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SUMMARY

The objective of the proposed research is to devise high-performance and low-
complexity signal-detection algorithms for communication systems over fading channels.
They include channel equalization to combat intersymbol interference (ISI) and multiple
input multiple output (MIMO) signal detection to deal with multiple access interference
(MAI) from other transmit antennas. As the demand for higher data-rate and more effi-
ciency wireless communications increases, signal detection becomes more challenging.

We propose novel transmission and iterative signal-detection techniques based on en-
ergy spreading transform (EST). Different from the existing iterative methods based on the
turbo principle, the proposed schemes are independent of channel coding. EST is an or-
thonormal that spreads a symbol energy over the symbol block in time and frequency for
channel equalization; space and time for MIMO signal detection with flat fading channels;
and space, time, and frequency for MIMO signal detection with frequency-selective fading
channels. Due to the spreading, EST obtains diversity in the available domains for the
specific application and increases the reliability of the feedback signal. Moreover, it enables
iterative signal detection that has near interference-free performance only at the complexity
of linear detectors.

Either a hard or soft decision can be fed back to the interference-cancellation stage at
the subsequent iteration. The soft-decision scheme prevents error propagation of the hard-
decision scheme for a low SNR and improves the performance. We analyze the performance
of the proposed techniques. Analytical and simulation results show that these schemes

perform very close to the interference-free systems.

X



CHAPTER 1

INTRODUCTION

Confronting severe interference is not unusual in modern wireless communication. Consider
data transmission over terrestrial radio channels, which is characterized by multipaths re-
sulting from natural and man-made objects between the transmitter and receiver. When
symbol duration is shorter than multipath spread (or delay spread), channel equalization [1]
is necessary to combat intersymbol interference (ISI). As another example, multiple input
multiple output (MIMO) systems aimed at obtaining maximal efficiency [2, 3] should deal
with multiple access interference (MAI) from other antennas. As the demand for higher
data-rate and efficiency wireless services increases, those signal-detection problems in severe
interference environments become more important.

To obtain optimal performance, mazimal likelihood (ML) signal detection needs to be
used; however, its complexity increases exponentially with channel memory for ISI channels
and the number of transmit antennas for MIMO channels. Linear detectors and deci-
sion feedback (DF) detectors have favorable complexities, but their performance is limited
because of noise enhancement or error propagation. Recently, iterative signal-detection
schemes based on the turbo principle [4] have drawn much attention. Those turbo-like
approaches have significantly better performance than linear and non-iterative schemes.
However, these schemes rely on joint signal detection and soft-output channel decoding as
in [5] or its variant [6], whose complexity is desired to be further reduced.

The objective of the proposed research is to devise high-performance and low-complexity
signal-detection algorithms in severe interference environments. We propose novel transmis-
sion and iterative signal-detection techniques based on energy spreading transform (EST).
EST is an orthogonal transform that spreads symbol energy over the symbol block and
thereby increases the reliability of the feedback signal. Also, it enables iterative signal de-

tection without channel coding; therefore, it saves the complexity of soft-output channel



decoding in turbo-like methods. Theoretical and simulation results show that these schemes
perform very close to the interference-free systems only at the complexity of linear detectors.
In the rest of this introductory chapter, we present some relevant background material

on channel equalization and MIMO signal detection.

1.1 Channel Equalization

Channel equalization is necessary to mitigate the effect of intersymbol interference (ISI). We
review the existing techniques for channel equalization with emphasis on recently devised

turbo equalization. For the ISI channel, we use the following received signal model.

M-1

Tn = Z hip—f + Np, (1)
k=0

where 7, is the received signal, {hk}{y: 61 is the channel, x,, is the transmitted symbol with

2

power o2, and n,, is the noise with power o?2.

1.1.1 Conventional Methods

Traditional methods for channel equalization are mazimal likelihood sequence detection
(MLSD), linear equalization (LE), and decision-feedback equalization (DFE) [1]. The MLSD
uses Viterbi algorithm (VA) to find the most likely transmitted sequence. It is optimal, but
it suffers from high complexity for channels with large memory or large constellation sizes.

The LE and the DFE use linear filters to mitigate ISI. To calculate the filter coeffi-
cients, zero forcing (ZF) criterion tries to remove only ISI, but minimum mean-square-error
(MMSE) criterion minimizes the total power of ISI and noise. They have favorable com-
plexities, but their performances are far from the matched filter bound (MFB), especially
for channels with high frequency selectivity. Noise enhancement and error propagation are

the major causes of their performance loss.
1.1.2 Turbo Equalization

Figure 1 shows the block diagram of turbo equalization, where channel decoding is incor-

porated into a part of channel equalization. It is based on the iterative exchange of soft



information between the outer soft-output channel decoder and the inner soft-output symbol

detector. Analogous to turbo codes [4], this scheme has been called turbo equalization.

Soft- A AE AE Soft- Aok
—»  ouput ouput >
detector decoder

Y —

E E
AD,n AD,k

Figure 1. Turbo equalization

This technique was first proposed by Douillard [7] in 1995. It consists of a soft-output
ML equalizer and a soft-output channel decoder. The Bahl-Cocke-Jelinek-Raviv (BCJR)
algorithm [5] or its variants can be used in the soft-output ML equalizer and the soft-output
decoder. The BCJR algorithm produces the sequence of the most likely bits along with their
soft values in terms of a posteriori log likelihood ratio (LLR). However, only the extrinsic
LLR (a posteriori LLR minus a priori LLR) is exchanged between the soft-output detector
and decoder. The performance of the original turbo equalizer approaches the MFB. But
its inner detector, which is soft-output MLSD, has prohibitive complexity for channels with
large delay spread or large constellation sizes.

The filter-based turbo equalization [8,9] replaces the soft-output MLSD by a soft-output

linear filter, which significantly reduces the complexity. The soft-output filter produces

where the superscript H is the Hermitian operator, ¢, = [ch—nNy, vy Cnt Nl]T is the filter
with length N = Ny + No + 1, 1)y = [Fn_Ny, -, Tna N, ) is the received signal vector, £{}

denotes the expectation, H is the N x (N + M — 1) convolution matrix defined as

hM—l hM_2 ho 0 0
0 hM—l hM_Q ho 0 .. 0

H= , (3)
0 o 0 ha1 haro ... ho

and s is the (M + N2)-th column of H. The MMSE filter that minimizes the cost function



E{lan — ynl*} is X
) _
cp = (Z’;I +HV,H? + (1 - vn)ssH) S, (4)
x

where v, = E{|x,—E{x,}|?} and V,, = diag{v,_nr— Ny, -, Unin, - The statistics £{x,} and
v, can be calculated from the extrinsic LLR, )\g n» Obtained from the soft-output decoder.

For BSPK,

AD
E{Cﬂn} = 1-p{xn: 1}+(1)p{$n=1}:tanh( 2,n> (5)

va = 1 |E{za}* (6)

At the first iteration, since there is no LLR available from the soft-output decoder, we set
)\Bn = 0 and this yields £{z,,} = 0 and v, = 1. The complexity of the MMSE filter is
rather high because it requires an N x N matrix inversion for each n.

Low-complexity approximation of the MMSE filter can be obtained by assuming 1)
E{zn} =0o0r 2) E{zp} = x,. Under the former assumption, (4) reduces to the MMSE LE
solution:

2

(o) —
CnNA = (;31+HHH) Is (7)

T

and under the latter assumption, (4) reduces to the matched filter:
cur = 1/(02 )02 +sMs) - s. (8)

The output of the soft-output filter y,,, under the condition that x, = x € {4+1,—1} has
been sent at the transmitter, is assumed to be Gaussian with mean py, = E{yn|z, = x}

and variance 02, = E{|yn — pan|*|tn = x}. The soft-output detector passes the extrinsic

LLR,

=+1 2
)\E =lo p{yn|x" + } _ ynéu'-&-l,n (9)
p{ynlzn = —1} Ti1n

to the soft-output decoder.

1.2 MIMO signal detection

Multiple input and multiple output (MIMO) technique can achieve high spectral efficiency

[2,3] and reliability [10]- [13] in wireless environments. We focus on the Bell Labs layered



space time (BLAST) architecture or the MIMO system aimed at achieving the maximal
efficiency in a flat fading environment and review the existing signal-detection techniques.

With np transmit antennas and ng receive antennas, the MIMO channel is modeled as
r = Hx +n, (10)

where r = [rq,...,7,] is the channel output, H € C"2*"7T is the channel matrix, x =

[*1, ..., Tp,] is the channel input, and n = [n1, ..., n,,] is the noise.
1.2.1 Conventional Methods

Mazimal likelihood (ML) detection chooses the decision vector X that minimizes ||r — HX||?.
With an exhaustive search, the complexity is |X'|"7, where |X| is the symbol alphabet size.
Since it has an exponentially increasing complexity with the number of channel inputs, it
is often prohibitively complex.

Linear detection and decision-feedback (DF) detection are suboptimal schemes with re-
duced complexity. For those detection methods, both ZF and MMSE criteria can be used.
MMSE criterion minimizes total power of multiple access interference (MAI) and noise,
while ZF criterion removes only MAI. The DF detection can be considered as a modifica-
tion of the DFE for ISI channels. However, in the DF detection, symbol-detection ordering
is possible [14]- [16]. It is shown in [14] that choosing the best SNR at each stage in the de-
tection process leads to optimum ordering. The performance of the linear and DF detection

is limited because of noise enhancement and error-propagation.
1.2.2 Turbo BLAST

Figure 2 shows the block diagram of turbo-BLAST [17]. Similar to turbo equalization,
it has a concatenated structure of an inner soft-output detector and an outer soft-output
decoder separated by an interleaver and a deinterleaver.

The soft-output detector calculates the decision variable for the k-th symbol (1 < k <
nR),

Yk = Wit — ug, (11)
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Figure 2. Turbo BLAST

where wj, € C"#*! and uy, are a linear filter and estimated interference, respectively. The

optimum Wy, and 7y, that minimize the cost function £{|zy — yx|?} are

. : -1
Wi = (heh + Hy I, 1) — diag{€{xx}{x} HHY + 07 /07L,,) b (12)

iy = wiIHRE{xy}, (13)

where hy, is the k-th column of H, Hy, = [hy, ..., hg 1, hpy1, .o hy ], X 2 (21, 0, T 1, Thg 1,
and diag{} is the operator applied to a L x 1 vector and outputs L x L diagonal matrix
with the vector elements along the main diagonal. For the first iteration, £{x;} = 0 and
(12) reduces to a MMSE receiver
2 ~1
e = hif (HHH + UgInR> r. (14)
UI

As the iteration proceeds, we assume E{xj} — xj, and (12) simplifies to a perfect interfer-
ence canceller:

yr = (hilhy, + 02 /o2) " 'hy (r — Hyxy). (15)

Similar to turbo equalization, £{x;} can be calculated from the extrinsic LLR of the

ooy Tp ]



soft decoder. Also, yj is assumed to be Gaussian and the extrinsic LLR of xj, calculated by

the soft-output detector is input to the soft-output decoder.



CHAPTER 2

ITERATIVE EQUALIZATION BASED ON EST

2.1 System Description

The proposed iterative equalization is shown in Figure 3. A symbol block to be transmitted,
{mn},]:fz_ol with an average power o2 is mapped to {ai'n}nj\[:_o1 by an EST, where N is the block

size. A cyclic prefix with length v is inserted between data blocks to prevent interblock

interference.

~ Transmitter
n %0

R
n
_.I CPE |—>| FFT H AY |—>| IFFT |—v®—>| IEST |—>| Decision H—*
Receiver _ Z(H)
GRY b® EST | P

CPI: Cyclic Prefix Insertion CPE: Cyclic Prefix Extraction

EST: Energy Spreading Transform |EST: Inverse Energy Spreading Transform

Aﬁi) : Frequency-Domain Filter bs) : Time-Domain Filter

Figure 3. Low-complexity equalization

The channel is modeled as an (L — 1)-th order FIR filter with coefficients, {hj}1_,
and additive white Gaussian noise (AWGN) with zero mean and variance 2. With enough
length of cyclic prefix (v > L — 1), the received samples can be expressed as the circular

convolution [19] of the channel and the input symbols:

L-1
o= Mgy +nn,0<n <N —1, (16)
k=0

where (k)y is the residue of k¥ modulo N and n, is the AWGN. It is assumed that the
channel is static during a block and perfectly known at the receiver. After applying the fast

Fourier transform (FFT), (16) can be represented by

Ry = Hy X+ Ny, 0< k< N —1, (17)



where the uppercase letters represent the frequency-domain counterparts of their time-
domain notations in lowercase letters.

