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THE DISPERSION AND ABSORPTION 

OF SOUND IN GASES 

• CHfiPEER I 
- lilTROBUCTION 

Upon the basis of several "sir tpI i fy iBg assumptions an expression 

f o r the v e l o c i t y of audible sound i n gases which compares favorably 

w i t h experimental observation may be obtained a n a l y t i c a l l y . The 

usual assumptions are: the perfect gas law. is the equation of state 

of the gas; the gas i s a homogeneous, i so t rop ic f l u i d j the gas i s a 

perfect f l u i d ( i . e . , has no v i s c o s i t y ) . With these assumptions con­

cerning the nature of the medium i n which a sound wave i s propagated, 

the v e l o c i t y of the wave i s found t o be the square root of the r a t i o 

of the volume modulus of e l a s t i c i t y of the medium to the equi l ibr ium 

densi ty . The evaluation of the. modulus of volume e l a s t i c i t y requires 

an assumption concerning the nature of the compressions and rarefact ions 

occurring w i t h i n the sound wave. I f these pressure changes of the gas 

are assumed t o be adiabatic changes, the modulus of volume e l a s t i c i t y 

i s the product of the equi l ibr ium pressure and f', the r a t i o of the 

spec i f ic heats at constant pressure and volume. Then the v e l o c i t y 

of the sound wave, i s given by the square root of )f times the r a t i o 

of equi l ibr ium pressure and dens i ty . This value of the v e l o c i t y of 

sound i s very accurate f o r frequencies i n the audible range. 

While an accurate value f o r the v e l o c i t y of sound can be 



found from the assumptions given above, these assumptions impose 

r e v e r s i b i l i t y upon the processes occurring w i t h i n the sound wave, 

and pred ic t tha t no absorption of the wave should occur. Thus a 

development of an expression which w i l l p red ic t experimentally 

determined values of absorption cannot be made upon the basis of 

these assumptions. However, i f the medium i s regarded as being 

homogeneous and i s o t r o p i c , the r e s u l t i n g development f o r the 

absorption of sound i n a viscous, heat conducting gas predicts 

experimental r e s u l t s w e l l f o r frequencies i n the audible range. 

This development indicates that the v e l o c i t y of the wave i s also 

dependent upon v i s c o s i t y and heat, conduction. The dependence of 

v e l o c i t y upon v i s c o s i t y and heat conduction i s small however, and 

f o r audible sound the pressure var ia t ions are very nearly ad iabat ic . 

This accounts f o r the experimental v a l i d i t y of the development 

indicated above f o r the,determination of the v e l o c i t y of sound. 

To t h i s point the propagation of sound only w i t h i n the aud­

i b l e range of frequencies has been considered. The. propagation of 

sound (pressure waves) of higher frequencies i s even more influenced 

by the irreversible^processes discussed, and s t i l l another i r r e v e r s i ­

b le process must be considered. Ifllhen the sound frequency i s su f ­

f i c i e n t l y high (the actua l frequency depending upon the p a r t i c u l a r 

medium of propagation), both ve loc i ty and absorption are found t o be 

very d i f f e r e n t from the values predicted from the above considera­

t i o n s . This di f ference i s caused by a t h i r d i r r e v e r s i b l e process 

occurr ing-wi th in the sound wave. 

The add i t iona l i r r e v e r s i b l e process encountered at high 
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frequencies i s associated w i t h the i n t e r n a l degrees of freedom of the 

molecules of the medium* At high frequencies, the frequency depending 

upon the medium of propagation, the •v ibrat ional , r o t a t i o n a l , or e lec­

t r o n i c degrees of freedom of the molecules f a i l to fo l low the changes 

associated w i t h t r a n s l a t i o n a l degrees of freedom. That i s , when the 

temperature, as measured by the k i n e t i c energy of t r a n s l a t i o n of the 

molecules, i s ra ised very qu ick ly i n a p a r t i c u l a r region, there i s a 

f i n i t e time lag before the degrees of freedom other than the t r a n s ­

l a t i o n a l degrees are excited t o the extent required f o r temperature 

equ i l ib r ium. Since the extent t o which the molecules of a region 

have t h e i r i n t e r n a l degrees of freedom excited i s dependent upon the 

p o s s i b i l i t i e s of molecular col l is ions?and/or r a d i a t i o n , these two 

factors must be considered to determine the e f fec t upon sound propa­

gation of the lag' associated w i t h the i n t e r n a l degrees of freedom. 

The purpose of t h i s paper i s t o discuss the dispersion and 

absorption of sound i n gases as effected by a l l of the factors here 

mentioned, and i n p a r t i c u l a r , to consider the e f f e c t of the i r r e v e r ­

s i b i l i t y associated w i t h the i n t e r n a l degrees of freedom, and more 

i n p a r t i c u l a r , the e f f e c t of electromagnetic r a d i a t i o n on observable 

sound phenomena. ' 



CHAPTER I I 

AN EQUATION OF MOTION AND ITS INTEGRATION 

FOR A VISCOUS, HEAT CONDUCTING GAS 

From hydrodynamic theory and the second law of motion, the 

equation of motion f o r an i s o t r o p i c , compressible, viscous f l u i d i s 

g i v e n ^ a s 

+ / u ' V u - - VP + ̂-V7'u +yuv«V u, (1) 

where f i s the density of the f l i u d , u the mass v e l o c i t y w i t h 

reference t o i n e r t i a ! coordinates, yW- the c o e f f i c i e n t of v i s c o s i t y , 

and P the pressure* For small amplitude waves, the mass v e l o c i t y 

i s small compared to the v e l o c i t y of sound. I n t h i s case ^ u * v * u 

i s neg l ig ib le i n comparison w i t h j and 

/ij = -7P + y ̂y.u Y«.7u. (2) 
The equation of c o n t i n u i t y , which i s based only upon the 

assumption of the conservation of matter, may be w r i t t e n 

IS+l^+^V^.o (3) 
where the condensation, s , i s defined by ^p^Cl+s), j/̂  being 

the average equi l ibr ium dens i ty . Using equation ( 3 ) , equation (2) 

may be w r i t t e n 



I n order t o obtain a so lu t ion f o r these equations i t i s ad­

vantageous to obtain a d i f f e r e n t form f o r the term invo lv ing the 

pressure. This may be accomplished as f o l l o w s . 

