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SUMMARY

A three-dimensional numerical solution of the time-
dependent, incompressible Navier-Stokes equations based on
an integro-differential formulation of these equations is
developed. With this formulation it is possible to obtain
the complete solution in the entire flow field while
restricting the actual computational field to the region of
significant vorticity magnitude at each time. This allows a
considerable reduction in the computer storage required,
since only the field points having significant vorticity at
any time need be stored at that time, and calculations are
actually performed only at those points at that time. The
computational field thus expands in time. The specification
of conditions at infinity is unnecessary in the present for-
mulation, these conditions being contained implicitly, so
that it is not necessary to artificially locate "infinity"
at the boundaries of a finite computational field. The
solution is obtained on a field that is, in effect, infinite.

The solution uses the vorticity and velocity as depen-
dent variables, the former being calculated at each time
from an explicit difference equation, and the latter being
subsequently calculated from a summation over the vorticity
distribution. The method is thus explicit, and the time
step and Reynolds number must be kept within a certain sta-

bility region. The stability c¢riteria are determined from a
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linearized stability analysis, and a general comparison of
the von Neumann and matrix methods of stability analysis is
given, the two methods being shown to be equivalent for
mixed initial value-boundary value problems.

The validity of the numerical solution is established
by comparison of the results with the exact solution for the
time~-dependent, one-dimensional flow over a suddenly
accelerated infinite flat plate moving parallel to itself at
constant velocity, and by comparison of surface pressure and
drag coefficients with experimental results and with the
results of other numerical solutions for the two-dimensional
flow about a circular cylinder. A discussion and comparison
of the results of other numerical solutions for this case is
also given. The accurate determination of surface pressures
and drag coefficients by the present solution and all other
numerical solutions is shown to be restricted to small

Reynolds numbers unless very small grid spacing is used in

the vicinity of the surface. The larger scale wake phenomena,

however, may be obtained at much higher Reynolds numbers.

Periodic vortex shedding and the formation of a vortex street,

as exhibited by the solution, are presented and are shown to
be suppressed in the soluticn by the addition of a splitter
plate behind the cylinder.

The numerical solution is applied to the flow field of
an infinite jet in a cross-flow and to the flow field of a

jet issuing perpendicularly from an infinite plane wall into
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a cross-flow parallel to the wall. The former case is two-
dimensional, in the sense of having a direction of invari-
ance, but with three variable vorticity and velocity compo-
nents. The latter case is fully three-dimensional. Solu-
tions are given for this case for two types of starts: (1)
the start from the opening of the jet exit, and (2) the
start from a cylindrical discontinuity standing on the jet
exit, separating the jet and cross~flow.

A three-dimensional nonlinear numerical instability
that results from a coupling of a velocity component and the
vorticity components in the plane perpendicular to the
velocity component is detected and analyzed in detail. The
time development of the three-dimensional flow from both of
the above types of starts is presented in the form of vor-
ticity and velocity profiles and vector plots and is dis-
cussed in detail. The numerical method shows the deflection
and deformation of the jet into the expected kidney shape, a
recirculation within the jet in the form of counter-rotating
vortices, and entrainment of the cross-flow into the rear of
the jet. The method alsc shows the low pressure region
behind the jet to be expected from experimental results, the
emission of a vortex ring from the jet exit, and vorticity
waves propagating up the jet from the exit. The effects and
appropriate values of several numerical parameters involved
in the solution are determined from comparisons of the

results for wvarious cases.
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A vortex lattice potential flow model of the jet in
cross-wind is also developed and evaluated. This model con-
sists of a lattice of straight vortex segments forming a
series of rings with connecting columns. The lattice deforms
as time passes according to the velocities induced on itself
by the vortex segments forming the lattice. Although the
lattice deforms into the expected kidney shape and is
deflected downstream by the cross-wind, the model is shown
to be incapable of producing the viscous wall pressure dis-

tribution about the jet.
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NOMENCLATURE
Symbols
English Letters
a (a). constant coefficient used in Appendices

G and H, defined in Equation (H-1), in
numerical solution

(b). perpendicular distance from vortex seg-
ment to point of velocity calculation
in vortex lattice model (Figure 55)

2

matrix used in Appendix H, defined by
Equation (H-8)

3

general vector used to define vector
identities

A constant coefficient used in Appendices G and
I, defined above Equation (I-1)

a;»a, vectors from ends of vortex segment to point
of velocity calculation in vortex lattice
model (Figure 55)

Af,A x and y projections, respectively, of the
portion of the cylinder surface curve lying
in a boundary cell (Figure 12)

to

vector displacement due to velocity induced
by vortex segment in vortex lattice model
(Figure 56)

b (a). constant coefficient used in Appendices
G and H, defined in Equation (H-1), in
numerical solution

(b). magnitude of b in vortex lattice model
(c). magnitude of B used in Appendix I

general vector used to define vector
identities

Pl s}

matrix used in Appendix H, defined by
Equation (H-26)

|

B constant coefficient used in Appendices G and
I, defined above Equation (I-1)

4 functions used and defined in Appendix N in
vortex lattice model



C (a). cross—-product vector defined above
Equation (VI-17), components given by
Equation (VI-17)
(b). general vector used to define vector
identities

C constant coefficient used in Appendices G
and I, defined above Equation (I-1)

CD total drag coefficient

CDf friction drag coefficient

CD pressure drag coefficient

Cpp surface pressure coefficient

Ct constant coefficients used in Appendix H,
defined in Equation (H-29)

C:, C; constant coefficients used in Appendix H,
defined in Equation (H-9)

d function used and defined in Appendix N in
vortex lattice model

D circular cylinder diameter

dl increment of length in circuit

ds increment of surface

dv increment of volume

dx, dy, d=z increments in X, y, z directions, respectively

d¢ increment of angle in vortex lattice model

df2 increment of solid angle

d d d d functions used and defined in Appendix N in
vortex lattice model

e outward unit normal to jet exit curve in
boundary plane

unit vector in direction of velocity induced
by vortex segment in vortex lattice model
(Figure 55)
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unit vector perpendicular to both vortex seg-
ment and velocity induced thereby in vortex
lattice model (Figure 56)

functions used and defined in Appendix N in
vortex lattice model

general function used in Appendix H, defined
in Equation (H-1)

function defining jet exit bounding curve,
f(x,y) = 0 (Figure 12)

functions defined below Equation (VI-18) and
below Equation (VI-20)

(a). parameter used in Appendix G, defined
above Equation (G-1)

(b). general function used in Appendix H,
defined in Equation (H-1)

(a). mesh width in numerical solution

(b). vortex ring initial spacing in vortex
lattice model

scale factors for the curvilinear coordinates,

X,, X, X,, respectively, in Appendix B in
2 3

numerical solution

functions used and defined in Appendix N in
vortex lattice model

unit vector in x-direction

(a). number of cells from origin in x-
direction

(b). vV -1 where indicated

unit matrix used in Appendices G and H

field extent in x=direction used in Appendix
G

unit vector in y-direction
number of cells from origin in y-direction

field extent in y-direction used in
Appendix G

unit vector in z-direction
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(a).
(b).

(c).

xxxiii

number of cells from origin in z-
direction '

component index of Fourier expansion
used in Appendix H, defined in
Equation (H-19b)

eigenvalve and eigenvector index used
in Appendix H, defined by Equation
(H-32)

constants used in Appendix G, defined by
Equation (G-3)

vector length of vortex segment

matrix used in Appendices G and H, defined
above Equation (H-8)

lengths defined on Figure 23 and Figure 16

difference operator used in Appendix H,
defined by Equation (H-4)

dimensions of triangular source element used
in Appendix N in vortex lattice model
(Figure 105)

functions used and defined in Appendix N in
vortex lattice model

unit vector normal to surface,

directed out-

ward from enclosed volume

number of time steps from start

number of cells across major axis of cylin-
der or jet exit, as the case may be

(a).
(b).

(a).
(b).

pressure
eigenvalve index used in Appendix G,
defined by Equation (G-7)

eigenvalve index used in Appendix G,
defined by Equation (G-8)

parameter used in Appendices G and H,
defined above Equation (H-3)

functions used and defined in Appendix N in
vortex lattice model

position vector
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(a). parameter used in Appendix G, defined
above Equation (G-1)

(b). parameter used in Appendices G and H,
defined above Equation (H-3)

image of position vector r in infinite plane,
defined by Equation (II-9), (Figure 1)

cell Reynolds number in numerical solution,
based on cross~flow velocity and mesh width

(a). Reynolds number based on cross-flow
velocity and cylinder or jet exit diame-
ter, as the case may be

(b). jet exit radius in vortex lattice model

range about point of velocity calculation
beyond which vorticity is neglected

radius beyond which no vortex cells are
created

position vector of point of velocity calcula-
tion in vortex lattice model (Figure 55)

position vectors of ends of vortex segment
in vortex lattice model (Figure 55)

functions used and defined in Appendix N in
vortex lattice model

time

(a). time, nondimensionalized with respect
to cross-flow velocity and cylinder
radius

(b). function only of t used in Appendix G,
defined above Equation (G-2)

component of velocity in x-direction

velocity

component of velocity in y-direction

(a). magnitude of velocity, ¥

(b). representative velocity magnitude in

stability analysis

component of velocity normal to general
solid body surface in Appendix B
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solutions used in Appendix A, defined above
Equations (A-8)

solutions used in Appendix A, defined above
Equations (A-9)

components of velocity in the x., x,,
directions, respectively, in AppendIx

==l

magnitude of cross-flow velocity infinitely
remote from jet and plate

velocity on jet exit

magnitude of V,
~] v
velocity ratio, Vr = 31
c

velocity on plane boundary

(a). potential velocity distribution about
two-dimensional cylinder for start from
cylindrical discontinuity

(b). potential velocity distribution induced
by a uniform source distribution on the
jet exit for start from opening of the
jet exit.

velocity at infinite distance from jet, jet
exit, or solid cylinder, as the case may be

component of velocity in z-direction
cartesian cocrdinate

matrix used in Appendix G, defined below
Equation (G=6)

function only of x used in Appendix G,
defined above Equation (G-2)

curvilinear coordinates used in Appendix B
x-coordinates of source element in Appendix N
cartesian coordinate

y-coordinates of source element in Appendix N

function only of y used in Appendix G, defined

above Equation (G-2)
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Az

Ao

A¢

|m
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cartesian coordinate

constant coefficient used in Appendix H,
defined by Equation (H-9)

constant coefficients used in Appendix H,
defined by Equation (H-9)

quadratic roots used in Appendix G, defined
above Equation (G-4)

constant used in Appendix H, defined in
Equation (H~-29)

circulation

circulations defined on Figure 23

Kroniker delta: 6., = 0 if 1 # j; ¢., =1
ij |

time step

(a). mesh width in Appendix H

(b). displacement in x-direction due to
induced velocity in vortex lattice
model

displacement in y-direction due to induced
velocity in vortex lattice model

displacement in z-direction due to induced
velocity in vortex lattice model

angular displacement due to velocity induced
by vortex segment in vortex lattice model
(Figure 56)

angular spacing of vortex columns in vortex
lattice solution (Figure 104)

matrix used in Appendix H, defined above
Equation (H-8)

(a). error in difference approximation in
Appendix H in numerical solution

(b). increment of distance normal to jet
exit bounding curve in Appendix L in
vortex lattice model



A'l

xxxvii

function defined below Equation (VI-18)
component of vorticity in z-direction
discrete functions of t used in Appendix H
component of vorticity in y-direction

angles between vortex segment and vectors
from ends thereof to the point of velocity
calculation in vortex lattice model (Figure
55)

angle from front stagnation point of cylin-
der

(a). constant used in Appendix G, defined by
Equation (G-3)

eigenvalue of matrix A used in Appendix
H

(b).

eigenvalue of matrix B in Appendix H
kinematic viscosity

component of vorticity in x-direction
discrete function of x used in Appendix H
pi

(a). density

(b). spectral radius of matrix A used in

Appendix H

angle of source element x'-axis from x-axis
in vortex lattice solution

eigenvector of matrix B used in Appendix H
truncation error

(a). initial angle of vortex column from
positive x-axis in vortex lattice model
(Figure 104)

(b) general function used in Appendix L to
illustrate vector theorem

initial angle between vortex ring segments
in vortex lattice model (Figure 105)
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w vorticity

wm minimum vorticity for creation of new vortex
cell

Subscripts

body indicates surface integration on solid body
surface

c indicates cross~flow velocity infinitely
remote from cylinder or jet, as the case may
be

cal indicates actual calculated velocity induced

on vertices of undeformed lattice at great
distance above plane boundary by the vortex
segments of the lattice in vortex lattice
model

eff indicates effective value of jet velocity
after accounting is made for discretization
error in matching exit source strength to
vortex lattice strength in vortex lattice

solution

exit indicates surface integration on jet exit

i refers to position in x-direction, defined
as number of cells in x-direction from
origin

image indicates integrel in image field in vortex

lattice solution

I value of subscript i at maximum extent of
field from originm in x-direction in Appendix
H

I0 value subscript i at front stagnation point

on cylinder

] refers to position in y-direction,defined as
number of cells in y-direction from origin

J (a). refers to infinite jet in cross-wind
sub-solution when affixed to velocity
or vorticity
(b) . value of subscript j at maximum extent of
field from origin in y-direction in
Appendix H
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value of subscript j at front stagnation
point on cylinder

(a). refers to position in z-direction,
defined as number of cells in z-direc-
tion from origin

(b). Fourier expansion component index in
Appendix H

(c). eigenvalue and eigenvector index in
Appendix H

(a). indicates number of boundary cell in
numerical solution

(b). indicates number of vortex column in
vortex lattice model

refers to minimum wvalue

refers to time value, defined as number of
time steps from start

(a). refers to limit of integration in
Equation (IV-10)

(b). indicates potential flow velocity
when affixed to velocity

indicates integral in image field in vortex
lattice solution

(a). value of subscript i as summational
variable

(b). eigenvalue index used in Appendix G,
defined by Equation (G-7)

refers to infinite plate sub-solution

indicates surface integration on infinite
plane boundary

(a). value of subscript j as summational
variable

(b). eigenvalue index used in Appendix G,
defined by Equation (G-8)

value of subscript k as summational wvariable
(a). indicates surface value of wvelocity
(b). indicates stagnation point value of

pressure

indicates component in x-direction
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90

Superscripts

n

Notation
0
Re

Im

x1

indicates component in y-direction
indicates component in z-direction

indicates limit approached from negative
side

indicates limit approached from positive
side

refers to value 0° from negative of cross-
flow direction

0
refers to value 90  from negative of cross-
flow direction

refers to image field in Appendix L in vor-
tex lattice model

(a). indicates value at infinite distance
from the jet, jet exit, or solid cylin-
der, as the case may be

(b). indicates surface integration over sur-
face at infinite distance from jet, jet
exit, or solid cylinder, as the case
may be, when affixed to integral

refers to time value, defined as number of
time steps from start

indicates matrix transpose

(a). indicates variable of integration when
affixed to position vector or coordinate

(b). refers to prime sub-solution when
affixed to velocity or vorticity

(c). refers to coordinate system in source
triangle as used and defined in
Appendix N

indicates variable of integration

order of magnitude
real part

imaginary part



x1i

3% derivative normal to surface

F vector del operator

v? Laplacian operator

” vector

_ matrix

b4 vector cross product

) vector dot product

| | magnitude

|| || natural matrix norm

Notes:

l. Subscripts and superscripts that form integral parts of a
symbol are not identified separately.

2. Nondimensionalization is used without change of symbol

when noted in each chapter or appendix. All quantities
are nondimensionalized with respect to the mesh width h,
the cross-flow velocity V , and the cross-flow dynamic
pPressure lpVC except as specifically noted in the above
list of symbols or in the location concerned. All quan-
tities used in the figures are nondimensionalized accord-
ingly.



CHAPTER I
INTRODUCTION

The problem of the incompressible jet issuing from a
wall into a cross-flow parallel to the wall is of signifi-
cance in several areas of engineering, ranging from STOL/
VTOL aircraft design to pollution control. The problem
involves considerable interaction between the jet and the
cross-flow, the jet being deformed and deflected backward by
the cross-flow, and some of the cross-flow being entrained
into the rear of the jet. The result is the formation of a
low pressure region on the wall behind the jet. The nonline-
arity of the Navier-Stokes equations makes an analytical
solution in this case, as in many others of interest, highly
improbable. Furthermore, the three--dimensionality of the
problem requires computer memory storage and computation time
much too large for practical solution by the difference equa-
tion algorithms that have been applied successfully in two-
dimensional problems.

Attention, therefore, has been directed either to sim-
plified models of the flow, constructed of line vortices and/
or other distributed singularities {1-10}*, or to the semi-

empirical prediction of various characteristics of the flow,

*Numbers enclosed in these brackets refer to references
listed under Literature Cited.



such as the deflected jet path and mass entrainment, using

experimental data and a number of simplifying assumptions

{10-19}. Both of these approaches have yielded results of

value, in that certain effects of the flow can be predicted

with some degree of accuracy if enough experimental data 1is
available. However, since neither is based directly on the
differential equations of motion, it is not to be expected
that either is capable of refinement to the extent as to pre-
dict the fine details and development of the complete flow.

The present investigation encompasses the development
and evaluation of the following:

(a) a numerical solution for the flow, based on an integro-
differential form of the Navier-Stokes equations, formu-
lated to minimize the computer storage required,

(b) a vortex lattice potential flow model of the flow.

The scope of the first of these is much broader than
that of the second, and a far greater portion of the total
effort naturally was concentrated on the numerical solution.
The numerical solution proved to be capable of predicting the
wall pressure distribution to be expected from experimental
results, while the potential flow model did not. The import-
ance of the numerical solution in the formulation used
extends beyond the present problem in that this approach
brings three-dimensional numerical solutions of the Navier-
Stokes equations on large fields at least into the realm of

possibility.



Related Work - Numerical Solution

The range of numerical solutions of the Navier-Stokes
equations has been expanding quite rapidly in the last few
years but still is confined to two-dimensional or axi-
symmetric flows, with only a few exceptions. In two
dimensions, calculations for flow fields with boundaries
coinciding with the coordinate lines of some curvilinear
system are well advanced and now quite numerous.

The time-dependent and/or steady two-dimensional flow
about rectangular bodies {20-23}, circular cylinders {24-36},
oblate spheroids {37}, elliptic cylinders {36}, and finite
flat plates {36, 38, 39}, as well as the axi-symmetric flow
about spheres {40}, has been considered in various Reynolds
number ranges. Numerical solutions for the two-dimensional
internal flow in straight channels {41}, slant {42} and step
{43} diffusers, channels with rectangular or curved bends
{44}, square cavities {43, 45, 46}, and the axi-symmetric
flow in curved channels with swirl {4?} and in circular cavi-
ties {48} have also been developed. Finally, solutions for
free flows such as the two-dimensional free jet {49}, the
axi-symmetric impinging jet {SG}, the emerging vortex ring
{51}, and the many varied two-dimensional free surface and
multi-fluid flows treated by the group at Los Alamos
Scientific Laboratories in the past several years {52-56}

and others {57} have been presented.



Three-dimensional solutions, however, have been at a
premium and have been confined primarily to free convection
heat transfer {58, 76, 77}, where the velocities are very
small and coarse grids can be used. Other examples are the
Taylor vortex instability in the flow between concentric
rotating cylinders {59, 60} and the flow in a very short
section of a square pipe {61}. One type of three-dimensional
solution {60} uses a Fourier expansion in one coordinate,
with only a single term retained, and thus might not truly
be classed as three-dimensional.

0f the time-dependent solutions presented for various
flow geometries all but a few {23, 24, 33, 39, 51, 58, 61}
have been explicit in time. In two cases {23, 24} reductions
in computer time of as much as 95% of that required by ordi-
nary Gauss-Seidel iteration were achieved by the theoretical
determination of the optimum acceleration parameter for the
particular equations involved.

Stability problems are always encountered in the
explicit methods at high Reynolds numbers, and some
researchers {26, 30, 36, 42; 43, 50} have used one-sided up-
stream space differences in order to reach higher Reynolds
numbers. However, one-sided differences introduce a numeri-
cal viscosity through their larger truncation error as com-
pared with central differences, yet it is precisely in the
higher Reynolds number range, where the physical diffusion is

reduced, that the errors thus introduced become most serious,.



This can be reduced by using higher-order one-sided differ-
ences {42} or iterating the complete solution at each time
step {36}, thus achieving the accuracy of central differ-
ences but with better stability.

Most solutions have been based on forms of the Navier-
Stokes equations not involving the pressure as a primary
variable, and the vorticity-stream function form has been
the most widely used, the few exceptions being the use of a
vorticity-velocity form {25, 49} and, in three-dimensions,
the vorticity-vector potential form {58}. In many of these
the pressure is calculated subsequently by a line integral
of the original Navier-Stokes equatiomns {27-30, 32-35, 37,
38, 40, 4?}, but a few have used the Poisson equation for the
pressure obtained from the divergence of the Navier-Stokes
equations {20, 40}. The Los Alamos group {52-56} and a few
others {26, 45, 57} have used the original Navier-Stokes
equations simultaneously with the Poisson equation for the
pressure. The use of the Poisson egquation for the pressure,
however, is questionable, for the boundary conditions for the
pressure are at best ambiguous, but must be specified on the
entire boundary since the equation is elliptic. The solution,
therefore, cannot be guaranteed to be properly posed. This
is merely a reflection of the fact that the pressure should
be considered a function linking the simultaneous differen-
tial equations, rather than a primary variable, in the solu-

tion of the equations.



Boundary conditions are always a problem in represent-
ing infinite flow fields on finite grids, and various methods
of specification have been proposed. The most commonly used
boundary conditions at "infinity" have been simply uniform
flow with zero vorticity {23, 24, 27, 29, 30, 32, 33, 35, 36,
37, 40}, although others have attempted to better represent
the true condition of infinity by using asymptotic expansions
at the boundary with iteration {28, 31, 38, 5?}. The latter,
however, is apparently equivalent in accuracy to the former
applied farther out {38}.

A wider variation in the downstream boundary condi-
tions is evident, with most researchers using zero streamwise
gradients {26, 30, 43, 47, 52, 53, 55, 5?}, but others using
extrapolation {22}, one-sided differences {42}, periodic
upstream and downstream boundaries {20, 215 61}, zero vor-
ticity {23, 50}, or specified profiles {44}. Several differ-
ent specifications of the boundary conditions on the body
surface have also been employed. Two methods are most common
for vorticity: the use of central differences on the
boundary with the values at virtual points inside the wall
determined from the no-slip condition {20, 21, 27, 28, 38,
42-46, 48}, and higher-order one-sided differences on the
boundary {23, 2845 25y 3By 37, 40y 584 61}. In two cases {23,
58} these specifications have been compared and the latter

found to be less perturbing to the solution. In cases where



the point at which a tangential velocity was evaluated did
not fall on a boundary line, reflective boundary conditions
have been used {52, 53, 55}.

There is always the question of accuracy of a numeri-
cal solution, and there is no guarantee that the nonlinear
difference system converges to the solution of the differen-
tial equations, rather than to that of some other differen-
tial equations, even when the solution is stable. Unfortu-
nately analogous experimental situations are not always
attainable, and detailed results are not always available
for comparison. Some results have, however, compared fairly
well with drag and surface pressure data for circular cylin-
ders {27, 28, 30, 32, 33, 34, 40}. These solutions and
results are discussed more fully in Chapter IV in connection
with those of the present solution.

There are two principal limiting factors in numerical
solutions—computer time and storage capacity, there being
no doubt that accuracy can be achieved in the absence of
these two limits. The goal then is to develop methods which
possess the greatest economy in time and storage. The
integro-differential formulation used in the present effort
allows significant reduction in the storage required, especi-
ally in three-dimensions, and thereby makes three-dimensional
numerical solutions on large fields practical. This storage

economy is achieved by taking advantage of the particular



nature of the Navier-~Stokes equations, i.e., the tendency of
large velocity gradients to occur only in relatively small
regions of the flow for small values of the viscosity. All
of the three-dimensional numerical solutions of the Navier-
Stokes equations reported have been restricted to small flow
fields. The present formulation, however, allows the con-
sideration of fields of meaningful size.

O0f the two~dimensional solutions reported, those of
Payne {49} for the plane jet and Whitehead {51} for the
emerging vortex ring are applied to flow situations most
similar to those considered in the present effort. Neither
of these problems, however, involves a cross-wind, and the
latter involves a time-dependent jet exit velocity which
eventually vanishes. The numerical formulation of Payne {25,
49} bears some surface resemblance to the present formula-
tion, but is fundamentally different, being based on the use
of discrete line vortices and their images in any solid sur-
faces present, rather than on the integro-differential formu-
lation of the governing equation. It is thus necessary in
the formulation of Payne that the image points in any curved
solid surfaces be located, a requirement that is difficult to
fulfill for general surfaces. It is not clear how such use
of vortices and images could be extended to three-dimensional
solutions. These two solutions do, however, provide certain

comparisons with the present results as noted in Chapter VI.



Related Work—Vortex Lattice Model

Various approximate methods have been proposed for
the determination of the deflected jet path, all based in
some way on average or integral momentum-force balances.

The most simplistic of these simply add the jet and cross-
wind mean velocity vectors {11} or stream functions {12},
Others are based on a balance between the drag perpendicular
to the jet axis and the centrifugal force of the jet {13-15}.
Some slightly more sophisticated methods attempt also the
prediction of the jet axial velocity variation and entrain-
ment by application of the integral momentum egquations to
control volumes containing the jet {10, 16, 17, 18}. All of
these methods require a considerable amount of empirical
data. In addition all of the quantities assumed constant

in the various methods must, of course, be determined empiri-
cally. Still another approach considers the jet deflection
as due to inelastic collision {19}.

The heavy dependence on empirical data and the numer-
ous assumptions make some of these methods little more than
curve-fits of experimental data for the jet path, axial
velocity, and entrainment. Furthermore none of the fits has
been shown to be universal enough to give reliable predictions
in all ranges of the data. Such approaches, therefore, are
of limited value in the prediction of the properties of the

jet in a cross flow.
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Most recent attempts have been directed toward the
representation of the jet by distributed singularities of
various types. Several two-dimensional or quasi-two-
dimensional representations have been considered {1, 2, 10}
which consider the jet to be undeflected {l, 2} or use
singularities confined to the plane formed by the jet axis
and the cross-wind {10}.

The representation of the jet and wake by an elliptic
cylinder with an afterbody, the dimensions of which are
determined to fit the wall pressure distribution, gives fairly
good agreement with the experimental wall pressure distribu-
tion outside the region directly behind the jet. The inclu-
sion of a sink in the afterbody {2} to take account of the
entrainment gives even better agreement with experimental
results. The use of a plane lattice of straight vortex seg-
ments located on the plane formed by the jet axis and the
cross-wind velocity {10} does not give very close agreement
with the experimental wall pressures. A similar approach is
the use of two-dimensional doublets placed on the empirical
jet path {10} with the strengths varying along the path in
such a way as to cause the jet cross-section parallél to the
wall to change from a circle through a series of ellipses,
with a line of two-dimensional sinks of pre-determined
strengths located on the major axes of the ellipses. This
representation attempts to take some account of both the jet

deflection and the entrainment.
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Several three-dimensional singularity distributions
have also been proposed {3-9}, the simplest of which uses
two vortex lines with a sink line half-way between, the
three lines having a common tangent plane at each point {3}.
A rather extensive model designed to represent not only the
jet but also adjoining three-dimensional bodies such as
wings, nacelles, fans, and the like, by a three~dimensional
distribution of sources and doublets has also been developed
{4,5}. Here the solid surfaces are covered with quadri-
lateral source panels, fan inlets are covered by quadri-
lateral doublet panels, and the jet is represented by a
fixed tube of pre-determined geometry covered by quadri-
lateral doublet panels and placed on the empirical jet pgth.
Bound and trailing vortices are added to the wing to allow
lifting forces. This method is the best available for at
least approximate calculation of the aerodynamic coefficients
for complicated three-dimensional fan-in-wing combinations.
However, its accuracy still leaves much to be desired because
of the fact that the jet itself is not too well represented.
The entire jet geometry is pre-determined from empirical
data and kept very nearly cylindrical.

A similar but less complete approach uses only bound
and trailing vortices to represent a wing of zero thickness,
and a three-dimensional lattice of straight vortex segments

of predetermined geometry placed on the empirical jet path
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to represent the jet {6}. Yet another variation uses spe-
cified normal velocity on the surface of the jet tube and
includes trailing vortices from the jet {?}.

None of the above methods allows for the deformation
of the jet cross~section into the characteristic "kidney"
shape. Some attempts at this are in progress. One proposal
is a stack of two-dimensional vortex rings, each of which
deforms under its own influence as time progresses {8}, those
farther from the jet exit having been deforming for a longer
time. This model, however, takes no account of the mutual
influence of the rings, nor does it allow them to rotate
about an axis perpendicular to the jet axis and cross-ﬁind.
Another proposal is the use of a three-dimensional lattice
of short unconnected vortex segments which move under their
mutual influence {9}. This, however, suffers from violation
of Kelvin's theorems {73, Chapter 9}.

In the above-mentioned work several researchers have
included three-dimensional vortex lattices in their models
{4—9}. However, in most of these the lattice is of fixed
geometry and is kept in a predetermined configuration rather
than being left free to determine its own configuration {4—
?}. The lattice in these cases cannot represent the true jet
but only serves to supply some influences of the jet on asso-
ciated bodies. 1In another case only vortex rings, with no

connecting column vortices, have been used {8}. Here the
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rings are allowed to deform, but only under their individual,
not mutual influences. The last work cited {9} is most simi-
lar to the model of this proposal. The use of discrete vor-
tex elements, however, makes that model differ significantly

from the model investigated here.



CHAPTER II

INTEGRO-DIFFERENTIAL FORMULATION

Mathematical Formulation

Incompressible fluid motion is governed by the Navier-

Stokes equation with constant density and fluid properties:
g 1 2
ﬁ + (E ¢ Y)‘i - 'F—)?p + vV Y' (l)

together with the continuity equation

Vv =20 (2)

The pressure may be eliminated as a dependent vari-
able by taking the curl of Equation (1) and introducing the
vorticity as a dependent variable (Appendix A). The system

of differential equations governing the motion is then

aw 2

5% =V x (v x @) + vV w (3)
Vxv=uw (4)
v . oy o= 0 (5)

The last two equations together imply the equation

(Appendix A)

Vv = - V x (6)
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and, as is shown in Appendix A, the solution of this equa-
tion subject to given boundary conditions and specified vor-
ticity distribution and the solution of the simultaneous
equations (4) and (5) subject te the same boundary condi-
tions and vorticity distribution are both unique and, there-
fore, identical. It then follows that the solution of the
differential system defined by Equations (3), (4), and (5)
can be obtained by solving the differential system composed
of Equations (3) and (6).

The second of these equations, being a Poisson egqua-
tion, can be expressed in integral representation by Green's

Theorem (Appendix B) :*

3v
e (r' = r) * n
43 n 5 -
v(r) = — JJ [ o + v] 4§
~o 4m [E EI [r' - r]a ~
1 V x w
s — dv
7 ] BT )
where the integrations are over r', with v, w, and the nor-
mal to the surface n being functions thereof. The volume

integral is over the entire flow field, and the surface inte-
gral is over the boundary thereof. This equation expresses
the velocity in the field as a function of the normal deriva-
tive of the velocity on the surface, the velocity itself on

the surface and the vorticity distribution in the field.

*Dependence on time is understood throughout this chapter.
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Formulation with a Porous Infinite Plane Boundary

Green's Theorem also implies the following integral

relation for a poilnt r outside the flow field (Appendix B):

av
gi (r'" - ) en V X
JJ [lrl — + 3 E] ds + JJIT;T‘*—?— dy = 0 (8)

-z

For any problem involving an infinite plane boundary, porous
or impervious, Equation (8) can be used to eliminate the

term involving the derivative normal to that boundary from
the surface integral of Equation (7). Referring to Figure 1,
for every point r in the flow field define an image point R

beyond the plane boundary:

Rz=r - 2(k « r) k (9)

~ o

where k is the unit vector perpendicular to the plane
boundary, directed into the flow field.

Combination of Equations (7) and (8), with r in Equa-
tion (8) replaced by R, yields the following replacement for
Equation (7), the integrals over the surface at infinity

having vanished (Appendix B):

k » ¥ v ds
X(E) = 2m JJ [r, |3 *

1 1 1
o J”(Ir' =%] " T - xp ‘LF @ 4y Q0
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Here, from Equation (9),

z' - Rl =tz - xl® 4 etk - 0 & - 2D b

The surface integral is now over only the plane boundary,
but the volume integral is still over the entire flow field.
The only requirement that has been imposed to secure the
vanishing of the surface integrals over the boundary at
infinity is that the derivative of the velocity normal to
that boundary be non-zeroc only over a finite portion of the
boundary and/or over a portion of finite vertical extent
above the plane boundary. This certainly will be the case
at any finite time after the start of the flow.

Using the properties of the particular function
|f"'§l-1 employed here, the volume integral of Equation (10)
can be expressed in a form not requiring the derivative of

the vorticity (Appendix B). The final integro-differential

system to be solved is then

TT Vv x (V x W) + vvzm (12)
€ oxogq Y as
) = gy ” = 2
1 r' - ¢ r' - R
+A——JJJ( - - - —= ——) x wdv (13)
4T 'r, _E|3 |E| __5'3 ~

where the surface velocity VS is specified by the boundary
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conditions. The boundary conditions at infinity are con-
tained implicitly in the formulation so that no further
specification is necessary.

Formulation with a Finite Closed Solid Boundary

As shown in Appendix B, the normal gradient of the
velocity on the surface of a body of any shape can be writ-

ten in terms of the surface vorticity:

Also in Appendix B it is shown that, with this expression for
v

00 the surface integral of Equation (7) can be combined with

the volume integral (specifying v = 0 on the body surface),

so that Equation (7) may be rewritten as

1 ' -
TEd = Yt ZEJJJ‘]*T“j‘;TS) ol By

Here the conditions at infinity have been taken to be zero
vorticity and uniform velocity¥ The integro-differential

system to be solved in this case then is

oW 9
e -V x (¥xw + vy (A=
i fff E° = ¢
yir) = ¥, + EJJJ([;—-L@) x wdv (16)
r' - ~

where V_ is the uniform velocity at an infinite distance

from the body.

*Specifically, the vorticity must approach zero at least as fast as
the inverse square of the radius.
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Reduction of Volume Integrals in One and Two Dimensions

As shown in Appendix B, the wolume integral of Equa-
tion (16) may be reduced to a surface integral for two-
dimensional solutions by carrying out the integration over
the direction of invariance, In two-dimensional problems
then Equation (16) is replaced by the equation

r' - r

> 1 ~ ~
v(r) = Ym B Zﬂ[J( - 2) % @dS (17)

~ 1

|E? =~

where the surface integral extends over the entire two-
dimensional flow field.

Also in Appendix B it is shown that the volume inte-
gral of Equation (13) may be reduced to a line integral for
one-dimensional solutions by performing the integration in
the plane of invariance. Therefore, in one-dimensional

problems Equation (13) is replaced by the equation

Z
u(z) = v + [ndz' (18)
o

Numerical Solution in the

Integro-Differential Formulation

Computation Procedure

The explicit numerical solution consists of a two-part
procedure at each time step: (a) first the new vorticity is

calculated at the new time from the parabolic (in time)
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differential equation, and (b) then the new velocity is cal-
culated from the appropriate integral over the new vorticity
distribution. Now only those field points with non-zero
vorticity need be considered in the calculation of the
velocity from the integral over the vorticity distribution,
since the integrand is zero where the vorticity is zero.
Furthermore, with the space derivatives in the differential
equation for the vorticity expressed as three-point central
differences, the vorticity can change at each time step only
at, or adjacent to, points that already have non-zero vorti-
city at that time. Therefore, the velocity is required for
the actual calculation only at points having non-zero vorti-
city. This then means that the solution in the entire flow
field can be obtained while actually performing calculations
only in the region of non-zero vorticity at each time.
Therefore, only the points with non-zero vorticity at a given
time need be stored at that time, rather than all the field
points as would be required if the numerical solution were
based on the differential formulation.

It should be noted that all of the information con-
tained in the differential system, Equations (1) and (2), is
also contained in the integro-differential system, Equations
(12) and (13) or Equations (15) and (1l6). In particular, the
effect of the boundary conditions at infinity, i.e., the free

stream, have not been lost, but are contained implicitly in



21

the integro-differential formulation. In fact, the finite
numerical calculation field in the integro-differential for-
mulation is, in effect, infinite, and the necessity of locat-
ing "infinity" at a finite distance, as is required in numer-
ical methods based on the differential formulation, is
avoided. The restriction of the field of actual computation
to the region of non-zero vorticity at each time is not an
approximation in itself.

This formulation thus takes advantage of the particu-
lar nature of the Navier-~Stokes equations, i.e., their ten-
dency to produce solutions having large gradients, and hence
vorticity, over relatively small regions of the flow field
for fluids of small vyiscosity. This property of the equa-
tions is a distinct impediment to numerical solution of the
differential system, but is exploited to advantage in the
numerical solution of the integro-differential system, with
considerable savings in computer storage.

