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SUMMARY

The Elastic Foundation Analysis (EFA) is one of the approaches that could be used
to analyze a face/core debond in a closed form. It can be used to model the effects of
the core and bottom face on the top face in sandwich composites. A sandwich beam is
considered with an elastic foundation introduced in the bonded section of the beam between
the top face sheet and the substrate (core and the bottom face). Sandwich beams also
have an issue unique, it has large transverse shear due to presence of weak core and to
capture it, the governing equations of the beam for both the debonded section and the
bonded section are derived based on the Timoshenko beam theory. The elastic foundation
includes both the normal and the shear springs to account for the transverse displacements
and section rotations of the beam sections. The model is comprehensive and includes both
the deformation of the debonded part and the substrate.

In the elastic foundation approach, the closed form expressions for the modulus of the
normal and rotational shear springs derived based on elasticity theory are used. It is shown
that the model is applicable for both isotropic and orthotropic face and core materials.

Double Cantilever Beam (DCB) specimen with external shear loads and bending mo-
ments is chosen and the appropriate conditions are used to obtain the constant coefficients
in general solutions from the governing equations. Closed form expressions for energy re-
lease rates are obtained using J-Integral approach. Another measure for the energy release
rate in the context of the elastic foundation model is the energy stored in this differential
spring element, which would be released by the differential crack propagation. Mode par-
titioning measure based on the physical meaning of the springs in the elastic foundation
approach, which makes use of the axial and transverse displacements near the crack tip.
The model presented provides closed form solutions that are quick and reliable.

In the Single Cantilever Beam (SCB) specimen with external shear loads on the debonded

top face, the substrate part is restricted in the transverse displacement. The transverse shear

Xiil



in the substrate is significant and to capture it, a linearly distributed shear reaction is con-
sidered on the fixed bottom edge of the SCB specimen. The elastic foundation approach is
modified to restrict the transverse displacement of the substrate and capture the transverse
shear. The governing equations are solved using the boundary and continuity conditions of
the SCB specimen. Closed form expressions for the energy release rates and mode parti-
tioning are obtained using similar approach to DCB specimen.

In the case of Mode-II fracture, the effects of crack face contact are usually neglected
in most models presented in the literature. The elastic foundation model is extended here
by introducing a tensionless spring foundation in the cracked region. A novel approach to
include tensionless springs to capture the compressive stresses across the interface between
the debonded face sheet and the substrate is used. Crack faces will have contact zones
and the length of the contact region also needs to be solved. The End Notched Flexure
(ENF) sandwich specimen is chosen to demonstrate Mode-II fracture and the governing
equations are obtained using Euler-Bernoulli beam theory. Using appropriate boundary
and continuity conditions, a system of non-linear equations are obtained. These are solved
to find the solutions for the constant coefficients in the general solutions of the transverse
displacement and the unknown length of crack face region. Further, the tensionless spring
foundation model is extended further to also capture the effects friction in the crack face
contact. The modified governing equations are obtained and are solved.

Expressions for energy release rates are obtained using J-Integral and J-Integral is mod-
ified to account for the energy lost due to the friction tractions.The solutions for mode
partitioning are obtained using the axial and transverse displacements near crack tip. The
model presented is simple and efficient and would not compromise the accuracy of the

results when compared with finite element models or previous models(from literature).
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CHAPTER 1
INTRODUCTION AND BACKGROUND

1.1 Motivation

Sandwich structures are used to obtain minimum weight with maximum specific stiffness in
aerospace, marine, civil and wind turbine industries. A sandwich panel consists of two stiff
metallic or composite thin face sheets separated by a low density thick core. Due to this
configuration, sandwich structures usually have high bending stiffness and strength with
little resultant weight penalty and high energy absorption capability. Face sheets need to
be successfully bonded for the sandwich structures to have superior performance. Hence,
the interface between the face and core is considered to be the weak link. Debonding may
occur at the interface and such debonds can grow and eventually lead to complete failure
of the structure. Generally, the main cause of failure is the lack of bonding or inadequate
bonding, which will compromise the transfer of shear stress across the interface between
face and core.

Fracture mechanics is the field of mechanics concerned with understanding and pre-
dicting failure. The energy release rate and the mode mixity of the face/core debonds are
needed to assess the detrimental effects of the debonds. An issue unique to sandwich is
the very large transverse shear due to its weak core. Due to complexities and possibilities
of sandwich construction, energy release and mode mixity of interface debonds are mostly
obtained using finite element analysis. Using finite element analysis to conduct damage tol-
erance and optimization design studies is difficult and time-consuming. There are higher
order theories that can capture the effects of transverse shear and they are time consuming
and difficult. Many FAA safety rules and inspection need simple closed form solution for

sandwich beam. A simple analytical approach that can be used to obtain consistent results



for obtaining fracture parameters of the face/core debonds in sandwich composite beams
would be really useful.

Therefore, there is a need for simple beam theory approach that can incorporate the
effect of transverse shear. One such approach that could be used to analyse a face/core
debonds and include effect of shear, is an elastic foundation approach with Timoshenko
beam theory. Such that the elastic foundation incorporates both normal and rotational
springs to capture the additional degree of freedom in Timoshenko beam theory. The elas-
tic foundation approach should be comprehensive and unlike previous models, it should
include the deformation of the substrate part. Closed form approach for obtaining energy
release rate and mode mixity values are required, such they it gives consistent results.

Single Cantilever Beam (SCB) sandwich specimen are commonly used specimens for
evaluating debond fracture toughness in mode I loading. In literature, previous models,
even models based on the elastic foundation approach, ignored the transverse shear in the
substrate and assumed it to be rigid. There is a need to extend the elastic foundation ap-
proach to capture the effect of transverse shear in substrate and obtain closed form expres-
sions for the energy release rate and mode partitioning values.

Also the effects of contact in the debonded section are mostly neglected. But in Mode
I/ fracture, it has been shown in literature that crack face contact is the reason for poor
reproducibility of the values of mode II/III fracture toughness. In the contact region, there
will be compressive stresses across the interface between the crack faces. The influence of
contact in the debonded section is usually modeled using the finite element method. So,
a quick and easy way to model contact and friction using simple beam theory and elastic
foundation approach would be valuable to quickly and accurately estimate the values for
energy release rate, mode mixity and contact region. By capturing all these effects, elastic
foundation approach would provide an easy way to obtain simple and accurate results for

face/core debonds in sandwich beams.



1.2 Literature Review

Sandwich structures have been well summarized and discussed in many books[1, 2, 3, 4].
Principal aspects of sandwich construction and assumptions on which it is based on is well
defined in the book by Howard [1]. The book by Carlsson and Kardomateas [2] focuses
on the structural behaviour and failure characteristics of sandwich materials and structures.
In addition, it also covers the failure mechanisms and the associated fracture mechanics
treatment.

Debonds in the sandwich beam are sensitive to compressive loading. These debonds
are susceptible to buckling and subsequent rapid growth during the postbuckling phase.
The problem is pertinent to design of such structures not only because this failure mode
impairs the strength but also leads to substantial loss of stiffness. In sandwich structures,
there is a large mismatch in elastic properties of the two faces and the core. Generally these
structures are loaded in mixed mode (combined opening and shearing). And since fracture
resistance depends on mode mixity and energy release rate, a reliable way for obtaining
these values is needed. Experimental evaluation of fracture energy using sandwich speci-
mens are presented in Ref.[5][6][7]. These experiments showed that the type of adhesive
is important when failure occurs by interfacial crack propagation. Interfacial crack growth
occured at the bondlayer/core interface which evidently is a critical zone. A Mixed Mode
Beam (MMB) delamination test procedure was presented for a split unidirectional lami-
nate by Reeders and Crews[8]. It was created by combining the mode I loading for the
DCB test with that for the mode II ENF test. This approach provided delamination fracture
toughness data over a wide range of G /G ratios using identical test specimens and pro-
cedures. Balaban and Tee[9] studied the effect of different variations in core densities and
thicknesses on strain energy release rate(SERR) of the sandwich composite were evaluated
experimentally, analytically and numerically.

In literature various models have been developed to study the debonding in beam struc-



tures. A simple analytical model based on potential energy of the system to predict stress
intensity factors was developed by Zenkert[10]. Expressions for energy release rate are
very useful and it was first derived by Yin and Wang[11] for a delaminated homogeneous
composite. The expressions were then extended by Suo and Hutchinson[12] to a delami-
nated bimaterial. The sandwich configuration is, however, a trimaterial with two face sheets
and a core in the middle. Closed form algebraic expressions for the energy-release rate and
the mode mixity were obtained for a debonded sandwich by Kardomateas[13]. Similarly,
fracture of a sandwich specimen loaded with axial forces and bending moments was ana-
lyzed by Ostergaard[14]. Saseendran et al.[15] further extended it for sandwich composite
double-cantilever beam fracture specimen with the face sheets reinforced by stiff plates.
Here, the expressions for the energy release rate and mode mixity phase angle for a rein-
forced double-cantilever beam loaded with uneven bending moments were derived using
a superposition scheme and laminate beam theory. A laminated beam analysis was done
by Carlsson et al.[16] to predict if the crack would propagate self-similarly, or if it would
kink upwards or downwards although it cannot predict magnitude of the kink angle. The
analysis could be used to design a DCB sandwich specimens to achieve a certain desired
crack propagation path. Ratcliffe and Reeder[17] developed a procedure for sizing a single
cantilever beam (SCB) that are used to characterize facesheet-core debonding in sandwich
structure. The characterization is accomplished by measuring the critical strain energy re-
lease rate G.. An analytical analysis based on LEFM to give energy release rates and mode
mixity for both isotropic and orthopic materials were conducted in Ref.[18]. Crack root
rotation is a measure of deviation from clamped boundary conditions of region in front
of crack tip. The root rotation depends on the shear force and the bending moment act-
ing at the crack tip. Such rotation significantly affects the compliance and energy-release
rate[19]. In experiments[20, 21, 22], it has been shown that fracture energy can depend on
the mode mixity. Hence, a complete analysis of the interface debonds require the determi-

nation of both the energy release rate and the mode mixity. In the all the discussed studies,



the effect of transverse shear deformation, crack face contact and crack face friction have

all been neglected.

1.2.1 Effects of Transverse Shear

Studies have shown that the effects of shear provide additional terms to the general steady-
state solutions and the shear component of the energy release rate contains a contribution
from the interaction of the shear force with the compliance associated with the defroma-
tions at the crack tip [23, 24]. Various models have been developed to study and capture
these effects. Morais and Pereiera [25] developed a modified beam theory and used it to
predict the compliance and the total energy release rate G of glass/epoxy multidirectional
specimens. Various layerwise theories were developed and used for bi-material beams. In-
terface cracks between two shear deformable elastic layers were studied [26, 27]. A method
based on first-order shear deformable theory was developed to calculate the energy release
rate and stress intensity factor for bi-layer structure. Deformation of crack tip was derived
based on shear deformable bi-layer beam theory and the associated energy release rate was
derived using J-Integral. Further, a novel interface deformable bi-layer beam theory ac-
counting local effects at crack tip was developed by Qiao and Wang [28]. Two interface
compliances were introduced to account for the effect of interface stress on the crack tip
deformation, which can be referred to as elastic foundation effect.

Various numerical models have been developed to obtain energy release and compli-
ance. In bimaterial crack problem, Li et al. [29] studied the effect of shear by a semi
numerical approach. Similar semi-numerical approaches were used by Andrews [23] and
Barbieri et al. [30] for homogeneous solid and symmetric sandwich specimen respectively.
Sun and Pandey developed a model [31] based on an approximate 2-D elasticity solution,
the flexibility of the joint of beam segments in cracked beam was explicitly derived. Nu-
merical evaluation of energy release rate for various cracked specimens using modified

beam model was done. These models have been shown to improve the accuracy of re-



sults for materials that have high stiffness value and are shown to be inaccurate when the
materials are soft(low stiffness). Several models to model flexible core were developed to
overcome this limitation. In 1992, Frostig et al. [32] proposed the High-Order Sandwich
Panel Theory (HSAPT), in which the transverse compressibility and the shear effects of the
core sheets are both included. It was then extended by including axial rigidity to obtain the
Extended High-Order Sandwich Panel Theory (EHSAPT) by Phan et al. [33]. By compar-
ison to the elasticity solution, the EHSAPT shows high accuracy in both displacement and
stress distributions for a wide range of core materials. Odessa et al. [34, 35] formulated a
unified nonlinear model with Extended High Order Sandwich Panel Theory (EHSAPT) for
the analysis of the process of debonding between a face sheet and the core in sandwich pan-
els. Mode-mixity is also an important parameter that is necessary to characterize face/core
debonds. A different mode-mixity approach [36] based on extrapolation of crack flank dis-
placement results of the Crack Surface Displacement Extrapolation (CSDE) method was
presented for 2-D applications. It is a finite element based structural propagation model.
It is able to simulate crack propagation in and out of a sandwich interface consisting of
orthotropic bimaterials using fracture toughness distributions as input. A number of zigzag
theories have been developed where the displacements have a piecewise variation through
the thickness [37, 38]. Irularo et al.[38] modeled multilayered composite and sandwich
plates as mixed cubic zigzag model. The in-plane displacements follow a piece-wise cubic
distribution and the transverse displacement has a parabolic variation through thickness.
These numerical models and approaches are difficult and time consuming. Hence, there is
a need for simple analytical approach.

A simple beam theory approach that could be used to analyze a face/core debond, and
include the effect of shear, is the elastic foundation approach. Elastic foundation analy-
sis have been used for a long time to study crack propagation [39, 40, 41, 42, 39, 43].
It was used by Kanninen[39] to study the mid-thickness crack in double cantilever beam

(DCB) specimen in a homogeneous material. Williams[40] extended it further by using



Timoshenko beam theory. Both used similar expressions for the stiffness of the elastic
foundation. Li and Carlsson[42] analyzed the Tilted Sandwich Debond specimen using
elastic foundation approach to predict its compliance. Elastic foundation analysis of force
and moment - loaded single cantilever sandwich beam specimen was presented by Saseen-
dran [44]. In these elastic foundation analyses, the substrate was assumed to be rigid and
the effects of the end fixity at the bonded segment were not included. An important concern
in elastic foundation analyses is the formula for the elastic foundation modulus. Kanninen
[39] has used simple approximate formulas (accurate) for modulus. Kardomateas et al. [45]
conducted a comprehensive study that resulted in a closed form expression for both the nor-
mal and shear spring stiffnesses. These formulas were derived based on both the elasticity
solution and the extended high - order sandwich panel theory. A closed form expressions
for the energy release rate and mode partitioning of face/core debonds in sandwich beams
were obtained by Kardomateas et al.[43] using elastic foundation approach. Unlike earlier
studies, it included the deformation of substrate part as well. It was then further extended
and the closed form expressions for the case of Single Cantilever Beam(SCB) Specimen
were obtained in Ref.[46]. But, these studies[43][46] used Euler-Bernoulli beam theory

and were not able to capture the effects of transverse shear in sandwich beam.

1.2.2 Crack Face Contact

Initiation and growth of delamination is in many cases caused by interlaminar normal stress
[47, 48, 49, 50]. However, interlaminar shear stresses may also cause delamination [51].
And to determine the interlaminar strength, End Notched Flexure(ENF) specimen is widely
accepted. Experimental characterization of mode II fracture was done by Kageyama et al.
[52]. Carlsson et al. [53] studied the ENF specimen and found that the interlaminar shear
deformation may influence the evaluation of the interlaminar mode II fracture toughness.
Corleto and Hogan [54] used simple modified beam theory analysis with elastic foundation

to evaluate the mode II delamination fracture toughness. Thouless [24] developed ana-



lytical expressions for the energy-release rate and phase angle of ENF, End-Loaded Split
(ELS) and 3-Point flexure specimens. It was derived based on steady-state energy balance
and the effects of shear are added as an additional term to it. Lu et al. conducted a nu-
merical study on a straight beam under transverse load and a curved beam under constant
moment[55]. It uses orthotropic rescaling technique to solve the straight beam and thin
beam theory to solve curved beam problem. A Cracked Sandwich Beam (CSB) specimen
was presented as a candidate for shear fracture characterization of the bondline between
facings and core in a sandwich[56]. A CSB specimen consists of a sandwich panel under
three-point loading scheme. Experimental results of interfacial debonding with a global
mode II loading scheme using CSB specimens[57]. Strain energy release rates of an CSB
specimen were investigated using refined zigzag theory[58]. Comparisons of the refined
zigzag theory solutions to first-order shear deformation theory(FSDT) and FEM solution
were made.

Due to the bimaterial character of the face/core interface in a sandwich, the analysis of
fracture must recognize the mixed mode loading and that the fracture toughness depends
on the relative amount of Mode I and Mode II at the debond tip. The mixed mode bending
(MMB) test has been used for measuring the mixed mode interlaminar fracture toughness of
monolithic composite materials in Ref.[8, 59, 60]. Quispitupal[61] derived expressions for
compliance and energy release rate for MMB using superposition analysis of solutions for
the DCB and CSB specimens by applying a proper kinematic relationship for the specimen
deformation combined with the loading. Mixed mode cyclic growth in foam core sandwich
specimens have been examined using the MMB test priciple. A modified Paris-Erdogan law
was found to represent the experimentally measured crack growth rate data in Ref.[62].

All these models neglect the interactions between crack faces and ignore the effects they
have on the fracture parameters. This is part of the reason why there is poor reproducibility
of the values of Mode II fracture toughness G;c.

Interaction between crack faces occur only when they are in contact and they are com-



pressive in nature. Tensile stresses cannot be transmitted across the interface between crack
faces. The absence of tensile stresses in the cracked region is because the debonded face
sheet lifts away from the substrate. Extending the elastic foundation to account for only
compressive stresses can be done using Tensionless springs in the foundation. Weitsman
[63] has worked on foundation that react in compression only. The model employed in
the study involved only linear differential equations. And when a foundation is tension-
less, the existence of gaps between the structure and the foundations introduces additional
unknowns into the problem. It was further extended in several studies [64, 65] for beams
resting on the tensionless foundation. Ma et al.[66] addressed the static response of infinite
beam supported on a unilateral two-parameter Pasternak foundation and subjected to trans-
verse loads. Using this approach, we can extend the Elastic foundation approach to capture

the compressive stresses across the interface and can improve the accuracy of the results.

1.2.3 Crack Face Friction

Fracture surface interactions can significantly affect the energy release rates and stress in-
tensity factors. Comninou and Dundurs [67] developed an analytical model for stick-slip
behaviour of interface cracks. A numerical model called Boundary Element Method was
used by Mantic et al. [68] to solve interface crack problems in composites including the
effects of crack face contact. Davies et al. [69] showed that it is important to account for
crack face contact when calculating Mode II fracture toughness. And that the main reason
behind this, could be the effects of friction. Russel and Street [70] conducted a experi-
mental loading-unloading cycling test and found that the error in G;¢ ignoring friction
was around 2%. Further experiments conducted in Ref.[71, 72] concluded that friction
accounted for about 2% to 5% of the measured values of G from their tests. A model
estimating the magnitude of the frictional Mode II stress intensity factor was developed
by Bian et al. [73]. Other models too predicted the reduction of Mode II stress intensity

factors by fracture surface roughness [74, 75].



Cohesive Zone Modeling has been used to analyze fracture problems in composite ma-
terials. It is usually implemented in numerical methods and is used in investigation of
fracture process in different material systems[76, 77, 78, 79, 80, 81, 82, 83, 84, 85, 86,
87]. Ouyang and Li[88] developed a Cohesive Zone Model (CZM) for the interface shear
fracture of end notched flexure (ENF) specimen. Rabinovitch [89] developed a nonlinear
analytical model that combines an extended high order multi-layer consideration of the
strengthened beam with a cohesive interface modeling of its physical interfaces. Biel and
Stigh[90] made a comparison of J-integral methods to experimentally determine cohesive
laws in shear for adhesives. Further, a finite element model[91] with cohesive elements is
used to determine the relationship between moment ratio and a stress based mode-mixity.
It was found that almost any mode-mixity from pure Mode I to pure Mode II may be ob-
tained by varying M1/M2. Other finite element models were presented to study the energy
release rate of ENF specimen[92] [93, 94]. A finite element model based on virtual crack
closure and compliance techniques was developed to calculate the strain energy release
rate in Ref.[93]. Frictional effects were investigated by including the contact problem in

the finite element model.

1.3 Research Goals

From the above discussions of the literature, these following things can be concluded:

* Most finite element tools and numerical approaches to obtains solutions for debonds
in sandwich beam are mostly only applicable to isotropic material. For orthotropic

materials, there is a need for extension of these tools.

* Closed form solutions have not been able to capture the transverse shear effects.

Various assumptions are adopted in the literature for the elastic foundation analysis.

* There is poor reproducibility of Mode II fracture toughness values, this has been

mainly attributed to contact effects. But, these contact effects are mostly neglected
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in analytical approaches.

* Need a consistent and reliable analytical approach that can be used to quickly and

accurately estimate the energy release rate and mode mixity values.
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CHAPTER 2
ELASTIC FOUNDATION ANALYSIS OF DOUBLE CANTILEVER BEAM

Interface debonds are common cause for failure in sandwich structures. Due to the presence
of a soft core, the effect of transverse shear is significant. In order to model the effects of the
core & the bottom face on the top face in sandwich beams, the elastic foundation approach
is used. The elastic foundation approach provides a way to obtain closed/near-closed form

solution for debond problems in sandwich composite beams.
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Figure 2.1: Sandwich beam

A tri-material sandwich beam consists of two face sheets bonded to a soft core as shown
in Figure 2.1. The width of the beam is b. The top and bottom face sheets have thickness
ft & f, axial young’s modulus Et, & Ey, and shear modulus G ¢, & Gy, respectively. The
core is of thickness 2c with an axial young modulus of E, and a shear modulus of ... The
length of the cracked portion of the beam is a. As a plane problem, only the loading in x-z
plane and the resulting displacements are considered.

