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SUMMARY

Past experimental studies of the viscosity of suépensions of rigid rods
have yielded results which are inconsistent within themselves and in disagree-
ment with theoretically predicted behavior. Analysis of the paét experimental
work in the light of theory indicated that several important variables affecting
the viscosity of suspensions of rigid rods were not completely understood. These

variables are concentration, the presence of the viscometer walls, and curvature

of the rods.

This study was undertaken for three réasons: (l) to determine the magnitude
of the effect of the above variables on the viscosity, (2) to compare theoretical
results with experimental results obtained under conditions more closely approx-
imating the conditions assumed in the theory, and (5) to determine the reasons

for the incbnsistencies in the past experimental data.

The choice of the conditions under which the experiments were made was
governed primarily by the conditions assumed in the theory. It was found that
straight, nylon fibers, of length-to-diameter ratio 2'20, suspended in a tetra-
chloroethane— paraffin oil solution, met theoretical conditions as closely as
possible. Viscosity measurements were made in the concentric cylinder viscom-
eter designed by Myers (16, 19). Using this system, the effect of concentration

on the apparent viscosity could be determined.

The magnitude of the effect of fiber curvature was evaluated by making
viscosity measurements on fibers of known curvature keeping all other variables

constant.

Wall effects were studied by varying the annulus width of the viscometer.
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It was found that at volume concentrations below 0.0042, relative viscosi-
ties obtained experimentally were within 10% of those predicted by theory pro-
vided measured values of the orientations of the particles were used in the

calculations.

As the volume concentration increased above 0.0042, there was a rapid in-
crease in viscosity followed by a slight decrease and a second increase. The
rise and dip in the viscosity were found to be due partially to changes in the

orientations of the rods and partially to fiber-fiber interactions.

The investigation of the effect of the wall on the viscosity of straight,
rigid rods indicated that the effect was negligible even at fiber diameter and

fiber length to annulus width ratios of 0,0176 and 0.3%58, respectively.

Viscosity measurements on suspensions of curved fibers showed that a very
slight ‘curvature has a pronounced effect on the viscosity. A relationship be-
tween fiber curvature and the ratio of the experimental to the theoretical
intrinsic viscosity was obtained. . It was found that above a certain degree of
curvature, the above ratio is dependent only on the degree of curvature and

not on the actual length-to-diameter ratio of the fibers.

An analysis of the results of past studies in view of the findings of this
study indicated that the most probable reasons for the disagreement within the
past studies and between the past studies and theory were: (l) the concentra-
tion ranges covered were too high and, (2) in most cases, the fibers used were

curved.

Some viscosity data were obtained using flocculated suspensions. . It was
found that the suspensions were non-Newtonian. The viscosity obtained at any
given concentration was higher than that obtained using well-dispersed suspen-

sions. The difference depended on the degree of flocculation.
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INTRODUCTION

The hydrodynamic treatment of the movement of macroscopic particles ﬁith
respect to a viscous fluid was begun over a century ago by Stokes (l). Stokes
solved his general hydrodynamic equation describing the motion of a fluid for
the slow translation of a sphere in an infinite fluid of constant density and
viscosity. The general hydrodynamic equation derived by Stokes was first devel-

oped by Navier (g) and has since become known as the Navier-Stokes equation.

Oseen (3), partially incorporating fluid inertial effects, solved the
Navier-Stokes equation for the translation of a sphere and obtained an improve-
ment over Stokes' solution. Oseen then solved for the limiting case of the
effect of an arbitrary point force on the velocity components of a fluid. The
resulting equations havé been used as the starting point for several later
works in this field. ILater, Overbeck (E) analyzed the more general case of
an ellipsoid in creeping motion. Using Oseen's method, Iamb (2), and later
Burgers (é), solved the special cases of the translation of infinitely long,
and long but finite cylinders, respectively. No further theoretical develop-
ment in this area was accomplished until the recent works of Tchen (Z) and
Brenner (Q). Tchen, also using Oseen's method, predicted the translation of
curved ellipsoids. Brenner, by accounting for back flow due to a particle in
translation, proposed general solutions for boundary effects. Many of these
theoretical predictions have been experimentally verified; however, there

remain important discrepancies.

The more complex problem of particle rotations in a linear velocity gradient
has also received much attention in theoretical hydrodynamics. This phenomenon
has been treated in studies of the effect of suspended macroscoplc particles on

the apparent viscosity of a fluid.
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The first theoretical contribution in this area was Einstein's (2) equation
for the viscosity of a suspension of rigid‘spheres. Jeffery (_9) then extended
Einsteinfs work t§ the more general caée of ellipsoids. Burgers, again using
Oseen's solution for the effect of a point force, obtained an equation for the
viscosity of suspensions of rigid rodsi In his solution, Burgers did not take
into account flow around the ends of the rods or the effect of the thickness of

the rods on rotation. Therefore, his solution was approximate as compared to

the rigorous solutions of Einstein and Jeffery.

All of the above theoretical studies on the viscosity oflsuspensions were
baéed oﬂ the assumpt%ons of no influence of one particle on another, no inertial'
effects, and no wall effects. The apparent contradiction between Burgérs' use
of dseen's solution and the assumption of no inertial effects is explained .in

the text.