I f the temperature i s taken t o be uniform except as disturbed 

by the sound wave and 9 represents the excess i n temperature, and 

T represents the temperature measured on the absolute scale, 

The excess of temperature over the equi l ibr ium temperature, 

9, may be considered as a funct ion of the condensation and the amount 

of heat Q which i s transferred t o a u n i t volume of the medium. Then 

the ra te of change of 9 i s given by 

dO ••./a:T\da- . 1 dQ 
dT ..l^s/3C "7\T dT ' -J o v 

(6) 

where c v i s the heat capacity a t constant volume per u n i t mass ( i . e . , 

the spec i f i c heat) of the medium, and the p a r t i a l der iva t ive (̂ r̂ ) i s 
• 3> S 

to be evaluated under conditions e x i s t i n g w i t h i n the sound wave. 
Heat conduction i n an i so t rop ic medium i s described by 

dQ 2 
^ = C ? 9, where C i s the thermal conduct iv i ty . Thus 



where L i s the d i f f i i s i v i t y of the medium, or C div ided by ^ 0 c v . 

From equation (£) 

I f , f o r convenience of no ta t ion , 0* be w r i t t e n f o r v9,iTv , yw- f o r 4 r » 
„ ' /a W , 

andyW> £ae yjf , equations (U) may be w r i t t e n i n the form 

since = *f » Equation ( 9 ) i s the form of equations (U) which w i l l 4 a ~ 0 
be examined f o r a s o l u t i o n . 

Consider that U y , u z , s, and ©' are funct ions of time only 

to the extent of a f ac to r exp ( q t ) , where q i s a constant. This 

places no r e s t r i c t i o n upon the motion once the l inear equation ( 9 ) 

i s accepted; since t h i s assumption demands only that the motion be 

described by a sum of these exponential terms. The solut ion t o any 

l inear d i f f e r e n t i a l equation may be given as a sum of so lu t ions , 

and any physica l ly rea l izable motion may be b u i l t up by a sum of 

such func t ions . 

Then f o r equation (3) one has 

£ u i + f 2 V ] | S * • qs = 0 , (10) 

and f o r equation ( 9 ) 



.'A,--£1 (11) 

I being defined by 

Equation (7) may now be w r i t t e n 

s = ©« - (|) V2©' . (13) 

El iminat ing s by equation (13)V equations (10) and (12) become 

? x ? y 3 z 

U t i l i z i n g equations (U4) and (15), the divergence of equations 

(11) i s 

A so lu t ion to equation (16) may be found i n the form 

q 
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*2 -{#I
+#v#+^,r"+l,3x 

I n order that solut ions of equations (11) may be obtained, V u 
• 2 

i s set equal t o V (B1Q1 +-B2Q2)". This equal i ty i s subst i tuted i n t o 

equation (H4.), and ©' replaced by i t s value as given by equation (17) . 

This gives 
V2'(BIQ\ + B2Q2) + (q + L 7 2 ) ( A 1 Q 1 + A2Q2) = 0 . (20) 

The r e l a t i o n s h i p between the constants A2 and B]_, B2 may be seen 

from equations ( I d ) : 

B x = A ^ L - B 2 = A 2 ( L r ±) . (21) 

The resu l ts given above are applicable to any physical motion 

of the f l u i d . I n the f o l l o w i n g , these resu l ts are applied to the 

case of plane waves propagated i n the x d i r e c t i o n . 

Equations ( Id ) now become 

©' = A]Qi + A 2Q2 > (17) 

where Q\ and Q2 are funct ions sa t i s fy ing 

V 2 Q l = XiQi, » X2Q2 » ( 1 Q ) 

and A i and A2 are a r b i t r a r y constants. \ \ and X2 a r e ^ n e roots of 



The solut ions of equations (22) t o correspond to waves propagated i n 

the pos i t ive x d i r e c t i o n are 

Qi = exp (-x/Ti), Q2 - e*P ( ^ / * 2 > • (23) 

I f A i and A2 are constants to be determined by the boundary condit ions, 

S = A i f\i (•£- - L) exp (-x fZj 
+ A 2 fk2 (2. - L) exp (-x fk2) 

©» = Ai exp ( -x/xi) + A2 exp (-xV̂). (2k) 
A less general but p r a c t i c a l so lu t ion resu l ts from, considering 

the condi t ion thatyU. 1,^", and L are small quant i t ies compared to 
i 3 p .3 P *9 T 1 

Q ^Jf \ ^ T ^ S i P ^ i * 1 1 1 t h i s c a s e ' o n e v a l u e o f X» s a y X l * 

i s given from equation (19) approximately by — — s — - — v . 1 ' 

whi le the other Value, Xg, i s very l a rge . The so lu t ion required i s 

that f o r Xi, since the term containing Xg i s neg l ig ib le compared to 

the term containing Xi f o r a l l values of x except those near the 

boundaries of the f l u i d . The so lu t ion corresponding t o Xg represents 

a h igh ly damped heat wave having the same frequency as the sound 

wave. This heat wave or ig inates at the boundary; and has an amplitude 

dependent upbn the thermal conduct iv i t ies of the; gas and the boundary. 

I n the general one-dimensional boundary value -problem the pos i t i ve 

root of Xg leads to a heat wave propagated from the r i g h t boundary 

and the negative root one propagated from the l e f t boundary. 

A second approximation to the value of Xi i s 
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X = 

q ( / M •» / A " 4 .L) 

' ,T. 
(25) 

Thus 

' + U M + L 1 

( i i ) 

( H ) + ( H ) ( S > 

(26) 

7 
Now i f ia> i s w r i t t e n f o r the constant q where <o i s 2n times the 

frequency of the sound wave, the t y p i c a l so lu t ion i s of the form 

x u = exp ( - cix) exp - i<a / 1 - (27) 



11 

where a i s 

1 -
(s?L+ ( t tVw } 

(28) 

and the complex v e l o c i t y of the wave V s i s given by 

1 
IS (29) 

3 P 3 P 

The p a r t i a l der ivat ives (^3-) and Or*™) i n equations (26) 
T 3 1 V 

and (27) maybe evaluated d i r e c t l y from an equation of state which 
»9 T 

describes the medium of propagation, (g^)t however, i s speci f ied 

only as taken f o r adiabatic condit ions, and requires fu r ther con­

s iderat ion before evaluation from an equation of state can be accom-

p l ished . An expression f o r (*r-rr) may be obtained by the method 

given below. 