Without the EST, the structure is just a single-carrier system with frequency-domain
equalization (SC-FDE) [21]. With the EST, channel equalization can be iteratively per-
formed to improve signal-detection performance. After forward frequency-domain equal-
ization, the inverse EST (IEST) is performed for a hard or soft decision. The decided
symbols are transformed by the EST and then fed back through the time-domain filter,
which performs an N-point circular convolution.

At the first iteration, minimum mean-square-error (MMSE) criterion is used to deter-
mine the coefficients of the frequency-domain filter. Therefore, its frequency response will

be
Hy

A0 _
b H? + ok od

k=0,1,..,N—1, (18)

where the superscript, *, denotes the complex conjugate. The impulse response of the
time-domain filter is set to be zero:

b(H = 0.

From the second iteration (i > 2), the frequency-domain filter is chosen as the matched
filter:
AW = Hy
The time-domain filter cancels the residual interference after the frequency-domain (matched)

filter; therefore,

where

gn £ Z hlh’?:n'
l

After the second iteration, we only iteratively process the same block of signal obtained
from the inverse FFT (IFFT) at the second iteration.
As indicated in Section 2.2, the EST spreads the energy of each symbol to different

frequencies and times. The purpose of frequency-domain spreading is to utilize the frequency



diversity; the symbol decision is based on the total energy transmitted over the whole
bandwidth. By time-domain spreading, the energy of incorrectly decided symbols is spread

to different times, which can be illustrated by Figure 4.

=3 b, | 0|b,
n=1 b,| 0 |b,
@) e .
|:> Q.= b1X0 + b—1X2
X X % X X 0 X
b ~ _ = 3
( ) |::> Q1_blxo+b—1xz
XO Xl X2 X3 X4 ’ XN—l
D : Correctly-decided : Incorrectly-decided
symbol energy symbol energy
b,: Time-domain filter (b, =0) g, : Time-domain filter output
X: Decision for X, X :ESTof X,

Figure 4. Principle of EST.

In Figure 4, we have assumed xo is incorrectly detected and the time-domain filter
has three taps {b_1,bp, b1}. Note that by is always zero from (19). Without time-domain
spreading, the incorrectly detected symbol will affect the detection of x1 and x3 through
the time-domain filter as depicted in Figure 4 (a). If b_; and by are significant, the decision
error of xo will cause large interference to the detection of z; and z3. Consequently, the
overall performance improvement will be limited. With time-domain spreading, on the other
hand, the incorrectly detected symbol energy is spread over the whole block. Even though
it affects detection of all the symbols in the block, as depicted in Figure 4 (b), the erroneous
symbol energy captured by the time-domain filter for each symbol detection is reduced by
a factor of the block size, N. Therefore, the probability of symbol decision error will be
reduced compared with the equalizer without the EST if the initial number of incorrectly
decided symbols is less than a certain threshold. Furthermore, the number of errors will

keep on decreasing with iteration until it reaches the MFB.

10



2.2 FEnergy Spreading Transform

An EST is a normalized orthogonal transform whose role is to spread a symbol energy over
the block in both the time and frequency domains. The “ideal EST” is an EST that has
perfect spreading in both the time and frequency domain, that is,

— |(FE),.| = jN (20)

and whose phase <(E); ,, is pseudo-randomly and even-symmetrically distributed in [, 7]

‘(E)l,n

for 0 < I,n < N — 1, where E € CVM*V is the EST matrix, (W),,, is the element of
W e CV*N at the I-th row and n-th column, and F € CV*¥ is the normalized Fourier-

transform matrix, i.e., (F);, =

)

1_,—j2nin/N
N

An EST can be constructed by

E=(P,)U,P, U, ;.PU, (21)

CN*N is a pseudo-random permu-

where U; € CV*V is a normalized unitary matrix, P; €
tation matrix for 1 <1 < u, and p is the number of unitary matrices.
To quantify the degree of spreading for an EST, we define the time- and frequency-

despreading factors of E, which will be shown to be closely related to the performance in

Section 2.4. The n-th time-despreading factor of E is defined as

N-1

st(ETin) £ (BN )i,

=0

1
2o ) (22)

for 0 < n < N — 1, where the superscript H denotes the Hermitian transpose. Similarly,

the n-th frequency-despreading factor of E is defined as

N—-1 1
sp(E;n) 2 sp(FE;n) = > (|(FE)|* - N)Q' (23)
=0

Because of the orthogonality and normality of E, the n-th time- and frequency-despreading

factors of E are bounded by

N -1

0 < sp(EY;n),sp(Ein) < ¥

(24)

It is obvious that an EST, E has perfect time spreading when sp(Ef;n) = 0 for all 0 <

n < N — 1 and perfect frequency spreading when sp(E;n) =0 forall 0 <n < N — 1.

11



In Table 1, we list six ESTs: E; ~ Ej3 are based on Fourier transform and E4 ~ Eg
are based on Hadamard transform. We use T to denote the normalized Hadamard matrix.
When E; is used, the system is equivalent to orthogonal frequency-division multiplexing
(OFDM). Apparently, E;, Eo, E4, and E5 have perfect time spreading, while E3 and Eg

have perfect frequency spreading. It is shown in Appendix A that

N -1
sp(E1;0) = sp(Eg; 0) = sp(BH;0) = — (25)
independent of the permutation matrix P;. Similarly, it can also be shown that
N -1
sp(E4;0) = sp(E5;0) = sp(Eg';0) = N (26)

Therefore, all the ESTs above have either the maximal time-despreading factor or the
maximal frequency-despreading factor for n = 0. To compare the time- and frequency-
despreading factors of different ESTs for 1 < n < N —1, we have calculated E;{st(E”;n)},
Vilsr(Ef:n)Y, E4{sr(E;n)}, and Vi{sp(E;n)}, where £;{} and V;{} denote average and
variance calculated over the index 1 <n < N — 1 (excluding n = 0), respectively. For the
measurement of those parameters, we set N = 2048 and randomly generated the pseudo-
random permutation matrix. From Table 1, E; and E4 have a poor frequency spreading
property, therefore, they are not good ESTs. We also see that the ESTs based on Fourier
transform (Eg and E3) have better time- or frequency-spreading property than those based

on Hadamard transform (Es; and Eg).

Table 1. Spreading properties of some ESTs, N = 2048.

E; EafsT(En)} | Va{sr (B 5n)} | Ea{sr(Bisn)} | Va{sr(Ei;n)}
E, =F" 0 0 9.99 x 1071 0

E, = P,FH 0 0 4.890 x 107* | 4.73 x 10710
E; =F/P,FH | 489 x 1074 4.59 x 10710 0 0
E;=T 0 0 5.54 x 1072 3.43 x 1073
E; =P, T 0 0 4.89 x 107% | 9.45 x 10710
E¢ =FfP,T 4.89 x 1074 5.81 x 10710 0 0

12



2.3 Complexity

Now, we discuss the complexity of the proposed scheme. In Table 2, listed are the required
operations and the complexity (in number of multiplications) per block for the hard-decision
receiver at each iteration. The block-wise complexity of (I)FFT, (I)EST, frequency-domain
filter and time-domain filter are Nloga N, uNloga N, N, and (2L —2)N, respectively, where p
is the number of the orthogonal matrices comprising the EST as defined in (21). Therefore,
the block-wise complexity of the receiver for the first, the second, and the i-th (i > 3)
iteration are N((2 + p)logaN + 1), N(2(1 + p)logaN + 2L — 1), and N(2ulogaN + 2L —
2), respectively. The block-wise complexity of the proposed scheme for each iteration is
comparable to LE or DFE that is M N, where M is the total number of equalizer taps (feed

forward and feedback) of LE or DFE.

Table 2. Computational Complexity. F-filter = frequency-domain filter, T-filter = time-
domain filter, Y = required, N = not required.

Iteration (i) | FFT | F-filter | IFFT | IEST | EST | T-filter Complexity
i=1 Y Y Y | Y | N N N((2 + p)logaN +1)
i=2 Y Y Y | Y | Y Y | N2(1+ p)logaN + 2L — 1)
i>3 N N N | Y | Y Y N(2ulogoN + 2L — 2)

2.4 Performance Analysis

We first summarize the notations and the matrix identities that will be used in our analysis.

For any square matrix W = (:zij)f-vj;lo, define

N-1
tr{W} = Z Whn,
n=0

wee O - 0
0 w 0

DIW) — 11 |
0 0 - wNn-1N-—1
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and

0 wo1 “o- WoN-—1
_ w1g 0 o wiN—
D{W)} =W — D{W} =
WN-10 WN-11 °°° 0

From the above definitions, we have the following matrix identities,

e For0<n<N -1,

(DIWID{W )0 = [(W)nl?,

and

(@{W}ﬁ{W}H)n,n = (WWH)n,n - |(W)n n|2

= > (W)

l#n

e For any orthogonal matrix U,
tr{UID{W}U} = 0.
e For any orthogonal matrix U and any diagonal matrix W p,
D{UAW U} = m(Wp)I + Ap(Wp; U),

where

m(Wp) 2 — NE:W
D) D)

(27)

(28)

(29)

(31)

(32)

is the average of the diagonal elements of Wp and Ap(Wp;U) is a diagonal matrix

whose n-th diagonal element is

(Ap(Wp;U))pn = (WD) (|(U)1nl? — =)

e Using the Cauchy-Schwarz inequality,

N-1
[ (Ap(Wp;U)),, I° < (Z \(WD)1,1|2> st(U;n),

where s7(U;n) is the n-th time-despreading factor for U as defined in (22).

14
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+
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Figure 5. Equivalent system model

To facilitate our analysis, we use an equivalent model of the system in Figure 3. The

equivalent model is shown in Figure 5. In the figure,

hé [h07h17"'7h[/—17 07"'70 ]T <35)
N—L zeros

is an N-dimensional vector whose first L elements are {hk}ﬁg(} and the rest are zero. C(h) €

CN*N is the circulant matrix [22] defined as
hoe 0 0 hp, hy
ha ho 0
hio .0 i . hpa
cCh)2| 0y ¢ 0 he 0 . 0 |- (36)
0 hr. - ki ho
0 : : 0
0 : . hp—1 hr—2 - ho

It is well-known that a circulant matrix can be diagonalized by the DFT matrix. For

example,
C(h) = FFHpF, (37)
where
Hp = dlag(H)7
and H is the DFT of h:
H = VNFh.

Also, b, C(b), B, and Bp are similarly defined.
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From Figure 5, the decision vector for the i-th iteration is

200 = EFFPAYH,FEx — EfC(b?)EX(D

+EAFH A Fn, (38)

where E is the EST matrix defined in (21), (=1 is the hard- or soft-decision vector for x

at the (¢ — 1)-th iteration, and
A = diag(ay), - A ).

At each iteration, the n-th decision variable, zg), consists of the desired signal, interfer-

ence from other symbols, and noise components, whose powers are denoted as sz‘)nv Pgn) s
I K

and P,(fg,n, respectively. Then, the symbol-error rate (SER) at the i-th iteration, p@ s the

average of the SERs of each symbol, pgf ).

1 N-1 1 N-1
@) — L () — * (i)
== ;pn N Z:% U(SINR(Y), (39)
where
. p()
SINR() = " (40)
IO O

is the signal-to-interference-noise ratio (SINR) at the n-th symbol at the i-th iteration, and
U(-) is a function that maps SINR into SER for a given modulation scheme.
For the convenience of our analysis, we assume that the interference from other symbols

be Gaussian. Consequently, for QPSK modulation [1],
U(z)=1-[1-QWr) (41)
2.4.1 MMSE Equalizer

At the first iteration, an MMSE equalizer is used. Therefore, the decision vector can be

written as

2V = D{EYFYMpFElx+ D{E/FIM/yFE}x

signal inter ference

+ BYFYADFn, (42)
—_———

noise
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where

Mp 2 AVH).