In the numerical solution the flow field is divided
into elementary cells (which are cubes, squares, or simply
line segments in three, two, and one dimensional flow prob-
lems, respectively), each of which is centered on a point of
a rectangular grid of constant mesh width. For purposes of
identification the following definitions are introduced:

vortex cell—a cell centered on a point having non-

zero vorticity,
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border cell-—a cell centered on a point having zero
vorticity, but being adjacent to a vor-
tex cell,

boundary cell—a cell containing a portion of a solid

surface boundary,

aggregate of vortex cells-—the group of all the vor-

tex cells in the flow field.

At each time step the new vorticity of each vortex
cell is calculated from the finite difference representation
of the differential equation, Equation (3). New vorticity
is also calculated for each border cell from the same equa-
tion. If the sum of the magnitude of the vorticity of a bor-
der cell and that of any vortex cell adjacent to the border
cell in question exceeds a specified value, the border cell
is reclassified as a vortex cell. If not, the vorticity cal-
culated for the border cell is instead distributed evenly
among the adjacent vortex cells, and the border cell remains
a border cell. The velocity is then calculated in each cur-
rent vortex cell from the integral over the vorticity distri-
bution in the aggregate of vortex cells. Values of vorticity
and velocity are stored only for the vortex cells. The cell
cataloging procedure necessary to implement the economy in
storage requirements is described 1in Appendix C, and typical
comparisons with the storage requirements of the differential

formulation are also given therein.
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Computer Time Required (UNIVAC 1108 Computer)

The computer time required increases as time pro-
gresses since the computational field becomes larger at each
time step as more vortex cells are added. The computer time
is also strongly dependent on the influence range beyond
which vorticity is neglected in the velocity calculation,
since the velocity calculation accounts for the majority of
the computation time required at each time step. For the
longest two-dimensional run made, the solution required
about 7.5 minutes per time step with 3408 vortex cells and
an influence range of 24 cells. 1In that case the aggregate
of vortex cells extended 40 cells normal to the cross-flow
and 140 cells parallel to the cross-flow. However, since the
region of non-zero vorticity, i.e., the aggregate of vortex
cells, is only a small portion of the entire flow field, the
same solution using a differential formulation would have
required, conservatively, an 80 x 280 rectangular field con-
taining some 22,400 points as opposed to the 3400 required in
the present case. Comparison of time required by the present
solution with that of a solution based on differential formu-
lation in this case should therefore assume that about seven
times as many points would be required with the differential
formulation.

In the longest three-dimensional run made, the solu-

tion required about 13.8 minutes per time step with 2256
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vortex cells and an influence range of 12 cells. The aggre-
gate of vortex cells in this case extended 13 cells above
the plane boundary and 24 cells both normal and parallel to
the cross-flow. The same solution with differential formu-
lation thus would have required at least a 20 x 50 x 50
field with 50,000 points, or about twenty times the number
of points required in the present solution. It should be
noted also that these estimates of the size of the field
required with the differential formulation are conservative,
assuming as they do that the infinity cenditions can be
imposed at distances about half the extent of the region of
non=-zero vorticity from the edge of that region.

The large computer time required by the evaluation of
the velocity from the integral over the vorticity field makes
the numerical method based on the integro-~differential formu-
lation, however, non-competitive with methods based on dif-
ferential formulation in two-dimensional problems. (The cal-
culation of the velocity at each point truly requires a sum-
mation over all other points having non-zero vorticity,
though only those points within a certain distance are actu-
ally included.) This arises from the fact that the integral
solution of Poisson's equation is equivalent, in finite
methods, to inverting a matrix having as many elements as
there are calculation points in the field. The differential

solution of Poisson's equation, however, is equivalent, in
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finite methods, to solving the matrix equation by iteration
rather than by inversion. For matrices of any appreciable
size, iterative methods of solution, especially with con-
vergence acceleration, are much more efficient than matrix
inversion.

There is ancother point, however, for the field
involved in the integro-differential method, including as it
does only the points with non-zero vorticity at any time, is
smaller than that necessary for differential methods. (The
above-mentioned restriction of the summation to points within
a certain distance of the point in question reduces the size
still farther.) The latter must, of course, include at all
times the entire field ever to be used at any time. There-
fore, the matrix to be inverted in the integro-differential
method is smaller than the matrix to be solved by iteration
in the differential methods. There is, then, a cross-over
point, the integro-differential method being faster at the
earlier time steps than the differential. The situation is
reversed, however, as the computational field of the integro-
differential method increases with time and the matrix being
inverted becomes larger. Though always smaller than the
matrix of fixed size that is solved iteratively in the dif-
ferential methods, the matrix of the integro-differential
method eventually requires more time for inversion than is
required for iterative solution of the larger matrix of the

differentlal methods.
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It would seem that the velocity calculation could be
done more efficiently if the geometry factors involved were
calculated only once and read from storage as needed. This,
of course, is true if the retrieval from storage can be done
faster than the needed values can be calculated. Such, how-
ever, is not the case with magnetic tape storage, the only
alternative available in the present effort. Calculations
showed that tape storage of the geometry factors in blocks
small enough to be kept in core with the rest of the program,
i.e., of the order of the field size, offers no time savings
in the present case. Disc storagz, however, has retrieval
time faster by several orders of magnitude than tape storage
and would allow a considerable savings in computer time.

Even if the retrieval from storage required no time
at all, a cross-over point would still exist in comparison
with differential methods. The storing of the geometry fac-
tors amounts to storing the inverse of the matrix rather
than recalculating it at each time. However, with very
large matrices the number of calculations necessary just to
perform the matrix multiplication with the inverse exceeds
that involved in the iterative solution of the matrix. Thus,
although speed could be gained with the use of more rapid
data retrieval storage, the differential methods would still
eventually become faster as time progressed, the cross-over

point being postponed to a later time.
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In three dimensions, however, the integro-differen-
tial method is superior in speed at the present state of the
art. The primary reason for this is that the significant
storage reduction achieved by the integro-differential
method allows three-dimensional problems of large field size
to be considered without the use of any low-speed storage,
i.e., completely in the high-speed core. This is a result,
of course, of confining the calculation to the region of
non-zero vorticity at any time. The addition of the third
dimension causes the field required for the differential
methods to become so large that the solution can no longer
be kept in core, but must be read from the low-speed storage
at each iteration. The same retrieval time discussed above,
but even 1érger here due to the large field, then must be
considered in these methcds at each iteration.

In addition the relative field matrix size advantage
of the integro-differential method over that of the differ-
ential is increased by an order of magnitude in three
dimensions, as compared with two dimensions. The point at
which the inversion of the smaller matrix requires more cal-
culations than the iterative solution of the larger matrix
is thus postponed to much larger times in three-dimensional
problems.

The result of both these factors then is a significant

speed advantage of the integro-differential method in three
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dimensions at the present time—witness the dearth of dif-
ferential method solutions in three dimensions that have
been presented.

Applications Developed

This numerical method based on the integro-differen-
tial formulation is applied first to the time-dependent, one-
dimensional flow over a suddenly accelerated infinite plane
wall (Chapter III) for comparison with an exact solution of
the Navier-Stokes equations. The method is then applied to
the time-dependent, two-dimensional flow about an infinite
solid cylinder with its axis normal to the cross-flow (Chap-
ter IV) for comparison with experimental data and the results
of other numerical methods. The comparisons made in these
two chapters serve to establish the validity of the numerical
method before application to the jet in cross-wind.

The time-dependent, three-dimensional jet in cross-
wind (Chapter VI) is treated with two different types of
initial conditions. In the first case, the flow is con-
sidered to start from the opening of the jet exit. The
initial velocity distribution for this case is the super-
position of a uniform flow parallel to the wall and the
velocity induced by a uniform source distribution on the jet
exit (Figure 2a). With this type of start the jet penetrates
more deeply into the cross-flow, while being deflected back~-

ward, as time passes until a steady state is reached
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(Figure 2a).

The initial vorticity distribution for this case then
is simply a plane sheet of vorticity on the wall, resulting
from the satisfaction of the no-slip condition at the wall
(Figure 2b). Since this sheet of vorticity extends to
infinity in the two directions parallel to the wall, the
region of non-zero vorticity is already of infinite extent
at the start, so that the number of vortex cells is infinite
from the start. However, the solution at an infinite dis-
tance parallel to the wall from the jet exit at all times is
simply that of the one-dimensional flow above an infinite
plane wall. This is simply the solution developed in Chapter
ITI superposed with a uniform flow parallel and opposite in
direction to the velocity of the infinite plane. This one-
dimensional solution thus supplies the conditions at infinity
at all times for the complete three-dimensional solution for
the jet in cross-wind with this type of start.

Therefore, the difference between the complete solu-
tion and this one-dimensional solution is a three-dimensional
solution having zero vorticity at infinity, and thus having
only a finite region of non-zeroc vorticity at any finite
time. The initial vorticity distribution for this latter
solution is then a circular plane sheet of finite extent on
the wall surrounding the jet exit, resulting from the appli-

cation of the no-slip condition to the velocity induced
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parallel to the wall by the uniform source distribution on
the jet exit (Figure 2c). The complete numerical solution
is therefore obtained with this type start by performing
simultaneously the one-dimensional solution of Chapter III
and a three-dimensional solution (Chapter VI) having a
finite extent of non-zero vorticity.

The other case treated is that in which the flow is
considered to start from the dissolving of a hypothetical
pipe standing on the jet exit, separating an interior uni-
form vertical flow of infinite vertical extent from the
exterior potential cross-flow about the pipe normal to its
axis (Figure 3a). In this case the jet penetrates without
deformation to infinity normal to the wall at the start. As
time passes, the jet is deformed and deflected backward, the
portion at infinity above the wall remaining normal to the
wall as its vertical velocity is reduced to zero (Figure 3a).
Each type of start leads eventually to the same steady state.

The initial vorticity distribution in this case is a
plane sheet of vorticity on the wall, resulting from the
satisfaction of the no-slip condition at the wall, and a
cylindrical sheet of vorticity standing on the jet exit,
resulting from the velocity discontinuity created at the dis-
solution of the pipe (Figure 3b). Now both of these sheets
of vorticity are of infinite extent, the plane sheet extend-

ing to infinity normal to the wall. However, the solution
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at an infinite distance parallel to the wall from the jet
exit is again that of the one-dimensional flow above an
infinite plane wall. Also, the solution at infinite verti-
cal distance above the wall is that corresponding to the
dissipation of an infinite column of fluid by the cross-flow
(with no variation along the column), the column having been
located over the jet exit at the start and having had at
that time the uniform vertical velocity of the above-
mentioned flow inside the hypothetical pipe (Figure 4). As
time passes, the column is deformed and displaced backward
by the cross-flow, and the vertical velocity is gradually
dissipated (Figure 4). At infinite time this solution is
reduced to that of the undisturbed uniform cross-flow, with
no vertical velocity. This is a time-dependent, two-
dimensional problem (but with three variable components of
velocity and vorticity) and is developed in Chapter V for use
in the solution with this type start as described below. The
solution of Chapter V thus supplies the conditions at
infinity normal to the wall in this case.

The sum of the solutions developed in Chapters III and
V supplies all of the infinity conditions for the complete
three-dimensional solution in this case. The difference
between the complete solution in this case and this combina-
tion of solutions then is a three-dimensional solution having

zero vorticity at infinity, and thus having only a finite
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region of non-zero vorticity at any finite time., The

initial vorticity distribution for this latter solution is
then a plane sheet of finite extent on the wall surrounding
the jet exit, resulting from the application of the no=-slip
condition to the velocity induced parallel to the wall by

the doublet distribution on the jet exit diameter that, with
the uniform cross flow, forms a closed streamline correspond-
ing to the jet exit curve, e.g., a single doublet at the cen-
ter of a circular exit (Figure 3c). The complete numerical
solution is therefore obtained in this case by performing
simultaneously the one-dimensional solution of Chapter III,
the two-dimensional solution of Chapter V, and a three-dimen-
sional solution (Chapter VI) having a finite extent of non-

zero vorticity.



CHAPTER TII

NUMERICAL SOLUTION FOR THE

FLOW ABOVE A SUDDENLY ACCELERATED INFINITE FLAT PLATE

In this chapter the numerical method is applied to
the time-dependent, one-dimensional flow above a suddenly
accelerated infinite plane moving parallel to itself at
constant velocity. This solution was developed for two pur-
poses: to provide a test of the numerical method against an
exact solution and to provide a sub-solution for use in
developing the three-dimensional solution for the jet in

cross-wind in Chapter VI.

Numerical Formulation

Vorticity-Velocity Solution

The one-dimensional solution for the flow above an
infinite flat plate moving parallel to itself in an otherwise

quiescent fluid is determined by the nondimensional equations

(Chapter II)

on _ 1 32” (1)*
9
at RC 82
u(z, t) = 1 + [n(z', t) dz" (2)

8]

*All quantities in this chapter are nondimensionalized as
noted in the Nomenclature.
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where the cell Reynolds number RC is based on the constant

plate velocity. The boundary condition 1is

u(0, t) = 1
and the initial condition is
-1, z =20
n(zs 0) = '[:
0 , z >0

which correspond to the initial solution

L'L(Z, 0) = {
0, z >0
The numerical approximation of Equation (1) is, using
a two-point forward time difference and three-point central

space differences (Appendix D),

n+l _ At .1
n o= 23N

At , n n
R ) E:(”k+1 P Mg ) (3)

in the straight explicit form, or

1_ A At
2 R R
n+l _ c n-1 c n n
2 E 2 R
c c
in the Dufort-Frankel form. Here the superscript and sub-

script refer to time and space, respectively: UE = n(zk, tn).
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The integral of Equation (2) is approximated by the summa-

tion

a kgl a
u, = 1 + n
k Eml r

Boundary Conditions and Initial Conditiomns

Since

lim u(z, t) = 0
At

Equation (2) implies that

so that, from Equation (5),

1, all n

Il r~1 8
=
B
1]

I

1

But, in the straight explicit formulation,

n n =~ n
In.=n;+ I n
gmi B b gl R
= 0 T n-1 At , n-1 n-1 n~1
N ¥ kzz[”k # Rc(nk+l Wy T F My 5

where Equation (3) has been used to express nE in terms

(5)

of



the previous values for the summation. Then,
n - - - -
Ine=mp+ I g L) on -my -2y
k=1 k=2 c k=2 k=2
o T 1
n- P
+ In T+
k=2
5 1 1, At 1 1
_ el | e aAt, n-1  n-
-, F kzl My n, o+ Rc(nl n, )

Then, since it is required above that

But from Equation (3) applied on the boundary,

n At, n-1 At ,_n-1 n-1
n, = (1 - 27§?n1 + RC(n2 +ng )
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These last two equations are both satisfied if the vorticity

at the virtual point below the boundary is defined to be

equal to the value on the boundary:

-
e
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This requirement then satisfies the conservation of vorticity
that is implied by Equation (2), and the boundary condition
on the velocity is implicit in this equation.

The proper representation of the boundary condition
is thus achieved by the specification of a value of vorticity
at a virtual point one cell width below the boundary, this

value being taken equal to that on the boundary (zl = 0):

The initial conditions are simply

Computation Procedure

At each successive time step new values of the vorti-
city are calculated from Equation (3) or (4), depending on
formulation being used, and new velocity values are then
obtainable from Equation (5). Only those cells with non-
zero vorticity, i.e., vortex cells,* and one border cell%*
need be included in the calculation, for only in these cells

can the vorticity change at a given time step. If the

*Yortex cells and border cells are defined in Chapter II.
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magnitude of the newly calculated vorticity in the border
cell (which had zero vorticity at the previous time) is suf-
ficiently large, the border cell is reclassified as a vortex
cell and the extent of non-zero vorticity is thus increased
by one cell, Otherwise, the extent of non-zero vorticity
remains unchanged, and the vorticity of the border cell in
question remains zero. Two criteria for making this deter-
mination were examined:

(1) The vorticity field is extended if the magnitude
of the vorticity calculated for the border cell
exceeds a specified minimum, mm. Otherwise this
vorticity is added to that of the topmost vortex
cell,

(2) The vorticity field is extended if the sum of the
magnitude of the vorticity calculated for the bor-
der cell and that of the topmost vortex cell
exceeds a specified minimum, W - Otherwise this
vorticity is added to that of the topmost vortex
cell.

Thus no vorticity is ever lost from the field. (The simple
discarding of the vorticity calculated for the border cell
in the event of no reclassification results in vorticity
flowing out of the field of computation, so that the wviscous
effects of the wall are eventually obliterated.) These two

schemes amount to a spacial averaging, whereby the total



vorticity present is not altered, but the distribution at
the outer edge of the field is averaged over adjacent
points in the field.

Comparison With Exact Solution

From the comparisons given in Figure 5% it is clear

that the solution using the above minimum vorticity scheme
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#1 does not converge as the time step is reduced at constant

cell size. The solution with scheme #2, however, does con-

verge to the exact solution of Equations (1) and (2), {67,
Chapter 5}, as is demonstrated in Figure 6.

The effect at large times of the minimum vorticity,
wm’ is shown in Figures 7 and 8 for the two schemes. Com-
parison of Figures 7 and 8 shows that both schemes are
accurate with a minimum vorticity of 0.001., Scheme #1,
however, shows a much more rapid loss of accuracy as the
minumum vorticity is increased. The accuracy with each
scheme naturally deteriorates in time with a large minimum
vorticity, since the error thus introduced is cumulative.
With larger values of the minimum vorticity the transition

of a border cell to a vortex cell becomes less likely, so

that the vorticity tends to be artificially confined and its

spread away from the wall is inhibited.

*Parameters used in all results presented are given in
Table 4.
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The lack of convergence with a decrease in time step
that results with scheme #1 is reflected in the loss of
accuracy as time progresses that is evident in Figure 9a.

Scheme #2, however, suffers no such loss (Figure 9b).



CHAPTER IV

NUMERICAL SOLUTION FOR THE FLOW ABOUT

A TWO-DIMENSIONAL SOLID CYLINDER

In this chapter the numerical method is applied to
the time-dependent, two-dimensional flow normal to the axis
of an infinite solid cdircular cylinder with and without a
rear splitter plate. This solution was developed to provide
a comparison of the results of the numerical method for the
surface pressure distribution, the pressure, friction, and
total drag coefficients, the length of the standing vortices
behind the cylinder, and the vortex shedding frequency with
those of other numerical methods and with experimental data.
Since the purpose of this comparison was to verify the
method to be applied to the three-dimensional jet in cross-
wind, for which cartesian coordinates are appropriate, a
cartesian system was used also for this comparison, even
though cylindrical coordinates are, of course, more appropri-
ate to the analysis of the flow about a circular cylinder.
In the jet in cross-wind problem, the portion of the jet near
the exit is essentially cylindrical, so that the cartesian
coordinate system used must be capable of treating essenti-

ally cylindrical geometries as well as geometries that are

predominantly rectangular.
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Numerical Formulation

Vorticity-Velocity Solution

The two-dimensional solution for the flow of an
unbounded free stream about a cylinder with its axis perpen-
dicular to the free stream is determined by the equations

(Chapter 1II)

AW 2

a—g*—'E’X(Y_XLg)—l—WLB (1)
1 ([ &' - 1)

v = Vm + Z_ﬁJJ_ﬁ 5 x w (r') dS (2)

~ ~ [r| - r‘ ~ ~

where the integral is over the entire two-dimensional region
exterior to the cylinder, and Vo, is the uniform velocity at

an infinite distance from the cylinder. After nondimension-
alization with respect to the free stream velocity vV and the
cell size h, Equations (1) and (2) become, for the coordinate

system shown in Figure 10,

2 2
%_E = - a—i (uz) - :—% (vg) + —Rl— (a—? + a—%) (3)*
¢ 3x oy
os g [E AR A g
(x' - x)" + (y' = 9

*Hereafter all quantities in this chapter are nondimension-
alized as noted in the Nomenclature.
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| ' 1
v = =- Elﬁ J‘[ (X x—22C _(‘X H y ) 2 dxldy! (Ab)
(x' = x)° + (y' - y)
v.h
with the cell Reynolds number defined as RC = T and all

quantities in Equations (3) and (4) taken as dimensionless.
With the space derivatives replaced by three-point

central differences and the time derivative by a two-point

forward difference, Equation (3) is approximated (Appendix

D) by the difference equation,

n+l _ _ 4At n _ At n _ n
+ (v - (vo) j o Bt + g8
i,j+1 i,j-1 R_'Ci+1,] i-1, 3
n n
M TE TSI I €3

in the straight explicit form, or by the difference equation,

(Appendix D)

7= at
R Fe v LIS B N 2&_t]““‘)Ll,j (82D 51,3
2 7R 2 TR
At
R
MNP C OIS B +C£EET[ci+l,j Si=1,3
7 ¥ g
c
t oy ge t 0,y k6)
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in the Dufort-Frankel form. Here At is the (nondimensional)
time step, and the subscripts and superscripts refer to
space and time coordinates, respectively:

n -

E;i,j ;(xi’ Y-’ t )

] n

The integrals of Equation (4) are approximated

numerically by

" 1 (v, - v;) o
u, . = -1+ =— ) Yo -1 - Ll (7a)
1,71 2 2 2
P q (xp - xi) + (yq = yj)
(p,q)#(i,3)
(x_ - x,) "

n = _];_. P i P,q
vi,j - 21 X E 2 2 (7b)

P g KE, = ®p)” Fodyy = )

(p,q)#(i,1)

The summations need be taken only over those points having
C;,q # 0. A square grid is used, and the cells are squares
of unit width centered on the grid points as shown in
Figure 11. The velocities are evaluated at the centers of
the square cells.

Surface Pressure

The pressure on the cylinder surface is calculated
from the Navier-Stokes equations, which in two dimensions and

nondimensional form are

2 2
0 u 9 u
(24 2 (8a)

9x oy

ap ., 1
ox ¥ Rc

o=

du 5 N
—+u§+vay~
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3 2

v ov . v _ _19p 1.,9°v A 3w

3t P Mg ¥ Ve = “ 95y TR C o ¥ 3! (8b)
c 9x oy

where the pressure is nondimensionalized with respect to the

free stream dynamic pressure, %pVi. Using the continuity

equation and definition of vorticity, Equation (8) may be

rewritten as

2 2
19p _ 1 3z _ 18?4+ _ Bu
2 3x R, dy 2 ax ¥ vE t (3a)
1ap _ 13z _13*+v® v (o5
2 9y RC x 2 ay ug t

The line integrals of Equation (9) in the x and y

directions, respectively, are

X
1
plxany - p(xo,y) = ZJ (> R %% + vg - %%) dx
% ¢
0
= 1P, y) - VR ,y) ] o
4 )
p(K:Y) - P(l{,yo) = ZJ (‘R_L -a—}% - ug - _%lt{) dy
y, ©
- [Vz(x,y) - Vz(x,yo)] (10b)

Equation (10a) applied between the forwardmost point of the
cylinder and a point at an infinite distance upstream of the

cylinder yields the stagnation point pressure coefficient:
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X

- ; - s ki (OB _ 3u

(Cp)S = P P ZJ i R 3y + v 3t) dx + 1 (11)
2 c
This may be rewritten
1423 3
(Cp)S =1 + R, Ay J rdx + 23t J udx
X X
= ZJ vZdx (12)
X

Then with (xI 'Y 3 ) for the coordinates of the stag-
o o
nation point, the numerical approximation of Equation (12),
using trapezoidal integration and central differences for
both derivatives, is

25 n

n _ 1 n
Cpy, = L+ IGe; 41 * .Z Ty 410
c o 0 1—Io+l o]

-8 ] 0 .. (13)

Here the summations involving vorticity extend only as far

upstream as the extent of non-zero vorticity. The summation
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over the x-velocity extends sufficiently beyond the region
of non-zero vorticity for the velocity to be negligibly dif-
ferent from the undisturbed value of -1.

The pressure coefficient around the surface of the
cylinder is calculated from Equation (10) applied around the
layer of boundary cells,* with the velocity taken as zero in
the boundary cells. Again using trapezoidal integration,
with one-sided differences for the derivatives, these

become, in the first quadrant,

1
C = C + =(7, . + z “ o, e W F ) (lba)
Pi,j Pi+l,j Rc i P i+l,j+1 159 i+1,7]
C = C + —RL(:;Hl 3 + Ci41 j-1 " Bi,3 T %4 21)
pi,j pi,j—l c » 1 3 1!] l,J
(14b)
with similar expressions in the other quadrants. Here the

first two vorticity values in the parentheses are values in
the layer of cells adjacent to the boundary cells, and the
last two values are those in the boundary cells. The pro-
cedure is similar in the other quadrants,

Drag Coefficients

The pressure drag coefficient is calculated from the

pressure coefficient according to the expression

o A
Cs =% % ¢ dy (15)

*Boundary cells are defined in Chapter II.
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where D is the cylinder diameter, n is the unit outward nor-
mal to the surface, and the integral is taken around the

cylinder surface. This is approximated numerically by the

summation
1
Cy, =+ E C_ A (16)

where the summation is over all the boundary cells, and A
is the y~-projection of the portion of the surface curve lying
in each boundary cell, the rear boundary cells having nega-

tive values (Figure 12). The friction drag coefficient is

calculated according to

- L4 2
CD = % R cdx (17)

¢y, = DR I wle LL&Y
f cC m m

with Af the x-projection of the portion of the surface curve

contained in each boundary cell as is indicated in Figure 12

as well,

Computation Procedure*

At each time step new values of the vorticity are

*Reference to Equation (6) assumes the use of the Dufort-
Frankel form. 1In the straight explicit form, Equation (6)
is replaced by Equation (5),
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calculated for each vortex cell*and each border cell* from
Equation (6). In this equation the vorticity is taken as
zero at all points not corresponding to vortex cells. If
the sum of the magnitude of the vorticity calculated for a
border cell and that of any adjacent vortex cell is greater
than the specified minimum vorticity, W then the border
cell is reclassified as a vortex cell. Otherwise the vor-
ticity calculated for the border cell is distributed evenly

among the adjacent vortex cells, so that no vorticity is

ever simply discarded.

The current set of vortex cells, including those
added at the current time step, is then cataloged and a new
set of border cells surrounding the aggregate+ of vortex
cells is created. Finally, the velocity components are cal-
culated for each vortex cell from Equation (7), with the
summation being taken only over those vortex cells within a
prescribed range, T of the cell In question. This process
is repeated at each succeeding time step for the duration
of the calculations.

Initial Conditions

The cells through which the curve defining the sur-

face of the cylinder passes, designated as boundary cells,

*Vortex cells and border cells are defined in Chapter II.

TThe aggregate of vortex cells is defined in Chapter II.
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are the only cells having non-zero vorticity at the start
and, therefore, constitute the initial aggregate of vortex
cells (Figure 12). The initial vorticity in each of these
cells is calculated from the relation between circulation

and vorticity:

T = % v * dl = J w e ds

-~ ~

Since initially the irrotational potential velocity solution
prevails, the initial circulation and also the initial wvorti-
city (the cell area being unity) of each boundary cell is
equal to the line integral of the potential velocity over
that portion of the cylinder surface curve that lies within
the cell (Figure 12). Equation (7) would then reproduce, at
the start, the potential velocity solution, to within the
error involved in the discretization, at all points exterior
to the cylinder, the summation being taken over the boundary
cells,

The fact that a portion of each boundary cell lies
within the cylinder might seem somewhat unreal. However, the
definition of cells containing vorticity is merely a device
used to represent the integrals of Equation (4) numerically.
In the strictest sense neither this solution nor any other
numerical solution is meant toc represent the flow field on a
scale smaller than the mesh size. The precise placement of
the cells is, therefore, not particularly important as long

as the boundary conditions can be adapted to the particular
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placement used and are well represented. The current scheme
was chosen in preference to alternatives that would place
initial vorticity in cells lying entirely in regions actually

having no vorticity at the start, i.e., not containing any

of the surface curve so that the surface vorticity is not
confined well enough to the surface region.

Boundary Conditions

By far the greatest problem in applying the present
scheme, based as it is on a rectangular coordinate system,
to the flow about curved solid bodies is the proper represen-
tation of the boundary conditions. The normal component of
the velocity on the boundary, as well as the tangential com-
ponent, is a problem here, since the usual device of speci-
fying a constant stream function on the boundary as a bound-
ary condition, and thereby guaranteeing a zero normal compo-
nent, is not available. It should be emphasized again that
vorticity images in the boundary are not employed in the pre-
sent solution and are therefore not available for guarantee-
ing a zero normal velocity component.

The representation of the boundary conditions is then
even more critical in the present integro-differential
approach, for since the velocity is calculated from an inte-
gral over the vorticity distribution throughout the entire
field, the velocity boundary conditions are entirely implicit,
i.e., neither the normal nor the tangential velocity compo-

nent can be forced to be zero on the boundary; the vorticity
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distribution must be such as to produce zero values of velo-
city on the boundary through the integrals of Equation (4).
The vorticity in the fluid adjacent to the boundary, i.e.,
in the boundary cells, is especially critical to the main-
tenance of zero normal velocity on the boundary, since these
cells contain the highest vorticity in the field and that
most recently generated at the boundary. It is in these
cells, however, that the convection and diffusion are most
difficult to represent with this rectangular approximation
to a curved boundary. A total of fifteen different boundary
treatments were evaluated in the present study, and the
results are discussed in Appendix E where the reasons for

the scheme chosen are given,

Results and Comparisons with

Other Numerical Solutions*

Survey of Other Numerical Solutions

The two-dimensional flow about a circular cylinder has
been the subject of much numerical effort in the past several
years {24-351}. (Two of these references are recalculations
using older solutions: {31} uses the older solution of
Kawaguti {35}, and {34} uses the solution of Payne {25}.)

Most of the solutions presented are very similar in basic

*The convergence of the solution and the effects of the vari-
ous parameters involved are discussed in Appendix F.
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numerical approach but differ in regard to the type of matrix
solution employed, the treatment of boundary conditions, the
method of drag calculation, and other such details. All of
the recent solutions, both steady and time-dependent, are
formulated using an expanding circular grid, so that the
radial mesh size decreases as the surface of the cylinder is
approached. Only one solution {30} differs at all from this
grid structure, through the joining of the expanding circular
grid with a rectangular grid at large radius. All except one
{34} use the stream function and vorticity as dependent vari-
ables, the exception replacing the gstream function with the
velocity components. Most solutions also use the non-
conservative form of the vorticity equation with central dif-
ferences. The conservative form is used in two solutions,
however, in one case with central differences {34} and in one
case with streamwise one-sided differences {30}.

Of the time-~dependent solutions, only that of Dey {24}
and that of Son and Hanratty {33} are implicit in time. The
latter, however, is not completely implicit, because the
stream function and vorticity are evaluated by separate
matrix solutions, rather than simultaneously. This means
that the calculation of the vorticity at the current time
step involves the values of the stream function at the previ-
ous time step, not the current values. This solution also

assumes symmetry about the center line. Dey's solution,
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which employs an optimized acceleration of the convergence
of the matrix iterative solution for both the vorticity and
the stream function developed and applied in rectangular
coordinates by the present author {23}, is completely impli-
cit. Here, as in the present author's solution for the flow
about rectangular bodies, the vorticity at the current time
step at each point depends on the adjacent values of both
the vorticity and the stream function at the current time
step. Similarly the stream function at the current time
step at each point depends on the adjacent values of the
stream function and the coincident value of the vorticity,
both at the current time step.

That the completely implicit time-dependent solution
approaches more closely the solution of the nonlinear differ-
ential equations is evidenced by the fact that none of the
explicit solutions has been able to achieve vortex shedding
without forcing the shedding to start by external perturba-
tion. This is the case for the explicit solution of Fromm
{21} for the flow about a rectangular body as well. However,
in the completely implicit solution of Dey for the circular
cylinder, and in that of the present author for rectangular
bodies, shedding begins and the vortex street is formed with-
out the necessity of external disturbance of the solution.
This is most likely due to the fact that the difference equa-
tion representation of the nonlinearity of the differential

equation 1is superior in the completely implicit solution,
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since there the nonlinear terms are evaluated at the current
time step, rather than at the previous step as in the expli-
cit methods. The formation of the vortices and subsequent
shedding and vortex street creation are all effects of the
nonlinear terms, since these phenomena disappear when the
linear terms dominate at low Reynolds number, and therefore
would be expected to reflect the accuracy with which the non-
linearity of the differential equation is represented in the
difference equation. It is probably for this reascon that
explicit methods must be perturbed to shed.

Surface Pressure and Drag Coefficients

Results of Other Solutions., Drag determinations have

been made in most solutions by calculating the surface pres-
sures from the line integral of the Navier-Stokes equations,
the exceptions making the determination from the Blasius

drag equation applied around a circuit enclosing the cylinder
{28} or from momentum considerations {34}. Three solutions
{27, 28, 31} employ an extrapolation to infinite outer bound-
ary in an attempt to remove the "wall" effect on the drag
coefficient introduced by the necessity of using a finite
field of calculation. The results Ef the various solutions
are compared in Figure 13, which includes also experimental
data and the results of the present solution., The values
given here for the time-dependent solutions are taken at sup-
posedly large enough times for the change in time to be

negligible,.
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Since the surface pressure is dependent on the deriva-
tive of vorticity normal to the surface, the accuracy of the
surface pressure is no better than that with which the bound-
ary layer is represented by the solution. It is possible for
a numerical solution to give a quite good representation of
the large-scale phenomena of the wake, including the vortex
shedding and street formation, and still give very inaccurate
surface pressure and drag because of poor representation of
the small-scale details of the boundary layer. For this
reason the drag predicted by all numerical solutions at a
fixed radial mesh size becomes less accurate as the Reynolds
number* increases and the boundary layer thickness decreases.

This tendency is exhibited in Figure 13a by all the
solutions given in which a constant radial mesh size was used.
(The field size and the ratio of mesh size at the cylinder
surface to the cylinder radius are given for each solution in
Table 1.) Also in two solutions in which the mesh size was
reduced as the Reynolds number inecreased {27, 33}, the reduc-
tion was insufficient and the points again fall below the
experimental curve at the higher Reynolds numbersin Figure
13a.

The only solution to maintain accuracy in the surface

pressure, and hence drag, at Reynolds number above 60 is that

*Throughout this chapter the Reynolds number referred to is
the cylinder Reynolds number based on the cylinder diameter.
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of Thoman and Szewczyk {30}, in which the mesh size was set
at a certain fraction of the steady-state boundary layer
thickness at the forward stagnation point, as predicted by
boundary layer theory, at each Reynolds number. This relat-
ing of the mesh size to the expected boundary layer thickness
allowed successful drag prediction even at Reynolds number of
40,000, but required an extremely small mesh at such values,
of course,

Hamielec and Raal {27} show a strong effect of the
extent of the field, the drag coefficient tending to decrease
as the radius of the outer boundary, where the flow is taken
as uniform, increases. The drag coefficients given in Figure
13a for Reynolds numbers of 50 and 100 from this solution
were obtained with significantly smaller computational fields
than those used for Reynolds numbers of 30 and below. (The
field for Reynolds number of 30 was five times as large.)
Even with the extrapolation employed, the values at these
two highest Reynolds numbers lie above the curve established
by their values for Reynolds number of 30 and below. It is
probable then that the values presented for Reynolds numbers
of 50 and 100 are too high, and that lower values would have
been obtained had the field been larger. The agreement of
the point at Reynolds number of 50 with the experimental
curve in Figure 13a thus is deceptive, for both it and the

point at Reynolds number of 100 should probably be lower,
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conforming to the trend of the points for Reynolds number of
30 and below.

In the solution of Takami and Keller {28} a semi-
empirical asymptotic formula relating the stream function
and the vorticity on the outer boundary to the drag coeffi-
cient is used in an iterative procedure to provide boundary
conditions for these dependent variables on the outer bound-
ary. This results in much less variation with the position
of the outer boundary, but the wvariation that does remain is
somewhat erratic. Furthermore, with this device the accuracy
of the solution is dependent on the validity of the asympto-
tic formula, which, of course, varies with the Reynolds num-
ber. The evaluation of the drag from the Blasius contour
integral used in this solution leads to variations with the
contour chosen, which tend to increase and become erratic as
the Reynolds number or the mesh size increases. Here also a
much smaller field was used at the higher Reynolds numbers
(30-60). The drag coefficient, however, is shown to decrease
as the outer boundary recedes at higher Reynolds number, the
rate of decrease increasing with the Reynolds number. This
fact, together with the somewhat erratic positioning of the
points for this solution in Figure 13a, suggests that the
drag given at Reynolds number of 30 and above, where only one
value of the outer radius was considered, may be too high as

a result of wall effect.
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The very small field used by Takaisi {31} gave appar-
ent agreement with the experimental curve. However, in view
of the findings of the above authors in regard to the effect
of field size, Takaisi's results would probably have been
lower had a larger field been used.

The field size used by Thoman and Szewczyk {30} was
comparable to that used in the above two solutions at the
higher Reynolds numbers, but the mesh size was considerably
smaller. Their drag results thus could also be a bit high
due to wall effect but, even allowing for such error, the
improvement with the smaller mesh size is apparent.

