: Tllustration of the definitions of 7, 'maz» 7(p) and S on a 6-fold vortex patch

Note that we will establish several lemmas with assuming |D| = | B| = 7. Certainly this is not

satisfied by the solutions on the curve %, but we will resolve this issue in the proof of the theorem

Our proof for Theorem I relies on Theorem H. Roughly speaking, we will show that if ||u| 1o (r)
is large compared to %, then \ (= % — ) must be large enough to contradict Theorem H. How-
ever, the main difficulty comes from the fact that lower bounds for A that we can derive from the

identities (Equation 1.2.8) and (Equation 1.2.9) are not comparable with ||u||z~ (Lemma 6.2.4).
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Thus, the scenario that we want to rule out is that for large m, 9D is so spiky that fT |u|?df is small
while ||u|| - is relatively large.
Since 1. can be estimated as in Corollary 6.2.3, we will mainly focus on estimating 7.

Using the identity (Equation 6.1.1), we derive a lower bound for X in the next lemma.
Lemma 6.2.4. If (D, Q) is a solution to (Equation 1.2.4) with |D| = 7 then

oy lul?do

TmaxHuHLoo(T)

AR

Proof. we use (Equation 6.1.1) in Lemma 6.1.1 to obtain

()« )

For a moment, let us assume that

/ 2?2 = 20(2)dz S Fonae [l o (6.225)
D

Then it follows from (Equation 6.1.36) that

T 2
fD‘ = dr — 2 > f']l‘ |U‘2d9

2 A

A= Z ;
fD |z|? = 2p(z)dr ™ Tmae||ul| e (T)

which implies the desired result.

||

Now let us prove (Equation 6.2.25). Note that p(z) > "“” o in B Indeed, p — M

Tmin*

is harmonic in B and non-negative on 0B since p is non-negative in D. Therefore the

Tmin Tmin

inequality follows from the maximum principle. From this, we obtain

2

B, .
/ 2p(z)dz > / 72— |rdr = 1Brol®
D B, . 2m

Tmin

200



Since [, [z[*dx < [ |o|*dr = %, it follows that

2) SJ TmaxHuHLOO(T)v

1
> —2p(x)dr = — (|Brpan|* = | B,
[ 1o =20@)de = 5= (1B = 1B,

which proves (Equation 6.2.25). 0

Thanks to Lemma 6.2.4, we only need to rule out the case where fT |u|2d€ 1S too small,
compared to ||ul|z~. To this end, we will pick 7, and ry so that r,,;, < r < ry < 1 and

find a lower bound for = — 7(r;) by showing that [u'(0)| is bounded from above for 1 + u(#) €

(Pmin, 71). Since the relative stream function W is constant on 9D, we have & (¥((1 + u(6)), 6))
0. Therefore (Equation 6.2.1) yields that
DU (r,0) Oppum (1, 0)

u'(0) = —87«\1/(7”, A = — O () — ) 1 B 0) where r = 1 4 u(0). (6.2.26)

In the next two lemmas, we will estimate the denominator and numerator in (Equation 6.2.26) but

the proofs will be postponed to the end of this subsection.

Lemma 6.2.5. Let (D, (2) be a solution to (Equation 1.2.4) that satisfies the assumptions (a)-(c) for
some m > 3 and |D| = 7. Let r1, r9 > 0 be such that 1, <11 <19 < 1 andlet § := - —n(ry).

Then there exist constants ¢, C' > 0 such that if ||u|| (1) < 1, it holds that

@wwywwzméGQlﬁz—cwrwmm)

]| ooy
forallr € (Tin, 1)

Lemma 6.2.6. Let D be a patch that satisfies the assumptions (a)-(c) for some m > 3. Let us pick
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1, T > 050 that 1 <11 <19 < land r? < rpimre. If § 1= = —n(ry) < 4=, then it holds that

Orpm(rn(r) > —— 5 (6.2.27)
1= (2)
2

Dopm(r, () < ——d. (6.2.28)

=6
r2
forall v € (7yin, 1), where c is a universal constant that does not depend on any variables..

Note that the linear dependence on ¢ in (Equation 6.2.27) and (Equation 6.2.28) is crucial in
the proof of the next lemma, since this allows us to bound «’ independently of § when we plug the
above bounds into (Equation 6.2.26).

Now we can rule out the scenario that 9D is too spiky inwards.

Lemma 6.2.7. There exist c,C > 0 and m; > 3 such that if (D, Q) is a solution to (Equation 1.2.4)

that satisfies the assumptions (a)-(c) for some m > my,

D| = and ||u| ooy < 1, then

1 —7in < < or / lu|?df > C (1 — rmm)2.
m T

Proof. Thanks to Lemma 6.2.5 and 6.2.6, we can choose ¢; and ¢ > 0 such that if r,,,;, < r; <

ry < 1and 72 < rpi,79, then

_ 2

Oripr (1) — Qr > md (01—(1 r2) —co(rp — Tmm)) , (6.2.29a)
[[wllzoe ()

Oripm(r,m(r)) > —ﬁé, (6.2.29b)

Dopm(r,(r)) < — 2, (6.2.29¢)
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for r € (Tmin, m1). We will pick

24
¢ := max< 12, ] , C:= i and my:=2c (6.2.30)
C1 18

Now let us assume that D is a solution to (Equation 1.2.4) that satisfies the assumptions (a)-(c) for

some m > my, |D| = mand 1 — 7, =||uf[z(m) < % If 1 — rpin < <, then there is nothing to

prove, thus let us assume that
C
1 — rpin > —. (6.2.31)
m

Let ¢ := m(1 — ry) so that 1 — 7, = ﬁ From (Equation 6.2.31), we have

c>c. (6.2.32)
We choose
c—2 c
ry=1-— and 79:=1——. (6.2.33)
m 3m
And we consider two cases: = —n(ry) > 7~ and I —n(ry) < £-.
Casel. Let us assume that = — n(ry) > ;.
Since Z — n)(ry) > =, it follows from the monotonicity of u that u(f) < r, —1 = —3& for
0 € (=, Z). Using m-fold symmetry of u, we obtain
2 " 2 " 2 me 2
/|uy do > zm/ 26 > zm/ uf2d8 > T = C(1 — ), (6.2.34)
T 0 i’r% 18m

where the last equality follows from (Equation 6.2.30), which says C' = .
Case2. Now we assume 7~ — 7(ra) < .

We first check whether r; and 75 in (Equation 6.2.33) satisfy the hypotheses in Lemma 6.2.6.
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Clearly 7, < 71 < 719 < 1, since ¢ > c¢ > 4, which follows from (Equation 6.2.30) and

(Equation 6.2.32). To show 77 < 7,72, We compute

3Im m 3m?2
< c n 4 . —12¢+ 12
- 3m m 3m?2
<0

where the first ineqiality follows from % =1 = roin =[Juljzem < % and the last inequality
follows from ¢ > 12.
Since 0D is a level set of U, U(1 + u(#), §) = does not depend on 6. Therefore,

) = S u(0),0) ~ B (LT ul0)) — Or + Dy (1 + u(0),0)

Hence, it follows from (Equation 6.2.29) that

1

1— ()"
~(0) < ———; &) for (1+u(®))<r.  (6235)
C—mﬁ—m(rl _Tmin) - 7, \m
2 llullz (T) 1_( 1)

Now we assume for a moment that

am(l —ry)? 1

> max { m(r1 — Tmin), ————m (6.2.36)
e
T2

3|l o
Then (Equation 6.2.35) yields that

0< v (0) <1 for (1+u(d))<r,

204



which implies that

™

9 =
=7 = Toin = / —u'(0)dh < T _ n(ry). (6.2.37)
m n(r1) m

Furthermore, monotonicity of « implies that |u(6)| > |[ri — 1| > |ry — 1| for 6 € (n(r1), Z).