From (28) and (42), the desired signal, interference, and noise powers for the n-th decision

variable are

p()

si,m

= o2{(E"FIMpFE), ,}?,

P = o2(EVFMLFE),, — {(B"F'MpFE),.}?,

in,n
and
Pl = o2(ETFT|AY)PFE), .

no,n

As indicated before, E = F¥ corresponds to an OFDM system. In this case, interference

from other symbols is zero and the SINR for the n-th decision variable is

0:% ‘ (HD)n,n|2

fdm __
SINRO/ 4™ — =

On the other hand, if E = I, the system will be SC-FDE with MMSE equalization. In this

case, the SINR for the n-th decision variable is independent of n and can be expressed as

SINRZC—mmse — 5 Ugng , (43)
OxMin + 05 Mnpe
where myg;, m;,, and my, are
-1
1
msi = 57 ) (Mp)us, (44)
1=0
1 Nl | Nl
Min = 7 {(MD)l,l}2 Ty Z(MD)l,l}Qa (45)
1=0 1=0
and
N-1
1
Mo =~ D ARl (46)

In general, the desired signal, interference, and noise powers for the n-th decision variable

can be written as

1
PFS'L?n = O-i [mSi + Oén]2,
1 _ 2 . _ ) 2
Pin,n =0y [mln + Bn — 2mgian Oln],

and

Pl = Ji[mno + Yl

no,n
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where

an = (E¥D{FIMpF}E), .,
By = (BID{FIMSFIE), .,

and

Tn = (EHﬁ{FH‘A%)PF}E)nn

are perturbations. From (30), the averages of the perturbations are all zero:

1 1 1

Also, using matrix identity (31),

Ay = AD(MD; FE)n’n, (47)
B = Ap(M%);FE), », (48)

and
Y = Ap(|AY % FE), . (49)

From (34) and (47)-(49), when sp(FE;n) or sp(E;n) is sufficiently small, a,, 3, and

v can be ignored and the SER can be approximated by

N—-1
1 D s ()
p()_NE:\IJ(SINR,ﬁL))_\II(SINR ), (50)

n=0

where SINR(I) is the mean SINR obtained by ignoring the perturbations in SINRS). For
the EST with perfect frequency spreading, i.e., sp(E;n) =0 for 0 <n < N — 1, ap, On,

and v, are all zero and (50) is an exact expression of the SER.
2.4.2 Genie-Aided Equalizer

For the genie-aided equalizer, the interference symbols are assumed to be known when
detecting the desired symbol. Therefore, their effect on the desired symbol can be completely

cancelled. It is derived in Appendix B that the decision vector will be

29 = gox + EFAHA Fn, (51)
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where
1
go = (EfD{FHHp|?’F}E),, = ~ zl:(yHDF),,l.
Consequently, the desired signal and noise power for the n-th decision variable are

2 2
Pig?n = 900>

and
P), = on(go +&n),
respectively, where
& = (EFD{FA|Hp|’FIE),, .
As discussed before, the average of &, is zero, and for the EST with sufficiently small
sp(E;n), &, can be neglected. Consequently, SER can be approximated as

N-1
1 ~ (TN E )
P =5 D USINRY) = W(SINR™"), (52)

n=0
where SINR™ is the SINR obtained by ignoring the perturbation &, in SINRY. Similar
to Subsection 2.4.1, for the EST with perfect frequency spreading, i.e., sp(E;n) = 0 for

0 <n < N — 1, the perturbation &, = 0 and (52) is an exact expression of the SER.
2.4.3 Iterative Equalizer with Hard Decision

We analyze the performance of the iterative equalizer with a hard decision. In this subsec-
tion, X is used to denote the hard decision for x. We first present a performance analysis
for a finite block size and then describe a simplified analysis for an infinite block size.

It is shown in Appendix B that the decision vector for the iterative equalizer (i > 2) is

2 = gox +E7C(b)Ed"V + EFFTHEFn, (53)
~~
signal inter ference notse
where
d? = x —x® (54)

is the hard-decision-error vector at the i-th iteration. Therefore, the desired signal and

noise powers are same as those of the genie-aided receiver:

si,m si,m?

(55)
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and
Pl0 s =P, (56)
respectively.
The power of interference from other symbols depends on the number and location of
errors at the previous iteration. Denote D® to be the set of the indices of incorrectly

detected symbols in a block after the i-th iteration, whose cardinality is N, Then, the

power of interference from other symbols in the n-th decision is

p@

i (D)) = (B¥ C(b)EQ(DUV)EYC(b) E), 1, (57)
where

Q(DD) 2 g{d(i—l)d(i—l)H‘D(i—l)} (58)

is the conditional error covariance matrix. (D) is a diagonal matrix whose main diagonal

consists of N nonzero elements and (N — N®)) zero elements, and
. k(N /N)o2 if n € DO
QD) , = o (59)
0 if n ¢ DO
where
2 E{ldn]?In € DY

2
Oz

K(p) (60)

is a function of SER that depends on the modulation scheme. It can be shown that for

QPSK,
()~ (61)
K(p) ~ .
P) = 5 L
By direct calculation, the power of interference in (57) can be decomposed into
y i NG=1) A1)
P{),(DUD) = S k(S0 2g3 (K + ), (62)
where
 _ (B'D{C(H)DER(DD)EHC(b) 1B, -
n N(G—1) NG=1Dy o 9
pomta Gy v LA
and
(E"D{C(b)D{EQ(D D)E*}C(b)"}E)n,n
€n = i— i—
N(N ; (N(N - )0’3;98
(E"D{C(b)EQ(DV)EC(b)"}E)nn (64)

N(ifl) N(ifl) 2 .9
N '%( N )Ux 0
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By matrix identities (31) and (34), if sp(Ef;n) is sufficiently small, K, can be well
approximated as a constant:
L—1
2
Kn2 5 al?, (65)
90 1=
which indicates the frequency selectivity of the channel. However, the perturbation term, €,

is comparable with K} and it can not be ignored unless NNV is large enough. The conditional

SINR for the n-th decision variable given D=1 ig

1

G—» _ NG-D w
NN ”(NN J(Kn +€n) + g?)SJi\g]R

SINR(® (D=1 =

(66)

The probability that the symbol errors occur only at the indices in D) at the i-th

iteration is

POy = T »2 T] (-»%). (67)

neD(®) ngD®
Thus, the SER for the n-th symbol at the i-th iteration is

A = 37 WEINRG (DO D)p{Dl- ),
DGi-1)
where P{-} stands for probability. From this, the the SER at each iteration can be calculated
recursively.

Previously, we obtained a recursive formula to calculate the exact SER of the iterative
equalizer for a finite block size. Here, we derive a simplified SER expression of the iterative
equalizer for an infinite block size. For simplicity, we assume the EST is ideal. In this case,
sp(E;n) =0 for all 0 < n < N — 1; therefore, the perturbation terms disappear from the

SINR,, expressions for MMSE and genie-aided equalizers:

SINRD = SINR", (68)
SINRY = SINRY, (69)

which are independent of the symbol index n. Consequently, the SINR, after MMSE equal-

ization can be expressed as

) 1
SINR" = Ty - ~ 1L (70)
N 2«k=0 SNR|H,|2+1
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The corresponding SER can be calculated by
1) _ gramnd
p'/ = W(SINR"). (71)

Now, we show that the perturbation term that depends on n in the conditional inter-

(9
ference power Pinn

(D@=1) in (62) can be ignored for a large N. From the definition of
the ideal EST, we can write (E),; = ﬁejen’l, where {en,l}ﬁf:lo is pseudo-randomly and
even-symmetrically distributed in [—m, 7]. Define v,, as the interference component in the

n-th decision variable of z() in (53) given D¢~1:

where

Cn,l £ (EHC(b En,l
1 N—-1 N-1 )
= T 2 D (CB) e OO, (73)

Considering 0, ; as an independent random variable with zero mean, ¢, ; can be treated as
a Gaussian random variable invoking the central limit theorem [23]. In this case, the mean

and variance of ¢, ; are

S{cm} = 0,
and
1 G K
Vienrt = 53 D D 1(CD))mymo? = 2,
mi mso

respectively, where £{-} and V{-} denote statistical expectation and variance, respectively.
Also, we see that c,;, and ¢, , are independent for [; # Iz since they are Gaussian and
Elenaicniy} = E{cny Ye{cn 1, } = 0. Therefore, v, in (72) is the sum of NG=1) independent
complex Gaussian random variables. Consequently, the conditional interference power for

the n-th decision variable,

Y, 2 pl)

n,n

(DY) = {Jua?|DV1} (74)
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is a y2-distributed random variable with 2N~ degrees of freedom, whose probability

density function (PDF) is

. 1 i—1 2
D)y NG-D_1__y/26
fYn(y|D ) - J)Q(QN(i—l)F(N(i—l))y € *

= fr.(INEY), (75)

where

NGE=1)
s k(T g )agggKh
X 2N '

In (75) we changed the condition of fy, (y|D@~Y) to NO=1 since it depends only on NG—1)
rather than DU~1 . Hereafter, for this reason, we change the condition from DU~Y to
NG=1 in all the related conditional functions, i.e., the power of interference, SINR, and

SER. The mean and variance of Y;, are

. NG=1)  p(i-1)
o} =~ hl(—)ongs K (76)

E{Y,} = 2N
and

NG=1)  pr(i=1)

V{V,} =4NDgt =

respectively. Therefore, for a large N, V{Y,,} is small and Pl(é)n(N ("*1)) can be approximated
to its mean in (76), which is independent of the symbol index n.
From the above discussion, for an iterative equalizer with the ideal EST and a large IV,

the SINR can be simplified to

T @ ar(i—1)y _ 1
SINR" (N )= — A . (78)
N(z—l) N(E—-1) 1
N k(T ) K + 2SNR
Consequently, the conditional SER is
pO(NGEDY = g(SINR™ (N DY), (79)

In this case, SER is independent of n and the probability of having k& symbol-errors in an

N-symbol block at the i-th iteration is

P{N®D =} = (
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for k=0, 1,---, N. Consequently, the SER at the i-th (i > 2) iteration is

N
p(i) _ Zp(z)(N(iq) _ n)p{N(z'—l) =n}. (81)

n=0
From Equations (70), (71), and (78) - (81), the SER after the 7 iteration can be calculated.
To study the asymptotic property, we first define the relative frequency of symbol error

in a block after the i-th iteration by

) N®
() &
F v (82)
Therefore, (81) can be expressed in terms of F(—1) as
al n n
() — @ (pli-1) = = (i-1) —
When N — o0, (83) can be written as
' Loy
pt) = / U(SINR (FOY = 2)) f o) (z)d, (84)
0

where fru—1) () is the PDF of F(~1. From the DeMoivre-Laplace Theorem [23], fpu-1) ()
. . . (’i*l) . p(i—l)(lfp(i—l))

can be approximated as Gaussian PDF with mean p and variance ——x—. By

the definition of the Dirac Delta function d(x) [24],

Jim fon (2) = 6z — ptY).

Therefore, the effective SINR is

SINR"” = SINR”(#-D = pl-D) (85)
1
- | , . 86)
i—1 i—1 1 (
th( )/‘i(p( )) + %SNR
and
p® = B(SINR™). (87)

The strong law of large numbers states that the relative frequency F(—1 approaches

pU=1) almost everywhere (AE) [23]. Let




Then r(x) is continuous in the interval [0, 1] and differentiable in (0, 1), and
|7"(F(i_1)) - r(p(i_l)” < Rmam‘F(i_l) _p(i_1)|

where Rz = maxge(o,1) \g—ﬂ is a finite number. Therefore, the convergence in (87) is also
AE.
From (86) and (87), the SINR after the i-th iteration is inversely proportional to p(—1),

and pY monotonically decreases with SINR®. Therefore, if

SINR"” < SINR", (88)
then p = lim; p(i) and m = lim; oo m(i) exist and satisfy the following equations
5 = U (SINR) (89)
and
1

SINR= —— . (90)
tha(p)er

In particular, from (41), (86) and (89), for QPSK symbols, p is determined by

4 1\ !
1- |1- K
@ (2—0.5p hp goSNR>

It can be seen from (91) that for a sufficiently small p, the interference term is negligible

2

(91)

I
St

compared with 1/(goSNR); consequently, SINR is very close to SNR, the MFB.
From the above discussion, the iterative equalization converges above a SNR threshold,
SNRy that satisfies SINR" = SINR". Equivalently, if SNR > SNRy, the following

inequality holds:

1 1
1< : (92)

1)
N Zk =0 SNR|Hk|2 ( )th( ) goslNR

Furthermore, we have proved in Appendix D that SNRp exists for all channels. Therefore,

the iterative approach always converges to the MFB as long as SNR is large enough.
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2.4.4 Iterative Equalizer with Soft Decision

By feeding back the soft decision, we can prevent error propagation in the hard-decision
equalizer and further enhance the performance, especially at low SNR. In this subsection,
we denote X as the soft decision for x. Also, for simplicity, we assume that QPSK and the
ideal EST are employed.

We consider the normalized decision vector at the i-th iteration
2 = x + e(i), (93)

where e is the pre-decision-error vector that consists of noise and interference. As in
the previous section, each element eg) of e is assumed to be independent for different
n’s and complex Gaussian with power (06(37’21)2 For QAM modulation, all the variables in
(93) are complex, they can be decomposed into real (in-phase) and imaginary (quadrature)
components, that is, zr(f) = z}zzﬁ—jzg)n, Ty 2 Tin+JTQn, and eg) = egl;zl—i—jeg?n. Hereafter,
to avoid repetition, we will describe only the in-phase component of a complex variable.
The quadrature component can be similarly defined.