Jain and Rao {29} used a field larger by an order of
magnitude, but terminated their calculations at a much
earlier time at Reyvnolds number of 200. Their true wvalue of
drag at this Reynolds number thus would be expected to be
lower than indicated. The earlier work of Kawaguti and Jain
{32}, which differs from that cited immediately above only
by the imposition of symmetry about the center line, was ter-
minated at even earlier times.,.

The solution of Son and Hanratty {33}, for which both
the field size and the final time were adequate, probably
shows the truest trend in the absence of wall effect and
transient effects of all these solutions at the higher
Reynolds numbersfor the mesh sizes used. It thus appears

that a cell Reynolds number (based on the mesh width at the
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cylinder surface) of about 3 is the maximum for which accu-
rate calculation of surface pressure and drag can be obtained.
In summary, at the low Reynolds nuﬁber& when the bound-
ary layer is thick, all the solutions agree quite closely
with each other and with the experimental curve. What vari-
ation there is is within the range caused by differences in
time-step and time of evaluation in the time-dependent cases
and differences in the treatment of the boundary at infinity
in all cases. At higher Reynolds numbers, however, it is
necessary to reduce the mesh size considerably, or else all
solutions predict drag that is too low. This is evident from
the results actually given in Figure 13a for the various solu-
tions, but would be evident to an even greater extent were
the effects of too small a field and insufficient approach to

the steady-state removed.

Present Results.* The agreement of the present

results in Figure 13 with the pressure, friction, and total
drag coefficients predicted by other numerical solutions and
by experimental results is good for Reynolds numbers less
than 10, corresponding to a cell Reynolds number of 0.833 for
the cell size used. Table 1 shows the cell Reynolds numbers
(based on the mesh size at the cylinder surface for expanding

grids) used in the other numerical solutions cited to be

*The parameters used in all the results presented in each
figure are given in Table 4.
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comparable to this value in most cases. Except for the solu-
tion of Jain and Rao {29} the cell Reynolds numbers used were
about five or less. 1In the present case the angularity of
the boundary requires a somewhat smaller cell Reynolds num-
ber for accuracy.

The above-mentioned Reynolds number effects are more
pronounced in the present solution because of the angular
representation of the curved boundary of the cylinder. (This
angularity of the boundary is, of course, not inherent in the
integro-differential formulation but resulted from the desire
to use cartesian coordinates throughout.) Better accuracy at
the higher Reynolds numbers could, of course, be obtained in
the present case with a smaller cell size, as is illustrated
in the time development results cited below. The excessive
computer time required, however, was not justifiable, since
the purpose of consideration of the circular cylinder was
only to verify the numerical approach and not to analyze the
cylinder itself. The results obtained demonstrate that the
drag prediction of the present method is accurate for a cell
Reynolds number of unity or less even with the rectangular
representation of the circular boundary.

The time development of the pressure and friction drag
coefficients of the present solution is shown in Figure 14.
With the larger cell size the initial development is much

more rapid than that of other solutions because of the
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angularity of the boundary. With the smaller cell size, how-
ever, the initial fall of the pressure coefficient to a mini-
mum and the subsequent rise are in agreement with the predic-
tion of Thoman and Szewczyk {30}, who show the minimum at
Reynolds number 200 to be reached at about time t = 13, and
that of Ingham {34}, who gives the minimum at about time t =
11 for Reynolds number 100. The angularity of the boundary
is much reduced at the smaller step size given here, and the
details of the viscous layer at the surface are much better
represented as a result. The effect on the friction drag
coefficient is much less pronounced, since it depends on the
value of the vorticity rather than the derivative thereof.
The surface pressure distribution is compared with
that predicted by other solutions and with experimental
values in Figure 15. The large kinks in the curve at the
very low Reynolds number of 2 are a result of the large
truncation error in the Laplacian at such a Reynolds number.
The same effect causes the friction drag to be a bit high
(Figure 13c). Considering the angularity of the boundary
used, the general shape and level of the curves show satis-
factory agreement at the lower Reynolds numbers with the pre-
dictions of solutions using cylindrical coordinates. From
Figure 15b, the tendency of the pressure decrease on the for-

ward portion of the cylinder predicted by numerical results
to be less rapid than that observed experimentally is shared

by other solutions as well.



63

Length of Standing Vortices

Results of Other Solutions. The results of the vari-

ous solutions for the length of the vortices behind the
cylinder are compared in Figure 16 with the results of the
present solution and with experimental data. The length of
the standing vortices behind the cylinder is even more
dependent on the field size than is the drag. The prediction
of Takami and Keller {28} is probably too short as a result
of too small a field. (The experimental prediction of

Taneda {63} is also influenced by wall effect, of course.)
The length predicted by the time-dependent solution of
Kawaguti and Jain {32} approaches the steady-state prediction
of Hamielec and Raal {27} at Reynolds number of 30, the
fields being large in both solutions. The close approach of
the solution of Thoman and Szewczyk {30}, with a smaller
field, to these solutions is probably the tendency of the
streamwise differencing used in the former to lengthen the
vortices. This is also suggested by the fact that this
solution is later in leveling off than that of Kawaguti and
Jain. The solution of Jain and Rao {29} and that of Son and
Hanratty {33}, all approach a value above that predicted by
Takami and Keller. A comparison of these with results of

the present solution is given below.

Present Results. (The aft extent of the standing

vortices was determined in the present scolution by locating
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on the centerline the point on either side of which the
velocity vectors were oppositely directed.) The present
solution gives a better prediction of the length of the vor-
tices than it does for the drag at higher Reynolds numbers
because the former is a result of much larger scale phenomena
and not as dependent on conditions at the surface. The pre-
sent results for Reynolds number of 36 agree with the results
of other numerical solutions and appear to approach closely
the steady-state experimental values which are also given

for comparison in Figure 16.

Development of Vortex Street

Cylinder Only. The development of a vortex street

behind the circular cylinder is shown in Figure 17.% The
flow was perturbed at T = 10.67 and again at T = 12.00, the
vorticity on the centerline behind the cylinder being
increased in magnitude by a factor of 100 in each instance.
At the first perturbation the vorticity on the centerline was
50 near zero that the perturbation had little visible effect
on the flow patternm (Figure 17b). However, it did serve to
cause the vorticity on the centerline to begin to increase,
so that the second perturbation was effective (Figure 17c¢)

and caused the shedding to begin.

*The scale factors for the vector plots are given in Table 5,
The magnitude of a vector is indicated by the length of the
stem of the arrow, the size of the arrowheads being the same
throughout. Spurious lines on the plots are the result of
plotter error.
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The first vortex is shed from the top at T = 14.67
and rapidly disappears after that time (Figures 17d-17g).
Meanwhile, the bottom vortex grows and moves rearward, and a
new vortex is formed at the top (Figure 17h). This new vor-
tex then grows and moves rearward, and the bottom vortex is
shed at T = 20.67 (Figure 171).

The pressure coefficients at the points 0° and 90°
from the negative of the free stream direction on the cylin-
der and the pressure drag are given in Figure 18. Here the
vortex shedding is evident from the waveforms assumed,
especially at the 90° point. The peaks of the wave (both
upper and lower) correspond to the moment of shedding. Shed-
ding from the top is thus accompanied by an increase in the
pressure at the top of the cylinder, while shedding from the
bottom results in a decrease in pressure at the top of the
cylinder.

The effect of the perturbation was to launch the flow
rather abruptly into the shedding mode, and the pressure
waveform at the 90° point is quite well formed from the
moment of its sudden appearance after the second perturba-
tion. The pressure at the 0° point requires more time to
assume its final waveform, since the flow at this point is
little influenced by the flow behind the cylinder until the
street becomes more developed. The drag also has not assumed
its final form, but does exhibit the increase to be expected

upon formation of the street,
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An unperturbed case was also run as a control and the
results are given by the dashed lines in Figure 18. It is
clear that the shedding was not about to start without the
perturbation.

The Strouhal number calculated from the shedding fre-
quency as indicated by the pressure at the 90° point is 0.17
which, for this cylinder Reynolds number of 120, agrees well
with experimental results {67, Chapter 2}.

The shed vortices, and hence the developing vortex
street, are visible behind the cylinder when the velocity
vectors are plotted in a coordinate system moving with the
velocity of the vortices (83%Z of the remote fluid velocity
{23}) as shown in Figure 19.

Cylinder with Splitter Flate. The wake development

with a splitter plate, of length two cylinder diameters,
extending from the rear of the cylinder is shown in Figure
20. Here perturbations of the same type discussed above were
introduced at T = 9.67 and T = 11.33, The disordered flow
resulting from these perturbations is evident in Figures 20f
and 20h. However, in both instances the flow recovers and
assumes its standing vortex form, with no tendency to shed.

The lack of shedding is evident also in the pressure
and drag coefficients given in Figure 21 and compared with
the results without the splitter plate. The disturbances

introduced by the perturbations are evident but are smoothed
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in time, and a steady state is being approached.

The fact that the drag with the splitter plate 1is
larger than that without from the beginning is a numerical
effect and has no physical meaning. As shown in Figure 13a
the drag predicted by the solution with the cell size
employed is too low at this high a cylinder Reynolds number,
as a result of the inadequate representation of the thin
boundary layer. The splitter plate, however, causes the
boundary layer to thicken in the region near the 180° point
on the cylinder. Therefore the ratio of cell size to bound-
ary layer thickness is decreased in this region, and the nor-
mal gradient of the vorticity, and hence the pressure, are
better represented in this region with the splitter plate
than without. This results in lower pressures in the rear
of the cylinder with the splitter plate and hence larger
drag. (The pressures in the rear of the cylinder both with
and without the splitter plate are too high as a result of
the large cell size/boundary layer thickness ratio.) The
point then is that with the splitter plate the drag coeffi-
cient is calculated more accurately and hence is increased
relative to the value calculated without the splitter plate.
In both cases the drag is still too low at this Reynolds

number with this cell size.



CHAPTER V

NUMERICAL SOLUTION FOR THE

INFINITE JET IN CROSS-WIND

In this chapter the numerical method is applied to the
time-dependent, two-dimensional infinite jet in cross-wind.
This is a two-dimensional problem in the sense of there being
a direction of invariance (along the jet axis). There are,
however, three variable components of both the velocity and
the vorticity. This problem represents the flow field
infinitely above the jet exit when the flow is started from
the dissolution of a hypothetical pipe separating an interior
uniform jet flow from an exterior potential cross-flow as
discussed in Chapter II. It may be visualized at the start
as an infinitely long column of vertically moving fluid sur-
rounded by a cross—flow normal to the axis of the column
(Figure 4). As time passes the discontinuity is dissipated
and the column is swept backward, mixing with the cross-flow,
so that the vertical velocity is spread out and eventually
reduced to zero.

This solution was developed to provide a sub-solution
for use in developing the three-dimensional solution for the
jet in cross~wind starting from a cylindrical discontinuity
in Chapter VI. However, the solution proved to be of con-

siderable interest in itself, revealing a nonlinear
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instability arising from a coupling of the vertical velocity
and the horizontal vorticity, This instability is discussed

in detail in a later section.

Numerical Formulation

Vorticity-Velocity Solution

The flow of an unbounded cross-wind about an infinite
jet with its axis perpendicular to the cross-wind is governed

by the same vector equations of motion given in connection

with the problem of the two-dimensional cylinder (Chapter TII):
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1 (! - x)
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= Yt ZﬁJJ%, — 7 x w(x') ds (2)
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but with the surface integrzl now extending over the entire
field, there being no boundaries.

This flow is two-dimensional in the sense that there
are no variations in one direction. The velocity in that
direction, however, is not zero and varies in both time and
the other two space directions. Physically this solution
represents the smoothing out of the ecylindrical discontinuity
between a flow inside an infinite cylinder, parallel to its
axis (with constant velocity across the cylinder), and the
two-dimensional potential flow of an unbounded cross-wind

about the cylinder, perpendicular to its axis. There are
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thus no boundary conditions inveolved, the conditions at
infinity being contained implicitly in the integro-
differential formulation.

Again with non-dimensionalization with respect to the
cross-wind velocity and the cell size, Equations (1) and (2)

become, for the coordinate system shown in Figure 22,

b 2
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*Hereafter all quantities in this chapter are nondimension-
alized as noted in the Nomenclature,
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All quantities in these equations are dimensionless, and the

cell Reynolds number is based on the cross-wind velocity:

With the space derivatives replaced by three-point
central differences and the time derivative by a two-point
forward difference, Equations (3) are approximated (Appendix

D) by the difference equations,
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in the straight explicit form, or by the difference

equations,
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in the Dufort-Frankel form. Here At is the (nondimensional)
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time step, and the subscripts and superscripts refer to the

n

1,3

space and time coordinates, respectively:

E C(xi’yj !tn)s

etc.
The integrals of Equation (4) are approximated num-

erically by
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The summations extend over all points having non-zero vorti-
city. The square grid and cell configuration are the same
as those used in the two-dimensional cylinder solution and
are shown in Figure 1ll. Again the velocities are evaluated
at the center of each cell.

Computation Procedure

The computation procedure is the same as that
described in Chapter IV for the two-dimensional cylinder,
except that no solid surface vortices are involved

in this application,
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Both of the two criteria discussed in Chapter II for
the creation of a new vortex cell* from a border cell*— (1)
the magnitude of the vorticity calculated for a border cell
exceeding the specified minimum vorticity, W and (2) the
sum of the magnitude of the wvorticity calculated for a bor-
der cell and that of any adjacent vortex cell exceeding the
specified minimum vorticity, wm——were evaluated and found to
be only negligibly different at the practical total times
and time steps actually used. In the one-dimensional
results of Chapter II, however, the second of these criteria
was superior at very long times or very small time steps.
Since the velocity in the one-dimensional solution is calcu-
lated from a line integral, the vorticity of each cell in
that case represents an infinite plane of vorticity. How-
ever, the vorticity of a cell in the two-dimensional solution
represents only an infinite column of vorticity, and in three
dimensions a cell represents only a finite cube of vorticity.
Therefore, the spacial averaging of vorticity accomplished
by the distinction between vortex and border cells is progres-
sively less critical in two and three dimensions, and the two
minimum vorticity schemes discussed above are progressively
less different. Some latitude may be taken, therefore, in

the choice of scheme to be used.

*Yortex cells and border cells are defined in Chapter IIL.
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Initial Conditions

Only those cells through which the curve defining the
initial discontinuity between the jet and cross-wind passes
have non-zero vorticity at the start. This initial aggre-
gate* of vortex cells is set up exactly as described in
Chapter IV for the two-dimensional cylinder, these initial
cells being the same as the "boundary cells" in that case
(Figure 12). The initial value of the z-component of vorti-
city in these cells is the same as that calculated for the
two dimensional cylinder.

The initial values of the x and y components of vor-
ticity are also determined from the circulation, but an addi-
tional consideration is necessary because of the variation
of vorticity in these directions. The volume integral of
Equation (II~16), from which the integral of Equation (2)
was obtained by integration over the z-direction, would be
represented numerically by a summation over cubes of unit
width, just as the surface integral is represented by a sum-
mation over squares of unit width., If the product of the
vorticity, W, in a unit cube and the volume of the cube,
unity, is to represent the effect of a portion of length, 1,
of a vortex line of circulation, I', {(as should be the case

from the Biot-Savart relation {73, Chapter 18}) then the

*The aggregate of vortex cells is defined in Chapter II.
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relation (&) (1) = @) (1) must hold. The components of

vorticity then are € = I' 4 * 1 and N =T j ¢« 1. This calcu-

lation is illustrated in Figure 23. The circulation is the
line integral of the velocity around the circuit shown and
is thus equal to the z-component of the velocity, the cell
width being unity. The x and y components of vorticity in
the initial cells thus are equal to the product of the jet
velocity and the projections in the x and y directions,
respectively, of the portion of the discontinuity curve con-
tained in each cell.

Equation (7) would then reproduce, at the start, the
potential solution for the flow about the cylindrical dis-
continuity curve for the x and y velocity components, and
the jet velocity for the z-component within the discontinuity
curve, with zero z-component elsewhere. This is to within
the limit of the discretization, of course, and is shown in
Figure 24.%

The lack of boundaries eliminates the problems encoun-
tered in the two-dimensional cylinder solution in relation
to the representation of a curved boundary by rectangular
segments. Here the initial discontinuity curve is so repre-

sented, but this introduces only some perturbation at the

*The scale factors for the vector plots are given in Table 5.
The magnitude of a vector is indicated by the length of the
stem of the arrow, the size of the arrowheads being the same
throughout. Spurious lines on the plots are the result of
plotter error,
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start, since the discontinuity is smoothed out as time

passes. All cells contain fluid exclusively in this

application.

Stabilit
As shown in Appendix G the stability requirements,

based on a linearized stability analysis of Equations (5)

and (6), are

(a) straight explicit:

At < %ﬁ;7/L%-— 1 1f R_ < 2
é R
- (8)

At < =— if R_ >

(b) Dufort-Frankel:
All At if Rc <2

R
At < tf B >4 (9)

These limits are shown in Figures 25 and 26, respectively,

for a comparison with the results of computer experimentation.
The determination of stability or instability was made in
most cases from observation of the velocity vector plots.
Other determinations were based on whether or not the vorti-
city components were amplified in time. Borderline cases in

which no definite determination could be made are indicated.
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Straight Explicit Formulation

Referring to Figure 25, for cell Reynolds number below
1.5 the actual stability of the nonlinear straight explicit
algorithm follows very closely the linearized prediction of
Equation (8). The boundary of the stable region is sharp in
this range of Reynolds numbers,* as illustrated by the velo-
city vector plots at the same Reynolds number but different
time steps in Figure 2?.$ Comparison of Figure 27b and
Fugure 78a gives an even sharper definition of the boundary,
the time steps here being the same but with different
Reynolds numbers. The stability boundary becomes less dis-
tinct as the Reynolds number increases. The high peak in the
stable region predicted by the linearized analysis is not
attained, but the actual stable region does exhibit a lower
and more broad maximum around a Reynolds number of 3.25 and
extends above the linearized boundary. The stability bound-
ary becomes very indistinct, approaches and possibly falls
below the linearized prediction as the Reynolds number
increases further.

The early disorder evident in Figure 28 is due to a

nonlinear instability resulting from a coupling between the

*Throughout this chapter the Reynolds number referred to is
the cell Reynolds number based on the cell width and the
cross-wind velocity.

'Parameters used in all results presented are given in Table
4.
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vertical velocity and the horizontal vorticity through the
convective terms of Equation (5). This nonlinear coupling

is a three-dimensional process and does not occur in com-
pletely two-dimensional flow, i.e., flows with zero velocity
in the direction of invariance, since then only one component
of vorticity is non-zero. This instability is localized in
regions of large gradients of vertical velocity and, being so
localized, is more apt to produce a lasting perturbation of
the solution than a divergence, although the latter is also
possible. This perturbation is evident in Figure 28b. The
solution here was quite stable with no amplification of vor-
ticity. However, the solution is rendered meaningless by

the large perturbation generated by this nonlinear insta-
bility at the start. This nonlinear instability is analyzed
in some detail in Appendix J where its time development and
response to various parameters are given.

Dufort-Frankel Formulation

Figure 26 shows that the stability boundary of the
actual nonlinear algorithm in the Dufort-Frankel formulation
deviates markedly from the linearized prediction at low cell
Reynolds number, the nonlinear solution having a finite time
step limit even at Reynolds number below 2. As the Reynolds
number increases above 2 the actual stability boundary
crosses above the linearized prediction, and a stable region

above the linearized boundary occurs. The stability boundary
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then approaches the linearized prediction as the Reynolds
number increases further.

The finite stability limit on the time step at low
Reynolds number is due to the same nonlinear coupling of the
equations described above, for the convective terms in the
Dufort-Frankel and the straight explicit formulations differ
only by their coefficients and not in form. The Dufort-
Frankel formulation, however, removes the linear instability,
which arises from the diffusional terms, at cell Reynolds
number below 2, so that the time step may be increased in
this Reynolds number range to the point where the amplifica-
tion of vorticity by the nonlinear mechanism is too great for
even the strong diffusion to overcome. 1In the straight
explicit formulation diffusional instability leads to diverg-
ence in this range of Reynolds number at time steps below
that at which the nonlinear disturbance becomes appreciable.
Since the damping due to diffusion decreases as the Reynolds
number increases, the nonlinear instability is the primary
cause of divergence at all Reynolds numbers in the Dufort-

Frankel formulation.

Results and Discussion¥*

The time development of the solution is shown in

*The convergence of the solution and the effects of the vari-
ous parameters involved in the solution are discussed in
Appendix F.
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Figures 29 and 30 for two different gradual starts,* the
cases being otherwise the same. With the more rapid of the
two starts, the nonlinear disturbance discussed in Appendix
J results in significant residual perturbation even though
the disturbance is damped and the solution is stable. The
nonlinear disturbance causes the jet boundary, as indicated
by the circuit of maximum horizontal vorticity magnitude, to
become pinched in, as it were, in the forward portion so
that the jet cross-section develops into a distinctive "Y"
shape. This "Y" shape of the jet is evident in the perspec-
tive view of the vertical velocity as well.

With the more gradual start the initial gradients are
sufficiently reduced before the onset of significant convec-
tion that the nonlinear disturbance is much less effective.
The jet cross-section now develops into more of the expected
"kidney" shape {79}, the effect of the disturbance being
reduced to the tendency of the cross-section to be somewhat
pointed in front. With a smaller cell size (Figure 31) the
jet cross-section is much smoother. Similarly a reduction
in the jet velocity also results in a smoother jet cross-

section (Figure 32). Both of the latter figures exhibit the

distinctive kidney shape that has been observed in experi-

mental investigation.

*As discussed in Appendix J, the gradual start consists of
doubling the velocities at each time step until the final
value is reached.
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The nonlinear disturbance is more pronounced for an
elliptic jet with its major axis parallel to the cross-wind
(Figure 33) than for a circular jet of the same diameter as
the minor axis of the ellipse (Figure 29). Again the jet
boundary tends to become pinched in, and two vertical velo-
city maxima are evident. Again a more gradual start elimi-
nates most of the perturbation (Figure 34). Finally, the
solution for an elliptic jet with the major axis perpendicu-
lar to the cross-wind is shown in Figure 35. The kidney-

shaped cross—-section is clearly evident in this case.



CHAPTER VI

NUMERICAL SOLUTION FOR THE THREE-DIMENSIONAL

JET IN CROSS-WIND

In this chapter the numerical method is applied to
the time-dependent, three-dimensional jet in cross-wind,
using two different types of initial conditions: the start
from the opening of the jet exit and the start from the dis-
solution of a hypothetical pipe standing on the jet exit,
separating a uniform vertical flow of infinite vertical
extent from the potential cross-flow about the pipe normal
to its axis. (These two starts are discussed in more detail
at the end of Chapter II.) 1In the first of these cases the
jet penetrates more deeply into the field as time passes,
there having been no penetration at the start. In the
second case the jet penetrates to infinity above the wall at
the start, but the vertical flow far above the wall is gradu-
ally dissipated, so that the penetration decreases as time
passes. Both starts should lead eventually to the same

steady state with finite penetration.

Numerical Formulation

Start from a Cylindrical Discontinuity

The three-dimensional flow field of a jet issuing per-

pendicularly from an infinite solid plane wall into a cross-
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wind parallel to the wall and bounded only by the wall is

governed by the equations of motion (Chapter II)

- 2
50 =V x (v x w) + vWo (1)
k ¢ s
v(x) = S JJ o s
' - xf
1 r' - r r' - R
+ __JJJ = = - = x wdv (2)
e - 2 et - r)P) ¢
where R = v = 2(k * r)k. The surface integral is taken over

the plane boundary, and the volume integral is taken over the
entire flow field above the plane boundary. The boundary
conditions on the boundary plane are, for the coordinate sys-
tem shown in Figure 36,

[0, f(x, y) >0

v(x, y, 0, t) = (3)
[ kv,, f£(x, y) <0

where kV, is the constant uniform jet exit velocity, and

]

f(x, y) 0 is the equation of the jet exit curve. The con-
ditions at infinity are implicit in the integro-differential
formulation: the cross-flow velocity at an infinite distance
above the plane boundary is both constant and uniform.

Here the flow is taken to start from a cylindrical

discontinuity perpendicular to the plane boundary and stand-

ing on the jet exit curve. The flow within the cylinder is
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uniform and parallel to its axis, and the exterior flow is
the two-dimensional potential flow of an unbounded stream
about the cylinder, perpendicular to its axis. The initial
conditions then are, with the wvorticity evaluated from two-

point, one-sided differences,

||’ 0 . El=, v) # 0
Q(X& Yy 35 0) =
|1 ! 1
h’lvj Ex E(xs y) + h?‘(xa Y) X YO(K’ y),
' )
f(x, y) = 0 :
J
[ 0 , z >0 }
+
l ) k x (x, y), z =0 J (4)
h o >0 £ )
which correspond to
’kvj o E(xy; ) 5 0
v(x, Ys 2, 0) = VO o El=xs, y) >0, z >0 (5)
L0 , f(x, v) >0, z =0

Here h is the cell width, e(x, y) is the outward unit normal

to the jet exit curve,

VE(x, vy)

e(x, y)
- | V£ (x, ) |

and Vo(x, y) is the velocity field of the two-dimensional

potential flow of a constant uniform free stream, with
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velocity —ch, about a cylinder having the shape of the jet
exit, perpendicular to the axis of the cylinder. Thus

lim Vc(x, y) = - iV

x2 + y2+m

c

In Equation (4) the terms %VjE x e and %E pYs Eo repre-
sent, respectively, the vorticity generated on the cylindri-
cal discontinuity by the jet inside and by the cross-flow
outside. The term ig X YO represents the vorticity generated
by the cross—-flow on the plane boundary to satisfy the no-
slip condition. All three of these terms have non-zero
values at infinity, since both the jet and plane boundary are
of infinite extent, so that the initial aggregate of vortex
cells* would be infinite.

This however, is avoided by writing the solution as

the sum of three solutions:

~

Y‘(xs ¥, 2, t) = VP(_Z, ) EJ(_X:» Y t) + Y'(_X, ¥, Zy t)

(6)

m(xa ¥, 2, t) UJP(.Z: t) + w (X, Yy t) + mr(x, Ys 2, t)

~

L

where vp, w 1is the solution for the flow above an impervi-
ous infinite flat plate moving parallel to itself with a
velocity equal in magnitude, but opposite in direction, to

the cross-flow velocity. Also, v is the solution for

X * oy

*Yortex cells and the aggregate of vortex cells are defined
in Chapter II.
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an infinite jet in cross-wind with no wall present. These
two solutions supply the conditions approached at infinite

distances parallel and perpendicular, respectively, to the

plane boundary by the complete solution. Thus
lim w(x, v, 2z, t) = w (z, t)
2 2 - ~P

® -l-y+oo

lim w(x, y, z, t) = wJ(x, ¥y, t)
b o= <]

Then

lim @'(x, y, 2, t) = 0

x2 * yz i zz+w

and the extent of non-zero values of w' is finite.

Infinite Plate Sub-Solution. The boundary conditions

for the first of these solutions are given by

VP(D, t) = iV (7)

and the initial conditions by

[0, z >0
55 = (8)

~P _ i ~ -
l h% = Evc » 2 0

where Vc is the magnitude of the constant cross-flow velocity
of the complete solution at anm infinite distance above the

plane boundary. These initial conditions correspond to
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v (z, 0) = (9)
~P [ iV , z = 0

This problem is one-dimensional and has an exact
solution. However, in the interest of consistency, this
was also done numerically in the dintegro-differential formu-

lation as discussed in Chapter II.

Infinite Jet in Cross-Wind Sub-Solution. The second

of these solutions has no boundaries and therefore no bound-
ary conditions. (The condition that the velocity approach
at infinity that of the undisturbed constant cross—-flow of
the complete solution,

i = - 1V
lim YJ(X, y, &) i\c

x2 + y

is contained implicitly in the integro-differential formula-
tion for this solution.) The initial conditions are

(o, f(x, v) # 0

{SJ(X’ y, 0) = (10)

| 2 L
th§ x e(x, y) + yel(x, y) x V (x, y),

f(x, y) = 0
which correspond to
0, f£(x, y) >0

vilx, y, 0) =V (x, y) + (11)

KV, f£(x, y) <0

This solution is two-dimensional and is discussed in Chapter V.
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Prime Sub-Solution. The boundary conditions for the

remaining solution are, from Equation (6),

Y.(xv Yo 0: t) = V(X, ¥ 0, t) - VP(O! t) = VJ(X’ Y t)

[ 0, f(x, y) » 0]
s - 1V, - vilx,; ¥y t) (12)
[ kv, f(x, y) < OJ e

and are thus time-dependent. Similarly the initial condi-

tions are

w'(x, vy, z, 0)

~

[f(x’ Y 2, 0) = {;Up(z} 0) = QJ(X’ Y 0)

{0, z > 0

(13)
1 . -
lEE X [Yo(x’ 52 = ivc]’ % = U

The equations of motion for this solution are obtained
by substitution of Equation (6) into Equatioms (1) and (2).

Thus, from Equation (1)

1
BEP BEJ 39

ot + ot * ot

E 1 ]
Y= Iy Yt LY, Yy ¢

+ v(Vzwp + Vzm + Vzw')

bl |
But
W 5
=P =y + VY
t ~x (Y X Tp) %p
ow
- I 2
5t~ % (v x wp) + wWou,
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so that

Q>
>

|Ie

2
= 1 1 1
V x (g X W ) + Vvw + V x Izp X wy + vy X W,

L]
T

+ (vp + Vo) x '+ v ox (@p twpdl o (14)

~

Equation (2), being linear, is unchanged in form:

k « r V;
v = ] ey s
|z |

1 r' - r r' - R
+ *—JIJ —= "1 - = ~3 x w'dv (15)

The velocity in the integrand of the surface integral is
that given by the boundary conditions in Equation 12.

The three-dimensional, time-dependent solution of
Equations (1) and (2), subject to the boundary conditions
given by Equation (3) and the initial conditions given by
Equation (4), is thus obtained by adding the one-dimensional
solution of Chapter I1 and the two-dimensional solution of
Chapter V to the three-dimensional solution of Equations (14)
and (15), subject to the boundary conditions given by Equa-
tion (12) and the initial conditions given by Equation (13).

With nondimensionalization with respect to the cross-

wind velocity VC and the cell width h, Equation (l14) becomes
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ot

an'

nwh“

ot

1

oz

nwh‘

ot

where

IR P
i

Here

w_.N + v
P

upCJ + w

e (16a)*
oy 3z

2 1 2 1

8 -+ - (16b)
3y 3z

TR

9 5 + ﬁ—§~ (16c)
3y 92

L] 1
+
+ (gp s EJ) N o + X x (Qp TJ)

Al PR b & D W'(ﬂp + ny)
(17a)
Jg' - (up + uJ)g' + w'gJ - u'QJ
(17b)
L ' v
uan + (up + uJ)n ng 4+ u (np + nJ)
- v'gJ (17¢)

=iyt ing t+ kg,

Similarly, Equation (15) becomes

%*Hereafter in this chapter all quantities are nondimension-
alized as noted in the Nomenclature,
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' z b o UJ(X" y') Vot
u = - e F dx'dy
1
' - Y)E‘(xls y'l_z') - éz‘ = Zlﬂ'(x', y's z')dx'dyldz'
2

z') = (2" ¢+2)n"(x"; V',

T
Do Ko il
3
(18a)
y")

dx'dy'

ﬂk. (Z' g z)gﬁ(x‘J Y') z') - (x' - x)ct(xl’ Y'L_z') 1 1 ®
+ 4WJJJ F2 dx'dy'dz
1 1 L} L ] L) o L) = L] L} L} L
- Z%JJJ(Z + z)E(x ., ¥y, 2') F(x ' (x'y ', 2 )dx'dy'dz'
3 ;
(18b)
W' - iwaJ(x" Y') = Vre(xl) y')dxfdyl
) Fy
ALz ==)ntilw?, v, 2') = Cy' = wIE(x', %'y 2V ) cowgora
+ 4WJJJ F2 dx'dy'dz
¥ ynt ' 1 " LI =1 ' ! 1
- f%JJJ(X x}0(x", ¥', = F(Y o A G AN, L z-ldx'dy'dz'
3
(18¢)
where
3/2
F, = [(x' - x)2 + (y! - y)2 + 22] ‘
3/2
I R S R AN S L RN Db R
2
F, = I(&x' - x)2 + (y' - Y)z + (z' + 2)2]3f
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[U » £(x', y') > 0

e(x', y) =
l 1, f(x', y') <0

Here the primes denoting the variables of integration are
not to be confused with those referring to the prime solu-
tion (Yl’ 9'). All quantities in these equations are dimen-
sionless, and the cell Reynolds number is based on the cross-

flow velocity:

With the space derivatives replaced by three-point
central differences and the time derivatives by a two=-point
forward difference, Equations (l16) are approximated (Appendix
D) by the following difference equations, the primes now
being understood:

n+1

Aty .n
Ei,j,k (L, = GRc)gi,j,k

At n n n
T bl g g1k T Cade, g1, T Bl g kel
1l
*Cedy, 1k
+ éE n n n n

+
RC[Ei+lajsk ¥ gi"lsjak Ei,j-}-l,k * g‘j-sj_]-:k

n ju

* gt By k!

(19a)
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n+1 At . n At n n
e = 625y e )t = .
L,k T G e My P D g T Cd gk
n n
Cutamn 5.0 * Cdi-g 5 %l
At . n n n n
+ == +
Rc[ni+l,j,k Vwd 4,0 T Y et e T 501 4
n n
¥ My gom ¥ Uy gy ol (135}
n+1 _ At .n At n n
T R T T R Lo PRI S R BN
1 n
T T R U ey
+ éE[Cn + 0 + 0 + "
R_LCi41,5,k 11 4k 1,§+1,k i,§-1,%
I I1
g Y R k-t (1ge)
in straight explicit form. Here At is the (nondimensional)

time step, and the subscripts and superscripts refer to the
space and time coordinates, respectively: E? 4.k =

] 3
C(xi’ yJ-) zk! tn)'

The integrals of Equation (18) are approximated

numerically by



n k q
g T L -
153 :k 27 » q Fl
n
. zl' ) Y B Fally o o ™ KB
T 5 q < Fy
(pyq,r)#(i,]j,k)
n
I ) Vg = 9925 ,q,c = 3
4 F
P q r 3
(p’qsr)%(ipjsk)
z (v )"
P W R i o
1,3,k 27 By
P q
(z_ - z,)E" - (=
1 r k P,9.,Y
g D)
b g q r F2
(p’q’r)%(i)j:k)
n
1 Z Z z (zr + zk)gp,q,r - (x
4 F
p q r 3
(psd,E) P (153 .k)
n
0 .k oy oy “5)p.a ~ Ve%.q
i, j,k 2T F
P q 1
(x_ = x.)n = (¥
1 - 1" Diq,r q
+_.__
4w g <}l 12, F,
(DsqsEif(i.].,8)
n
- i E Z E (xp Xi)np’q:r ~ (}7 J "P>9,
4t F
P q r 3

(p,q,r)#(i,i,k)

where now
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i} Y L2 . D.3]2
2
I N COIE S LR OIS R
A (R AR C A LI CHE A ks Rl

o, (x_, ) not on jet exit
[ ( 5 g J

1, (x on jet exit
[ ( g ! yq) 3

The summations extend over all points having non-zero vor-
ticity.

The above relations for the velocity apply for 2y # 0.
On the boundary plane the velocity is given by the boundary
conditions from Equation (12), so that Equation (20) is

replaced by

- _ n
ui,j,l 1 (UJ)i,j (21a)
Vn n
i,j,1 = - (v), 3 (21b)
n n
i,5,1 = Vrfi,3 T rligy (24e)

From the initial conditions given by Equation (13)
the initial aggregate of vortex cells consists of a layer of
finite extent, one cell in thickness, lying on the boundary

plane. The lateral extent of this layer is determined by
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the minimum vorticity, wm, below which cells are considered
to have zero vorticity. Initial surface vorticity at
greater distances from the exit is neglected.

Surface Pressure Coefficient. The pressure on the

plane boundary is calculated from the line integral of the
Navier-Stokes equations. On the boundary plane the velocity
components parallel to the plane are zero, and the normal
component is also zero, except on the jet exit where the nor-
mal derivatives of the velocity are zero. The convective
terms therefore vanish on the boundary plane, and the Navier-
Stokes equations may be written (with pressure nondimen-
sionalized relative to the remote cross-flow dynamic pres-

sure) as

20 o= Vv = - 2V x g (22)
7 c = il i
Then
9P . 2 9N
ax R oz (23)
[ &
since
ar o 3w _ 2% _
3y x93y 3y2

on the boundary plane.

Then, from the integral of Equation (23),

X

P@J,WU—P=%£JWWJJfMW Q)
c

oo
[0}
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where the derivative is evaluated at z = 0. This integral
is approximated using two-poilnt, one-sided differences and

trapezoidal numerical integration as

n _ el A n
P gl P ™ TR E g0 T Ty
+ (ne . , -0, 25
p=§+l nP’J 2 nP’J ’l>] ( )

where the vorticity used is that of the prime solution above,

J g
since Ef = 0 at z = 0 for the one and two-dimensional solu-
tions above. The summations then actually extend only over

the prime vortex cells, rather than to infinity as in the

continuous case.