The beam is broken down into different parts to conveniently represent them in the
equations. The debonded top face sheet is denoted by ”d”, the substrate(core and the bottom

face) part is denoted by ’s” and the base(top, bottom face sheets and core) part is denoted

by ”b”. It can be seen that only the Young’s Modulus in axial direction (£7;) and Shear
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Figure 2.2: Sandwich Beam Cross Section

Modulus (G'12) appear in the beam theory formulation. Hence, this model can be used for
either isotropic or orthotropic materials.

For a homogeneous beam, the neutral axis would be at the mid-thickness of the beam.
Whereas, for the substrate part, the neutral axis is no longer at the geometrical mid-point of
the section (Figure 2.2). With respect to a reference axis x through the middle of the core,

the neutral axis of the substrate part is at a distance e;.

BS[EC(QC) + Efbfb] = Efbfb(% + 20) 2.1

and, the neutral axis of the base part is at a distance e,
ep|Ey, fi + Ec(2¢) + Ey, fo] = Ep, fo (% + c) — B fi (% + c) 2.2)
The bending rigidity of the debonded face sheet is £/1,;
_ Epbf?

(BI)a = =42 (2.3)
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and the bending rigidity of the substrate is F/

23

_ £y

2
+ E.(2¢)e? + Ep 15+ Enly (% +c— 65> ] (2.4)

Similarly, the bending rigidity of base part is £,

fi ft 2 23
(E])b :b|:Eft1—t2 —|-Eftft (E +C+€b) —I—Ec? —G—EC(QC)GI%
3 f 2
+ Efbé + Ey, fo (é’ +c— eb> ] (2.5)

The sandwich tri-material beam in Figure 2.3 has a debond of length a and an intact part of

Z, W
A

X, u
le———  a 1 —_— »
fi
My Vi 9 '
( T —*— NA of deponded TOP FACE ft
Vs CORE c
€y
. M,
]w"’* -t----- & ********** Reference {mid-core)- - - - - - { ————————— *f --t-1- —) - b
€s NA of base
—fi NA of substrate C
‘ v
BOTTOM FACE Jo Vi

Figure 2.3: Sandwich section geometry and applied loading configuration

length [. The debonded part is loaded by a shear force V; and a moment M; the substrate
part is loaded by a shear force V; and a moment M. The shear force and bending moment
at the right end are V}, and M,, respectively. Equilibrium of these forces and moments

yields:

Vo =Va+ Vi My = Mg+ M + (Vg + Vi) (I + a) (2.6)
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It should be noted that the formulation and approach are applicable to both beams (plane
stress) and wide panels (plane strain), but different moduli should be used for plane strain
and plane stress problems. For plane strain, E should be replaced by E/(1-1?), where v is
Poisson’s ratio. The coordinate system is set so that x = 0 is at the end if the debond, i.e.,
the debond is for negative x and the intact part for positive x (Fig. ??). We denote by w, u,

the transverse and axial displacements, respectively.

2.1 Using Timoshenko Beam Theory

2.1.1 Displacement Fields

The Timoshenko beam theory distinguishes between the angle of rotation of the beam
cross-section, ¢, and the slope of the neutral axis, dw/dz, as shown in Fig. Figure 2.4,
which differ by the shear angle . The transverse displacement of the beam is *w’. Hence,

the displacement field is given by

"amw

Figure 2.4: Timoshenko Beam Theory assumption: Transverse shear strain = fi—q; — ¢
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u,(x, z) =w (2.8)

Strain Fields
Using the displacement field, the following relationship between the shear strain and the

displacements is obtained:

du,,
€ . (2.9)
du du
oy = —— - 2.10
7 dz * dx 2.10)
Resulting in,
de
wx = —Z—— 2.11
€ z . ( )
dw
x
Variational Formulation
From the principle of minimum potential, we know
om=0 (2.13)
J(U+W) =0 (2.14)

Here, U is the strain energy and W is the work done. The first variation of the strain energy

is given by

oU = / {(ﬂ — V) 0p — ﬂ&u} dz + [-Mé¢ + Vow)§ (2.15)
I dx dx
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Assuming a distributed moment 'm’ and a distributed transverse load ’q’, we obtain the

first variation of the external work as
oW = /(m&b + qow)dzx (2.16)
L

Using the above equation in the variation principle, we get the differential equations:

dM

—V4+m=0 (2.17)
dx
d
—V —qg=0 (2.18)
dx

The beam has two portions along its length. There is an intact portion where beam is
fully bonded and a debonded portion where there is a crack between the top face and the
substrate. In the intact portion, an elastic foundation is assumed to be present between
the top face and the substrate. Here, Timoshenko beam theory is used to better capture
transverse shear effects. It introduces an additional degree of freedom and to capture it, we
additionally use rotational shear springs in the elastic foundation as shown in Figure 2.5.
The elastic foundation load is a distributed load applied to both the debonded part and

the substrate, creating a distributed load

q=—k,w m = k.¢ (2.19)

Here, k£, is the stiffness of the normal springs and k. is the stiffness of the rotational shear
springs. It is important to have an accurate estimation of the elastic foundation stiffness
values. In 2018, Kardomateas et. al[45] proposed solutions based on Extended High-Order
Sandwich Panel theory which show very excellent agreement with the elasticity solutions.
It also provided simple closed form expressions for normal and shear springs stiffness for

the case of symmetric sandwich specimens. These stiffness expressions can be used for

17



both isotropic and orthotropic materials. Shear spring stiffness can be defined in two ways

(ks and k). One, using the displacements at the interface (k) and the other based on the

section rotation of the beam (k,.). The simple stiffness expressions for the case of symmetric

sandwich beams are:

ho=b8 g, = O

C C

ke = bejg%

In Timoshenko beam theory, the moment and shear are defined as

d dw
Mz(EI)ﬁ; V= —(rGA)y; V=m0

For the debonded part and the substrate

d

My = (Ez)d—d‘id; Vi = —(kGA) 74
dos

M, = (EI)S dr ; Vs = _(HGA)S’Yd

2.1.2  Governing Equations

(2.20)

(2.21)

(2.22)

(2.23)

The governing equations of the sandwich beam with elastic foundation for the debonded

part is,

d? d
(BN — (G~ 50) + (ks (90— 62) = 0
d? d
(G S08) — (g — ) =0

18
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Figure 2.5: Elastic Foundation in the Bonded Section of the beam

and for the substrate,

d?¢, dw

—(EI)SW — ("JGA)s(d—; — @) + S(2)k(¢s — ¢a) = 0 (2.27)
Pw,  do,
(xGAY (S - di ) = S(a)ke (1w, — wg) = 0 (2.28)

The governing equations of the beam are a homogeneous system of linear coupled 2"¢
order differential equations. The function S(x) is a step function allowing to separate the

portion of the beam where they are linked, x>0, and where they are not, x<0, i.e.,

1 ifx>0 Bonded section
S(z) = (2.29)

0 ifx<0 Cracked section

Bonded section

In the bonded section, the governing equations are simplified to

wi’(x) — Alw))(z) — wl(z)] + Blwg(x) — ws(x)] =0 (2.30)

w!'(z) = Clwl(x) — wjj(x)] + Dws(z) — wa(z)] =0 (2.31)

S S
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where,

A

{méﬁ)ﬁ(;})d} B {(kn ki,

ED),  (BEDa(rGA);  (EDa(rGA),

|

o=lvom En) Pt we

ED).  (BD)(nGA). (EI)S(F;GA)CJ

Here, the governing equations are fourth order coupled differential equations and are

in terms of the transverse displacements of the debonded part and the substrate. These

equations can be solved by taking the Laplace transform as shown next:

s*Wy(s) — As?(Wy(s) — Wi(s)) + B(Wy(s) — Wi(s)) =0

s*W,(s) — Cs2(W(s) — Wy(s)) + D(Wy(z) — Wa(x)) = 0

Solving Equation 2.32 we can obtain W;(s) in terms of Wy(s),

s*—As’+ B

Wals) = B — As?

Wa(s)
Using this relationship in Equation 2.33, we get
SSWy(s) — (A + C)s*Wy(s) + (B + D)s*Wy(s) = 0

Now taking inverse Laplace transform of the above equation results in,

wg//////(qj) - (A + C)wg”"(x) + (B + D)u}&///@:) =0

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

This is an eighth-order linear homogeneous differential equation. Assuming a solution of
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the form e, results in the following equation:
=2\ £ At =0, or (it —2X92 £ 0)) =0 (2.37)
Setting 4 = 72, results in the quadratic equation
2 —=2X2 04+ A3 =0 (2.38)

The discriminant of this quadratic equation is A = 4(A} — A1) which means that there are
three possibilities for the roots:

Case I : \2-)3<0

When the discriminant is negative, the roots of the quadratic equation are complex

conjugates as follows:

fi2 = A} + i\ /AT — )3 (2.39)

This implies

7’1’273’4 = :]:\//\% + \/ /\41Jt — /\42lt T5,6,7,8 = 0 (240)

If we set

k1 :real<\//\% - \//\‘11—/\‘21) ; ko :im(\/)\%+ \/ A\ —A%) (2.41)
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then the general solutions for case 1 can be written as follows

wq =c14 cosh(kyz) cos(kax) + cogsinh(kyx) cos(kox) + ¢34 cosh(kix) sin(koz)  (2.42)
+ cagsinh(kyz) sin(kex) + c5q2° + coar® + CraT + Csg
ws =c15 cosh(kyx) cos(kox) + cog sinh(ky ) cos(kax) + 35 cosh(kyz) sin(kex)  (2.43)

+ cys sinh(ky2) sin(kow) + c5,20° 4 o5 4 77 + Cas

Case2: M\ -X3=0
When the discriminant is zero, the roots of the quadratic equation are real and equal as

follows:

po = A} (2.44)

That implies

1234 = ==) I 56,78 = 0 (2.45)

So, the solutions for this case 2 are as follows:

wq =c14x cosh(kix) + cogx sinh(kyx) + c3q cosh(kyx) + ¢4 sinh(kyz) (2.46)
+ C5ax® + Coat” + Crat + s
ws =cy15x cosh(kix) + cosx sinh (k1) + ¢35 cosh(kyx) + ¢4 sinh(kyx) (2.47)

3 2
+ C55 + Cgsl + Crs + C8s

Case 3 : M3 -)3>0

When the discriminant is positive, the roots of the quadratic equation are real and dis-
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tinct:

fg = A /A=A (2.48)

This implies:

1,234 = :i:\//\% + \/)\11l — )\42L X 56,78 = 0 (249)

The roots r; 2 3 4 are real and distinct and the solution for the displacement field is as fol-

lows:

Wy = 1€ T + Coge™®® + 34" + Caq"T + 507> + a4 Crax + Csa (2.50)

Wy = €15 + Cog€™T + €357 + 45T + C5 1> + CosT° + CrsT + Css (2.51)

It is important to notice at this point that out of the three possible cases, the most useful
case is the one where the discriminant is negative (Case 1). An extensive examination of
material properties of most commonly used material combinations for sandwich compos-
ites (H100 core, Aluminum Foam, Aluminum Face and others) showed that and all these
material combinations would lead to Case 1 with the displacement field given by eqns (8d)
and (8e). Hence, we will be solving the debonded sandwich beam problem with the solu-
tions (8d) and (8e) for the bonded section of the beam.

Solution for the Sandwich Beam in the Bonded section

For the bonded section of the beam, 0 < z < [, substituting the displacement field Equa-

tion 2.42 into the differential equations Equation 2.24 to Equation 2.28 gives

Bwg, — Aw!! = w)" — Aw! + Buwy (2.52)
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Using this relationship between w, and w,, we get

c1s = Ficig + Focuq ; Cos = Ficaq + Fhcsq (2.53)
c3s = Fiesqg — Focsq ; cys = Freqq — Focig (2.54)
Cis = Cid » 1= 5, 6, 7, 8 (255)

where,

P B? + A%(k? + k2)? + A(k? + k3)%(k2 — k3) + 2AB(k2 — k}) + B(k} — 6k3k3 + k3)
1 pumm

B2 4+ 2AB(k3 — k?) + A2(k? + k3)?
(2.56)

 4Bkyky(K2 — k2) — 2Ak ko (K3 + K3)?
T B2 2AB(K2 — k2) + A2(k? + k2)?

(2.57)
The resulting substrate displacement is:

ws =(Fic1q + Faycaq) cosh kyz cos ko + (Ficaq + Facgg) sinh kyx cos kox+
+ (Ficgqg — Focaq) cosh ki sin kox + (Ficgq — Focrg) sinh kya sin kox+

+ C5ax® + a4 Cr4T + Csq (2.58)

The beam rotations ¢4 and ¢4 can be obtained using Equation 2.25 and Equation 2.28,

which can be written as:

d¢d . d2wd _ ]{Zn
dr  dx?  (kGA)q
d¢8 . d2w5 kn

- (ws — wa)

dr — dr?  (kGA),

(wg — wy)
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Substituting w, and w; in the above equation and then integrating, we get

¢a = (Micaqg + Mycsg) cosh kyz cos kax 4+ (Myci1q + Macaq) sinh kyz cos kex+

+(Micaq — Mscrg) cosh kyxsin kox + (Myczq — Macog) sinh kyx sin kox+

+3csq2% + 2ceqx + Chd (2.59)

¢s = (N1cag + Nacsq) cosh kyx cos ko + (N1c14 + Nacyq) sinh kyx cos kox+

+(Nycag — Nacig) cosh kyx sin kox 4+ (Nyc3q — Nacag) sinh kyx sin kox+

+3c507° + 2064 + Cp, (2.60)

where,

M,

M>

Ny

N,

| Fykoky + ¥ (RGA)g + ki[(—1 + Fy)ky + k2(kGA)]
- (kG A)a(kT + k3)

 Bokiky, + kolk, — Fik, + (k7 + k3)(kGA)4]

a (G A)a(kF + k3)

Rk} (KGA), — Fokika(kGA), — Fokolkn + k3(KGA)S] + kalky, — Fik, + Fik3(kGA),]
N (kG A)s(kf + k3)

(2.61)

(2.62)

(2.63)

 Bab[—kn + (B2 + k) (EGA) + ko[(—1 + )k + Fy (K2 + k2)(kGA),]
- (KGA)s(k{ + k3)

(2.64)

Debonded Section of the beam —a < x < 0

In the debonded section of the beam, there is no elastic foundation between the debonded

face and the substrate. Hence, the governing equations are simplified to:

ELidy + (kGA)g(wy — ¢) =05 (kGA)g(w) — ¢y) =0 (2.65)

EL¢Y + (hGA) (W) — ¢,) =05 (kGA)s(w] — ¢,) =0 (2.66)
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From the above equations

ng/ =0 : gb/// =0 (267)

S

from which, we obtain the displacement field in the debonded section as follows:

Wq =€147° + €247 + €347 + €4 (2.68)
ba =3e147” + €247 + €4, (2.69)
Wy =€1° + 0% + €35 + €4s (2.70)
b5 =3e1,” + €057 + €4, (2.71)

It is important to note that in these solutions there are 20 coefficients, namely, the c¢;4,
1 =1,2,..,8; and the Coy» €ijy 0 = 1,2,3, ] = d,s. We need to solve for these unknown
coefficients in order to determine the complete displacements and rotations of the beam

sections.

2.1.3 Boundary Conditions

Double Cantilever Beam (DCB) specimen is widely used for measuring the fracture tough-
ness in mode I,G., of composites. The specimen is under external bending moments and
shear forces as shown in Figure 2.6.

At the crack tip, x = 0, the bending moments of the debonded face and the substrate

can be obtained in terms of the external loads

Mg+ Vya = (EI)q@l)| =0 = 2(ET)4e24 (2.72)

M+ Via = (EI) ¢, | o=0 = 2(ET) e (2.73)
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Figure 2.6: Double Cantilever Beam specimen with external moments and shear loads

which gives,

Mg+ Vaa M+ Via

=S5, T e,

(2.74)

Similarly, at the left end, x = -a, the bending moments of the debonded face and the sub-

strate can be obtained in terms of the external loads

Md = (E[)dqsii‘x:—a = (E])d<—6€1da + 262d) (275)
M, = (E1)¢|s=—oa = (EI)s(—6e15a + 2e95) (2.76)
Using Equation 2.74 results in:
Vd V;CI,
= s = 2.77
W=GED, T 6(ED, @.77)
Also at the left end, x+ = —a, the shear forces on the debonded face and the substrate are
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known from the applied external shear loads

Vd = —(I{GA)dOU& — ¢d)|—a = —(/{GA)d(egd — 6¢d) (278)

Vi = —(KGA)s(W) — ¢s)|—a = —(KGA)s(e35 — €4,) (2.79)

In the polynomial part of the general solutions, it can be seen that the term cgy produces
no strain (since the strain in the Timoshenko beam theory is associated with the bending
moment and shearing force, which in turn are expressed in terms of the first derivative of
the displacement).

At the crack tip, x = 0, we also have continuity conditions across the debonded section

and the bonded section of the beam Displacement continuity:

€4d = C1d ; eqs = Ficig + Fhcaq (2.80)

Beam rotation continuity:

gy = Micoq + Macsq + Cpa ; e¢s = Micaqg + Maczq + Cpa (2.81)

Bending Moment continuity:

2620{ = Cld<k1M1 — kgMg) + C4d(l€2M1 + k1M2> + 206d (282)

2625 = Cld(klNl — k’QNQ) + C4d<k2N1 + k1N2> + 2C6d (283)

Shear Force continuity:

€34 :ngkl + C3d]€2 + Crd (284)

€3g :CQd(Flkl — FQkZQ) + ng(Fle + Fll{?g) + Crd (285)
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At the right end, x = [, the beam is clamped. So, the deflection of the debonded and the

substrate part is zero:

wq(l) = ¢1q cosh kil cos kol + coq sinh kil cos ko + ¢34 cosh kyl sin kol+

+ caqsinh kil sin kol + csql® + cgal® + cral + csg = 0 (2.86)
ws(l) = (Ficig + Facaq) cosh kyl cos kol + (Ficog + Facgg) sinh kil cos kol +

+ (Ficsqg — Facaq) cosh kylsin kol + (Ficgqg — Focig) sinh kql sin kol+

+ C5dl3 + C6dl2 + C7dl + Cgqg = 0 (287)

It is also important to note that the hyperbolic cosine and sine functions can quickly become
very large numbers, unlike the hyperbolic tan function, and this would make the numerical

solution fail, thus we divide by cosh k1, to obtain

€14 COS kol + cog tanh k1l cos kox + c34sin kal + c4q tanh kql sin kol+
+ (esql® + ceal® + cral + csq)/ cosh kil =0 (2.88)
(Fic1q + Focyq) cos kol + (Ficog + Facsq) tanh kil cos kol + (Ficsq — Focog) sin kal+

+ (F104d — FQCld) tanh lﬁl sin kgl + (C5dl3 + Cﬁdl2 + C7dl + ng)/ cosh /ﬁl =0 (289)
Similarly, at the clamped end, the section rotation of the beam is zero:

da(l) = (Mycag + Macsg) cos kol + (Mycig + Macyq) tanh kil cos kol +

+ (Micyg — Macrg) sin kol + (Myczqg — Macag) tanh kql sin kol +

+ (3csal® + 2¢eal + c4,)/ cosh kgl = 0 (2.90)
¢s(1) = (Nycag + Nacsg) cos(kal) + (Nyc1g + Nacyq) tanh(kql) cos(kal)+

+ (N1c4q — Nociq) sin(kal) + (Nicsq — Nocog) tanh kyl sin kol+

+ (3csal® + 2¢oal + cys)/ cosh kyl = 0 (2.91)
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Also at the right end, x = [, the total bending moment and shear force are the sum of these

created at the debonded part and the substrate part, i.e,

Mb = (El)dgb/d’:v:l + (EI)S¢;|£EIZ (292)

Similar to previous conditions, we again divide by cosh k[ to avoid numerical failure. This

gives:

M,
cosh k!

=(E1)q|[cra(k1 My — koMs) + c4a(ky My + ko M;)] cos kal+

+ [Czd(klMl — ]CQMQ) + C3d(k’1MQ + kQMl)] tanh ]{le cos k2[+
+ [ng(klMl — kQMQ) — 02d<k'1M2 + k'QMl)] sin k‘2l+

+ [C4d(k'1M1 — kgMg) — Cld<k1M2 + kQMl)] tanh kllsin kgl +
+ (EI)S [Cld(klNl — k’gNg) + C4d<k1N2 + ]{ZgNl)] cos kol+

+ [ng(k‘lNl — k‘gNg) + C3d(k’1N2 -+ k’gNl)] tanh ]{?1[ COS k’gl‘l’
+ [CSd(klNl - kQNQ) — CQd(klNQ -+ kQNl)] sin kol+

+ [C4d(k’1N1 — ]{?QNQ) — Cld(klNQ + k:QNl)] tanh kll sin k’gl +

+ (EId + EIS)(605dl + ZCGd)/ cosh kll (293)

and for the shear

Vy = —(kGA)g(wl) — da)|omt — (KGA)s (W], — ¢s)] o (2.94)
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which gives,

Vi
cosh k1

= — (kGA)a|[c2a(kr — M1) + cza(ks — M2)] cos kal+
+ [c1a(k1 — My) + cqa(ko — Ms)] tanh kql cos k21+
+ [caq(k1 — My) — cra(ko — Ms)] sin kol +
+ [esa(k1 — My) — coa(ke — My)] tanh kil sin kol + (c7q — ¢g,)/ cosh kil | —
— (kGA), |:[CQd(F1k1 — Fyky — Ny) + c3q(Foky + Fiks — Ny)| cos kol+
+ [c1a(Fiky — Foko — Ny) + cgq(Foky + Fike — Ny)| tanh kyl cos kol +
4 [eaa(Fiky — Faks — Nb) — cra(Foky + Fiks — No)] sin kol
+ [cza( Fiky — Foka — Ny) — cog(Foky + Fiko — No)] tanh kyl sin kol+

+ (¢7d — Cps)/(cosh kll)} (2.95)

We can see that equations Equation 2.78-Equation 2.95 are a system of 16 linear algebraic
equations. Here, in these equations, the unknowns c;4, © = 1...8 and Co,» €355 €4js €
J = d, s are coefficients in the general solutions. These 16 equations can be solved to obtain

the solutions for remaining 16 unknown coefficients using simple a computer program.

