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The bipartite entanglement
measures the entanglement
between A and B, which is the
complementary part of A)

Entanglement entropy
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What is the entanglement between
Al and A2?

Entanglement negativity

[Peres, 1996,...]



My plan for today

® Entanglement negativity for free fermion—hard to

compute
[PYC, X. Wen,16]

® Entanglement negativity for Conformal field
theory—can measure the entanglement spread

Joint

under quantum quenches
[X. Wen, PYC, S. Ryu,15]
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® Entanglement negativity for Chern-Simon theories
can relate to geometry and topology
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Entanglement negativity

PA = PALUA; a mixed state
(after tracing out B)

Partial transpose:
(baridgzgloa |6a,ndp) = (Sa,ib@ipaldadpm)
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Entanglement negativity:
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measuring the negative eigenvalues of P4



e.g., A entangled state
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capture the entanglement!
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Entanglement negativity for free fermions
[PYC, XW 2016]

A pure state (a bipartite system)
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Entanglement negativity for free fermions
[PYC, XW 2016]

A pure state (a bipartite system)
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Entanglement negativity for free fermions
[PYC, XW 2016]

A pure state (a bipartite system)
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Entanglement negativity
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Mixed states (a tripartite system)
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Mixed states (a tripartite system)
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The ground state may not be factored

— D.. n n V{m}fn{og} = plckmg 11,19, - ,i,-th rows
pa Z n‘ A>< A| and ki, ko, -, k,-th Columns of V.
n=0
Dulna)(nal= >, PuPy-P, ]| (0-P) > Det[VEyg Det [V ]
i1 >i9> >y, QFi1,in, in k1>ko>o>kn K >kl > >k

\/ledjraxlkl "‘\/1 ledjraxzk ‘V Qk dj:llk +\/1_Qk djq K )|0>
X (0[(y/Qr;da, -l-\/l—Qk; i) Qrr da, i ‘I‘\/l_Qk dask! )




Mixed states (a tripartite system)

The ground state may not be factored
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V ® Entanglement negativity for free fermion—hard to
compute

® Entanglement negativity for Conformal field
theory—can measure the entanglement spread

under quantum quenches

® Entanglement negativity for Chern-Simon theories
can relate to geometry and topology



Recent development of computing
entanglement negativity for a many body state!!!

* Areplicatrick + QFT (can be CFT or CS)

[Calabrese, Cardy, Tonni, 12,13]
: : [Wen, P.-Y., Chang, Ryu,15]
* Monte Carlo simulations

[Chung, Alba, Bonnes, Chen, Lauchli,13]

* Tensor network (MPS)

[Calabrese, Tagliacozzo, Tonni,13]

* An overlap matrix method (free fermions)
[P.-Y., Chang, Wen,16]

* Representation theory (Valance bond solids)
[Santos, Korepin,16]

* A surgery method
[Wen, P.-Y., Chang, Ryu,106]



A path Integral representation
and a replica trick

1. Density matrix
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2. Partially transposed density matrix
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2. Partially transposed density matrix
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4. Partially transposed reduced density matrix
patn [{90(@)}, {0s(@)}
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Not easy to compute




4. Partially transposed reduced density matrix

Pty [{#0(@)} {ea(@)}]7 € AU 4,
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5. Replica trick (n copies)
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Partition function on a n-sheeted Riemann surface



A trick of computing the entanglement
negativity
1. Trace norm
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2. Momenta of the partlally transposed reduced density matrix
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A trick of computing the entanglement
negativity
1. Trace norm

trlpAUA|—ZMI—Z|M+ZMI

Ai >0 A; <0
2. Momenta of the partlally transposed reduced density matrix
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3. Entanglement negativity can be obtained by taking n. — 1
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Entanglement negativity in quantum field theory

Partition function on a n-sheeted Riemann surface Rn.n

2, N = /C [ i expl /C d2dz (L[| (2.2) + - - + L[] (2, 7))

restricted path e Complex plane
iIntegral with:
\

l Define branch-point twist fields
T, =Ty, oc:1—>1t+1 mod n

Tn=T ' o0:i—i—1 mod n




Entanglement negativity in quantum field theory

Partition function on a n-sheeted Riemann surface Rn.n

ZoN = /c [di)q - - - dipy, | exp[— /C dzdz(LY1|(z,2) + -+ L, (2, 2))]

restricted path e Complex plane
integral with:
\
w’b(x70+) :¢Z+1(x70—) ZBEA:U;V:lAJ? ]: 77N
| Define branch-point twist fields R
Y - T ™ T
Tn =Ty, o:i—i+1 mod n CON T "

Tn=T ' o0:i—i—1 mod n

A\
Correlation function of twist fields on a complex plane

Zan < (Tn(u1,0)T n(v1,0) - Tp(un, 0)T n(vn,0))

[Calabrese-Cardy 09]



Entanglement negativity in quantum field theory
Partial transposition

Gluing n copies of the above:

= (T (u1) Tn(01) T (u2) T (v2))

[Calabrese-Cardy-Tonni, 12]



Entanglement negativity in quantum field theory
Partial transposition

Gluing n copies of the above:

[Calabrese-Cardy-Tonni, 12]

Now we have enough ingredients!!!
Let us compute the entanglement negativity!!



Entanglement negativity after a local quench
[Wen, PYC and Ryu, 15]
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Entanglement negativity after a local quench
[Wen, PYC and Ryu, 15]
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V ® Entanglement negativity for free fermion—hard to
compute

'VC Entanglement negativity for Conformal field
theory—can measure the entanglement spread

under quantum quenches

® Entanglement negativity for Chern-Simon theories
can relate to geometry and topology



Motivation: The entanglement negativity for Chern-Simons
theory is “topological”. And it relates to modulo S-matrix, which
can related to anyon braiding.

Physics realization: fractional guantum Hall systems



Chern-Simons Theory

coupling constant (quantized)

1. CS theory Scg = @ @tr <A/\dA+ %A/\A/\@)

Manifold connection of a gauge group

2. Partition function Z(M) = /[DA] iScs (A)

3. Wilson lines (links and knots)  w§(4) = trRPeXp/A.
C

4. Correlators (partition function with links and knots)

N
1=1



Chern-Simons Theory

coupling constant (quantized)

1. CS _ (k) 2
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Minimun ingredients

1. The partition function can be computed from the canonical
quantization of a CS theory on a 3- manifold with boundary.

(W, | Uy, ) = (Van|Us[War )

<1



Minimun ingredients

1. The partition function can be computed from the canonical
quantization of a CS theory on a 3- manifold vvith boundary.
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<1

2. The partition function in the presence of Wilson lines
Z(SQ X Sl,}?@,fgﬂ = <Rz R]> = dm'.
Z(S% Ri, R;) = (Ri|S|R;) = Syj.




Minimun ingredients

1. The partition function can be computed from the canonical
quantization of a CS theory on a 3- manifold vvith boundary.
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2. The partition function in the presence of Wilson lines
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Now let us compute the entanglement negativity in
various cases

Ex1
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Now let us compute the entanglement negativity in
various cases

Ex1
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Ex2 (adjacent case)
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Ex2 (adjacent case)




Ex3 (disjointed case) @
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No entanglement if A1 and A2 do not have interfaces!



More cases
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theory—can measure the entanglement spread

under quantum quenches
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Conclusion and future directions:

 Entanglement negativity is a very useful tool and links
to dynamics, topology and geometry.

* (Generalization for higher dimensions”
* (Generalization other topological field theories”

 What is the holographic picture for entanglement
negativity??

e Evolution of of the entanglement negativity for other
quenches?