For i n f i n i t e s i m a l adiabatic (not necessari ly revers ib le ) 

processes, the f i r s t law of thermodynamics i s 
dQ = dU + Pd? = 0 , (30) 

where U i s the i n t e r n a l energy. I f U be w r i t t e n U = U(T,V), then 

dU = ( ^ T d T + (§7) dV , (31) 



and equation (30) becomes 

12 

(frĵ dT + (-IfMV + FuV = 0 

3IT 
Since (^-y) = Qy, equation (32) i s equivalent t o 

(32) 

(33) 

New since 

(3U) 

and 

adiabatic ^ o ° v ^ T / 
(35) 

I f (^5-) i s replaced by i t s equivalent from equation (35), 

equations (28) and (29) become 

a = to MT /PPx2 ) + — ^ .06) 

(37) 

I n equations (36) and (37) a l l p a r t i a l der iva t ives may be 

evaluated from an equation of state descr ip t ive of the medium of 

i 



propagation, and f o r any'established conditions the remaining fac tors 

are avai lable from k i n e t i c theory or, i f desirable , may be measured 

experimentally • 
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CHAPTER I I I 

EFFECTS OF IRREVERSIBLE PROCESSES ASSOCIATED 

WITH INTERNAL DEGRESS OF FREEDOM 

I n the preceding chapter the" propagation of sound i n a viscous, 

heat conducting f l u i d i s considered, and a general so lu t ion to the 

equation of motion i s presented. . This general so lu t ion i s s i m p l i f i e d 

by neglecting second order ef fects i n order tha t reasonably compact 

expressions of the ve loc i ty and absorption might be given. Develop­

ments s imi la r to that given i n Chapter I I have been given by 

K i rchhof f 2 and Ray le igh 3 . 

Thus, t o t h i s point the resu l ts obtained are those given by 

c lass ica l theory. 'These resu l ts indicate that t o a f i r s t order ap­

proximation there i s no dispersion of audible sound propagated i n 

gases, and that absorption varies w i t h the second power of the frequency 

of the propagated wave. 

Experiments of the past twenty- f ive years have shown tha t , 

contrary t o c l a s s i c a l r e s u l t s , regions of sharp dispersion e x i s t , and 

that these regions also e x h i b i t excessive absorpt ion^'^ . I n attempts 

to explain these experimental observations various invest igators have 

considered the observed resu l ts to be due t o i r r e v e r s i b l e processes 

associated w i t h the i n t e r n a l degrees of freedom of the medium, and have 

u t i l i z e d one of twos fundamental approaches. One of the t h e o r e t i c a l 

developments i s . based upon k i n e t i c theory^, the other upon thermody-
7 

namic considerations . I t has been shown that the resu l ts of both 

-ethods are i d e n t i c a l 8 . 
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The purpose of t h i s chapter i s to present a theory of the 

i r r e v e r s i b l e processes associated w i th the internal-degrees of 

freedom. This theory, l i k e theories of the propagation of sound 

i n chemically act ive media , t rea ts tne problem from the standpoint 

of an ex is t ing equi l ibr ium which i s disturbed by the.passage of a 

sound wave. An equi l ibr ium constant i s defined f o r a f i r s t order 

react ion i n which gas molecules at one l e v e l of exc i ta t ion are reac-

tants producing gas molecules at another l e v e l of e x c i t a t i o n . D i s ­

persion and absorption of a sound wave i n t h i s gas i s expressed as a 

funct ion of the equi l ibr ium react ion , ra te constant. 

* * # * - * * # * 

Equations (36) and (37) indicate that the v e l o c i t y of a 

sound wave i s independent of the frequency, and that absorption 

depends upon the second power of the frequency. I n order t o ascer­

t a i n whether these equations predict the experimentally observed d i s ­

persion and excessive absorption discussed above, i t i s necessary to 

consider whether frequency i s , included i m p l i c i t l y i n any of the f a c ­

to rs of the equations. 

The p a r t i a l der ivat ives (M£) and v^-is) are functions of 

the t r a n s l a t i o n a l degrees of freedom only since the temperature r e ­

fer red to i s measured by the k i n e t i c energy of t r a n s l a t i o n of the 

molecules. Thus, f o r these der ivat ives to become frequency dependent, 

i t i s necessary that the frequency of the propagated sound be such 

that the period i s of the same order of magnitude as the re laxa t ion 

time ( t h i s being the time required f o r motion associated w i t h a degree 

of freedom to respond to changes fof the system) f o r the t r a n s l a t i o n a l 
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degrees of freedom,. Since the re laxat ion time f o r these degrees of 

freedom i s exceedingly short , about 2 x 1O" 1 0 second f o r a i r at s tan­

dard temperature and p ressure^ , t h i s •would require frequencies much 

higher than the frequencies at which dispersion and excessive absorp­

t i o n have been observed. However, the heat capaci ty at constant 

volume i s a p a r t i a l der ivat ive whose e f f e c t i v e value may be dependent 

upon the i n t e r n a l degrees of freedom of the molecules of the medium. 

The re laxa t ion time f o r these degrees of freedom i s of the order of 

magnitude of the period of the sound waves considered, and the e f fec ­

t i v e heat capacity i s a funct ion of the frequency i n t h i s range of 

frequencies. Thus at least a par t of the observed discrepancy of the 

c lass ica l theory of the propagation of sound may be due to the f r e ­

quency dependence of the e f fec t i ve heat capacity . 