Start from the Opening of the Jet Exit

The initial conditions for the start from the opening

of the jet exit are given by
0, z >0

1 1
e I -_——
hE X lo(x, vy, 0) hE x EVC, z

ELJ(X’ v, z, 0) = |
[o , f(x, y) # 0, z = 0

(26)

]
o

1]
(=}

ij x e(x, y), f(x, y) = 0, z

o=

where Vo(x, y, 0) here is the potential velocity distribution
on the boundary plane induced by a uniform source distribu-

tion on the jet exit with strength equal to the jet exit
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velocity. As before, —ch is the constant cross-flow, and
e(x, y) is the outward unit normal to the jet exit curve.

These conditions correspond to an initial velocity distribu-

tion given by

Eo(x, vy, z) - iVC o 2z .» 1

vix, y, z, 0) = ij , f(x, y) < 0, =z

0 (27)

0 , f(x, y) > 0, =z

1}
o

In these relations the velocity induced by the source dis-

tribution on the jet exit is given by {73, Chapter 11}

g s TE
- . szJ ds (28)

Again the extent of non-zero vorticity on the boundary
plane is infinite, so that the solution is advantageously
broken into two parts: (a) the one-dimensional solution for
the flow over an infinite solid plate, parallel to the plate,
with constant velocity at an infinite distance from the
plate equal to that of the cross-flow, and (b) the difference
between the complete solution and the above solution. Thus

the complete solution is written

v(x, ¥, 2, €) =y (2, £) + ¥'(x, ¥, 2, ©)
(29)

Wix,; y; z; t) = (.UP(_Z, t) + Eﬁ'(.x’ Y, 2, t)
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where vp,w represent solution (a) above, and v',w' solution

~ ~

(b). The former thus supplies the conditions approached by
the complete solution at infinite laterial distances at each
time:

lim w(x, y, z, t) = mp(z, t)

x2 i y2—>OO

Then, as before,

lim ml(x! Y: Z, t) = D
x2 + y2 + 22+w

|

and the extent of non-zero values of w' is finite in the

~

prime sclution.

~

Infinite Plate Sub-Solution. The solution Qp,v used
here is simply that of the same notation used with the start
from the cylindrical discontinuity discussed above, but with
the constant velocity, —%VC, added to the latter. The
boundary is thus at rest in the present usage, the remote
fluid being in motion with velocity —EVC.

Prime Sub-Solution. The boundary conditions for the

prime solution are, from Equation (29),

1}

v'(x, ¥3 0 t)

vi{x; ¥, 0, £) = YP(O,t)

[D,f(x,y)>0
- (30)

lkvj, f(x, y) < 0O
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and are not time-~dependent in this case. Similarly the

initial conditions are

w'(x, y, z, 0) w(x,

— T W

The equations
mations are the same
the cylindrical disco
subscripted "J" are o
Equations (1l8a) and (
tions (20a) and (20b)
(21la) and (21b) are o
boundary being zero o
pressure calculation
same manner described

Computation Procedure

With each type
solutions, other than
first at each new tim

ence equation. (The

Y, 2, C') = {f‘p(zs D)

lk X Vo(x, y, 0), z = 0

0, f(x, y) # 0, z =0

%ij x e(x, y), f(x, y) = 0, z =0

of motion and their numerical approxi-
as those given above for the start from
ntinuity, except that all variables
mitted, and the surface integrals of
18b) and the double summations of Equa-
are also omitted. Similarly Equations
mitted, the velocity parallel to the
n the boundary in the present case. The
is unchanged and is performed in the

above.

of start the vorticities of the sub-
the prime sub-solution, are evaluated
e from the appropriate parabolic differ-

infinite plate sub-solution and the
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infinite jet in cross-wind sub-solution are independent of
each other, as well as of the prime sub-solution, so that

the order in which these two sub-solutions are evaluated 1is
immaterial.) The velocity of these sub-solutions is then
evaluated from the appropriate integral over the respective
vorticity. The calculation procedures for the infinite jet
in c¢ross=-wind sub-solution and the infinite plate sub-solu-
tion are the same as those given in Chapter V and Chapter II,
respectively.

Finally, using these results, the vorticity of the
prime sub-solution is evaluated from the appropriate para-
bolic difference equation, and the velocity of this sub-
solution is then evaluated from the integral over this vor-
ticity distribution. (The restriction of the field of inte-
gration over the vorticity distribution for the velocity
calculation to a specified range from the point of evalua-
tion is also used for the prime solution.) The sub-sclutions
are then added to produce the complete solution at the
current time.

In view of the negligible differences between the
results with the two minimum vorticity schemes for the two-
dimensional solutions at the total times actually reached,
the scheme requiring the fewer calculations was chosen for

use in three dimensions. Thus a border cell*® is changed to a

*Border cells and vortex cells are defined in Chapter IT.
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vortex cell®* if the magnitude of the vorticity calculated
for the border cell exceeds the specified minimum vorticity,
mm' Otherwise this vorticity is distributed evenly among
the adjacent vortex cells.

In order to reduce the computer time required, border

cells beyond a specified radius r_ from the jet exit axis

f
are not allowed to change to vortex cells, their vorticity
being distributed evenly among the adjacent vortex cells.
This radius was taken as three or four exit radii, as indi-
cated in the results presented. This restriction affects
primarily the spread of prime vorticity on and just above
the plane boundary, since in the total times considered the
spread of vorticity above the plane boundary was largely
confined within this range by the minimum vorticity criterion
for creation of a vortex cell from a border cell. The spe-
cification of this maximum limit for the spread of prime vor-
ticity causes the rectangularity of the edge of the vorticity
field evident near the plane boundary in some of the vector
plots.

Since the boundary here is plane, the difficulty of
boundary condition representation encountered with the circu-

lar cylinder does not arise, and no special treatment of the

equations for evaluation in the boundary cells+ is necessary.

*Border cells and vortex cells are defined in Chapter II.

TBoundary cells are defined in Chapter II.
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The values of all terms at virtual points inside the boundary
are taken as equal to the corresponding surface value at the
point of calculation. The surface values are calculated
from the appropriate boundary conditions given in the preced-
ing discussion.

Since the nonlinear instability discussed in Chapter V
eliminates much of the advantage of the Dufort-Frankel formu-
lation, the simpler straight explicit formulation was used

exclusively for the three-dimensional solution.

Results and Discussion

Results were obtained for circular jets with velocity
ratios of 8 and 4 with cross—-flow Reynolds numbers of 12 and
6 (based on the jet exift diameter). Profiles of vorticity
and velocity are presented and analyzed in Appendix K for
velocity ratio of 8 and Reynolds number of 12 for each type
of start. A number of interactions among various components
of vorticity and velocity were noted and are analyzed in
detail in this appendix. The emission of a vortex ring from
the jet exit in the case of the start from the opening of the
exit is evident in these profiles, as are vorticity waves
propagating up the jet from the exit with both types of start.
The time development of these upward propagating vorticity

waves is discussed in some detail in Appendix K and the

effects of various parameters thereon are presented,



105

Vorticity and Velocaty

Vorticity and velocity vectors for the start from the
opening of the jet exit are shown in Figures 37-42.%* (Here
vectors are shown only for prime vortex cells, i.e., cells
having non-zero vorticity in the prime solution. This was
done simply to economize the plotter time required and does
not imply that the flow is uniform outside the regions
shown.) Figures 37 and 38 give the horizontal (parallel to
the boundary plane) vectors, and Figures 39 and 40 give the
vertical vectors. 1In addition Figures 41 and 42 show the
velocity vectors in planes through the center of the jet
exit, perpendicular and parallel, respectively, to the
remote cross-flow. It should be realized that the upstream
(relative to the cross-flow) inclination of the vectors in
the latter figure simply reflects the forward flow of the
recirculation within the jet and does not imply that the
overall jet is so inclined,

The development and upward convection of the vortex
ring emitted at the exit at the start that is. characterized

by the vorticity and outward velocity peaks in Figures 89,

*The scale factors for the vector plots are given in Table 5.
The magnitude of a vector is indicated by the length of the
stem of the arrow, the size of the arrowheads being the
same throughout. Spurious lines on the plots are the
result of plotter error. Parameters used in all results
presented are given in Table 4,
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91, and 92, discussed in Appendix K, is evident upon close
inspection of the vectors. In particular, the strong outward
inclination of the velocity vectors in Figures 37 and 41
occurs just above the vortex ring, and there follows a fairly
abrupt shift in inclination beneath the ring.

The recirculation within the jet, characterized by the
forward horizontal velocity peaks in Figure 91, discussed in
Appendix K, that develops at the later times is quite evident
in the vector plots. This recirculation is retarded near the
jet exit because of the boundary condition there, and dies
out in the upper portion of the jet.

The vorticity and velocity vectors for the start from
the cylindrical discontinuity standing on the jet exit are
shown in Figures 43-48. The progress of the above-mentioned
vorticity waves up the jet is quite evident, particularly in
Figures 47 and 48. 1In this case the magnitude of the hori-
zontal velocity within the jet is much smaller than that
encountered with the other type of start and the rather com-
plicated horizontal velocity patterns within the jet thus
involve primarily velocity of very small magnitude. It
should be recalled that the arrowheads of the vectors are all
of the same size, the magnitude of the vector being indicated
only by the length of the shaft. The pattern shifts from
simple recirculation within the jet, involving two counter-

rotating vortices, to a pattern involving four vortices—two
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of which are the extensions of the two mentioned above, but
displaced to the rear, and two additional counter-rotating
vortices in the forward portion of the jet, these rotating
oppositely to those in the rear. Between the two sets of
vortices the cross-flow penetrates the jet. Again the hori-
zontal flow is retarded near the plane boundary because of
the boundary condition so that the internal vortices die
out as the boundary is approached.
Stability

As shown in Appendix G the linearized stability cri-

teria for Equation (19) are

1 4 2 4 2 , 2
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These criteria, being based on a maximum field velocity
equal to the jet exit velocity (Appendix G), are conserva-
tive since the velocity only attains that maximum value in a
relatively small portion of the field. The linearized sta-
bility analysis given, however, is developed as if the velo-
city in the entire field were equal to this maximum value.
Therefore, although violation of the above criteria would
lead to divergence if the velocity in the entire field were

equal to the maximum value, if the region of violation is not
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too great the instability will be local in origin and may be
damped as it propagates into other regions of the flow.

The time steps used did exceed the above limits, but
were well below the corresponding limits obtained with the
cross—-flow velocity taken as the field maximum to be used in
the stability criteria. It is for this reason that the vor-
ticity waves running up the jet occur (Appendix K). These
waves are the result of local linear instability generated
in the region of high jet velocity near the exit. They then
propagate up the jet but are damped in the process as a
result of the decrease in velocity up the jet. In the two
unstable cases discussed in Appendix K, however, the viola-
tion of the above stability criteria was great enough that
the local instability was of sufficient amplitude as to lead
to divergence. Such vorticity waves were observed also in
the numerical solution of Payne for the two-dimensional jet
{49} and in that of Whitehead for the axi-symmetric emission
of a vortex ring {51}, but were not recognized as the result
of local linear instability. Neither of these solutions
involved a cross-flow but were simple jets issuing into a
quiescent surrounding.

Surface Pressure Distribution

Surface pressure coefficients for the above-mentioned
cases are shown in Figures 49-53. Although the low Reynolds

numbers of these cases preclude direct comparison with
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available experimental data, the low pressure region behind
the jet observed and to be expected in viscous flow {68, 79}
is evident. (The precise location of the contours in these
figures is less significant than their shape, since the for-
mer was affected by restriction of the lateral extent of the
spread of vorticity near the boundary applied to conserve
computer time in these cases.) With the start from the open-
ing of the jet exit, the surface pressure contours are
originally circles about the exit, the pressure being posi-
tive at all points and decreasing with increasing radius,
since the initial solution is the superposition of a uniform
exit source distribution and a constant pressure uniform
cross—-flow. As time progresses the pressures, particularly
in the rear of the jet are reduced, and a region of negative
pressure (coefficient) appears in the rear portion of the
jet (Figure 49, T = 0.67). The negative pressure region
expands and eventually encompasses the positive pressure
region in front of the jet (Figure 49, T = 0.93), the latter
having been reduced considerably. The pattern at the later
times shown exhibits a region of positive pressure in front
of the jet that is surrounded by a region of negative pres-
sure, the lowest pressures occurring in the rear of the jet.
With a reduction of the velocity ratio, the flow
develops less rapidly, and the positive pressure region in

the front of the jet is not surrounded at the last time
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given (Figure 50). The pattern is gemerally the same but
with greater downstream extent of the low pressure lobes
behind the jet.”

With the start from the dissolution of the cylindri-
cal discontinuity (Figure 51), the region of negative pres-
sure behind the jet is established immediately after the
start. The later stages are quite similar with both types
of start. It is clear that the development into the even-
tual pressure contour pattern is more rapid with the start
from the discontinuity, as would be expected since the jet
penetrates from the start in that case. (The loss of most
of the contours for T = 1.00, 1.20, 1.33 was due to plotter
error). With a reduction in velocity ratio the pattern is
similar but less compact overall (Figure 52). The region of
lowest pressure is more extensive, however, with the larger
velocity ratio (cf. Figures 51 and 52, T = 0.93).

A reduction in the cross-flow Reynolds number
increases the extent of the low pressure region and also
results in a lower minimum pressure behind the jet (Figure
53). This is indicative of the importance of the viscous
effects associated with the presence of the solid wall in
the development of the low pressure region behind the jet,

since these effects are stronger at lower Reynolds numbers.

*This trend with the velocity ratio is in agreement with the
experimental results of Mosher {80}.



CHAPTER VII

VORTEX LATTICE MODEL OF THE

THREE-DIMENSIONAL JET IN CROSS-WIND

It was recognized from the start that no potential
flow model could represent completely the viscous effects
that are prominent in the jet in cross-wind, in particular
the entrainment of the cross-wind and the low pressure region
behind the jet. However, since numerous proposals have been
put forward for representing the jet at least approximately
by a lattice of vortices of fixed geometry, the evaluation
of a lattice of variable geometry determined by velocities
induced by the lattice on itself was considered to be of
value. With this model, the deformation and backward deflec-
tion of the jet and some entrainment are included, developing
in time from within the model itself without being prescribed
beforehand. Thus it would seem that a model with such free-
dom would incorporate many of the features of the jet in
cross~wind, even representing in effect some of the viscous

features.

Vortex Lattice Model

It is shown in Appendix L that the representation of a
jet issuing normally from an infinite plane wall into a cross-

flow parallel to the wall by a lattice of vortex segments
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must include also a uniform source distribution on the jet
exit. The velocity then is the resultant of the velocities
induced by the vortex segments, their solid-wall images in
the infinite plane, and the source distribution. These
singularities are depicted in Figure 54. At each time step
the velocities induced at each vertex of the lattice by the
vortex segments, their images, and the source distribution
are calculated, and the vertices are moved accordingly.

The lattice thus deforms as time progresses and the vertices
are moved about.

Original Lattice Configuration

The original configuration of the lattice (at time
zero) has all vortex segments either parallel or perpendicu-
lar to the wall. The segments that are parallel to the wall
form a set of equally spaced closed rings and are here
denoted as "ring segments." All the rings are identical,
and the vertices of the ring segments forming each ring lie
on the projection of the jet exit curve in the plane of that
ring. Any shape exit 1s permitted.

The segments that are perpendicular to the wall con-
nect the vertices of the ring segments, thus forming columns,
perpendicular to the wall, standing on the jet exit curve.
The spacing of these columns around the jet exit curve 1is
arbitrary, but symmetry about the plane parallel to the

cross-wind and perpendicular to the wall, bisecting the jet
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exit, is required. The lengths of the ring segments are
determined by the column spaciag and may or may not be con-
stant around the ring. The lengths of all column segments
are, however, the same since the rings are equally spaced.
The circulation of each vortex segment is constant in
time and is determined from the original lattice configura-
tion as follows: The circulations of all the ring segments
are the same and are determined by the jet velocity. Taking

the line integral around the path indicated in Figure 54,
F=%v‘dl=Vh (1)

This expression holds for any jet exit shape and any column
spacing. The circulations of all column segments in the
same column are the same, but there is wvariation from

one column to another. Taking the line integral around the

path indicated in Figure 54,

r = % - dl (2)

For arbitrary jet exit shape or experimental velocity dis-
tribution around the jet exit this expression must be
evaluated to suit the particular case. In the case of
equally spaced columns around a circular exit with a poten-
tial flow velocity distribution for a circular cylinder this

becomes
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The front and rear columns thus have zero circulation, while
those at 90° have the largest circulation.

The jet exit is covered by a uniform source distribu-
tion of a constant strength determined by the jet exit velo-
city as indicated in Appendix N. The equation for the velo-
city induced thereby 1is also given in this appendix.

Time Development

The velocity induced at rp by a straight vortex seg-

ment between r, and r, (see Figure 55), with positive circu-

1 ~2
lation reckoned as clockwise when viewed from T to I, is
given by (Appendix N).
w w pefens B, < sue 8.3 (4)
% T B1 ByaWeER Ny s %2
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The use of this velocity with a finite time step, however,
results in a spiralling effect. To avoid this the movement

resulting from this induced velocity may be based on the
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angular velocity about the vortex segment as follows (Appen-

dix N, see Figure 56). (This has also been used in {9}.)

Ao _ _ VAt
ajxe = V or Ad = .
Then
b = 2(a sin %%)
and
. Ao in Ao
? = glb cos > 2 Ezb sin 2
with
-
E2.% T X
so that
b = e, a sin Ao + e.a(l - cos Aa) (5)

This vector E is then the displacement of point Ep due to

the velocity induced by the vortex segment. If the dis-
placement were taken as gét, instead, the perpendicular dis-
tance from the vortex segment to the point Ep would increase.
But the velocity field of a straight vortex segment is a
circular field, so that this distance should not change.

The above form of the displacement achieves this desired

effect. ©Note that for small Awa, i.e., small At,
2
= (Aa)
b = eqaby + epa=y
(vAt) > 2
= e1V&t + e, ke vAt + D(At) (6)

as expected.
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The spiralling effect is pronounced only in the imme-
diate vicinity of the vortex, and only there is it necessary
to resort to the use of angular velocity. Elsewhere dis-
placements are better calculated directly from the velocity
in the interest cf economy of computer time.

At each vertex the displacement vectors induced by
each ring segment, each column segment, their images in the
wall, and the source distribution on the jet exit are calcu-
lated and summed. The vertex is then moved by the resultant
of these displacement vectors. The lattice thus deforms in
time, and the length and orientation of each vortex segment
changes. The circulations, however, do not change.

Several rings and their columns are added beyond the
top ring in the field to simulate conditions at infinity.
These rings are equally spaced and are kept directly above
the top ring of the field.

At each time step a new undeformed ring is formed on
the jet exit. All the rings move upward, of course, under
their mutual influence and that of the source distribution,
so that a new ring, and its associated column segments, is
added at each time step. This new ring'is initially
undeformed and enters at the jet exit. It in turn becomes
deformed as it moves upward under the influence of all the

induced velocities of the lattice.
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Results and Discussion*

Appropriate values for the spacing of the rings and
columns of the lattice were determined by comparing the wall
pressure distribution about the undeformed lattice with the
exact solution for the potential flow about a circular cylin-
der {73, Chapter 12}. Practical limits on computer time,
however, limit the spacings that can actually be used. The
results with several values of these parameters are shown in

Figures 57-509.

The discretization involved causes the matching of
the velocities induced by the exit source distribution and
the vortex segments to be slightly imperfect. With the ver-
tical veleocities induced near the exit by the sources and
the vortices matched as discussed in Appendix N, there still
remains a slight imbalance in the other velocity components.
This imbalance causes the first emitted ring to contract
slightly after emission. Since vortex sheets are unstable,
tending to roll up as a result of small displacements normal
to the sheet, this contraction initiates a rolling up of the
sheet as shown in Figure 60.

Only the first few rings emitted experience signifi-

cant contraction from this imbalance between the source

*All quantities used on the figures discussed in this chapter
are nondimensionalized with respect to the exit radius, the
cross-flow velocity, and the cross-flow dynamic pressure.
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distribution and the vortex segments, since after the lattice
becomes deformed the velocities induced by the various vortex
segments of the lattice are no longer ordered as at the
start. The lattice thus attempts to reach a steady state
below the rolled-up portion. However, vortex segments in the
region of the roll-up become so stretched as to no longer
give an adequate representation of the vortex sheet. There-
fore, although in principle the initial roll-up could be
tolerated and simply allowed to pass upward out of the field
of interest, this is not practically possible because of the
stretching and extreme distortion of the lattice.

Therefore, a number of expedients were considered to
stabilize the lattice during the first few steps and thus
eliminate the roll-up. The method finally selected was to
calculate the displacement of each vertex from a weighted
average of the velocity actually induced at the vertex and
that induced at a corresponding vertex a great distance
above the plane boundary, the weight of the latter decreasing
linearly down the jet from unity for the first ring emitted.
The vertices of each successively emitted ring thus are dis-
placed more according to the velocity actually induced at
those vertices. Since one ring is discarded from the top at
each time step, this initial stabilization procedure gradu-

ally becomes less effective and finally becomes inoperative

as time progresses.
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The success of this initial stabilization of the lat-
tice is evident upon comparison of Figures 61 and 60. The
results of the same procedure applied with other values of
the ring and column spacing are shown in Figure 62. The
time shown is the longest for which the lattice was not
stretched to the point of not being an adequate representa-
tion of the vortex sheet. (The stretching alluded to here
is a result of the roll-up of the jet into two counter-
rotating vortices.) Longer times could, of course, be
reached with closer spacing of the vortex segments in the
lattice, but at the expense of a rapid increase in computer
time.

The deformation of the jet into the expected "kidney"
shape {68, 79} is evident in Figure 62. However, the surface
pressure distribution resulting from the deformed lattice
(Figure 62e) is not greatly different from that before
deformation (Figure 62f) because of the dominant influence
of the lower portion of the lattice. This potential flow
model thus does not give even an approximate match of the
experimental data in the rear of the jet even though the
deformation and deflection of the jet are included.

The data presented here for this potential flow model
are only an illustrative sample cf the large amount of data
obtained. It was concluded from the study of this freely

deforming vortex lattice model that such a model, even
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though it does represent to some extent the experimentally
observed deformation and deflection of the jet, is not at
all capable of representing the causes of the low pressure
region behind the jet. As stated previously, this conclu-
sion was not unexpected. The low pressure region behind the
jet thus may be attributed to viscous effects arising from
the presence of the solid wall, and not to the deformation

and deflection of the jet.



CHAPTER VIII

CONCLUSIONS AND RECOMMENDATIONS

Conclusions

The principal conclusions of the present investiga-
tion are as follows:

1. The numerical method based on an integro-
differential formulation of the Navier-Stokes equations is a
valid method of numerical soluticn of the Navier-Stokes
equations, yielding the solution in the entire flow field
while actual computation is confined to the region of signi-
ficant vorticity magnitude. This method requires two orders
of magnitude less computer storage for three-dimensional
problems than do methods based on differential formulation.

2. The large computer time required by the evaluation
of the velocity from the integral over the vorticity field
makes the numerical method based on the integro-differential
formulation non-competitive with methods based on differen-
tial formulation in two-dimensional problems. In three
dimensions, the integro-differential method is superior in
speed at the present state of the art. The primary reason
for this speed advantage is that the significant storage
reduction achieved by the integro-differential method allows
three~dimensional problems of large field size to be con-

sidered without the use of zny low-speed storage, i.e.,
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completely in the high-speed core. This feature is a result,
of course, of confining the calculation to the region of non-
zero vorticity at any time.

3. The specification of conditions at infinity is
unnecessary in the present formulation, these conditions
being contained implicitly, so that it is not necessary to
artificially locate "infinity" at the boundaries of a finite
computational field. The solution is obtained on a field
that is, in effect, infinite.

4. Care must be taken in the integro-differential
formulation to represent the integral over the vorticity dis-
tribution accurately in the numerical approximation, especi-
ally in the region of highest vorticity near solid boundaries.
For this reason the proper numerical representation of bound-
ary conditions is even more critical in the present formula-
tion than in differential formulations. It is thus of great
advantage to have a coordinate line coincident with any solid
boundary that is present. However, a moderately successful
method of representing the boundary conditions for the inte-
gral with the boundary and coordinate lines not coincident
has been developed.

5. The numerical method is convergent with decreasing
time step and, for the one-dimensional flow above a suddenly
accelerated infinite flat plate, is known to converge to the

exact solution.
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6. The numerical method is capable of predicting the
drag coefficients for a two-dimensional solid circular cylin-
der with good accuracy. The cell size must be reduced, how-
ever, to maintain accuracy as the cylinder Reynolds number
increases. Other numerical methods share the same feature.
With cartesian coordinates the cell Reynolds number must be
unity or less for accurate drag prediction. The numerical
method with cartesian coordinates is capable of predicting
the surface pressure distribution alsc, but with some irregu-
larity due to the angularity of the boundary, for cell
Reynolds numbers of unity or less.

7. The numerical method is capable of predicting the
time history of the length of the standing vortices behind a
two-dimensional solid circular cylinder with accuracy for
cell Reynolds numbers of 3 or less, and possibly higher. The
method does produce periodic vortex shedding, at a frequency
close to the expected value if a vorticity perturbation is
introduced, and shows the establishment of a vortex street.
The shedding and street formation are surpressed by the addi-
tion of a rear splitter plate.

8. The stability of the numerical method follows
generally the linearized prediction given, but with some sig-
nificant differences. 1In two-dimensional flow with only two
variable components of vorticity and velocity the linearized

stability region is followed very closely (exactly for one-
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dimensional flow), and there is no upper limit on the cell
Reynolds number. However, in flow with three variable com-
ponents of velocity and vorticity, even with a direction of in-
variance, a nonlinear instability occurs through a convec-
tive coupling between a velocity component and the two vor-
ticity components normal thereto. This nonlinear instability
arises in the parabolic differential equation for the rate of
change of vorticity and is not peculiar to the integro-
differential formulation itself. This instability is depend-
ent more on the cell Reynolds number than on the time step.
There still is not necessarily an upper limit, per se, on

the cell Reynolds number, but impulsive starts are highly
susceptible to nonlinear instability and a progressively more
gradual start is necessary as the cell Reynolds number
increases and/or the velocity ratio increases. As with all
explicit methods the time step is rather severely limited by
the stability requirements.

9. The numerical solution for the problem of the jet
issuing normally from an infinite planme wall into a cross-
flow parallel to the wall may be constructed in such a man-
ner that the three-dimensional calculation is confined to a
field of vorticity of finite extent, both in the case of a
start from the opening of the jet exit and in the case of a
start from the dissolution of a cylindrical discontinuity

standing on the jet exit, separating a uniform interior jet
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flow from the exterior potential flow around the cylindrical
discontinuity.

10. The numerical method shows the deflection and
deformation of the jet into the expected kidney shape, a
recirculation within the jet in the form of counter-rotating
vortices, and entrainment of the cross flow into the rear of
the jet. The method also shows the low pressure region
behind the jet to be expected from experimental results, the
emission of a vortex ring from the jet exit and, vorticity
waves propagating up the jet from the exit. These waves are
generated by local linear instability, as predicted, in the
high velocity region near the exit and may be damped upon
propagation upward.

11. The potential flow model—a freely deforming lat-
tice of straight vortex segments, their images in the infi-
nite wall, and a uniform source distribution on the jet exit—
of the jet issuing normally from an infinite plane wall into
a cross~flow parallel to the wall is not capable of repre-
senting even approximately the causes of the low pressure
region behind the jet, even though this model does represent
to some extent the deflection and deformation of the jet.
The low pressure region behind the jet may be attributed to
viscous effects arising from the presence of the solid wall,

and not to the deformation and deflection of the jet.
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Recommendations

The integro-differential numerical formulation should
be immediately applicable to the flow about three-dimensional
solid bodies, as well as to jet flows. Future efforts using
the integro-differential formulation should be made using
disc storage of the geometric factors in the integral over
the vorticity distribution. Also the coordinate system used
should be a curvilinear system having a coordinate line
coincident with the field boundary. The use of such a curvi-
linear system with general shaped solid bodies should be
investigated. Also the use of a coordinate system in which
relatively more coordinate lines are concentrated near the
solid boundaries should be considered in order to extend the
range of Reynolds numbers for which accurate surface pres-
sures can be obtained.

Consideration should also be given to the use of an
implicit system of difference equations rather than the pre-
sent explicit form. Implicit schemes have less restrictive
stability criteria and thus allow the use of larger time
steps. However, the iteration required may destroy the time
advantage unless optimized acceleration of the convergence
of the iteration can be achieved. This optimization in the
integro-differential formulaztion must be accomplished on an
expanding field of non-rectangular shape if the essential stor-

age reduction feature of the formulation is to be preserved.



APPENDIX A

VARIOUS FORMS OF THE EQUATIONS OF MOTION

Vorticity Equation

The Navier-Stokes equations for an incompressible

fluid are

= + (v ¢« V)v = - %?p + vvly (1)

But using the vector identities {69, Chapter IV},

(A v PIA = AaE = A x (Vx A) (2a)

~ Mg 53 2.

VA = V(V « A) - U x (V x A) (2b)

and the continuity equation,
Vevs=20 (3)

Equation (1) may be rewritten

3
+
to| =

(v = v) - vx (Vx v) = - %Vp - v x (V x v) (4)

~ ~

Q2
+

Then defining the vorticity by
w =V x v (5)

and taking the curl of Equation (4), we have (since the curl

of any gradient is zero)
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a7 - 7V x (v xow o= W (6)

Here the vector identity (2b) has again been used.

Using the continuity equation (3) and the definition
of vorticity (5) in the vector identity (2b), we have the

Poisson equation for the velocity,
v v = V(V « v) - Y x (? x v) = -V x w (7)

Uniqueness and Identity of Solutions

Let V1 and v, be two solutions of Equation (7) satis-
fying the same boundary conditions, the vorticity distribu-

tion being the same for both. Then

v2(v, - v,) = 0 in the field (8a)

Ta?

¥y = My S 0 on the boundary (8b)

But by the extremum principle for the Laplace equation {70,
Chapter III} the extrema of any solution of the Laplace equa-
tion must occur on the boundary. Therefore, the only solu-
tion of Equation (8a) with the boundary conditions specified

by Equation (8b) is

on both the field and boundary. The solution of Egquation

(7) with specified boundary conditions and vorticity

distribution is therefeore unique for these boundary
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conditions and vorticity distribution.

Now let vi and vé be two solutions of the set of

equations, (3) and (5), satisfying the same boundary condi-

tions with the same vorticity distribution. Then
V& (vi~-wl) =10 (9a)
} in the field
Y . (S' - Eé) = 0 (9b)
vi - vé = 0 on the boundary (9¢c)

But any vector having both its curl and divergence equal to
zero must also have its Laplacian equal to zero by the vec-
tor identity (2b). Therefore, the vector Yi - Eé must
satisfy

v2(v] - v3) = 0 in the field (10)

Then, in view of the boundary conditions for the vector
vi - vé specified by Equation (9c), it follows again from the
extremum principle for the Laplace equation cited above that

the only vector satisfying both Equation (10) and (9c) is the

Zero vector:

=0

1)
1 i)

in the field and boundary. Therefore, the solution of the
set of equations, (3) and (5), with specified boundary con-

ditions and vorticity distribution is also unique.
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But any sclution of the set of equations, (3) and (5),

must also be a soclution of the equation (7) because of the

vector identity (2b). Then since the solution of the set,

(3) and (5), and that of the equation (7) with the same
specified boundary conditions and vorticity distribution are

both unique, it follows that they must be identical.



APPENDIX B

INTEGRAL REPRESENTATION OF POISSON EQUATION SOLUTION

General Solution

The equation

Vzv = - Vx w

with a specified vorticity distribution is a Poisson equation
for the velocity. The solution may, therefore, be written

for a bounded volume in the form cof an integral repre-

sentation by Green's Theorem {71, Chapter 7}:

3v(r')
— (r'" = x) *n(r")
- 9n e - e ,
SO EET T T ap e
lJJJV x w(r")
+ || [T ——dv (1)
4 Ir - I‘il

B

where the volume integral extends over the entire field, and
the surface integral over the boundary thereof. The variable
of integration in each integral is ft‘ The unit vector n is
defined to be normal to the boundary of the field, directed

outward.

Specialization to Field with An Infinite Plane Boundary

Equation (1) applies for a point r within the field.

For a point outside the field we have



132

avic") s
———— (' - 1) * an(x'
= -zl EANE 1
YV x w(x")
+ f” LT —— =" dv =0 (2)
|rt - g

Let the boundary of the field consist of a plane and a hemi-
sphere centered at the origin. The velocity is zero on the
plane except on a portion termed the jet exit, the velocity
thereon being specified as V,. The velocity at an infinite
distance above the plane boundary is specified as Ve Then

Equation (1) becomes

v
= L[5 S B - &
oi(x] = lJJF?—r_dS " _” =V ,ds

e _-_'ﬂT 4 ~]
4 £l | r |
plane exit "~ nt
ov 7
= (' = x) *n yxuw
" _LJ [ an . ~ s 3~V]d5 i Z:L_TTJJJ. dv (3?‘
4 |z - r| IE‘ 'Ei ~ |r "E‘

Here the surface integral over the plane boundary includes
the jet exit., The third surface integral extends over all
the field boundary not included in the plane boundary. Note
that the velocity is not constant over this portion of the
boundary, since the zero value specified at the intersection of
this portiom of the boundary with the plane boundary results in

a velocity gradient above the plane boundary. Similarly for a

*The notation ® on the third surface integral implies the
limit of the integral over the hemispherical surface as 1its
radius approaches infinity,
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point R outside the flow field, Equation (2) becomes

ov
i e (r' - R) an
1 an 1 w ~ =
4'—'TJJ.[I" = RIdS + R fj 1rl - R13 des
- R exit .o =
plane
av
P (r'l - R) e n
1 & s &
+Z—T;JJ[ ,BE R + 3 v]dSs
L A
1 VX w
L
# 2" = R

Now let the point R be the image in the plane boundary

of the point r (Figure 1):
R=1 - 2(k » r)k (5)

where k is the unit vector normal to the plane boundary,

directed into the flow field. Then

(r' = R) = (" = ) + 2(k » )k (6a)

and
1 2 1 2 1
gt = R|° = |r' - r|" + 4(k = r)(k « ') (6b)
Thus for points of integration, i.e., r', on the
plane boundary we have, since there k « r' = 0,
|r' - R| = |z' - ¢

Therefore 3v v

JJ l—'x"—,—a—n:"['ds (7)

plane plane

1
—_—
Ty
~
[
| E=]
=]
o
wa
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Then combining Equations (3) and (4) through Equation

(7) we have

~ )

- exit T a
v
- (r' - r) *n
IJJ an e - pi
il ] | + v]dS
TR T I TR

1 VE A
* )| e

Now combine the two integrals over the exit;

exit

(r'" - ) «n (r'" = R) = n
” [ [3 B ]des

£t - x = - &)

i
| ]
~
L
=
St
‘_'__'\
ey
i<
f="
wn

(8)

(9)



135

using Equation (5) and the fact that k 1 on the

2
1]
1

exit.
v
The integrals of 8; over the surface at infinity*may

also be combined as follows:

dv lr'" - R] = |=r'" - ¢| bov
s LE L%
> |r' - r] |[r" - R| = |lr' - R| + |r' - ¢ n

- - - - = - (10)
But, by Equation (6b),
fet = B] = U]e' = 2|+ &Ck - 23 ~ e1)]L2
4(k *» r)Y(k - ")
= {]r' - |11+ ; T
™ 5 1
|r' - ]
2(k « ©)(k - ")
3 et oo [, He Bl gyl o0 (11)
~ ~ r'_r[ ~
Then, with this relation in Equation (10),
1 1 av (k ') 3v
( - y=—dS = 2(k * r)||—=—=— —=ds (12)
] 1 3 ~ ' 331’1
o Izt -zl Jrt - R SEEAE
. : 2
But since dS s R r| we have
av
JJ ETE I T
r —_
oo pn ~
dv
if si is bounded. Equation (12) may then be written

*The terminology '"surface at infinity" refers to the hemi-
spherical surface in the limit as its radius approaches
infinity.
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1 1 v k * (r' - r) 3v
= —=ds = = - — =
JJ( ' : )Bn 2(5 E)JJ ) 3 Bnds
2ol - x| lr' - R [r' - =
% - oor b =
(L£3)
av
Thus this integral does not vanish in general unless 5& = 0
av
at infinity. However, if Eﬁ # 0 over only a portion of the
surface of finite extent above the boundary plane, k * r' is
Y - -
bounded in the region of non-zero 5% , and from Equation
oV
(12) the integral does vanish if Eﬁ is bounded since
ds ~ [r' - r]z. It is therefore assumed in the present
av
application that gi is zero over the surface at infinity ex-

cept on a portion of finite extent above the boundary plane,
v

so that the integral of Eﬁ over the surface at infinity does

vanish:

av
”( 4 - L) =45 = 0 (14)

The integrals of v over the surface at infinity may

be combined to yield

JJ (r' - 1) * n (r' - R) * n
[—=

e e e L L 1
2 e’ - r|3 fr' - R|3 ~
' - R|I3e - 1) - |r' - |3 - R)
= JJ{[ = = &= = 3 ”3 = ~—1] + n}vds
& ]r‘ - r|‘ fr' - R[ T
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The numerator may be rewritten, using Equation (5), as

3 3

' = R|” (&' - x) - ' - x| [(x' - x) + 2(k + )kl
4(k - x)(k * r')
= et - PPy s = 132 - 13 - x)
o r* -z S
-2) - Pk - Dk

= |FY - S 1 (' -
g gl it L A
' - x|
i 3
-2 - x|k - D)k (16)
as r' approaches infinity. Then using Equation (16) in

Equation (15) we have

6(k - r)(k £ EY = 28) 2(k - r)k
=| | {[—= —— = = T = — ~—=] - n}vds (17)
' 5 ; 3 e
=) [r - rl ].r e rl
But since dS ~ |r' - r[z this integral vanishes for any

~ -~

bounded wv. Therefore

— = - - "]Yds =0 (18)

({' - r) * n (E' ~ R) *n
[ :

2t - ¢ lz' - R|

Then, using Equations (9), (14), and (18), Equation

(8) reduces to
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+ “—JJJ(T——"i—** = *_—L——““)(V x w)dv (19)
r 1 ~ ~

This equation reflects the following boundary conditions:

Il

0 on the plane boundary, except on the exit

V., on the jet exit

B

= 0 on the surface at infinity (not including the
plane boundary) except on a portion of finite
vertical extent above the plane boundary.
Here it is not necessary to specify constant velocity on the
jet exit, Also no assumptien of constant velocity over the
surface at infinity has been made. Indeed the velocity over
this surface is not constant but varies on a portion of
finite vertical extent above the plane boundary as a result
of the viscous layer above that solid boundary.
Note that for points on the plane boundary not on the
exit, 5 §op = 0 and [E' - El is never zero in the integral

over the exit in Equation (19). This integral, therefore,

vanishes for on the plane boundary but not on the exit.

f8al

Furthermore, R = v, from Equation (5), on the plane boundary,
so that the volume integral of Equation (19) also vanishes
for r on the plane boundary. Equation (19) thus yields

v = 0 for points on the plane boundary and not on the exit,
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as expected. Poiants on the jet exit require a slightly
different treatment.