Experimental studies on the viscosity of suspensions of rigid, macroscopic
spheres using concentric cylinder viscometers have verified Einsfein‘s theory
(ll, ;g). Also, Jeffery's equations describing the rotation of 'ellipsoids in a
linear velocity gradient have been shown to be correct (;2). Since Jeffery's
viscosity equation reduces to that of Einstein, it has also been assumed to be

correct.

Experimental viscosit& measurements on suspensions of cylin@rical fibers
began with the work of Eirich, et al. (;&) before Burgers' theory was published.
. later, Nawab and Mason (15) and more recently Myers (16) made similar studies.
None of the results obtained in the experimental studies -agreed with Burgers'

theory.
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Nawab and Mason suggested that curvature of the fibers used in their study
could have accounted for some of the difference between theoretical and experi-

mental results.

-Myers suggested that some of his work may have been influenced by wall

effects.

No measurements of the magnitude of the effect of the wall or fiber curva-
ture on the viscosity were made, however, and the concensus of opinion among
these workers was that the primary reason for the lack of agreement between

theoretical and experimental results was due to failure of the theory.

No theoretical studies have been made on the effect of fiber curvature on
viscosity. However, Tchen (Z) has shown theoretically that a large fiber curva-
ture has a significant effect on the translation of a fiber in a fluid. Also,
Forgacs and Mason (;Z) showed experimentally that a slight curvature has a large
effect on the rotational behavior of fibers in a linear velocity gradient.
Therefore, one would also expect some effect on the viscosity of a fiber sus-

pension due to fiber curvature.

Wall effects due to a discontinuity of the suspension at the wall have been
predicted by Vand (l@) for suspensions of spheres. Also, Brenner's work indi-
cates that there may. be a wall effect in measurements of the viscosity of suspen-
sions. However, the presence of wall effects in concentric cylinder viscometers

has not been conclusively demonstrated by experimentation.

Although not mentioned by Nawab and Mason, or Myers as a possible reason
for lack of agreement between theoretical and experimental results, the concen-
tration of the fibers used in all of the past studies was relatively large lead-

ing to the possibility of significant fiber-fiber interactions.
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-Since the magnitude of the effect of concentration, fiber curvature, and
wall effects, on the viscosity of fiber .suspensions was not fully understood; it
was felt that premature conclusions had been reached as to the accuracy of Burgers'
theory. Therefore, the object of this study was (1) to determine the magnitude of
the effect of these variables on the viscosity of suspensions of rigid rods so
that a better evaluation of Burgers' theory could be made, and (2) to obtain a

better understanding of the effect of these variables on the apparent viscosity.

£y

A5
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THEORETICAL

In this section a very brief outline of Burgers' (6) derivation of an equa-
tion for the viscosity of suspensions of rigid rods is given. Onl& thé major
steps in the derivation plus those points which will be considered in some detail
later in the dissertation are presented. A more complete derivation 1s given in

Appendix I.

Burgers was concerned with the effect of rigid rods suspended in a liquid
under conditions of flow described by the equations: v, =

on the viscosity of the suspension.

The following assumptions are made in the derivation:

1. There are no inertial effects.

2. The particles are straight, rigid cylinders large enough so that there
will be no effect due to Brownian motion.

5. There is no slip of the liquid at the particle surface. Slip, in this
case, "implies an infinitely greater resistance to the sliding of oﬁe portion
of the liquid past another than to the sliding of the fluid over a solid”(gg).

4, There is no effect on any one particle due to the presence of any other.

5. There is no wall effect.

Burgers found that the forces which develop in a fluid due to the presence
of the rods could'be ékpressed in the form of a doublet* of strength M = 2?@.
To determine the magnitude of M in terms of the dimensions and orientations of

the particles, Burgers used Oseen's (gi) solution of the Navier-Stokes equation

*Iwo forces of opposite and equal magnitude, F, acting at points a distance 2e
from one another along a straight line constitutes a doublet of strength M =
2Fe.
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for the effect of an arbitrary force on the velocity of a fluid. Although Oseen's
solution partially takes into account fluid inertial effects, Burgers made simpli-
fying assumptions which eliminated these effects from consideration. . In deter-

mining the magnitude of M, effects due to the ends of the rods were neglected.

Knowing the magnitude of the doublets formed, Burgers determined tne effect
of these doublets on the shear rate of the liquid and therefore on the viscosity
of the suspension. In this sﬁep, Burgers neglected effects due to thé thickness
of the rods. The results of these calculations, given in terms of the relative

viscosity of the suspension, are as follows:

Hr =l+a ¢ (1)
a_ = {(L/d)e/[6(ln o1/a - 1.80)1} sin* g.s51n% oy (2)
where
¢ = volume concentration = g;(g?/h)g
" L = length of the rod '
d = diameter of the rod
% and 6 = spherical co-ordinates (défined bysFig.,l).dgscribing the

orientation of the rods

n = number of rods per unit volume.