2.2 Fracture Parameters

2.2.1 Energy Release Rate

Once we have solved the governing equations, the displacements and the section rotations
of the beam section can be used to obtain the fracture parameters. The energy release rate
is the instantaneous loss of potential energy per unit crack growth area. J-Integral The

J-Integral represents a way to calculate the strain energy release rate. And the J-Integral is
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defined by

8ui

J:/Wdz—Ti
r

where W = foe o0;;de;; is the strain energy density. 7; and u,; are the components of the
traction vector and the displacement vector, respectively. The integration path is shown in
the Figure 2.7 (I' = BAA'FED'DC B). On the horizontal segments of the path, there is
no traction 7 = 0 and dz= 0 so J = 0. Hence, only paths BA, A’F, ED’ and D'C contribute

to J. On the vertical sides,

Z,W
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Figure 2.7: J-Integral Path

1 Ou;
W = é(amxexw + 0,26, + Taczfyzvz) ; T; ! = —Oga€pax — Tpz Wy (297)

" Ox

The equivalent shear modulus for the section should be derived by assuming the constituent
sections are “springs in parallel”, as shown in Kardomateas and Simitses [95]. For the

debonded part, which is homogeneous, the equivalent shear modulus is:

Gy =Gy, (2.98)
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For the substrate part which consists of the core and the bottom face:

2c + fb 2c fb
_ e, e 2.
G, G G, (2.99)

For the base part

Je+2c+ o i +% i

_ 2.1
e a, et a, (2.100)

Regarding the shear correction factor, for a homogeneous section, x = 6/5. Thus, for the

debonded part:

ol O

(2.101)

Rqg =

The shear correction factor for the substrate part can be found using the general asymmetric

section formula in [45]:

(2.102)

Rg =—

Gsb2(20+fb) E_czq _ Ej%b q
AEN? \G.7° G_f"

where

0 = file = eot ) Hlle—ent )~ (e o))

- g(c et (= es+ fi) = (c—e)] (2103

G = 2c(c+e,)' + %[(C +e5)” — (c—ey)’] — g(c +e5)?[(c —es)® — (c —e,)’] (2.104)
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The shear correction factor for the base part can again be taken from the Huang and Kar-

domateas [96] formula for a general asymmetric sandwich section. In terms of:

a=e+c+ fi; b =e +c; ct:eb—l—c—l—g (2.105)
ay=—e,+c+ fr; by=—ep+c; cb:—eb~|—c+% (2.106)
and
EJ%Z 2 2 2, By
di = —-f;c; + Eyificib; + —b; (2.107)
E. 4
the shear correction formula for the base part is given from:
b*(fy + 2¢ + f)Gy
_ 2.1
Kb B2 (ay + ac) (2.108)
where
E%; 2 1
fi| 4 20,3 3 5 5
— L= Za2 (ad = b)) + =(a) = b 2.109
S AR ] B LY
Ec Ec 5 5 bz2 1 3 3

For a plane stress assumption, o, = 0, and €., = 0,,/E, therefore, when dz = -ds,

1
dJ = 5 (U:pxemm + 0.6, + Tmz’sz) (_d5> - ( — Ogx€ax — Tmzwi’x) ds (2111)

or,

1 /02 72
dJ = = & — k2 + 27w, . |d 2.112
J 2(E m2G8q+7w7>s ( )

34



Similarly, when dz = ds,

1 o2 72
2( E+K2Geq Tw7) s

Notice that for a plane strain assumption, €., = 0, we would have o,

oo = (Ope — V220.2) | E = (1 — vpv12)0,, ) E.

Therefore, again for a plane stress assumption
On BA: dz = —ds,

vl

JBa z/_f; (% 2Geq T2+ memlm—a) ds =
& 2
= 2 ( — %‘;Z—% — AKde@]x:a) ds
or,
L 12M2 RV
BA = 575 -

e [ Eof? Cof — 2de(361da2 — 2e9qa + €34)]
t t

On A'F: dz = —ds, and

1 M?2s? ks V2 V.
Jap = sk > - T sxz——ad
v /AF<2 TEIE 20,42 A,k >S

or,

Q(J\gj) [ fbfb[( es)(c—es+ f,) + 12

Jarp =

3} +2Ec<32 —i—ei)}—
ks V2 V.

- __83 52_2 s s
W2t fy) | b e~ 2wt ea)
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= Vp.0g4e, and

(2.114)

(2.115)

(2.116)

(2.117)



On EC: dz = ds, and,

M?2s? Ky V2 v, V2
J :/ (—E b + b 2 x——b)dsz
R ’ ; Ay Ptle= Ap( )b

2(EI? " 2G,A KGA
MbQ ( ep—c ) ept+c ) ep+ctft )
=——— Ef/ sds+Ec/ sds—l—Eft/ sds)—l—
Q(EI)I% ’ ep—c—fp ep—C eptc
V. ep+c+ fi v, ept+ctft V2 ep+c+ft
4 b / ds + -2 Doloyds — —b/ ds
2GbAb ep—c—fp Ab ep—c—fp Ab(HGA)b ep—c—fp
(2.118)

At x = [, we know from the boundary conditions that the section rotations ¢, and ¢, are

zero. This also implies that ¢, = 0. Therefore,

M2 2 2
Jgo = — Q(E—;)Z{Efbfb [(eb —c)ep—c—fi) + J%b + 2Ecc(% +e2) + Ey, f; [(eb +o)ep+c+ fi) +
Kvb‘/bQ ‘/172
+ (m) (20+ft+fb)—m (2.119)

The strain energy release rate is the sum of these individual contributions (Jg 4, Ja/r and

JEC).

J=Jpa+ Jar+ Jec (2.120)

Hence, the energy release rate of the double cantilever beam specimen can be obtained
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from the following expression:

S [12M3 KaV?

— 2Vb(3e14a® — 2e9qa + €3d):| +

22| Eaf} Gl

+2(]\£) {Efbfb[( es)(c—es+ fo) + fb} +2E, c<;+e§>}_

- 2Gsb§<$;/22+ o %(3613112 — €550 + €35) + 2G‘ZP(Qch fi+ fo)—

a b(/ggfl) * 2(]\;;2)2{Efbfb[(€b_C>(eb_c—fb) J;f]

+ 2B,¢( 32 +e7) + By, f; [(eb +c)(ey +c+ fi) + ];t } } (2.121)

Rate of Energy Released by the springs

In an elastic foundation approach, when the crack grows, it breaks the springs and,
hence, it releases the energy stored in the broken springs. We can determine the released
energy by finding the energy stored in the springs due to the deformations in the beam [9].
Let the differential spring length be da, the energy released by crack when it propagates by

length da is the energy stored in this differential spring element:

da

) 1
Gopring = 61@2) % 0. (r)Aw(da — r)dr (2.122)

The normal spring stiffness is &, and, therefore, the of energy released by the normal
springs is given by:
1 . 2
Gspring,[ = §kn[wd(0) - ws(o)] - Ekn(eéld - 645) (2123)

Here, in the elastic foundation, we also have shear springs and £, is the shear spring stiff-

ness; thus the rate of energy released by the shear springs is given by:

1 1
Gspring,[] - §kr(¢d(0) - ¢S(0))2 - §kr<€¢d - 6¢s>2 (2124)

37



The total energy release rate obtained from the springs is,
1 2 1 2
G = Gspm'ng,l + Gspring,ll = §kn(€4d - 645) + §kr(e¢d - 6(155) (2125)

Equation 2.125 can be used as another measure to find the energy release rate values. These
values will next be compared with the J-Integral values and the ones from a finite element

analysis.

2.2.2  Mode Partitioning

Mode mixity values are usually obtained using the complex stress intensity factor approach.
This approach was used by Suo and Hutchinson [12] and Kardomateas et al [13]. Using this
approach in [12] and [13] necessitated the estimation of stress intensity factor in terms of a
single load-independent parameter (the parameter “w”), which is numerically determined.
The aim here is to obtain closed form expressions for the fracture parameter and thus, we
use an alternate approach to obtaining mode partitioning. It makes use of the displacements
near the beginning of the elastic foundation and was introduced by Kardomateas et al [43].

Notice that displacements as an alternative approach to determine mode mixity have
been used in bi-material fracture mechanics by Berggreen et al [36]. However, the latter is
based on the fracture mechanics singular field and thus it is different conceptually than the
measure of mode partitioning, which is based on the elastic foundation model.

According to Timoshenko beam theory, the axial and transverse displacement distribu-
tion is given by Equation 2.8. Therefore, the displacements of the debonded part (notice

that the positive slope is the counter-clockwise) in the limit are:

Wy, = lir% we(T) = C1qg = €44 (2.126)
T—
Ud, :g ilir(l] ¢d($) = %[(Mlcgd + MQng) + C¢d] = %6@1 (2127)
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and the corresponding ones for the substrate part in the limit are:

ws, = lim wg(z) = (Fic1g + Focaq) = €45 (2.128)

o x—0
us, = = (€5 +¢) lim ¢(x) = —(es + )| (N1cag + Nocsa) + ¢5,] = —(e5 + c)egs

(2.129)

In this case, the Timoshenko beam theory already accounts for transverse shear. So, the
mode partitioning phase angle ¢, based on the elastic foundation approach is defined
from the relative crack flank opening and shearing displacements. It is defined so that
¢rr = 0 if only transverse displacement occurs at the beginning of springs, x = 0 (pure

Mode I) and ¢ = 90° if only axial displacement occurs at x = 0 (pure Mode II).

Udo — Ug

2 ) (2.130)

wdo — Wg

ou
YEr = tan~! 5w = tan~! (
w

o
or,

It

SChd T (Es + C)Eys
tipp = tan 1292 LCe 0N

(2.131)
€4d — €45

In the elastic foundation model, a crack does not exist, instead we have beams connected by
elastic springs. This mode partitioning is not the same conceptually as the mode mixity in
a bi-material crack, which is based on the stress intensity factors from a fracture mechanics

approach. But, as the results in the following section show, the two are very close in value.

2.3 Results and Discussion

We obtained results for a symmetrical sandwich beam with faces made out of isotropic
Aluminum (Young’s Modulus E; = 70 GPa and Poisson’s ratio vy = 0.3) and with made
out of isotropic Aluminium Foam (Young’s Modulus £, = 7 GPa and Poisson’s ratio v, =

0.32). We chose isotropic faces and core because we shall compare our results with the
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commercial finite element code ABAQUS. In ABAQUS, the stress intensity factors (K
and Kj) for an interfacial crack can be calculated only when the two materials are both
isotropic and linearly elastic.

We chose a beam geometry, with face thicknesses f; = f, =2 mm and core thickness 2¢
= 20mm. The total length of the beam was taken as L = 500mm. The beam has a debond
between the top face and the core of length of ¢ = 200mm.

For validation and comparison purposes, a double cantilever beam specimen and this
material combination was modeled into ABAQUS. We create 2-D sandwich beam model
with an interface crack. The crack is modeled using seam cracks. There are shear forces
and bending moments at the left end, both on the face sheet and the substrate. We also
have end boundary conditions at the right end. For the mesh in the beam, we mostly use
second order 8-noded quad elements and few 6-noded triangle elements near the crack tip.
These crack tip elements are also modeled using singular elements, where the midpoint is
moved to one quarter side distance from the original midpoint position to the node. In the
FEA model, we ignore the large deformation effects and perform a linear analysis. Here,
we used isoparametric 8-node biquadratic plane stress (CPS8R) elements and few 6-node
modified quadratic plane stress triangle elements (CPS6M) near the crack tip. The singular
elements (CPS6M) were used near the crack tip in order to include stress singularity. Here,
J-Integral and the stress intensity factor values are evaluated using a contour integral [14].
And, K; and Kj; are obtained using the interaction integral method. The mode mixity

values from FEA can be obtained using the following relationship:

K
Yppa = tan™! (_KH) (2.132)
I

It should be noticed that ABAQUS has the option to calculate the energy release rates of
modes [ and II, G; and G/, respectively, through the virtual crack closure technique, how-

ever the values were widely varying depending on the mesh size at the crack tip. Same
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oscillation of values has been observed at other studies of interfacial cracks [15]. Thus, the
energy release rate components, Gy and G, cannot be used directly to estimate a related

energy release rate based mode mixity from ABAQUS.

Table 2.1: DCB: Energy Release Rates - Al face & Al foam core
Vd ‘/5 Md Ms Jref43 JEF JFEA Gspring

(N) | (N) (Nmm) | (Nmm) | (N/mm) | (N/mm) | (N/mm) | (N/mm)

05 |-05 |100 -100 0.4381 | 0.4363 | 0.4356 | 0.4363
1.0 | -1.0 |50 -50 0.6920 | 0.6875 | 0.6859 | 0.6875
1.0 |-1.0 | 100 100 0.9980 | 0.9827 | 0.9804 | 0.9817

10.0 | -1.0 | 100 -100 48.6600 | 48.9263 | 48.3300 | 47.8958
1.0 | -10.0 | 100 -100 0.8944 | 1.5328 | 1.1165 | 1.1083
05 |00 0 0 0.1103 | 0.1114 | 0.1097 | 0.1084
00 [-05 |0 0 0.0003 | 0.0016 | 0.0003 | 1.2x107°
0.0 |00 100 0 0.1070 | 0.1070 | 0.1070 | 0.1068

Table 2.1 shows the values of energy release rates obtained using the closed form expression
(Equation 2.121) using the Timoshenko beam theory (Jgr). These values are obtained for a
range of loading combination and are then compared with the J-Integral values from finite
element analysis (subscript FEA). We are also comparing the energy release rate values
with the results from elastic foundation model based on Euler-Bernoulli theory (Jyef,,)
[43]. Here, we can see that the energy release rate values show very good agreement
with the values from FEA. We can also notice that the results (Jgp) are better than the
values from the other model (J,¢f,,). This is mainly due to fact that the model here can
better capture the effects of transverse shear when compared to the model based on Euler-
Bernoulli beam theory.

In addition, Table 2.1 shows the values of the energy release by the springs. These

values are very close to the J-Integral values in all the cases (even in the cases where the
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substrate is heavily loaded). Notice that in load case 5 and 7, when the substrate is heavily
loaded in shear, the Jzr values show a slight deviation the values from the finite element
analysis. This is due to fact that the elastic foundation model using the Timoshenko beam
theory is not able to fully capture the transverse shear effects. In fact, it has been shown
in the literature [16] that in sandwich beams we need higher order theories to fully capture
the transverse shear effect. It is also important to note that even for heavily shear loaded

cases, the estimated G, i,y values show close agreement with the Jpp 4 values.

Table 2.2: DCB: Mode Partitioning Values - Al face & Al foam core

Va | Vs M, M, Urefss | YEF | YFEA
(N) | (N) | (Nmm) | (Nmm) | (deg) | (deg) | (deg)

0.5 |-0.5 | 100 -100 -26.70 | -30.70 | -28.50
1.0 | -1.0 |50 -50 -26.50 | -30.59 | -28.40
1.0 | -1.0 | 100 100 -26.60 | -30.70 | -30.30
10.0 | -1.0 | 100 -100 -26.80 | -31.14 | -30.80
1.0 |-10.0 | 100 -100 -23.80 | -26.59 | -12.50
0.5 |0.0 0 0 -26.90 | -31.22 | -31.20
00 [-05 |O 0 66.50 | 31.98 | 56.90
0.0 |0.0 100 0 -27.00 | -31.43 | -31.50

Table 2.2 shows the mode partitioning measures for the same combination of loads.
Here, we have defined the mode partitioning measure in the context of the elastic founda-
tion analysis based on the Timoshenko beam theory (g ).

It should again be emphasized that in the elastic foundation approach, there is no crack
as defined by the conventional fracture mechanics, i.e., there is no crack tip beyond which
the top face and the core are bonded and have the same axial and transverse displacements.
On the contrary, we have normal and shear springs at the interface and thus there is a gap
between the top face and the core in the mathematical elastic foundation model. Therefore,

we cannot use the mode mixity based on stress intensity factors and singular stress fields, as
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is done in conventional fracture mechanics. Instead, we use the mode partitioning measure
defined based on the transverse and axial displacements of springs at the tip (point where
the springs start). Notice that in Table 2, the mode partitioning measure (¢ gr) provides
a good estimate of the mode mixity. Table 2.2 also shows the mode partitioning measure
values obtained from previous mode (based on Euler-Bernoulli beam theory, v,..f,,). It can
be seen that the mode partitioning measure from this model ()gr) is consistently better
than the values from obtained from previous model (¢,.f,,). For all the loading cases,
Ygr values closely follow the trend of ¢¥rps. Meanwhile, differences are observed in
some cases and it is natural to expect that there will be cases of material combinations
and/or loadings for which this simplified model may not be as accurate. Notice that for
case 5, there is noticeable difference between the mode partitioning measure and mode
mixity values. This is expected since the elastic foundation analysis uses a first order shear
deformation theory to account for shear contribution, but this is expected to be inadequate

in cases of large shear loading of the core.

Table 2.3: DCB: Energy Release Rates and Mode Partitioning for an Orthotropic core
Va | Vs M, M, Trefas JEF Yrefs | VEF
IN) | (N) (Nmm) | (Nmm) | (N/mm) | (N/mm) | (deg) | (deg)

0.5 |-05 |100 -100 0.6061 | 0.6203 | 33.06 | 41.00
1.0 | -1.0 |50 -50 0.9849 | 1.0224 | 33.60 | 40.38
1.0 | -1.0 | 100 100 1.0988 | 1.1362 | 33.59 | 39.25

10.0 | -1.0 | 100 -100 52.77 98.53 31.62 | 40.23
1.0 | -10.0 | 100 -100 16.97 62.11 38.33 | 39.98
0.5 |00 0 0 0.1186 | 0.2584 | 31.25 | 40.13
00 |-05 |0 0 0.0353 | 0.1737 | 41.33 | 39.63
00 |00 100 0 0.1071 | 0.1070 | 32.09 | 40.14

The model presented here can be used for both isotropic and orthotropic cases. In Table 2.3,

we obtained the results for a sandwich beam with orthotropic honeycomb core material. Its
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Young’s Modulus is F; = Fy = 0.32 GPa, F5 = 0.3 GPa, Gy3 = G3; =48 MPa, G5, = 13
MPa and the Poisson’s rations: 15 = 35 = 37 = 0.25. The thickness of each face sheet is
2mm and the core thickness is 20mm. Using the elastic foundation model presented here,
we obtained the energy release rate and mode partitioning values for this beam specimen.
It interesting to note that this model can be quickly used to obtain results for orthotropic
materials and can also be adapted for plane strain case. We cannot compare our results with
the values from finite element analysis because it can calculate stress intensity factors K7y r;
for an interface crack only when the two materials are both isotropic and linear elastic. We
have compared our results with the results from elastic foundation theory based on Euler-

Bernoulli theory.

Table 2.4: DCB: Energy Release Rates and Mode Partitioning - Small crack ( a/L = 1%)
‘/d ‘/s Md Ms JE'F JFEA Gspring zﬁEF wFEA
IN) | (N) (Nmm) | (Nmm) | (N/mm) | (N/mm) | (N/mm) | (deg) | (deg)

05 |[-05 | 100 -100 0.1161 0.1150 0.1162 -30.53 | -30.02
1.0 |[-1.0 |50 -50 0.0360 0.0354 0.0360 -29.62 | -29.19
1.0 | -1.0 | 100 100 0.1245 0.1224 0.1235 -31.20 | -30.68

10.0 | -1.0 | 100 -100 0.8429 0.3280 0.2997 -28.49 | -27.30
1.0 | -10.0 | 100 -100 0.6298 0.1242 0.1548 -27.61 | -28.53
05 |00 0 0 0.0017 0.0015 0.00012 | -25.59 | -23.49
00 |-05 |0 0 1.6x1073 | 1.7x1077 | 5.8x1075 | -10.07 | 53.6

0.0 |00 100 0.0 0.1070 0.1070 0.1068 -31.43 | -30.86

Further, we obtained data for the case of a much smaller crack (Table 2.4), namely, for
a crack length of @ = Smm (as opposed to a = 200mm). The energy release rate values
(Jgr) from the elastic foundation model presented shows very good agreement with the
values (Jrp4) from finite element analysis. Similarly, the mode partitioning measures

(Y pr) also closely follow the same trend as the mode mixity from FEA. Again, we can
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notice that there is some difference for loading case 35, it is mainly due to the shear loading
the substrate. This is expected since the Timoshenko beam theory cannot fully capture the

shear contribution from the substrate.

Table 2.5: DCB: Energy Release Rates and Mode Partitioning - Small crack (a/LL.=4%)
Va | Vs M, M, JEF JrEA G spring YER YrEa
N) | (N) (Nmm) | (Nmm) | (N/mm) | (N/mm) | (N/mm) | (deg) | (deg)

0.5 |-05 | 100 -100 0.1335 0.1334 0.1335 -28.49 | -30.55
1.0 |[-1.0 |50 -50 0.0571 0.0567 0.0571 -27.90 | -29.87
1.0 |[-1.0 | 100 100 0.1615 0.1603 0.1605 -32.63 | -31.16

10.0 | -1.0 | 100 -100 1.6569 1.1340 1.076 -28.83 | -29.84
1.0 |-10.0 | 100 -100 0.6683 0.1665 0.1973 -23.31 | -27.43
0.5 |00 0 0 0.0029 0.0014 0.0012 -28.96 | -29.56
00 |05 |0 0 1.6x1073 | 3.4x1073 | 6.3x107° | 54.84 | -5.57

0.0 |0.0 100 0 0.1070 0.1070 0.1068 -31.47 | -31.43

We also obtained data for another case (Table 2.5), namely, for a crack length of a =
20mm. For load case 2 (V; = —V; = 1.0 and M, = — M, = 50.0), the model proposed here
resulted in Jgr = 0.0571 Nt/mm whereas ABAQUS resulted in Jrg4 = 0.0567 Nt/mm.
Regarding the mode partitioning measure, the elastic foundation model resulted in Y pp_7
= -29.87 deg whereas ABAQUS resulted in ¥ pp4 = -27.8 deg. It can be seen that the
energy release rate values obtained from this model is in agreement with the values from
ABAQUS. Similarly, the mode partitioning values follow a similar trend to that of the mode
mixity values from ABAQUS and there is only a slight variation in the value between them.
Hence, it can be concluded that the accuracy of the elastic foundation model based on

Timoshenko beam theory is not compromised when the crack lengths are smaller.