Therefore we obtain that

4¢*

" 4
2d@>2/ 2df > 2 (1— )1— 2> — = (1= rin)” > C(1 = ripin)?
Lo > om [ a0z om (=) (=) 2 g = 50 =) 2 00 = )

(6.2.38)

where the third inequality follows from (Equation 6.2.33) and (Equation 6.2.37) and the last in-
equality follows from C' = & < é. Thus the desired result follows from (Equation 6.2.34) and
(Equation 6.2.38).

To complete the proof, we need to show (Equation 6.2.36). It follows from (Equation 6.2.33)

that

am(l-r) Sml-r) e S5 62.39)
3||U||Loo(’]1‘) 3(1 —T’mm) 1262 - o

where the last inequality follows from (Equation 6.2.30) and (Equation 6.2.32) which imply that

¢ > 22%. We also have

m(ry — Tmin) = 2, (6.2.40)

1

which follows from (Equation 6.2.33). To estimate W, let us use an elementary inequality

ro

that for any 0 < b < a < m, it holds that

(1 — f) < e(a=b), (6.2.41)
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Indeed, by taking logarithm in the left-hand side, we can compute,

> ):mlog<1—a—_b> Smlog(l—
o m—b

a—>b
< —(a—0"b
e ]
where the last inequality follows from log(l — ) < —z for all z > 0.

(Equation 6.2.41). Then we use (Equation 6.2.33) and obtain

This proves

B 1 _ 1
NONINE
r2

. <2
= m — 1 67(2;72) — ’
173?71
12.

(6.2.42)
where the last inequality follows from (Equation 6.2.30) and (Equation 6.2.32), which imply ¢ >

Thus (Equation 6.2.39), (Equation 6.2.40) and (Equation 6.2.42) yield
“m (1 - r3)° 1
2 > 2 >max < m(ry — Tmin) — . (6.2.43)
3llullpos(my 1— <7‘_1>
T2
This proves (Equation 6.2.36) and finishes the proof.

Now we can estimate ||u|| .- (r) whose corresponding patch has area m, that is, | D| = 7.

Proposition 6.2.8. There exist constants ¢ > 0 and my > 3 such that if (D,<) is a solution to
(Equation 1.2.4) that satisfies assumptions (a)-(c) for some m > my,
then

D| = and ||u] =z) <

1
2’

l|lul| oo (ry <

Cc
m

m > my and |D| = m, then

Proof. In order to use the previous lemmas, let us fix some constants. We fix constants ¢;s and
my so that if (D, €2) is a solution to (Equation 1.2.4) that satisfies the assumptions (a)-(c) for some
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(B1) (From Theorem H) A < °L.

(B2) (From Corollary 6.2.3) 7pe, — 1 < 2.

fT |u|?d6

Tmaac”u”Loo(T) ’

(B3) (From Lemma 6.2.4) A\ > c3

(B4) (From Lemma 6.2.7) if 1 — 7y, =||ul|p(r) < & then

1= Toin < “ o / [u|?df > c5(1 — Tmin)*.
T
Let us set
2C1
c:=max< ¢y, cq, — ¢+ 1, and mg := max {my,2c} + 1. (6.2.44)
C3Cs

Then we will prove that if (D, () is a solution to (Equation 1.2.4) and satisfies the assumptions

(a)-(c) for some m > my, then

=) < = (6.2.45)
Let us assume for a contradiction that
l| oo () > % (6.2.46)
Then we have that
/T ul?df > c5(1 = riin)’. (6.2.47)
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Indeed,
C C
||u||L°°('JT) > — > -2 2 Tmaz — 17
m m

where we used (Equation 6.2.44), (Equation 6.2.46) and (B2), therefore ||| oo (1) = 1—7pin. Thus
(B4) and (Equation 6.2.46) imply (Equation 6.2.47). Furthermore (B2) and (Equation 6.2.44) also

imply that

C
rmsuigz.

Thus we use (B3) and (Equation 6.2.47) to obtain

cs(1 = rin)? 365Ul Lo (m) S GG - a1

A>c )
= ull ey T 2 = 2m " m

where the third inequality follows from (Equation 6.2.46) and the last inequality follows from
(Equation 6.2.44). However this contradicts (B1). O
Now we are ready to prove the main theorem of this subsection

Proof of Theorem I: Thanks to Proposition 6.2.8, we can pick c; and m; so that 2¢; < m; and
if (D, Q) is a solution to (Equation 1.2.4), that satisfies the assumptions (a)-(c) for some m > m,
and ||u| Lo (ry < 3, then

|lu|| ooy < —. (6.2.48)

312

Now let us consider a curve %,,, that satisfies the properties (A1)-(A4) for some m > m;. We will
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show that

- 1
SUp. | (s)|[zoe(m) S —- (6.2.49)
s€[0,00) m
To do so, let us define 1,,(s) so that,
L+ Uy (s) = %(1 + U (s)), (6.2.50)

where the definition of D%(*) is as in (A2). Clearly, s ~ i,,(s) is a continuous curve in C?(T)
such that |Dﬂm(5)| = m. Since 4,,(0) = 0, it follows from the continuity of the curve and
(Equation 6.2.48) that

&1

SUp ||t (5)]| ooy < (6.2.51)

s€[0,00) m

Now let us pick an arbitrary s € [0, 00) and denote @ := w,,(s) and @ := ,,(s). Then it follows

from (A1) and (Equation 6.2.50) that

:/a(mde:% (V D] —1> VAL /a(e)de

Ve Ve
_ o (V1D LVIDE [
=27 (7—1> —57 TU(Q) e,

where the last equality follows from (Equation 6.1.32). Hence (Equation 6.2.51) implies that

—”\‘fia‘ =140 (#) Therefore (Equation 6.2.50) and (Equation 6.2.51) yield that

~ | D . . 1
|| oo () = N (1+[|@|| oo ry) — 1 =||at]| oo Ty + O — S

)

1
m

where the last equality follows from (Equation 6.2.51). This proves (Equation 6.2.49) and the

theorem. O
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Proofs of Lemma 6.2.5 and 6.2.6

Proof of Lemma 6.2.5: From Lemma 6.2.1, it follows that

2rr 2rr

O (r) — Qr =1 (% - Q> _IBADE_yIBADE 6.2.52)

where we used A = 3 — €. Note that we have ||u|| (1) < 3, therefore J; ~ X and J, ~ |B,\D|.

Let us estimate .J; first. Since u is even and m-periodic, we have that for all € (7, 1),

|B,\D| =2m <% — n(p)) pdp S mrd(r — rmm) < mré(ry — Tmin),

Tmin

where we used ™ — n(p) < 6 for p < r < r, to get the first inequality. Hence we obtain
JQ S mo (7’1 — Tmz'n) . (6253)

To estimate J;, we use Lemma 6.2.4 and obtain

S fT|u|2d0 >fT|u|2d9

~Y ~Y Y
Tma:cHuHLoo ||u||L°°

(6.2.54)

where we we used 70, < 14|t oo(ry S 1 to get the last inequality. From periodicity of w, it

follows that

/ u|2d = zm/” u|2d > 2m/’" u|2d0 > 2m(1 — 1,)? (1 - n(@) — omd(1 — )2,
T 0 n(r2) m

(6.2.55)

where we used 1+ u(f) < r; for 6 € (n(r2), =) by monotonicity of u to get the second inequality.
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Hence it follows from (Equation 6.2.54) and (Equation 6.2.55) that

mo(1 —ry)?

JIZAZ
||U||L°°(1r)

(6.2.56)

Thus the desired result follows from (Equation 6.2.52), (Equation 6.2.53) and (Equation 6.2.56).
0J

Now we prove Lemma 6.2.6. The proof is based on the formulae given in ( B.1.3).