To obtain an e x p l i c i t expression of the frequency dependence 

of the e f fec t i ve heat capacity of the medium, one may consider a 

react ion m ^ n , m and n r e f e r r i n g to energy levels of a two l e v e l 

molecule. From the law of mass act ion 

N n i s the number of moles of gas i n the higher energy or h s ta te , 

N i s the t o t a l number of moles of gas/ k n and ik f f i are the rates per 

mole of the forward .and reverse reactions respect ive ly , and the 

equi l ibr ium constant K i s the r a t i o of km t o k n . I f A^no i s the 

equi l ibr ium magnitude of &Kn caused by a per turbat ion of the equ i ­

l i b r i u m of the gas, M n o = \ 0 - N ^ , and &\ = N n - N n l . N n ^ and 

N n o represent the number of moles i n the higher energy state f o r the 
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i n i t i a l and perturbed equi l ibr ium states respect ive ly . Upon the 

assumption that the law of mass act ion holds i f the equi l ibr ium i s 

only s l i g h t l y perturbed, the ra te of approach t o a new equi l ibr ium 

when a perturbat ion i s applied i s 

= " M^n - <>> + *nK<ANno - AWn> 

= "iĉ Ck + D U N ^ - &Nn) , (39) 

or 

where k^(K + 1) = ^ i s the eo^i l ibr ium'react i !dnrate ! ' constant . 

For Ta perturbat ion which varies p e r i o d i c a l l y i n time such as 

that caused by a sound wave, (AN n o - ANn) may be considered t o vary 

as the r e a l part of exp( iwt ) , where co i s 2n times the frequency of 

the sound wave. Upon in tegra t ing equation (1*0), one has 

I n sound propagation, there i s a per iodic temperature v a r i a t i o n 

associated w i t h t h i s per iodic per turbat ion of e q u i l i b r i u m . For such 

a temperature v a r i a t i o n , the d e f i n i t i o n of the part of the molar speci­

f i c heat associated w i t h an i n t e r n a l degree of freedom 

(AH i s the molar heat of the react ion m ^ n ) becomes 
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C . = AH = A H " & L = AH(Ma°)' n ico 1 
1 + •==• (1*3) 1 

where 9 0 i s the magnitude of the temperature v a r i a t i o n of the per­

tu rba t ion , arid 9 i s the excess temperature. I f be w r i t t e n f o r AW 
AH —-02, the e f fec t ive heat capacity at constant volume i s 

9« 

G V " \ ' C o + (hh) 

where CQ i s the equi l ibr ium or low frequency value of the heat capacity 

at constant volume. 

I f the expression f o r the e f fec t ive heat capacity at constant 

volume given by equation (hh) i s subst i tuted i n t o equations (36) and 

(37) expressions are obtained f o r the v e l o c i t y and absorption of sound 

i n which the frequency dependence i s shown e x p l i c i t l y . These expressions 

are p 
u 

a s co 

L 
" 2 

S>T ;
V 

i i 
2 

C o " G o + 

i . (-̂i • 3̂  j 

rtl 
1 

1 '•f8-1*̂ '] 
13 

2 

a + "fe 
, (US) 
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1 
i 

A l l of the quant i t ies entering equations (kS) and (i |6) except 

those which depend upon the equi l ibr ium react ion ra te constant l̂ , (and 

through 1^, C 0 ) may be calculated and numerical values obtained f o r any 

gas provided the equi l ibr ium pressure and temperature' are spec i f ied , 

and a descr ipt ive equation of state i s known. 

I n order to determine the equi l ibr ium react ion rate constant 

f o r a react ion one must consider the rates of the reac t ion . The rates 

at which t h i s react ion proceeds are dependent upon the mechanisms by 

which a molecule or an atom changes i t s state of e x c i t a t i o n . This 

change of state can be brought about i n two ways: by a c o l l i s i o n i n 

which there i s an energy t ransfer between an i n t e r n a l degree of freedom 

and the t r a n s l a t i o n a l degrees of freedom; and by an energy t ransfer 

between an i n t e r n a l degree of freedom and the surrounding r a d i a t i o n 

f i e l d . A c o l l i s i o n react ion rate equation, which describes the equi ­

l i b r i u m changes of state brought about by the f i r s t e f fec t i s given 

by a statement of the p r i n c i p l e of microscopic r e v e r s i b i l i t y . This 

statement may be w r i t t e n 

Nm(?mn ~ W + royfim- ̂ n m - fnm) + ™n fnm » Oil) 

Tjjn and 7 ^ being the averaged p r o b a b i l i t i e s per mole per second of 

i 
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c o l l i s i o n induced t r a n s i t i o n s when the c o l l i d i n g molecules are s i m i l a r l y 

spec i f ied , and 

fmn and fnm those averaged p r o b a b i l i t i e s per mole per 

second when the c o l l i d i n g molecules are i n d i f f e r e n t s ta tes . That i s , 

f j j j j i s Avogadro's number times the p r o b a b i l i t y per second that one 

molecule i n the m state w i l l go t o the n state as a r e s u l t of a c o l l i s i o n 

w i t h 'another molecule i n the m s ta te . Corresponding ly , ; f^ i s Avogadro's 

number times the p r o b a b i l i t y per second tha t a molecule i n the m state 

w i l l be raised t o the n l e v e l of e x c i t a t i o n as a r e s u l t of a c o l l i s i o n 

w i t h a molecule i n the n l e v e l of e x c i t a t i o n . 

A corresponding r a d i a t i o n react ion ra te equation describing the 

r a d i a t i o n react ion at equilibrium 7may be w r i t t e n i n terms of the 

E inste in r a d i a t i o n coef f ic ien ts A^, B ^ and B ^ . A j ^ i s the 

p r o b a b i l i t y per mole per second f o r spontaneous t r a n s i t i o n s from n to 

m, Bum and Bnm are t r a n s i t i o n p r o b a b i l i t i e s from m t o n and n t o m 

respect ively which are induced by an i n t e r a c t i o n w i t h the surrounding 

rad ia t ion f i e l d . (Amn i s zero since t r a n s i t i o n s from a lower t o a 

higher energy l e v e l do not occur spontaneously.) This rad ia t ion reac­

t i o n ra te equation i s 
royijr/' Bmn (Anm + *m)Wn > (W 

where u v i s the r a d i a t i o n .density per u n i t , o f frequency near the 

frequency i n the surrounding rad ia t ion f i e l d . I f and E^ are the 

energies of, states h and m f o r any single molecule, x^, i s given by 

h being Planck's constant. 
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NOT adding equations (U7) and (U8), one has a reac t ion 5 ra te 

equation which includes the c o l l i s i o n and r a d i a t i o n components of the 

react ion* This equation i s 

= % [Nn^nm - W. + N f n m + ^nm + ^nm^Jj • <<*» 
A rearrangement of t h i s r e l a t i o n s h i p y i e l d s a r a t i o of factors 

which remains constant f o r given conditions of an equ i l ib r ium: 

N n _ ^ f m n %^&^*%**&£m. • # ( 5 l ) 

This r a t i o i s the equi l ibr ium constant, K, f o r the react ion m ^ n . 