Log-likelihood ratio (LLR), which is widely known in the turbo literature [4,8,9], is

employed here for the soft decision. The a posteriori LLR of x, at the i-th iteration is

A2 00 : (94)
S Plorn = 1140
It can be decomposed into
A =A@ AP, (95)
where
£ o, Plemleia=+1 22
A = log 5 ’ =" (96)
’ P[zlﬁn|x17n = —1] ((76’]771)2
and
7 n=+1
A9 2 10 Plorn = +1] (97)

Plern = —1]
are the extrinsic LLR and the a priori LLR, respectively. We use the extrinsic LLR from

the previous iteration as the a prior: LLR:

AP = AP, (98)

I.n n
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For the first iteration, since there is no a priori LLR available, we set )\]1'3,75,1) = 0. Also, as

shown in Appendix C, pre-decision-error power after MMSE equalization is

1

—~
Q
55/‘\
3=
SN—
[N}
Il
—_
Q
no

k 1H,2+1/SNR
= (o£}>> : (100)
which is independent of n. Each component has the same pre-detection-error power after
MMSE equalization, that is, (crgl))2 = (0216)2)2 = (06(31))2/2.
The soft decision for xy, is the conditional expectation of xj, given the observation
()

an:

)

521 5{$[ n|Z[ n} P[xfn - 1|Z] n] ,P[wl,n = _1|Z§f21]1 (101)

which, in terms of LLR, can be easily shown to be

i) = tcmh(%). (102)

d9 2 g, — 20 (103)
The power of its in-phase component is

EAVZ0Y = (1202 Plaern = 1=} + (1 + 2002 Plarn = —1120)

= 1-(@)> (104)

)

Similar to the hard-decision case in (B.5), the decision variable (after normalization) is

. 1 N 1
() _ H (%) (i—1) HpHyrH
z = x +—E"C(b")Ed + —E"F"H,Fn, 105
Xt (b*) % D (105)

inter ference noise

signal

where d(® is the soft-decision error vector at the i-th iteration. The conditional interference

power given z(~Y is

Pinn(20D) = L (BHC(b)EQ(K) pEX C(b)E),., (106)
90
where
Q(k)p £ £{d-1at-DH 5= (107)
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is the conditional soft-decision-error covariance matrix. As in the previous section, for a
finite block size, van(z(ifl)) depends on the index n and the complexity of calculating its
value for each n, 0 < n < N — 1, is high. However, for an infinite block size and employing

the ideal EST, Pmm(z(i_l)) is equal to its average value,
N-1
@) _ Kn 7(i—1)12 ,(i—1)

which does not depend on n. In this case, the pre-decision error power at the i-th iteration

(i > 2) is independent of n and given by

2
g,
L (108)

()\2 (4)
o =P
( I ) 0

e

where
() _ Kn N~ g iy, 6-D
i i— i—
Pin,[ - N Z 5{(d1,n ) “In }
n=0
Finally, for an infinite block length, the SER at the i-th iteration (i > 1) is

Oy

() —
p = V(—
(o)

) (109)
where (aé“)2 = (022)2 + (GS)Q)Q.
2.5 Simulation Results

In this section, we present simulation results using QPSK modulation. Since the perfor-
mance of an equalizer usually depends on the characteristics of a channel, we present our

results for different types of channels.
2.5.1 Performance for Proakis-B channel

In this subsection, we present the performance of the hard- and soft-decision equalizer with
different ESTs and block sizes using the Proakis-B channel [1], whose impulse response and

K, are

hPreakis=B — () 4075, 4+ 0.8158,_1 + 0.4078,_2,

K, = 0.94,
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respectively. We consider Eq, Eo, E5 in Table 1 in our simulation. Since each EST in Table
1 has either the maximal time- or the maximal frequency-despreading factor for n = 0,
we send a dummy symbol for zg and transmit information through the rest of the N — 1
symbols.

Figure 6 (a) compares the analytical and simulation results for the hard-decision equal-
izer. To calculate analytical performance, we used the ideal EST and an infinite block size.
For the simulation results, we used E1, Es, and E5 for the EST and set the block size at

N = 2048. Note that the hard-decision equalizer with E; corresponds to OFDM. From the

(a) Hard—decision

o
w
o
10°
» - Simulation, E1’ N=2048
10 Simulation, E, N=2048
—~— Simulation, Ez' N=2048
—O— Analysis, N = e
x- MFB
107° L L L
0 2 4 8 10 12 14 16 18
SNR per bit, Yo (dB)
(b) Soft-decision
10° T T T T T
K
10" E
1stiter.
X
2 X N
10 i - 2nd-iter.
x
14
w .
[} X 3rd iter.

10

10°

10"

Figure 6. Performance of the EST-based equalizer for Proakis-B channel.

DFE with

Simulation, E, N=2048
—— Simulation, Ez’ N=2048
—O~ DFE with prefect feedback
—V= MLSD
x - MFB

XP\ perfect feedback

2 4 6 8
SNR per bit, Y, (dB)
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figure, the iterative equalizer with E; as an EST has no performance improvement with
iteration since E; has poor frequency spreading. The BER of the equalizer based on Es
improves with the number of iterations when SNR is above 7 dB. After the tenth iteration,
the required SNR for a 10~® BER is about 9.8 dB, which is only 0.2 dB from the MFB.
The equalizer based on Es shows slightly worse performance than that based on Es. The
analysis for the MMSE equalizer (1st iteration) is very close to the simulation result. There
is a performance gap between the analytical and simulation results for the other iterations,
which is due to finite block length and imperfect energy spreading.

Figure 6 (b) shows the performance of the soft-decision equalizer compared with that
of the MLSD [1] and the DFE assuming perfect feedback [1], which are two conventional
schemes that do not employ the EST. By feeding back the soft decision, the performance is
significantly improved over the hard-decision case, especially at a low SNR. After the tenth
iteration, there is almost a 2 dB gain for the soft decision at BER = 1072 over the hard
decision. The soft-decision equalizer based on Eo, after the third iteration, outperforms the
DFE with perfect feedback by 0.4 dB at BER = 10~%. After the tenth iteration and at BER
= 1074, its performance is 2.5 dB better than the MLSD and is very close to the MFB.

Figure 7 shows the relationship between the performance of the hard-decision equalizer

at 10 dB and its block size. The performance degrades as block size decreases, which can

T
—— N=128
—©- N=256
—7— N=512
—&— N=1024

-1 —- N=2048

BER

Iteration

Figure 7. BER performance verses iteration with different block sizes N at 10 dB for Proakis-B
channel and hard decision.
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be anticipated from the variance of Y, = pY (D=1 in (77); the block performance,

mn,n

conditioned on D=1 is dominated by the symbol detection with the largest ﬂﬁ?n(D(i_l)),

but decreasing block size increases the variance of Pi(é?n(D(ifl)).

2.5.2 Performance for other challenging channels

In this subsection, we present the performance of the equalizer for other challenging chan-
nels. In the simulation, we use Eo for the EST and the block size N is assumed to be 2048
if not explicitly stated.

Figure 8 (a) shows the performance of the equalizer for the channel proposed by Porat

and Friedlander [26], whose normalized impulse response and K, are

ploratetal — (0 485 — 0.0975)5, + (0.364 4 0.4375)5,_1 + 0.2435,
+(0.291 — 0.3155)3,—3 + (0.194 + 0.3885) 5,4,

K, = 0.73,

respectively. The SNR threshold for the hard-decision equalizer occurs near 3.1 dB. Also, its
performance after the tenth iteration and above 6 dB is similar to that of the soft-decision
equalizer and very close to the MFB.

Figure 8 (b) shows the performance of the equalizer for the Proakis-C channel, whose

impulse response and K}, are

pEroakis=C — (2276, + 0.4606,,_1 + 0.6885,_ + 0.4608,, 3 + 0.2275,_4,

K = 2.13,

respectively. This channel has the severest frequency selectivity among the deterministic
channels used for the simulation. With this channel, because of the high Kp, N = 2048 is
not sufficiently large for the hard-decision equalizer to be approximated as the ideal hard-
decision equalizer with an infinite block size. Therefore, we use N = 4096 for the simulation
with this channel. The SNR threshold occurs near 22.6 dB, which is much higher than that
of the previous channels. However, the performance of the equalizer with the soft decision,

after the tenth iteration and at BER = 107, has 8.5 dB gain over the hard decision and
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Figure 8. Performance of the EST-based equalizer for different types of channels.
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outperforms the MLSD and the DEF with perfect feedback by 1.5 dB and 3 dB, respectively.
From the slope of the BER curves of the equalizer and the MFB, we can estimate that the
proposed equalizer, after the tenth iteration, will reach the MFB at a very low BER (far
below 107°) near 15 dB and 23.3 dB for a soft decision and a hard decision, respectively.
Figure 8 (c) shows the average performance of the equalizer for reduced bad-urban (BU)
[29] channel. We use reduced BU power delay profile to generate 1000 finite impulse response
(FIR) channel realizations that have, assuming 0.95 pus symbol duration, 11 symbol-spaced
taps. For those channel realizations, the mean and variance of Kj are 0.63 and 0.045,
respectively. Also, the mean and variance of gg are 1.0 and 0.261, respectively. For the
channel realizations with low gg and/or high K}, the SNR threshold will be high. Below
13 dB, as shown in the figure, the performance of the hard-decision equalizer, after the
tenth iteration, is dominated by error propagation of those channels with a high SNR
threshold. However, the soft-decision equalizer prevents error propagation and shows good

performance, which is close to the MFB after the tenth iteration.
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CHAPTER 3

IMPROVED SCHEME FOR ENERGY SPREADING
TRANSFORM BASED EQUALIZATION

3.1 Optimal Equalization Filter Design

In Chapter 2, conventional MMSE equalization [1] is used at the first iteration, and matched
filter (in frequency-domain) and the corresponding interference canceller (in time-domain)
are employed at the remaining iterations. For the improved equalization, however, we
employ optimal frequency- and time-domain filters that maximize SINR at each iteration.

Denote the coefficients of the frequency-domain filter at the ith iteration to be {A,(f) fj:_ol.

The time-domain filter, {b,}, is to cancel the residual interference after the frequency-

domain filtering; therefore, it is dependant on the frequency-domain filter and channel by

o) 2 g0 — g6, (110)
where
; ]. Nl ; 2wkn
o & 5 > A He S (111)
k=0

is an inverse fast Fourier transform (IFFT) of A,(f)Hk, and 0, is the Kronecker delta.
Assuming most of the energy of g&i) is concentrated near gy (in the circular sense with
period N), we truncate g, for L’ <n < N — L', where L' > L is chosen to be sufficiently
larger than the channel length L. At the first iteration, the conventional linear MMSE
equalization [1] is used since there is no feedback signal available. In Chapter 2, we used
matched filter and the corresponding interference canceller for the frequency- and time-
domain filter, respectively, after the first iteration.

For the improved equalization, however, we employ optimal frequency- and time-domain

filters that maximize SINR at each iteration. The idea of using the optimal filters maximiz-

ing SINR for block iterative equalization was proposed in [27] and [28]. Here, we rederive
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the optimal filters that fit into our equalization based on EST. Denote

dD 2 g — 300 (112)
to be the post-detection error at the ith iteration, where j:gf ) is cither a hard or soft decision
of z, at the ith iteration. The symbol decisions are based on the vector after the IEST,

which can be obtained from the equivalent model in Figure 5:

20 — goX +EHC(b(i))Ed(i—1) +EHFHA%)FH, (113)
~—
signal inter ference noise

where z() € CVN*1 d®) ¢ CN*1 b() € CN*! are vectors whose elements are {zg)}, {dgf)},
and {b,(f)}, respectively; A%) € CVxN & diag(A(()i), Agi), . Ag\?_l) is a diagonal matrix; and

C(b) is a circulant matrix similarly defined as in (36). We assume the symbols {z,,}) ", the

decisions {ﬁc,(f) iV:_Ol, and the post-detection errors {dgf)}fj:_ol are statistically independent
sequences, respectively.

The processed signal at the ith iteration after subtracting the feedback signal is

50 = g0z, 400 @ d0D + ) @ ny, (114)
—— e Y
signal interference noise

where CZSZ'*” and ag) are the EST of dgffl) and the IFFT of A,(;), respectively. Since an EST

is an orthogonal transform and {dﬁf ) iV:_Ol are independent, {JS )}7]:[:_01 are also independent.