Proof of Lemma 6.2.6: Let us assume that 6 < ;-. We will prove (Equation 6.2.27) first. By

monotonicity of 7 (assumption (c)), it follows from Lemma B.1.3 that for all 7 € (7, 71),

1 [rmas £)™ sin (m(n(r) — n(p)))
+ — arctan T
T 1= (2)" cos (m(n(r) = n(p)))
rotan (£)™ sin (m(n(r) + n(p))) i,

where we used that sin(m(n(r)—n(p))) < 0for p < r so we can drop one of the integrands for free.
Note that the integrand in the second integral is positive for p € (7, 7), since sin(m(n(r)—n(p))) >
0 and sin(m(n(r) +n(p))) < 0forr < p < ry, which follows from = — n(ry) < {-. We will use

the second integrand in the second integral to cancel the first integral, that is, we have that

L, (2)™ sin (m(n(r) +1(p)))
Ay (1 m(r)) > — = arctan e
/m p (5)™sin (m(n(r) +n(p)))
— — arctan ™ dp
. 1— (5) cos (m(n(r) +n(p)))
L0 e [ s nar) — ()
2 r ()" -
. 1 (p) cos (m(n(r) —n(p)))
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(5)™ sin (m(n(r) +n(p)))

— arctan = dp
1= ()" cos (m(n(r) + n(p)))
1 1
e L (6.2.57)
2T 2
To estimate Kj, we use that (note that = — n(r) < ;- for r < 1)
sin(m(n(r) +n(p))) = sin(2mn(r)) and  cos(m(n(r) +n(p))) <1 for p € (rymin,7)

sin(m(n(r) +n(p))) < sin(2mn(r)) and  cos(m(n(r) +n(p))) > cos(2ms)  for p € (r,12),

and obtain

— arctan

K > / £ arctan ™
r 1— (2) cos (2md)

Tmin

<(§)m sin(2mn(r))>d /7“2 P (%)™ sin (2mn(r))
o —

m

From the change of variables (f)m — « for the first integral and (%) — « for the second

integral, it follows that

2 2 ([ o (SO g [ (0 )

1—x 1 — xzcos(2md

"min )m A
r o

/( 1 e (svctan (22D g ()Y )

r
72

A%

m
r
m

where we used =2 > - for r € (Pmin, 1), which follows from r? < 7,79, and e >
e for 0 < z < 1to get the second inequality (note that the first integrand is negative).

Therefore it follows from Lemma B.2.2 that (note that sin (2mn(r)) < 0 for r < 1),

K, 2 —L(l — cos(2md)) 2 T sin(2md) 2 —rd, (6.2.58)
m m

where the second inequality is due to 1 — cos(2md) < sin(2md) for 6 < {-.
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Now let us estimate K. Note that the integrand in K, is non-negative if n(p) > = — n(r).
Indeed, by monotonicity of 7, we have n(r) > n(p) for any p > ro > r, which implies the first
integrand in K, is positive for all p € (79, 7'nas). Thus, if we choose 73 1= n_l(% —n(r)) > re

then the integrand in K is strictly positive for p € (r, r3). Hence we have

rmas (£)™sin (m(n(r) —n(p)))
Ky > P arctan L
/. <

' 1= (5)" cos (mn(r) = n(p)

PN

n(r) +n(p)))
m(n(r) +n(p)))

— arctan

—_
|
VRS
I3
——
3
@)
o
]
—

Note that

Oy (arctan (M» ‘ S forall0 <z <landf € [-Z, ] Indeed,

1—xz cos(m#@) ~ 1-z ’'m

9y (arctan (M)) _ mafcos(mf) — 1+ (1 -2))

1 — x cos(mb) (x —1)2 4 2x(1 — cos(mb))

Hence either (1 — ) < 1 — cos(mf) or (1 — x) > 1 — cos(m#), one can easily see that

ma(cos(mb)—1+(1—zx))
(z—1)2+2x(1—cos(mb))

(s}

; for p > r3, and it follows from

< *=. Since we also have © < L <
—x p r3 r

the mean-value theorem that the integrand can be bounded as

o | s mOn) o)) ()" sin (min(r) + 0(p))
1= (;)m cos (m(n(r) = n(p)) 1- g)m cos (m(n(r) +1(p)))

mi(p) (,% :

)

) mn(p) <1§ |
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Therefore we obtain

iy kG e TR )

rm_ (& —n(r))

()

T2

where we used 7(p) < I — n(r) for p > r3 to get the second inequality. Since m > 3 and

—n(r) < = —n(ry) = 6, the above inequality implies

s
m

———— 0. (6.2.59)

Thus, (Equation 6.2.57), (Equation 6.2.58) and (Equation 6.2.59) yield (Equation 6.2.27).

Now, let us prove (Equation 6.2.28). Since sin(mn(p)) < sin(md) for all p < rq, it follows

from Lemma B.1.3 that

1 [ 4(2)™ sin*(mé) 1 [T A(5)m sin?(md)
Opiom (1, n(r)) < E/ plog (1+ S ORE >dp+—7r plog <1+ — )dp

Tmin

Again, the change of variables, (f)m — x and (%) — x yields that

2 1 4 202
K; < T—/ AT log <1 Tl Ut} (m5)> dzx,

m Jo (1—=)?

r2 [t 2 42 sin®(md)
K, < — 1wl 14+ ——-—= ) dz.
T R O e
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Thus it follows from Lemma B.2.3 that

2
Ky, Ky < % Isin(md)| < r2s. (6.2.60)

To estimate K5, recall that r < r; and log(1 + z) < x, which yields that

Tmaz <£>m sin(mn(p)) sin(md)
“il o

B / 2 (xsin(mn<p>>s1n<m5>>> ,

. 1y
< T2 _2 i m5)
S~ / = x)de
o /mm{%v(’%)m} > sin(m ()" _2 sin(mo) |
“m \Jy v 1—3; mm{% () (1—35)2 ‘
) :
< " s sin(md)
m

(-())

A

(6.2.61)

Therefore (Equation 6.2.60) and (Equation 6.2.61) yield (Equation 6.2.28). This finishes the proof.
O
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Appendices



APPENDIX A
FUNTIONAL DERIVATIVES AND SOME BASIC INTEGRALS

A.1 Derivatives of the Functional

A.1.1 Functional derivatives

Recall that F(b, g, ) = (F1, F2) is given in (Equation 5.1.4). For simplicity, we denote

A= (b+g(n)),

Ag := (r'(0) cos(0 —n) — (1 +7(6)) sin(6 —n)) (1 +r(n)) — (L+7(6))r'(6),
1
T (U r(0)) + (1 +r(m)? = 2(1+ r(8)(1+ r(n)) cos(6 — 1)’

Ay :=r'(0)(1+r(8)),
As = (b+g(n))(b+g(0)),

Ag = (14 7(6)” = ((0) sin(8 — ) + (1 +7(6)) cos(® — ) (1 + r(n)),
1
PO+ (L4 r(O)7
(L r(0)2(b+ g(6)
PO + (11 r(0))?

A7 =

&

We also denote the average integral by { f(0)df := 5= ["_ f(0)df. Therefore the functional F

can be written as

‘Fl = ][A1A2A3d77 —+ QA4, (All)

ﬁg = ][A5A6A7A3d7] - QAg (A12)

We will expand A;(g,60,1n) and A;(r, 0, 1) up to quadratic/cubic order in g and .
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Lemma A.1.1. Let A}s be as above. We have

Ay =b+g(n),
Ay = —sin( —n) + [r'(0)(cos(0 —n) — 1) — (r(0) +r(n))sin(0 — n)]

+ [(0)r(n)(cos(6 —n) — 1) = r'(6)(r(0) — r(n)) — r(0)r(n) sin(6 — n)],

P S R aat)
T 2-2cos(0—n) 2—2cos(d—n)
1 2 2 (r(0) —r(n)?
* 2 —2cos(f —n) {T(Q) Fr(@)rtn) +r(n)” = 2 —2cos(f —n)
1 (r(0) +r(n)(r(0) —r(n)? 3 2 2 3 4
by g | O (o) 4 (6 r(a) + 1O+ r(0)) | + O,

Ay =71"(0) +r(0)r'(0),

As = b +b(g(0) + g(n)) + g(0)g(n),

Ag = (1 = cos(0 —n)) + [(r(0) +r(n)(1 = cos(0 —n)) + (r(0) = r(n)) — r'(6) sin(0 — n)]
+[r(0)(r(0) = r(m) +r(0)r(n)(1 = cos(0 —n)) — 7' (0)r(n) sin(0 — n)],