Thus the r i g h t side of equation (5l) i s - r = K. I f f o r a given s i t u a -
kn 

t i o n i t should be found that the differences between and f ^ , and 

between fnm and fhm are n e g l i g i b l e , the equi l ibr ium constant would be 

given by 

fmn + U I L Bmn 

K = — — ^ , (52) 
n̂xi

 + ^nm + U T ) ^nm 

and thus be independent of the concentration of molecules i n the 

states n and m. The r a d i a t i o n coef f ic ien ts A j ^ , B ^ , and are 

functions of the molecules considered only, and numerical values f o r 

these quant i t ies may be obtained when the gas i s spec i f i ed . Methods 

of obtaining values f o r c o l l i s i o n p r o b a b i l i t i e s are avai lable f o r some 

special cases, de ta i l s of which are discussed i n Chapter IV below. 

I f the r a d i a t i o n f i e l d e x i s t i n g w i t h i n the sound wave i s 
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e f f e c t i v e l y black body r a d i a t i o n , the rad ia t ion density term uy 

i s given by Planck's law 

8 n h ( - ^ ) 3 

„ c , (53) 
exp(-^-7 - 1 

where b i s the Boltzinan constant and c the v e l o c i t y of l i g h t . 

I f a molecule at a given point w i t h i n the wave in te rac ts w i t h 

another at a distance of several wavelengths, then t h i s molecule may 

possibly be considered to be influenced by the average or equi l ibr ium 

temperature, and the T occurring i n equation (S3) would be the equi ­

l i b r i u m temperature. I f , however, rad ia t ion emitted from a given mole­

cule i s absorbed w i t h i n a f r a c t i o n of a wavelength of sound, then the 

e f fec t ive temperature i s a cer ta in temperature near to but d i f f e r e n t 

from the equi l ibr ium temperature. This temperature must l i e between 

the maximum and minimum temperatures ex is t ing w i t h i n the sound wave, 

and i t s exact value w i l l depend upon the temperature i n the immediate 

v i c i n i t y of the reference molecule and the Tmean f ree path™ of the 

emitted quanta. Since the change i n temperature due t o the passage of 

a sound wave i s small compared to the equi l ibr ium temperature, and 

u,y i s a funct ion of the temperature as given by equation (S3), then 
•"nm 

the value of u_. should be very nearly the same f o r the two cases of 

rad ia t ion discussed* 

Equation (S3) i s a re la t ionsh ip which i s true only f o r black 

body radiat ion,: , thus i f the conditions w i t h i n the sound wave are such 

that the black body rad ia t ion assumption i s not v a l i d , then u _ i 
'MM 

must be calculated contingent upon these condi t ions. 
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Further information about the physical de ta i l s of equation (1*1) 

and other expressions may be obtained by not ing that the react ion ra te 

constant, used above i s the rec iproca l of the l i f e t i m e of the 

excited s ta te . This point w i l l be considered i n more d e t a i l i n the 

fo l lowing chapter. 

The re la t ions derived to t h i s point are descr ipt ive of a two 

energy l e v e l gas only . The types of energy levels to which t h i s devel ­

opment i s applicable i s not l i m i t e d however, and these levels may be 

r o t a t i o n a l , v i b r a t i o n a l , or e lec t ron ic . I f expressions f o r a mul t ip le 

energy l e v e l medium are desired, the development given above may be 

considered as describing the react ion between any two of these leve ls , , 

and separate react ion rate constants and equi l ibr ium constants may be 

found f o r each pa i r of l e v e l s . To give the combined e f fec t of the 

several react ions, the e f fec t ive heat capacity at constant volume might 

be w r i t t e n 

^mn 

where the indicated" sums are t o be taken such that each reac t ion 

between ind iv idua l levels i s represented and each only once. 

This representation of the e f fec t ive heat capacity at constant 

volume assumes tha t the re laxat ion times exhibited by a mul t ip le l e v e l 

gas are such that the gas can be treated as a two l e v e l gas f o r a 

given frequency of sound propagation. I f the re laxat ion times exhibited 

by the gas are a l l approximately the same, then the e f fec t ive heat 

capacity at constant volume could be given by an equation of the 
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form ( l j3) , w i t h one value of the equi l ibr ium react ion ra te constant 

serving a l l pa i rs of l e v e l s . I f the re laxa t ion times "are widely d i f ­

fe rent , then each re laxat ion time would be observed independent of the 

others, arid each react ion associated w i t h the respective re laxat ion 

times would e f f e c t the propagation of sound i n a d i f f e r e n t frequency 

range.: • •>. 
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CH&PTER IV 

AN EXAMINATION OF POSSIBLE EXPERIMENTAL APPLICATIONS 

OF THE THEORY 

The ca lcu la t ion of the v e l o c i t y and absorption of* sound i n 

gases from equations (U5) and (U6) requires a knowledge of the 

fo l lowing f a c t o r s : (Jp)^, (—fK Kj**^* M> T> L, C 0 , and 

Once an equation-of state descr ipt ive of the medium:of propa-
*9P *5 P 

gation i s given, izr-s) and (—•?) may be evaluated. For the given 
- "" f ' 3 1 v 

conditions of an experiment, a l l of the remaining factors are known 

except C 0 and f£ • C 0 may be obtained from the energy di f ference be­

tween the levels of exc i ta t ion of the molecules of the medium, and 

the expression f o r equi l ibr ium values of Nm and N n as functions of 

temperature from s t a t i s t i c a l mechanics. Thus, the only remaining f a c ­

t o r necessary f o r a ca lcu la t ion of the v e l o c i t y and absorption of 

sound i s the equi l ibr ium react ion rate constant ^ » 

The determination of the equi l ibr ium constant f o r the react ion 

mi=?n i s accomplished i n Chapter I I I by considering the t rans i t ions 

between the m and n states t o be caused by two processes. One of 

these processes i s e n t i r e l y a' r a d i a t i o n process. Such t r a n s i t i o n s 

are of three types: a molecule goes from the state n t o the state m 

spontaneously, emit t ing rad ia t ion of frequencies near where 

h * ^ = E n - Ej^ a molecule goes from state n to the state m due t o 

i n t e r a c t i o n w i t h i t s surrounding rad ia t ion f i e l d , emit t ing r a d i a t i o n 

of frequencies n e a r ^ ^ a molecule goes from state m t o state n, ab­

sorbing r a d i a t i o n of frequencies near from the surrounding r a d i a t i o n 
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f i e l d . The ef fects of these purely rad ia t ive t rans i t ions are given i n 

terms of the Einste in rad ia t ion coef f ic ients B^R, and respec­

t i v e l y , and u ^ , the density of the r a d i a t i o n per u n i t of frequency i n 

the surrounding f i e l d f o r frequency Ĵ. 