For points on the exit the volume integral again
vanishes since B =r. The surface integral is, however,
improper, with a singularity at E' = r. The integral must,
therefore, be evaluated by surrounding the singularity with
a hemisphere as shown in Figure 63a. The integral vanishes
on all of the surface except on the hemisphere since E tr
= 0. Now the combined integrals over the exit as developed
in Equation (9) cannot be used for this evaluation on the
hemisphere because the image point R is now inside the field
since g =T here. Rather, the original two integrals, i.e.,
the left hand side of Equation (9) must be used. The hemi-
sphere shown in Figure 63a then applies only to the first of
these two integrals, and the construction shown in Figure
©63b must be used for the second. Then for the first inte-

gral we have, referring to Figure 63a,

r = r 2
n = — ~—, d8 = |r' - r|® 4@
~ r' - r[ -~ ~
so that
i (rl _ ].') ©n l2'!T . 1
— = - ~V,ds = lim —| V.df2 = =V, (r) (20)
4 JI 3 ~ . AWJ ~ 2~3°~
exit [~‘ - EI : IE h £|+0 : >

For the second integral we have, from Figure 63b,
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r' - R 9

n = - — ~—, d§ = |r' - R|" dQ

—~ r| _ R' -~ —~
so that
1 (r' =R = ; 5 1
. = = = ~V,dS = lim = (=N ) AR = = FV, (¥)
4m | ' R|3 ~] Ir! = RI+0 4 ~] S e

exit ~ ~ ~ ~ 0

The two integrals together then yield
1 (r' = r) *n (r' = R *n
)| =t e 3717445 = ¥y (n) 28

exit ~ ~ e =

for r on the exit as expected.
The form of the volume integral of Equation (19) may

be modified as follows:

by a variation of Gauss' Divergence Theorem of vector
analysis {69, Chapter VI}. Now the surface integral in
Equation (23) must include an integral over the surface of
an infinitesmal sphere surrounding thg singularity of the
volume integral of Equation (23) at E‘ = r. This surface

integral over the sphere, however, vanishes since there
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we have
4 ;
[ 2 . "~z = 2
_J n x —d§ = J ¢ ) x 2 [r' - r|%dQ
J ~ r' = ¢ 0 |r' - ] [r' - | 7 -
sphere - ~ - ~ -
&m

and the integrand of this integral approaches zero as r' - r.

-~

Then using Equations (22) and (23) in Equation (19),

we have
k r V,dS
y(m) = 55— ”#—L 3
[r' - r]
exit '< -
+4LW ”( 1 - L —yen = wyas
TR
plane = 5 =
+ Z%JJ(————£——~ s l~—-~——~)(n X w)dS
PO N P T

lJJJ r - 8 5 - R
5 ™ B =y oy (24)
4 ] v 1'."3 [r' _ Rl’} ~
Since in Equation (22)
r' - r
v 1 B R e 2 3
B lx* - ¢

the gradient being taken with respect to r'.
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Now the surface integral on the plane boundary in

Equation (24) vanishes since there we have |r' - R| =|r' - r].
The surface integral over the surface at infinity is

v
of the same form as the left hand side of Equation (13), gﬁ

being replaced by n x w. Therefore this integral vanishes
if w is zero on the surface at infinity (not including the

plane boundary), except on a portion of finite vertical

extent above the plane boundary and/or on any finite portion
of the surface.

Therefore Equation (24) reduces to

k T deS
¥(r) = 55 ” , 3

exit'f N EJ
IIJJ r' - r r' - R
T (—= > - = ~=) x wdv (25)
4T ! QR 3 |I" - R 3 ~

and this is the equivalent of Equation (19).

Specialization to Field with a

Finite Closed Solid Body

With v 0 specified on the surface of a finite
closed solid boundary, Equation (1) becomes, for a bounded

spherical volume centered at the origin*

*Here the notation ® on the
limit of the integral over
radius approaches infinity.

second integral implies the
the spherical surface as its
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ZO"J"I'QCI |I" ) 4
1 V x w
+ ZFJJJT;T—j“—fdv (26)
r
av
Now let v be specified to be constant and Eﬁ to be zero on

the surface at infinity.* Then the second surface integral

above wvanishes and the third becomes

izt - -m If{ls' = ¥) &
Z’F” ; g waB & g=) = 3 ds (27)
o 12" =x| || k=" =¥

where V_ is the constant value of v at infinity. ©No loss

of generality is incurred by taking the surface at infinity

to be spherical about the point ¥. Then
r' - r 5
n = ————— and dS = |r' - r|”dQ
£ rr' _ r| — -

o~ -~

so that the integral becomes

41

1 (r' = r) ° n v
HJJ lr‘ ) 13 :TdS s b= J it = Ym (28)

w I r 0
Equation (26) then reduces to

v
1 n y (L% 8

wlrdl = { ——Es——d8 + 7—”——“—— dv + V_ (29)
SR AU /R E A TR

body

*The terminoclogy "surface at infinity" refers to the
spherical surface in the limit as its radius approaches
infinity. The normal derivative must approach zero at least as fast
as the inverse square of the radius.
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But by Equations (22) and (23) the volume integral may be

written

Vxuw n ox W (' = #)
Jjj*d:__*:_dv - JJ#:_h_:—*ds " JJJ*_;____;g x wdv (30)
|z - E! lr' - ¢ ' - r| v

and since w

0 on the surface at infinity% Equation (29)

may then be rewritten as

3v
—— 4+ n x (r' - r)
v(r) = V_+ = 90~ g5 4+ Lfll—=—= x wdy (31)
o ~ 00 b v 4 ¥ 3 =
body IE ¥ ]E - 51
But
av
Ei + nx w= (n VIv + n x (V x v)
= [V(n « v) -« (v - V)n = n x (Vxv) - vx (Vx n)]
+ nx (V x v) (32)
Then, since v = 0 on the body surface, we have
v
= =V . =
mtgrp=liz - D~y (9
on the body surface. Here L is the velocity component
normal to the body surface. Now the continuity equation
Vv - v =20 (34)

may be expressed in orthogonal curvilinear coordinates as

%*Specifically, the vorticity must approach zero at least as fast as the
inverse square of the radius.
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{69, Chapter VIL},

3 3 3
le(hZhBVl) ¥ axz(h1h3vz) v ax3(h1h

2v3) 0 (35)

where the h's are the scale factors in the respective

directions, i.e.,

Let the %, direction be defined as neoermal to the body sur-

3
face. Then since v = 0 on the body surface we have
V. = Vv = v =a—v-l-=?—v-£=o
1 2 3 Bxl sz
on the body surface. Then

v

9 - B N
T x (hZthl) = v (h2h3) + h2h3 0
1 ox ax
1 1
on the body surface. Similarly,
—a—(h hovs) 0
ax 1-3~2
2
on the body surface. Then Equation (35) reduces to
3 B :
gz—(hthVB) = () (36)

3
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on the body surface. But Vi = 0 also on the body surface so

that Equation (36) implies that

8v3
3;; = 0 (37)
on the body surface as well. Also since vy = 0 on the body
surface
3v3 3v3
%,  ax, = °
1 2

on the body surface, or finally

v Vo = 0 (38)
on the body surface for any shape surface. Therefore by
Equation (33)

v
— 4+ nx w=20 (39)
on ~ ~ .
on a body surface of any general shape.
Equation (31) then reduces to
1 (2! -~ %)
vlg) = Y, #* HJ.”—————‘ 5 X wdv (40)

|} = g

Reduction of Volume Integral in Two-Dimensional Flow

1f w is invarient in the z direction we have
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]

(r' - ) x W i (z! = x) = bilxYs ']
[[[Em e, | o [[asE oD x et
kS

2" -
- xy=-plane

{e’ = r)
= - ||dSw(x', y') x |= —dz’ (41)
) BN
xy-plane -
But
00(r' - r)dz' 5 1(x' - x) + j(y"' = ¥y) + kz'
-~ ~ = -~ ~ dzl
J|f' - r[3 J [(x" = x)° + (3" = 92+ iy J
= [i(x' - x) + 3(y' - )]
< dz'
Jr(x' -2 4 (v - s 20232
1 z'dz'
(42)
+ k J[(x, . 2 (5t = y)z X z,2]3/2

The last integral vanishes since the integrand is odd. The

remaining integration may be performed with the result

dz'
J[(K' - x)2 + (y' - y)2 +Z‘2]3/2
= l z 1] |
(x' - x)% + (y' - y)2 [(x" - 2)° o+ (¢ = y)2 + 2.2]1/2_;
- 2 (43)

(x' - x)2+(y' - y)
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Then
[==]
J (r" - x) 1(x" - x) + J(y' - y)
= e = ] 2 *' (44)
1 1] 2 T 2
Lolet - z|? (x' ="+ (y' - )
and
JJJ(r' - 1) X W J [(i(x" = x) + j(vy'" = ¥)] x w(x', y")
- = ~dv = 2 = = = ds
3 J 2 2
T o -
|£ El xy-plane (= ®)° v ey y)
(45)
Then, with r' restricted to the x-y plane, Equation (40)
becomes
1" =)
vir) = Vo + 35| |77 * wds (46)
lr' - 1]
Reduction of Volume Integral in One-Dimensional Flow
If w is invariant in the x and vy directions we have
JJJ(r' - r) X W = = i (r' - ) x w(z")
o s ~ _ ' ' 1 0 ~ s
) 3 dv —sz [dx de ' 3
o - 2 -«
i = 0 -0 = i £
0 oo o (r' ~ r)
= = |dz' w(z'") x dx'|dy' = ”3 (47)
) 2" = g
0 - - i
Now
(r' - x) i x'" + 3 y'+ k(z' - 2z)
— = dx'dy' = = = = dx'dy'
27 = e | 24y 2 e (20 - 2?32
- 00 —m~ =00 —C0
(48)

But the i and j

~

components of this integral vanish because

of odd integrands. Therefore,
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(' = )
= e t T
| ' 3dx dy
r' - r]
[aa] (s'¢]
= k(z' - 2)| |— dEdy.
x2 + y'2 4@ - 5)213/2
o [e o]
1 o
= k(z' - 2z) = dy
~ Jy'z + (2" - 2% [x'2 4 9?4 (g -2y /2
[s'a]
= 2k(z' - z) dy' 2
yl + (zl — Z)

-0

2 z
= ZTTif m (49)

Since r' - R differs from r' - r only in the sign of z, we

have immediately that

00 m(r' - R) o :
———dx'dy' - Brk-2. T B . G (50)
[t' - R| “lz' + oz ~

oo “oo

Then



150

(r' - r) x w z' - 2z . ;
- = dv = 27 1 (s = @yda
| 1 3 [Z -2
Pt
- - )
A o0
= - 27 J(k x w)ydz' + 27 [(k x w)dz' (51)
¢ 2
and
(o)
(r' - R) x w
— = = dv = 271 (k x w)dz' (52)
' 3 ~ ~
lg" ~ K|
5 ~ o
Then, using Equations (51) and (52),
r' - r r' - R
(— — - = ) x wdv = —47((k x w)dz' (53)
, 3 : 37 ¥4 5+
|r - r] [r - R|

If the velocity is zero on the infinite plane at z =

0, Equation (25) then reduces to

f(z) = - J(E X @)dz' = (54)
o

If, however, the plane is in motion at velocity V_ then,

”V " fOr ”V 1"

— ~

reading "plane'" for "exit" and in Equation

(25), the first integral therein becomes
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[es] [s'4]
aw B dx'dy'
~0 2T 2 2 2 2
[lx® = x32 & Gy’ = gI* + 2213
- 00 - OO0
_ _z 2m
B Em 27T oz Ym (55)

the integration being the
Equation (49). Therefore

case to

If the non-zero component

u(z) = v_ +

[.+]

same as that performed above in

Equation (25) reduces in this

z
kxowds! (56)
Q

of w is jn this reduces to

z
Jndz' (57)
0



APPENDIX C

CATALOGING OF CELLS WITH NON-ZERO VORTICITY

Since only the cells with non-zero vorticity, here-
after referred to as "vortex cells"* for purposes of identi-
fication, are to be stored, it is necessary to catalog the
vortex cells in a manner which will allow the determination
of which, if any, vortex cells are adjacent to any given
cell, The convenience of subscript notation, by which an
adjacent cell can be identified by simply incrementing a sub-
script, is not available here, since its use would require
storing an array containing all points in the field, thus
defeating the purpose of confining the storage to the points
with non-zero vorticity.

Each vortex cell is assigned a number, beginning with
l, when it is created, and it retains the same number for all
time. The vorticity and velocity of each cell are sub-
scripted with the cell number and stored in one-dimensional
arrays. The cataloging procedure then provides a means of
determining the number of the vortex cell located at any
given location in the field. The second function of the cata-

loging procedure is to create a layer of border* cells, one

*Vortex cells, border cells, and the aggregate of vortex
cells are defined in Chapter II.
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cell in thickness, surrounding the aggregate* of vortex
cells. It is only these border cells that have the possi-
bility of becoming wvortex cells, i.e., acquiring non-zero
vorticity, at the next time step. Since the border cells
have zero vorticity, cell numbers are not assigned to them,

and no values of vorticity or velocity are stored for them.

Two-Dimensional Catalog

Catalop Procedure

The cell numbers, L, of the vortex cells are arranged
in a one-dimensional array, TCEL (LE), in columns of cells
having the same Y-coordinate, the columns being placed in the
array successively according to ascending Y-values. Within
each column the cells are arranged successively according to
ascending X-values. The border cells are located between
each of the columns in the array. This is illustrated in
Figure 64. Here the vortex cells are enclosed by the heavy
line and the border cells by the dotted line. The center
numbers are the vortex cell numbers, L, which are permanent
and occur in order of creation and not by position, and the

corner numbers refer to the position, LE, in the array TCEL.

]

Thus TCEL (3) 10, TCEL (8) = 8, TCEL (9) = 9, TCEL (10) =

]

11, TCEL (24) 6, etc. A common value NWJ is stored in the

*Vortex cells, border cells, and the aggregate of vortex
cells are defined in Chapter II,
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positions in the array TCEL corresponding to border cells,
e.g., TCEL (1) = NWJ, TCEL (2) = NWJ, TCEL (4) = NWJ,
TCEL (26) = NWJ, etc.

Finally the difference between the X-coordinate of
the first border cell in each column and the position of
that cell in the array TCEL is stored against the column num-
ber, J, in an array TXMIN (J), e.g., TXMIN (3) = 35 - 1 = 4,
TXMIN (7) = 2 - 18 = -~ 16, etc. The cell number of a cell
with X and Y-coordinates I and J, respectively, can then be
determined in two steps. First the operation LE = I -
TXMIN (J) gives the position, LE, of the cell in the array
TCEL. The cell number, L, 1s then immediately available from
L = TCEL (LE). For example, consider the cell with coordi-

nates I = 4, J = 7. As noted above, TXMIN (7) - 16 so that

LE = 4 - (-~ 16) = 20. Then L = TCEL (20) = 2, which is the
cell number of the cell at X = 4, Y = 7 in the figure. These
two steps will produce the yalue NWJ, common to all border
cells, if the coordinates are those of a border cell.

In addition, the position in the array TCEL of the
first vortex cell in each column is stored against the column
number, J (which is equal to the Y-coordinate), in an array
TCOL 1 (J). Similarly the positions in the array TCEL of the
first border cell in each column and the first border cell
after the vortex cells in each column are stored agalnst the

column number in the arrays TC¢L (J) and TC¢L 2 (J);
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respectively. Thus, TCOL (5) = 6, TCOL 1 (5) = 8, TCOL 2 (5)
= 11, ete, For columns containing no vortex cells, a common
value is stored in TCOL 1 and TCOL 2. Thus TCOL 1 (1) =

TCOL 2 (1) and TCHL 1 (9) = TCOL 2 (9), etc. This procedure
is followed throughoutL

Comparison of Storage Requirements

The storage requirements then are four arrays (TC¢L,
TC¢L 1, TC¢L 2, TXMIN) of dimension equal to the maximum
lateral (perpendicular to the free stream) extent of non=-zero
vorticity, cne array (TCEL) of dimension equal to the maximum
number of vortex cells and border cells, and six arrays for
velocity and vorticity of dimension equal to the maximum num-
ber of vortex cells. All these arrays are one-dimensional.
By contrast, conventional storing of the entire field would
require only the six arrays for velocity and vorticity, but
they would be two-dimensional arrays of dimension equal to
the number of points in the entire field.

For example, consider a typical arrangement using a
100 x 50 field (5000 points). It is reasonable that only a
fourth of these points would have sufficient vorticity to be
considered vortex cells, and the lateral extent of these
cells would likely be no more than half the lateral field
extent, With 1250 vortex cells there would be about 125 bor-

der cells. The storage required by the two schemes is
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Only Vortex Cells Stored Entire Field Stored
4 x 25 = 100 6 x 5,000 = 30,000
1 x 1375 = 1375
6 x 1250 = 7500
8975

The saving in storage achieved by storing only the
cells with non=-zero vorticity is thus quite significant and

becomes even more so for larger filelds.

Three-Dimensional Catalog

Catalog Procedure

The three-dimensional cataloging procedure is an
extension of the two-dimensional procedure with the cell num-
ber, L, of the vortex cells arranged in a one-dimensional
array, CEL (LE), in columns of cells having the same Y and Z
coordinates. The columns are numbered consecutively in
order of creation and are placed in the array in groups of
columns having the same Z coordinates, the groups being
ordered successively according to ascending Z values. The
columns within each group and the cells within each column
are arranged successively according to ascending Y and X
values, respectively. Again border cells are located between
each of the columns in the array. In addition border columns,
i.e., columns composed exclusively of border cells, are

located between each of the groups of columns in the array.
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Finally the differences between the Y-coordinate of the
first border column in each group and the number of that
column are stored against the group number, K, in an array
YMIN (K).

The cell number of a cell with coordinates I, J, K
then can be determined in three steps. First, C = J -

YMIN (K) gives the number of the column containing the cell.
Then, LE = I - XMIN (C) gives the position of the cell in
the array CEL. The cell number is then immediately avail-
able from L = CEL (LE).

The position in the array CEL of the first vortex cell
in each column is again stored against the column number (now
designated € and not being related to the Y~coordinate as in
two dimensions) Iin an array C¢L 1l (C). Similarly the posi-
tions in the array CEL of the first border cell in each
column and the first border cell after the vortex cells in
each column are stored against the column number in the
arrays C¢L (C) and C¢L 2 (C), respectively. The difference
between the X-coordinate of the first border cell in each
column and the position of that cell in the array CEL is
stored against the column number, €, in an array XMIN (C).

In turn, the number of the first vortex column, i.e.,
column containing vortex cells, in each group of columns is
stored against the group number, K, which is equal to the Z-

coordinate, in an array PLA 1 (K). Similarly, the numbers
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of the first border column in each group and the first bor-
der column after the vortex columns in each group are stored
against the group number in the arrays PLA (K) and PLA 2 (K),
respectively, This procedure is followed throughout the
three—dime;sional catalog.

Comparison of Storage Requirements

The storage requirements are then four arrays (C¢L,
C¢L 15 C¢L 2, XMIN) of dimension equal to the maximum number
of vortex and border columns, four arrays (PLA, PLA 1, PLA 2,
YMIN) of dimension equal te the maximum extent of non-zero
vorticity in the Z~direction, one array (CEL) of dimension
equal to the maximum number of vortex and border cells, and
six arrays for velocity and vorticity of dimension equal to
the maximum number of vortex cells. Again all these arrays
are one-dimensional.

The storage economy is even greater in three dimen-
sions. Continuing the previous example, let there be 50
steps in the Z-direction also. Then the total number of
points in the field 1is 5,000 x 50 = 250,000. 1In three dimen-
sions it is reasonable to assume that the proportion of cells
with significant vorticity will be less than in two dimen-
sions, say one-tenth. Then with 25,000 vortex cells, 2500
border cells, and 500 columns we have, assuming extent in

the Z-direction no more than half the field,
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Only Vortex Cells Stored Entire Field Stored
AR 500 = 2,000 6 x (250,000) =
5 s 95 w 100 1,500,000
1 x 27,500 = 27,500

6 x 25,000 =150,000

179,600



APPENDIX D

DIFFERENCE EQUATIONS AND TRUNCATION ERROR

Two-Dimensional Sclid Cylinder

Straight Explicit Form

The time derivative is approximated by a two-point

forward difference expression,

.n+l n
%& ~ Cisj % Ci;j (1)*
£ %A

and the space derivatives by three-point central difference

expressions, of which the following are representative:

Il = i3]
8z ~ Bit1,3 T 5219 cay
ox 2¢1)

n T n
32 Fis1,4 T 284 4 Y Eig 4 -
3x2 (l)2

(The nondimensional spacial mesh width is equal to unity
since the mesh width has been tazken as the reference length.)
Substitutions of these forms in Equation (IV - 3) yields the
straight explicit difference equation (IV - 5).

Expansion of each of the above values of ¢ by Taylor

*A11 quantities in this appendix are nondimensionalized as
noted in the Nomenclature except as specifically noted here.
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series after substitution in Equation (IV - 3) yields an
expression for the truncation error, i.e., the amount by
which the solution of the differential equation (IV - 3)

fails to satisfy the difference equation (IV - 5):

2 3 B 4 4

= - 288y - L3 MuD) 3T (ve), 1 ,8°C, 7L, (4)
2 2 6 3 3 12R 4 4
at 9% ey c 3y

the derivatives being evaluated at some point in the calcu-
lation field. This is the nondimensional truncation error,
with the cell size as the reference length, and all quanti-
ties on the right are likewise nondimensional. A clearer
statement of the expected error is given by converting

Equation (4) to dimensional form:

2 2 3 4 4
v z
2 D 6 3 - 12 4 4
3t Ox 3y 9x oy
where all quantities are dimensional. The dimensional

truncation error thus approaches zero with the time and
spacial step sizes. This is true regardless of the manner
in which the limits are approached.

Dufort-Frankel Form

The time derivative is approximated by a three-point

central difference expression:

n+1l n-1
BT ~ 21,9 = Fa,9 -
ot
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The spacial derivatives are again approximated by three-
point central difference expressions as in Equations (2) and

(3), but with the ¢2 of Equation (3) expressed as a time
»

]

average:

) (7)

Substitution of these forms in Equation (IV - 3) yields the
Dufort-Frankel difference equation (IV - 6).

The dimensionless truncation error obtained in the
manner prescribed above 1is (all quantities here being non-

dimensional)

t

T = ~ 2]

WF>

2
ZCopar - 143
t2]ﬂt alk

0
@ |w

The dimensional truncation error is then, with dimensional

quantities,

2 3 .
e - pEE ﬁ_%]ﬂt - %[3 (gCJ + 9 (;;)IhZ
h™ 3t ox 3y
v.otr gt om
gl gt (9)
ax ay

Thus the truncation error vanishes as At and h approach zero

t
with a constant ratio éf'
h
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Infinite Jet in Cross-Wind

Straight Explicit Form

With the time derivatives approximated by two-point
forward difference expressions, and the space derivatives
by three-point central difference expressions as in Equations
(1) - (3), Equation (V - 3) is approximated by the straight
explicit difference equation (V - 5). The dimensional

truncation error is

_ mg 1.83¢um) _ 33we),.2 . v 3% . 8%t .2
k- sl 3lAe+ g3 S 7 iy o
Jt 3 dy 9% dy
(10a)
2 3 3 4 4
1.9%n 1 £ 3 2 2
SEES o TR e e o L Rl
n at ax ox 9x ay
(10b)
o= 1@l L 122 | Pen | Pon |, P,
2l 7 6 3 3 3 3
2 3t 3% ox 3y 3y
4 4
Eog T G- (10c)
12%, 4 4
oxX oy
where all quantities are dimensional. The dimensionless

form may be easily inferred by comparison with Equations (4)
and (5). Again the truncation error approaches zero with

the space and time steps.

Dufort-Frankel Form

With the time derivatives approximated by three-point
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central difference expressions, and the space derivatives by
three-point central difference expressibns with the time
averaging of the central term as in Equations (6), (2), (3),
and (7), Equations(V - 3)are aprroximated by the Dufort-
Frankel difference equations (V - 6). The dimensional trun-
cation error is the same as that given by Equation (10)
except that the factor 1, of the time-derivative term is

2

replaced by the factor 2é%. and all quantities are con-

h
sidered dimensicnal.

Three-Dimensional Jet in Cross-Wind

With the time derivatives approximated by two-point
forward difference expressions, and the space derivatives
by three-point central difference expressions as in Equations
(1) - (3), Equations (VI - 16) are approximated by the
straight explicit difference equations (VI - 19). The

dimensional truncation error is

2 33¢ 33¢

4 4 4
£ 2 2 6 3 e 12 4 o b n b
at 2y oz ax oy dz
(1la)
3 w3
2 3a~cC 3~ C . 4 4 4
T T F B + fi—% - —F1e? + g+ S+ T

at ) ax ax ay az

(11b)
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3 3
2 et 3 C 4 4 4
T o R T R B s
3t 3% oy Ix 3y dz

all quantities being dimensional.



APPENDIX E

EVALUATION OF SOLID SURFACE BOUNDARY TREATMENTS

Representation of Convection in Boundary Cells

The velocity actually calculated from Equation (IV -
7) in the boundary cells* is not zero since the boundary
cells, being square, cannot represent the true curved
boundary exactly and some lie well out into the fluid, con-
taining only a small portion of the surface. This is true
even for the initial solution. There arises then the ques-
tion as to whether this actual calculated velocity should
properly be used in the convective terms of Equation (IV -
6), or whether a zero velocity should be substituted. This
velocity influences the calculation of the vorticity in both
the boundary cells and the adjacent layer of cells.

Referring to Figure (65) and Equation (IV - 6), the
calculation of the vorticity in the fluid at points 1 and 4
involves the product of the vorticity and y-velocity in the
boundary cells at points 2 and 5, respectively, this product
representing convection of vorticity across the interface
between the points involved.

Similarly, the calculation of the vorticity in the

boundary cells at 2 and 5 involves the product of the

*Boundary cells are defined in Chapter II.



167

vorticity and y-velocity at points 1 and 3 and at points 4
and 6, respectively. Now there is obviously no convection
between points 3 and 2, since the interface between is in the
solid wall. Therefore, the above-mentioned product at point
3 is omitted in the calculaticn in the boundary cell at 2.
The inclusion of the product at point 6 implies convection
across the interface between 5 and 6.

The presence of non-zero velocity in the boundary
cells at points 2, 5, and € thus admits several alternatives
in the representation of convection near the boundary. Five
alternatives for the convective terms were evaluated in the
course of this study and are discussed below in the light of
the above explanation and Figure 65. These convection
schemes were compared using diffusion scheme A, surface vor-
ticity scheme A, and corner scheme A, as defined in later
sections. The effects of each of these schemes are in turn
evaluated below.

Convection Scheme A - Use of Zero Velocity in Boundary Cells

The use of zero velocity in the boundary cells causes
the above-mentioned products at points 2, 5, and 6 in Figure
65 to be zero, sc¢ that the cells at 1 and 4 experience no
convection with the cells at 2 and 5. However, the cells at
2 and 5 still experience convection with the cells at 1 and
4 since the products in the latter cells are unaffected.

This is an anomalous situation, since the convection into
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any cell certainly must be supplied by the adjacent cell.

In the present solution the boundary cells do contain fluid,
and convection to or from them is not unphysical. This
alternative then is not as attractive as it might seem at
first thought.

With this scheme the vorticity generated at the sur-
face must move from the boundary cells to the adjacent layer
of cells by pure diffusion before it can be convected into
the remainder of the fluid. While this in itself is not
unphysical in a continuous field, it becomes unrealistic in
the discretetized field necessary in numerical solution,
for at high Reynoclds numbers the diffusion becomes insuffi-
cient to transmit the vorticity generated at the surface to
the adjacent layer of cells unless the cell size is
extremely small. This vorticity thus never becomes avail-
able for convection downstream. so that no wake forms and
the flow remains essentially unchanged from the potential
flow that existed at the start. The results of this scheme
at a cylinder Reynolds number of 12,000 at a time well
beyond the expected onset of separation and vortex formation
showed no vortices.

While the failure of this scheme to represent the
flow accurately at high Reynolds number is due partly to the
inadequate representation of the thin. boundary layer by the

finite grid, it has been shown by several investigators
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{21, 23, 24} that numerical solutions can represent the wake
accurately, including the formation and shedding of vortices,
even when the grid is too coarse to represent the boundary
layer. 1f the boundary layer is thinner than the cell size,
the numerical solution should incorporate an average effect
of the boundary layer on the fluid in general into the first
layer of cells—here the boundary cells. Since the effect
of the boundary layer is to make the vorticity generated at
the surface available for convection downstream, it follows
that in the present solution the boundary cells must be cap-
able of representing the overall effect of the boundary
layer, and that there must therefore be convection from the
boundary cells to the adjacent layer of cells.

At low Reynolds numbers, or with sufficiently small
cell size at higher Reynolds numbers, the diffusion from the
boundary cells to the adjacent layer overshadows the convec-
tion anyway, so that the value of the velocity in the bound-
ary cells is of less importance. In the light of this and
the above conclusions, the use of the actual calculated
velocity in the boundary cells would seem to be a better
choice. This also removes the bothersome anomaly of convec-

tion into one cell but not out of the adjacent cell.
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Convection Scheme B - Use of Calculated Velocity in

Boundary Cells

The occurrence of non-zero velocities in the boundary
cells is a result of the rectangular representation of the
boundary curve, which causes some boundary cells to contain
more fluid than boundary. Since the boundary cells are
intended to represent the vorticity of the fluid immediately
adjacent to the surface these cells are fluid cells, and
thus their velocities can be viewed as a kind of average
velocity of the fluid contained therein. In this sense the
calculated velocities in the boundary cells are not unreal,
at least within the finite representation of the field, and
are not necessarily to be rejected.

Again referring to Figure 65, with the velocity not
equal to zero in the boundary cells the cells at 1 and 4
experience convection from the boundary cells, so that the
anomaly mentioned in the previous section is removed, and the
vorticity generated at the boundary can be convected down-
stream to form a wake even at high Reynolds numbers. How-
ever, the boundary cell at point 5 now experiences convection
from the boundary cell at 6, as well as from the cell at 4,
while the boundary cell at 2, of course, still experiences
no convection from point 3 within the wall. The corner
boundary cells thus experience convection on two sides, while

the other boundary cells have convection on only one side.
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Since the existence of the cornmers is a result of the rec-
tangular representation of the curved boundary, it would
seem well to keep special effects of the corners at a mini-
mum.

The boundary cell at 2 also experiences convection
from the boundary cells on either side in the x-direction,
so that now vorticity is convected along the layer of
boundary cells. While this convection along the layer of
boundary cells might be considered to represent convection
parallel to the boundary in the fluid adjacent to the
boundary, the presence of the corners allows such convection
to cause vorticity generated at the surface to flow along
the layer of boundary cells to the corners and from there
out into the fluid at an abnormally high rate. The result
was an almost complete loss of vorticity in the boundary
cells, which then allowed upstream penetration of the
boundary, with consequent detachment of the entire wake from
the body. This pattern was little affected by the cell size
in any case,

Convection Scheme C - Use of Zero Velocity in Boundary Cells

Only for Calculation in Boundary Cells

This scheme combines parts of the two previously dis-
cussed schemes. The cells at 1 and 4 do experience convec-
tion from the boundary cells, since the calculated velocities

at 2 and 5 are used for the calculation of the new vorticity
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at 1 and 4, and the anomaly of convection scheme A is thus

removed. However, when new vorticities are calculated in

the boundary cells, zero velocities are substituted for the

calculated values in the boundary cells, so that there is

no convection between the boundary cells at 5 or 6, nor any

between the boundary cell at 2 and the boundary cells on

either side in the x-direction, thus removing the special

effects of the corners mentioned in the above section.

This then allows the vorticity generated at the surface to

be convected away from the surface but not along the surface.
The presence of the convection away from the surface

allows the formation of the vortices and wake, while the

elimination of the convection parallel to the surface in the

boundary cells prevents the loss of vorticity in the boundary

cells by convection to the corners and thence off into the

fluid. The results of this scheme were an improvement over

the two previously discussed schemes in all cases that were

evaluated.

Convection Scheme D ~ No Convection in Boundary Cells

Here the calculated velocities are used in the
boundary cells, so that the cells at 1 and 4 experience con-
vection from the boundary cells at 2 and 4, but no convection
is used in the calculation of the new vorticities in the bound-
ary cells. This scheme contains an anomaly opposite to that

of convection scheme A, for nmow the cell at 1 experiences
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convection with the boundary cell at 2, but the boundary

cell at 2 does not experience convection with the cell at 1.
Vorticity generated at the surface is convected downstream,
but the vorticity in the fluid adjacent to the surface is

net diminished thereby, so that non-conservation of vorticity
would be expected. The boundary cells here developed too
large a vorticity, since none was lost by convection, so that
the boundary was penetrated from the rear as a result of this
spurious vorticity.

Convection Scheme E - No Ccnvection in Boundary Cells and

Use of Zero Velocity in Boundary Cells

This is a combination of schemes A and D. The
anomalies of both schemes are removed since there is no con-
vection at all between the boundary cells and the adjacent
layer of cells. This scheme produced no wake or vortices,
since, as with scheme A, there is no convection away from the
surface of vorticity generated at the surface, and this
scheme is therefore also unattractive and was given no

further consideration.

Selection of Convection Scheme

These comparisons then indicate that the most reason-
able treatment of convection in the vicinity of the surface
is convection scheme C, which allows convection of vorticity
generated at the surface away from the surface but not along

the surface. Accordingly, it was determined to use
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convection scheme C, employing the actual calculated velo-
cities in the boundary cells except for calculations in the

boundary cells, where zeros are substituted.

Representation of Diffusion in Boundary Cells*

Diffusion Scheme A - Use of Calculated Vorticity in

Boundary Cells

There might appear to be less question of the vorti-
city values in the boundary cells, and in the above compari-
son of convection schemes the calculated vorticity in the
boundary cells was used in the diffusion terms of Equation
(IV - 6). However, with this diffusion scheme (designated
diffusion scheme A) vorticity in the boundary cells was
diminished at low cylinder Reynolds number by diffusion to
the extent that it was insufficient to prevent penetration
of the upstream surface. (Comparisons of diffusion schemes
were made using convection scheme C, surface vorticity
scheme A, and corner scheme A, except as noted.) This was
the case, in fact, for all four convection schemes dis-
cussed above. In each case the vorticity in the boundary
cells was severely depleted by the strong diffusion preva-

lent at low Reynolds numbers.