A; =1—=2r(0) + [3r(0)> — r'(0)*] + [4r(0)r'(0)* — 4r(0)*] + O(r*),

Ag = b+ g(0) — br'(0)* + [2br(9)r’(9)2 — g(@)ﬂ(@)z} +O(r* + ¢g*).
Proof. Straightforward. [

Linear parts

r(6)+r(n)

We denote by A the jth order term in A;. For example, A} =

" 2-2cos(0—7)"
Lemma A.1.2. Let F;’s and A;’s be defined as before. Then
d g(n) sin(0 —n) b\
—Fi(b,tg,t = — d Q— = 0 A.13
dt}—l(’ 9:1r) 10 ][2—2008(9—77) T 2 (), ( )
d - b r(0) —r(n)
— Fa(b, tg,t =(=--Q)g0)+0v dn—r(0) ). Al4
dt”FQ( UG, T) o (2 )g< )+ (][2—2008(9—77) Ui T( ) ( )
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Proof. We compute F; first. In view of (Equation A.1.1), we collect the linear terms in A; Ay A3 +

A, from Lemma A.1.1. Hence we have

Fi(b, tg, tr) = ][_ ty(n)sin(0 —n) , 7'(6)(cos(8 — ) — 1) — (1(6) + r()) sin(0 — )

2 —2cos(f —n) 2 —2cos(d —n)
btsin(0 — n)(r(0) +r(n)) / 2
2 Zcos(f 1) dn + tQr'(0) + O(t7)
e o-2)

Thus we obtain (Equation A.1.3) by differentiating with respect to ¢.
In order to compute the derivative of Fs, we collect the linear terms in (Equation A.1.2) from

Lemma A.1.1 and obtain

Fibig )= 160 o)

@) +r(m) , _(r(0) =) _ r(0)sin(0 —n) }
2 2—2cos(f —n) 2—2cos(f—n)

2

— 52 (60) — L (1(6) + r(n)) — tQ9(0)dn + O(F2)
_ 9 . 2 r(0) —r(n) . 2
_t<2 Q>g(9)+tb (][2_2008(9_n)dn (6))+O(t )

where we used f g(n)dn = {r(n)dn = 0 and § %dn = 0. By differentiating in ¢, we

obtain the desired result (Equation A.1.4). ]

Quadpratic parts

Now we compute the quadratic expansion of F; and F.
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Lemma A.1.3. Let F;’s and A;’s be defined as before. Then

F (g N Q) o) - f LU ) f00) ) sin® —n)

2 —2cos(f —n) (2 —2cos(f —n))?
+ linear terms + O(r* + g°), (A.1.5)
Fy= 37[)27’(9)2 — bg(0)r(6) +b (Q - g) r'(0)°
: ? ][ (r(0) ;(;71)0(35(2(3) T; r(n)) i+ b ][ (9(9)2+_gén33§€9(9_) ;)T(n)) i
_ b][ g (;')i”/éi)ozi(g('i;>") dn + linear terms + O(1* + g¢*). (A.1.6)

Proof. We compute JF; first. ~ By collecting quadratic terms in (Equation A.1.1) from
Lemma A.1.1, we have (we will have, for example, A? AJAY + AYA3A + AYAAZ + AJALAY +
ATASAL + AYATAL + QA%

_ Lol Y vy - TO(0) — ()  r(O)r(n)sin(@ —n)
fl_][b[ 2 (6)r(n) 2 —2cos(6 —n) 2 —2cos(6 —n) }

bsin(6 — n) ) o (r(0) —r(n)?
~2—2cos(0 —1n) [r(@) Fr@)r(m) +rin)” = 2 —2cos(f — 77)]
N [_9(77)7”'(9) _g(n)(r(0) +r(n))sin(d — 77)1 L 9)(r(9) + () sin(@ —n)
2 2 —2cos(f —n) 2 —2cos(f —n)
+ {br (9)(T(Z> £ r() + br( 2) — 2(00)3)(6ST(7)) )} + Qr(0)r'(0)dn + O(r® + g°)
_ [P ron (o)~ L@ (®) —r(n) | b(r(0) = r(n))sin(® —n)
N ][ <2 * Q> (6)r'(6) 2 —2cos(f —n) (2 —2cos(0 —n))? i

+ linear terms + O(r® + ¢*),

which yields (Equation A.1.5). Now we will expand Fo up to the quadratic order. By collecting
all quadratic terms in (Equation A.1.2) from Lemma A.1.1, we obtain (we will have AZA2A9AY +

AQAZADAY + AQAQAZAG + ADAQASAZ + ALALADAG + ALADALAS + ALAJADAL + ADALALAD +
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AQALAYAL 4 AQAQALAL — QA2),

. 9(9)9(77) 2 7(O)(r(0) —r(n) | or(@)r(n) 7" (0)r(n)sin(@ —n)
]:2:][ 2 [b 2 —2cos(0 —n) +b 2 -0 2 —2cos(f —n) }
(3r(0)* —1'(0)?) N {52( r(0)* +r(@)r(n) +rm)?) v (r(0) —r(n)* ]
2 2 22— 2cos(d — 1)
'b (9(0) +g(n)(r(0) +r(n)) N b(g(9) +g(m)(r(0) —r(n)) b(g(9) +g(n))r'(0) sin(0 — n)

+v?

+

2 2 —2cos(f —n) 2 —2cos(f —n)

— b((g(0) + g(n)))r(0) — b<g<0) + g(ﬁ))2(’f’(9) +7(n))

+ _—er(H)(r(H) + 7,( )) 262 (9)(7”(9) _ 7’(7])) 2b27’((9)7“,((9) Sin(e _ 77)}

i 2 —2cos(f —n) 2 —2cos(f —n)
[ @) +rm)? o (r(0)? —r()?) o7 (0)(r(6) + r(n)) sin(d — n)
b 2 _62—2008(9—17) ’ 2 —2cos(0 —n) }

+ 07 (0)(r(0) + (1) + b’ (0)*dn + O(r* + ¢°)

_fm®wy2“®%—@@(m+mmm2

t 5 geag = (5 70 = )6 + i)+ ¥al6) + a)(r(6) ~ r(0) )

_ bg(n)r'(0) sin(6 — n)
2 —2cos(f —n)

dn + linear terms + O(r® + ¢*),

where we used f g(n)dn = fr(n)dy = ydn = 0. This yields the desired result

2— 2()059 n)

(Equation A.1.6). U

Lemma A.1.4. Let F;’s and A;’s be defined as before. Then

2

dtds

Fi(b,tg + sg,tr + s7)

. = (g + Q) (r(0)(0) 4+ 7(0)r'(0))
o f LOCO ), 7000 ),

2 —2cos(f —n) 2 —2cos(f —n)
(r(0) = r(m)(7(0) — 7(n)) sin(0 —n)
+2b][ 2 2costd — ) , (A.1.7)
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and

2

Fo(b,tg + sg,tr + s7)

= 3b%r(0)7(6) — b(g(0)7(0) + 3(0)r(9)) + 2b (Q — g) ' (0)7 (6)

dtds R
b [ (r(0) —r(m)(57(0) + 7(n) , b [ (F(0) = 7(n)(5r(0) +r(n))
_5][ 2 —2cos(f —n) dn_Ej[ 2 —2cos(f —n) e
(9(8) + g(m)(7(6) —7(n)) (9(0) + g(m)(r(6) —r(n))
+b][ 2 —2cos(f —n) dn—i—b][ 2 —2cos(f —n) el
g(n)(6) sin(0 — 1) g(n)r'(6) sin(0 — n)
_b][ 2 —2cos(6 —n) dn—b][ 2 —2cos(6 —n) . (A.18)

Proof. We compute F; first. From (Equation A.1.5) in Lemma A.1.3, we collect all st terms and

obtain

Fi(b,tg + sg,tr + st) = st [(g + Q) (r(0)7(0) + 7(6)r'(9))

' (0)(7(6) — 7(n)) (0)(r(6) — r(n))
_b][ 2 —2cos(f —n) dy =0 2 —2cos(f —n) &
(r(0) — r(m)(7(0) — 7(n)

+2b][ (2 —2cos(6 —n))?