Table 2.6: DCB: Effect of Core Stiffness (a = 200mm)
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E¢/E. | Jgr—1 | JrEea Yer_7 | YrEA
(N) (N/mm) | (N/mm) | (deg) (deg)

10 0.4363 | 0.4356 | -30.7 -28.54
20 0.4390 | 0.4384 | -24.72 | -23.33
40 0.4430 | 0.4422 | -18.86 | -17.74
50 0.4447 | 0.4439 | -16.90 | -15.91
75 0.4486 | 0.4478 | -13.09 | -12.55
100 0.4521 | 0.4516 | -10.24 | -10.14
150 0.4586 | 0.4577 | -5.64 | -6.72

200 0.4645 | 0.4636 | -1.92 -4.25

400 0.4861 | 0.4846 | 9.02 1.82

We also studied the effect of core stiffness on the fracture parameters. In Table 2.1 and
Table 2.2, we studied a beam with Alumium Faces and Aluminum Foam core (£ /E.
= 10). Here, Table 2.6 shows the energy release rate and mode partitioning values for
various core materials (Al Foam core, H100 core etc.). In Table 2.6, it is interesting to note
that the energy release rate values show very good agreement with the J-Integral values
from ABAQUS for even soft core materials. Also, in all the cases, the mode partitioning
measure values follow the same trend as that of the mode mixity values from the finite
element analysis. But for very soft core materials (Ey/E. > 200), we can notice that
the mode partitioning values are slightly off and this is mainly due to use of first order
shear deformation theory, which is inadequate at these very low core stiffnesses. Thus, to
completely capture the transverse shear effects in very soft core materials, there is a need

for higher order shear deformation theories.
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2.4 Conclusion

Closed form expressions for the energy release rate and mode partitioning of face/core
debonds in shear and moment loaded double cantilever sandwich beam specimen are de-
rived. The beam is divided in four parts: two along its length, namely debonded part
and bonded part and two along its thickness, namely debonded face and substrate, which
includes the core and the bottom face. An elastic foundation approach based on the Tim-
oshenko beam theory is pursued to obtain the governing equations. The model pursued
here is comprehensive and includes the deformation of the substrate in the governing equa-
tions. The solutions are obtained such that these solutions are valid for both isotropic and
orthotropic faces and core and can be applied for a general asymmetric sandwich beam
(top and bottom faces not the same). The J - Integral approach is used here to obtain a
closed form expression for the energy release rate and it shows excellent agreement with
the corresponding values from a finite element analysis. A mode partitioning measure is
defined based on the relative crack flank opening and shearing displacements. The results
show that this mode partitioning values closely follow the traditional mode mixity values

from finite element analysis.
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CHAPTER 3
ELASTIC FOUNDATION ANALYSIS OF SINGLE CANTILEVER BEAM

In recent times, Single Cantilever Beam (SCB) test has gained attention as one of the best
candidates for evaluating debond fracture toughness in mode I loading. The goal here is to
employ an elastic foundation approach and the Timoshenko beam theory to derive closed
form expressions for the energy release rate and mode partitioning of face/core debonds in
Single Cantilever Beam (SCB) Sandwich Composite testing configuration. A SCB spec-
imen of finite length is considered as having a ”debonded” section where the debonded
top face and the substrate are free and a "bonded” section where an elastic foundation is
used between the top face and the substrate. The interaction between the top face and the
substrate in the "bonded” section is modeled using both normal and rotational shear distri-
butions to account for transverse and rotational degrees of freedom. The elastic foundation
analysis used here is comprehensive, it includes the deformation of the substrate part and

can also capture the shear deformation effects in the beam.
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Figure 3.1: Single Cantilever Beam Specimen

The Single Cantilever Beam (SCB) specimen is again divided into different regions

similar to the Double Cantilever Beam (DCB) specimen. Here, the debonded part is loaded
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by a shear force V; and a moment M ; and in the Single Cantilever Beam (SCB) specimen
the substrate part is restricted in the transverse displacement. So there is no transverse
displacement (w; = 0) in the substrate part. The coordinate system is set so that x = 0 is at
the end of the debond, i.e., the debond part for negative x and the intact part for positive x

Figure 3.1. We denote the transverse and axial displacements using w and u, respectively.

3.1 Using Timoshenko Beam Theory

The Timoshenko beam theory distinguishes between the angle of rotation of the beam
cross-section, ¢, and the slope of the neutral axis, dw/dx, which differ by the shear angle

~. The displacement field is given by

3.1.1 Displacement Field

uz(x,2) = —2¢; u,(z,2) = w (3.1)
and the resulting shear strain is:

Yoz = Ug,z + Uze = Wg — ¢ (32)

Applying the variation principle, and integrating by parts, the strain energy 6U = f f f (0pe0€rnt
Tr207z2 )dAdx leads to:

oU = / {(d—M = V> 0p — ﬂ&u} dx + [~ Md¢ + Vw]|§ (3.3)
I dx dx

Assuming a distributed moment, m, and a distributed transverse load, ¢, in the external

work, we obtain the differential equations:

dM d
— = V+m=0; —v—q:() (3.4)
dx dx
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And in the Timoshenko beam theory, the moment and shear are defined as:

d d
M = (Ef)ﬁ; V =—(kGA)y; v = % — ¢ (3.5)

The elastic foundation load is a distributed load applied to both the debonded part and the

substrate, creating a distributed load
q=—k,w; m = k.¢ 3.6)

Here, £k, is the stiffness of the normal springs and k. is the stiffness of the rotational shear
springs. It is important to have an accurate estimation of the elastic foundation stiffness
values. In 2018, Kardomateas it et al [45] derived solutions based on Extended High-Order
Sandwich Panel theory which shows excellent agreement with the elasticity theory. Elastic-
ity theory solutions were also derived. They also provided simple closed form expressions
for normal and shear springs stiffness for the case of symmetric sandwich specimens. These
stiffness expressions can be used for both isotropic and orthotropic materials. Shear spring
stiffness can be defined in two ways (ks or k). One, using the displacements at the inter-
face (k) and the other based on the section rotation of the beam (k,). These expressions
are as follows:

Es G

kp = b=2 k= by — bGe, 2t

3.7
c c 139 3.7)

3.2 Governing Equations

Here, we can solve for the governing equations similar to what we did with the Double

Cantilever Beam (DCB) specimen.
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Figure 3.2: Support Reaction on the substrate

3.2.1 Bonded Section of the beam: 0 < x <1

When we look at the top face sheet in the bonded section of the beam as in Figure 3.2, we

get the following governing equations:

d? d
(BN (5GAW(E — 60) — ko0~ 6) =0 a8
d? d
~(hCA)( S 1 90 () = 0 (3.9

And, in the substrate part of the SCB specimen, there is no transverse displacement and we
are only interested in the transverse shear in the substrate. To obtain the shear forces acting
on the substrate part, we will first consider a reaction on the fixed bottom edge as linearly
distributed with ¢; and g9, as the intensities of the linearly distributed reaction at the ends

(as shown in Figure 3.2). Force equilibrium and moment equilibrium about the left end
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would give us:

Vi My Vi My
—6 =2 6
a+l (a+1)?’ ~ cH—ljL (a+1)?

q=—4

And, the shear force distribution along the bottom edge of the substrate would be

@0+ ql

I

—a<x<l]

q (I):q2_Q1{E
* a+1 a+1

Elastic foundation

q1 qx

Figure 3.3: Shear distribution in the Substrate: Bonded section SCB

(3.10)

(3.11)

Now, using this reaction shear distribution and the spring force distribution, we can find the

shear force at any point in the substrate part as shown in Figure 3.3

V8+/ qxdx+/ k,wgedr = 0
0

—a
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Differentiating the above equation, we get

dx
dos Gz + kpwq

= 14
dx (KGA)s (3.14)

We can differentiate Equation 3.8 and substitute Equation 3.9 & Equation 3.14 to obtain

the governing equation for the top face sheet in terms of w,

n _ " - _ —kr
wy'(x) — Awy(x) + Bwg(x) = EId(KGA)qu (3.15)
where,
P } B_[kn P R .
(KZGA)d (EI)d ’ (EI)d (E[)d(HGA)d (Ef)d(HGA)S
(3.16)

This is a fourth-order linear differential equation. And, the general solution for the trans-

verse displacement, w,, will be

wq(z) = (wa)1 + (wa)1r (3.17)

where, (wy); is the general solution from the homogeneous part of Equation 3.15 and
(wq) 7 is the particular solution from the non-homogeneous part. Solving the homogeneous

part, we get the solution as:

(wq); = c1q cosh ki cos kax + cogsinh kyx cos kax + ¢34 cosh kyx sin koz+

+ cy4qsinh ki sin ko (3.18)
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where,

\/A—m). k2:im<\/A+VA2_4B) (3.19)

ki1 = real :
' ( V2 V2

The non-homogeneous part of Equation 3.15 is linear in terms of x and hence the particular

solution will also be linear in x:
(wd)]] =Cp T + Cpy (320)

Substituting Equation 3.20 in the left hand side of Equation 3.15 and comparing the terms

on both sides, we get

o kle-a) o = Fleatal)
" T T EL(RGA)(a + B’ 72 T T EL(RGA)y(a + 1)B

(3.21)

Hence, the general solution for the transverse displacement of the top face sheet in the

bonded section is:

wq(x) = c14 cosh kyx cos ko + Coq sinh kyx cos kox + ¢34 cosh kyx sin kax+
+ cy4qsinh kyz sin kox + ¢, + ¢, (3.22)
From Equation 3.16, we know that

d¢d o dzwd B kn w
de ~ dz>  (kGA)y °

(3.23)
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Substituting w, in the above equation and then integrating, we get

1
Y= T2 (nCA)s {

(k‘n(—chk‘l + c3qks) + (cagky + csaks) (K2 + k:g)(/fGA)d) cosh(kyz) cos(kox )+

+ kn(—cldk‘l + C4dk’2) + (Cldkl + C4dk’2)(k’% + k’%)(/ﬂ?GA)d> Sinh(lﬁl’) COS(le’)—i‘

+  — kn(csaks + caaka) + (czakr — coaka) (kT + k3)(kGA)q

e
2(/€GA)d

sinh(kyx) sin(kox) | —

_l’_
7 N7 N N

— kn(caaky + ciaks) + (cagks — craks) (k] + k%)(HGA)d> cosh(kqz) sin(kex)+

(20p, T + Cpy %) + 4, (3.24)

From Equation 3.12, we get the section rotation in the substrate

k.

bs = (kGA),(k? + k2)

|:(ng]€1 — c3gk2)(cosh(kix) cos(kox) — 1)

+ (crak1 — cagko) sinh(kix) cos(kax) 4 gkt + crake) cosh(kyz) sin(kqox)+

+ (c3ak1 + cagks) sinh(kix) Sil’l(kgl'):| - m@cpzx + ¢py7?)—
(a+2)(2lgs + alqr + g2) + (—q1 + ¢2)7)
- 2a + 1)(rGA). (3:25)

From these general solutions (Equation 3.23,Equation 3.24 & Equation 3.25), we have 5

unknown coefficients ¢4, caq, C34, C4g and c,

3.2.2 Debonded Section of the beam: -a < x <0

In the debonded section of the beam, there is no elastic foundation between the debonded
face and the substrate. Using Timoshenko beam theory, we get the governing equations for

the debonded top face are:

Eligy 4+ (kGA)g(wy — ¢y) =05 (kGA)g(wyg — ¢y) =0 (3.26)
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From the above equations

ol =0 (3.27)

S W

q1 Az

Figure 3.4: Shear distribution in the Substrate: Debonded section SCB

In the substrate of the debonded section, there is no transverse displacement and we are
only interested in the transverse shear in the substrate. We can take the shear equilibrium

in the substrate (using Figure 3.4) to get:

Vs + / qedr =0 (3.28)

—a
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From the above equations, we obtain the displacement and section rotations in the debonded

top face and the substrate:

Wy = eldx?’ + €2dx2 + €3q% + €44 ; de = 3€1d$2 + 2€2d£lf + €py (329)

And from Equation 3.28, we get

(a+2)2lg +alg + ¢2) + (=1 + ¢2) )
2(a+1)(kGA)s

¢s = — (3.30)

It is important to note that in the general solutions (Equation 3.29 & Equation 3.30) there
are 5 more unknown coefficients, namely, the e;4, ¢ =1,2,3,4; and the e;,. We need to
solve for these unknown coefficients in order to determine the complete displacements and
rotations of the beam sections. In total, we have 10 unknown coefficients from general

solutions in the debonded and bonded section of the beam.

3.3 Boundary Conditions

In the Single Cantilever Beam (SCB) specimen, the debonded top face sheet is under exter-
nal bending moment and shear force as shown in Figure. At the left end, x = -a, the bending

moment and the shear forces on the top face sheet are

Vd = —(KGA)d(w& — ¢d)|—a = —(KJGA)d(QJ,d — 6¢d) (331)

Md = Equbiﬂ_a = EId(—661da + 2€2d) (332)

At the crack tip, x = 0, the bending moment on the debonded part is

Mg+ Vya = Eljd|o = Elg2e94 (3.33)
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At the crack tip, x = 0, we also have continuity conditions on the top face sheet across the

debonded section and the bonded section of the beam. Displacement continuity:

€4d = C1d + Cp, (3.34)

Beam rotation continuity:

1
€¢d = (k‘% i k%)(l{GA)d kn(_CQdkl + ngkg) + (ngkil + ngkg)(k% -+ k%)(lﬁGA)d + Cd)d
(3.35)
Bending moment continuity:
k., c
262d = 264dk1k’2 + Cld<k'% — k%) — C1d (KGA)d — kn (IiGpZ)d (336)

Shear force continuity:

1

€30 — 6¢d = — (k% T k%)(lﬁGA)d kn(_CQdkl + ngkQ) + (ngk’l + ngk’g)(k}% + kf%)(liGA)d -+

-+ nglﬁ -+ ngkz + Cp; — Coy (337)
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At the right end, x =1, we have free end conditions. The shear force and bending moment
on the top face sheet is zero.
oh(1) = 2caakiks + cra(k] — k3) — cldi cosh (k1l) cos (kal)+
(IiGA)d

k., .
+ (Qngkle + coq(k? — k3) — czdm) sinh (k11) cos (kal)+

kn :
+ ( — 2cogk1ky + c3g(k} — k3) — ngM) cosh (k1l) sin (kol)+

Ky, : :
+ ( — 2c1gk1 ko + cyg(k} — k3) — C4d(/<GA) ) sinh (k11) sin (kol)—
d
k.
— n l = 3.38
(HGA)d (Cpl + CP2> 0 ( )

Ky,
(kG A)a(kT + k3)

(Wl — da)(1) = |:(02dk1 — ¢3qk2) cosh (kql) cos (kol)+
+ (c14k1 — cagks) sinh (k1) cos (kol)+

+ (caaky + c14kz) cosh (k1) sin (kol)+

+ (c3gk1 + caqk2) sinh (kql) sin (kzl):|

(2¢p, knl + cp, knl?)
2<I€GA)d

=0 (3.39)

+Cpy — Cpy T+

It is also important to note that the hyperbolic cosine and sine functions can quickly become
very large numbers, unlike the hyperbolic tan function, and this would make the numerical

solution fail, thus we divide by cosh k1, to obtain

Ky,
<204dk’1k’2 + Cld(k’% - k’g) - Cld(/{G—A)d) COS (k21)+

Ky,
+ <203dl€1/€2 + CQd(k% — k%) — ngm) tanh (k‘ll) -+ cos (kgl)+

ky, :
-+ ( — 202dk’1]€2 -+ ng(/{% — kg) — ngm) S1n <k2l>+

ky, )
+ < - 2C1dk1]€2 -+ C4d(l€% — k’g) — C4dm) tanh (kll) S (k?gl)—
cosh ki1l(kGA)g

(Cpll + cp2) =0 (3.40)
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Further,

kn
CONCEI

Caak1 — Cagka) cos (kal) + (crak1 — cagko) tanh (k1) cos (kol)+

+ (caak1 + c1gks) sin (kaol) + (c3qk1 + coqks) tanh (kql) sin (kol) |+

+ Cp: _ Coq (26p2 kel + Cp: kel2)
cosh (kil)  cosh (kil)  2(kGA)gcoshk;l

=0 (3.41)

In Equation 3.41, the term cosh (k1) is very large and close to zero for cases when k1l is
large. While solving these equations for finding the unknown coefficients, it is necessary
to neglect this term to avoid numerical error. These terms are negligibly small (in the range
of 10720 - 107°%) and almost zero for most beam lengths and material combinations that

are commonly used. Hence, Equation 3.39 is simplified to:

ki
(kGA)a(kT + k3)

(Czdk‘l — C3dl{32) COS (kzl) + (Cldkl - C4dk2> tanh (kll) COS (k’gl)—i‘

+ (C4dk‘1 + Cldkg) sin (k?gl) + (ngk'l + ngk'g) tanh (k?ll> sin (k‘gl) =0 (342)

We now have 9 equations (Equation 3.31-Equation 3.42), we need an additional condition
to evaluate all the unknown constants. In the SCB specimen, the bottom substrate is sup-
ported and at the right end, = [, we can assume that the transverse displacement is zero

throughout the right end as it is far from the crack tip. So

wq(l) =c14 cosh kyx cos kax + co4sinh kyx cos ko + ¢34 cosh kyx sin kaz+

+ cagsinh kyzsin kox + ¢, L + ¢, =0 (3.43)

Again, to avoid numerical failure, we divide the above equation by cosh k41 to get

C14 COS kox + coq tanh kyx cos kex + cagsin koz+

Cpy ! Cpy
cosh kil  cosh k;l

+ c4q tanh kyz sin kox + =0 (3.44)
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Now, we have 10 linear algebraic equations from (Equation 3.31-Equation 3.44) and the
unknown coefficients ¢;q & e;q4 (i = 1,2,3,4) of the general solutions can be solved for by

solving these equations using a simple computer program.

3.4 Energy Release Rate

Once we have solved the governing equations, the displacements and the section rotations
of the beam section can be used to obtain the fracture parameters. In previous chapter, we

obtained the energy release rate using J-Integral.

3.4.1 J-Integral

J-Integral defined in Equation 2.96 with the integration path shown in Figure 3.5 is used to

the obtain the energy release rate.
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Figure 3.5: J-Integral path - SCB specimen

On both the top and bottom horizontal segments of the path, dz = 0. And on the top

segment, there is no traction T =0, thus Jo5=0. On the bottom horizontal segment (FE),

(9ui

T,
oz

= —Taz€zx — O2zW; (345)
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99 99

where, w is the transverse displacement and we use ”,” to denote the partial derivation.
In SCB specimen, the bottom horizontal segment has fixed support (zero transverse dis-
placement, w, throughout the segment FE) which also means that w ,=0. Moreover, since
the reaction at the bottom edge is along the transverse direction only and no additional
shear loads are applied, 7., can also be assumed to be zero. Thus, on the bottom horizontal

segment of the path, we also have Jgr=0. On the vertical sides:

1
W= é(ga:arewx + 0.6, + Tzz'Yzz) (346)

On the vertical sides that are not loaded (AF’,CD and D’E), f:O, which means o,,=7,,=0
and in the case of plane stress 0,,=0. For a plane strain assumption (¢,,=0) 0,.=v,,0,,=0.
Therefore, on these sides, it is also W=0. As a result, on the vertical sides A’F, ED’, D’C,

we have J=0. We are left with side AB and on this segment, dz==-ds

1

dJ = E(O-xxemaz - TJ?Z’Y$Z) + szgbd) ds (347)

We assume that the shear load creates a shear stress 7,, and a shear strain v,,=x7,,/Geqs
where G, is the equivalent shear modulus of the section and « is the shear correction
factor, which takes into account the non-uniform distribution of shear stresses due to the
sandwich construction throughout the entire cross section. For the debonded part, which is
homogeneous, the equivalent shear modulus is the shear modulus of the top face, G¢,=GY,

and the shear correction factor,

(3.48)

Rq =

ol o

On the segment BA, where dz=-ds:

1
dJ = 5(0939561;5 - O22€22 + sz’sz)(_d$> - (_O—zxexx - sz¢d) (dS) (349)
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From plane stress assumption, 0,,=0, and €,,=0,,/E,

1
dJ = |:§ (Uxxemx - TJ?Z’YJ?Z) + sz¢d):| ds (350)
ft/2 1 K
J - 2 - d 2 xz —a d 3.51
” /ft/z [QEft e TG, # ] ’ G

Substituting F1; = Ezbf3/12 and Ay = bf:, we get

6M2 HdVQ Vd

Jps = —% — 4 Lol a 3.52
AT B G, b (5-52)

To evaluate the J-integral, we need to find w |,
gbd(—a) = 361da2 — 2€2d + €y (353)

Therefore, we obtain the J-integral as
g M kaVy  Va (3eraa® — 2620+ €4, (3.54)
= — — — [ 3eqa” — 2e e .
Eaf}  2Gebfi b\ e

The above equation will give us the energy release release in the single cantilever sandwich

beam subjected to shear force and bending moment.