Burgers' analysis of the motion of:the'particles led to the result that
after an infinite period of time, all the particles would become aligned in the
direction of flow and remain there. This was knéwn from actual observations not
to be true. The reason that Burgers' equations failed to predict the continuous
" rotation of the particles was that, throughout the derivation, effects due to the
thickness of the particles were neglected. This result prevented aﬁ averaging of

the factor sinhesin22¢. Thus, Burgers turned to Jeffery's (;9) equations for the
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Figure 1. Rigid Rod in a Velocity Gradient

motion of ellipsoids in a linear velocity gradient to obtain an expression

for sinLL 6 sin2 2g.

Note that, in doing this, Burgers is assuming that ellipsoids and cylinders
will behave the same in rotation. Assuming Jeffery's equation for the motion
of ellipsoids to be correct, Mason, et al. (22-24) showed that cylinders have a

period of rotation which is less than that of an ellipsoid with the same length-

to-diameter ratio. This will be discussed in more detail later.

In Jeffery's derivation, the thickness of the particles is taken into account.

Jeffery's equations for the anguldr velocities of ellipsoids are as follows:
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ag/at = Go(a2 sin” g + v° cos® ¢)/(a2 + bg)
where a = L/2 and b = 4/2, and

av/at =.Go(a2 - bg)sinecosesingcosﬁ/(a2 + b2)

If t = O when g = O,.integration of Equation (5) gives:
?)

tan @ = b/a tan Goabt/(a2 + b

Dividing Equation (4) by Equation (3) and. integrating gives:

tan 6 = Ka/\/a2 sin2 g + b2 cos2 o}

(L)

(5)

(6)

where K is a constant of integration, referred to as the "orbit constant."” When

K equals infinity, the particle will rotate in the xy-plane.

the particle will be oriented vertically and spin about its axis.

When K equals zero,

When the particle thickness is taken into account, the theory predicts that

the particles will never stop rotating in a velocity gradient.

Using Equations (5) and (6), Jeffery solved for the mean value of the orien-

tation factor and found that:

5 2852 K (a° + b°) + 2b°

sinu & sin” P = BN
(255707 122 + 12) (B2 + v2)

4

(7).

. If only particles with g/y_>> 1 are considered, the following approximation

can be used?

sinF 6 sin o T (2b/a)(KN K + 1)
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Now if eo and.go are the values of the angles 6 and @ for the position from

which the particles started, then from Equation (6),

K = tan 98/ sin° ¢O + (bg/ag) cos2 o] (9)

and neglecting p?/g? cos® ﬂo, then:

~ 2] i =
K |tan o sin ﬂO‘ cot XO‘ (10)
where A is defined by Fig. 1.
Thus, by combining Equations (8) and (10),
.k .2 '
sin’ @ sin® 2¢g = (2b/a) |cos ML= (2d4/L) {cos M (11).

This is still the mean value of the orientation factor for one definite
orbit. In order to find the average for all orbits, Burgers, following Eisen-
schitz (22): assumed that the values of XO would be evenly distributed over the

surface of a sphere. For this case, |cosk0\ becomes 2/x and

sinu 0 sin2 2¢ = 4a/(Lr) ’ (12).

For the limiting case of K = infinity in Equation (8), i.e., orientation

in the xy-plane,

sinu 2] sin2 of = 2d/L (13).

Now substituting the values found for sinLL 6 sin2 2¢ into Equation (2), the

following results are obtained:

Random orientation,
o= (21/a)/ 3 (1n 2L/ - 1.80)] . (14).

Orientation in the xy-plane,

’

o, = (1/a)/[3(1n 21/a - 1.80)] - (15).
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A
PAST "EXPERIMENTAL WORK
>
WORK OF EIRICH, ET AL.
The first work on the viscosity of suspensions of rods was done by Eirich,
et al. (l&). The rods used were prepared from filaments of silk and rayon.
.Eirich used a concentric cylinder viscometer having a rotating annular cup.
A torque sensing cylinder- was placed in this annulus thus forming a double annulus
viscometer. The dimensions of the viscometer were as follows:
Rotating cylinders 7
Diameter of outer cylinder 41.5 mm.
¥
Diameter of inner cylinder 29. 4 mm.
Torque sensing cylinder
- Diameter 35.0 mm.
Wall thickness 1.4 mm.
Height ’ 30.5 mm.
Eirich's viscosity measurements were made over an angular velocity range
from 100 to 250 rad./sec. 4
The viscosity studies on the silk fibers were carried out in a medium of .
tetrachloroethane and olive oil which had a viscosity of approximately 6 centi-
poises. For studies with the rayon fibers, a mixture of bromoform and olive
0il with a viscosity of approximatelyA15'centipoises was used.
It will be shown in the Analysis of the Problem that the angular Veiocities
used by Eirich were much too high for stable flow in the viscometer annulus.
p )

Therefore, the actual results which Eirich obtained for intrinsic viscosities of

his suspensions will not be given.
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WORK OF NAWAB AND MASON

The first significant contribution to the understanding of the viscosity

behavior of suspensions of rods was made by Nawab and Mason (li)'

This work was done using rayon fibers suspended in castor oil (viscosity =

~

25 poises). The physical properties of the fibers are listed in Table I.