The other process by •which t r a n s i t i o n s occur between the m and n 

states of e x c i t a t i o n i s a c o l l i s i o n process. These t r a n s i t i o n s are of 

the fo l lowing types: a molecule i n the n state goes to the m state by 

c o l l i d i n g w i t h a molecule i n the n s ta te ; a molecule i n the n state 

goes to the m state, by c o l l i d i n g w i t h a molecule i n the m s ta te ; a 

molecule i n the m state goes t o the n state by c o l l i d i n g w i t h a molecule 

i n the m s ta te ; a molecule i n the m state goes t o the n state by c o l ­

l i d i n g w i t h a molecule i n the n s t a t e . The e f fects of these c o l l i s i o n 

induced t r a n s i t i o n s are given i n terms of the p r o b a b i l i t i e s f . ^ , f j ^ , 

fmn, and respect ive ly . ( I f more than two levels are considered, 

other p o s s i b i l i t i e s e x i s t . ) 

From the p r i n c i p l e of microscopic r e v e r s i b i l i t y one has 

fnro = f mn» a n d f«m ~ *mn« From r a d i a t i o n theory or quantum perturbat ion 

theory = 6 ^ , The theory of rad ia t ion gives the r e l a t i o n 
Ann 8nha£_ 

'<P * T ^ 1 U S t n e Problem of ca lcu la t ing the value of the equi­

l i b r i u m constant f o r the react ion between the levels of e x c i t a t i o n of 
any two l e v e l gas requires only that Ujj , Trmu a n d fnm D e known. 

As shown i n Chapter I I I , u«; i s given by Planck's law i n terms 

of the temperature, provided the r a d i a t i o n may be considered to be 

black body r a d i a t i o n . I f , however, the surrounding r a d i a t i o n cannot be 

considered as a black body d i s t r i b u t i o n , u , , may be determined from 

the type and i n t e n s i t y of any r a d i a t i o n source i n the v i c i n i t y . I n 
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t h i s case equi l ibr ium w i l l not ex is t even approximately, and microscopic 

r e v e r s i b i l i t y w i l l not h o l d . For such condit ions, the en t i re problem 

must be reconsidered, 

Ajjjn may be obtained from spectroscopy by measurements of na tura l 

l i n e breadth or by the damping of resonance r a d i a t i o n i n gases at low 

pressure. 

Numerical values of the c o l l i s i o n p r o b a b i l i t i e s are considerably 

more d i f f i c u l t t o obta in , since each of these factors include the 

e f fects of several types of c o l l i s i o n s . That Is, c o l l i s i o n s which may 

contr ibute t o f ^ , inc lude: a c o l l i s i o n where an n state molecule i s 

perturbed and goes t o the m state emi t t ing a quantum of r a d i a t i o n near 
n a , nm» (^nm)j a perturbing c o l l i s i o n i n which-an n state molecule goes 

t o the in s ta te , exchanging.energy w i t h both the t r a n s l a t i o n a l degrees 

of freedom and the surrounding r a d i a t i o n f i e l d emi t t ing r a d i a t i o n or 

absorbing eradiat ion of frequencies d i f f e r e n t f rom-2^, (fnm^» a r a d i a -

t ion less c o l l i s i o n i n which an. n state molecule goes to the m s ta te , 

exchanging energy w i t h the t r a n s l a t i o n a l degrees of freedom only, ( fnm*) . 

The p r o b a b i l i t y of the f i r s t type of c o l l i s i o n mentioned' may 

be obtained from spectroscopy by measurements of pressure broadening 

of spectra l l i n e s . The p r o b a b i l i t y of c o l l i s i o n s of the second type 

mentioned may be shown experimentally t o be neg l ig ib le compared t o tha t 

of the f i r s t type. The p r o b a b i l i t y of c o l l i s i o n s of the l a s t type may 

be expected t o be considerable, but , t o the author's knowledge, exper i ­

mental information concerning t h i s p r o b a b i l i t y i s not ava i lab le . Possi­

b l y such information might be given by experiments w i t h the scat ter ing 

of molecular beams. Attempts have been made to determine t h e o r e t i c a l l y 
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the p r o b a b i l i t y of c o l l i s i o n induced t r a n s i t i o n s which are unaccompanied 

by r a d i a t i o n , but these deterndnations have been a t best only approxi ­

mations of orders of magnitude^". 

I t may be seen from the discussion d i r e c t l y above that the on ly , 

unavailable fac to r necessary f o r a ca lcu la t ion of the v e l o c i t y and ab­

sorpt ion of sound i n gases i s the p r o b a b i l i t y of c o l l i s i o n induced 

t r a n s i t i o n s which are unaccompanied by rad ia t ion , . Thus i t i s impossible 

to pred ic t the absorption and v e l o c i t y of sound i n gases from the r e ­

la t ionships given," u n t i l this? c o l l i s i o n induced p r o b a b i l i t y i s determined. 

The t o t a l p r o b a b i l i t y of t rans i t ions which are accompanied by 

r a d i a t i o n transfers i s available from spectroscopy. The velocity and 

absorption might be calculated upon the assumption tha t the non-radiat ive 

t r a n s i t i o n s are n e g l i g i b l e . Since these t r a n s i t i o n s are probably not 

neg l ig ib le (in non-radiat ing gases the observed dispersion and absorption 

i s due e n t i r e l y to non-radiat ive t r a n s i t i o n s ) , a discrepancy would be 

expected between predicted and experimental r e s u l t s . I f such a d i s ­

crepancy i s observed, i t maybe possible to calculate the p r o b a b i l i t y 

of non-radiat ive t r a n s i t i o n s upon the basis of the assumption that the 

discrepancy i s due to these non-^radiati^e c o l l i s i o n s . 