The power of the post-detection error in the EST domain can be expressed as
(052 £ £(|dQ P2} = (Be{dDdD " |20y B, .. (115)

where £{:|z(V} denotes conditional expectation when z(® is given. Using the ideal EST,

(115) can be written as

N-1
i 1 i i
(o) = 5 > EdD P2}
n=0

(1>

(o), (116)

where we omitted the symbol index n in the post-detection error power since it does not

depend on n. Since CL(LZ) is an independent sequence with power (ac(li))Q, as shown above, the
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interference power (conditioned on z*~1)) in (114) can be shown to be

ﬁig?(z(i_l)) — (g((]l)) (1)( (1—1)) , (117)

where

()2, (118)

0 n;éO
Also, using (110) and (111), (117) can be written in terms of the frequency-domain filter
A,(f), that is,

N-1

PG = o P X A e

2

A;“Hk)an\?. (119)
0

%

b
Il

Similarly, the signal and noise power in (114) can be easily found to be

N-1
(i 1 i
Py = ol S AV H? (120)
k=0
and
0_2 N-1 0
%N AP, (121)
k=0
respectively. Following the standard maximization procedure, SINR at the ith iteration,
R (1)) & Py
SINR" (1) &2 —si : (122)

PO (20-1) 1 B)

m

can be maximized by the frequency-domain filter,

ozH,j
(02 Hy 2 + 02

AD = (123)

where the superscript * denotes complex conjugate and « is a scaling factor. Since « can

be arbitrary, we choose

9 -1
()

k )?[Hg | + o7
to normalize the signal power in (114), or to make g(()i) = 1, for convenience. As previously

indicated, the time-domain filter can be obtained by taking IFFT of Ag)H k- Note that

the frequency-domain filter in (123) is equal (within a scaling factor) to the conventional
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linear MMSE filter [1] at the first iteration (¢ = 1), when there is no available feedback

and therefore, (U((JZO))2 = 02. On the other hand, when (0[(;_1))2 =0, (123) is equal to the
matched filter.

We consider the decision vector in (113) after the normalization in (124). Since go = 1,
signal power is

Pl = 52 (125)

Following the procedure in Section 2.4, assuming the ideal EST and a large N, we can

obtain interference and noise power to be

PO 071y = K (0 7)?2 (126)
and
0_2 N-1 0
% n 1)12
P() = N 2 [ A7 17 (127)

respectively. Note that since E is unitary, (125), (126), and (127) can be also obtained
directly from (120), (119), and (121), respectively using the Parseval’s theorem and the fact
that gg = 1 after normalization.

Now, we describe how to calculate the post-detection error power in (116) to use in the

frequency-domain filter in (123) for the hard- and soft-decision equalization, respectively.
3.1.1 Hard Decision

Denote D and N@ to be the set of indexes of incorrectly decided symbols after hard

decision at the ith iteration and its cardinality, respectively. Given N, (116) becomes

(0 = (X2 (128)
where
K(N]s)) = 5{’d"|2|£; LA (129)
From (125), (126), and (127), the SINR at the ith iteration conditioned on N(~1) is
s pY
SINRO (NG = st (130)

PY(NG-1) 4 P{)

m
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and the corresponding symbol-error-rate (SER) (conditioned on N@~1) can be calculated
from the SINR using
pI(NEY) = w(SINRD (N DY), (131)

where ¥ is a modulation-dependent function that maps SINR to SER.
Then, we invoke the law of large numbers [23]: For an infinite N, each block has the
same number of symbol errors Np@, or N = Np(®  where p(¥ is SER. In this case, as

shown in Subsection 2.4.3, the SER is
¥ = U(SINRO(NE—D = Npl=Dy) (132)

and (128) becomes,

(052 = k(p®)o2p®. (133)
3.1.2 Soft Decision

In this subsection, &, is used for the soft-decision. Also, for simplicity, we assume that
QPSK and the ideal EST are employed. Each element of (113) can be decomposed into
its in-phase and quadrature components, that is, zg) = 2?’21 + jzg?n, Tn = Tin + JTQm,
dgf) =d;pn+jdgn, and n, = ny,+jng,. To avoid repetition, we describe only the in-phase
component of a complex variable. The quadrature component can be similarly defined.

Employing log-likelihood ratio (LLR) [5], the a posteriori LLR of x, at the ith iteration

is

@) a
)\In = log 7
’ Plaorn = —1]20 ]
E,(i P,
— AR R, 1)
where 0 0
/\}E’(i) = logp[zlin|xl’n =+ = — i . (135)
" Pl wrn =—1 P, +P),
and
: Plzrn = +1]
)\Pv(l) é 1 i 136
In OgP[iU[n _ _1] ( )
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are the extrinsic LLR and the a priori LLR, respectively. As the a priori LLR, the extrinsic

LLR from the previous iteration is used, that is,

AP = A, (137)

s

The soft-decision 5:?31 to feed the EST and the time-domain filter is the conditional

expectation of x7,, given the observation zyfl, that is,

) = Dy, (138)

The soft-decision (138) can be written in terms of LLR as

)\Ev(l)

&) = tanh( ]’2"

) (139)

where we used the extrinsic LLR in the improved equalization while the a posteriori LLR

is used in Subsection 2.4.4. Also, the (in-phase) post-detection error power is

N—
% 1 i
(o) = ¥ S el (140)
n=0
1 N—-1 0
= <> =@ (141)
N n=0

Clearly, (0((;))2 = (UC(;)I) + (O'C(;)Q) , and the decision of the transmitted bit after the final

iteration should be based on the a posteriori LLR in (134).

3.2 Stmulation Results

In this section, we present simulation results of the improved equalization using QPSK
modulation. The block size is N = 4096, and the EST is chosen as E = PFH where P
is a random permutation matrix. As indicated in Section 2.2, the first symbol has poor
spreading property; therefore, a dummy symbol is used for the first symbol xg in the block.
The bit error rate (BER) performance is compared with the original equalization in Chapter
2 and mazimum likelihood sequence detection (MLSD) [1]. The performance of equalization
depends on the frequency selectivity of the channel, defined as

vE 2 5> (gl (142)
0 n£0

39



where

g?’l é h*—n ® h?'L'

Note that K} is equal to K }(j) in (118) when the frequency-domain filter is chosen as the
matched filter, that is, A,(f) = Hj.
Figure 9(a) shows the performance of the hard-decision equalizer using Proakis-B chan-

nel [1], whose impulse response and frequency selectivity are

hB = 0.4076, + 0.8150,_1 4+ 0.4078,_o,

K, = 0.94,

respectively. The performance of the improved hard-decision equalizer is compared with
that of the original hard-decision equalizer and the asymptotic analysis assuming an infinite
block size. For each iteration from the second, the improved equalization shows better BER
performance than the original equalization. At BER = 10~ and the second iteration, the
improved equalizer performs about 2 dB better than the original scheme. The difference
between the analysis and the simulation can be accounted for the non-ideal property of
the employed EST and the finite block size. Figure 9(b) shows the simulation results for
the soft-decision equalizer using Proakis-B channel. Similar to the hard-decision case, the
improved soft-decision equalizer performs better than the original soft-decision equalizer.
At BER = 107*, the improved equalization outperforms the original one by 0.8 dB at the
second and by 0.7 dB at the third iteration.

Figure 10(a) shows the results for the hard-decision equalizer using Proakis-C channel [1],

whose impulse response and Kj, are

he = 0.2276, 4 0.4605, 1 + 0.6883, o + 0.4605, 3

T 0.2278,_4,

K, = 213,

respectively. The performance of the hard-decision equalizer converges to the MFB above
the SNR threshold near 15 dB while significant error propagation occurs below the SNR

threshold. For Proakis-C channel, the performance enhancement is more significant than
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that for Proakis-B channel. At the 10th iteration and BER = 107%, the improved hard-
decision equalizer outperforms the original scheme by 7 dB. The gap between the simulation
and the asymptotic analysis assuming an infinite block size and the ideal EST increases with
each iteration. At the 10th iteration and BER = 1074, there is a 7 dB gap between the
analysis and the simulation. This can be explained by the significant accumulation of the
error in the estimation of SER, the post-detection error power in (133), and the interference
power in (126) for the channels with a large K. Finally, Figure 10(b) shows the simulation
results for the soft-decision equalizer using Proakis-C channel. The soft-decision equalizer
can prevent sever error propagation below the SNR threshold of the hard-decision equalizer
and shows significantly better performance in the low SNR region. Also, the performance
enhancement over the original equalization is observed. At the third iteration and BER =
10~4, the improved equalization outperforms the original scheme by 2.5 dB. And, at the
10th iteration and BER = 1074, the improved equalization outperforms the MLSD by 0.9

dB while the original one performs 0.43 dB worse than the MLSD.
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CHAPTER 4

ITERATIVE MIMO SIGNAL DETECTION BASED ON
EST: FLAT FADING CHANNELS

4.1 System Description

Figure 11 (a) demonstrates an EST-based iterative signal-detection scheme for a flat fading
channel with np transmit antennas and ng receive antennas. Denote C to be a complex

field. In the figure, x is the transmitted symbol block, defined as [zg,z1,...,2x_1]7. The
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Figure 11. (a) Iterative detection for MIMO flat fading channels and (b) its equivalent model.

44



2

N complex symbols in x are assumed to be independent, with zero-mean and variance o.

The symbol block is first transformed to X = [Zg, #1, ..., Zx_1]7 by an ST-EST, which will
be discussed in Section 4.2.

The transformed symbol block, %, is then divided into N, = N/np transmit vectors
with np-elements by

= _n s - T
Xn = [anww Tnpndly -y ann—l-nT—l] )

forn =0, 1,--- Ny, — 1. The g¢-th element of X, is transmitted by the ¢-th transmit
antenna.

The MIMO channel is assumed to be with flat fading and can be described by a channel
matrix H € C"8*"T Furthermore, the elements of H, (H),,,’s are assumed to be inde-
pendent and identically distributed (i.i.d) complex Gaussian, with zero mean and variance
1/nr to normalize the overall transmission power. Consequently, the received signal vector
is

r, = Hx, + n,,
where n,, is a complex additive white Gaussian noise (AWGN) vector with variance o2 for
each element. Therefore, the average signal-to-noise ratio (SNR) per receive antenna is
SNR = o2 /02.

The signal detection is iteratively performed by a forward matrix A e Crrxnr g
feedback matrix B() € C"7*"7 and a diagonal matrix D) e C"7*"7 At the first iteration,
minimum mean-square-error (MMSE) [35] criterion is used to determine the forward matrix,

while the feedback matrix and the diagonal matrix are set to zero and identity, respectively:

2 —1
AL = <G+ZgInT> H (143)
B = o, (144)
DY = 1,., (145)

where the superscript H denotes the Hermitian operator, G & HYH, I,,,. is a ny x np
identity matrix, and 0 is a np X np zero matrix.

From the second iteration (i > 2), the forward matrix is chosen as the matched matriz,
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the feedback matrix and the diagonal matrix are chosen to cancel interference:

AD = HHY (146)
B® = D{G}, (147)
DU = D{G}!, (148)

where D{W} denotes a diagonal matrix that removes all the off-diagonal elements of a
square matrix W and D{W} is a matrix that removes all the diagonal elements of the
matrix W. It is obvious that

D{W} =W —D{W}.

Either hard or soft decisions can be fed back to the feedback matrix. Since the forward
matrix A® and its input are same after the second iteration, the same output vector will

be used in subsequent iterations and only feedback matrix outputs need to be updated.

4.2 ST-EST and Its Impact

Similar to [32], an EST is an orthonormal transform that spreads the energy of each symbol
xy, over the entire block. The EST in Figure 11 (a) is called a space-time (ST) EST since it
spreads each symbol energy over space and time. Denote E € CV*¥ to be an EST matrix
and (E);,, to be the element of E at the m-th row and n-th column, respectively. The

ideal ST-EST should satisfy

1

i |(E)m,n’ = VN

e <(E)p,, is pseudo-randomly and uniformly distributed over [—, ]

Here |z| and <@ denote the magnitude and the angle of a complex number x, respectively.

Similar to [32], an ST-EST can be implemented by
E = PU, (149)

where P is a pseudo-random permutation matrix and U is a unitary matrix. As indicated
in [32], Fourier transform and Hadamard transform are good candidates for U since they can

be implemented by existing fast algorithms. The pseudo-random permutation is necessary
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to ensure random distribution of the phase <((E);, ,,, which is very important for the EST-
based MIMO system to reach good performance.

Figure 12 can further illustrate the importance of the ST-EST in the proposed structure
in Figure 11. Figure 12 (a) illustrates the effect of space-domain spreading. For a MIMO

A symbol block without A symbol block with
space-domain spreading space-domain spreading

v
Moo Mo X X -
H X 0 Xo ~O Xo
n,o hl,l Xy Xy
Sliding ﬂ
X2 Xez | <
Xnp-1 ~ XNp-1
-1 X1

: Symbol energy in consideration

(a) Effect of space-domain spreading

A decision block without A decision block without
time-domain spreading  time-domain spreading

v
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)Aﬂ\kz o Xal 3
~ Xnp1 ~ XNy -1
X1 o Xya

% . Incorrectly-decided symbol energy

: Correctly-decided symbol energy

(b) Effect of time-domain spreading

Figure 12. Principle of ST-EST.
system with np = ng = 2, consider the transmission of a specific symbol, zg, in a block.