TABLE I

PHYSTCAL PROPERTIES OF FIBERS USED BY NAWAB AND MASON

Fiber

Iengths,
Sample mm,
A 0.15
B 0.26
C 0.40
D 0.61
E 0.84
F 1.25

Length~to-

Diameter
Ratio
43,0
75'3

113

173

240

356

.Modulus of

Elasticity,

dynes/sq.cm.

26.4 x lOlO

26. 4 x 1010

26.4 x 10lO

26.4 x 1070

26.4h x 1010

26. 4 x 1010

Rayon fibers, 3.5 microns in diameter

Appearance of Fibers
" During and After
Shearing

All particles straight

Some particles curved,

all rigid

Large fraction curved,
slight springiness

large fraction curved,
increased springiness

Large fraction curved,
springy and flexible

rotations.

Aggregation

Viscosity measurements were made in a coaxial cylinder viscometer with

rotating bob and fixed cup using shear rates from 9.9 to 93.3 sec.-l.

Annulus

widths of 3.3 mm. and 12.5 mm. were used in the studies on Samples A, B, and C

to determine whether or not there was any wall effect.

None was found. The

largest fibers and the smallest annulus width resulted in L/Q and Q/Q ratios of

0.12 and 0.00106 where D is the annulus width.
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Nawab and Mason questioned the validity of the results obtained by Eirich,
et al. because of the possibility that they may have been affected by wall
effects, polydispersity, and aggregation. However, no mention was made of the

fact that Eirich's measurements were made in the regime of unstable flow.

Nawab and Mason, in considering their experimental results as compared to
the results predicted by Burgers' theory, stated that Equation (1) should be

corrected by a factor B as follows:
Hr=l+BaOC (16)

where B = (L/g)/(L/g)e’ and where (L/g)e is the "equivalent ellipsoidal' axis
ratio of a rod. This "equivalent ellipsoidal" axis ratio was arrived at by

‘Mason, et al. (22-24) as follows.

‘Bffery (lg) has shown that the period of rotation of an ellipsoid is

defined by:

&

2r (L/a + a/L) ‘ (11)

2nL/d for large values of L/d,

where T = period of rotation, sec., and

G = velocity gradient, sec.-l.
. Mason, et al. measured the period of rotation for cylinders in a known velocity
gradienf, calculated the "equivalent ellipsoidal" axis ratio (E/Q)e’ and com-

pared these values with the known L/g values for the cylinders. The results of

the measurements are presented in Fig. 2.

An empirical correlation of the results presented in Fig. 2 is given by

Equation (18).

9

lPed
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Figure 2. Relationship Between the Actual and
"Equivalent Ellipsoidal" Axis Ratios
(1/a), = 3.72 + 0.547(1/d) (18)

for 15 < L/d < 1LoO.

The lower limit has been placed on Equation (18) since Goldsmith and Mason
(26) have shown that as the rods become disks, (L/g)e increases with decreasing
L/g. The upper limit was used because no measurements have been made at larger

L/g ratios to confirm the linearity of the relationship.
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Nawab and Mason state that Burgers assumed that (L/g)e/(g/g) = 1 when he

2

used Jeffery's equations for the behavior of ellipsoids to calculate sinbr g sin~ 2g.

This is equivalent to saying that (L/g)e should be used in.Equation (11) since

this equation was derived for ellipsoids.

Table IT is a comparison of the results obtained by Nawab and Mason with

those from Burgers' theory both uncorrected and corrected using the B factor.

TABLE II

COMPARISON OF EXPERIMENTAL AND THECORETICAL
INTRINSIC VISCOSITIES

Equation (1) -Equation (15) Measured
Sample abR Baog Obxy Bab§¥ ao
A 3.5 5.8 -- 9.1 8.2
B 4.9 -- - -- 15.2
c 6.6 14,2 -- 22.2 18.5
D 9.0 23.3 -- - 36.7 bh
E 11.7 36.6 -- 57.5 76

Nawab and Mason pointed out that the approximate agreement between the

measured o and Baoxy is fortuitous since it is known from measured distribu-

tions of @ and A (23) that the particles are not all aligned in the xy-plane.

' — -
sp =M. 1, for

-Mason and Manley (gé) calculated the specific viscosity, u
suspensions of cylinders using measured values of K and Equation (19) and com-

-pared this value with Hsp calculated from Equations (1) and (14). The results

are given in Table TIIT.

3 S |

sp  'r T 121/a(in 2174 - 1.80) 8
0 VK& +1
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where p(K)3K = fraction of particles with values of the orbit constant, K between

K and K + aK.

TABLE III

COMPARISON OF SPECIFIC VISCOSITIES CALCULATED FOR
RANDOM AND MEASURED ORIENTATIONS

L/a Hp/ Mep
20. b 0.55

68.4 0.50
115.5 0.55

From Table III it can be seen that by using measured values for the orien-
tation of the particles, the values for “sp and therefore o, should be about
half that predicted from the assumption of random orientation. Therefore, Nawab
and Mason's experimental values for 05 (see Table II) are more than four times

greater than those predicted by Burgers' theory when measured values for orienta-

tions of the particles are used.