)] + linear terms + O(t* + s?).

Once we differentiate the above equation with respect to ¢ and s, the desired result (Equation A.1.7)

follows immediately. Similarly, we collect all st terms from (Equation A.1.6) and obtain

Folbytg + 5, tr + s7) = st [Sb%w)f(e) ~ b(g(8)7(6) + (O)r(6)) + 2b (Q - g) Y (6)7(9)
L OO+ H) [ GO —HIE0) 1),

2 2 —2cos(0 —n) ) 2 —2cos(f —n)
(9(0) + g(n))(7(0) — 7(n)) (9(0) + g(n))(r(6) — r(n))
+b][ 2 —2cos(f —n) d77+bf 2 —2cos(f —n) i
g(n)7 () sin(6 — n) g(n)r'(6) sin(6 — n)
_b][ 2 —2cos(6 —n) dn—b][ 2 —2cos(6 —n) dn]

+ linear terms + O(t? + s?).

Once we differentiate the above equation with respect to ¢ and s, the desired result (Equation A.1.8)
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follows immediately. O

Cubic parts

We will expand Fo up to cubic order with respect to the r variable (we fix g = 0). We denote

B := A3Ag so that (Equation A.1.2) can be written as (with g = 0)
fg:#fﬁwmh—ﬁ%. (A.1.9)

We will first expand B up to cubic order.

Lemma A.1.5. Let F», A; and B be as defined as before. Then

1 r(0) —r(n) L[ r(0)?—r(n)?
][Bdn_§+][2—2005(9—17)dn_5][2—2008(9—n)d

L [ (r(0) —r(m)(r(0)> +r(n)*) (r(0) —r(n)*
" {57[ 2 —2cos(f —n) dn—][ (2—2(308(9—77))2dn
' (0)(r(0) — r(n))?sin(6 — n)
+][ (2 —2cos(f —n))? d

771 +O(rh).

Proof. Using ( A.1.1), we will compute the constant (=: B°), linear (=: B'), quadratic (=: B?)

and cubic (=: B?) terms of B = A3 Ag separately. It is straightforward that

1
fﬁmzé. (A.1.10)
For B!, we compute B!(= ALAY + AJAL),

17 _ 7(0) —r(n) (@) sin(@ —n) r(0) —r(n)
][B = ][ 2 —2cos(f —n) 22— 2 cos(0 — n)dn - ][ 2 2cos(f — n)dn, (A.1.11)
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where we used f 5= dn = 0. For B?, we compute A3AY + AJAZ + AL AL, hence

R
][ B2y — { r(0)? +T(9)27“(77) +r(n)? % f Z(i(Z)C;SZ’H(n_));) dn]
[ oo,
N { ][ L r()? — (92);—8(;(77) -+ 7”’(9)(7”2(9_) ;rcz(szg)iné()@ — 1) dn]
_ _%][ 7”_ — 677);) dn, (A.1.12)
where we used f 53"y = 0. For B?, we compute B(= AJA + AZAL + ALAZ + AJAY),

f g = | f LI IO 4y L o0+ 100 + 1O 0 + P

N {][( r(0) +r(n ))(7"(9;72)2 r@r(m +rm)?) , %][ (r(9) ;i(gil(&(:)_;)r(n)mn
+][ 27502);—5(;(71)2)61” B ][ (2 g(glé(;(@i))an
_ ][ r'(6)(r(6)* +27“(_9)27’C((7)78)<;i“(;7))2) sin@ =), ][ T’(9)(<7“2(9_) ;Czi%)isggf —n) dn}
N [_ ][ 7’(29)_(7”2(228@ 7”_(7777))2) - ][ 7"(9)7“(77)(7”2(9) ) g,
N ][ 7”(9)7’(77)2(7‘_(92)6;7;571);?1(9 —n) dn]

_ %][ (r() ;i(g)c)s;“((g)j ;;)r(n)z)dn _ ][ (2(1“(291(;(;(71)2;)2@
N ][ 7“’(9)((7“2(9_) 2—0227(7‘)9)2_8;352 —n)

(A.1.13)

Thus the desired result follows from (Equation A.1.10), (Equation A.1.11), (Equation A.1.12) and
(Equation A.1.13). O
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Lemma A.1.6. Let F», A;’s and B be as defined as before. Then

1d3
gﬁfg(b 0 t?“)

dn

_ 0L (r(0) = r()BrB)* + 2r(0)r(n) + r(n)? ) iy — b2][ (r(0) —r(n)*

—0 2 2 —2cos(f —n) (2 —2cos(0 —n))?
o [T(O)r(0) —r(m)*sin(@ —n) o [ Br(0)?—r'(6)*)(r(6) —r(n)

o ][ (2 —2cos(0 —n))? n+o ][ 2 —2cos(f —n) e

1 2b(b — Q)r(0)(0)? — 2b%r(9)?

Proof. We first collect all cubic terms of ]:"g(b, 0,7) in r. From (Equation A.1.9), we have that the
cubic terms consist of b*(B*AY + B2 AL + B' A2+ B°A%) — QA}. Using Lemma A.1.1 and A.1.5

and the fact that A7 does not depend on 7, we obtain

; o [L O =)0 +r(m)?) [ (r(0) —r(n)’®
Falb 0y = {2][ 2 —2cos(f —n) e ][ (2—2008(9—7]))2d77

r'(6)(r(6) — r(n))*sin(0 — n) 2 [ (0)(r(6)* —r(n)?*)
+][ (2 —2cos(0 —n))? dn}—i—b ][ 2 —2cos(f —n) d

e ][ (3r(6) 2—_2(3())82 érieq)y )— ) gy 4 g 2O 0 — 28]

— 2607 (0)7'(0)? + lower order terms + O(r?)
0 L0 = rm)Br) +2r@)r(n) +r()?) o [ ((0) —r(n)’
- 2][ 2 —2cos(0 —n) dn =" ][(2—2005(9_77))2

o [T O)r(0) —r(m)*sin(@ —n) o [ Br0) —r(0)*)(r) —rn)
o ][ (2 —2cos(0 —n))? b ][ 2 —2cos(f —n) e
(

dn

+ 2b(b — Q)r(0)r'(0)* — 2b*r(6)* + lower order terms + O(r?).

Therefore, the desired result follows immediately. O]

A.1.2 Derivatives of the reduced functional

We denote v := (0, cos(26)). Given a pair of functions (g, r), we denote () be the projection to the

second mode of r, that is, Q(g,7) := (£ [ 7(6) cos(260)df) cos(26).
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Lemma A.1.7. Let F, v, Q be defined as before. We fix b = 2 and €} = 1. Then,

OyDF(2,0)v = (sin(20),0),

1 d?

S

2 dt?

d
abQﬁf(b, t’U)

= — (DO (1~ QF (2 t)

d2
dtds
1d3
3dt3
2

d
@ dtds

2

QF(2,tv + s0)

QF(2,tv)

(2, tv)

= (—2sin(46), —3 cos(40)),

= (07 0)7

b=2,t=0

o= —[DF(2,0)] " (I — Q)9,DF(2,0)v = (2cos(26),0),

t=s=0

= (0,4 cos(20)),

t=0

F(2,tv + sv) = (0,0),

SQODF(2,0)0 = (0,0),

2Q0,DF(2,0)0 = (0,2 cos(20)).

t=0

= (0, —12cos(20)),

= <—8 cos(46), ; cos(49)> ,

Proof. To prove (Equation A.1.14), it follows from Lemma A.1.2 that

9, DF (b, 0)v = <sin(29), % (][

cos(260) — cos(2n)

2 —2cos(f —n)

where the last equality follows from (Equation A.1.30).