3.4.2 Rate of Energy Released by the springs

Similar to DCB specimen, the energy released released during debonding can be obtained
by finding the energy stored in the springs due to the deformations in the beam. Let the
differential spring length be da, the energy released by the crack when it propagates by
length da is the energy stored in this differential spring element. And the total energy

released by the springs in the foundation is given by
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' 1 da
Gspring = 513210 %5a /o 0..(r)Aw(da — ) dr (3.55)

We can obtain expressions for the energy released using the displacements of the springs

near the crack tip
1 1
Gugring = 5hlt0a(0) = w. (O + 58 [64(0) - 6, (O (3:56)

The beam rotation in the substrate at the crack tip is given by Equation 3.30

(2lq1 + alq1 + g2))

s(0) = — 3.57
¢+(0) ¢ 2(a+1)(kGA)s (3:57)
So, an alternate expression to find the energy released when the crack grows is
1 1 (2lqy + a(qn + @)\
Gspring = =ke 2+ 2k, 3.58
pring = ghel€ad)” 5 <e¢d TS0 D(sGA), 5%

3.5 Mode Partitioning

Here, we are using an alternate approach to obtain the mode mixity, using displacements
near the crack tip. In this approach, a mode partitioning phase angle, 1z, is defined from

the relative crack flank opening and shearing displacements (¢,, and ¢, respectively).

udo — Ug

2 ) (3.59)

wdo — Wg

ou
Ypr = tan_lé— = tcm_1<
w

o

It is defined such that ¢)gr = 0 if only crack flank opening occurs near the crack tip and

Ypr = 90 if only crack flank shearing occurs near the crack tip. Using the solutions for the

64



displacements, we obtain

%ed,d + c(¢5<0))) (3.60)

€44

Vpp = tan_l(

3.6 Results and Discussion

We choose a symmetrical sandwich beam with faces made out of isotropic face and core
materials. The material properties used are given in Table 3.1. The geometry of the beam
was chosen to have face thicknesses f; = f, = 2mm and the core to have a thickness of 2¢
= 20mm. The total length of the beam was chosen as 500mm and the debond length to be

200mm.

Table 3.1: SCB: Material Properties

Aluminium face (isotropic) | Aluminium foam core (isotropic) | H100 core(isotropic)

E =70,000 MPa E =7,000 MPa E =130 MPa
G =26,923 MPa G =2651.5 MPa G =50 MPa
v =0.30 v=0.32 v =0.30

T
A Hre ry
I IR AR T 1T
[ LT L 1]

Figure 3.6: FEA Mesh - SCB Beam

We chose isotropic face and core materials because commercial finite softwares can
only calculate stress intensity factors for an interfacial crack when both the face & core
materials are linear elastic and isotropic. To validate the results we obtain from the elastic
foundation approach, we model the Single Cantilever Beam (SCB) specimen in ABAQUS

using isoparametric eight-node biquadratic plane stress (CPS8R - second order 8-noded
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quad plane stress) elements. The interface crack in the SCB specimen is modeled using
seam cracks. The singular elements were used near the crack tip to include stress singular-
ity, these elements have the midpoint moved to one quarter side distance from the original
midpoint position to the node. We also use 6-noded triangle plane stress elements (CPS6M)
near the crack tip. And, the stress intensity factor values are evaluated using the contour
integral in ABAQUS. Here, K; and K are obtained using interaction integral method. In
the FEA model, we ignore the large deformation effects and perform a linear analysis. The

mode mixity from FEA is obtained using the stress intensity values

Yppa = tan™! (K?III) (3.61)
The expressions obtained for energy release rate and mode partitioning are simple.
Using these expressions, we obtained results for two different core materials (Table 3.1).
Table 3.2 shows the values of energy release rates obtained using the closed form ex-
pression (subscript EF) and also the energy release rate values from ABAQUS (Jrga).
Here, we have obtained the values for the case of SCB sandwich with Al face and Al
Foam core. In Single Cantilever beam specimen, the top face is subjected to both shear
load and bending moment. We are comparing the fracture parameters for different loading
conditions to see if there are any effects. It can be seen that values show excellent agree-
ment with each other. Also, when compared with the previous values from previous elastic
foundation model using Euler-Bernoulli [46] (J,.f,,), the values obtained using the model
presented here are in better agreement with the values from FEA. In addition, J,,,, shows
the energy released by the springs and the value are comparable to the values from FEA.
We have also obtained the mode partitioning measure obtained using Timoshenko Beam
theory (¢ gr). It should be emphasized that in the elastic foundation approach, there is no
crack tip beyond which the top face and the core are bonded and have the same axial and

transverse displacements. Here, we have normal and shear springs at the interface and

66



thus there is a gap in the mathematical elastic foundation model. Hence, we use the mode
partitioning measure values (¢ zr) and they are compared with the mode mixity values FEA
(¥ rEa) and mode partitioning values from Euler Bernoulli model [10] J,.f,,. It can be seen
that the Jgpp values are in excellent agreement with the finite element results. The mode
partitioning measure values from this model (Jgr) are consistently better than the values

from the previous elastic foundation model based on Elastic Foundation model (¢, ).

Table 3.2: SCB: Energy release rate and mode partitioning - Al Face & Al Foam Core

Vi | Mg refas JEF JrEa Gopring | Urefss | YEF | YFEA
(N) | (N-mm) | (N/mm) | (N/mm) | (N/mm) | (N/mm) | (deg) | (deg) | (deg)
0.5 | 0.0 0.1111 | 0.1102 | 0.1098 | 0.1085 | -28.0 | -31.3 | -31.1
0.0 | 100 0.1071 | 0.1071 | 0.1071 | 0.1054 | -28.3 | -31.7 | -314
0.5 | 100 0.4365 | 0.4347 | 0.4338 | 04276 | -28.1 | -31.5 | -31.3

In sandwich composite beam, the core is usually made of low density materials. The main
advantage of the model presented here is that this can be used for both isotropic and or-
thotropic materials. It can be used to quickly obtained the results for both these material
types and can be adapted for plane strain case as well. Table 3.3 we obtained the energy
release rate and mode partitioning values for a soft H100 core and beam with same geom-
etry. It can be noticed that the model presented here show very good agreement with the

FEA values and are better than the values obtained from Euler-Bernoulli beam model [46].

Table 3.3: SCB: Energy release rate and mode partitioning - Al Face & H100 Core

Va | Mg Jrefss JEF JrEA Gopring | Urefis | YEF | VFEA
(N) | (N-mm) | (N/mm) | (N/mm) | (N/mm) | (N/mm) | (deg) | (deg) | (deg)
0.5 | 0.0 0.1183 | 0.1177 | 0.1176 | 0.1140 | -109 | -8.8 |-9.0
0.0 | 100 0.1071 | 0.1071 | 0.1071 | 0.1033 | -11.1 | -10.2 | -9.4
0.5 | 100 0.4506 | 0.4494 | 0.4491 | 0.4342 | -11.0 |-95 |-9.2

Further, we studied the effect of core stiffness on the accuracy of the model. In Ta-

ble 3.2, we looked at the beam with Aluminium faces and Aluminium core (E£;/E, = 10).
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In Table 3.4 & Table 3.5, we have obtained fracture parameters for various stiffness ratios
(keeping same Al faces only changing the core material). We can see that Jzp values ob-
tained for even soft core materials are in excellent agreement with the FEA values from
ABAQUS. The mode partitioning values obtained here also follow the same trend as the
values from FEA and [46]. Y pp are in better agreement with ¥pp4 when compared to
Yref,- Here, we can see that for very soft core materials (E¢/E. > 500), the mode parti-
tioning values are slightly off. It is still a very good estimate, but this difference could be
due to the use of first order shear deformation theory which is inadequate at these very low

core stiffness.

Table 3.4: SCB: Effect of Core Stiffness for 1;=0.5 Nt, M;=0. Debond length a=200mm

Ef[Ee | Jregus JEF JrEa Yrefas | YEF | YFEA
(N/mm) | (N/mm) | (N/mm) | (deg) | (deg) | (deg)

10 0.1110 | 0.1102 | 0.1100 | -28.0 |-31.3 | -31.1
50 0.1130 | 0.1124 | 0.1180 | -19.0 | -20.3 | -21.3
100 0.1140 | 0.1136 | 0.1130 | -15.7 | -16.6 | -17.3
200 0.1150 | 0.1150 | 0.1150 | -12.7 | -13.3 | -13.6
500 0.1180 | 0.1174 | 0.1180 |-9.0 |-92 |-94
800 0.1190 | 0.1188 | 0.1190 |-7.2 |-69 |-7.5
1000 | 0.1200 | 0.1195 | 0.1200 | -6.3 -5.7 | -6.6

Table 3.5: SCB: Effect of Core Stiffness for V;=0.5 Nt, M;=100Nmm. Debond length
a=200mm
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Ly [Ee | Jre fa6 JEF JrEa Urefss | YEF | YFEA
(N/mm) | (N/mm) | (N/mm) | (deg) | (deg) | (deg)
10 0.4360 | 0.4347 | 0.4340 | -28.0 | -31.5|-31.3
50 0.4400 | 0.4390 | 0.4380 |-19.0 | -20.6 | -21.5
100 0.4430 | 0.4414 | 0.4400 | -15.7 | -16.9 | -17.5
200 0.4450 | 0.4442 | 0.4430 | -12.7 | -13.7 | -13.8
500 0.4500 | 0.4488 | 0.4490 |-9.0 |-98 |-9.6
800 0.4530 | 0.4515 | 04520 |-7.2 |-7.8 |-7.8
1000 | 0.4540 | 0.4529 | 0.4540 | -63 |-6.7 |-6.8

Table 3.4 & Table 3.5 are for different loading conditions. Table 3.4 is for V; = 0.5V
and M, = 0 load case and Table 3.5 is for V; = 0.5N and M,; = 100N mm. It is clear that
the model can provide very good estimate of the fracture parameters for different loading

conditions and material combinations.

Table 3.6: SCB: Results for a smaller debond length, a=20mm. Aluminium Foam (7 GPa)

Core

Va | Mqg Jer Jrpa Gspring | YEF | YFEA
(N) | (N-mm) | (N/mm) | (N/mm) | (N/mm) | (deg) | (deg)
0.5 10.0 0.0014 | 0.0014 | 0.0014 | -28.6 | -28.3
0.0 | 100 0.1071 | 0.1070 | 0.1052 | -31.9 | -31.4
0.5 | 100 0.1330 | 0.1330 | 0.1306 | -31.6 | -31.1

Table 3.7: SCB

: Results for a smaller debond length, a=20mm. H100 (0.13 GPa) Core

Va | Mg Jer Jrpa Gspring | YEF | YFEA
(N) | (N-mm) | (N/mm) | (N/mm) | (N/mm) | (deg) | (deg)
0.5 0.0 0.0023 | 0.0023 | 0.0023 | -7.2 | -6.3
0.0 | 100 0.1071 | 0.1070 | 0.1028 | -11.3 | -9.5
0.5 | 100 0.1412 | 0.1412 | 0.1357 | -10.7 | -9.1
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Next, we also obtained values for the case of a small crack (a = 20mm) for two different
core materials in Table 3.6. & Table 3.7. The energy release rate values and the mode
partitioning values show excellent agreement with the finite element values. It can be

safely said that the results are accurate for smaller debond length.

3.7 Conclusion

Elastic foundation analysis is used to obtain closed form solutions for energy release rates
and mode partitioning of face/core debonds in Single Cantilever beam specimen. The SCB
specimen is divided in four parts: two along its length, namely debonded part and bonded
part and two along its thickness, namely debonded face and substrate, which includes the
core and the bottom face. An elastic foundation approach based on the Timoshenko beam
theory is pursued to obtain the governing equations. The model pursued here is comprehen-
sive and includes the deformation of the substrate in the governing equations. The solutions
are obtained such that these solutions are valid for both isotropic and orthotropic faces and
core and can be applied for a general asymmetric sandwich beam (top and bottom faces not
the same). Energy release rate is obtained using J-Integral approach and it shows excel-
lent agreement with the results from finite element analysis for various loading conditions
and material combinations. A mode partitioning measure based on the relative crack flank
opening and shearing displacements is here. The results show that this mode partitioning

values closely follow the traditional mode mixity values from finite element analysis.
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CHAPTER 4
CRACK FACE CONTACT MODEL - TENSIONLESS FOUNDATION

So far, we have have looked at mode I dominant fracture specimens. When we look at a
End-Notched Flexure specimen (Figure 4.1), it is mode II dominant and in this case the
effects of crack face contact can be significant. Here, we are extending the elastic founda-
tion analysis by introducing a tensionless spring foundation in the cracked region. This is
a novel approach, where tensionless springs are used to capture the compressive stresses
across the interface between the debonded face sheet and the substrate. The absence of
tensile stresses in the foundation is because when there is tension the debonded face sheet
lifts away from the substrate. An End Notched Flexure sandwich specimen is widely used
test specimen for mode II fracture. It is a simply supported beam with a shear load at the
middle of the beam. The ENF sandwich beam is divided into 4 regions along its length as
shown in Figure 4.2. Region I & II form the cracked portion of the beam and Region III &
IV together form the bonded portion of the beam. For an ENF specimen, it has been shown
in experiments that there is a significant contact zone near the end support in the cracked
section. In the region of debond, the sandwich beam consists of two parts: the debonded
part (debonded upper face sheet) and the substrate. In the case of Mode II/IIl dominated
crack, there will be contact between the debonded part and the substrate. From literature, it
has been shown that the contact plays a significant role in affecting the energy release rate
and mode mixity.

Across the interface between crack faces, only compressive stresses are transmitted
when there is contact. The absence of tensile stresses in the cracked region is because the
debonded face sheet lifts away from the substrate. Tensionless spring foundation can be
used to model the crack face contact. A beam of length 2L with a crack of length a is

chosen. The beam is pinned on both the ends and has a shear load P at the middle of the
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Figure 4.1: End-Notched Flexure Specimen

beam.

Here, the beam is divided into four regions Figure 4.2: Region III & IV together form
the bonded section of the beam. In the bonded section of the beam, we use elastic founda-
tion to capture the effects of crack tip deformations. Whereas in the cracked section, region
I & 1I are the regions of contact and no-contact respectively. In region I, we introduce ten-
sionless spring foundation to capture only the compressive stresses that are acting across

the crack face contact.

4.1 Governing equations

We are using elastic foundation at the interface between top face and the core in the bonded
section. The elastic foundation consists of only normal springs in the bonded section of
the beam. And in the cracked section, we have two regions, Region I - we use tensionless
spring foundation to model the contact region and Region II - free region in the cracked
section of the beam and we use simple beam theory to obtain the governing equations in
this region. This is a novel approach and we are first using Euler Bernoulli Beam theory to

develop the governing equations for this case.
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Figure 4.2: Tensionless Foundation in ENF Specimen

It should also be noted that the formulation and approach are applicable to both beams
(plane stress) and wide panels (plane strain) but different moduli should be used for plane
strain and plane stress problems. The solutions provided are for the plane stress case and for
plane strain, £ (Young’s Modulus) should be replaced by £/(1 — /), where v is Poisson’s

ratio.

4.1.1 Cracked section

In the cracked section of the beam, we are introducing tensionless spring foundation to
capture the transfer of compressive stresses across the debonded top face sheet and the
substrate. In the cracked portion, contact is present across the debonded face and substrate
only in certain zones and they are called contact zones. In this type of specimen, we will
have a contact zone near the crack tip and another contact zone near the support region.
In literature, it has been shown from various experiments that the contact zone near the
support is significant. This is Region I shown in Figure 4.2 and the tensionless foundation
is used here to model the contact zone. The length of the contact region (Region I) is

unknown. The tensionless foundation introduces a unknown contact length(.X;) in addition
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to the unknown constants from the solutions of governing equations.

Weitsman [63] has worked on foundation that react in compression only. The model
employed in the study involved only linear differential equations. And when a foundation
is tensionless, the existence of gaps between the structure and the foundations introduces
additional unknowns into the problem. It was further extended in several studies [64, 65]
for beams resting on the tensionless foundation. Using this approach we extend the elastic

foundation analysis to capture the compressive stresses in region 1.

A z, W

X, u

3 : TOP FACE
1

o

Y
/\/.

2c

Tensionless fopndation

fo

Figure 4.3: Coordinate System in the ENF specimen

The elastic foundation here is assumed only to react when there is compression and the
modulus of the tensionless foundation is k;. At the interface between debonded part and
the substrate, compression occurs only when wy < ws. When wy > wy, it means the crack
is open and there is no contact or transfer of stresses across the debonded top face and the
substrate. The coordinate system is set so that x = 0 is at the crack tip (shown in Figure 4.3),

i.e., the debond is negative for x and the intact part is for positive x. Thus, the governing
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equations are:

d4

El, d;UZlI + S(x)ki(wa, —ws,) =0 —a<z<0 4.1)
d*ws,

ELW + S(z)ki(ws, —wg,) =0 —a<zx<0 4.2)

where k;(wq, —ws, ) term represents the compressive force distribution and X is the length
of the contact zone from the left end. Also, X is unknown and we will need to find its value
when we solve the equations. The function S(x) is a step function allowing to separate the
contact region and the non-contact region in the cracked portion of the beam. Region I and

IT can be separated as:

1 if—-a<zx<—-a+X; Region I: wg, < wy,
S(z) = 4.3)

0 if—a+X;<2<0 Region II: wy, > wy,
In Region I:

For the crack face contact part —a < = < —a + X3, S(z) = 1, substituting w, from

Equation 4.2 into Equation 4.1 results in

(ET), d®ws, (EI),] d*s;
1 aor_ 4.4
moas N ED, e “44)
with
(EI), d*w,
Wa, = » dx41 Ws, 4.5)
Then setting,
EI EI),
A\ — kt< )a + (ET) (4.6)

A(ET)a(ET)s
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Equation 4.4 can be written in the form

dBwy, d*w
LA\
dx® t A dxt

=0 4.7)

The tensionless spring foundation modulus (k;) value is chosen based on the study by
Kardomateas et al. [45]. This modulus value is same the modulus in the elastic foundation
in region III & IV. Only difference being, foundation in region I reacts only in compression

and its modulus is given by

ey = 583y (4.8)
C

where

¢ — E¢ (1—V‘1:2V§1) 4.9
C33 = 31 c . ,C c ,,C c ,,C c .,c 4 ,C c .,c ,,C ( : )
- (V12V21 + V23V32) + V13V31) - (V12V23V31 + V21V32V13)

where we have adopted the convention 1 = x, 2 =y, and 3 = z; EY is the transverse
extensional modulus of the core; and the 1/'s are Poisson’s ratios of the core.
The general solutions for the transverse displacements from these governing equations

are

—FI,
Wy, = Bl [Dl cosh \jz cos \jz + Dy cosh A\ sin \yx + D3 sinh A\jz cos A\jz+

+ Dy sinh Az sin )\193] + Dsa® + Dga® + Dox + Dy (4.10)

ws, = {Dl cosh Az cos \ix + Dy cosh Az sin A\yx + D3 sinh Az cos A\jz+

+ D, sinh \;z sin /\14 + D5z + Dgx® + D7z + Dy 4.11)

In Region 1, it can be noticed that the general solutions for the displacements have
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hyperbolic functions and polynomials. There are 8 unknown coefficients in these equations.

In Region II:

In this region, there is no contact between the top debonded face and the substrate. Hence,
the top debonded part and the substrate are independent and the governing equations (Equa-

tion 4.1 & Equation 4.2) are simplified to simple beam equations

d4wdH
dw,
BL=8 =0 —a+ X <2<0 (4.13)
i

And solving these equations, we get the general solutions as

Wq,, = €142° + 242> + €34T + €44 (4.14)

Ws;, = €157° + €507 + €357 + €44 (4.15)

We can the see that the general solutions for the displacements are simple polynomial

equations and we have 8 unknown coefficients from this region.

4.1.2 Bonded section

We introduce an elastic foundation in the bonded region to capture the crack tip deforma-
tions. The governing equations are same in Region III and IV. There is a shear load acting
between Region III & IV and both the regions have the elastic foundation with normal
springs between the top face sheet and the substrate. The beam is split into two regions at

xr = L — a, where there is transverse shear load in the middle of the beam.
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In Region III:

Here, the elastic foundation has a distribution of normal springs and the stiffness of the

springs are k,, The governing equations in region III is given by,

d4wd

(E[)dTi” + kn(wdlll o wSIII) =0 0<z<L-a
d*w

(E[)Sﬁ + kn(wSIH - wdnz) =0 0<xz< L—a

Simplifying these equations, we get

(EI)S%—F 1+ (EI)S d4S]][ :O
k,  dx8 (El)q| dz*
with
(EI)S d4w8111
Wy = kn W SIII
Then setting,
EI ET),
Ay = k (El)q+ (ET)

M A(ED (BT,
Equation 4.4 can be written in the form

d*w
4)\4 SIrr 0
e dx?

8
d wSIII
dx8
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(4.18)

(4.19)

(4.20)

(4.21)



The general solutions obtained from solving the governing equations (Equation 4.16 &

Equation 4.17) are

—FI, ) .
Wy, = FEL [Cl cosh Ao cos Ax + Cy cosh Ay sin Aoz + O3 sinh Ay cos Aoz +

+ O sinh \yx sin )\24 + Cs23 + Cyz® + Crz + Cy (4.22)

W, = {Cl cosh Ao cos Az + Cy cosh \yx sin Ay + Cs sinh A\yx cos A+
+ C4 sinh )\213 sin )\21"| + C5Q33 + CBIQ + 0733' + Cg (423)
From the general solutions, we have 8 unknown coefficients (C; where i =1,...,8) in this
region.
In Region IV:

In this region, the governing equations are similar to region III and they can be solved in

the same way

d4
(EI)d ;U(ilv + kn(wdlv - wSIV) =0 L—-—a<z<2L-a (4.24)
Xz
d*wy
(BD)s— 3 +hn(wey, —wa, ) =0 L—a<z<2L-a (425
X

Again the general solutions obtained from solving the governing equations are

—FI,
W, :E’—Id {Bl cosh Ay cos Aagx + By cosh Ay sin Ayx + B3 sinh Asx cos Agx+
+ By sinh A9z sin )\24 + Bsa® + Bgx? + Brx + By (4.26)
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Ws,,, = | B cosh A cos Agx 4 By cosh A\yx sin Agx + B3 sinh A\yx cos Apz+

+ Bysinh Aoz sin Ao | + Bsaz® + Bga® + Brx + By (4.27)

From the general solutions (Equation 4.26 & Equation 4.27), we have 8 unknown coeffi-

cients (B; where i =1,...,8).

4.2 Boundary and Continuity Conditions

From the general solutions for transverse displacements in all four regions, we have 32
unknown coefficients. In addition, we also have an unknown length of contact region (X;).
So, to find all these unknowns, we need atleast 33 equations. From the ENF specimen
(shown in Figure 4.1), we have 8 boundary conditions and 24 continuity conditions (8 each
from x = -a+ X3, 0, L-a) and 1 additional condition at the end of the contact region. At
the end of crack face contact, we known that the displacements of the debonded face and
the substrate must be equal. This gives us an additional condition that we need to solve the
unknown length of crack face contact (X).