Nawab and Mason suggested that one of the reasons for the large difference
between theoretical and experimental results could be that the fibers used in
Runs B, C, D, and E were curved and in C, D, and E were also flexible (see Table
I). In a later publication, Forgacs and Mason (17) showed that a very slight
fiber curvature has a tremendous effect on the period of rotation and therefore

on (;/g)e and B. The results of this study are given in Fig. 3.

In the light of the above considerations, Nawab and Mason state that "the
importance of determining values of B, and in this connection (viscosity studies)

of working with perfectly straight particles is evident."




¥

BC)F— llﬁifzézi\ ﬂ
}i 60—
N |

L/Ad=173

Y aol- /
ﬁﬂ'
NS
o 201~

ol—t—t—t——T1"T"1 |

(0 40 80 120 160
¥ IN DEGREES

Figure 3. The Effect of Curvature on (L/g)e for the
Rotation of Rigid Fibers in the gz-Plghe

Nawab and Mason conclude thelr discussion with the following remarks.
"While the experimental work described here is incomplete in many respects and
requires extension, it served to demonstrate the inadequacy of existing theories

of reduced and intrinsic viscosity of rigid rods."
WORK OF MYERS

Myers (2) studied the viscosity of suspensions of nylon fibers of axis
ratios varying from 20 to 160 and diameters of 16.79, 44.85, and 75.5 microns.
The volume concentration range varied from 0.00019 to 0.0278. The apparatus
used was a concentric cylinder viscometer designed by Myers (16, 19) to allow

measurements at low shear rates of the order of 0.5 sec.-l.
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Myers compared his results with Burgers' theory and found little agreement

as can be seen from Fig. 4.

Myers showed that the studies made using the 16.79 u diameter fibers were
within the range of Q/Q and L/Q, i.e., 0.00106 and 0.12, used by Nawab and Mason
(;i), in which wall effects were found to be of no account and thus assumed that
wall effects were not present in his measurements using these particular fibers.

However, measurements using larger fibers did not fit these criteria.

Myers suggested that the relationship between.ab and ;/g given in parameters
of Q/Q came about due to the increasing wall effect with increasing fiber diameter
(see Fig. 4)., The maximum values of Q/E and L/Q in Myers' study were 0.003%335 and

0.268, respectively.

Myers criticized Nawab and Mason's (;2) correction of Burgers' equations
using the factor B. . He stated that this is an oversimplification of the true
reason for the difference between observed and theoretical results. In support
of his statement,. Myers pointed out that Burgers' equation for the dr;g on a
cylinder in slow translation perpendicular to its axis underpredicts experi-
menta; values (gz). Since, according to Myers, the strength of the doublet
formed on cylinders in a linear velocity gradient was arrived at by the same
mathematical procedure as that used to determine the drag force on a cylinder
translating perpendicular to its axis, then there is little reason to belileve
that Burgers' viscosity equation can be corrected merely by correcting the

orientation factor.

However, Burgers used an approximation (é, g@) in his calculation of the
resistance of a cylinder which was not used in his calculation of the strength

of the doublet. Burgers also pointed out that his estimation of the resistance
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of a cylinder in translation was expected to be low due to the approximation

made.

Therefore, it cannot be said, a priori, that Burgers' viscosity equation

is incorrect.
COMPARISON OF NAWAB'S AND MYERS' EXPERIMENTAI DATA

Figure 5 gives a comparison of Nawab and Mason's (15), and Myers' (16)
experimental data. As can be seen, there 1s little agreement between the two
studies. Both studies did show that the intrinsic ViSCOSity,.Ob, increased

with increasing-L/g.
THE PROBLEM

As was shown in Fig. 5, Nawab's and Myers' experimental studies were not
in agreement. Also, as was pointed out in the section on Past Experimental
Work, none of the experimental results have agreed with theoretically predicted

results.

Therefore, the problem was to determine the reasons for the differences
in the experimental results and why there has been no agreement between experi-

mental results and theoretically predicted results.
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L.
ANALYSIS OF THE PROBLEM
’ In analyzing the problem it will be most enlightening to consider the dif-
ferences in the experimental methods compared with conditions assumed in Burgers'
theory.

The following questions will be asked and answered for each experimental
work being considered.

1. Were there inertial effects?

A 2. Were the fibers flexible?
| 3. Were the fibers cur&ed or crooked?
> 4. Was there fiber-fiber interaction?

5. Were there wall effects?

The answers to these questions are given in Table IV, Where a yes or no
answer cannot be given or where clarification of the answer 1s needed, the
situation will be discussed later in the text.

TABLE IV
: COMPARISON OF PAST EXPERIMENTAL METHODS
Question Eirich,
. Number et al. Nawab and Mason Myers
1 Yes® No™ No™
2 -- See Table I No™
3 Yes "See Table I Yes in all but
two cases
L Yes Yes® Yes®
5 -- No 7*
{

aExplanation of these answers follows in Questions 1, 2, L, and 5.
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QUESTION 1

There are two types of inertial effects which are important in the systems
considered here, the first associated with the liquid itself and the second

associated with the flow of the liquid around the particles.