Without space-domain spreading, it uses only the first column of the channel matrix, i.e.,

ho,o and hg 1. If the magnitudes of hgo and hg 1 are small, the detection of z¢ will have a
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large probability of error. The overall performance, averaged over the block, is dominated
by the worst symbol detection. With space-domain spreading, however, xy uses all the
elements in the channel matrix. Therefore, space-domain spreading effectively provides
spatial diversity and enhances the performance. Figure 12 (b) illustrates the effect of time-
domain spreading. Consider the input of the feedback matrix, which is from the decisions
of the previous iteration. We assume that only one decision, 21, is incorrect in the previous
iteration. Without time-domain spreading, the error will be captured by b(()z;)l. If b((]i’)1 has
a significant magnitude, it will degrade the performance of the symbol detection for xzg.
However, with time-domain spreading, the error energy is spread over the entire block.
Even though it can be still captured by b(()z;)l or b% and affects all symbol decision, its
power has been reduced by a factor of N due to the spreading. Therefore, the time-domain
spreading increases the reliability of the feedback signal. Moreover, the ST-EST enables
iterative signal detection without employing error-correction coding as we have indicated
before. As will be confirmed in our analysis and simulation, symbol-error rate (SER) of the
signal detection decreases with the increase of the number of iterations if initial SER at

the first iteration is below a threshold. Eventually, SER will be very close to that of the

genie-aided receiver.

4.8 Complexity

Since there are N receive signal vectors per block, the block-wise complexity of the forward
matrix, diagonal matrix, and the feedback matrix operation are ngnr Ny, np Ny, and n2TNb,
respectively, when a hard decision is used in the proposed scheme. The complexity of EST
or IEST is Nlogy, N assuming the fast algorithms for Fourier or Hadamard transform used
in constructing the EST. Therefore, we obtain the complexity as shown in the Table 3. The
block-wise complexity of the conventional decision-feedback receiver (without ordering) is
(nrnt + n%)Ny. When log, N is comparable to ny or ng, the complexity of the proposed

scheme for each iteration is similar to that of the conventional decision-feedback receiver.
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Table 3. Computational Complexity. Y = required, N = not required.

Iteration (i) | A® | D® | IEST | EST | B® Complexity
i=1 Y N Y N N (nrlogaN + ngny) Ny
i=2 Y | Y Y Y | Y | (2nrlogyN + nrny + n + ngp) N
i>3 N Y Y Y Y (2n7logyN + n2 + np)Np

4.4 Performance Analysis

In this section, we analyze the performance of the ST-EST-based iterative scheme described
in the previous section. For simplicity, we assume employing the ideal ST-EST.
Denote W € CV*N and U € CV*N to be a square matrix and a unitary matrix,

respectively. The following matrix identities will be used in our analysis:
ID-1: If |(U)mn| = 1/VN, then

N—
(UiD{W}U), % Z
=0

3

ID-2: Denote tr{W} to be the trace of W, then

tr{UYD{W}U} = 0.

ID-3: For the ideal ST-EST, E, and a sufficiently large N, (E*D{W}E),, ,, can be treated
as a Gaussian random variable with zero mean and variance

1 N-1 —
= > (Wil

11=0 15=0,l2%1

The first two identities ID-1 and ID-2 can be easily checked and ID-3 is proved in Appendix
E.
To facilitate our analysis, we redraw Figure 11 (a) into a mathematically equivalent

model in Figure 11 (b). In the equivalent model, we have used the following definitions,

ng X(()Z) z(()l)
n2 , x) 2 : , 292 :
n % Z
Np—1 Np—1 Np—1



HBD S dlag{Ha U 7H} € (CanRXNa
——
Np matrices
AW 2 diag{AD ... AD} e N Nomn,
—_———
N, matrices
BY) 2 diag{B",... B0} e CN,
~————
N matrices
and
D) £ diag{D®, ... DO} e cV*V,
—_———
Np matrices

The decision vector at the i-th iteration can be expressed as

2 = E'DYAY HzpEx - EFDY)BY) EXY
+E'DYAY n, (150)

where XV is the hard or soft decision for x at the (i — 1)-th iteration.

At each iteration, the n-th decision variable, zy(f) consists of signal, interference, and

@) p)

st,n? ~in,n’

noise with power P and Pg(),,n, respectively. The SER of the n-th symbol at the

i-th iteration is

pY) = W(SINRY), (151)
where )
- P,
SINRY) =~
Pi, . + Pron

is the signal-to-interference-noise ratio (SINR) of the n-th symbol at the i-th iteration and
U(-) is a function that maps SINR to SER. Consequently, the SER at the i-th iteration is

the average of the SER’s of each symbol in a symbol block:
| V-1
(6 — — (4)
# = (152)
4.4.1 MMSE Receiver

From (143)-(145) and (150), the decision vector at the first iteration can be written as

2V = D{E"MppE}x + D{E/MppE}x + E7A})n, (153)
siglqal interference noise
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where M 2 A(MH and Mpgp is the block diagonal matrix extended from M in the same
way as App is extended from A. Signal, interference, and noise powers of the n-th decision

variable are

P(l) = 0-3‘ [(EHMBDE)n,n]Qa

Si,n

p()

mn,m

= o2[(E"IMppPE)pn — {(E"MppE)n 0},
and

p{) = UEL(EH‘ASBlJ)DPE)n,m

no,n

H
respectively, where |[Mpp|? £ MppME  and \Ag})|2 = Agg) (Agg) . With the ideal

ST-EST, each component power can be decomposed into its average and perturbation:

P = o2[mai + o), (154)
Pz(i?n = 0920 [mm + B — 2mgian — Oéi], (155)
and
Pgzlo),n = J%[mno + Yal, (156)
where
1 npr—1
Msi = — M), 157
o ; (M) (157)
1 nr—1npr—1 1 nr—1 2
mip = — > Y |(M)pf* — [ > (M)z,z] 7 (158)
T nr
11=0 [l2=0 =0
and
1 npr—1
Mo = > (AMP),, (159)
=0

are the averages derived using ID-1 and

ap = (EH@{MBD}E)n,m

/Bn = (EHﬁ{ |MBD ’2}E)n,na

and

Yn = (ETD{|AG) PYE) .
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are the perturbations.

From ID-2, the averages of ay,, 3,, and -, are zero, respectively:

1 1 1
L DIRN)
From ID-3, for a sufficiently large N, we can treat the perturbations as zero-mean Gaussian

random variables with variances

npr—1 np—1

Vien} = Z > 1Ml (160)
11 0 1o=0,l2%l

7’LT1 nTl

V{Bn — AT Z Z ‘(|M|2)l1,l2’27 (161)

l1 0 l2=0,la#l

and
npr—1 np—1

Vimt=—+ Z Z l1,l2)2a (162)

zl 0 lr= 012#1

respectively, where V{-} denotes variance. For a large N, the perturbations are negligible,

and the SER can be well approximated by

p® ~ ¥(SINR™Y), (163)
where m( ) ; is the average of SINR( ) obtained by ignoring the perturbations.
4.4.2 Genie-Aided Receiver

From the second iteration (i > 2), the matched matrix and interference canceller are used
for the forward and backward matrices, respectively with appropriate normalization by Dg),
that is, Ag)D = HgD, Bgp = D{Gpp} and Dg) = D{Gpp}~!, where Gpp is a block

diagonal matrix extended from G. The decision vector is

2! = x +E"D{Gpp} 'D{Gpp}E(x — dec{x"V})
~—~
signal interference
+ EID{Gpp} 'HY;n. (164)

noise

For the genie-aided receiver, interference is assumed to be known and can be completely

(9)

removed; therefore, signal and interference powers at the n-th decision variable, zy”’, are
Pif)n = O‘ and sz)n = 0, respectively. Noise power is
Pgl%),n = ng(EHLBDE)n,n, (165)
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where Lpp 2 D{Gpp} 'GppDP{Gpp}!. The noise power can be decomposed into

P = on(Qr + 6n), (166)
where
N H 1 = 1
Qu = (E"D{Lpp}B)nn = - HZ‘B @ (167)
and
on = (ED{Lpp}E), .. (168)

Similar to the previous subsection, for a sufficiently large IV, §,, is negligible, and the SER

can be approximated by

p@ ~ B(SINRY), (169)
where
SINRY = ng (170)

is obtained by ignoring the perturbation.
4.4.3 Iterative Receiver with Hard Decision

We analyze the performance of the iterative receiver with a hard decision. In this subsection,
X is used to denote the hard decision for x. From (164), the decision vector of the iterative

receiver with a hard decision for i > 2 is

29 = x +E7IpEd"Y + EfD{Gpp} 'HE o, (171)
~~ ~~
signal interference noise

where Jgp £ D{Gpp} 'D{Gpp} and d® 2 x — % ig the post-decision error vector at
the i-th iteration. Signal and noise powers are the same as those of the genie-aided system,
that is, P, =P P, =P,

We consider the interference power under the assumption that there are N (i_l)—symbol
errors in a symbol block at the (i—1)-th iteration. Let D@ be the set of indices of incorrectly
detected symbols in a block after the i-th iteration, whose cardinality is N(). Define v, as

the interference component in the n-th decision variable of z(9 given D(~1):

=Y enad Y, (172)
leD(i-1)
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where

cni 2 (B IppE),,. (173)

From ID-3, for a sufficiently large IV, ¢,; can be treated as a zero-mean Gaussian random

variable with variance

K
Vient} = WH (174)
where
1 nr—1 npr—1 G 9
Kn & =) W (175)
" 11=0 12=0,l2# ( )l1,l1

depends on channel parameters. Moreover, ¢, ;, and ¢y, are independent for {1 # l2 since

they are Gaussian and E{cpy,c;, ), b = E{eny, }E{c,;,} = 0. Since ¢, is independent of

*
n712

dl(i_l), vp is a sum of NG~ independent complex Gaussian random variables with zero

mean and variance

N(E=1)

V{cnd ™V} = o2k( W{cni}, (176)

where k(p) is a function of SER, p, and depends on the modulation scheme. For QPSK,
k(p) ~ 4/(2 — 3p) as shown in [32]. Consequently, ngn(D(i_l)) = V{v,}, the conditional

interference power in the n-th decision variable at the i-th iteration given D=1 can be

treated as a y2-distributed random variable with 2N (=1 degrees of freedom [1]. For a large

N, Pl(Q,n(D(i_l)) can be approximated by its mean:
; ] N(i—l) N(i—l)
Pina(DUY) = = h(=— )oK (77)

for its variance shrinks to zero as N grows to infinity, as shown in [33]. Therefore, using

the procedures in [33], we obtain the following recursive equations for a very large N:

T ) 1
SINR" = 178
Kyupl-Dg(pl-1) + SCiQ\IiHR (178)
and the corresponding SER:
p? = w(SINR™). (179)
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4.4.4 TIterative Receiver with Soft Decision

Using a soft decision, the performance of the iterative receiver can be further improved.
Here, we summarize the algorithm for the soft-decision receiver. For simplicity, we assume
that QPSK and the ideal ST-EST are employed. Also, in this subsection, x is used to
denote the soft decision for x.

The normalized decision vector at the i-th iteration can be written as
2V = x4 e, (180)

where e is the pre-decision error vector consisting of noise and interference. We assume

(i

the n-th element of e, en) to be independent (for different n) complex Gaussian with
power (Uf(jzl)2 for each n =0,1,..., N — 1. Since all the variables in (180) are complex, they

can be decomposed into its real (in-phase) and imaginary (quadrature) components, that is,

sz) £ }Zﬂ—zg)n, 51) ( ) +x(Q)n, and eg) £ S)n—i—eé?) To avoid repetition, hereafter, we

describe only the in-phase component of a complex variable. The quadrature component

(4)

can be similarly defined. For a system with a large block size, (c¢4,)? is asymptotically
independent of n. Therefore, in this case, we can ignore the dependency of (aéfL)Q on n and
obtain a simple algorithm for the soft decision, as shown below.

Similar to Subsection 2.4.4 , the a posteriori log-likelihood ratio (LLR) of xy ,, at the i-th

iteration is

A = A0 AP0, (181)
where .
, 22,
E,(i In
A = PRGERYS (182)
( e,I,n)
and
A =AY (183)

are the extrinsic LLR and the a priori LLR, respectively.