The v a l i d i t y of equations (U5) and (16) might be checked exper i ­

mentally f o r special cases by measuring the v e l o c i t y and absorption of 

sound f o r conditions such tha t purely r a d i a t i v e t r a n s i t i o n p r o b a b i l i t i e s 

are much greater than those invo lv ing c o l l i s i o n s . This might be accom­

pl ished by examining the propagation of sound i n gases a t low dens i t i es , 

thus reducing the c o l l i s i o n p r o b a b i l i t i e s . Another method, which could 

be used e i ther separately or i n combination w i t h low density observations, 

could be t o examine the propagation of sound i n a region i n which the 
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i n t e n s i t y of r a d i a t i o n of the frequencies near 3 ^ i s very great due 

t o a source other than the surroundings at equi l ibr ium temperature, thus 

increasing the p r o b a b i l i t i e s of r a d i a t i o n induced t r a n s i t i o n s . I n , t h i s . . . 

method fu r ther considerations of lack of equi l ibr ium would have~ to>>qe 

made. , / .*";, . 

Effects of purely rad ia t i ve t rans i t ions upon the velocity'a'nd 
>z~ -

absorption of sound i n gases have not been found . in past experiments. - . 

Most experiments have been conducted w i t h gases i n which rad ia t i ve 

t r a n s i t i o n s are forbidden. Some experiments have been conducted; w i t h 1 : 1;! 

gases i n which rad ia t i ve t r a n s i t i o n s occur, but the condit ions of these :< j 

experiments were such that r a d i a t i o n ef fects are neg l ig ib le compared t o ; 

the e f fects of c o l l i s i o n s . Experimental conditions which should permit 

the observation of e f fects of rad ia t ion upon the propagation of sound |;! 

might be estimated i n the fol lowing* manner. 1 jj j 

There are three kinds of i n t e r n a l degrees of freedom, a l l ;of 1; 

which may contr ibute to the heat capacity of gasess e lectronic, , " • 

v i b r a t i o n a l , and r o t a t i o n a l . Sometimes the e f fects of these i n t e r n a l , , 

motions can be observed independently. I n most diatomic gases at room j; \ 

! i 
* . * • i' , ii 

temperatures, only the r o t a t i o n a l degrees of freedom-are appreciably 

exc i ted . The v i b r a t i o n a l degrees of freedom begin t o contr ibute t o the 

heat capacity at temperatures between three hundred and one thousand 

degrees Ke lv in , while most e lect ronic degrees of freedom are not; appre­

c iably excited at temperatures below one thousand degrees' K e l v i n . Thus 

i t may be seen that the observation of the e f fects of the e lect ronic 

i ' \. 
degrees of freedom on sound propagation requires conditions d i f f i c u l t 

to obtain i n the laboratory . 



For example, consider the propagation of sound i n sodium vapor. 

Assuming that T j ^ = f ^ a n d " ] ^ = f ^ , the t o t a l p r o b a b i l i t y of c o l ­

l i s i o n induced t r a n s i t i o n s from the n state t o the m state i s given by 
Nn*nm = ^n^^nm + ^nm + ^nm*)* ^ i ^ 1 t n i s assumption, conditions which 

would permit the observation of the e f fec t of r a d i a t i o n upon the propa­

gat ion of sound i n sodium are: 

1 . T a 10QO°K (This' ensures that t r a n s i t i o n s 3 2Si—-3 2P are 
, 2 

occurr ing, and therefore cont r ibut ing to C 0 . ) 

2. °> T ^ (This condit ion must be met before dispersion and 

excessive absorption occur—see equations (h$) and (1+6).) 

3 . A m + u_^ B ^ ^ f j j j j (This condit ion w i l l prevent" c o l l i s i o n 
nm. 

induced t r a n s i t i o n s from masking the e f fec t of r a d i a t i o n . ) 

Making the assumption that f ^ i i s neg l ig ib le and that f i s approx­

imately equal to f ^ , the order of magnitude of the t o t a l p r o b a b i l i t y 

of c o l l i s i o n induced t rans i t ions i s given f o r n—»m by 2N n f j m l , and f o r 

m—»n by 2N m f m

>

n . (The assumptions above concerning c o l l i s i o n proba­

b i l i t i e s are.only guesses of orders of magnitude since information con­

cerning these factors i s meager.) f j ^ i s given by 8 a& 1 fyjf» where 

N i s the numerical densi ty , and C i s the e f fec t i ve c o l l i s i o n diameter 
„ 2 2 corresponding to f ^ n . For the t r a n s i t i o n 3 S]—-3 P i n sodium vapor, 

1 
experiments have given values of Hi x 10"*8 centimeters, and 31 x 10-8 

centimeters f o r the cross section fac to r <7", and a quantum c o l l i s i o n 

approximation y ie lds 1+1+ x 10*8 centimeters. Using the average of these 

values f o r <T, 2 ^ = 16(3 x 10" 7 cm) 2 f / ~ = 5 x 10-9 I sec" 1 . 

For t h i s t r a n s i t i o n the value of A ^ i s given by experiment as 6 x Id? 
- 1 12 sec . These values are representative ones f o r meta l l i c vapors. 
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Considering the r a d i a t i o n f i e l d i n the region t o be of black 

body d i s t r i b u t i o n , u_/ i s given by equation (53), and since = 

X3nm .., „ R

 Anm 6 x 10 7 _ - 1 

The equi l ibr ium constant f o r the react ion considered i s given by 

equation (52), and the react ion rate constant / | , i s 

K = Anm + Vym + fnm "+ u j j Bnm +' *mn • (55) 

Thus, condit ion 3 . above requires that 

6 x 107(1 + - 1 , )2 5 x 10~ 9 fl/F sec" 1 . 