Taylor (29) showed that the streaming laminar flow in a concentric cylinder
viscometer with the inner cylinder rotating and the outer cylinder stationary
becomes unstable when the angular velocity of the inner cylinder reaches a certain

critical value, s given by the following equation:

12 (r. +r) 2 Lt f
o, = Lt (20)
c r12 D p° (0.0571 £° - 0.00056)
where
f = 1-0.65 D/r,
r = radius of inner cylinder, cm.
I, = radius of outer cylinder, cm.
W = viscosity of the liquid, g./cm. - sec.
D = annulus width, cm.
p = density, g./cc.

Using Equation (20) it can be shown that, for stable laminar flow,.Eirich
should have worked at angular velocities below 9.6 rad./sec. However, as
stated previously,.Eirich actually worked at angular velocities ranging between
100 and 250 rad./sec. Therefore, it can be seen that Eirich's work was done
using unstable flow. For this reason, Eirich's work will not be considered any

further.
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However, Nawab and Mason, and Myers, all worked at angular velocities below
UJC for their particular cases and therefore inertial effects connected with the

liquid were unimportant.

Consider now the possibility of inertial effects due to the flow of the
liquid over the fibers. There is no basis for comparison as to whether or not
inertial effects are important for the flow of the liquid along the axis of the

fiber. Therefore, some other basis must be used.
3

Myers (16) suggested that if it can be shown that inertial effects are not
important for the extreme case of a fiber held stationary in a liguid moving at
the maximum velocity used in a given study then it should be acceptable to assume
that inertial effects were not important in the actual viscosity measurements.

If this is done for the studies of Nawab and Mason, and Myers using as a criter-
ion for the absence of inertial effects that the Reynolds number, Re, bééed on
the diameter of the fiber, is less than one (30), it is found that for Nawab and
Mason's study, .Re = 0.05 and for Myers, Re £ 0.25. Therefore, inertial effects

were not important in this case either.
QUESTION 2

To determine whether or not the fibers used in past studies were flexible

under the conditions of shear used in the viscosity measurements, Eguation (21)

was used.

. Eb(ln 2L/d - 1.75)
critical ~ 2(1/&)”

(Gu) (21)

where Eb = modulus of elasticity in bending, dynes/sq° cm.
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This equation, which predicts the shear rate necessary to buckle a rod, was
derived by Forgacs and Mason (é;) using Burgers' equation for tne forces acting
on a thin rod in a linear velocity gradient. Equation (21) was also shown to
be approximately correct using dacron, rayon, and nylon fibers suspended in a

linear velocity gradient.

Except for the fiber samples listed in Table I which were known to be
flexible or bent due to the velocity gradient, using Equation (21), the other

samples used by Nawab and Mason, and Myers can be shown to be rigid.
QUESTION k4

The frequency of interaction was probably much greater in Nawab and Mason's

work than in .Myers' work due to the higher shear rates used.

Also, all of the concentrations used by Nawab and Mason, and the vast
majority of those used by Myers, were relatively high for the particular E/@
ratios used and, therefore, fiber-fiber .interaction would be expected to be

appreciable.

It should be noted, however, that all of the concentrations used in these
studies were well below those necessary for the formation of a continuous fiber

network (32).
QUESTION 5

As was pointed out earlier, Myers hypothesized that the presence of wall
effects caused the behavior shown in Fig. 4. However, this was not proved

absolutely.

Consider now the over-all picture represented by Table IV. For strictest

agreement with the assumed conditions in Burgers' theory, all questions should

A

3
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be answered No. As can be readily seen, none of the studies quoted were performed
under conditions which agreed with those assumed in Burgers' theory. The differ-
ences were: most of the fibers used were curved, in all cases there was consider-
able fiber-fiber interaction, and, in Myers' study there may have been wall

effects.

The questions that remain to be answered are, what are the magnitude of
these effects on the viscosity of suspensions of rigid rods and, if the condi-
tions assumed in Burgers' theory are more closely met, will there be better

agreement between theoretical and experimental results?

In order to answer these questions, the following study of the viscosity of

fiber suspensions was made.
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3
CHOICE OF VISCOMETER AND SUSPENSION
_ .
CHOICE OF VISCOMETER
In order to satisfy the condition of a linear velocity gradient, it was

necessary to make the viscosity measurements in a concentric cylinder viscometer.

The viscometer designed by Myers met all of the requirements. Although a thorough

discussion of this viscometer has been given by Myers (16, 19), a description will

be given here since an understanding of the viscometer. is necessary in order to

follow the experimental procedures. -

GENERAL DESCRIPTION OF- MYERS' VISCOMETER ‘
<

The viscometer consisted of a stationary oﬁter cylinder and a rotating
inner cylinder. The inner cylinder was suspended from an air bearing by a
nylon cord. The air bearing was driven by a rotating magnetic field produced
by 6 electromagnets driven at a constant angular velocity of 1070 r.p.m. The
driver was an 1800 r.p.m. synchronous motor connected to the electromagnets by

a pulley system.
A disgram of the viscometer is given in Fig. 6.