To

prove

(Equation A.1.15),

note
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that

1

2

2
C%f(?, tv)

t=0

(A.1.14)

(A.1.15)

(A.1.16)

(A.1.17)

(A.1.18)

(A.1.19)

(A.1.20)

(A.1.21)
(A.1.22)

(A.1.23)

dn — 008(2«9))) — (sin(26),0)



I — P L Fy(2, )

at?
t=0

(%;%]—"1(2, tv)

) . Hence it follows from Lemma A.1.3 that
t=0

1 d?

1d* cos(20) — cos(2n)
2 dt?

= —4 cos(20) sin(26) + 4 sin(20) ][ 2 —2cos(f —n)

(cos(20) — cos(2n))?sin(6 — n)
+2][ (2 —2cos(6 —n))? d

f1(2, t'U)

t=0

= —4 cos(260) sin(260) + 4sin(26) cos(260) — 2 sin(40)

= —2sin(46),

where the second equality follows from (Equation A.1.30) and Lemma A.1.11. Also,

Lemma A.1.3 gives

dn

30— P e
— (1= o) [beos*(26)] —2(1 - Po) f (cos(20) — 03852;7?025(;05727? + cos(2))
— —4(I — Py)cos®(20) — 2(I — By) ][ <COS(229)_—2 Zzz(énz);)os@n) i

= —3cos(46),

where the second equality follows from (Equation A.1.30) and the last equality follows from
Lemma A.1.9. Therefore we obtain (Equation A.1.15).

To prove (Equation A.1.16), we can repeat the above computation and find that j—;fz(b, tv) €
span {cos(460)}, independently of b. By projecting it to the space of the second mode, we obtain
(Equation A.1.16).

To prove (Equation A.1.17), note that (I — Q)J,DF(2,0)v = (sin(26), 0), which follows from

(Equation A.1.14). Also, it follows from Lemma A.1.2 and (Equation A.1.29) that

DF(2,0)(—2co0s(26),0) = (sin(20),0) = (I — Q)IyDF(2,0)v.
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This immediately implies (Equation A.1.17).
To prove (Equation A.1.18), we use Lemma  A.1.2 and (Equation A.1.30) and

(Equation A.1.29) to obtain

2

DF(2,0) (8 cos(40), —2005(49)) = (—4sin(460), —6 cos(40)) = %]—"(2,&1)

)
t=0

where the last equality follows from (Equation A.1.15). Therefore we obtain

~[DFEO] S5 - QF (@ 1)

- <_8 cos(49),;COS(49)> ,

t=0

which proves (Equation A.1.18).
To prove (Equation A.1.19), note that %;Q}" = <O,P2%Zsﬁ2>. Therefore, it follows
from (Equation A.1.18) and (Equation A.1.8) in Lemma A.1.4 that (plugging ¢ = 0, g =

—8cos(46), r = cos(26), and 7 = 2 cos(46))

df; PyFo(2, 10 + 57) — Py [(18cos(20) cos(40) + 16 cos(26) cos(46))
o f oot~ COSQ(Q_??)Q)(E;{(ZOS_(? +deostan)
_3 ][ (cos(46) — CZSE4Z)C)§S5<205%§) + cos(2n)) i
16 ][ (cos(40) + zoi(énggizrgi@g)) — cos(2n)) dn
W

= P2K1—|—P2K2+P2K3+P2K4+P2K5.

For K, we compute

Py K7 = Py(34 cos(20) cos(40)) = 17Py(cos(20) + cos(66)) = 17 cos(20). (A.1.24)
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For K5 we compute

PK, = Py (—15 cos(46) ][ cos(20) — cos(2m) 4 ][ (cos(26) — cos(2n)) cos(4n) d77>

2 —2cos(f —n) 2 —2cos(d —n)
=P, (—15 cos(26) cos(46) + ;(605(29) — cos(69)))

= Py(—6cos(20) — 9 cos(66))

— —6cos(20), (A.1.25)

where the second equality follows from (Equation A.1.30) and Lemma A.1.9. For K3, we compute

PKs = P (—15 cos(26) ][ cos(40) = cos(dn) ][ (cos(46) — cos(4n)) cos(2n) dn)

2 —2cos(f —n) 2 —2cos(0 —n)
= P, (—30cos(26) cos(46) — 3 cos(66))
= P, (—15cos(20) — 18 cos(60))

= —15cos(26), (A.1.26)

where the second equality follows from (Equation A.1.30) and Lemma A.1.9. For K, we compute

PK, = P, (—16 cos(46) ][ C;S_(Qg)c(; (Ceos_(?;)dn _ 16][ (005(229_) Q—_CZSO(SQ(Z))_c;;(ﬁln) dn)

= P, (—16 cos(26) cos(46) + 8 cos(26) — 8 cos(66))
= P, (—16cos(66))

=0, (A.1.27)
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where the second equality follows from (Equation A.1.30) and Lemma A.1.9. For K5, we compute

Py K5 = —16P5(sin(26) sin(40))
= —8P, (cos(26) — cos(66))

= —8cos(20), (A.1.28)

where the first equality follows from (Equation A.1.29). Hence it follows from (Equation A.1.24),

(Equation A.1.25), (Equation A.1.26), (Equation A.1.27) and (Equation A.1.28) that

& 0 Pd—2ﬁ = (0, —12cos(26))
dtds ds” ) T W © ’

which proves (Equation A.1.19).
To prove (Equation A.1.20), note that %Q;—;}" = < s Py .7-"2) We use Lemma A.1.6 with

r = cos(26) and obtain

d? [4][ cos(26) — cos(2n)) (3 cos?(20) + 2 cos(26) cos(2n) + cos2(2n))ah7

(2,tv)
3 dt3]:2 v) 2 —2cos(f —n)

(cos(26) — cos(2)?
][ @ 2cos(6 )2 "

(cos(20) — cos(2n))?sin(6 — n)
—16sin(26) ][ (2= 2cos(0 — 1) dn
(3cos?(20) — 4sin?(26))(cos(26) — cos(2n))
+8][ 2 —2cos(f —n) e

+ (32 cos(26) sin®(20) — 16 cos®(26))]

= P Ly + PoLo+ PoLs + PoLy + PoLs.
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For L, we compute

P,Ly = P, (12 cos?(26) ][ 65%2291;((;05_(%) dn + 8 cos(20) ][ (008(229)_—2 222((2”1);;8(277)

cos(260) — cos(2n) (cos(26) — cos(2n)) cos(4n)
+2][ 2 —2cos(6 —n) dn+2][ 2 —2cos(6 —n) dn)

dn

=P, (12 cos®(26) + 8 cos(26) (—% + %COS(49)) + 2cos(20) + (— cos(26) + Cos(69)))

= P5(8cos(26) + 6 cos(60))

= 8cos(26),

where the second equality follows from (Equation A.1.30) and A.1.9. For Ly, we use

Lemma A.1.10 and obtain

PyLy = —8P (Z cos(26) — cos(60)>

= —18cos(20).
For L3, we use Lemma A.1.11 and obtain
Py L3 = 16 P, sin(26) sin(460) = 8Py(cos(20) — cos(66)) = 8 cos(26).

For L4, we compute

cos(26) — cos(2n)
2 —2cos(f —n)

PL,= P, (24 cos2(20)][

dn) — 32 5in?(20) ][ cos(26) — cos(2n) dn)

2 —2cos(6 —n)
= Py(24 cos®(26) — 32sin?(26) cos(26))
= P»(10cos(20) + 14 cos(66))

= 10 cos(26),
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where the second equality follows from (Equation A.1.30). For Ls, it follows immediately that

PyLs = Py (—4cos(20) — 12 cos(60)) = —4 cos(26).