*When required, the value of the vorticity at virtual points
inside the boundary is taken equal to the surface value
corresponding to the boundary cell for which the calculation
is being made, i.e., for calculation in cell 2, the vorti-
city at point 3 is taken as the surface value at point 2
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This is a result of the numerical approximation of the
integrals over the vorticity distribution in Equation (IV -
4) . Since the largest vorticity occurs at the surface, it is
of paramount importance that the region in the immediate
vicinity of the surface be well represented in the numerical
integration. Unfortunately, this region is also the loca-
tion of the largest vorticity gradients. Now in the solu-
tion of the differential equation the fluid vorticity

approaches the surface value continuously, so that the inte-

gral of Equation (IV - 4) includes vorticity values up to,
and including, the surface wvalue., 1In the summation over the
vorticity cells in Equation (IV - 7), the summation over the

boundary cells must represent the integral over the region
immediately adjacent to the surface and hence must supply
some direct influence of the surface value of the vorticity.
It is the failure of the integral to include this direct
influence of the surface vorticity that causes the penetra-
tion of the surface that occurs with this diffusicon scheme

in this case.

Diffusion Scheme B - Use of Surface Vorticity in Boundary

Cells

It was found necessary in order to better represent
the integral over the region adjacent to the surface to use
the surface values of the vorticity, rather than the actual

values in the boundary cells, in the diffusion terms of
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Equation (IV - 6) for calculating the new values of vorti-
city 1in the boundary cells. In addition, the change calcu-
lated for the vorticity in the boundary cells over the time
step is assumed to be a change from the previous surface
value at that point, rather than from the previous actual
value of the vorticity in the boundary cells. This treat-
ment of the diffusion terms for calculation in the boundary
cells is referred to for comparison purposes as diffusion
scheme B.

This scheme is compatible with the location of the
boundary cells on the surface used in the present method,
for it becomes exact as the surface is approached since the
true fluid vorticity is continuous to the surface. The
important point in this argument, and also in the above
question of the velocity to be used in the boundary cells,
is, in fact, that the boundary cells are located astride
the surface, as indicated in Figure 65, rather than adjacent
to the surface as would be the case if in Figure 65 the
dotted surface were displaced one-half cell width down and
to the left. Properties in the boundary cells are thus
meant to represent the properties of fluid in the immediate
vicinity of the surface.,

It also should be noted that this treatment of the
diffusion terms for calculation of vorticity in the boundary

cells is a natural companion to the treatment of the
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convection terms discussed above as convection scheme C.

In each case, for calculation cof the change in vorticity in
the boundary cells the actual surface value of the property
in question is used in the adjacent boundary cells, i.e.,
zero for velocity and the surface value for vorticity.

The use of diffusion scheme B reduced the upstream
penetration at low Reynolds number somewhat, but significant
penetration still remained, A reduction of the time step
showed no significant change in the results, thus eliminat-
ing the possibility of the loss of vorticity in the boundary
cells and consequent upstream penetration with diffusion
scheme A being due to a too large & time step. The vortices
formed too high above the center line, and there was sig-
nificant penetration of the downstream boundary. Both of
these features indicate that the vorticity in the boundary
cells was too high. The penetration of the downstream sur-
face and the associated ocoutflow through the upstream bound-
ary 1is caused by excess vorticity in the boundary cells
around 90°, especially on the highest corners. With this
diffusion scheme there was very little difference between
the solution using the convection schemes C and B, the
results being very nearly identical.

Selection of Diffusion Scheme

The diffusion scheme using surface wvalues of the vor-

ticity for calculation in the boundary cells (scheme B) does
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reduce the upstream penetration by maintaining the vorticity
in the boundary cells and therefore was selected. However,
it results in too large a vorticity on the higher corners of
the boundary cells, thereby causing the vortices to form too
high on the cylinder, with consequent penetration of the
downstream boundary and outflow through the upstream bound-
ary. Consideration was therefore given to the method of
calculation of the surface vorticity as discussed in the

next section.

Representation of Surface Vorticity

Surface Vorticity Scheme A - Use of Zero Velocity in

Boundary Cells

In all results discussed above, the surface vorticity
was located on the boundary cells and was calculated from
the curl of the velocity using two-point, one-sided differ-
ences between the boundary cells and the adjacent layer of
cells, with the velocity in the boundary cells taken as zero,
this being referred to as surface vorticity scheme A.

Referring again to Figure 65, in this scheme the sur-
face vorticity at 2 is equal to the x-velocity at point 1;
the surface vorticity at 6 is equal to the negative of the
y-velocity at 7; and the surface vorticity at 5 is equal to
the sum of the x-velocity at 4 and the negative of the y-

velocity at 8. This scheme results in large vorticity on the
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outside (convex) corners and zero vorticity on the inside
(concave) corners so that the presence of the corners 1is
felt to too great an extent,

Surface Vorticity Scheme B = Use of Calculated Velocity

in Boundary Cells

An obvious variation, designated surface vorticity
scheme B, of this scheme is to use the actual calculated
velocity in the boundary cells in the evaluation of the
curl, e.g., the surface vorticity at 2 is set equal to the
difference between the x-velocity at points 1 and 2, etc.
This gives non-zeroc vorticity on the inside corners, but
reduces the surface vorticity at all other points, not just
at the outside cormers and resulted in inadequate surface
vorticity with no vortices having been formed at cylinder
Reynolds number of 120, This 1is not surprising, for since
the vorticity in the boundary cells is not equal to the sur-
face vorticity, a difference taken between the boundary
cells and the adjacent layer of cells must represent actually

a derivative in the fluid and not at the surface.

Representation of Cormer Vorticity

Corner Scheme A - No Special Consideration of Corners

Corner scheme A refers simply to the calculation of
the vorticity in the corner cells from the curl with no spe-

cial consideration given to the corners. This scheme
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resulted in too large a vorticity in the outside corner
cells, as mentioned above.

Two schemes, designated as corner schemes B and C,
respectively, for reducing the surface vorticity at the out-
side corners only were tried: (a) dividing the surface
vorticity on the corners by two, and (b) calculating only
the surface vorticity on the corner using non-zero velocity
in the boundary cells. Both of these corner schemes are

evaluated below.

Corner Scheme B - Use of Central Differences with

Zero Velocity in Boundary Cells

The first of these schemes might be justified by
arguing that, since the derivatives involved in the curl at
the corners are parallel to part of the surface, rather than
perpendicular as at the other points, the differences there
should be central rather than one-sided. If zero velocity
is to be used in the boundary cells, this then results sim-
ply in divisions of the curl, as calculated from the one-
sided differences, by two. The surface vorticity of the
outside corners is thus reduced, but that of the inside cor-
ners remains zero. The reduction in surface vorticity at
the outside corners caused the vortices to form later and
closer to the center line, with less penetration of the

downstream surface, and also less upstream penetration.
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Corner Scheme C - Use of Central Differences with

Calculated Velocity in Boundary Cells

The second treatment of the surface vorticity on the
corners, corner scheme C, mentioned above, depends for
justification on the argument that, since the corners are
abnormal projections away from the true curved boundary,
central differences involving the actual calculated velocity
in the boundary cells should be used in the curl. This
scheme reduces the surface vorticity at the outside cormners
and gives non-zero vorticity on the inside corners. The
upstream penetration was less, and the flow did separate and
begin to form a wake with corner scheme C, both of which
features favor this scheme.

Corner Scheme D - Modification of Scheme C on Inside Corners

A variation of corner scheme C, designated as corner
scheme D, has the corner surface vorticity evaluated exactly
as in scheme C, but in the calculation of the vorticity in
the boundary cells on the inside corners the change over the
time step was taken to be the change from zero, rather than
from the surface value on the inside corners. This was con-
sidered to combine some of the aspects of schemes B and C,
the value of the surface vorticity on the inside corners
being zero in the former. The vector plots showed almost no
noticeable difference from those of écheme C, except that

separation occurred later than with scheme C.
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Surface Pressures and Drag Coefficients*

Again the rectangular representation of the curved
surface raises a question as to what value to use for the
vorticity in the boundary cells in the calculation of the
surface pressure coefficient and the drag coefficients—
the actual calculated value in the boundary cells, desig-
nated coefficient scheme A; or the surface value, coeffi-
cient scheme B. Both choices were evaluated and the results
for the pressure and drag coefficients, together with the
minimum pressure coefficient on the surface, are given in
Table 3 at time T = 2.0, except as noted, for several of
the boundary treatments.

A comparison of coefficient schemes A and B is also
given in the time development of the coefficients in
Figures 66-68 for Reynolds numbers 6, 24, and 120, The
effect of the time step on the pressure coefficient is much
greater with coefficient scheme B, and increases as time
progresses, The effect of the time step is greater with
scheme A for the friction coefficient, but no such increase
with time is evident. These trends are understandable, since

the time step affects the vorticity in the boundary cells and

#All quantities used in figures and tables discussed in

this appendix are nondimensionalized as noted in the
Nomenclature. Parameters used in all results presented are
given in Table 4.
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adjacent cells directly, but affects the surface vorticity
only indirectly through the velocity. The pressure coeffi-
cient with scheme B then is more affected by the time step,
since one of the vorticities involved therein is more sensi-
tive to the time step than is the other. Since only one
vorticity is involved in the friction drag coefficient,
scheme B is less sensitive tc the time step in that case.

The existence of the cormers causes the steady-state
pressure distribution to be reached much faster than with a
smooth curved surface, with the result that little change
occurs in the drag coefficients given after time T = 2.0,
except at Reynolds number 120. For this reason the time
histories of the drag coefficients given do not match those
of solutions obtained in cylindrical coordinates, although
the asymptotic values agree fairly well at low Reynolds
numbers. This also is the reascon for the large effect of
the cell size on the sarly time development of the drag
coefficient. The smaller cell size gives a better represen-
tation of the curve and hence the true time development.

The pressure distributions of Figure 69 also tend to
faver scheme A, since scheme B produces a more severe pres-
sure drop. The drag coefficients with scheme B are, there-
fore, larger than with scheme A, and the agreement with the
other numerical solutions and the experimental data given in

Figure 13b is not as good. The choice of scheme A for the
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pressure coefficient is logical, since its use of the actual
calculated values of the vorticity in the boundary cells
more closely represents the derivative of the vorticity in
the fluid. Scheme A also gives friction drag coefficients
in better agreement with the other numerical solutions

shown in Figure 13c.

Final Selection of Schemes

0f the five convection schemes evaluated only schemes
B and C produced vortices at high Reynolds numbers. These
two schemes produced very similar results for both the flow
pattern and the drag coefficients, the only noticeable dif-
ference being a slightly more rapid development of the flow
with scheme B. However, convection scheme C produced a
reasonable flow patternmn at high Reynolds number even with
diffusion scheme A, while convection scheme B allowed com-
plete penetration of the surface, Although diffusion schemel
A is not to be chosen, this does seem to indicate that con-
vection scheme C is more reasonable.

The choice of diffusion scheme is more clear, since
diffusion scheme A allowed considerable penetration of the
surface at low Reynolds number with all convection schemes.
The surface vorticity scheme is also clearly indicated to be

scheme A since scheme B did not produce vortex formation.
Diffusion scheme A was therefore selected as more represen-

tative of the physical flow field.
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The first corner scheme 15 eliminated by penetration
of the downstream surface. Of the remaining three, both B
and D involve zeros for vorticity on some of the corners and
result in insufficient pressure drop around the cylinder.
The final selection then is
convection scheme C
diffusion scheme B
surface vorticity scheme A
corner scheme C

coefficient scheme A.



APPENDIX F

CONVERGENCE AND EFFECT OF PARAMETERS*

Two~Dimensional Flow About Solid Cylinder

Convergence

Convergence of the solution as the time step
decreases at constant cell size is demonstrated for the
Dufort~Frankel formulation in Figure 70. Some differences
are evident as the time step 1is reduced from 0.4 to 0.2,
but the second reduction by half produced little change.
The convergence was quantitatively evident in the numerical
results which were checked extensively on a point-by-point
comparison basis.

Effect of Parameters

Figure 71 shows the effect of the influence range ro
used in the velocity calculation. (It is recalled that vor-
ticity more distant than r from the point at which the
velocity is being calculated is not included in the calcula-

tion at that point.) The drastic error introduced by too

*¥All quantities used on figures discussed in this appendix
are nondimensionalized as noted in the Nomenclature. The
scale factors for the vector plots are given in Table 5.
The magnitude of a vector is indicated by the length of
the stem of the arrow, the size of the arrowheads being
the same throughout. Spurlous lines on the plots are the
result of plotter error. Parameters used in all results
presented are given in Table 4.



187

small an influence range is evident in Figure 71la where the
range was one cylinder diameter. A range of two cylinder
diameters, however, yields results very nearly the same as
those obtained with a range of four diameters and was thus
considered adequate.

Figures 72 and 71lb show the effect of the minimum vor-
tlcity wm necessary for creation of a new vortex cell.* (It
is recalled that a new vortex cell is created from a border
cell*only if the sum of the magnitude of the prospective vor-
ticity calculated for that border cell and the magnitude of
the vorticity of any adjacent vortex cell exceeds wm. Other-
wise the vorticity is distributed evenly among the adjacent
vortex cells,) Very little effect, other than the varying
number of vortex cells, is evident even at the largest value
of wm used. The effect of this parameter, however, increases
with time, as is noted for the one-dimensional infinite flat
plate results of Chapter III. The value of 0.0l was con-
sidered adequate for the total times considered for the three-

dimensional jet.

Infinite Jet in Cross-Wind

Convergence

The convergence of the solution as the time step
decreases at constant cell size is demonstrated for the

straight explicit formulation in Figure 73. Similar

*Vortex cells and border cells are defined in Chapter II.
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convergence was obtained with the Dufort-Frankel formulation.
Small changes occurred upon a reduction of the time step from
0.4 to 0.2, but further reduction produced only very slight
change as evident from these figures. Again the convergence
was quantitatively evident in the numerical results which
were checked point by point.

Effect of Parameters

The effect of the influence range B used in the
velocity calculation is shown in Figure 74. (It is recalled
that vorticity more distant than ro from the point at which
the velocity is being calculated is not included in the cal-
culation at that point.) Large differences are evident
between the results with ranges of one and two exit diameters.
However, the effect of a further increase to four diameters

is slight except to eliminate most of the misdirected down-

ward vertical velocity. The magnitude of this downward
velocity is very small, however. (Recall that the arrow-
heads are all of one size. The magnitude of the wvelocity is

indicated only by the length of the shaft of the arrow.) A
range of two exit diameters was, therefore, considered
adequate.

Figures 75 and 74b show the effect of the minimum
vorticity w ~necessary for creation of a new.vortex cell.
(It is recalled that a new vortex cell is created from a

border cell only if the sum of the magnitude of the
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prospective vorticity calculated for that border cell and
the magnitude of the vorticity of any adjacent vortex cell
exceeds wm. Otherwise the vorticity is distributed evenly
among the adjacent vortex cells.) The effect of mm in the
range considered is small at this time, being confined to a
change in the number of vortex cells. As shown in Chapter
IIT, the effect of this parameter increases with time as the
vorticity spreads more widely. The choice of 0.01 was

considered adequate for the total times considered.



APPENDIX G

LINEARIZED STABILITY CRITERIA*

Straight Explicit Formulation

Two-Dimensional

Applying the results of the stability analysis in
two-dimensions given in Appendix H to Equation (IV - 5) of

Chapter IV and Equation (V - 5) of Chapter V we have

where V is a representative (nondimensional) velocity magni-
tude in the field, and Rc is the cell Reyvnolds number. Use
of the largest velocity in the field for V will give the
most conservative stability criteria, of course.

Then with the cell size as the reference length we

have, in the notation of Appendix H,

At A

t
2° 7 201

)
and, from the two-dimensional results of Appendix H, two

regions of stability:

R

o
(a) At < —f and At At

1
2 v/ R

c

*#All quantities in this appendix are nondimensionalized as
noted in the Nomenclature.
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R
c R 1 At 1 At 1 At
(b) =3 S 8873 5 and g R 4 2 ° v /2R
c c
The first of these may be reduced to
R
At < min (“f " 22 )
V R
c
and, therefore, may be stated as
( 2/ 3 By
R < and At < —
c — Vv — 4
(a)
R, > 57— and At < —2—
B ~ YR
| c
Ry 2 20T
since — < for R <
4—V2R c — v

The stability region (b) above may be given as

R 2.2 2.2
c At 1 ALV AtV At
< At f_—g-and Rc i <

RC
- o M S
4 & Fg anh e A 2R

The last of these was encountered above and reduces to

pe < 2
V R
c
The second becomes
Atzv2 - éL&t + 1> 0
C

The roots of this quadratic are
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e
v c Rc

Both of these roots are real and positive for Rc < % so

that, since the quadratic is positive at infinity, it 1is

positive in the following two ranges of At:

/42—\72]1
(24 R
C
B <
) o
N anmra
v c R
{4
If, however, RC > % then there are no real roots, and the

(2
At 5 &

LA |

| A
l

<o

| v
|

quadratic must be positive for all values of At. This con-

dition, therefore, does not restrict At for Rc > %.

2 is also required, there are no
2
v RC

Since At =

acceptible values of At in the range above the larger root

of the quadratic. Also the range of At below the smaller

root is smaller than that defined by At < Therefore,

2

V'R
the stability region (b) may be stated as €
R R
2 c g o (2 _ Ja 2
RC < v and 4 < At < > and At < 5|7 5 VT,
\') c RC
(b)
R R
[ R > 4 and == < At < —< and At < 2
g~ Y 4 — - 2 - V2R

These conditions for region (b) may be combined

further, however. The first set requires that
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c 1| 2 4 2
—_ = o —_ - ¥ -
4 — V2 Rc RZ
é
or
2
4 V2 e B RCY_
R2 — Rc 4
4
which requires that
2 RCVZ
R -5 20
e
else the square root 1s not real. This requires that
RC < g—vz—-. This, however, 1s already satisfied since
Rc < % for this set of conditions. It then is only required
that
2
4 2 2 RV .2
I e
R c
e
RCVZ
which reduces to 4 > 0, and is thus trivial.

The second set of conditicns of (b) above require

that

R
~E
4

| A

which requires that RC € =—— . Theny; ginece



194

and

o
<i[rs

the conditions for region (b) may be further restated as

R
2 c 15 2 4 2
R < = and — < At <« — |— = F L Loy
c — V 4L — -— VZ Rc R2
(b) ¢
2 292 Rc 2
v < RC < v and & i/_\t = 5
v Rc

But now the stability regions defined by (a) and (b)
overlap and may be combined, The regions of stability then

may be stated finally as

2

2 1 —v

2
Rc L5 and At 2|7
v c

| A

(4.
R2
c

| D

R Sy and At <
Rc

With no variation in the direction of the jet axis, the
appropriate value for the maximum field velocity is that of
the cross-wind, i.e., unity in the present nondimensional

form. For V = 1 the stability criteria become

-]
[p]
| A
[
[44]
o
[ =7
>
rt
| AN
nm i[\._)
1
-]
o[
|
—
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R > 2 and At < 2—
c — - Rc

Three-Dimensional

By the same development applied tc the three-dimen-
" sional results from Appendix H, the stability regions for

Equation (VI - 19) of Chapter VI are defined by

R, < 2 and atif% 3%— - % / AE = e
v e Rc

and At <

<

4
3V2R
[

<3|ro

Here the appropriate value for the maximum field velocity is
the jet exit velocity (the velocity ratio in the present non-

dimensional form) for velocity ratios greater than unity.

Dufort~-Frankel Formulation

With r = %% and g = é% Equation (IV - 6) of Chapter

IV and Equation (V - 6) of Chapter V may be written as

1 & o R (O n-1 _ n - B2
(3 + 3EIE, 4, = (G - 2E¥ey - BV(E L 4~ By g
n n
*oy,341 T Bi,9-1)
n n I o

(Again V is a representative (nondimensional) velocity mag-

nitude in the field.) Let the solution be written in the form
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where the functions X, Y, and T are functions only of x, vy,

and t, respectively. Then
T T X X b d Y
A . S T a1 i+1 i-1 il . T i=1
Gt en)—— = (G- 2075 gV (% x. 'Y, ¥
n n i i R |
b X ¥ ¥
i Bl i+1 + % 1 + j+1 + ]—l) (2)
X. X Y. Y,
i i j i

From this equation and the functional form of X, Y, and T it

follows that

X X X X,

r( itl | i_l) v ( 18 - l_l) = constant = k (3a)
X X, X X 1
i i i i
Y. ¥ Y. Y.
r( %+1 + %_1) - gV(hlil - —l—l) = constant = k (3b)
; Y, X Y, 2
J ] J <
T T
1 a+l 1 =l L
(2 + 2r) Tn - (2 - 21) Tn = constant = A = kl + k2 (3¢c)

Equation (3c) may be solved by the substitution of

T = Bn where B is a constant. Thus B must satisfy

(5 +2008° = A8 + (2r - ) = 0 (4)

so that there are two acceptable wvalues:

A o* /!lz - 4(4r2 - %)

Bt - 1 + 4r (5)
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For stability it must be required that

B, <1

%

This then requires consideration of the properties of qua-
dratic roots as given in Appendix I. In the notation of
Appendix I we have

1
A = 2 + 2r

1
C 2r - >

But the constant A is the sum of the two constants,

k, and k

1 9 defined in Equation (3a) and (3b): A = k, + kz.

1
Using the matrices I, L and Er, as defined in Appendix H,

Equation (3a) may be written as a matrix equation:
T T
[k;I - r(L” + L) + gV(L" - L)IX =0 (6)

where X is a column matrix:

| <
T

Thus kl is an eigenvalue of the matrix [r(LT + L)
- gV(L? - L)]. This matrix is the same as the matrix B
defined by Equation (H - 26) of Appendix H, except for the

two constant coefficients. The eigenvalues, therefore, may

be inferred from the results of Appendix H, as stated by
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Equation (H - 33) of that appendix. Thus

_ 2 2_2 TP _ .
(ky)p= 2V/r" - g"V" cos = p =1, 2, , I -1 (7)
where p = 0, I corresponds to the field boundaries in the x-
direction, Similarly the eigenvalues of Equation (3b) are
(kz)q = 2,/12 _ gzvz cos -TT—l]q q =1, 2,020, J = 1 (8)
where q = 0, J corresponds to the field boundaries in the y-
direction. Then the acceptable values of the constant A are
o e o
A o= k) * k,) = 2 frt = g% teos LB + gos L9 (9)
P9 17p 2%q I J
so that
B = -2 /gé - g2V2 (cos %g + cos %&)

Now according to the results of Appendix I the magni-

tudes of the roots of the quadratic equation
2 i ==
AR™ + BB + C = O

will be less than unity in the following four cases:

(a) A, B, C real B2 - 4AC > 0
c
'K’<l

|B] < |[A + ¢

o
|

(b) A, B, C real 4LAC < O
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(¢) A, C real; B imaginary ’B

(d) A, C real; B imaginary IB]2+ 4AC < 0
‘% < 1

In the present application, B is real if r2 e

gV i, If this is the case then B2 - 4AC > 0 if

(r? - gzvz)(cos %? + cos %ﬁ)z s BEe - %

Then if
(rz _ g2v2)(2)2 3_4r2 _ %
which reduces to
eV < 7
we have B2 - 4AC > 0 for some p,q for all values of r such

that r > gV. Then referring to cases (a) and (b) defined

above, if r > gV and gV < % we must require that 'B‘ <

|A + ¢| and < 1, while if gV > & only the latter is

£~

¢
A
required.

Now |B| < |A + C| 1is satisfied if

2/2?% - g2y? |cos 2? + cos gﬁi < |2x + L4 2p = %

2

This will be satisfied for all p,q if
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which reduces to

)
g"Vz >0
which is always satisfied. Also %‘ < 1 is satisfied if
Zr = L
2 ;
_.___.._...I < l
2r + B
This also is always satisfied. Therefore the solution is
stable if r > gV. No restriction is imposed on the value
of gV.
2 2.2 . ;
If, however, r~ - g 'V < 0, we have B imaginary; then
|B|? + 4Ac > 0 if
(32V2 - rz)(cos if—+ cos Eﬁ)z > % - &rz
Then, if
(g?v? - H (@)% > F - ax?

which reduces to

1
¢ o
gV > 7

we have |B|2 + 4AC > 0 for some p,q for all values of r such
that r < gV. Thus, referring to cases (c) and (d) defined
% we must satisfy ‘B| < |A - C‘ and

only the latter is required.

above, if r < gV and gV >
c| ) 1
Ar < 1, while for gV < 4

Now |B| < |A - C| is satisfied if

2v g"VvV" - ¢ . lcos 1? + cos %ﬁl < [2r i % s %‘
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This will be satisfied for all p,q if

which reduces to
1
> — —
T g V 16

A

Therefore, if r < gV the solution is stable if

Again < 1 is always satisfied as above.

gV < % and r < gV
1 2.2 1L
gV > % and vg V= - 16 < r < gV

But since the solution is stable for all values of gV when
r > gV we have for the final statement of the stability

criteria:

, stable for all r

B

|
|

> 2 2 - ———
] stable for r /g V 16

Applying these criteria to Equation (IV - 6) of Chap-

ter 1V and Equation (V - 6) of Chapter V we have
_ b _ At
ETRd BT

¢

so that the stability conditions become
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At 1 At
—_— g ot
ZV 5 stable for all R
{6
éEV > & stable for é£-> éEEVZ 5 o
27 -4 7 Rc 4 16
These conditions may be restated as
At < L , stable for all R
2V c
8 2 v 1 i
At = 5V ¢ stable for At (jr - ;E)< 16

c

Now for RC < 2 the last condition is satisfied for all At,

-V
. v2 1 2 o
since then — - —5 < 0. For R > = this condition may be
4 R2 — & v
stated as ¢
Rc
At <

ZVVZRZ - 4
e

The stability criteria then may be stated as

<~

R < , stable for all At

R
stable for At < =

2
c vy’ ————
21V2R§ - 4

With V = 1 these become

Rc < 2 , stable for all At

R
R » 2, stable for At < £

‘ 2 /EE - 4




APPENDIX H

COMPARISON OF VON NEUMANN AND MATRIX

METHODS OF STABILITY ANALYSIS
Consider the differential equation

2

of of a"f

3% " fae T P gt BBl B) 3
ox

where a and b are constants and g(x, t) is a known function.
Let the differential equation be approximated by a differ-

ence equation as follows:

n+1 n n n n n n
- - +
fl fl afi+l fl—l & bfi+l 2fi fi—l % g
At 2Ax (&x)z i
or
n+l _ _n B R n At n _ n
Fom =8 vy Wi - Fheg) TR g (E s~ 28 o+ £4.9)
(Ax)
+ g?ﬁt (2)

Here the subscript refers to space and the superscript to
time. This difference equation is straight explicit, in
that the values at each space point at each new time step
are predicted from values at the same and neighboring space

points at the previous time.

o

E = Qi Ae = r. Then

Now define 2

"
~
=
"
~

[ =]
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fn+1 - Lf?
i

n
i + giAt | (3)

where the difference operation L is defined by

LnEn n _n n _ n I
fi fi + aq(fi+l fi_l) + br(fi+1 Zfi + fi_l)
_ _ n n _ gD n n
= (1 2br)fi + aq(fi+l fi—l) + br(fi+l + fi—l) (&)

Now the wvalues actually obtained by computation with
the difference equation will contain some computational
error. Thus the values actually obtained at step n are

n n
f, + €, where fi represents the true value, and €y the

error. Then operation at the next time step produces
L(f? + eg) + g?At, which then differs from the true solution
+
at that time step by Ez l. Thus
n+1l n+1 n n n
= L + -
£ + &y (fi ;) gyAt (5)

: n . _
But since fi is the true solution, we have, using Equation

(3) in Equation (5),

n+1 B
€y = L&i (6)

so that the error satisfies the homogeneous difference

equation:

E?+1 = (1 - 2br)€2 + aq(e

n n

8l
141 ai_l) + br(ei+ + €.,

1
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If there are boundary conditions imposed in the prob-
lem, at say 1 = 0 and i1 = I, we then have fg and f? given,

so that no error is present on the boundaries, since the

values there are known and are not calculated. Then
n n _
50—81—0

The presence of boundaries thus imposes a restriction on the
types of errors that may arise, 1.e., there will never be
any errors on the boundaries. In the pure initial wvalue
problem, with no boundary conditions, no such restriction on
the error is present, and errors of a completely arbitrary
nature may occur. The range of errors that may arise in
mixed initial value~-boundary value problems is thus smaller
than in pure initial value preoblems, and the stability
restrictions of the latter may, therefore, be expected to be
more severe,

Now if boundary conditions are imposed, Equation (7)

may be written as a matrix eqﬁation by defining the following

I - 1 order matrices:
¢ 5 r En 3

0 5 s « = 5 3 1
el
1 0 2 ¢ & s 2
en
§ 2 010 . . . . , EF = 3

o 010 % &
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Thus L has zero elements except on the lower sub-diagonal
where the elements are unity. The elements of these

matrices are given by

= § K = n
(L) 44 gy, a9 (87)y =8y
: n+1l n .
Then Equation (7) becomes £ = A € with
= & T
A= (1 - 2br)I + aq(L™ - L) + br(L + L) (8)

where I is the unit matrix and the superscript "T" indicates

the matrix transpose. Thus
(010 ... .)
01 0 .
E_J“T__" . aOlo . . or (LT)..'_"

In the absence of boundary conditions the matrices
are of infinite order, so that the matrix formulation is
thus useful only for mixed initial value-boundary value
problems. Therefore, pure initial value problems are
treated by the von Neumann (Fourier expansion) stability
analysis, but mixed initial value-boundary value problems
may be treated either by the von Neumann analysis or by

matrix stability analysis as shcwn below.

Von Neumann Stability Analysis

Expand the error in a general Fourier Series:
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(e s} . + -
e® = re § (ctelfk®i 4+ cle 1B %5y el ty (9)
pE k k
k=1
he ¢t o B+ B, nd o, are all lex constants For
where C , C , B, , B, a , are a comple o ;

stability we must have Im(ak) > 0 or, equivalently,
lelakl < 1

Now x, = iAx and Ty ™ nAt(with the "i" here not to be con-

fused with the above usage as ¥-1) so that if we define

+
elekﬁx _ eiak&t

= = d
Ek = an Ck =

we have
n . RrTIN L | T

1 g (10)
k=1 k

(Here the i and n are exponents, the i being the space

coordinate index and not ¥-1.) Then for stability

;k[ < 1

Now substitute Equation (10) into Equation (7) and rearrange.

Then

= S n X +
1{ck(f;k) (ck) [z, - (1 - 2br) - aq(Ek - &y

It~ 8

k

+ +=1



+C (g Te g, - (1 - 2br)

- aq(g -1

Now since this must hold for all i we must have

¢, - (1 - 2br) - aql(E)) - (£ 7]

- brl(E0) + (7M1 = 0
and
g, - (1= 2br) + aql(E) - (§)71)

brl(E) + (50771 = 0

Subtracting these and rearranging, we obtain

aq[(E5) - (7M1 + brlED) + (€D

= - aql(g)) - M+ brien + @™
or
(br + a@) [(£)) = (ED7M] = (br - ad)[(E)) - (5071
or
(5 - (g7

-_ +_
(5p) - (E))

_ br - aq
1 br + agq

208

- £ - br(g Tt 4+ gD =0

(11)

(12a)

(12b)

Then multiplying the numerator and denominator on the left

by E+£_, we obtain
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(ED2ED - (D

ey - gy P T A

br - agq

or, finally

g = GEE i (13)

Note that this relation is a consequence of the difference
equation only and has nothing to do with any boundary condi-
tions. It is, therefore, to be satisfied in pure initial

value problems as well as in mixed initial value-boundary

value problems.
Using Equation (13), drop the superscript from EZ and

write Equation (10) now as

G ah e M e® (14)

with Ck from Equation (lZ2a):
_ _ _ =1
Ck = 1 2br + aq(gk E ) + br(E gk ) | (15)
or using the definition of Ek
g, = 1 - 2br + agle i t® o JTHBLENY o o g AR AR 5 B, B
=1 - 2br + i2aq sin (Bk&x) + 2br cos(BkAx) (16)

Now for the pure initial value problem there are no

other conditions to be satisfied, and Bk may be taken to be
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real. We then have for the stability criterion of the pure

initial value problem, from Equation (1l6),

2 2 2 2
[1 - 2br + 2br cos(Bk&x)] + 4a"q sin (Bk&x) <1
which may be rewritten as

[1 - 2br + 2br cos(Bkﬂx)]2 + 4&2q2 - 4&2q2cosz(BkAx) 2T
(17)
for all Bk'

Note that this same result is obtained when only a
single component of the Fourier series is taken. In that

case Equation (12b) is eliminated, and the error is given by

Equation (1l4) with all C; = 0 and all but one Ci equal to
zero. Equation (17) is unchanged. The same result is like-
wise obtained by taking all C: = 0 and all but one C; equal

to zero. In that case, Equation (12a) instead of Equation
(12b) 1is eliminated.
I1f, however, boundary conditions are imposed we have

further conditions to be satisfied by the Bk' Thus applying

the conditions Eg = E? = 0 we have
Re J (67 + CT1(z )™ = 0 (18a)
k k k
k=1
and
= o oI B -,br + aq,-I, -I n _
Re § L1085 + G lar— aqd B 105 = 0O (18b)
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Since these must hold for all n, we must have

C, = = € (19a)

and then

EiI " (br & ag)I

br + aq
or iEE
. JBE = da.lf2 I _ _
Ek (br s aq) e k 1, 25 eves I 1 (19b)

This then requires that Bk be complex, for

einAx - = (br - ag)l/Z e‘ih
k br + ag

or

- q¢km 1. .br - aq
in&x i : + 2ln(br T aq)

so that

5 S br - agq
Bk T IAx 121n(br + aq) (20)

Using Equation (19b), we have from Equation (14), for

the mixed initial value-boundary value problem,

ki
n ISt br - aqi/2 Y1
Ei ~ Re Z Ck[(br + aq) "
k=1
_ikni
_ (br + ag)—i(br = :ag; = i/2 " I 1(z. )™
br - agq br + agq k
where only the first "i" in the exponentials is v¥-1 . Then
I-1 PLuES ki
n _ br - aq.1i/2 I I n
Ee ~ B8 ] 0 Ge—) (e e PCE)

k=1 © aq


-i.br
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or, including the 2i in the constants, Ck’

n _ br aq i/2 k?i
£y Rekzlc o aq) sin(=77) (g, )" (21)

Also, substituting Equation (19b) in Equation (12a), we

have
kT _ ik
_ _ br - aq,1/2 T br - ag,-1/2 1
Ck . BB aq[(br + aq) (br + aq) € ]
ikﬂ _ ikmw
% [(br - ag)1f2 I p (br - ag)—}fQ I ]
br + ag br + agq
°F Jkmo Lk
Ek = 1 - 2br + f&br)z - (aq)2 (e I + e I)
o, 2 2 km
=1 2br + 2 /Qbr) (ag)”™ cos I (22)

The stability criterion for the mixed initial value-

boundary value problem then is one of the following:

T = B @ 5 lue? = fuad’ cost| < 1 1f [br| > |aq| (23a)
for all k = 1, 2, +++, I - 1

(1 - 260)% + 4[(a)® - (br)?] cos2 T < 1 if |aq| > |br|(23b)
for all k =1, 2, ***, I - 1, Note that for the mixed

initial value-boundary value problem the Fourier series is

finite, k running from 1 to I - 1.
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In summary, by the von Neumann analysis, the error 1is
given in general by Equation (14) for the pure initial value
problem, with the stability criterion given by Equation (17),
with Bk unrestricted. For the mixed initial value~boundary
value problem the error is given in general by Equation (21),
and the stability criterion by Equation (23), with k running

from 1 to I - 1.