In the End Notched Flexure specimen, the beam is pinned at the right end x = 2L — a,
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so the bending moment and displacements are

(ED)awg,, |20 =0

= 2(—(EI)4)A3 | By cosh(A(2L — a)) cos(A2 (2L — a))—

— Bycosh(\(2L — a)) sin(As(2L — a)) + Bysinh(Ay(2L — a)) cos(Aa(2L — a))—

— Bysinh(A\(2L — a)) sin(\o(2L — a)) | + 6B5(2L — a) + 2Bg (4.28)
(ET)swg,, |2r-a =0

= 2(EI)A2| By cosh(\y (2L — a)) cos( Ay (2L — a))—

— Bycosh(M\a(2L — a))sin(Aa(2L — a)) + By sinh(Ao(2L — a)) cos(Ma(2L — a))—

— Bl smh()\2(2L - (l)) SlIl(/\Q(2L — CL)) + 6B5(2L - CL) + 2.86 (429)

Wy |20-0 = 0

— (—=(EI)s/(EI)q)| By cosh(Ao(2L — a)) cos( Ao (2L — a))+

+ By cosh(\a(2L — a)) sin(Aa(2L — a)) + By sinh(Ao(2L — a)) cos(M\a(2L — a))+

+ Bysinh(\y(2L — a)) sin(A2(2L — a)) | + B5(2L — a)3+

+ Bs(2L — a)* + B7(2L — a) + By (4.30)

Wy, ‘2L7a =0

= | By cosh(A\y(2L — a)) cos(Aa(2L — a)) + By cosh(Ay(2L — a)) sin(A2 (2L — a))
+ Bssinh(A\(2L — a)) cos(A2(2L — a)) + Bysinh(A(2L — a)) sin(A2(2L — a)) |+

+ B5(2L — a)® + Bs(2L — a)* + B;(2L — a) + By 4.31)

At the crack tip, x = 0, we have continuity conditions on the top face sheet across the

cracked section and the bonded section of the beam:
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Displacement continuity:

ega = (—(EI)s/(ET)y)Cy + Cy (4.32)
€5 — Cl + Cg (433)
Slope continuity:
€3qd = (_(EI)S/(E[)C[)AQ(CQ + 03) + 07 (434)
€35 — )\2(02 + Cg) + 07 (435)
Bending moment continuity:
ezqa = (—(EI),/(E1))A5Cy + Cs (4.36)
e2s = A\5Cy + Cp (4.37)
Shear force continuity:
6e10 = 2\5(—(EI)/(EI))(Cy — C3) + 6C5 (4.38)
6e1s = 205(Cy — C3) + 6Cs (4.39)

At the left end, x = -a, the ENF specimen is pinned. The bending moments and displace-

ments are
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(EDqwg, |- =0

= 2(—(EI) )\ {D4 cosh(—M\ja) cos(—Aj1a) — D3 cosh(—Aa) sin(—\ja)+

+ Dy sinh(—Aja) cos(—A1a) — Dy sinh(—\;a) sin(—/\la)} +6Ds5(—a) +2Ds  (4.40)
(Ej)swgllfa =0

= 2(EI)\] {D4 cosh(—A1a) cos(—Aja) — D3 cosh(—Aja) sin(—\ja)+

+ Dy sinh(—Aja) cos(—Aja) — Dy sinh(—\;a) sin(—)\la)l +6Ds5(—a) +2Dg (4.41)

wdl|_a = 0

= (—(EID)s/(ET)y) {Dl cosh(—Aja) cos(—A1a) + Dy cosh(—Aja) sin(—Aja)+
+ D3 sinh(—Aja) cos(—Aja) + Dysinh(—\ja) sin(—)\la)} +

+ Ds(—a)® + D¢(—a)* + D7(—a) + Dy (4.42)
Ws;|—a =0

= | Dy cosh(—\1a) cos(—A1a) + Ds cosh(—Aja) sin(—A\1a)+
+ Dy sinh(—Aja) cos(—A1a) + Dysinh(—Aja) sin(—A\a) |+

+ Ds(—a)® + D¢(—a)? + D7(—a) + Dsg (4.43)

We also have continuity condition at the middle of the beam, x= L-a, where there is a trans-

verse shear load (P). Using this we can obtain the following equations:
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Displacement continuity:

Wyt |1-0 = Wapy |-

= (=(ED)s/(ED)a) | (Cy = By) cosh(Ay(L — a)) cos(Ao(L — a))+

+ (Cy — By) cosh(Ma(L — a)) sin(Ag(L — a))+

+ (C5 — Bs) sinh(\y(L — a)) cos(Ao(L — a))+

+ (Cy — By) sinh(M\y(L — a)) sin(Ao(L — a))| + (C5 — Bs)(L — a)>+

+(Cs — Bg)(L —a)* + (C7 — By)(L —a) + (Cs — Bg) =0 (4.44)
Werrgl-a = Wepy |10

= |(Cy = By) cosh(Ao(L — a)) cos(Ao(L — a))+

+ (Cy — By) cosh(Ma(L — a)) sin(Ag(L — a))+

+ (C3 — Bs) sinh(\y(L — a)) cos(Ao(L — a))+

+ (Cy — By) sinh(Ao(L — a))sin(Ao(L — a)) | + (C5 — Bs)(L — a)*+

+(Cs — Bg)(L — a)* + (C; — By)(L — a) + (Cs — Bg) = 0 (4.45)

(4.46)
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Slope continuity:

w:iIII |L—a - wtlilv |L—a

= (—(EI)s/(ET)a)\2|(Cy + C3 — By — Bs) cosh(A2(L — a)) cos(Ao(L — a))+

+ (=Cy + Cy + By — By) cosh(Ao(L — a)) sin(Ao(L — a))+

+ (C1 4+ Cy — By — By) sinh(Ao(L — a)) cos(Aa(L — a))+

+ (Cy — C3 — By + Bs) sinh(Ao(L — a)) sin(Ao(L — a)) | + 3(Cs — Bs)(L — a)*+

+ 2(06 — BG)(L — CL) + (07 — B7) = 0

w/SIII|L_a = w;1V|L—a

= A|(Cy + C5 — By — Bs) cosh(Ao(L — a)) cos(Aa(L — a))+
+ (=C1 + Cy + By — By) cosh(Ao(L — a)) sin(Ao(L — a))+

+ (C1 4+ Cy — By — By) sinh(Ao(L — a)) cos(Aa(L — a))+

(4.47)

+ (02 - 03 — B2 + Bg) Slnh(Ag(L - a)) Sin(/\Q(L — CL)) + 3(05 - B5)(L - CL)2+

+ 2(06 - BG>(L - CL) + (07 - B7) =0

Bending Moment continuity:

(E]>dw2l,111 |L—(l = (E‘[)dngv |L_a

= 2(—(EI)s/(EI)g)5 | (Cy — By) cosh(Ae(L — a)) cos(Xa(L — a))—

— (03 — Bg) COSh()\g(L — a)) Sin()\g(L — (Z))‘l‘

+ (Cy — By) sinh(Ao(L — a)) cos(Aa(L — a))—

(4.48)

- (Cl - Bl) Slnh(/\Q(L - CL)) Sin()\Q(L - CL)) + 6(05 - B5)<L - CL) + 2(06 - BG) =0
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(ET)w!

SIII |L_a = (EI)Sw;,IV |L_a

= 2X3|(Cy — By) cosh(Xo(L — a)) cos(Aa(L — a))—
— (C5 — Bs) cosh(Ae(L — a)) sin(Aa(L — a))+
+ (Cy — By) sinh(Ao(L — a)) cos(Aa(L — a))—

- (Cl - Bl) Slnh()\Q(L - CL)) Sin()\g(L - CL)) + 6(05 - B5)<L - CL) + 2(06 - BG) =0

(4.50)
Shear Force continuity:
[(E])dwg;[[ + (E‘[)Swg;[[ - (E‘[)dwg;\/ - (E‘[>5wvls/;\/j||L_a = P
6((EL)q+ (EI),)(Cs — Bs) = P @.51)

In addition, we also have a shear force condition at the right end. The shear load is acting

at the middle of the beam, hence the reaction at the pinned supports will be half of it,

[(ED)awg,, + (ED)swg Jlar—a = —P/2

6(El)q+ (EI),)Bs = —P/2 (4.52)

In the cracked section, between Region I and II, z = —a + X3, we have continuity condi-

tions across these two regions
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Displacement continuity:

Wd, | —a+X; = Wdy; | —a+X1

= (—(EI)s/(EI)q) | D1 cosh(A(—a + X7)) cos(A1(—a + X))+
+ Dy cosh(Ai(—a + X7))sin(A;(—a + X7)) + Dssinh(A\(—a + X;)) cos(A(—a + X))+
+ D4 sinh()\l(—a + Xl)) sin()\l(—a + Xl)) + D5(—CL + X1)3 + D6<—(I + X1>2—|—

+ D7(—CL + X1> + Dg = Wd(—a + X1)3 + Xd(—a + X1)2 + }/d(—a + Xl) + Zd
(4.53)

wSI |7a+X1 = wSII |7a+X1

= | Dy cosh(A;(—a + X7)) cos(Ai(—a + X7))+
+ Dy cosh(Ai(—a + X7))sin(A(—a + X1)) + Dssinh(A\(—a + X;)) cos(A(—a + X))+
+ Dysinh(A\(—a + X1))sin(A(—a + X1))| + Ds(—a + X;)* + Dg(—a + X1)*+

+ Dy(—a+ X1) + Dg = Wy(—a + X1)* + Xy(—a + X1)? + Yi(—a+ X)) + Z,
(4.54)

Slope continuity:

wél] ‘*CH’Xl = w&]} |*G«+X1

= (—(EI)s/(ET)a) 1| (Dg + D3) cosh(A(—a + X)) cos(A(—a + X))+

+ (—=D1 + Dy) cosh(Ai(—a + X7)) sin(A1(—a + X7))+
+ (D1 4 Dy) sinh(A\(—a + X7)) cos(A1(—a + X7))+

+ (Dy — D3) sinh(A(—a + X1))sin(A(—a + X1)) | + 3D5(—a + X1)*+

+2Dg(—a + X1) + Dy = 3Wy(—a + X1)? + 2Xg(—a + X1) + Yy (4.55)
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w;[ |_a+X1 = w;I[ |_a+X1

= A1 | (D2 + D3) cosh(A(—a + X)) cos(A(—a + Xq))+

+ (—=D; + Dy) cosh(A(—a + X71)) sin(A (—a + X7))+
+ (Dl =+ D4) Sil’lh()q(—a + X1>) COS()\l(—CZ -+ Xl))+

+ (Dy — Ds3) sinh(A\(—a + X1))sin(A1(—a + X1)) | +3Ds(—a + X;)*+

+2Dg(—a + X1) + Dy = 3W,(—a + X;)* + 2X,(—a + X)) + Y, (4.56)
Bending Moment continuity:

(EDawg,|-a+x, = (E1)awg,,|-a+x,

= 2(—(EI),/(EI)q)A]| Dy cosh(A(—a + X)) cos(A(—a + X;1))—

— D3 cosh(A(—a + X7))sin(A(—a + X1)) + Dysinh(A(—a + X;)) cos(A(—a + X7))—
— Dy sinh(A(—a + X3))sin(A(—a + X1))| + 6Ds5(—a + X1)+

4 2Dg = 6Wy(—a + X1) + 2X4 (4.57)
(B! ar, = (ED ! |-arx,

= 2A\] | Dy cosh(A\(—a + X)) cos(A (—a + X;))—

— D3 cosh(Ai(—a + X1))sin(A(—a + X1)) + Dysinh(A(—a + X1)) cos(Ai(—a + X)) —

— Dy sinh(A(—a + X3))sin(A(—a + X1))| +6Ds5(—a + X1)+

+2Dg = 6W,(—a + X1) + 2X, (4.58)
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Shear Force continuity:

(EDawg,|-atx, = (EDawg,,|-atx,

= 2(—(EI)s/(EI)g)A\3 | (Dy — D3) cosh(A(—a + X)) cos(A(—a + X)) —

— (D1 + Dy) cosh(A(—a + X7)) sin(A(—a + X))+
+ (=D1 + Dy) sinh(A(—a + X7)) cos(A(—a + X7))—

— (DQ + Dg) sinh()\l(—a + Xl)) Sin(>\1(—a + Xl)) + 6D5 = 6Wd (459)

(D)l -, = (ED ol | -arx,

=2} (D — D3) cosh(\i (—a + X)) cos(A\i (—a + X1))—

— (D1 + Dy) cosh(A(—a + X;)) sin(A(—a + X7))+
+ (—=D; + Dy) sinh(A(—a + X)) cos(A(—a + X7))—

— (DQ + Dg) sinh()\l(—a + Xl)) sin()\l(—a + X1)> + 6D5 = 6WS (460)

From these boundary conditions and continuity conditions (Equation 4.28 - Equation 4.60),
we have 32 equations to solve for the unknown coefficients in the general solutions. We still
need one more equation to solve all the 33 unknown coefficients. The additional equations
comes from the condition at the interface between Region I & II, we know that the contact
between the crack faces are lost at that interface. Hence, the transverse displacement of the
top debonded face and the substrate should be the same at the interface between Region I

& Il (x = —a + X;). This gives us

wdll’—a"!‘Xl = ws[z’—a+X1
Wa(—a+X1)? + Xg(—a+ X1)* + Yy(—a+ X1) + Zy =

Wi(—a+ X1)* + Xs(—a+ X1)* + Yi(—a + X)) + Z, (4.61)

With all these conditions, we obtain a system of non-linear equations(Equation 4.28-Equation 4.61)
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and we can write a computer code to solve the numerical equations numerically.

4.3 Energy Release Rate

We have the general solutions for the transverse displacements of the beam section and
they can be used to find the energy release rates. J-Integral provides a way to calculate
the strain energy release rate. The ENF specimen is a standard beam for the measurement
of the mode-II toughness of composites. The J-integral was developed in 1968 by Rice to

characterize the strain concentration around cracks and notches.
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Figure 4.4: Zero-area path for J-Integral Calculation - ENF

The original definition of the integral is:

aui

J:/Wdz—Ti
r

For the calculation we define a zero-area path [97][98] around the crack tip. The dashed

lines show the stress and displacement fields on both sides of the tip. For the calculation,
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we define a zero-area path around the crack tip (I'= BAA’FEDD’C) as shown in Figure 5.4.

The strain energy density on along the path can be written as:

1
W= 5(‘71169@ + 0o+ TuoVez) (4.63)

And, the second term in Equation 4.62 can be written as

8Ui

T,
ox

= T O0gx€pa — Tr Wy (464)

The equivalent shear modulus for the section should be derived by assuming the constituent
sections are “springs in parallel”, as shown in Kardomateas and Simitses[45].

For the debonded part, which is homogeneous, the equivalent shear modulus is:
Gq = Gy, (4.65)

For the substrate part which consists of the core and the bottom face:

2c + b 2c fb
—_ - 4.
G G. Gy, (4.66)

For the base part

ft+20—|—fb_ ft 2 i

_Je 4.
Gy a,ta. " a, (4.67)

Regarding the shear correction factor, for a homogeneous section, £ = 6/5. Thus, for the
debonded part:
6

Kg = B (4.68)

The shear correction factor for the substrate part can be found using the general asymmetric
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section formula in [96],

Rg =

Gb*(2c+ fi) E_fq B E}%b g
4(EI)§ Gc ? G—fb )

where

0= oot B+ Elle—ent i) = (= e
Se— et Plle— et S} = (= )]
1 2

(4.69)

(4.70)

G = 2c(c+e) +o[(ct+e)’ — (c—e,)’] — =(c+es)[(c—es)? — (c—ey)’] @.71)

3 3

The shear correction factor for the base part can again be taken from Huang and Kardo-

mateas [96] formula for a general asymmetric sandwich section:

a; = e, +c+ fi; by = ey +¢ = €b+0+§
_ . _ . _ Jo
ay = —ep+c+ fi by, = —ep+c; c = —eb+c+5

and

E3, E
dy= 122 L B fieb? 4+ —Sp
EC (2 CZ + f fc (2 + 4 (2

then the shear correction formula for the base part is given from:

B bQ(fb + 2c+ ft)Gb
= ET2
eq

(ay + ac)
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where

E2 2 1
fi| 4 273 3 5 5
i — —ai(a? — b))+ =(a — b 4.76
le = 4Gz |:azf 3az (az 7,) 5(az Z):| ( )
E. b, 5 5 b? 1 3 3
Qe = —gc E —20 (bi - eb) - (ECE + Efifici> g(bz - eb) + d;c 4.77)

From a plane stress assumption, o,, = 0, and €., = 0,/ E,thus

When dz = -ds,
1
dJ = 5 (O'xmeccr + 0226 + Tsza:z) (—dS) - < — Ozx€rzr — Tmzwi,a:) ds (4.78)
1 2 2
i - (% gt szwi,x) s (4.79)

Similarly, when dz = ds,

L oh T
dJ = 5 ( - ? + I{G—eq - QTmzwiJ) ds (480)
Here,
M;s -V
a:x:Ez - ; Tz — ,L; .:d, ,b 4.81
o (ED)., T, 1 1 S ( )

where I; refers to F; = FE, if it is in the core, IJ; = Eyt if in the top face etc. Also,
(ET), is the equivalent bending rigidity of the section, for example, for the substrate part,
(El)eq = (E1)s, and for the base part, (E1)., = (E1)p.
Notice that for a plane strain assumption, €,, = 0, we would have o,, = v,,0,,, there,
€re = (Opg — V200.,)/E = (1 — vpvz)o,, /E.

In the zero-area path for J-Integral, we evaluate the stresses and slopes at the crack tip

(x=0). Therefore, again for a plane stress assumption,
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On BA: dz =-ds

It
2 1 Rd o
Ja :/ (—aiw— Tzz+szwi7m|0>ds (4.82)
,% 2Ed 2Geq
(4.83)
It
2 (1 M?2s? kg V2V,
= —E,—4 . Calo )d 4.84
/ (35 ~ 2ty e~ ek ) 459
Ju =L (12Mi raVi 2Vb(esq) (4.85)
BA =53 Euf? Gafs dY\€3d .

Here, M, & V; are the bending moment and shear force on the debonded part at the crack

tip (x=0) are given by

My = (ET)4(2e2); Vi = (ET)4(6e14) (4.86)
On A’F: dz = -ds
/ g _E S o sVg . _s |
s /AF (2 C(EI?  2G,A? A, ww'O) ds (4.87)
M, i c? )
Jap = 2(EI)? |:Efbfb [(c —es)(c—es+ fo) + E} + 2Ecc<§ + €S>] _
ko V2 Vv,

7 (€39) (4.88)

TG (2c+ fy) b

Here, M, & V; are the bending moment and shear force on the substrate part at the crack

tip (x=0) are given by

M, = (ED)y(2e5,); Vi = (EI)y(6ews) (4.89)

On the right side, EC, we can assume that the bonded section (actual beam structure) is
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used. This ”base” beam will have its neutral axis at a distance "¢;” from the mid-core line,

which is given by

e[ By, fi + Ec(2¢) + Ey, fo] = Efbfb(fb c> — E fi (% + c) (4.90)

and its flexural rigidity will be

ft ft 2 2¢3 2
(EI), =0 Eft12 + Ey, fi +c+eb +EC?+EC(2c)eb+
3 fo ?
+Ebe+Efbfb( +c—eb> ] (4.91)
On EC: dz=ds
M2 2 vaQ ‘/b

= E, b 4.92
Jec /CE( b2<E[> + 2G, A2 + 1 wbx|0)ds (4.92)

M2 < ep—c ) ep+c ) ept+ct+ft )
Ef/ sd5+Ec/ SdS‘i‘Efz/ sds)—l—
2(EI> ! ep—c—fp ep—cC ep+c

Vi ept+c+fit Vi ep+c+fi
+ b / ds + —2wy 4o / ds (4.93)
QGbAb ep—c—f Ay ep—c—fp

Simplifying the above equation we get

2 2 2
e = = ige{ Endil(en e —c = 1) + 2] + 285 + )+
t V2
+ Ey. fi [(eb+c)(eb+c+ft) J;]}+ (221)11212)( c+ fi+ i)
— Ewb@b(ft + 2c —+ fb) (494)

Ay

M, & V), are the bending moment and shear force on the base part at the crack tip (x=0) are

given by

My = (EIq(2e2q) + (EI)4(2€35); Vi = (ED)4(6e1q) + (EI)s(6e1s)  (4.95)
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Finally, the strain energy release rate is the sum of these individual contributions (Jp 4,J 4/ r,Jgc)-

J = Jpa + Jar + Jrc (4.96)

Hence, the energy release rate of the end-notched flexure sandwich specimen can be ob-

tained using the following expression

o 1 (12((Ef)d(262d))2 B ka((ET)q(6e1q))? B 2((EI)d(6€1d))b<€3d)>+

—@ Edfts Gdft
-I—(( 2222?8)) [Efbfb [(c —e5)(c—es+ f) + ];f ] +2F c( 3 + ei)} —
 ks((B1)s(6ess))?* ((Ef)s(ﬁels))(e - ((ET)a(2e2q) + (Ef)s(%zs))2{
2G 2 (2¢ + fy) b - 2(EI)
Bph[(es — e)es —e— ) + 2] + 250§ + )
+ Ey, fi |:(€b +o)(ep+e+ fi) + ‘];f ] } + ('{”(<E1)d(6€;‘;)c£§f71)8(6618)) )_
_ ((El)d(6€1d)+(Ef)s(66ls))wb | 4.97)
b |0 .

4.4 Mode Partitioning

The goal in this thesis is to provide a closed/near-closed form solution. Hence, we use mode
partitioning approach, which makes use of the displacements. Notice that displacements
as an alternative approach to determine mode mixity have been used in bimaterial fracture
mechanics by Berggreen et al. [36]. However, the latter is based on the fracture mechanics
singular field and thus it is conceptually different and this mode partitioning approach was
introduced by Kardomateas et al. [43].