Collecting the above results, we obtain

1Pd3f(2t) 4 cos(26),
3 2dt3 2 V) = 4COS

which implies (Equation A.1.20).
To prove (Equation A.1.21), we use (Equation A.1.17) and (Equation A.1.8) in Lemma A.1.4

with g = 0, § = 2cos(20), r = cos(26) and 7 = 0 and obtain

2

dtds

Fao(2,tv + 50) = Py (—4 cos*(26) + 4][ (cos(20) + 0205_(22”232553_(22; — cos(2n)) i

cos(2n) sin(20) sin(§ — n)
d
+8][ 2 —2cos(f —n) 1

P

1 1
( 4 cos?(20) + 4 cos®(20) + 4 (—5 + 3 cos(4«9)> + 4sin2(26))

where the second equality follows from (Equation A.1.30), (Equation A.1.29) and ( A.1.9). This
implies (Equation A.1.21).

To prove (Equation A.1.22), it follows from (Equation A.1.18) and Lemma A.1.2 that
3
OyDF(2,0) <—8 cos(46), 5 cos(40)> = (3sin(46), 2 cos(40)).

By projecting it to the image of (), we obtain (Equation A.1.22).

. Hence it
t=0

To prove (Equation A.1.23), we note that Q8, DF(2,0)5 = (0, P02 Fy(2, t@))

follows from (Equation A.1.4) in Lemma A.1.2 and (Equation A.1.17) that P,0, %]}2(27 tv)
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cos(20). This implies (Equation A.1.23). H

A.1.3 Basic Integrals

Lemma A.1.8. For N > m > 1, it holds that

cos(mn)sin(f —n) , 1 .

][ 2 —2cos(6 —n) dn = 2 sin(m), (A.1.29)
cos(mfl) —cos(mn) ,  m

][ 2 —2cos(f —n) dn = D) cos(md). (A.1.30)

Proof. For (Equation A.1.29), it is clear that f %de = 1§ cos(mn) cot (552)dn =

+H (cos(m#))(8), where H denotes the Hilbert transform in the periodic domain. Therefore the

result follows immediately since H (cos(m#))(6) = sin(m#).

For (Equation A.1.30), we recall that f {970 (f%(g("n)dn = Af(0) = (=2)2f(f). Thus
(Equation A.1.30) follows immediately. 0
Lemma A.1.9.

][ (008(229)_—2 (;(;Z((an) C)()S(477)dn _ _% cos(260) + %COS(GQ), (A.1.31)
][ (008(229)_—2 Z(())Z((ZU_) C)()S(Qn)dn _ _% i %COS(49), (A.1.32)
fod

Proof. We will show (Equation A.1.31) only. (Equation A.1.32), (Equation A.1.33) and
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(Equation A.1.34) can be proved in the same way. For (Equation A.1.31), one can write

][ (COS@;)__Q‘;ZZE?P;;S(M) dy = %A(COS(ZQ) cos(46)) () — %005(20)/\(005(46’))(6’)

1 1
=-3 cos(20) + 3 cos(60),

where the last equality follows from (Equation A.1.30). U

Lemma A.1.10.

(cos(20) — cos(2n))? B QCOS e
][ (2 —2cos(0 —n))? dn = 4 (26) (60).

Proof. We compute

][(008(26) — (308(27]))30377 B ][ (—2sin(f — n) sin(6 + 77)>3d77 B 4][ _ cos® (%52) sin®(6 + n)dn
(2 —2cos(d —n))? (4 sin? ('9_7"))2 sin (977”)
3 1M i3 20 3n
= 4][ Sl 31‘n S] hakl) dn = 4][ C?S 2 (3 sin*(26) cos(26) cos® nsin g 4 cos®(26) sin® n) dn
sin 2 sin
31 2 ; 31 qind
= 125in%(26) cos(26) ][ bl C'osnnsmndn + 4 cos®(20) ][ wmy
sin sin
21
= sin?(26) cos(26) + Z cos”(26)
= %COS(QQ) — cos(66),
which proves the lemma. O

Lemma A.1.11.

(cos(260) — cos(2n))? sin(f — n) .
][ (2 —2cos(f —n))? dn = (40).

234



Proof. Using the integration by parts, we compute

(cos(20) — cos(2n))?*sin(0 —n) , (cos(26) — cos(2n)) sin(2n)
][ (2 —2cos(0 —n))? dn = 2f 2 —2cos(6 —n) .

Therefore the result follows from (Equation A.1.34).
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APPENDIX B
DERIVATIVES OF STREAM FUNCTION

B.1 Derivatives of the stream function
In this appendix, we will derive some formulae for zero-mean stream function by using Fourier
series.

Lemma B.1.1. For p > 0, let h € L*(0B,) such that fly|=p h(y)dH'(y) = 0. Then it holds that

forx = (rcosf,rsind),

. . m
]_ - Zn:—oon;éo QLh( ) - elna l‘fp Z T?
o | hw)log |z —yldH' (y) = A ()
lyl=p . Z;:O:_oon;éo QLh(p, ) ($)|"\ ein@ lfp <,
where h(p,n) = = [op Rlpy)e= ™ dH (y).

Proof. By adapting the abuse of notation h(y) = h(p,n), for y = (pcosn, psinn), we have that

1
— h(y)log |z — y|dH' (y) = ﬁ/ n)log |(r cos B, rsin#) — (pcosn, psinn)|*dn
27 Jiyi=p 4
= 4ﬁ/ n)log(r? + p* — 2rpcos(f — n))dn.
Using the Fourier expansion h(p,n) = > 7 £0 h(p,n)e™ where h(p,n) =

% fT h(p,n)e"™"dn, we have

L | hp.m)log(r? + p* = 2rpcos(8 — n))dn
™ JT
— Z 4£il(P, n) / ¢ log(r? + p* — 2rpcos(0 —n))dn,
7r T
n=—00,n#0 ’

-~
::An (T,Pﬂ)
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where we used fb(p, 0) = 0 since h has zero mean on 0B,. To compute A,,, we recall from [24,

Lemma A.1] that for 0 <z < 1and Z > n # 0, it holds that

/6””7 log(1 + 2% — 2z cos(f — n))dn = —ﬁem%ln. (B.1.1)
T n

Then it directly follows from (Equation B.1.1) that

Plugging this into the above equation, the desired result follows immediately.

]

Lemma B.1.2. For a bounded m-fold symmetric domain D in R?, let us consider a decomposition

Ole *N,
Ip* N (r,0) = g* N(r) + (1p — g) * N(r,0) =: ¢"(r) + (1, 0),

where g(r) := 5=—~H' (0B, N D). Then,

2w

nm+1
> cos(nmn) | dpdn

D
©
3
=
=
|
o
3
S5S—
o\\Z
=
>
3
_|_
=
R
(]
/N
REES)

nm—1
( ) Cos(nmn)> dpdn (B.1.2)
p nm+1 .
(;) sm(nmn)) dpdn
nm—1
( ) sin(nmn)) dpdn, (B.1.3)

where h(p,0) := 1p(p(cosf,sinf)) — g(p).
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Proof. We compute that for x := (r cos 0, r sin 6),

1
on(r:0) = 5= [ (1olo) =gy Tog |2 = idy
= o0 (1p(y) — g(lyl)) log |z — y|dH (y) | dp.
0 27 Jiyj=p ~~
=:h(y)
By adapting the abuse of notation h(y) = h(p,n) fory = (pcosn, psinn), we have [ h(p, n)dn =

0 forall p > 0. Since D is m-fold symmetric, we also have thaty — h(p, n) is %—periodic function

for each fixed p. Therefore, it follows from Lemma B.1.1 that

. 1 "o 1Y [ inmé * T o inmo
Pm(r,0) == W(/o ph(p, nm) (;) e dp+/T ph(p, nm) (;) e dp |,

where (p, nm) := £ [ h(p,n)e"""™dp. Therefore we have

r 00 [nm|—1

“ p [nm|+1 0 / ~ r il

h P inmf g h - inmf g
[ i) (2™ et [Tty () ey ).