Matrix Stability Analysis

With En*l—l =_§r—:n and A given by Equation (8) we have

£n+l = ACK En—l) - §ZEHF1

Carrying this out repetitively we obtain finally

n

n_o
E = AE

(24)

Then using matrix norms induced by the vector norm (matural

norms) we have

1™ < T1a™] « 11l < Tall™ « [1e°]]

Now it may be shown* that the maximum eigenvalue 1in
magnitude of a matrix is the limit inferior of its norms.
Using this fact and requiring for stability that ||A(1 <1

for some norm, we have as a necessary and sufficient

*{72, Chapter 1 }
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condition for stability that

o(a) < 1 (25)

where p(A) is the spectral radius, i.e., maximum eigenvalue

in magnitude, of A:

1

p(A) max [h[

where Ais an eigenvalue of A. It is thus necessary to
determine the eigenvalues of A as given by Equation (8).
These eigenvalues are determined as follows:

Define the matrix B as

B=aq@’ - +bret + 1) (26)
Then A = (1 - 2br)I + B, and the eigenvalues of A then are
the eigenvalues of B plus (1 - 2br). Now the eigenvalues of

B are determined by
B1=At (27)

where T is a column matrix of the same order as B, and A' is
the eigenvalue. Using the definition of the matrix L, we

have the elements of B given by

0

(B) anlll Sy = D)y, 1 % BelE"Y,, ¥ (L),

1] i

3000515 = Cae1,g) P EECyg g ¥ Oy )

Then
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=1
(Bt), = ] (B)..(1)
i j=1 ij j
I-1
R R i = T LML AL TP TP I PR UL
= o8 (ggg = Tyl + DRG0 + Bpogd
Then Equation (27) represents the set of I - 1 equations
- = '
80 (Tgd ™ Tgun? ¥ BB g0g * Taug) = A'H
i =1, 2, ***, 1 =1 (28)
with boundary conditions To = TI = 0
Now take a solution of the form
i =
Ty = C+Y+ + C_Y_ (29)
where i is not ¥-1 in the exponents. Then substituting in

Equation (28) and rearranging,

i -1 Ay ag
C.y lagly, = v, ") + brly, + v,.") - &']

+ C_Y:i[aq(Y:l —y ) +br(y. 4y hH - Ap =0

Since this must apply for all i, we must have
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-1 =1
aq(y, = ¥y ) + brly, + ;)

A' =0 (30a)

and

aq(Y:l - y_) + br(y_ + Yzl) -2 =0 (30Db)

Combining these,

= =3 - -1
aq(y, - Y+l) + br(y, + v, ) = aq(y_l— y_.) + br(y_ + vy_7)

and after rearrangement,

= br = aq” T+ (21

¥

Also the boundary conditions require that

I . ~1
C+y+ + C_¥% 0

Then

I -1
C_=-C, and vy, -~ y_~ =0

Using Equation (31), the second of these becomes

I _ ,br + aq.-I -1 _
Yy (br = aq) Y4

I
o

or

2L (br = ag)I
Y4 br + agq

or

br - aq,1/2 I N
(g;‘;‘aq) e ko= 1, 2, % I -1 (32a)

=
+
[}

Then

. DE & A, 1] 1
Y_ % ~ o’ e (32b)
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Using these values in Equation (30a) or Equation (30b), we

have
Jkm _ kT
)
_ br - aq,1/2 T _ B = ag,“1)2 I
kk aq[(br + aq) B (br + aq) = 1
jlm _jkm
br - agq,1/2 I br - aq,-1/2 I
+ br[(br + aq) & * {br + aq) € J
| Jkmo L km
- /)% - (ad? (e T4 e T
B 2¢Qbr)2 = Cag)™ cos§§ k=1, 2, +++, I =1 (33)
which are the eigenvalues of B. Using Equation (32a) and

Equation (32b) in Equation (29), we have

jkmi _skmi
T = [(br = ag)i/Z e I (br + ag)—i/Z o I ]
4 + " “br + agq br - aq
_ br - aq,1i/2 ki
C+(br + aq) el I (34)

(Here only the first "i" in the exponentials is ¥-1 in the
first equation. 1In the second, the 2/-1 has been incor-

porated in C+.) We now have that the eigenvalues of A are

-
1}

(1 - 2br) + Ak

(1 - 2br) + 2 //(br)2 - (aq)2 cos %g

k =1, 2, *++, I -1 (35)
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and the eigenvectors of A, being common with those of B,

are

T . 7br - ag.ife2 . Kid
(—E)i (br + aq) RkH I (36)

The stability criterion for the mixed initial value-boundary
value problem by the matrix analysis is, from Equation (35)

and Equatien (25), one of the following:

[1 - 2br + 2 /?br)z - (a)? cos$§¢ <1 1if |br| > |aq| (37a)
for all k = 1, 2, *++, I - 1
(1 = BBeY% & &f bag)” = (br)z]co£?%? <1 if |aq| > |br| (37b)
for all k = 1, 2, v+, I = 1

These are the same as Equations (23a) and (23b) obtained from
the von Neumann analysis with boundary conditions.
Also since the eigenvectors of A form a complete set,

A being real and symmetric, we may expand the initial error

in terms of these eigenvectors. Using Equation (36),

I-1 . L=l T
€%, = Jec r = agyi/2 4 kni y ¢, (k) (38)
= L Wi k'br + ag 1 g2l

Then by Equation (24)
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since zi is an eigenvector of A so that ATl = kkzh. Then

n
% (39)

I-1 .
n . br - aq.1i/2 ki
(e )i kElck(br + aq) Rk I (2

with Ak given by Equation (35). This also agrees with the
expansion in Equation (21) obtained by the von Neumann

analysis with bcundary conditions.

Stability Criteria

One-Dimensional

Now consider the mixed initial value-boundary value

problem. The stability condition is then given by Equaticon

(23):

11 - 26 + 2 /o132 - (a@)? cos¥T| < 1 1f |br| > |aq]

(1 - 2br)2 + 4[(aq)2 - (br)z]cos2 %g £ 1 &f iaql > Ibrl

Now b is positive for problems of interest, and the sign of a
does not matter. Therefore take both a and b positive. If

aqg < br and 1 - 2br > 0 we must have

1 - 2br + 2 JQbr)z - (aq)2 < 1

or

/Qbr)z - (aq)2 < br

which is already satisfied since aq < br here. Therefore the
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solution is stable for r < E% and aq < br.
If aq < br and 1 - 2br < 0 we must have

2br - 1+ 2 Jbr)? - (a)? < 1

or

br + //(br)2 - (aq)2 < 1
or

/(br)2 - (aq)2 < 1 - br
But this requires that 1 - br > 0 or r < %. Then

2 2 2

(br)” - (aq) <1 = 2br 4+ (br)

is required, or (aq)2 > 2br - 1. The solution then is also

stable for

and v2br - 1 < aq < br

o=

If aq > br we must have

(L — Dhed? < 4Ttaa? - )% = 1

or

L = 4bE * GIEE)™ + 4Laq) % ~ Glhe)> £ 1
or

2

- 4br + 4(aq) < O
or

(aq):2 < br
Then

br < aq < Vbr
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But this then requires that br < vbr, or that br < 1. We

then also have stability for

r < % and br < aq < vbr

In summary the solution is stable under any of the following

three conditions:

i br

(1) £ % b and q < A
1 1 2br - 1 br
(2) 25 K 5 and B < q < -y

1 br 1
(3) r < B—and z < .q < > vbr

But conditions (1) and (3) can be combined to give stability

for

1

1
< -
b and g B vbr

| o)
and conditions (2) and (3) can be combined to give stability
for

L
25

ir<%and——§b—r<q<;}/ﬁ

We thus finally have two regions of stability:

1 vbr
(a) rf_z—t-) andq<‘—at-'
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L
2b

(b)

x5 % and ———= < g <

Two-Dimensional

For two-dimensional mixed initial value-boundary

value problems, Equation (22) is replaced by

_ 2 2 km im

Ck,l = 1 4br + 2/2br) (aq)” (cos T + cos J)

k = 1, 2, o B T § =T By s T =3
Then if aq < br and 1 - 4br > 0 we must have

¥

1 = ube ® 5EE) 2 = Cag)l = 1

or
v 2 2
(br)”™ - (ag)” < br

which is already satisfied since aq < br here. Therefore

the solution is stable for r < Z% and aq < br.

If ag < br and 1 - 4br < 0 we must have

4br - 1 + 4 Jibr)z - (aq)2 < 1

or

P

5% & JOBEY® = REg)® &

Lensy® ~ Lag)” & > - br
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<‘j; § Then

or r b

But this requires that 7 br > 0,

(br)2 & (aq)2 < -41- - br + (br)2

is required, or (aq}2 > br - % The solution then is also

stable for

7 1 /- 1
b = < 3% and/ Bt = 7 < Bq X bE

If aq > br we must have

(1 - 4br)2 + lﬁ[(aq)2 - (hr)z] ¢ 1

or
2 2 2
1 - 8br + 16(br)” + 16(agq)” - 1lé6(br)” < 1
or
(aq)” < b—;-':
Then
br < aq < %;

br or that br < %

But this then requires that br < 5

We then also have stability for

—l-and br < aq < /%%

E < 3%

Then after combining the 1lst and 3rd, and 2nd and 3rd,

of these regions we have as above two regions of stability:



A 1 /br

(a) r < AR and q < P >
1 1 3 1
(6% GE'E ¥ & g ana. S¥hE = PR L=

Three-Dimensional

224

In three dimensions Equation (22) is replaced by

*k,1,m I
BE= 1y 25 0, I - T8 15Ty By ®
m=1, 2, vy K= 1
Then if aq < br and 1 - 6br > 0 we must have
1 - 6br + 6/(br)2 - (aq)? < 1
or

//(br)2 ~,(aq)2 < br

which is already satisfied since aq < br here.

solution is stable for r < E% and aq < br.

If ag < br and 1 - 6br < 0, we must have

6b¢ — T % 6/LBEY® - (aq)® = a

or

by < /(br)2 - (aq)2 <

|

= 1 - 6br + 2\//(br)2 - (aq)2 (cosEﬂ + ¢

Therefore the
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or
Jor)? - a)? < 3 - b
: 1 1
But this requires that 3 - br > 0 or r < 35 Then
(br)? - (a)? < 3 - Zor + (br)?
: 2 2 1 "
is required, or (aq)” > Ebr -3 - The solution then is
also stable for
1 1 /_% 1
Pl e 3B and 3br -9 < agq < br
If aq > br, we must have
2 2 2
(1L - 6br)” + 36[(aq)” - (br)~1 < 1
or
2 2 2
1 - 12br + 36(br)” + 36(aq)” - 36 (br)” <1
or
Then
br < aq < bz
= v 3
br 1
But this then requires that br < 3 or that br < 3 - We

then also have stability for

= and br < ag <« S

SR /3

Then after combining the 1lst and 3rd, and 2nd and 3rd, of
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these regions, we again have two regions of stability:

1 1
(a) r < b and q < a 3

m |

1 1 .
(b) A L@ < 3B and



APPENDIX I
SOME PROPERTIES OF QUADRATIC ROOTS
Let the roots of the quadratic equation

AB2 + BB+ C =0

be required to be less than unity in magnitude. Thus
= B £ o B2 - 4AC <1
ZA
or
S 2
- B+ vV B” - 4Ac| < 2|a| (1)

Four combinations of real and complex coefficients of inter-

est in the present application are considered below.

Case 1 - A, B, C Real and B2 - 4AC 2 0

In this case the inequality (1) may be written

|B] + / 8% - 4ac < 2|4 (2)

or
/ 8% - 4ac < 2]|a] - |B]
This then requires that |B| < 2 |A|, and also that
82 - 4ac < 4A% + 8% - 4|a| - |B]
or

|A] - |B] < A(A + C) £3)
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But this requires that A(A + C) > 0 or
A2(1 +-§—) > 0

Since A is real, this then reduces to % > -1. Then the

inequality (3) may be written

2
|B| < é——(l +

2] ) = A+ D

o

or finally,

B8] < |Ao + ¢

There are thus three conditions necessary for the

satisfaction of the inequality (2):

|B] < 2]a]
c
r oo

[B] < [a + c]

together with the originally stated condition 82 > 4AC. From

the first of these conditions we have 32 < AAZ so that

4ac < B2 < 4a?

But this requires that

4AC < 4A%

1

6% ERAE % < 1., This, then, with the second condition above,
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< 1. This being the case, the first con-

|0

]
requires that [
dition above is redundant, in view of the third condition.
Therefore, the conditions for the satisfaction of the

inequality (1) in this case may be reduced to

<1 and |B| < |A + C|

=10

Case 2 - A, B, C Real and 32 - 4AC < 0

In this case the inequality (l) may be stated as

B2 + (4AC - B2) < 4a2 (4)
so that it is required that % < 1. But since 32 < 4AC and
B is real, we must have AC > 0. Therefore, the satisfactilon

of the inequality (1) requires in this case only that

=0
A
H

Case 3 - A, C Real; B Imaginary; IB[Z + 4AC > O

Let the imaginary B be written as B = ib, where b is

real. Then inequality (1) may be stated as

|-ib + (ot = 4AC| < 2]|A|

Then, since b2 + 4AC > 0, this may be written as

[b| + /b2 + sac < 2|A| (5)
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which requires that |b| < 2|A|. Then
B o+ 4AC & 48° % 1% - a|a| ¢ |8
or
|A] « |[p| < A(A - ©) (6)

But this requires that A(A - C) > 0 or
2 C
AT (1 A) >0

Therefore it is required that % < 1. This being the case,

the inequality (6) becomes

A2

C
< TaT |

C = i
(L= = [AaQ <)

|5
so that |b|] < |A - C| is required.

There are then three conditions for the satisfaction

of the inequality (5), together with the originally stated

condition b2 > ~ 4AC:
|| < 2|A]
;o<1
[b| < |A - ¢

From the first of these conditions we have bz < 4A2 so that

kil BB & YRt

This then requires that
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- 4AC < 4A2

or that % > - 1. This, with the second condition above,

requires that < 1 and, the first condition becomes

redundant in view of the third condition. Therefore the

conditions for satisfaction of the inequality (1) in this

case reduce to

Case 4 - A, C Real; B Imaginary; |Q:2 + 4AC < 0

Again with B = ib, b being real, the inequality (1)

may be stated in this case as

2

b2 4+ (- b2

- HRT) & G

5 2
so that it is required that % > - 1., But since b~ < - 4AC
and b is real, we must have AC < 0. Therefore the satis-
faction of the inequality (1) requires, in this case, only

that



APPENDIX J

NONLINEAR INSTABILITY*

Source of Nonlinear Instability

The nonlinear instability arises from the derivatives
in the convective terms involving the z-velocity component

of Equation (V - 3c¢):

L (uE) and 22 (un)

Since the flow starts with a velocity discontinuity at the
interface between the jet and cross-wind, the gradients of
z-velocity and x-y vorticity are quite large in the vicinity
of this original interface for several time steps. This
results in very large values of the above derivatives, which
may persist for several time steps.

The large tangential (to the interface, or jet edge)
derivatives of the product of the z-velocity and the x-y

vorticity in Equation (V = 3¢) amplify the magnitude of the

*#Al1l quantities used on figures discussed in this appendix
are nondimensicnalized as noted in the Nomenclature. The
scale factors for the vector plots are given in Table 5.
The magnitude of a vector is indicated by the length of
the stem of the arrow, the size of the arrowheads being
the same throughout. Spurious lines on the plots are the
result of plotter error. Parameters used in all results
presented are given in Table 4,
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z-vorticity on the jet edge and reverse the direction at
some points at the first time step. Similarly the large
normal derivatives of the same product create large z-
vorticity at the points adjacent to the original interface,
especially inside the jet, at some of which points the new
vorticity is opposite in direction to the initial values at
the adjacent points on the interface. The result at the
first time step is shown in Figure 76a.

The gradients of x-y velocity are much smaller, how-
ever, so that no amplification occurs through Equation (V -
3a) or (V - 3b) at the start. The x-y vorticity thus exhi-
bits only a normal spread from the interface (Figure 76b).
The z~velocity, which is induced by the x-y vorticity, there-
fore is quite regular (Figure 76c), but the amplified and
misdirected z-vorticity induces an irregular x-y velocity
distribution with large gradients, especially inside the jet,
and with a tendency toward inflow into the jet on all sides
(Figure 76d).

In the following time steps the large z-vorticity
from the first time step is reversed and reduced in magnitude
by the normal (to the jet edge) derivatives of the product of
z-velocity and x-y vorticity. The normal derivatives also
cause large z-vorticity to spread out to the sides and rear
of the jet. Though some misdirection still remains, the z-

vorticity distribution has now assumed mostly its original
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direction, but with amplification (Figure 76e). This
results in an x-y velocity distribution more closely
resembling the original, but with outflow from the jet
ahead of the 90° point and inflow behind because of the
amplified z-vorticity around the sides of the jet. The
region of amplified z-vorticity at the rear of the jet
causes a similar region of outflow and inflow across the
jet to exist near the center line at the rear of the jet
(Figure 76h). (Though the figure shows the results at the
third time step, this pattern was already formed at the
second step.)

This x-y velocity distribution involves large tan-
gential gradients of the normal velocity at the edge of the
jet on the sides and at the rear. This then causes the tan-
gential derivative of the product of the normal velocity and
tangential vorticity to be large in these regions, resulting
in amplification of the normal vorticity through Equations
(V - 3a) and (V - 3b), (Figure 76f). This again is a non-
linear coupling of the equations, for the tangential vorti-
city here couples with the normal velocity to amplify the
normal vorticity through the g%(un) term of Equation (V - 3a)
and the g%(vg) term of Equation (V - 3b). This misdirection
of the x-y vorticity results in an irregular z-velocity dis-
tribution, with large z-velocity being induced at the sides

of the jet. Close examination of Figure 76g shows the z-
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velocity near the front and rear of the jet to be larger at
the sides than on the centerline.

This increased z-velocity and x-yv vorticity at the
sides of the jet then couple to amplify the z-vorticity in
that region, while the originally amplified z-vorticities
are being reduced by convection and diffusion (Figure 761).
Simultaneously the x-y vorticity at the sides is being ampli-
fied by the coupling of the large x-y velocity gradients and
x~y vorticity in that region (Figure 76j). The 1increased z-
vorticity at the sides of the jet maintains the x-y velocity
pattern (Figure 761), with strong flow away from the jet at
the sides followed closely by return flow to the jet, that
causes the amplification of the x-y vorticity. Similarly,
the increased x-y vorticity 1in the same region maintains the
large z-velocity at the sides of the jet which causes the
amplification of the z-vorticity (Figure 76k). The largest
jet velocities then occur in the wings of the jet rather
than in the central portion. The result of this nonlinear
coupling of the equations is divergence unless the large vor-
ticity generated can be dissipated by convection and diffu-
sion rapidly enough.

This nonlinear coupling of the equations for the vor-
ticity thus arises through '"convection" of velocity along
vortex lines, as represented by the term (% . Y)Y’ rather
than convection due to fluid motion, represented by

(v * Vw, In fact the latter process, through the convective

~
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terms involving £, n, and L in Equations (V - 3a), (V = 3b),
and (V - 3¢), respectively, tends to aid diffusion in dissi-
pating the gradients generated., The nonlinear coupling is a
three-dimensional process and does not occur in completely
two-dimensional flow, i.e., with zero velocity in the direc-
tion of invariance, since there only one component of vorti-
city is non-zero.

The entirely different character of linear insta-
bility, due to the diffusion terms, is illustrated in
Figure 77. Diffusional instability tends to produce general
amplification of all vorticity components, with a wave-like
velocity field, rather than the localized amplification and

disturbance characteristic of the nonlinear instability.

Characteristics of Nonlinear Instability

This disturbance due to the convective terms is
dependent only on the time step and not the Reynolds number.
Whether the process leads to significant perturbation of the
flow or even divergence, however, is dependent on the
Reynolds number since diffusion serves to damp the sustain-
ing gradients. Thus, the divergence shown in Figure 27b is
due to linear instability, the nonlinear disturbance being
damped completely by diffusion at this low Reynolds number.
Above a cell Reynolds number of about 3 for a velocity ratio

of 8, it is the nonlinear instability that leads to

divergence unless a gradual start is used. Such a gradual
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start renders the flow much more smooth. At higher velo-
city ratio, however, the nonlinear disturbance becomes
severe at lower Reynolds number as in Figure 78b, which
shows the wave-like linear disturbance upstream, but with
the strong flow away from and then back to the jet charac-
teristic of the nonlinear disturbance.

Instability from this source is more severe in the
present case because the representation of the curved
initial interface between the jet and cross-flow by square
cells as shown in Figure 12 requires evaluating derivatives
oblique to a discontinuity. In this representation the z-
velocity and the component of vorticity parallel to the line
of these interface cells both wvary along the line of cells,
and it is the values of the above-mentioned derivatives
parallel to the line of interface cells that are excessive.
In a curvilinear coordinate system composed of lines parallel
and perpendicular to the curved interface, however, there
would be no variation tangential to the interface of either
the z-velocity or the tangential vorticity component, and
there would be no normal component of vorticity. Since the
derivatives in question would be replaced in that case by
derivatives parallel and perpendicular to the interface,
their values would be zero at the start and less than those
occurring in the present case thereafter. The instability

could still develop after the start, however, since the
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vorticity would not remain parallel to the coordinate lines.
The irregularity of the original interface in the present
case served only to initiate the original amplification of
the z-vorticity. The sustentation of the process thereafter
cannot be attributed to the form of the original interface,
since no such discontinuity exists after the start., A suf-
ficiently large disturbance in vorticity would trigger the
process in any case.

The severity of the perturbation caused by this non-
linear instability increases with the velocity ratio (Figure
78) since it arises from the z-velocity. It also increases
with the cell Reynolds number since the efficacy of the dif-
fusion terms in dissipating the gradients decreases as the
Reynolds number increases.

Setting the z-velocity in the interface cells to
zero at the start reduces the destabilizing effect of the
nonlinear dinstability considerably at low cell Reynolds
number. This procedure is justified on the grounds that the
z-velocity is zero outside the discontinuity curve, and this
outside value may as well be taken in the interface cells
through which the discontinuity curve passes. However, as
the Reynolds number increases, the reduction in the gradients
by diffusion in the first time step becomes insufficient to
prevent amplification of the z-vorticity at the following

steps. Reducing the time step at the start does not help
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greatly because the relative magnitudes of the convective
and diffusive terms remains the same. The instability can
be reduced, however, by starting the flow gradually rather
than impulsively, but at larger cell Reynolds numbers the
start must be very gradual indeed as is shown in the
results presented in Chapter V.

Figure 79 shows the flow pattern for elliptie jets
with the same major diameter as the circular jet of Figure
79a and with the same cell Reynoclds number and time step,
the z-velocity in the interface cells again being set to
zero at the start. As would be expected, the nonlinear
instability is more severe for the elliptic jet with its
major axis perpendicular to the cross-wind than for the
circular jet, since the gradients 90° from the cross-flow
direction are more severe in the former case as a result of
the larger curvature of the ellipse in those regions. Simi-
larly the gradients in these regions are less severe with
the ellipse major axis parallel to the cross-wind, so that
the nonlinear instability is less pronounced in this case
than with a circular jet of the same minor diameter.

The nonlinear instability is reduced as the time step
decreases at the lower Reynolds number, cf. Figures 80 and
81, but the time step has less effect as the Reynolds number
increases and the diffusion becomes less effective. Again a

significant residual perturbation is left for cell Reynolds
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number greater than about 2 at a velocity ratio of 8. The
damping of a strong early disturbance is illustrated in
Figure 82 for a case in which the z-velocity was not set to
zero in the interface cells at the start and the flow was
started impulsively. At the later time the outward deflec-
tion fartherest downstream is the residual perturbation.
That a gradual start that is not gradual enough can
be worse than an impulsive start is illustrated in Figure
83, which shows the same case as in Figure 82 but with a
gradual start through which the jet and cross-wind veloci-
ties were doubled at each time step, the full values being
reached in 20 steps. The flow at the early time step is
much smoother with the gradual start since the velocities
at that time were much smaller in that case. However, at
the later time, 20 steps after the attainment of full velo-
city, the flow is more disordered than that with the impul-
sive start. The reason for this is that at this Reynolds
number the diffusion is so small that it alone cannot
achieve sufficient dissipation of the gradients before the
velocities near their full values in the twenty-step start.
The result then is effectively a delayed rapid, though not
impulsive, start, and, as far as the instability is concerned,
a given number of time steps after the attainment of full
velocity with the twenty-step start corresponds more closely

to the same number of time steps from the start with the
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impulsive start. Thus Figure 83b is more similar to Figure
82b than to 82c, although in time it corresponds to the lat-
ter. In the same manner, five and ten-step starts at this
Reynolds number gave less disturbance at a given time than
did the twenty-step start, the five being superior to the
ten. The disturbance was still dissipated faster with the
impulsive start.

At a Reynolds number of 2.5 a two-step start was
sufficient to completely eliminate the perturbation. The
gradual start thus is effective against the nonlinear dis-~
turbance, especially at the lower Reynolds numbers where it
gives diffusion a change to achieve significant dissipa-
tion of the gradients before the convection terms become
appreciable. However, at higher Reynolds number the start
must be extremely slow, since the diffusion is much
reduced. An insufficiently gradual start simply delays the
onset of the disturbance. Linear starts were also examined
but found to be less effective than the type discussed
above for the same number of steps in the period of velocity
increase. The reason for the superiority of the latter type
is that it provides an initial period when essentially no
convection is in effect. At high Reynolds number, however,
this period must be very long to allow the low diffusion to

achieve sufficient dissipation.



APPENDIX K

VORTICITY AND VELOCITY INTERACTIONS

IN THE THREE-DIMENSTONAL JET IN CROSS-WIND*

Profiles of the vorticity and velocity are shown in
Figures 84-95 for the jet starting from the opening of the
exit and in Figures 94-103 for the jet starting from the
cylindrical discontinuity above the jet exit. In all cases
both the jet and the cross-flow velocities were gradually
increased to their final values by doubling the value at
each time step, until the final value was reached at the
time step indicated. Figures 84-88 and 94-98 show unstable
cases for the two types of start, and these are used for the
detailed analysis below since the features are more marked.
Throughout the following discussion the terms "horizontal"
and "vertical" are applied to planes parallel and perpen-
dicular, respectively, to the boundary plane. Also, "front"
and "rear" refer, respectively, to the upstream and down-

stream directions of the remote cross-flow.

*All quantities used on figures discussed in this appendix
are nondimensionalized as noted in the Nomenclature. The
scale factors for the vector plots are given in Table 5.
The magnitude of a vector is indicated by the length of
the stem of the arrow, the size of the arrowheads being
the same throughout. Spurious lines on the plots are the
result of plotter error. Parameters used in all results
presented are given in Table 4.
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start from the Opening of the Jet Exit

Considering first fthe start from the opening of the
jet exit, at the start the vorticity distribution consists
of the superposition on the boundary plane of straight
lines of vorticity anti-parallel to the y-axis and concen-
tric vorticity rings centered on the jet exit axis. The
straight lines of vorticity have no variation in the x-direc-
tion and are the result of the cross-flow, while the rings
are due to the source flow from the jet exit and thus
increase from zero strength at the exit axis to maximum

strength on the edge of the exit, with continual decrease

thereafter. This type of start thus has no vorticity in the
fluid above the boundary. The fluid on the jet exit, however,
does have non-zero horizontal vorticity. The initial velo-

city distribution is formed by the superposition of the
uniform cross-flow parallel to the boundary and the velocity
due to a distribution of sources of strength equal to the
jet exit velocity located on the jet exit as discussed inl
Chapter VI.

Unstable Case - Vr = 8

During the first portion of the gradual start the con-
vective terms are insignificant compared with the diffusion
terms, so that the vorticity spreads upward from the boundary

by diffusion, with a resultant decrease in magnitude of the
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vorticity on the boundary. In the last few starting steps,
however, the convection becomes significant and begins to
spread the vorticity downstream over the entire boundary and
also upward and outward over the jet exit. The vertical
convection on the exit reverses the diffusional decline in
horizontal vorticity magnitude there, as vorticity is con-
vected up from below, and tends to increase the magnitude of
the horizontal vorticity on and above the exit. This trend
continues in the steps following the attainment of full
velocity and is evident in the nN-profiles of Figure 84b.

The vertical convection from below is absent on the
edges of the exit, the exit velocity being zero there, so
that the horizontal vorticityv continues to be reduced in
magnitude by diffusion during and immediately following the
start period as shown in Figures 84a and 84c. The decrease
in magnitude is accelerated at the rear edge after signifi-
cant negative vorticity has been convected above the edge
and the negative peak is formed as discussed below. The
presence of the peak and the accompanying increase in ver-
tical velocity causes significant upward convection of nega-
tive vorticity away from the exit edge, thus accelerating
the trend toward lower negative vorticity on the edge
(Figure 84a, t = 2.2).

The large horizontal velocity above the exit rear

edge, due to the combination of the cross-flow and the large
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outward horizontal velocity of the jet at this early time,
causes considerable rearward convection of negative horizon-
tal vorticity from over the exit into this region. This
convection parallel to the boundary, aided by vertical con-
vection from below as the vorticity rises over the edge,
causes the rising negative peak in the n-profile in Figure
84a. Over the exit front edge the horizontal convection is
reduced, since the cross-flow and the outward horizontal
velocity of the jet are in opposition. The resultant hori-
zontal convection is forward, since the horizontal velocity
of the jet is larger in magnitude at this early time than
that of the cross-flow. Alsc, the horizontal vorticity on
and over the forward portion of the exit is positive as a
result of the large source velocity, so that there is hori-
zontal convection of positive vorticity from over the exit
into the region above the forward edge, as well as vertical
convection from below as the vorticity rises. The reduction
in the horizontal convection, however, results in only a
positive protuberance on the nN-profile in Figure 84c, over
the forward edge, rather than a peak as over the rear edge.
The negative peak in Figure 84a and the positive pro-
tuberance in Figure 84c represent the expected emission of
the vortex ring from the exit, as influenced in the present
case by the downstream sweep of the cross-flow, which tends

to strengthen the ring in the rear and weaken it in front.
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This causes the ring to rise from the front to the rear of
the jet, so that the rear portion of the ring is both higher
and stronger than the front.

Also during this period following the attainment of
full velocity, wvertical vorticity is generated around the
exit edges as a result of the horizontal gradients of the
vertical velocity along lines of horizontal vorticity (Figure
85a).

The horizontal velocity over the center of the exit
at first tends to increase negatively as a result of the
increase in negative nN-vorticity on the exit (Figure 86¢c).
However, the vertical vorticity being generated around the
exit edges induces positive horizontal velocity over the exit
center, with the result that the u-profile develops a bend
back toward positive wvalues after sufficient vertical vor-
ticity has been generated (Figure 86c, t = 2.2).

The behavior of the horizontal velocity profiles at
the exit edge is due to the passage of the rising vortex
ring: an increase in velocity away from the jet axis above
the ring, followed by a decrease below the ring (Figures 86b,
86d, 87a). The vertical velocity peaks also reflect the
passage of the ring, the effect being stronger toward the
rear as a result of the convectional strengthening of the
rear of ring by the cross-flow. This is evident in Figures

88a-c.
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The vortex ring around the edge of the jet is influ-
enced both by horizontal and vertical convection, and the
relative importance of the two varies with position of the
ring. This causes the ring to broaden wvertically, with hori-
zontal convection tending to strengthen the upper portion of
the ring and vertical convection the lower. At the early
times the horizontal convection is the stronger, since the
jet still possesses a strong radial flow, so that the maxi-
mum vorticity magnitude occurs on the upper portion of the
ring (Figure 84a, t = 2.2; Figure 84d, t = 2.4, 2.6; Figure
84f, t = 2.4, 2.86).

However, the ring increases the vertical velocity of
the jet and decreases the radial velocity just below the
ring. Therefore, the horizontal convection is overshadowed
by vertical convection in the lower portion of the ring.

As the ring rises, the jet radial velocity is reduced and its
vertical velocity is increased, so that the vertical convec-
tion becomes dominant, and the vorticity magnitude maximum
shifts from the upper to the lower portion of the ring
(Figures 84d and 84f, t = 2.8). The further decline in jet
radial velocity as the ring rises farther causes the effect
of horizontal convection to be reduced to such an extent that
the upper portion of the vorticity crest gradually disappears
(Figures 84d and 84f, t = 3.4). The effect of the cross-flow

is again evident in the more rapid decline in the horizontal
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convection effect upstream.

The vorticity of the ring initially amplifies itself
as it rises, since an increase in the vorticity of the ring
tends to increase the vertical convection into the region
just above the ring, both by virtue of the vorticity
increase itself and through the consequent increase in ver-
tical velocity. As the vertical velocity above the exit
edge increases, the upward convection from the exit
increases, with a resultant decrease in the magnitude of the
horizontal vorticity on the exit edge (Figures 84d and 84f).
The decrease in magnitude of vorticity above the exit edge
after passage of the ring, however, decreases this convec-
tion, so that a constant value of horizontal vorticity at the
exit edge is approached.

The large vertical gradient of horizontal vorticity
in the region immediately below the ring combines with the
increase in vertical velccity in this region caused by the
ring to produce large upward convection of vorticity out of
this region. This results in a significant decrease in the
magnitude of the horizontal vorticity after passage of the
ring, as is demonstrated by the large reversals in the n-
profiles in Figures 84d and 84f., This trough in the horizon-
tal vorticity around the jet edge rises behind the ring and
is even more amplified by vertical convection than is the

ring, since the presence of the large vorticity of the ring
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above continues to produce upward convection of vorticity
out of the region between the ring and the trough, while the
trough itself reduces the convection of vorticity into this
region from below. In the present unstable case this ampli-
fication proceeds to the point of reversing the direction of
the horizontal wvorticity in the trough and thus replacing
the trough with a ring of opposite vorticity following the
primary ring.

In a similar manner the deficit of vorticity in the
trough reduces the upward convection out of the region below
the trough, so that convection of horizontal vorticity from
below into this regioan causes another reversal in the hori-
zontal vorticity below the trough, and thus a ring of vor-
ticity of the same sense as the primary ring following the
trough or ring of opposite sense, as the case may be
(Figures 84d and 84f., t = 3.4).

The increase in vertical veloecity in the plane of the
vortex ring emitted at start causes an increase in vertical
convection over the jet exit and a consequent increase in
negative horizontal vorticity above the exit center as vor-
ticity is convected from below (Figure 84e, t = 2.6). This
negative vorticity peak rises and is amplified by vertical
convection from below in the same manner as is the ring dis-
cussed above. Also in the manner discussed above, the nega-

tive vorticity peak causes large upward convection of
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negative vorticity out of the region below the peak and
creates a deficit in vorticity there. 1In the present case
the upward convection of negative vorticity out of this
region is sufficient to drive the deficit to a positive
vorticity peak (Figure 84e, t = 3.0). This peak is then
strongly amplified, since the region between it and the
negative peak above experiences both the loss of negative
vorticity through upward convection to the negative peak
above and the gain of positive vorticity through convection
from the positive peak below.

There also is large upward convection of positive
vorticity out of the region below the positive peak, which
creates first a deficit in vorticity and eventually a second
negative peak in that region (Figure 84e, t = 3.2). This
peak is also strongly amplified by vertical convection,
through the combined influence of its own vorticity and the
positive peak above in the same manner as is the positive
peak.

The amplification is enhanced by horizontal convec-
tion, since the horizontal velocity induced by these horizon-
tal vorticity peaks is in such a direction as to convect vor-
ticity into the regions of the peaks following the first.
This effect, however, is overshadowed by the stronger ampli-
fication produced by vertical convection as a result of the

very large gradients of vorticity. The amplification of these
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horizontal vorticity peaks within the jet is not unlike that
of the peaks around the jet edges, except that the much
larger vertical velocity within the jet drives the amplifi-
cation to a much greater degree within the jet. The desta-
bilization therefore occurs within the jet.

On the exit center the horizontal vorticity reverses
its early negative increase as the vertical velocity above
the exit increases and the vertical convection of vorticity
from below is thus balanced. Diffusion then decreases the
magnitude of the vorticity (Figure 84e, t = 2.8). However,
with the development of the second negative peak of vorti-
city above the exit, the negative vorticity on the exit is
reduced in magnitude as the upward convection of negative
vorticity away from the exit 1s increased by the presence of
this peak. In the present unstable case this vorticity defi-
cit is driven to positive vorticity (Figure 84e, t = 3.0).
The vorticity on the exit center then increases positively
at a greater rate, being influenced both by upward convec-
tion of negative vorticity to the peak above and convection
of positive vorticity from below.

The vertical vorticity is subject to much less varia-
tion as shown in Figure 85b and continues to be generated
primarily by gradients of vertical velocity along lines of
horizontal vorticity. The amplification is a result of prior

amplification of horizontal vorticity. The trough evident at
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t = 3.4 is due to a diffusional decrease when the convective
terms balance. The decrease at the boundary at the later
times is a result of diffusion.

The horizontal velocity profiles (Figures 86 and 87)
reflect primarily the effect of the horizontal vorticity
distribution, since the amplification thereof causes the
effect of the vertical vorticity to be overshadowed. The
peaks of the horizontal velocity profiles lie generally
between those of the horizontal vorticity at the same loca-
tion. The outward directed horizontal velocity immediately
above the exit edge is due to the horizontal vorticity
around the edge that results from the presence of the jet.
This outflow is eventually to be balanced by inward velocity
induced by horizontal vorticity above the boundary plane.

In particular, the excessively large forward velocity above
both the center and front of the jet exit at the later

times (Figures86h and 86i, t = 3.4) is due to the positive
horizontal vorticity generated at those times on the exit. by
vertical convection of negative vorticity away from the exit
into the second negative horizontal vorticity peak as dis~-
cussed above,

The vertical velocity (Figure 88) generally follows
the rise of the horizontal veorticity around the jet edge,
especially over the exit axis. However, the strong peak

just above the exit axis at the later times (Figure 88e,
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t = 3.4) is due to the presence of strong negative horizon-
tal vorticity just downstream, corresponding to the lower

negative peak in the mn-profile over the exit center in

Figure 84e,. All of these features are reduced in the
stable case considered below.

Stable Case - Vr = 8

The reduction of convectional instability by a
decrease in the time step is evident upon comparison of the
results discussed above with those presented in Figures 89-
93. Most of the same features discussed above are present,
but the magnitudes are greatly reduced and some significant
alteration of form results.

The primary effect at the early times of the time-
step reduction is to significantly decrease the contribution
of horizontal convection to the formation of the vortex ring
emitted from the exit. Thus the sharp peak on the upper
part of the negative crest of the nN-profile of Figure 84a at
t = 2.2 is eliminated (Figuré 89a). A similar effect, but
to a much legsser degree, occurs at the front of the jet
(Figure 89c). Otherwise, the forms of both the horizontal
and vertical vorticity distributions at the early times are
not altered, though the magnitudes are decreased somewhat
(Figures 89a-c, 90a).