For the first iteration and a large N, from (154)-(156) and (180),

2, 2
(@) = (eV)? = %mmn:;"m"", (184)

95



where we omitted the subscript n for (184) is independent of n. Since each component of
e has the same power, (0211))2 = (02122)2 = (Jél))2/2. Note that )\f’rsl) = 0 for there is no
available a priori LLR at the first iteration.
From the second iteration (i > 2), the soft-decision fng s fed back, whose in-phase
component is
' A=)
B = tanh(I’Tn). (185)

The soft-decision error for the n-th symbol at the i-th iteration is
dW =g, — 200, (186)
whose in-phase component power is

EQd)) 120} =1 - @)% (187)

The decision vector can be obtained by replacing d®~1) with ﬂ(ifl) in (171). For a large
N, similar to the hard-decision case, the conditional interference power can be approximated

by its average value, whose in-phase component power is
(z) (i-1)) KH i% D) (z 1)
The (in-phase) pre-decision error power at the i-th iteration (i > 2) is

2
7 K3 Un
(Ué }) PETL)I(Z( )+ EQH- (189)

)

Finally, the SER at the i-th iteration (i > 1) is

) (190)
where (agi))2 = (022)2 + (O’éZ)Q)2
4.5 Asymptotic Property of Rayleigh Fading Channels

In this section, we discuss the statistical characteristics of two important parameters, Ky
and Qp7, which are directly related to performance.
From (170), Qg is related to the performance of the genie-aided receiver. When Qp is

high, the SER of the genie-aided receiver will be high. K is related to the interference
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power of the iterative receiver. From (178), for a fixed p(!) and Qyy, the threshold SNR will
be shifted to a higher value as K is increased. Therefore, for those channel realizations
with high Ky and/or high Qp, the threshold might occur at a very high SNR above the
range of our interest.

Asin [2], [3], [15], and [16], for a MIMO system designed to achieve the maximal efficiency
or multiplexing gain in a Rayleigh fading environment, the configuration of an equal number
of transmit and receive antennas is of particular interest. Therefore, we focus on MIMO
channels when ny = ngr even though the results can be easily extended to the case when
nr # ng. It can be seen from the definitions of Qg and Ky in (167) and (175) that they
are functions of the elements of the random matrix G. When np = ng is small, both Kg
and Qg vary within a large range. In this case, the probability of encountering the channel
realizations with high Ky and/or high @y will be significant, and the performance averaged
over many channel realizations will be dominated by those worst channels. However, we
will show that as np = ng grows, the distributions of Ky and Qg will converge to one in
mean square sense (MSS) [23]. In this case, most of the channel realizations are favorable,
and the proposed scheme shows a significant performance.

Since Ky and Qg are functions of (G), 4, respectively, we first study the statistical
properties of (G), 4. Hereafter, for simplicity, we denote h, ; = (H), 4 and g, 4 = (G)pq. A
diagonal element of G is

nr—1

99,9 = Z ‘hl,an (191)
1=0

and an off-diagonal element of G is

nr—1

Ip,q = Z h?,phl,q (192)
1=0

for p # ¢. Clearly, their means are £{gq4} = nr/nr and £{gp,} = 0, respectively. Also,

their variances are shown in Appendix F to be

n
V{gq,q} = V{gp,q} = nig (193)
T

Furthermore, g, , has the following properties:
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P-1: For a large ngr, gpp and g4 (p # q) can be treated as Gaussian random variables,

respectively.
P-2: gpp and gq4 (p # ¢) are independent.
P-3: grq and gs 4 (or gqr and gq ) are independent for r # s, 7 # ¢, s # g and a large np.
P-4: g,4 and gs 4 (or g4 and gq.s) (s # q) are independent for a large np.

P-5: For any positive integer m,

1 1
S d T Elam

as Ny — nNr —— OQ.

P-1 can be proved by applying the central limit theorem (CLT) to (191) and (192), respec-
tively. P-2 can be easily checked from the definition of g, ,. P-3 can be proved by noting
the fact that for a large ng, grq and gsq (r # 5,7 # ¢, s # q) are Gaussian from P-1 and
uncorrelated from E{g, 495 .} = E{gr}€{9s .} = 0. P-4 can be similarly proved as P-3. For

the proof of P-5, note that

&= [ mhilalda,

Ipp
where f, is the probability density function (PDF) of g, ,. For alarge ng, g, can be treated
as a Gaussian random variable invoking the CLT; therefore, if V{g,,} — 0, fy(x) —
d(x — E{gpp}) from the definition of the Dirac Delta function 6(z) [24]. But, V{gpp} — 0
from (193) as np = np — oo and P-5 follows.
Since finding the exact distributions of Ky and Qg is not an easy task, we study only

the asymptotic property. From the above properties of g, 4, we show in Appendix G that

m.S.S.

Ky 1 (194)

as ny = np — 00, where ——, denotes the convergence in MSS. Also, it is shown in
Appendix H that

Qn =251 (195)
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as np = ng — oo. Since Ky = 1 and Qg = 1 corresponds to a favorable channel
condition, the proposed iterative receiver shows a significant performance when np = np is

large.

0.05 T

0.045

0.04

0.035

0.025

0.02

0.015

0.01

0.005

0.07 T

0.06 b

0.05

0.04

0.03

0.02

0.01

Figure 13. Distribution of (a) Ky and (b) Qu for different numbers of nr = ng.

Figure 13 shows the distributions of Ky and @y obtained by computer simulation for

different numbers of np = ng. As shown in the figure, K and Qg are getting concentrated

near one, respectively, as np = np increases.
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4.6 Simulation results

In this section, we study the performance of the proposed iterative signal-detection approach
by computer simulation. In our simulation, QPSK modulation is used with block size
N = 2048. Fourier transform matrix is used for U to construct an ST-EST in (149).
Hadamard transform matrix showed almost the same performance. In a Rayleigh fading
environment, bit-error-rate (BER) performance versus average SNR per bit per receive
antenna is provided.

Figure 14 shows the results when np = ng = 16. Figure 14 (a) compares the genie-aided
receiver with an ideal ST-EST (EST-genie), the analytical result with hard decision and
an infinite block size, and simulation results of the hard-decision receiver with finite block
size (N = 2048). From the figure, the SNR threshold is at about 9 dB. When SNR is
below the threshold, the performance of the hard-decision receiver degrades with iteration
because of error propagation. However, when SNR is above the threshold, the BER of the
hard-decision receiver is improved as the iteration proceeds. After the fifth iteration, the
hard-decision receiver performs only within 1 dB of the genie-aided receiver with an ideal
ST-EST. Figure 14 (b) compares the performance of the proposed soft-decision receiver
with that of the conventional receivers without an ST-EST, including conventional MMSE
receiver (Conv-MMSE) [35], conventional ordered decision-feedback receiver (Conv-ODF)
[16], [35], and conventional genie-aided receiver (Conv-genie) [35]. With a soft decision,
the performance is significantly improved over the hard-decision receiver, especially at the
low SNR region. After the second iteration, the soft-decision receiver outperforms Conv-
ODF, and after the fifth iteration, it outperforms Conv-genie by about 0.5 dB. From the
figure, it can be also seen that for both the MMSE receivers and genie-aided receivers, the
corresponding systems with the ST-EST outperform those without an ST-EST.

Figure 15 shows similar results for np = nrp = 4. In this case, the performance im-
provement of the iterative signal detection with the hard decision is limited due high Qg
and Ky, as indicated in Section 4.5. However, as shown in Figure 15 (b), the soft-decision
receiver can prevent severe error propagation of the hard-decision receiver and improves the

SNR performance at BER = 10~ after the fifth iteration by 13 dB.
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Figure 14. Performance of the proposed iterative signal-detection approach with (a) hard
decision and (b) soft decision for MIMO flat fading channels when nr = nr = 16.
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Figure 15. Performance of the proposed iterative signal-detection approach with (a) hard
decision and (b) soft decision for MIMO flat fading channels when nr = ng = 4.
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Figure 16 shows how the proposed scheme depends on the number of antennas. The

35

; ; ;
-v Conv-ODF

—=— Hard decision (5th iter.)
—e— Soft decision (5th iter.)
-+ EST-genie

N
a
T

Required SNR (dB)
*

15

10 | |
4 8
Number of antennas, n.=n.

Figure 16. Required SNR to achieve BER = 10~* for different number of antennas.

figure shows the required SNR to achieve a BER of 10~* for the conventional ordered
decision-feedback receiver (Conv-ODF), the hard-decision receiver after the fifth iteration,
the soft-decision receiver after the fifth iteration, and the genie-aided receiver with an ideal
ST-EST (EST-genie). From the figure, when ny = nr > 4, the soft-decision receiver
outperforms Conv-ODF; when np = ng > 8, both the hard- and soft-decision receivers
show near genie-aided performance; and when ny = ng > 16, both the hard- and soft-

decision receivers perform very close to EST-genie.
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CHAPTER 5

ITERATIVE MIMO SIGNAL DETECTION BASED ON
EST: FREQUENCY SELECTIVE FADING CHANNELS

The iterative approach for flat fading channels can be extended to frequency-selective fading
channels as shown in Figure 17. The channel is modeled as a complex finite impulse response
(FIR) matrix filter of length L whose n-th matrix tap is H,, € C"®*"T forn =0, 1,...,L—1.
Each element of H, is modeled as an i.i.d. complex Gaussian random variable with zero
mean and variance 1/(npL) to normalize the transmission power. A cyclic prefix (CP) of
length v (v > L —1) is inserted at each transmit antenna to prevent interference from other

symbol blocks.

CPI 0y
v3 —»>
X, X, 1Y
CPI
——| EST |—»| S/IP
CPI
-1

Transmitter
0 0 ()
|l CPE |+ FFT M nT 0 , - %n
1 DY | P/S —{ IEST |-+ Decision
E-{ere (e o :
. k. I - delay
[ CPE |+ FFT BY |« SIP |«—| EST P

n, -1 n, -1 n, n, G
Receiver
AS): Forward Matrix Filter BS): Feedback Matrix Filter
S/P: Serial to Parallel Converter P/S: Parallel to Serial Converter
EST: Energy Spreading Transform IEST: Inverse Energy Spreading Transform
CPI: Cyclic Prefix Insertion CPE: Cyclic Prefix Extraction

Figure 17. Iterative detection for MIMO frequency-selective fading channels.

The received signal vector after the CP extraction can be written as

p=>_ HiX(, 1)y, + 0 (196)
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for n =10, 1,..., N, — 1, where (k)y, is the residue of £ modulo N,. In frequency domain,

(196) can be represented as

I;‘k, = szik + 1y, (197)

for k=0, 1,..., Ny — 1, where the matrices or vectors with a dot represent the frequency-

domain counterparts of their time-domain notations. For example,

Ny—1
_ 2mkn

Hy= ) Hpe % (198)
n=0

for k=0, 1,..., Ny, — 1. f‘k, ik, and ny are similarly defined.

The detection is performed by a frequency-domain forward matrix-filter, Al(j), a time-

)

domain feedback matrix-filter BT(f , and a scaling matrix D@. At the first iteration, mini-

mum mean-square-error (MMSE) scheme is used:

N . 0'2 -1 .

AV = <Gk+UgInT> HY, (199)
Bl = o, (200)
DY = 1, (201)

for n,k =0, 1,...,N, — 1, where G £ HkHHk From the second iteration (i > 2), the

interference canceller is used:

AY = Hf, (202)
A D{G n=>0

BO 2 {Go} ( ) (203)
G, (n #0),

D@ = D{Gy} !, (204)

where G,, £ > HlHHl,n.
For the MIMO system in Figure 17, we need a space-time-frequency (STF)-EST that

spreads the energy of a symbol in space, time, and frequency domain. Define Fy, € CNoxNo

to be a normalized Fourier transform matrix, that is, (Fy,)mn = \/Lﬁe*ﬂ”m”/Nb and
’ b

Fp = Fyn, ® I,,,, where ® denotes the Kronecker product. The ideal STF-EST should

satisfy

e The conditions required for the ideal ST-EST in Section 4.2
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1

[ ] |(FBE) R ﬁ

<(FBE);, , is pseudo-randomly and even-symmetrically distributed over [—, 7]

Employing the ideal STF-EST and following the similar procedures for the analysis in

Section 2.4 and 4.4, we redrive the important parameters related to the performance. For

the MMSE receiver, (157)-(159) are modified to

Nb lnT 1

Mg = anT Z Z (M1,

k=0 =0

Nb ].TLT 1’!’LT 1

Min = anT DD M)yl

k=0 1,=0 la#lL

| Nl . | Nl 2
N > [ MBD)H} - [N > (Mzp ]
=0 =0

and

1
it

:
S
|
.
3
g
N
>

respectively, where M, £ A,gl)Hk and Mpp is a block diagonal matrix defined as

Mpp 2 diag{Mo, My, -, My,_1} € CNomaxN,

N, matrices

For the genie-aided receiver, (167) is changed to

1"
Qn = —
nr nz:;) (G0>n,n
For the iterative detector, (175) becomes
nr—1 npr-—1 nr—lnp— 1
’(Go)h lz 51712
LS 5 WGual, 1SS
T 1720 19=0,la1 li,lh T 020 1,=0 1a=0 ll U