Note that the upper part of the viscometer was separated from the lower
part by an air gap. This was done to prevent vibrations from the drive from
disturbing the air bearing. Note also that the air bearing was covered by a
Plexiglas shield to prevent air currents produced by the drive from affecting

the performance of the air bearing.
DESCRIPTION OF CYLINDERS

The inner cylinder was a hollow brass cylinder, 15.28-cm. long, 4.98-cm.

in diameter and closed at the top and bottom. ) 3
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Two outer cylinders were used. Both were made from glass tubing and were
18.5~cm. long. A 5.47-cm. diameter outer cylinder was used for calibration
purposes and wall effect studies. A 9.53-cm. diameter outer cylinder was used

for the remainder of the study.

Both outer cylinders were surrounded by water jackets. Water from a constant
temperature water bath was circulated through the jacket controlling the temper-

ature in the annulus to within 0.05°C.
A diagram of a water-jacketed cylinder -is given in Fig. 7.
DESCRIPTION OF ELECTRICAL SYSTEM

The torque delivered by the magnetic drive was varied by changing the current
to the electromagnets. The current was supplied by a 6-volt storage battery
and varied by means of a rheostat. A 0-2 ampere d.c. ammeter which could be
read to thé nearest 0.002 ampere was in series with the battery and electro-

magnets to measure the current to the electromagnets.

Before each viscosity measurement, an alternating current was passed
through the coils of the electromagnets to destroy any permanent magnetism
which may have set up in the cores due to passage of the direct current. This
was done by starting the flow of alternating current through the coils at 3
amperes and slowly decreasing the current to zero by means of a variable voltage

autotransformer.

A diagram of the electrical system is given in Fig. 8.
CLEANING AND CONTROL OF AIR TO AIR BEARING

The air supply for the air bearing came from a laboratory air line. The

air was fed through a pressure regulator which held the pressure constant at
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30 p.s.1.g., a screen to remove large particles, and a filter to remove small
particles and water. A second pressure regulator was used as a final control
of the air to the air bearing. A U-tube manometer, using tetrabromoethane, was
placed between the second pressure regulator and the air bearing so that any

pressure changes could be detected.
CHOICE OF SUSPENSION

The choice of the suspension to be studied was governed by several factors.
First, the assumptions made in the theoretical section had to be met as closely

as possible. Second, there could be no physical or chemical effect of the sus-

pending medium on the fibers. Third, the suspension used had to be well dispersed.

These criteria were met in the following ways.

Inertial effects were eliminated by working at Reynolds numbers, based on
the diameter of the fibers, of much less than one. The Reynolds number was

calculated in the same manner as discussed in the analysis of the problem.

Straight, rigid cylinders were obtained by cutting nylon filament of circu-

lar cross section to the desired length.

For convenience in future discussions, fiber-fiber interaction will be
broken down into two types, hydrodynamic interaction and mechanical interaction.
Hydrodynamic interaction will mean the effect of one fiber's flow field on any

other. Mechanical interaction will mean physical contact between the fibers.

In order to minimize fiber-fiber interactions of both types, Mason's (33)

"eritical concentration” for free rotation of the fibers was used as a guide.

To estimate this "eritical concentration," Mason allowed a volume to each

fiber equal to a sphere of diameter equal to the length of the fiber. Therefore,
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4
for free rotation:
Vg n = (b/3)(1/2)° n = 1 (22) :
where
YE = the effective volume occupied by one fiber
n = the number of fibers per unit volume
Substitution for n in terms of concentration which now becomes the "critical
concentration,"” ¢ gives
_O
' Y
3 2
(bn/3)(1/2)" e /(x1a7/4) = 1 (23)
. ! v
or 2/3(1/4) c, =1 (2L).
Therefore,
2 .
c, = 1.5/(1/a) (25).
If Equations (1) and (14) are combined and ¢, from Equation (25) is substituted
for ¢, it is found that:
v
w.ate =1+ 1/[x (L/a)(1n2L/d - 1.80)] (26)
Therefore, to obtain the highest possible relative viscosities and still .

remain below the "critical concentration,” fibers of small L/d ratio should be
used. However, there are also limitations to the smallness of the ;/g ratio.
First, Burgers' derivation requires that E/Q be much greater’than éne. Second,
if the L/g ratio of the fibers is too small, the effect of the ends of the fibers

might become important.

If o from Equation (14) is plotted versus L/d the relationship given in

Fig. 9 results. . It can be seen that below an E/Q of approximately 10, Burgers'
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theory begins to predict an increase in Qb with decreasing E/Q- Therefore, for

this study, fibers with L/g > 10 were needed to stay in the region where Burgers'

theory applies.

In a study of the translation of cylinders through a liquid, Han (gz) showed

that the ratio of the experimentally determined drag force to that predicted
theoretically by Burgers (6), who neglected fiber end effects, was constant
until the L/g ratio of fhe fibers was smaller than 10. The deviation of this
ratio from a constant was attributed to fiber end effects. This was used as a

guide to the elimination of fiber end effects in this study.