T

Opn(r0) =~ 3" %(—

(B.1.4)
a Q) Z m il( ><P>|”m|+1 inmed + Ooh ) ol znm@d
0P (T R0 /0 pym) | e dp / (p,nm) ( - P
(B.1.5)

To simplify the radial derivative, we use the definition of h and (Equation B.1.4) to obtain

[nm|+1
Orpm(r,0) // (o, ( (p) e ”) dpdn
n#0
[nm|—1
// p’ ( > eznmﬁ n) dpdn
n#0 P
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S [0 (S () )
// (p.m+0) (Z ( )an e‘mm”> dpdn

n#0

= iﬂ /T /0 h(p,n+0) (Zl <§)nm+1 COS(nmn)> dpdn
- %/ﬂr/roo h(p,n+0) (g (g)nm_ICOS(nmn)> dpdn,

where we used the change of variables, n — 7 + 6 to get the second inequality. This proves

(Equation B.1.2). In the same way, we use (Equation B.1.5) and the change of variables to obtain

Zﬁ r ‘anemm(e—n) dod
2\ pdi

|nm|+1

eznm (6— n)) dpdn

= —%/T/O h(p,n+0) (g (g)nmﬂ Sin(nmn)) dpdn
- %/T/OO h(p,n+0) nf; (%)nml Sin(nmn)) dpdn,

which proves (Equation B.1.3).

]

Lemma B.1.3. For a patch D that satisfies the assumptions (a)-(c) in subsection subsection 6.2.2,
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it holds that for v € (Tyin, Tmaz) and 1 = u™1,

Oyiom(r,0) = / fi(pr,0)dp

Do (1 0) = / Falp, 7. 0)dp,

min

where

2)™ sin(mn(p)) sin(m# .
S ey) o<

1, (arctan( (£)™ sin (m(0—n(p))) ) B arctan( (ﬂ)%n(mwm( )) )) ifp>r
o 7 1=(2) ™ cos (m(6—1())) cos (m(6+(p))) =
Ao 6) = (f(’:) (m(O+n(p))) <E>) (m(9—n(p)))
1p - sin (m(04+n(p o - sin (m n .
27 (amtan (1(':) cos (m(@+n(p )))) arcwn( =) cos (mi- n(p)))>> fp<r
(B.1.6)
4(Z Y™ sin(mn(p)) sin(mo) .
ilOg <1+ Epm cos(m ) lpr?“
f2(p, r 0) _ 4 1+(p)2 2(p) ( ( 77(P))) (B17)
¢ )
) (

Proof. The proof is based on Lemma B.1.2. Using m-fold symmetry and evenness of the patch,
we will compute the series.

From Lemma B.1.2 and Fubini theorem, it follows that

1 > r nm+1
Orom(r,0) = Dy ;/0 (g) (/T h(p,s+6) cos(nms)ds) dp
0 00 nm—1
_ L Z/ (f) (/ h(p,s+0) cos(nms)ds) dp, (B.1.8)
m n=1vr P T

and

o o0 nm—1
- % > / (g) ( /T h(p,s+0) sin(nms)ds) dp, (B.1.9)
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where h(p, s) := 1p(pcoss, psins) — g(p). Using the definition of n = u
fors € | r

_ T ]
m’ mi®

Therefore m-fold symmetry of D yields that

/Th(p s + 0) cos(nms)ds = m h(p, s) cos(nm(s — 6))ds

n(p)

—m/ COSﬂmS— ds

n@mmm(()—®)+$ﬂmnm@%+@ﬁ

Similarly, we have

/T (p. -+ 6) sin(nms)ds =~ (cos(mm(n(p) — 6) ~ cos(nm(n(p) +)))

Hence (Equation B.1.8) and (Equation B.1.10) yield that
Orom (1, 0)
=5 [ 2 (5 (5)™ im0+ sntamtnts) 01 ) do
1 [P mmet '
D> <5 (2) " Gintom(ut) - 0) + sinGum >+e>>>) &

1 ’”P<amn( (&)" sin(m(n(p) — 0)
2 Jo T 1—

, the following holds

(B.1.10)

(B.1.11)

) retan (2)" sin(m(n(p) + 0))
(n(p —9>>> e (1 = (&)™ cos(m(n(p) +9>>>> v
0



( ()" sin(min(p) + 0)) )
+ arctan ™ dp,
L= (5)" costm(n(p) +6))

where the last equality follows from (Equation B.2.2) in Lemma B.2.1. Since the integrands in

the above integrals are zero if p < 7,,;, O p > Tynaz, We can replace 0 and oo in integration limits

by 7min and 7,4, respectively. This proves (Equation B.1.6). To prove (Equation B.1.7), we use

(Equation B.1.9),(Equation B.1.11) and (Equation B.2.1) to obtain

A7 /., 14+ (%)Zm -9 (g)mcos(m(n(p) —0))
r 4(2)ym™ sin(mn(p)) sin(m8)
- i o 8 (1 T (@ 2 contnd - n(p)))) &

e A(2)" sin(mn(p)) sin(mo)
ST (1 I =2 cos(mld - n(p)))) i

-
p

where the last equality follows from cos(x — y) — cos(z + y) = 2sinxsiny. This proves

(Equation B.1.7).
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B.2 Helpful lemmas

Lemma B.2.1. For |z| < 1 andy € (—m,7), it holds that

o0

1 1
Z —z" cos(ny) = —3 log(1 + 2> — 2w cosy), (B.2.1)
n
n=1
oo 1 .
Z —z" sin(ny) = arctan (iﬂ) (B.2.2)
—~n X Cosy
Consequently, we have
i z" cos(ny) = N IQ(COSQy —1x) , (B.2.3)
ot (1 —2)%+ 2x(1 — cosy)
- ) rsiny
" = . B.2.4
;x sin(ny) (=22 + 20(1 — cosy) ( )

Proof. Let f(z,y) := > o2, La"e™, Then we compute

n=1n

1 & . e (cosy —x) + isiny
O f(x,y) = — xe™) = _ = :
f(@.y) x;( ) 1—ze® (1 —azcosy)?+ a2sin’y
1 :
=0, | —=log(1 + 2* — 2w cosy) + i arctan _TAY )
2 1 —xcosy

l—zcosy

Since f(0,y) = 0, we have f(z,y) = —3log(1 4+ 22 — 2z cosy) + i arctan ( zsiny ) Equating
the real and imaginary parts separately, we can obtain (Equation B.2.1) and (Equation B.2.2). By
differentiating (Equation B.2.1) and (Equation B.2.2) and multiplying by z, one can easily obtain

(Equation B.2.3) and (Equation B.2.4). L]

Lemma B.2.2. Form > 3 and a,b € (0, 1), it holds that
1 2 azx ax
/ 217 ( arctan — arctan dr <1-0
0 11—z 1—bx
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Proof. By the change of variables, bx — x, we have

1 1_2 axr b 2 1_2 %
/ x~~m arctan dx :/ bmax~ " m arctan dx
0 1 —bx 0 l1—x
b
ax
> / be~1"= arctan ( ) dx,
0 1—2z

where we used b > bfor 0 < b < 1and m > 3. Therefore it follows that

bl ax ax Vo2 ax
" m [ arctan — arctan dr < x~m arctan dx
0 1l—=z 1—bx b 1l—2z
b
+ (1 — b)/ x~ 7w arctan ( @ ) dx
0 1—2z

Sl_ba

which proves the desired inequality. 0

Lemma B.2.3. Form > 3 and a € (0,1), it holds that

1
/ e log (14— Vdr < Va (B.2.5)
0 (1 —x)?

Proof. If x < %, then log(1 + (1265)2) < ax. Therefore,

1 1 1
—1-2 axr < 2 ~2 axr
/o x log<1+—(1_x)2)de/o ax dac—k/é log<1+—<1_x)2)dx

1
<a +ﬁ log (1 + ﬁ) dz, (B.2.6)

where we used m > 3 to estimate the first integral and € (3, 1) for the second integral. To

1
2
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estimate the second integral, we compute

/;log (1+ﬁ) dx:/;%(:p—l)log (1+ (1_ax)2>dx

1 ! 2a
= —log(l+4 ——d

2og( + a)—i—/% (1—x)2+a$

1-va 1
Sa+ / ——dr + / ldx
1 (I—=) 1-va
< Va. (B.2.7)
Thus the desired result follows from (Equation B.2.6) and (Equation B.2.7). ]
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