( e ^ ( i A ^ M £ ) . i ) 

For T = 1000°K, t h i s means that 
' - ' 1 

f = x 10" 2 3 I- gm-cm" 3 ^ 1..6 x 10~7(1000)~^ s 1.1, x 10* 8 gm-cm"3 

or that the experiment should be performed w i t h a vapor pressure of 

about 0.01* mi l l imeters of mercury. The frequency at which dispersion 

and absorption due to i n t e r n a l degrees of freedom should occur i s , from 

condit ion 2. and equation (55), 
a i 

to * 2 x 10 sec" . 

I f the quant i ta t ive experimental conditions given are correct 

to w i t h i n several orders of magnitude, the observation of the ef fects 

of r a d i a t i o n on the propagation of sound i n sodium i s probably beyond 

present laboratory technique. The d i f f i c u l t i e s which would be encoun­

tered when working under the required conditions are: 
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1 . Equipment which can be. used at temperatures greater than 

one thousand degrees Kelv in i s very r e s t r i c t e d . 

2. At pressures of the order of one mi l l imeter of mercury, the 

i n t e n s i t y of a pressure wave i s necessari ly so low- that i t s detect ion 

i s d i f f i c u l t . 

3 . No good electro-mechanical transducers are avai lable as 
8 —1 

sources of sound waves of frequency of 10 sec"" • 

U. At a pressure of about one mi l l imeter of mercury, and f o r 

a temperature of 1000°K, t r a n s l a t i o n a l re laxat ion must be considered 

f o r frequencies above lO^sec"^" (see page. 16). 

The e f fec ts on sound propagation of rad ia t ive t rans i t ions between 

the r o t a t i o n a l levels of molecules should be observable at room tempera­

tures, i f at . a l l . Rotat ional degrees of freedom are excited at such 

temperatures. Estimated conditions which would permit the observation 

of the e f f e c t of r a d i a t i o n upon the propagation of sound i n hydrogen . 

chloride (assuming as above that f*__ and f are the same order of 
nm nm 

magnitude) are: 

1. T ss 300°K (This assures tha t r o t a t i o n a l t r a n s i t i o n s between 

the ground l e v e l and the f i r s t l e v e l of e x c i t a t i o n , i . e . , 0-1, are oc­

curr ing and therefore cont r ibut ing to C Q . ) 
2. 6 i f ^ 

3 » Anm + u j J h ^ B n m ^ f n m -

The reasons f o r the conditions 2. and 3 . are the same as those given 
f o r the example of sodium vapor. 

13 —1 
The value of A^q i s given by experiment as 58 sec . Thus 

condit ion 3 . requires that (where Xio i s about 500 microns) 
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and f o r T = 300°K, f 1 0 — 570 sec" 1 . From equation (55) and condit ion 

1. as before, these values give co f 2000 s e c " 1 . 

Neglecting possible e f fec ts due t o symmetry, the s i m i l a r i t y of 

the hydrogen chlor ide molecule and the hydrogen molecule suggest tha t 

c o l l i s i o n e f fects upon the propagation of sound should occur i n these 

gases at about the same range of frequency t o pressure r a t i o s . I n 

hydrogen, dispersion and excessive absorption of sound due t o c o l l i s i o n 
7 

induced t r a n s i t i o n s between r o t a t i o n a l levels occur at about 10 cycles 

per second per atmosphere**. Assuming that c o l l i s i o n ef fects on the 

propagation of sound i n hydrogen chlor ide occur near t h i s range of 

frequency t o pressure r a t i o demands that 

570 sec" 136 l O ^ e c " 1 a tm" 1 x P(atm) , 

or that the experiment should be performed w i t h a vapor pressure of 

about 0.01. mi l l imeters of mercury. 

The experimental condit ions given above may be discussed i n 

summary t o ascertain the a v a i l a b i l i t y of these condi t ions. 

1 . Temperature i s room temperature, thus i d e a l l y suited t o 

laboratory work. 

2. The frequency i s such that several very good sources and 

sensi t ive detectors of sound are ava i lab le . 

3 . At pressures of the order of one mi l l imete r , as above, the 

i n t e n s i t y of a pressure waye i s low. However, the a v a i l a b i l i t y of 

sensi t ive detectors i n the required frequency range reduces the magni­

tude of t h i s d i f f i c u l t y . For example, i t may be possible t o use a 
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sensi t ive microphone as a detector and measure the q u a l i t y of sound 

propagation at t h i s pressure. 

The assumptions made above concerning the c o l l i s i o n p r o b a b i l i t i e s 

are at best only estimates of possible orders of magnitude. I f the 

quant i ta t ive experimental conditions given from these assumptions are 

correct t o w i t h i n several orders o f magnitude* theiobservation of the 

ef fects of rad ia t ion upon sound propagation may be beyond present 

laboratory technique (see 3. above). The primary d i f f i c u l t y i n ob­

serving rad ia t ion e f fec ts upon sound propagation i s not that rad ia t ive 

t r a n s i t i o n s are absent f o r conditions eas i ly obtainable i n the labora­

t o r y . Radiation t r a n s i t i o n s are occurring i n hydrogen ch lor ide , f o r 

example, f o r sound frequencies of about two k i locyc les and at any 

pressure since rad ia t ive t r a n s i t i o n s are independent of the pressure 

of the gas. Equi l ibr ium i n the sound wave i s not dependent on these 

t r a n s i t i o n s except at very low pressures since, from the ca lcu la t ion 

above, at pressures greater than O.Oii mi l l imeters of mercury c o l l i s i o n s 

are qui te e f fec t i ve i n establ ishing and maintaining equi l ibr ium between 

i n t e r n a l and t r a n s l a t i o n a l degrees of freedom. 

The pressure var ia t ions i n a low frequency sound wave are gen­

e r a l l y considered to be adiabatic since the temperature gradient i s 

low, and thus the quant i ty of heat conducted i s smal l . I t should be 

noted tha t the resu l ts of Chapter , I I I ind icate that conditions might 

be found f o r which heat t ransfer due t o r a d i a t i o n causes non-adiabatic 

pressure var ia t ions f o r the propagation of low frequency sound. Here 

both purely rad ia t i ve t r a n s i t i o n s and c o l l i s i o n induced t rans i t ions 

accompanied by r a d i a t i o n would be e f fects t o consider, and possibly 
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the combined effects would produce observable departures from adiabatic 

conditions. 
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