Therefore, in order to make this study in the range of L/g where Burgers'
theory applies, prevent fiber end effects from being appreciable, and yet to use
an E/Q ratio small enough to obtain a measurable relative viscosity below the
"eritical concentration,"” it was decided to work with fibers with an L/d ratio

of approximately 20.

Wall effects were eliminated from considerations in the initial part of

this study by using a viscometer annulus width large enough to give L/D and

d4/D ratios small enough to be in the range that Nawab and Mason (15) showed

wall effects to be absent.

'

Studies made at E.. I. du Pont de Nemours and Company (2&) showed that
nylon shortened only 3% in tetrachloroethane (TCE) after 1000 hr. at TO°F.

and only 2% in paraffin oil (PO) after 10 hr. at 210°F.

-Myers (16) stated that no swelling or shrinkage of his nylon fibers could
be detected after soaking in a mixture of TCE and PO for 24 hr, at 23°C. Myers

also found that nylon fibers remained well dispersed in a mixture of TCE and PO.

(’
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Since TCE and PO have different densities, one greater and one less than that
of nylon, the density of the solution could be adjusted to prevent floating or

settling of the fibers.

For the above reasons, a mixture of TCE and PO was chosen as the suspending

medium for the nylon fibers.
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EXPERIMENTAL PROCEDURES

FIBER PREPARATION AND CHARACTERIZATION

The nylon fibers used in this study were cut from Du Pont nylon yarn.

CUTTING PROCEDURE

Straight Fibers

The straight fibers were prepared from the nylon yarn by the following

procedure.

The yarn was wound on a circular wheel two feet in diameter so that the
strands were nearly parallel. The fiber bundle thus obtained was cut from the
wheel, and laid into a trough formed by a piece of steel channel closed at both
ends. At each end, bolts, through the sides of the channel, held the fibers
below the top of the trough. The ends of the fiber bundles hung over the ends
of the trough and weights were attached to keep the fibers straight. Fischer
Tissuemat Wax (m.p. 54-56°C.) was then poured over the fibers filling the
trough. After the wax had hardened, the block of wax containing the fiber
bundle was removed from the trough and cut into several smaller blocks. The
desired fiber lengths were then cut using a microtome. The majority of the
wax was removed by melting the wax and filtering the suspension. The remaining

wax was removed by extracting the fibers with pentane in a Soxhlet for 8 hours.

Curved Fibers

The curved fibers used were cut from the same nylon yarn used for the
straight fibers. The fibers became curved due to the cutting procedure. The
procedure was as follows. The nylon yarn was wound on the wheel as before.

The fiber bundle was glued to chipboard and removed from the wheel. A cutter,
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made from razor blades held in a parallel array by threaded drill rods and nuts,
and spaced by washers or shim stock, was forced through the fiber bundle using

a hydraulic press.

This was the same procedure used by Myers (16) to cut all but his shortest

fibers.
MEASUREMENT OF FIBER LENGTHS

Fiber lengths were determined by projecting the images of the fibers on
to the screen of the fiber length measuring apparatus (22) developed by the
Finnish Pulp and Paper Research Institute. This magnified the fiber lengths 50
times. The images on the screen were then measured with a scale to the nearest

millimeter. At least 100 fibers were measured and the average length determined.

. MEASUREMENT OF FIBER DIAMETERS

Fiber diameter measurements were made using a microscope with a 43X objec-
tive lens and a Dyson image-splitting eye-piece (36). The resulting total

magnification was 1700X. Approximately 30 fibers were measured to obtain an

average diameter.
OPERATION OF THE VISCOMETER

In order to determine the torque-angular velocity relationship for a solu-

tion or suspension, the following operational procedure was followed.

1. The outer cylinder, containing the solution to be measured, was centered

on the base of the viscometer by means of the two bolts shown in Fig. 6.

2. Water from the constant temperature bath was started to circulate
through the water jacket and the solution was allowed to.come to the desired

temperature.
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3. The air pressure to the air bearing was adjusted to an amount just neces-
sary to "float" the bearing. This pressure was determined by passing an electric
current through the male and female portions of the bearing while the air éressure
was being increased from zero. When the current ceased to flow, indicated by an
ammeter in the circuit, the male portion of the bearing was "floating." Experi-
ence showed that it was necessary to increase the air pressure by 2 cm. of tetra-
bromoethane over the amount just necessary to support the bearing for proper

performance of the viscometer.

4. The electromagnets were demagnetized using the procedure described on

p. 30.
5. The motor driving the electromagnets was started.

6. A small direct current was supplied to the electromagnets which de-

livered a low torque to the inner cylinder.

7. The inner cylinder was allowed to come to an equilibrium angular veloc-
ity and the time per revolution was measured to the nearest 0.1 sec. with a stop-

watch. Measurements were made for several revolutions and the results averaged.

One revolution was determined from the passage of a light beam, reflected

off a mirror on the shaft of the air bearing, past a given spot.

8. The average time per revolution and the current to the electromagnets

were recorded.

9. The current to the electromagnets was increased and steps 7-8 were

repeated until the desired range. of torgues had been covered.

During the operation of the viscometer, periodic checks were made of the

angular velocity of the m