According to the Euler-Bernoulli beam theory, the displacements of the debonded part
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in the limit are

W, :}:iil’(l) wa(T) = eqq (4.98)
Udy :g ilg(l) Waz(x) = %egd (4.99)

and the corresponding ones for the substrate part in the limit are

Wyy = 3131{}% ws(x) = ey (4.100)
Usy = — (€5 + ¢) lirr(l) Wa () = —(es + ¢)ess (4.101)
T—r

We can also account for the effect of transverse shear in an approximate way by including
the shear strain v = kV/(G¢,A) in the slope. Notice that, a positive shear would create a
clockwise slope. Thus, the axial displacements at the face/core interface due to the shear,

to be added to the u4, and us,, respectively, are

Ug :—ﬁ FaVa ; U
! 2 (Gabfy)’ SV

KV
[Gsb(2¢ + f)]

= (es + ©) (4.102)

A mode partitioning phase angle, {7pr, based on the elastic foundation approach, is de-
fined from the relative crack flank opening and shearing displacements, d,, and 9,,, respec-
tively, at the tip; it is defined so that ¥rpr = 0 if only transverse (opening) displacement
occurs at the beginning of the springs, x = 0 (pure mode I) and 75 = 90° if only axial

(shearing) displacement occurs at x = 0 (pure mode II)

Yrpp = tan™! <§—“) _ tan—t o ¥ i) (g ¥ te)) (4.103)

w (wdo — Wsq )
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After substituting

KkaqV, ks Vs
(%egd — %W) — (— (63 + C)Ggs + (65 + C)Wg'i‘fb)]

(€4d - 645)

> (4.104)

Yrpr = tan™!

It should be noted that in the elastic foundation model, a crack does not exist, instead we
have beams connected by elastic springs. Therefore, this mode partitioning approach is not
the same as the mode mixity in a bimaterial crack, which is based on the stress intensity

factors from a fracture mechanics approach.

4.5 Results and Discussion

A symmetric sandwich configuration with faces made of isotropic aluminium with Young’s
modulus £y = 70GPa and Poisson’s ratio vy = 0.3 is chosen. The core material is isotropic
aluminium foam with Young’s modulus £. = 7GPa and Poisson’s ratio v, = 0.32. We
chose isotropic faces and core because we are comparing our results with the commercial
finite element ANSYS, and most finite element softwares can only calculate the stress
intensity factor, K ;;, for an interfacial crack when the two materials are both isotropic
and linear elastic.

In all cases, the faces had a thickness of f;=f,=2 mm and the core had a thickness of 2c
= 20mm. The total length of the beam was L=500 mm. A debond of length a = 200 mm is
introduced between the top face and the core.

For verification, we modeled the End-Notched Flexure sandwich specimen into AN-
SYS (Figure 4.5). Here, the crack tip singularity was introduced using Pre-Meshed Crack
and a frictionless surface-to-surface contact was also introduced between the two crack
faces. We then obtained the Energy release rate values using J-Integral and Virtual Crack
Closure technique. We also obtained the mode mixity values from the stress intensity factor

values using the expression given below:
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Figure 4.5: ENF sandwich specimen with pre-meshed crack

Y = tan " (@) (4.105)

Table 4.1 shows the energy release rate values from the closed form expression (Equa-
tion 4.97) from the tensionless foundation analysis, J7gr in comparison with the one com-
puted from the finite element analysis, £ RRpg4 for a range of load values. We have used
the subscript TEF to denote results from the tensionless elastic foundation approach and
FEA to denote results from the finite element code ANSYS. It can be seen that the energy
release rate values (Jrgppr) show very good agreement with the energy release rate value
from FEA (ERRpg4). In addition, by solving the unknown equations using boundary
conditions, it is interesting to note that we are able to find the crack face contact length
(X1) for each load case. We can see that there is a significant contact region from the left

support as we expected.
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Table 4.1: ENF: Energy Release Rate Values - Al Foam Core

P JrEr ERRppa | Contact Length
(Ny) (Ny/mm) (N¢/mm) mm
Tensionless Foundation | VCCT Region I
10 0.0248 0.023141 129.07
15 0.0558 0.0521 160.12
20 0.0993 0.0926 160.12
40 0.3970 0.3706 157.65
60 0.8934 0.8331 157.65
100 2.4816 2.3141 157.65
150 5.5836 5.2068 157.65
250 15.5100 14.463 157.65
400 39.7055 37.026 157.65
750 139.5897 130.17 157.65
1000 248.1595 231.41 183.10

Next, we chose a soft core isotropic material with Young’s modulus £, = 0.35GPa and
Poisson’s ratio v, = 0.32. Table 4.2 shows the energy release values (Jrgr) compared
with the finite element analysis (ERRrg4). Even for this soft core case, we can see that
the tensionless elastic foundation approach gives a very good estimation of the energy
release rate values. Also, in the soft core case, it can be noticed that the crack face contact

length X is significantly large.

Table 4.2: ENF: Energy Release Rate Values - Soft Core
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P JrEF ERRppa | Contact Length
(Vy) (Ny/mm) (N¢/mm) mm
Tensionless Foundation VCCT Region |
10 0.4263 0.4054 160.12
15 0.9592 0.9122 160.12
20 1.7053 1.6216 160.12
40 6.8210 6.4865 160.12
60 15.3474 14.5950 160.12
100 42.6316 40.5410 160.12
150 95.9210 91.2160 160.12
250 266.4474 253.3800 157.65
400 682.1055 648.6500 183.10
750 2398.0270 2280.4000 183.10
1000 4263.1592 4054.1000 183.10

The mode partitioning phase angles defined in the context of the tensionless elastic foun-
dation analysis, Vg, gives Yrpr = 90° for all the load cases and both the material
combination. This is very accurate as we know that the ENF specimen is a pure mode II
specimen and the mode mixity phase angle for the pure mode II case should be 90°. We
also obtained the mixity values from ANSYS stress intensity factor values and they also
shows that the specimen is in pure mode II fracture.

It is interesting to note that in Table 4.1 & Table 4.2, there is slight difference in the

energy release rate values obtained using the tensionless foundation theory and the FEA
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values. This is expected since our elastic foundation analysis uses Euler-Bernoulli beam
theory. A Timoshenko-based, first order shear analysis or high-order shear theory could

lead to better accuracy.

4.6 Conclusion

Semi-Closed form expressions for the energy release rate and mode partitioning of End-
Notched Flexure sandwich specimen are obtained. An elastic foundation approach using
Euler-Bernoulli beam theory is used in the bonded section of the beam. In the debonded
part, crack face contact is usually neglected in literature for analytical approaches. Here,
the crack face contact is modelled using tensionless spring foundation approach. The ten-
sionless spring foundation captures the transfer of compressive stress across the crack faces.
In this approach, in addition to the transverse displacements in the debonded part and the
substrate, we also obtain the length of the crack face contact region. The model presented
here is applicable for both isotropic and orthotropic face and core materials and can also be
done for the general asymmetric sandwich beam construction. J-Integral is used to derive
a closed form expression for energy release rate and the J-Integral values shows excellent
agreement with the corresponding values from the finite element analysis. The transverse
and axial displacements at the beginning of the elastic foundation are used to define a mode
partitioning measure values. It shows that the ENF specimen undergoes pure mode II frac-

ture.
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CHAPTER §
CRACK FACE CONTACT MODEL - WITH FRICTION

In mode II fracture specimen, when there is crack face contact, we will have friction in
the contact region. Analytical approaches usually neglect the crack face contact and fric-
tion forces. Here, we are extending the elastic foundation analysis with tensionless spring
foundation to also capture the friction between the crack faces. The same ENF sandwich
specimen is used here to include friction in the contact region. In Figure 5.1, Region I is
the contact region in the debonded portion of the beam. Here, we will introduce the effects

of crack face contact friction.

TOP FACE

T TR

N 4///.{//

Figure 5.1: Tensionless Foundation with crack face friction in ENF Specimen
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5.1 Governing Equations

We are extending the elastic foundation approach with tensionless foundation in the con-
tact region to also include the friction in the contact region. In Region I, we are using
tensionless spring foundation to capture the compressive stresses across the interface be-
tween debonded top face and the substrate. Region II is the free region in the cracked
section of the beam and we simple beam theory to obtain the governing equations in this
region. Region III and IV form the bonded section of the beam, elastic foundation with
normal springs are used to capture the interaction between the face and the substrate in this
region. In this model, we are using Euler-Bernoulli beam theory to develop the governing
equations in all these regions.

It should again be noted that the formulation and approach are applicable to both beams
(plane stress) and wide panels (plane strain) but different moduli should be used for plane
stress and plane strain problems. The solutions derived here are for the plane stress case
and for plane strain, E (Young’s Modulus) should be replaced by E/(1 — v/?), where v is

Poisson’s ratio.

5.1.1 Cracked section

In the cracked section of the beam, we have two regions, Region I is the crack face contact
region with tensionless spring foundation and friction. The tensionless spring foundation
here is assumed only to react when there is compression and the modulus of the tensionless
foundation is k;. At the interface between debonded part and the substrate, compression
occurs only when wy; < ws. When wy > ws, it means the crack is open and there is
no contact or transfer of stresses across the debonded top face and the substrate. The
coordinate system is set so that x = 0 is at the crack tip (shown in Figure 4.3), i.e., the

debond is negative for x and the intact part is for positive X.
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Region I: (—a <z < —a+ X;)

The beam element of the top debonded face shear is shown in Figure 5.2. Using the equi-

Vi
A
M, Mg+ %&c

YV, + %ax

4y €= E— 44— E— = =

SEEEREYRNNRY
q

Figure 5.2: Beam Element in the Debonded Face - Region |

librium equations of the beam element, we get

dMy fi

Vo4 g L 1
dVy

—<—q 52
dx 9 (5-2)

where, ¢, is the force distribution from the tensionless spring foundation and ¢, is the
frictional force distribution from the crack face contact. And similarly, the beam element
of the substrate part is shown in Figure 5.3 and if we solve the equilibrium equations, we

get

dM;

dr = ‘/s + %:(es + C) (53)
dVs

S 4
. q: (5.4)
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Figure 5.3: Beam Element in the Substrate - Region I

The force distribution from the tensionless spring foundation (g.) can be written as

q. = —ke(wg — wy) (5.5)

where, wy and w; are the transverse displacements in the top debonded part and the sub-
strate respectively. k; is the elastic modulus of the tensionless spring foundation and the
elastic modulus value is obtained using the same expression for the modulus of normal
springs in the elastic foundation. The only difference is that the springs in the tensionless
foundation only reacts for compressive forces. p is the friction coefficient between the
crack faces. The friction force distribution (g,) between the crack faces is proportional to

the normal force distribution and can be written as:

¢e = —pki(wg — wy) (5.6)
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Using Equation 5.5 & Equation 5.6 in the equilibrium equations for the debonded part and

the substrate, we get

3w
(El>dﬁ3d =V — pky(wq — ws)g (5.7)
dv,
d—xd = — ky(wg — wy) (5.8)
dPwy
(EI)SW =Vi — pki(es + ¢)(wg — wy) (5.9)
av
o =ki(wqg — wy) (5.10)

Simplifying this further, we get the governing equations in the Region I as

d4wd ft dwd . dws

(BDa——= + ki(wa = we) + phi 5 (——= = ——=) =0 (5.11)
d4ws dwd dws
(Ej)s% + ke (ws — wq) + pke(es + C)(% I )=0 (5.12)

The governing equations are linear fourth order coupled differential equations and are in
terms of the transverse displacements of the debonded part and the substrate. These equa-

tions can be solved by taking laplace transform

sSHEDWa(s) + k(Wy(s) — Wi(s)) + ukt%s(Wd(s) —Ws(s))=0  (5.13)

SHED)W,(s) + ke(Wi(s) — Wy(s)) + pki(es + c)s(Wa(s) — Wi(s)) =0 (5.14)

Solving Equation 5.13, we can obtain W(s) in terms of W;(s),

. th + ftk‘tus + 2(E])d84
k(2 + pfis)

Wi(s) Wa(s) (5.15)
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Substituting this into Equation 5.14 and simplifying, we get

k f ke((ET)a + (E1)s)
8 tH t1.5 4
— ET —(E1)= -
S En e, e e = B s T En, e
(5.16)
Now taking inverse Laplace transform of the above equation results in
wi"" — 203wl 4+ Mw!) =0 (5.17)
where
k f
2 tH t
=——————|(FI —(E1)= 1
k((ET ET),
(E1)q(EI)s

This is a linear eight-order homogeneous differential equation. Assuming a solution of the

form e"*, results in the following equation:

=20 At =0, or r(rt =203 +)3) =0 (5.20)

The solution for the above characteristic equation is of the form

7’172 = —]{?1 + Zkg 7"374 = —k‘l + Zl{?g r5,6,7,8 =0 (521)
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So, the general solutions for the governing equations are

wq, =D14e7"" cos(kyx) + Doge ™% sin(kow) 4+ Dage'® cos(ksx) + Dyge™” sin(ksz)+
+ Dsqx® + Dggx® 4+ Drgx + Dgg (5.22)
ws, =Dy cos(kox) + Dose M7 sin(kox) + Dsse®'® cos(ksz) + Dyse®® sin(kgz)+
I

+ Dsa® + Dgs® + Drgx + Dy (5.23)

From Equation 5.11, we get

(ED)qwl)" + kywq + uktgw(’j = kaws + uktgw; (5.24)

Using the above equation, substituting the general solutions (Equation 5.22 & Equation 5.23)
and comparing the coefficients on the left sides of the equation and right side of the equa-

tion, we get

_ 2Dyl + 2Dy 8 — (D1aF1 + DogFy) fikipn 4 (D1gFy — DagF) fikop

Dy, W= Afg+ PR+ R0 o

p,, - 2Dafi = 2DwF, - (D2aFy — DiaF3) fikap + (D1 + Dagks) fikap (5.26)
5 k(4 — Afekap + fRRI02 + fPk30?)

D, :2D3dF3 — 2D4aFy + (D3qls — DyqFy) fikip — (Daals + DsqFy) feksp (5.27)
s k(44 Afikap + fPR 02 + fRR30?)

D, _ 2D34Fs + 2DsaFy + (Daaks + DsaFh) fikap + (DsaFs — DaaFy) fiksp (5.28)
s k(4 + Afikyp + f2R202 + f2R202)

Dis =Dia ; i=05,6,7,8 (5.29)
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where

Fy =2k, + 2(EI)g(kf — 6kTkS + k) — fikikp (5.30)
Fy = — 8(EI)gkiko(k? — k3) + fikikopu (5.31)
Fy =2k, + 2(EQ) (ki — 6k2k2 + k3) — fikikyp (5.32)
Fy = — 8(EI)gk1ks(k} — k3) + fikikap (5.33)

In Region I, there is a slight difference in the general solutions for the case with friction.
With the crack face contact friction, we have exponential functions and polynomials in the
general solutions for the transverse displacements of the debonded part and the substrate.

There are 8 unknown coefficients in these equations.

Region II: (—a+ X, <z <0)

In this region, there is no contact between the top debonded face and the substrate. Hence,
the top debonded part and the substrate are independent and the governing equations are
same and the solutions for transverse displacements are also the same as the ones in the

case of tensionless foundation with friction.

Wdyr = €102 + e2qx” + €347 + euq (5.34)

Wy, = e157° + 957% + €357 + €45 (5.35)

We can the see that the general solutions for the displacements are simple polynomial

equations and we have 8 unknown coefficients from this region.

5.1.2 Bonded section

The bonded section of the beam has the elastic foundation to capture the interaction be-

tween the top face and the substrate. The governing equations in the bonded section (both
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in Region III & IV) are the same as in previous chapter.

Region IIl: (0 <z < L —a)

Here, the elastic foundation has a distribution of normal springs and the stiffness of the
springs are k,. The general solutions for the transverse displacements in the top debonded

part and the substrate are

—FEI, . .
Wy, = E—[d [Cl cosh \yx cos Az + (5 cosh Ay sin Ay + Cg sinh A\yx cos Apx+

+ Cy sinh Aqx sin )\24 + Cs2® + Cyz? 4+ Crx + Cy (5.36)

Ws;,, = {Cl cosh Ay cos Az + Cy cosh Ay sin Agx + Cs sinh Ay cos Agx+

+ Oy sinh A\yz sin )\24 + Cs2® + Cya? + Crx + Cy (5.37)

From the general solutions, we have 8 unknown coefficients (C; where i =1,...,8) in this

region.

Region IV: (L —a <x <2L—a)

Here, we obtain general solutions similar to Region III

—FI,
W,y =7 {Bl cosh Ay cos Aax + By cosh Ay sin Ayx + Bj sinh Asx cos Agx+
d
+ By sinh Ay sin AQ;E] + Bsa® + Bgx® + Brw + By (5.38)

W, = [Bl cosh Ay cos Ay + By cosh Ay sin A\yx + B3 sinh Ayx cos Agx+

+ By sinh Aoz sin )\Qx} + Bsx® + Bgx? + Brw + By (5.39)

111



Similar to Region III, we have 8 unknown coefficients (53; where i =1,...,8) in this region.

5.2 Boundary Conditions

From the general solutions in all the regions, we have 32 constant coefficients. The crack
face contact length, X3, is already found in the case without friction and we can use that
value. From the ENF specimen (shown in Figure 4.1), we have 8 boundary conditions and
24 continuity conditions (8 each from x = -a+ X1, 0, L-a)

In the End Notched Flexure specimen, the beam is pinned at the right end x = 2L — a,

so the bending moment and displacements are
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(ED)awg,, |20 =0

= 2(—(E1)4)A3 | By cosh(A2(2L — a)) cos(A2 (2L — a))—

— Bycosh(\o(2L — a)) sin(As(2L — a)) + Bysinh(Ay(2L — a)) cos(Aa(2L — a))—

— Bysinh(A\(2L — a)) sin(\o(2L — a)) | + 6B5(2L — a) + 2Bg (5.40)
(ET)swg,, |2r-a =0

= 2(EI)A2| By cosh(\y (2L — a)) cos( Ay (2L — a))—

— Bycosh(M\a(2L — a)) sin(Aa(2L — a)) + Basinh(Ao(2L — a)) cos(Ma(2L — a))—

- Bl smh()\2(2L — (l)) SlIl(/\Q(2L - CL)) + 6B5(2L - CL) + 2.86 (541)

Wy |20-a = 0

— (—=(EI)s/(EI)q)| By cosh(Ao(2L — a)) cos(\a (2L — a))+

+ By cosh(\o(2L — a)) sin(Aa(2L — a)) + By sinh(Ao(2L — a)) cos(Ma(2L — a))+

+ Bysinh(\y(2L — a)) sin(A2(2L — a)) | + B5(2L — a)3+

+ Bg(2L — a)* + B7(2L — a) + By (5.42)

Wy ‘2L7a =0

= | By cosh(A\y(2L — a)) cos(Aa(2L — a)) + By cosh(Ay(2L — a)) sin(Aa (2L — a))
+ Bssinh(A\(2L — a)) cos(A2(2L — a)) + Bysinh(A\a(2L — a)) sin(A2(2L — a)) |+

+ B5(2L — a)® + Bs(2L — a)* + B;(2L — a) + By (5.43)

At the crack tip, x = 0, we have continuity conditions on the top face sheet across the

cracked section and the bonded section of the beam:
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Displacement continuity:

ega = (—(EI)s/(ET)y)Cy + Cy (5.44)
€5 — Cl + Cg (545)
Slope continuity:
€3qd = (_(EI)S/(E[)C[)AQ(CQ + 03) + 07 (546)
€35 = )\2(02 + Cg) + C; (5.47)
Bending moment continuity:
ezqa = (—(EI),/(E1))A5Cy + Cs (5.48)
e2s = A\5Cy + Cp (5.49)
Shear force continuity:
6e10 = 2\5(—(EI)/(EI))(Cy — C3) + 6C5 (5.50)
6e1s = 205(Cy — C3) + 6Cs (5.51)

At the left end, x = -a, the ENF specimen is pinned. The bending moments and displace-

ments are
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(E1)awg,|-a =0

= (Dyg(k? — k2) — 2Dggkyko)e*® cos(—kqa)+

+ (Daq(k? — k2) + 2Dy gk ko) e sin(—kqa)+

+ (Dsg(k? — k2) + 2Dyqk1ks)e ™™ cos(—ksa)+

+ (Dya(k? — k2) — 2Dsgk 1 ks)e ™ sin(—ksa)+

+ 6D54(—a) + 2Dgq

(ED)swi|-a =0

= (D1s(k? — k2) — 2Dygk1 ko) e cos(—kqa)+

+ (Das(ki — k3) + 2D1sk1ka)e™® sin(—koa)+

+ (Dss (k3 — k3) + 2Dysk1ks)e ™ cos(—ksa)+

+ (Das(k} — k3) — 2D35k1ks)e™ ™% sin(—kza)+

+ 6D55(—a) + 2Dgs

Wy |—a =0

= D1qe"% cos(—kya) + Dage'® sin(—kqa) + Dsge ™™ cos(—ksa)+
+ Dyge M sin(—ksa) + Dsq(—a)® + Dga(—a)* + Drg(—a) + Dgq
Ws;|—a =0

= D, eMe cos(—kqa) + Doy e sin(—kqa) + Dje ke cos(—ksza)+

+ Dyehe sin(—ksza) + Dg,s(—a)3 + Dﬁs(—a)2 + D75(—a) + Dss

(5.52)

(5.53)

(5.54)

(5.55)

We also have continuity condition at the middle of the beam, x= L-a, where there is a trans-

verse shear load (P). Using this we can obtain the following equations:
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Displacement continuity:

Wagrr|L-a = Wapy |-

= (=(EI)s/(El)a) | (Cy = By) cosh(A2(L — a)) cos(Aa(L — a))+

+ (Cy — By) cosh(Ma(L — a)) sin(Ag(L — a))+

+ (C5 — Bs) sinh(\y(L — a)) cos(Ao(L — a))+

+ (Cy — By) sinh(M\y(L — a)) sin(Ao(L — a))| + (C5 — Bs)(L — a)>+

+ (Cs — Bg)(L —a)* 4+ (C7 — By)(L —a) + (Cs — Bg) =0 (5.56)
Wsyrr|-a = Wepy [1-a

= |(Cy = By) cosh(Ao(L — a)) cos(Ao(L — a))+

+ (Cy — By) cosh(Ma(L — a)) sin(Ag(L — a))+

+ (C3 — Bs) sinh(\y(L — a)) cos(Ao(L — a))+

+ (Cy — By)sinh(Mao(L — a)) sin(A\o(L — a))| + (Cs — Bs)(L — a)*+

+ (Cs — Bg)(L —a)*+ (C7 — By)(L —a) + (Cs — Bg) =0 (5.57)

(5.58)
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Slope continuity:

w:iIII |L—a - wtlilv |L—a

= (—(EI)s/(ET)a)\2|(Cy + C3 — By — Bs) cosh(A2(L — a)) cos(Ao(L — a))+

+ (=Cy + Cy + By — By) cosh(Ao(L — a)) sin(Ao(L — a))+

+ (C1 4+ Cy — By — By) sinh(Ao(L — a)) cos(Aa(L — a))+

+ (Cy — C3 — By + Bs) sinh(Ao(L — a)) sin(Ao(L — a)) | + 3(Cs — Bs)(L — a)*+

+ 2(06 — BG)(L — CL) + (07 — B7) = 0

w/SIII|L_a = w;1V|L—a

= A|(Cy + C5 — By — Bs) cosh(Ao(L — a)) cos(Aa(L — a))+
+ (=C1 + Cy + By — By) cosh(Ao(L — a)) sin(Ao(L — a))+

+ (C1 4+ Cy — By — By) sinh(Ao(L — a)) cos(Aa(L — a))+

(5.59)

+ (02 - 03 — B2 + Bg) Slnh(Ag(L - a)) Sin(/\Q(L — CL)) + 3(05 - B5)(L - CL)2+

+ 2(06 - BG>(L - CL) + (07 - B7) =0

Bending Moment continuity:

(E]>dw2l,111 |L—(l = (E‘[)dngv |L_a

= 2(—(EI)s/(EI)g)5 | (Cy — By) cosh(Ae(L — a)) cos(Xa(L — a))—

— (03 — Bg) COSh()\g(L — a)) Sin()\g(L — (Z))‘l‘

+ (Cy — By) sinh(Ao(L — a)) cos(Aa(L — a))—

(5.60)

- (Cl - Bl) Slnh(/\Q(L - CL)) Sin()\Q(L - CL)) + 6(05 - B5)<L - CL) + 2(06 - BG) =0
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(ET)w!