(205)

(206)

(207)

(208)

(209)

Figure 18 shows the performance of the proposed scheme for a frequency-selective MIMO

channel with np = ng = 4 and L = 4. The elements of each matrix tap, H,, (n =0, ...,

L-1),

are i.i.d. Gaussian with zero mean and variance 0.0847-0.8™, that is, a truncated exponential

delay profile is used here. The STF-EST employed here is the same as the ST-EST used in

Section V, that is, E = PFy. Figure 18 (a) compares the analytical and simulation results
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for the hard-decision receiver. From the figure, when the SNR is above the threshold (8 dB),
BER is improved with each iteration. Due to finite block length and imperfect energy
spreading, there is a gap between the analysis and the simulation results. Figure 18 (b)
shows the performance of the soft-decision receiver compared with that of the conventional
receivers without an EST: conventional MMSE receiver (Conv-MMSE) and conventional
genie-aided receiver (Conv-genie). As shown in the figure, the soft-decision receiver shows
an improved performance over the hard-decision receiver. After the fifth iteration, the
required SNR at BER = 107 is 1.7 dB better than that of the hard-decision receiver,
which is very close to that of the conventional genie-aided receiver and only within 0.5 dB

of the genie-aided receiver with an ideal STF-EST (EST-genie).
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Figure 18. Performance of the proposed iterative signal-detection approach with (a) hard
decision and (b) soft decision for MIMO frequency-selective fading channels when ny = ng =
L=4.
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CHAPTER 6

CONCLUSION

This final chapter summarizes the major contributions of the thesis. In this thesis, we have
proposed EST-based iterative signal-detection schemes for wireless communication. The

specific application areas of our contributions are listed below:

e Channel equalization

e MIMO signal detection for flat fading channels

e MIMO signal detection for frequency-selective fading channels

In Chapter 2, we have proposed an iterative equalization technique based on EST. First,
we have introduced EST, which spreads a symbol energy over the symbol block in time and
frequency domain. Time-domain spreading increases the reliability of the feedback signal,
while frequency-domain spreading obtains frequency diversity. Moreover, these properties
of EST enable iterative equalization even without employing channel coding. As measures
of spreading, time and frequency spreading factors have been defined. The ideal EST has
perfect spreading both in time and frequency domain. In practice, an EST can be imple-
mented by concatenating a random permutation matrix and a unitary matrix. Each element
of the unitary matrix composing the EST should have the same magnitude. Normalized
Fourier and Hadamard matrices are good candidates of this unitary matrix, because they
can be implemented with low complexity using their fast algorithms.

Then, iterative equalization algorithms based on either hard or soft decision have been
described. Above a certain SNR threshold, the performance of the hard-decision equalizer
improves as the iteration proceeds until it approaches very close to the MFB. The frequency
selectivity of a channel can be measured by the parameter K. For a larger K, the threshold

occurs at a higher SNR. The soft-decision equalizer prevent the severe error propagation of
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the hard-decision equalizer below the SNR threshold and improves the performance. Also,
we have provided an analysis that predicts the performance of the proposed schemes.

In Chapter 3, we have proposed an improved scheme for the EST-based equalization.
In the original scheme in Chapter 2, MMSE equalization is used for the first iteration
and matched filter with interference canceller are used for the rest of the iteration. In the
improved scheme, however, optimal forward and feedback equalization filters that maximize
SINR at each iteration are employed. Another distinction of the improved scheme is that
extrinsic LLR is used for the soft decision to be fed back to the feedback filter, while a
posteriori LLR is used in the original scheme.

In Chapter 4, we have applied the EST-based iterative approach to the MIMO signal-
detection problem for flat fading channels. In this case, a symbol energy is spread in space
and time by EST. Therefore, we call the EST in this configuration as space-time (ST)-EST.
Similar to the EST used in Chapter 2, ST-EST can be implemented by concatenating a
random permutation matrix and a unitary matrix whose elements have the same magnitude.
Ky and Qg are two important parameters that characterize the channel and directly related
to the performance. Ky and Qp are related to the strength of interference power and the
desired signal power, respectively. When kg and/or Qg is high, MIMO channel has very
severe interference and/or low desired signal power.

For the simulation, we have focused on the MIMO system that has the same number
of transmit and receive antennas, that is, np = ng. For small ny = ng, the probability
of encountering a severe channel with high Ky and/or Qg can not be ignored, which
dominates the average performance. However, asny =ng — 00, Ky — land Qg — 1
in MSS. In this case, the proposed scheme shows a significant average performance (near the
genie-aided performance) because most of the MIMO channel realizations have moderate
vlaues of Ky and Qg close to 1.

In Chapter 5, we have extended the EST-based MIMO signal-detection scheme to
frequency-selective fading channels. In this scheme, EST spreads a symbol energy over

the block in space, time, and frequency domain.
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The proposed iterative method based on EST is a powerful solution to the signal-
detection problems in severe interference environments. It shows a significant performance

close to that of an interference-free system only at the complexity of linear detectors.
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APPENDIX A

DERIVATION OF (25)

Consider

—Jj2mmly  j2wnly

(FP,FY),,., = NZZ Pinp,e” ¥ e ¥ (A.1)
li 12
1 —j2mmly  j27nlg
= ¥ e N e N (A.2)

(l1,l2)€O(P1)
where O(P1) £ {(I1,12)|(P1)1,4, = 1} is the set of the positions in Py where 1’s are located.

It is evident that (FPlFH)o,O =1. Form=0,n#0,

1 27T
(FPF ), = — > (A.3)
(ll,lz)EO(Pl)
N-1 j2mnly
= NZ@ N (A.4)
12=0
_— (A.5)

Similarly, (FEg),, = 0 for m # 0 and n = 0. Consequently, sp(Eg;0) = st(FP{FH:0) =
(N —1)/N for any permutation matrix P;. By similar argument, sp(E;1;0) = sp(E3;0) =

(N —1)/N.
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APPENDIX B

DERIVATION OF (52)

From the second iteration (i > 2), the forward and feedback matrices are

A = (B.1)
C(b) = D{C(g)}

— D{F[Hp?F}, (B.2)
respectively. Since the matrix multiplied to x in (38) can be decomposed into

EfFIHp’FE = EYD{F!|Hp|’F}E

+ EID{F!|Hp*F}E, (B.3)

where

EAD{FI|Hp|?’FIE = g,I (B.4)

from the identity (31). The decision vector for the iterative equalizer can be written as

29 = gox +EIC(bOEdA + EFFITHEFn, (B.5)
~
signal inter ference noise
where
d® =x —x0 (B.6)

is the hard-decision-error vector at the i-th iteration. The decision vector for the genie-aided

equalizer is

29 = gox +EIYFIHEFn, (B.7)
stgnal noise

with perfect cancellation of interference in (B.5).
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APPENDIX C

DERIVATION OF (70) AND (100)

From (44), (45), and (46),

| Hy|?
|Hi]> + 02 /02’

iz | Hy|? ?
N : ’Hk‘Q—i-O'Q/O'
2
— iZﬂ (C.2)
N2 H P+ 02 |
1
N

| Hy|?
2 TP 1 oo (€3)

(C.1)

1
Ms; N

min =

Mpo =

The mean SINR is

2,,2
Oz

sINRY =

O2Mip, + 02 Mo

1
= 1, (C.4)

1
N 2k NR|H,[2+1

where SNR = ¢2/02. The normalized pre-decision error power after MMSE equalization is

e X

(002 = (m(l))_l o2 (C.5)

where

(m“))‘l - - L Y (C.6)

1 |H|?
N 2ok [, 11/SNR
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APPENDIX D

PROOF OF (92) FOR SUFFICIENTLY HIGH SNR

Assuming high SNR, we ignore —1 on the left hand side (LHS) of (92). After inverting and

multiplying SNR > 1 on both sides of (92) (with —1 ignored), we get

1
> SNRa(pM) Kppl) + —. (D.1)

LS :
Since pgl) = \IJ(SINR(I)) decays like e BSNR o, sufficiently high SNR, where

5= = (D.2)

from (70), the right hand side (RHS) of (D.1) approaches

RHS — gl (D.3)
0

as SNR — oo. But, the LHS of (D.1) approaches

1 N
LHS — — D.4
N kZO | H|? (B4

as SNR — oo and using Jensen’s inequality [25],

o 1 1
1 > (D.5)
N kz:% ’Hk’2 NZ |Hk’2 9
The equality in (D.5) holds when |Hy|?> = |H1|? = ... = |[Hy_1|?, but this corresponds to

the frequency-flat channel for which equalization is not necessary.
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APPENDIX E

PROOF OF ID-3

For the ideal ST-EST, E, we can write (E);,, = ﬁealv" and

(E"D(X) Z Z )iy gy €0 P2 =011.0), (E.1)

lh oAl
Since 6, is pseud-randomly and symmetrically distributed on [—m, 7], we treat 6, as an
independent random variable with zero-mean. Invoking the central limit theorem (CLT),
(E.1) can be treated as a zero-mean Gaussian random variable with variance equal to the

one in ID-3.
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APPENDIX F

DERIVATION OF (193)

Since h; ; ~ N(0,1/nr), the moment generating function (MGF) [34] of |h; ;|? is

t

Oy 2 (1) = E{eMal) = (1 = —) (F.1)
1,7 nT
and the MGF of g; ; is
nr—1 ¢
b4,,(0) = T e, () = (1= -—)7n. (F.2)
i=0
We can calculate the m-th moment of |h; ;|*> and g;; from their MGFs, respectively. For
5.5
nr(ng +1)
&{gi;} = ¢§f?j (0) = T (F.3)
and the variance of g;; is
nR
V{g;i} = €l — (Elgig})’ = 2 (F.4)
For g; ; (i # j),
nr—1 n
R
EflgisPy = Y EllhpilYe{lhp l*} = —5, (F.5)
p=0 T
and similarly for i # 7,
nr—1
Elgigl'y = Y Elhpal Yy "}
p=0
nrp—1
+ 20 ) E{lhilP el PYE{ il Py IR )
pr=0(p7r)
2 1
_ Znelnetl) (F.6)
nr
The variance of g; j (i # j) is
nRr
Vgij} = gl - 1€{gis}* = 5 (F.7)

2
np
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APPENDIX G

DERIVATION OF (194)

From (175) and P-4 we get, for a large ng,

npr—1 np—1
1

E{KH} = E Z Z g{|9l1,l2 }5{ }

11=0 l2= 0[27&[1 ll:ll

From P-5 we have

LI 1_<m>2
glzl,ll (g{glhll})Q nR

as np = nr — 00. Substituting (F.5) and (G.2) into (G.1), we get

nT—l

E{Ky} — -

as nr = nr — 0o. Now, consider

E{K?q} _ ZZZZZEJ{’QPQ‘ grs|}

P oa#p T s#r 9w I
4

ZNW

(G.1)

(G.2)

(G.3)

(G.4)

where N; and W; are the parameters corresponding to the i-th case (1 < ¢ < 4) shown

below:

4
Nl = nT(’I’LT - ]-), Wl = 5{%}

pb,p

«i=2(p=rq+s)

No = np(nr —1)(ny —2), Wy = g{w}

o
e i=3(p#r,q=s):
N3:nT(nT—1)(’I’LT—2) _g{‘gP(I| |g7’lI| }
yayy gT’T
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o i=4(p#Frq#s):

N4 = ’I’LT(TLT — 1)(71% - 37’LT + 3)

2 2
W — 5{Igp2,q| Igrés!}
gp7p g'f’,r

From P-5 we have

{1} ! (”T>4
= =
9;11,[1 (5{911,l1})4 nr

as np = ngr — oo. From (F.3)-(F.6), (G.5), and P-2-P-5 we get

N1W1 . 2(7’LT— 1)(71R+1)

nZ wpnd,
N2W2 . (nT - 1)(nT — 2) — 0

n. nrn% ’
N3Ws . (np — 1)(ng — 2) 0

n. nrn¥k ’

and
NyWy (np — 1)(nT2 — 3nr + 3)
—

3 — 1
ng nrng

as np = ng — oo. Therefore, E{K%} — 1 and
V{Kp} = (KR} — (E{Kn}) — 0

as np =ngr — 00. From (G.1) and (G.6) (194) follows.
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APPENDIX H

DERIVATION OF (195)

From P-5,
EQu =€) — g = L =1
= _r — = — =
" gu Elgit  nr
as np = nr — 00. Since gy, and g, 4 (p # ¢) are independent from P-2,
1 1 1 1 1
v = —V{—) = [&{— (E{—))?.
(Qur} = Vi) = )~ L))

From (G.2) and (H.1),
1 n2 n3
— T Ty —
ViQn} — oo~ ]

as ng = ny — oo0. From (H.1) and (H.2) (195) follows.
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