SIII |L_a = (EI)Sw;,IV |L_a

= 2X3|(Cy — By) cosh(Xo(L — a)) cos(Aa(L — a))—
— (C5 — Bs) cosh(Ae(L — a)) sin(Aa(L — a))+
+ (Cy — By) sinh(Ao(L — a)) cos(Aa(L — a))—

- (Cl - Bl) Slnh()\Q(L - CL)) Sin()\g(L - CL)) + 6(05 - B5)<L - CL) + 2(06 - BG) =0

(5.62)
Shear Force continuity:
[(E])dwg;[[ + (E‘[)Swg;[[ - (E‘[)dwg;\/ - (E‘[>5wvls/;\/j||L_a = P
6((EI)q+ (EI),)(Cs — B;) = P (5.63)

In addition, we also have a shear force condition at the right end. The shear load is acting

at the middle of the beam, hence the reaction at the pinned supports will be half of it,

[(ED)awg,, + (ED)swg Jlar—a = —P/2

6(El)q+ (EI),)Bs = —P/2 (5.64)

In the cracked section, between Region I and II, z = —a + X3, we have continuity condi-

tions across these two regions
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Displacement continuity:

Wiy | —at 3, = Wapr|—a+x,
=Dyge 1K) cos(ky(—a + X1)) 4+ Dage 10450 gin(ky(—a + X))
+ Dygefr(-atX1) cos(ks(—a + X1)) + D et (-etX) sin(ks(—a + X1))+
+ Dsg(—a + X1)* + Dga(—a + X1)* + Dra(—a + X1)
+ Dgg = Wa(—a + X1)® + Xg(—a + X1)? + Yy(—a+ X)) + Z4 (5.65)
wSI‘faJer = wsHLaJer
=Dy XD cog(ky(—a + X)) + Doge M 0 gin(ky(—a + X1))
+ D3 ™M) cog(ky(—a + X)) + Dy T sin (kg (—a + X1))+
+ Dso(—a+ X1)* + Des(—a+ X1)* + Drs(—a+ X)

+ Dgg = Wi(—a + X1 + Xy(—a + X1)? + Yi(—a + X)) + Z, (5.66)

Slope continuity:

wéz,’—aJer = wéz”\—a+X1

—(—D1gk1 4 Doghks)e ¥4 XD) cos(ky(—a 4+ X1))+
+ (Dagk1 4+ Digks)e M4 X0 gin(ky(—a 4+ X1))+
+ (Dsgky + Dyghs)eF XD cos(ks(—a + X))+
+ (Dygky — Dsgks)e™ o0 gin (kg (—a 4+ X1))+

4+ 3Ds4(—a + X1)* + 2Dgg(—a + X1) + D7g = 3Wy(—a + X1)? + 2Xg(—a + X1) + Yy
(5.67)

119



w;1|_a+X1 = w;H|—a+X1
—(—D1 kg + Dagks)e ™ 04X cog(ky(—a + X1))+
+ (Daogky 4 Dygks)e M X0 gin (ky(—a 4+ X1))+
+ (Dsgky 4 Dygks)e 450 cos(kg(—a 4+ X))+
+ (Dysky — Digks)eFt XD gin (kg (—a + X4))+
+3Ds55(—a+ X1)? + 2Dgs(—a + X1) + D7, = 3W,(—a+ X1)* + 2X,(—a+ X)) + Y,
(5.68)

Bending Moment continuity:

(EDawg, |-atrx, = (EDawg,,|-a+x,

=(D1g(k? — k2) — 2Dk ky)e ¥ 4% cos(ky(—a + X))+
+ (Doa(k? — k2) + 2Dy gkykp)e ¥ X0 gin (ko (—a + X))+
+ (Dsa(k7 — k3) + 2Daakks) e ¥ cos(kg(—a + X))+
+ (Daa(k} = k3) = 2Dsakrks)e! D sin(ks(—a + X3))+
+ 6Dsq(—a + X1) + 2Dgqg = 6Wy(—a + X1) + 2X, (5.69)
(EDswi, | —arx; = (EI)swy, [ -a+x,

=(Dis(k} = k3) = 2Ds5kika)e ™14 cos(ky(—a + X1))+
+ (Dag(k? — k2) + 2Dy ko) e ™M 05 sin (kg (—a + X))+
+ (Dss(K} — k3) + 2Dagkks)e™ %) cos (ks (—a + X))+
+ (Das (K} = k3) — 2Dsskks)e =¥ sin(ky(—a + X1))+

4 6Ds5(—a + X1) + 2Dgs = 6W,(—a + X1) + 2X, (5.70)
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Shear Force continuity:

(EDawg,|-avx, = (BDawy;, |-arx,

—(3D2gk?ky — Dogks — D1gk? + 3D1gk1k2)e M%) cos(ky(—a + X1))+
+ (=3D1gk%ky + Dygki — Dogk? 4+ 3Dogkyk2)e M1 =040 gin (ko (—a + X1))+
+ (3D4gk?ks — Dygk3 + Dsghk? — 3Dsgkik2)e™ X0 cos(kg(—a + X1))+
+ (=3Dsgk?ks + Dsgk + Dygh? — 3Dygk1k2)em X0 sin(kg(—a + X1))+
+ 6D5q = 6Wy (5.71)
(E1)swy)|—a+x, = (ED)swly, |—a+x,:

—=(3D9k2ky — Dogks — Dy k2 + 3Dk k3)e M XD cos(ky(—a + X1))+
+ (=3D1sk?ky + D1 k3 — Dogk 4+ 3Doskyk2)e M1+ X0 gin (ko (—a + X4))+
+ (3D4sk?ks — Dygk3 + Dk — 3Dsoky k2)e? (X0 cos(ks(—a + X1))+
+ (=3D3,k?ks + Dkl + Dygk? — 3Dy k1 k2)e™ 0o+ X0 gin (kg (—a + X))+

+ 6Ds5, = 6Wj (5.72)

From these boundary conditions and continuity conditions (Equation 5.40 - Equation 5.72),
we have 32 equations to solve for the unknown coefficients in the general solutions. In ad-
dition, we can use the crack face contact length from the crack face contact without friction
analysis. With all these conditions, we obtain a system of linear equations(Equation 5.40-

Equation 5.72) and we can write a computer code to solve the equations.

5.3 Energy Release Rate

We have the general solutions for the transverse displacements of the beam section and they
can be used to find the energy release rates. J-Integral provides a way to calculate the strain
energy release rate. The J- Integral expression for the End-Notched Flexure specimen is

obtained in the previous chapter using the zero-area path approach. For the calculation we
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define a zero-area path [97][98] ((I' = BAA’FEDD’C)) around the crack tip.
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Figure 5.4: Zero-area path for J-Integral Calculation - ENF

Around the zero-area path, we have the J-Integral contributions from each section from

Equation 4.85,Equation 4.88 & Equation 4.94

Jpa :i(lgj\f? = ’Z’E - Qde(egd)) (5.73)
Jup = 2(]\;;) [ Epfil(c—e(c—e+ fi)+ J;f] +2E, c<32 +e§)}—
TG bfgi Pl %(635) (5.74)
Jpe = 2(]\;; {Efbfb[(eb ey —c— ) + 1 2+ 28, 0(32 +e2)+
(et en et f)+ }+ (QCSZZQ) 2+ i+ fi)-
- %wb,mlo(ﬂ + 2+ f) (5.75)

In addition, we also know that the energy release rate value reduces due to the friction be-
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tween the crack faces. The J-Integral modified with a contour integral to account for the
energy lost due to friction tractions by Palmer and Rice [99]. The definition of the modified

J-Integral [100][101][102][103] is

J= / {(%8“]' = Wéh-)]dQ— / 7,2 4 (5.76)
Q FS

6_171 i(?xl

where, T; is the traction vector on the crack faces, T; = ojn;, and I'y = I'to, U D'yorrom 18
the portion of the crack faces where the contour integral is performed (where crack faces
are in contact). The rest of terms are defined as customary.

When the crack face traction 7; are originated by frictional contact forces, the second
integral in Equation 5.76 can be interpreted as the dissipated energy per unit area due to

friction. The second integral is defined here as J,,

J, = / 7, 2% gp — / OUq s 1, (5.77)
I's —

T.Z‘Zd - sz.
0, X 0y * 04

where, AU is relative tangential displacement between corresponding points at both crack

faces. The frictional force on both the surfaces will be the same (ki (wq, — ws,))

Jp = /‘a pki(wa, —ws,) (—ft pki(wa, —ws,) ((es + c)ws,m,)dx (5.78)

W, zx -
a+X3 XlGd 2 ¢ I) XlGS

where, wy, & wy, are the transverse displacements of the debonded part and the substrate
in Region I. wy 5, & ws ., are the second differentiation of the transverse displacements
of the debonded part and the substrate in Region 1.

Finally, by account for the energy lost due to friction tractions, we get the total strain
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release rate as

J - JBA + JA’F —I— JEC - Jp (579)

5.4 Mode Partitioning

The mode partitioning partitioning phase angle can be obtained using the same expression
we used in the previous chapter. The expression for the mode partitioning is not affected

by the inclusion of friction

ft f KqVe HsVe
1 (763‘1 — 3 (Gib}lﬂ) B ( — (et cJess + (e + etz

(64d - 643)

) (5.80)

Yrepr = tan”

5.5 Results and Discussion

The same ENF sandwich beam specimen (from previous chapter) made of isotropic alu-
minium with Young’s modulus £y = 70GPa and Poisson’s ratio vy = 0.3 is chosen. The
core material is isotropic aluminium foam with Young’s modulus £, = 7GPa and Poisson’s
ratio v, = 0.32. The face thicknesses were f;=f,=2 mm and the core had a thickness of 2c
= 20mm. The total length of the beam was L=500 mm. A debond of length a = 200 mm
was introduced between the top face and the core.

The End-Notched Flexure sandwich beam specimen is again modeled in ANSYS fi-
nite element software. In ANSYS, the debond was modeled using Pre-Meshed crack and
a surface-to-surface contact of frictional contact was also introduced between the crack
faces. Friction coefficient of ;# = 0.1 was to have a look at the results from the J- Integral

expression obtained in this model and compare it with results from finite element analysis.

Table 5.1: ENF friction: Energy Release Rate Values - Al Foam Core
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P Jrerr ERRrppa
(V) (Ni/mm) (Ne/mm)
Friction VCCT - friction
10 0.0248 0.02298
15 0.0558 0.0517
20 0.0993 0.0919
40 0.3970 0.3677
60 0.8934 0.8274
100 2.4816 2.2983
150 5.5836 5.1711
250 15.5100 14.3640
400 39.7055 36.7720
750 139.5897 129.2800
1000 248.1595 229.8300

In Table 5.1, we have the energy release values (Jrgrr) compared with the finite element
analysis (KW RRppa). It is interesting to notice that the energy release rate values obtained
using finite element analysis have not changed much by including the effect of friction.
The ERRpp4 values have reduced much less than 1% when compared to the frictionless
contact case, which indicates that the crack face contact friction does not significantly af-
fect the energy release rate values. The extended tensionless spring foundation solutions
(Jrerr) also predicts that the friction does not affect the energy release rate values much.

The extended tensionless spring foundation approach can be very useful for cases where
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crack face contact effects can be very significant to be quick and useful solutions. The
tensionless spring foundation approach can further be extended to include the transverse
shear effects by using Timoshenko beam theory or High-Order shear deformation theories

to obtain the governing equations.

5.6 Conclusion

Semi-Closed form expressions for the energy release rate and mode partitioning of End-
Notched Flexure sandwich specimen including friction in the crack face contact region
are obtained. Friction effects are usually neglected in most analytical models. Here, the
governing equations in the crack face contact region are obtain by including the effect of
friction between the crack faces. In this approach, the crack face contact length obtained
from the previous chapter with friction is used. The model presented here is again appli-
cable for both isotropic and orthotropic face and core materials and can also be done for
the general asymmetric sandwich beam construction. The J-Integral approach is modified
with a contour integral to account for the energy lost due to friction tractions. Finite el-
ement model with frictional contact between the crack faces are chosen for comparison.
The transverse and axial displacements at the beginning of the elastic foundation are used

to define a mode partitioning measure values.
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CHAPTER 6
CONCLUSIONS AND FUTURE WORK

6.1 Conclusions

Closed-form solutions for displacements, section rotations and fracture parameters are de-
rived and presented for the sandwich beam specimen. The approach presented here can be
used for studying the face/core debonds in sandwich structures. To analyze the face/core
debonds and obtain closed-form solutions, elastic foundation approach is used. Sandwich
beam construction have large transverse due to the presence of weak core and the modeled
presented here is based on Timoshenko beam theory (first-order shear theory) to capture
these shear effects.

The elastic foundation model proposed here is comprehensive, it includes the deforma-
tion of the substrate part in the sandwich beam, which was usually neglected in previous
models in literature. In literature, previous elastic foundation analyses, the substrate was
assumed to be rigid and the effects of the end fixity at the bonded segment were not in-
cluded. In this model, the elastic foundation in the ”bonded” section is used to model the
interaction between the top face and the substrate using both normal springs and rotational
shear springs to account for transverse displacements and section rotations of the beam.

The normal and shear spring modulus are very important in the case of elastic foun-
dation approach. The spring modulus values are obtained using expressions derived from
elasticity solution and the extended-high order sandwich panel theory. With the elastic
foundation force and shear distribution, Timoshenko beam theory is used to obtain the
governing equations in terms of transverse displacement and section rotations. The ob-
tained governing equations are linear second order coupled differential equations. These

equations are then solved to obtain the general solutions for transverse displacements and
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section rotations of the top face and the substrate part of the beam. A Double Cantilever
Beam specimen with shear and bending loads is chosen. It is common test specimen for
studying mode I fracture parameters. The constant coefficients in the general solutions are
obtained using the appropriate boundary conditions and continuity conditions.

The J-Integral is used to derive a closed form expression for the energy release rate.
In addition, it is also interesting to notice that the energy release rate is very close to the
differential energy stored in the springs at the beginning of the elastic foundation, i.e., the
energy released by the “broken” differential spring element as the debond propagates. The
energy release rate values obtained using J-Integral show excellent agreement with the val-
ues obtained from finite element analysis where the debond is considered as interface crack.
The transverse and axial displacements at the beginning of the elastic foundation are used
to define a mode partitioning measure in the context of this elastic foundation approach.
A comparison with finite element results shows that this mode partitioning measure values
are close to traditional mode mixity values of the corresponding interfacial cracks. The
energy release rate values and the mode partitioning values showed improvement and bet-
ter captured transverse shear when compared to a previous study based on Euler-Bernoulli
beam theory.

Single Cantilever Beam specimen has gained attention as one of the best candidates for
evaluating debond fracture toughness in mode I loading. The existence of the applied shear
loading complicates the problem, as traditional approaches based on fracture mechanics
cannot lead to closed form relations. The elastic foundation approach with the Timoshenko
beam theory is extended in the model presented for the case of SCB sandwich specimen.
In the SCB specimen the substrate part is restricted in the transverse displacement. The
model presented also accounts for the transverse shear in the substrate by considering the
reaction on the fixed bottom edge as linearly distributed force distribution. The govern-
ing equations for the debonded part are obtained in terms of transverse displacements and

section rotations, they are linear second order coupled differential equations. These gov-
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erning equations are then solved to obtain the general solutions. Appropriate boundary and
continuity conditions for the Single Cantilever Beam specimen is used to get the constant
coeffiecients in the general solutions for traverse displacements and section rotations. The
solutions obtained for both the cases - Double Cantilever Beam specimen and Double Can-
tilever Beam specimen are valid for both isotropic and orthotropic face and core materials.
These solutions are applicable for asymmetric sandwich beam with different face materials
or thicknesses.

Again, the J-Integral approach is used to obtained closed form expression for energy
release rate. The energy release rate values obtained using these expressions show excel-
lent agreement with the results from finite element analysis for various loading conditions
and material combination. It is interesting to note that the solutions obtained show good
agreement with the finite element solutions even for soft core materials. In addition, the
energy released by the “broken” differntial spring element is in very good agreement with
the energy release rate values. Mode partitioning measure values obtained using relative
crack flank opening and shear displacements closely matches the traditional mode mixity
values from finite element analysis. The proposed model for both the DCB and SCB speci-
mens provide excellent results for beam models even with small crack lengths. The elastic
foundation model presented can be used to obtain consistent results for face/core debonds
in sandwich beams.

In mode II fracture, crack face contact plays a significant role and leads to poor repro-
ducibility of fracture toughness values. The elastic foundation approach is extended with
tensionless spring foundation to capture the crack face contact effects. The tensionless
spring foundation for crack face contact modeling is a novel approach and it is used to cap-
ture the compressive forces across the top debonded face and the substrate of the sandwich
beam specimen.

An End-Notched Flexure sandwich specimen with shear load in the middle of the beam

is used in this model. In the bonded section of the beam, an elastic foundation with normal
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springs is used to model the interaction between the top face and the substrate. Euler
Bernoulli beam theory is used to derive governing equations for the all the regions of the
beam. The elastic modulus of the tensionless spring is taken to be the same as the modulus
of the normal springs in the elastic foundation, difference between that the tensionless
springs only react under compressive loads. The governing equations in the crack face
contact region and the bonded region are linear fourth-order coupled differential equations.
General solutions for transverse displacements are obtained by solving these differential
equations. In addition to contact coefficients, the crack face contact length is also unknown.

Boundary conditions and continuity conditions are used to get a system of non-linear
equations. This system of non-linear equations are numerically solved to obtain the con-
stant coefficients and the unknown crack face contact length. The energy release rate values
are obtained using J-Integral approach and a zero-area path around the crack is used obtain
a closed form expression for the energy release rate. The ENF sandwich beam specimen is
modeled in ANSYS with frictionless contact between the crack faces. The J-integral values
obtained using the model presented here show very good agreement with the energy release
rate values from the finite element analysis for various shear loads. The mode partitioning
measure values are in agreement that this ENF beam specimen is in pure mode II fracture.

Further, the tensionless spring foundation approach is further extended to include the
frictional tractions between the crack faces. This makes the elastic foundation approach
comprehensive by capturing all the crack face contact effects. Euler-Bernoulli beam theory
is used to derive the governing equations in all the regions of the beam. By including the
crack face friction, only the governing equations in Region I is modified. The governing
equations in Region I are linear fourth-order coupled differential equations and they are
solved to obtain general solutions of the transverse displacements. Using the boundary
conditions, continuity conditions and crack face contact length from frictionless case, the
constant coefficients in the general solutions are obtained.

The J-Integral is modified to account for the energy lost due to frition tractions. The
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End-Notched Flexure sandwich beam specimen with frictional crack face contact is mod-
eled in finite element software. It can be noticed that the frictional tractions have no sig-
nificant impact on the energy release rate values in this case and the comprehensive elastic
foundation approach can be used for different test specimens to obtain closed/semi-closed

form solutions for face/core debonds in sandwich composite beams.
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6.2 Future Work

It is seen that the elastic foundation analysis proves to be a very promising in providing
closed/near-closed solutions for obtaining fracture parameters in the case of sandwich com-
posite beams. The elastic foundation model presented here is applicable for linear elastic
materials, but it can further be extended for non-linear materials or hyperelastic material
models. We can also extend the elastic foundation model using micropolar beam formula-
tion to account for the gradient in stress values in the core. In the case of mode II fracture,
the tensionless spring foundation method can be further extended to capture the effects of
transverse shear by using Timoshenko beam theory or high-order shear deformation the-
ories, which can be significant in the case of sandwich composite beam. The tensionless
foundation model can also be applied for Mode III (out-of-plane shearing) case. The elastic
foundation approach can also be extended to capture the thermal or environmental effects.
There are many more applications to which the elastic foundation model presented here

can be extended to.
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