The forms of the velocity distributions at the early

times (Figures 9la-c, 92a, 93a-c) are altered only by the
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above-mentioned reduction of the upper part of the horizon-
tal vorticity crest. This causes a corresponding reduction
of the outward horizontal velocity above the ring (most
noticeable in Figure 92a at t = 2.2) and of the vertical
velocity. The overall magnitudes are also somewhat reduced,
of course.

Even at the later times the forms of the horizontal
vorticity distributions are not greatly altered (Figures 89
d-f). Comparison of Figures 84d and 89d shows the negative
peaks, which correspond to the vortex ring emitted from the
exit at the start, to be in the same locations with each
time step (comparison should be with the lower part of the
crest in Figure 84d in view of the reduction in the upper
part mentioned above). The same conclusions are reached by
comparison of the positive crests at the front of the jet
(Figures 84f and 89f). The speed of propagation of the ring
is thus unaltered by the time step reduction. The primary
effect is, as mentioned above, the reduction of the upper.
part of the vorticity crest that constitutes the ring, as a
result of the reduction of the effect of horizontal convec-~
tion. The self-amplification of the ring by vertical convec-
tion 1is also significantly reduced, but this affects only the
magnitude, not the form,

Of more significance to stability is the alteration

of the vorticity trough that follows the ring. In the
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unstable case this vorticity deficit is amplified and driven
to a reversal in direction of vorticity by vertical convec-
tion across the large vorticity gradient from the trough to
the ring above. This amplification is reduced with the
smaller time step to the extent that a balance 1s achieved
with damping (Figures 89d and 89%f). This then leaves only
moderate vertical gradient of vorticity below the trough,

so that no vortex ring follows the trough.

The reversal of the n-profile below the trough at the
front of the jet (Figure 89f, t = 3.4) is caused by forward
horizontal convection of positive vorticity from over the
exit. This convection is a result of the forward horizontal
velocity still being induced in the lower forward part of
the jet by the positive horizontal vorticity that is created
on the forward edge of the exit by the presence of the jet.
This horizontal convection is thus increasing the positive
vorticity in the forward part of the jet above the exit.
This increase in positive vorticity in this region will then
serve to balance that on the exit edge below and to reduce
the forward velocity. Such a balance has already been more
nearly achieved at the rear of the jet (Figure 89d).

The reduction of convectional instability has its
greatest effect in the interior of the jet, however, as evi-
denced by the sharp contrast between Figure 84e and Figure

89e. Again the form and location of the crests are
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esentially the same. Here, as at the jet edge, the reduced
time step allows the amplification by vertical convection

to be arrested by diffusion before the large vertical gradi-
ents that power the amplification by vertical convection can
develop.

The vertical vorticity shows the least alteration, it
being simply reduced and smoothed at the lower time step
(Figure 90b). The positive ecrest occurring at t = 3.4 with
the larger time step (Figure 85b), is, of course, removed,
since the large horizontal vorticity that led to its crea-
tion has been eliminated. The boundary values of all vorti-
city components show little effect of the time step reduc-
tion.

The primary effect, other than a general magnitude
reduction, of the reduction of the time step on the horizon-
tal velocity distribution (Figures 91 and 92) is the change
in form of the profiles below the ring emitted at the start.
Since the severity of the horizontal vorticity trough follow-
ing the ring has been greatly reduced, the upper part of the
horizontal velocity crest below the ring, i.e., between the
ring and the trough, is correspondingly reduced (Figures 91
g-i). The lower part of the horizontal velocity distribution
reflects the elimination of the severe horizontal vorticity
gradients in that region which induced this horizontal

velocity in the previous case.
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The form of these velocity distributions 1is due to
the combined effects of the horizontal and vertical vorti-
city distributicns. The outward velocity above the rising
vortex ring emitted at the start is due to the ring.
Similarly the inward velocity induced by the ring below
itself accounts for the abrupt upper portion of the velocity
crest in that region evident especially in Figures 91g and
92b at t = 3.4, Theae effects are less marked at the front
of the jet because of both the opposition of the cross-flow
and the reduced strength of the ring in that region (Figure
911).

The lower portion of the velocity distribution, except
for the region just above the boundary, is affected primarily
by the vertical vorticity that has been generated around the
jet edge, and generally follows the shape of the vertical
vorticity distribution (Figure 90b). This causes a forward
recirculation within the jet. In the region immediately
above the boundary the horizontal vorticity on the boundary,
which exists because of the presence of the jet, is also
effective and tends to produce forward velocity in the for-
ward portion of the jet and outward velocity around the jet
edge. These velocities are, however, being reduced by the
diffusion and convection of vorticity of like sign into the
region above the boundary as discussed above. This vorticity

tends to induce velocities in the opposite direction.
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The vertical velocity distribution (Figure 93) 1is
affected primarily by the large horizontal vorticity around
the edge of the jet, and the crest reflects the passage of
the vortex ring emitted at the start. The secondary crest
at t = 3.4 above the exit (Figure 93e) is due to the nega-
tive horizontal vorticity crest just aft, corresponding to
the lower negative crest of Figure 89e. The reduction of
the upper portion of the horizontal vorticity crests at the
lower time step is reflected by a corresponding reduction of

the upper portion of the vertical velocity crests.

Start from a Cylindrical Discontinuity

With the start from the cylindrical discontinuity
above the jet exit, the initial vorticity distribution on the
boundary plane consists of lines of vorticity perpendicular
to the streamlines of the two-dimensional potential flow
about the cylinder. In addition there is a cylindrical vor-
tex sheet standing on the exit and extending upward to infin-
ity with no vertical variation. The vorticity on this sheet
consists of horizontal rings of vorticity around the sheet
and vertical vortex lines parallel to the cylinder axis, the
former being due to the jet within the cylindrical disconti-
nuity and the latter to the cross-flow without. The initial
vorticity of the fluid beth inside and outside the disconti-
nuity is zero.

The fluid on the jet exit at the start
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theoretically has zero vorticity also but, due to the dis-
cretization, a small amount of non-zero vorticity is present
there. The initial velocity distribution consists of a uni-
form vertical jet within the cylindrical discontinuity, and
the two-dimensional potential flow about the discontinuity,
perpendicular to its axis, outside as discussed previously
in Chapter VI.

Unstable Case - V = 8

During the first part of the gradual starting period
the convective terms are negligible, and diffusion spreads
the vorticity, reducing the sharp initial gradients. Thus
the vorticity profiles at the end of the starting period (t
= 0.8 in Figures 94 and 95) reflect primarily this diffusive
effect. The differences between the front and rear of the
jet near the boundary (Figures 93a, 93c) are the result pri-
marily of the vorticity generated on the boundary by the
cross-flow, which tends to be in conjunction with that due
to the jet in the rear, but in opposition in front. The
generation of horizontal vorticity on the boundary tends to
counter the diffusional dissipation there, with the result
that a vertical gradient in horizontal vorticity develops
above the edge of the exit, especially in the rear where the
vorticity generated on the edge by the jet and that generated
by the cross-flow are in conjunction (Figure 94a, t = 0.8)

and thus augment each other.
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When the full velocities are attained, the existence
of this vertical gradient causes horizontal vorticity to be
convected upward from the exit edge, especially in the rear
of the jet, This effect accounts for the peak in the n-
profile at the rear of the jet (Figure 94a; t = 1.2, 1.6)
that forms just above the boundary immediately after the
starting period. This horizontal vorticity crest is then
convected upward in the same manner as the starting vortex
ring emitted from the exit with the other type of start dis-
cussed above. As with the ring in that case, the crest in
the present case amplifies itself primarily by vertical con-~
vection as it rises, there ©being amplification to a lesser
degree by horizontal convection, from upstream, of vorticity
that had diffused from the jet edge. The rearward velocity
causing this horizontal convection is the outward velocity
induced by the crest above itself.

Also by the same process discussed for the other type
of start, a vorticity trough develops behind the crest
(Figure 94a, t = 2.4) and follows it upward, being amplified
by vertical convection across the steep gradient of vorti-
city from trough to crest above. The development, rise, and
amplification of the crest and trough in the present case
are thus completely analogous to that of the vortex ring and
trough formed with the start from the opening of the jet

exit, but with much smaller amplitudes since the engendering
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gradients are much smaller. Indeed, the use of '"crest'" here,

as opposed to '

'ring" with the other start, has no signifi-
cance other than to recall the difference in amplitude. The
term "ring" was used before only in deference to common
usage.

The vorticity crest is much less marked in the front
of the jet, but is evident at the latest time shown (Figure
94c, t = 2,8). The crest here is amplified by vertical con-
vection resulting from the stronger vertical gradient in ver-
tical velocity, as well as from the gradient of horizontal
vorticity, and, therefore, becomes significant only after
the vertical velocity crest is formed. The vorticity crest
then appears in the reglon of strong vertical velocity gra-
dient above the vertical velocity crest.

As with the other start, the crest is both higher and
stronger in the rear of the jet. (The trough above the
crest in front of the jet is due to the excessive loss of
vorticity to downstream horizontal convection resulting
from the creation of vertical vorticity between the center
and sides of the jet as discussed below in connection with
the horizontal velocity profiles.) At the exit edge the
horizontal vorticity decreases by diffusion until a balance
is reached with vertical convection from below, and a steady-
state is approached (Figure 94a, 94c). The general vertical

decrease in horizontal vorticity at the edge of the jet is
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due both to diffusion and downstream convection, the latter
being relatively important in the front of the jet.

The only other noteworthy feature of the n-profiles
at the jet edge is the small protuberance in the upper por-
tion of the profiles (above the vorticity crest discussed
previously, with the same direction as this crest) (Figures
94a, 94c; t = 2.8). This perturbation is a result of an
approximation in the solution whereby the velocity in the
border cells (cells having vorticity that differs from the
value at an infinite distance above the point in question by
less than a specified minimum) is taken to be the asymptotic
value apprecached at an infinite distance above the point in
question. This causes the vertical velocity above the top-
most vortex cell to be slightly less than its true wvalue,
and thus allows a small excess of convection of vorticity
from below to produce the protuberance in the vorticity pro-
file. A comparison with a larger minimum vorticity is given
in Figure 94 at t = 2.8. Here the above-mentioned uppermost
vorticity crest at the rear of the jet is clearly more
severe with the larger minimum vorticity. Otherwise the
effect of the change in the minimum vorticity at this time
is quite small.

The protuberance in the upper portion of the horizon-
tal vorticity at the rear of the jet in Figure 94c, result-

ing as discussed above from the minimum vorticity effect, is
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illustrative of the possible destabilizing influence of the
use of too large a value for the minimum vorticity. The
effect of the minimum vorticity is naturally greatest near
the boundary of the region of non-zero vorticity and in this
case a change of the minimum vorticity from 0.1 to 0.01 had
almost no effect at all in the lower portion of the jet. At
larger time steps the effect is more pronounced and hastens
the destabilization.

The horizontal vorticity over the exit center is
initially near zero, but some positive vorticity 1is soon
acquired by horizontal convection from the front of the jet
(Figure 94b, t = 0.8), resulting from the vertical vorticity
generated between the center and sides of the jet as dis-
cussed below in connection with the velocity profiles. This
convection causes a positive crest to form which rises and
is amplified, both by its own tendency to increase the upward
convection of positive vorticity into the region toward which
it moves and by continued horizontal convection of positive
vorticity from the front of the jet.

The vertical convection of positive vorticity out of
the region below this crest causes a region of negative vor-
ticity to develop below the crest (Figure 94b, t = 1.6).
This negative crest is then strongly amplified as it rises
by vertical convection across the large vertical gradient

between it and the positive crest above. The negative crest
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then causes large vertical convection of negative vorticity
out of the region below and thus leads to the formation of a
second positive crest (Figure 94b, t = 2.0). This second
positive crest in turn rises and is amplified by vertical
convection across the vertical vorticity gradient between it
and the negative crest above. This process continues with
the formation of a second negative crest (t = 2.4) followed
by a third positive crest (t = 2.8), etc., all being strongly
amplified by vertical convection. This is exactly the same
behavior described above for the dinterior of the jet with the
other type of start and rapidly leads to divergence. The
behavior of the vorticity on the exit center is controlled
primarily by upward convection across the gradients created
above the boundary by this oscillation.

The behavior of the vertical vorticity on the edge of
the jet (Figure 95) differs somewhat from that observed with
the other type of start because of the differences in the
vertical velocity distribution. With the present start the
jet is already established at the start, so that there is
strong vertical velocity throughout the region of the hori-
zontal vorticity variation described above. Significant
horizontal gradients in vertical velocity then can exist
along all the lines of horizontal vorticity. The vertical
vorticity on the jet edge thus follows closely the horizontal

vorticity in the interior of the jet. Comparison of Figures
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94b and 95 shows this correspondence at the later times,
with the phase lag of the vertical vorticity behind the
horizontal vorticity to be expected since variations in the
former are generated by the latter. At the early times the
profile at the rear of the jet is more representative of
the horizontal vorticity just inside the sides of the jet
than is the profile in the center of the jet, so that the
initial crest of the vertical vorticity corresponds more
closely to the crest in the profile in Figure 94a.

The general vertical decrease is due primarily to
diffusion. There is also general downstream convection of
vertical vorticity, but this and the diffusion are over-
powered locally by the above effects. With the start from
the opening of the exit, however, the jet must develop from
the start, and, at the times shown, significant vertical
velocity has not yet spread too great a distance above the
exit. Therefore, the horizontal vorticity in the upper part
of the developing jet is ineffective in generating vertical
vorticity, since insufficient vertical velocity is there
available.

With the present type of start the horizontal velo-
city is affected more by the vertical vorticity than was the
case with the other type of start, since significant vertical
vorticity exists at the sides of the jet from the beginning

along the entire length of the jet. The values approached by
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all the velocities at large distance above the boundary are
due entirely to vertical vortiecity. Also, the strong out-
ward horizontal velocity above the exit edge is absent with
the present start, since horizontal vorticity is also estab-
lished from the beginning along the entire jet. The hori-
zontal velocity in the rear and sides of the jet, however,
reflects primarily the rise of the horizontal vorticity
crest at the edge of the jet— outward velocity above the
crest and inward below (Figures 96a and 97). The small
bulge due to the horizontal vorticity protuberance caused by
the minimum vorticity effect 1is discermable at t = 2.8 just
below the top of the velocity profile at the sides of the
jet (Figure 97).

The rearward horizontal velocity in the forward por-
tion of the jet at the early times (Figures96c, 96d) is due
to vertical vorticity between the center and sides of the jet
directed opposite to that on the jet sides. This vertical
vorticity is generated by the convective terms as a result of
the gradients in y-vorticity and vertical velocity normal to
the centerline at the front of the jet. These gradients are
prominent at the start because of the curvature of the jet
edge. This vertical vorticity is realigned with that on the
jet sides as time passes, as a result of the corrective
influence of the gradient in vertical velocity along x-

vorticity lines.
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Vertical vorticity directed opposite to that on the
jet sides is also created in the interior of the jet between
the center and the sides in the same manner. The causative
horizontal vorticity gradient here is initially a result,
however, of diffusion of y-vorticity inward from the sides
of the jet. This horizontal vorticity is convected upward
and causes a rising horizontal gradient until significant
vorticity has reached the center of the jet.

At the later times the large horizontal vorticity in
the center of the jet discussed above (Figure 94b) is the
cause of the gradient. At these times this vertical vorti-
city gradually shifts to become in phase with that on the
jet sides, but with larger amplitude. There is then con-
siderable horizontal variation of the vertical vorticity,
with different patterns in different planes, so that the
separate effects on the horizontal velocity profile at the
front of the jet are obscured. However, the general trend
at the later times is toward a positive crest above the
boundary and a negative crest above that, as reflected in the
horizontal velocity profiles at the front of the jet (Figure
96d) . It is the negative velocity due to the negative crest,
which of course emerges befora the following positive crest,
that increases the rearward horizontal convection and causes
the upper horizontal wvorticity trough at the front of the

jet mentioned above (Figure 94c¢). The generation of this
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vertical vorticity between the center and sides of the jet
is accentuated by the small number of cells per radius used.
A smaller cell size would result in smaller gradients.

The decrease in horizontal vorticity in the front of
the jet (Figure 94c¢c) causes an excess in positive vorticity
at, and just above, the exit edge, and this tends to induce
forward horizontal velocity above the boundary at the front
of the jet. This effect is accentuated at the later times
by the increase in horizontal vorticity just behind the
front of the jet, corresponding to the increase on the bound-
ary that occurs in conjunction with the lowest positive
crest in the horizontal velocity profile at the jet center
(Figure 94b).

The horizontal velocity above the jet center is nega-
tive at the early times, because of the above-mentioned
oppositely directed vertical wvorticity between the center
and the sides of the jet, and horizontal convection there-
from is the cause of the formation of the initial horizontal
vorticity crest in the interior of the jet mentioned above
(Figure 94b, t = 1.6).

However, the crests in the horizontal vorticity exert
a dominant effect when they achieve sufficient amplifica-
tion, and the horizontal velocity in the jet center then
follows the horizontal vorticity there (Figures 96c and 94b,

at t = 2.8). The horizontal velocity in the jet center is
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in phase with the vertical vorticity at the jet sides at the
later times (Figures 95 and 96c) and must also, therefore,
be influenced by this vorticity at those times. However,
the phase relationship between this wvertical vorticity and
the horizontal vorticity in the jet center is such that
their effects on the horizontal velocity are not separable.
The stronger horizontal vorticity must, however, dominate.

The vertical velocity distribution in the center of
the jet (Figure 98b) conforms primarily teo the horizontal
vorticity in the rear (and sides) of the jet (Figure 94a).
The decrease in vertical velocity after the increase above
the exit at the early times is due to the vertical decrease
in horizontal vorticity magnitude. As the crest in the
horizontal vorticity at the jet edge develops and rises, a
corresponding vertical velocity crest follows inside the
jet. The subsequent development of the horizontal vorti-
city trough around the jet then causes a similar trough in
the interior vertical velocity. These correspondences are
quite evident at the latest time in Figures 98b and 94a.
The small uppermost crest of vertical velocity is due to the
corresponding vorticity crest caused by the minimum vorticity
effect discussed above.

The strong crest just above the boundary is due to
x-vorticity on either side of the centerline which diffuses

from the exit edge into the jet and then is convected upward.
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This effect is accentuated in the present case by the small
number of cells per exit radius, which causes the x-
vorticity in the cell next to the centerline to be larger
than would be the case if the cell size were reduced. Hori-
zontal convection tends to increase this effect in the front
portion of the jet and decrease it in the rear by conveying
the x-vorticity into the jet in front, but out in the rear.

The vertical velocity at the edge of the jet is
influenced primarily by the horizontal vorticity within the
jet and, therefore, follows to some degree the n-profile
above the center of the exit (Figure 94b). This is true to
a greater extent in the rear of the jet (Figure 98a, especi-
ally t = 2.8) than in the front (Figure 98c) because of the
rearward convection due to the cross-flow.

The initial decrease in vertical velocity above the
boundary at both the front and rear of the jet, as well as
the initial increase in the interior, is due to the inward
diffusion of horizontal vorticity generated on the exit
edge by the jet. The general decrease in vertical velocity
in the front portion of the jet is due to the rearward con-
vection of vorticity by the cross-flow. The crest that
develops at the later times in this region is due to
x=-vorticity to the sides of the centerline as discussed
above. This effect is reduced in the stable case that is

discussed below.
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A comparison of the effect of the range of integra-
tion r in the velocity calculation is given in Figures 96-
98 at t = 2.4. As would be expected an increase in the
integration range tends to increase the rearward horizontal
velocity and the vertical velocity. The effect on the former
is stronger in the lower portion of the jet as a result of
the significant rearward and lateral spread of vertical vor-
ticity. The effect on the vertical velocity is stronger in
the upper portion of the jet because of the dominant influ-
ence of the exit source integral in the lower portion of
the jet.

Stable Case - Vr = 8

The stabilizing effect of a reduction in time step is
evident upon comparison of Figures 94-98 with Figures 99-103.
The horizontal vorticity distribution at the edges of the jet
has the same basic form with the smaller time step, but the
peaked nature prevalent at the larger time step is reduced
to a smooth waveform (Figure 99a, 99c; Figures 94a, 94c).
Again the negative crest at the rear of the jet and the posi-
tive crest at the front are both due primarily to vertical
convection and are formed initially from the vertical gradi-
ents of horizontal vorticity created by diffusive dissipa-
tion above the boundary. (The stronger vertical gradient of
vertical velocity is also significant at the front of the jet

as mentioned above.) The crest is enhanced in the rear and
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degraded in the front by horizontal convection due to the
cross—flow, and is therefore both stronger and higher in the
rear of the jet,

The reduction of the convectional instability also
eliminates the vorticity trough that develops 1in the upper
portion of the horizontal vorticity profile at the front of
the jet with the larger time step (Figures 99c and 94c) as a
result of excessive rearward horizontal convection caused by
the generation of oppositely directed vertical vorticity
between the center and sides of the jet discussed above.

The smaller negative crest in the upper portion of the
horizontal vorticity profile at the rear of the jet (Figure
99a) caused by the minimum vorticity effect as discussed
above is still present but reduced. A comparison with a
smaller minimum vorticity is given in Figure 99 at t = 2.,2.
Again the effect is slight except in the upper portion where
the above-mentioned crest is eliminated.

In the interior of the jet the pattern of the horizon-
tal vorticity distribution is altered significantly in form
as well as magnitude by the reduction in time step (Figures
99b and 94b). The early development of the positive crest
followed by a negative crest is essentially the same, the
former crest again being formed as a result of rearward hori-
zontal convection, and the latter by vertical convection

across the wvertical gradient thus created. However, the
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subsequent amplification is much reduced and the wavelength
of the disturbance is increased, so that the catastrophic
divergence evident with the larger time step does not occur.
The increase in wavelength is significant, since disturb-
ances of wavelengths equal to twice the cell size, as
occurred with the larger time step, are the most destructive
with central differences for first derivatives, since then
the opposite wave crests fall on the two points used for
evaluation of the derivative.

The broad nature of the positive crest at the later
times in Figure 99b is due to the combined effects of hori-
zontal and vertical convectlon, the former being dominant in
the lower porticn of the crest and the latter in the upper
portion. This form develops because the vertical convection
tends to spread the crest upward. 1In the unstable case con-
sidered previously, the divergent amplification from verti-
cal convection far overshadowed the effects of horizontal
convection and distorted the upper portion of the crest into
an overpowering sharp peak. The minimum vorticity effect
discussed above also tends to make the upper portion of the
crest more abrupt by reducing the vertical convection of
vorticity away from the top of the crest.

Again the vertical vorticity distribution at the sides
of the jet is influenced primarily by the horizontal vorti-

city in the interior of the jet, and is created by gradients
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of vertical velocity along horizontal vorticity lines.

There is, therefore, close correspondence between the wave
forms of Figures 100a and 99b, the former having a phase lag
relative to the latter. The contrast with the unstable case
in Figure 95 is marked and agrees with the corresponding con=
trast between the horizontal vorticity profiles in the inte-
rior of jet. As with the horizontal vorticity, the time
step reduction achieves an increase in wavelength as well as
a decrease in amplitude of the disturbance waveform.

The behavior of both the horizontal and vertical vor-
ticity on the boundary is not greatly affected by the time
step, though the magnitude of the variation is reduced,
especially in the interior of the jet after the unstable
case begins to diverge (Figures 9%a, 99c, 100a; Figures 94a,
94c, 95).

The horizontal velocity distribution at the edge of
the jet has a similar form with each of the two time steps
(cf. Figures 101b, 101d, 102a, with Figures 96b, 96d, 97),
but with reduced magnitude of the variation at the smaller
time step. The sharp horizontal vorticity peaks are
reduced, so that the velocity profile at the rear of the
jet (Figure 101b) has a smooth wave form with the smaller
time step. With the reduced amplitude of the horizontal
vorticity variations in the rear of the jet, there is also

a significant contribution to the horizontal velocity there
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by the wvertical vorticity generated on the sides of the jet
and convected downstream by the cross-flow, as illustrated
by the phase coincidence of Figures 101b and 100a at the
later times. The outward velocity is the result of the
horizontal vorticity crest, but the positive velocity crest
below is due largely to the vertical wvorticity crest above
the boundary.

In the front portion of the jet the rearward crest of
the horizontal velocity is much reduced. This crest, it is
recalled, is a result of vertical vorticity generated
between the center and sides of the jet that is directed
opposite to that on the sides (see the discussion of the
unstable case above). The positive crest is due to the cor-
responding crest of the vertical vorticity at the sides of
the jet (Figure 100a) and also to the positive horizontal
vorticity at the forward edge of the exit.

In the interior of the jet the horizontal velocity
distribution is greatly altered by the time step reduction
(cf. Figures 10lc and 96c), as a result of the alteration of
the vorticity distributions. The initial rearward velocity
induced by the vertical vorticity generated between the cen-
ter and sides mentioned above is still present but reduced.
At the later times the horizontal wvelocity in the center of
the jet follows closely the wvertical vorticity distribution

on the sides of the jet (Figure 100a), with modifications
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due to the horizental vorticity distribution in the interior
of the jet (Figure 99b) that cause the velocity wave to lag
slightly behind the vertical vorticity wave.

The initial decrease in vertical velocity above the
exit at the front and rear of the jet, as well as the
increase in the interior (Figures 103a-c¢), is again due to the
diffusion of horizontal vorticity generated on the exit edge
into the jet. The vertical velocity at the rear of the jet
(Figure 103a) reflects primarily the horizontal vorticity
distribution in the interior of the jet and hence follows
roughly the profile of Figure 99b.

The variation in horizontal vorticity at the edge of
the jet is too small with the smaller time step to have a
noticeable effect on the vertical velocity over the exit
center. The profile there (Figure 103b) therefore exhibits
a general vertical decrease as a result of the decrease in
horizontal vorticity at the sides of the jet, with none of
the severe oscillation present with the larger time step
(Figure 98b).

In the forward portion of the jet (Figure 103c) the
vertical velocity generally decreases vertically because of
the reduction in horizontal vorticity in the forward portion
of the jet by horizontal convection and diffusion. The
crest just above the boundary is again due to x-vorticity to

the sides of the centerline as discussed in the unstable
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case. Again a comparison is given of the effect of an
increase in the range of integration in the velocity calcu-
lation (Figures 101-103, ¢t = 1.8), the increase tending to
increase the rearward horizontal velocity and the vertical
velocity.

The horizontal vorticity distributions at later
times {(Figures 99d-f) exhibit generally a continuation of
the pattern of vertically moving waves, with only a few
modifications. Vertical convection across the gradients
that result above the exit with the upward passage of the
waves continue to generate the waves at the rear of the jet
(cf. small crest two radii above the boundary at t = 5.0 in
Figure 99d) and in the interior of the jet (Figure 99e).
The latter profile is subject to some distortion near the
boundary resulting from truncation error in the velocity
calculation. 1In order to conserve computer time the range
used in the velocity calculation in the present case of long
duration was chosen to be only one exit diameter. This
introduces no great error until the later times when sig-
nificant vorticity is widely spread near the boundary. The
error then is greatest in the lower portion of the jet near
the center and front of the jet, since the predominant hori-
zontal movement of vorticity is rearward and to the sides.
Some rather sharp horizontal gradients of velocity, there-

fore, develop in the jet interior and the results shown for
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the last two times are suspect in the lower forward portion
of the jet.

The uppermost crest at the rear of the jet, resulting
from the minimum vorticity effect discussed above, causes
the creation and amplification of the trough which follows.
This trough develops primarily because of the loss of vor-
ticity through vertical convection across the gradient
caused by the crest above, but is amplified by losses due to
downstream convection resulting from the horizontal vorti-
city gradient created by the uppermost positive crest in the
jet interior. Both this trough and the crest above exist
only because of the minimum vorticity approximation and are,
therefore, removable. Horizontal convection is the cause of
the broadening of the primary crest. Here negative vorti-
city is convected downstream from the interior of the jet.

At the front of the jet, the crest generated at the
start becomes more apparent as time passes and it moves up-
ward. The crest is maintained by vertical convection from
below because of the vertical gradients of both the horizon-
tal vorticity and the vertical velocity, the latter gradient
being more significant in the front of the jet than else-
where, and thus is located in the region of large velocity
gradient above the vertical velocity crest (Figure 103f).
The amplification of the trough behind at the last two time

steps is due to horizontal convection that is directed
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upstream in front and downstream behind—a result of the
above-mentioned truncation error in the integration. The
narrowing of the negative crest in the jet interior is due
to downstream horizontal convection of positive vorticity
into the upper portion of the crest. This is a result of
the uppermost rearward velocity crest in the interior of the
jet.

The vertical vorticity at the jet sides (Figure 100b)
continues to follow the horizontal vorticity in the interior
of the jet in a vertically moving wave with little distor-
tion.

The horizontal velocity (Figure 101) continues to
reflect the combined influence of both the horizontal and
vertical vorticity, with the latter being dominant. There
is thus a close phase coincidence with the vertical vorticity
(Figure 100b). The topmost velocity crest in the rear of the
jet 1s raised a bit by the vorticity trough following the
crest created by the minimum vorticity effect (Figure 994d).
Also the larger horizontal vorticity variations in the inte-
rior of the jet (Figure 99e) are such as to amplify the
effect of the vertical vorticity in that region. Since the
vertical vorticity lags the horizontal, the velocity contri-
butions of each are in phase here and, therefore, the effects
are not separable. The large negative velocity near the

boundary at the later times is probably excessive as a result



280

of the above-mentioned truncation error in the integration,
since a considerable body of vertical vorticity directed
opposite to that nearest the exit center (negative at these
times) is not being included in the calculation here.

The horizontal velocity in the front of the jet
(Figure 101i) is also influenced to an increasing degree by
the vertical vorticity, and at the latter times is in phase
with the horizontal velocity at the center and rear of the
jet (Figures 101lg, 101lh). However, as noted above, the
horizontal velocity in the interior of the jet also has the
proper phase relationship with the velocity here.

The horizontal velocity at the sides of the jet shows
less variation and reflects the passage of the horizontal
vorticity wave up the sides of the jet. The outward hori-
zontal velocity just above the edge of the exit on all sides
is due to the horizontal vorticity generated on the exit
edge by the jet. This is to be balanced by the effect of
vorticity of like sign above the boundary, but such a bal-
ance cannot be achieved perfectly due to the discretization.
Again a smaller cell size, i.e., more cells per jet radius,
would improve the results.

The vertical velocity just above the boundary con-
tinues to be influenced strongly by the horizontal vorticity
generated at the exit edge by the jet and diffused onto the

jet on the boundary as discussed above. The vertical
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velocity in the interior of the jet decreases vertically as
a result of the general decrease in horizontal vorticity at
the sides of the jet.

At the front and rear ¢f the jet, however, the verti-
cal velocity continues to reflect the influence of the hori-
zontal vorticity in the interior of the jet. The wave form
of Figure 103d thus corresponds generally to that of Figure
99e. (Recall that the profile of Figure 99e is over the
exit center and is only representative, not definitive, of
the horizontal vorticity distribution in the entire jet
interior.) At the front of the jet (Figure 103f) the
results are more complicated, involving also the effect of
the x-vorticity distribution to the sides of the centerline,
which is the cause of the crest as discussed above. This

effect decreases in time as the vorticity is dissipated.



APPENDIX L

DEVELOPMENT OF SINGULARITY DISTRIBUTION

FOR VORTEX LATTICE MODEL

As shown in Appendix B the velocity induced by a spe-

cified vorticity distribution may be calculated from the

integral relation (B - 1) for a bounded volume:
v
5 (r' = r) * n V x w
_ 1 on - 2 = L[ Es
yer) = 4ﬂJJ[ B =2 ] T T, 3 LiE * 4nJJJ : =y
L B e { 8" — =l
(1)
This may be rewritten, using Equationm (B - 30), as
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The volume integral extends over the entire flow.field, and
the surface integral covers the entire boundary of the flow
field. The unit vector n is the outward normal to the bound-
ary of the flow field (Figure 1).

Let part of the fluid boundary be a plane located
at z = 0, which is impervious except for a finite area of
arbitrary shape on which the normal velocity is uniform.

This finite area of non-zero normal velocity on the z = 0
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plane is here referred to as the "exit." The remainder of

the boundary of the flow field is taken to be a he isphere

located above the z = 0 plane, with its center at the ori-
gin. The flow field thus comprises the entire region above
the z = 0 plane, this region being designated the "object
field."

Now for every point r in the object field define a
corresponding point r, in the region below the z = 0 plane
(this region being designated the "image field") having the
same x and y components as T, but with the z component

reversed. Thus

r. = r - 2(5 . E)E (3)

1

Also define an image vorticity w, at each point in the image
field, this image vorticity having the same z component as
the vorticity at the corresponding point in the object field,

but with the other components reversed:
w(ry) = e(x) - 201+ e(x)]i - 2[3 - w(x)]] (4)

with Ty and r related by Equation (3). Finally, define the

normal velocity on the common plane boundary in the image

field to be opposite to that in the object field:

g ' El(xl, yla 0) = = E( Xy ¥ 0) (5)

where, by Equation (3), X, = x and vy

L[}
g
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Then the velocity induced at points within the image

field by the image vorticity is given by (cf. Equation (2))

avl
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where the integration is now over the image field, the vari-
able of integration being E”' If Equations (4) and (5) are
substituted in the integrals of Equation (6), and the points
of integration E" in the image field are converted to the
corresponding points f' in the object field by application

of Equation (3),
r" = r' -« 2(k - Hk (7)

The integrals over the image field may then be transformed
to integrals over the object field, and it may then be shown

that Equation (6) reduces to (Appendix M)

\_{1(5 ) = g(j{) - 2[k = Y(f)]E (8)

e

with r, and r related by Equation (3), and v(r) given by
Equation (2). The velocity in the image field induced by the
image vorticity is thus the same as that at corresponding

points in the object field, except that the z component is
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reversed.

Now if in the integrals over the image field in Equa-
tion (6), the point r is located outside the image field,
i.e., outside the field of integration, the equation is
equal to zero. Then, since all points in the object field
are outside the image field, we may write, using Equation

(2) and Equation (6) with r in the object field,

3w
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v(r) = f% JJ [ dn Bl o BBy oy R 5.
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with W, and vy given by Equations (4) and (8), respectively,
and E" related to E' by Equation (7). The first two inte-
grals are over the object field, and the last two are over
the image field, the sum of the latter being zero since r is
outside the image field.

Let the wvelocity approach at infinity a uniform value

that is parallel to the commen plane boundary, except
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possibly on a finite portion of the surface at infinity.*
With the uniform velocity at infinity indicated by V_ we

have, using v = V_and v, = V , since V_ has no z component,
~ ~ 00 ~1 ~oo Lo
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The last step follows from the development of Equation (B -
28) of Appendix B from Equation (B - 27). The left hand
side of Equation (10) vanishes when o and hence ME is
replaced by the deviation of the velocity from the uniform
value, since then the total solid angle subtended by the
finite area of non-zero velocity deviation approaches zero
at infinity.

With the above specification of the velocity at infin-

ity and the additional stipulation of no variation of velo-

*The terminology "surface at infinity" refers to the hemi-
spherical surface in the limit as its radius approaches
infinity.

TThe notation ® on the surface integrals implies the limit
of the integral over the hemispherical surface as its
radius approaches infinity.
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city normal to the surface on the finite area of deviation
from uniformity® we have the first surface integrals in
both the object and image spaces of Equation (9) vanishing
on the surface at infinity. Similarly, if the vorticity at
infinity is specified to be either zero or normal to the
surface, the last surface integral in each space vanishes
on the surface at infinity.T

It is shown in Appendix M that the surface integrals
on the plane boundary may be combined and reduced, so that

Equation (9) becomes

- z
v(r) = V_ - — TR TR JJ ve °°
e ~0 2m | " r[ =~ 27 Ir, _ r|3
object = objectX
plane plane
1 (! = x) 2w 1 (r" - r) x w
G — —~ ~dv + — - = —d 11
4 JJJ Ir, = r]3 v 4 JJJ ' "o r'3 vl (113
object'= image'~ ~
where the surface integrals are over the z = 0 plane. Now
sz sz
the derivatives e and 3y are zero everywhere on the z = 0
plane except on the edge of the exit. Therefore, if e is a

-~

unit outward normal to the exit area boundary curve and lies
in the z = 0 plane and € is an infinitesmal distance parallel

to e, we have

~

*More specifically, the normal derivative must vanish at least

as fast as the inverse square of the radius, a condition that
is fulfilled for velocities induced by vortices and sources.

tThis condition is fulfilled by specification since the
vorticity is confined to the lattice and thus has all its
derivatives zero elsewhere,
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where Vj is the uniform z-velocity on the exit area, and dl

is an increment of arc length along the exit area bounding

curve. Then the first surface integral of Equation (l1)
becomes
[ av sz
iaxz + j e dil
= = g5 - - v, (12)
lr' - £ 4 1 [k = g

with the line integral taken around the exit area boundary
curve. If dl is a vector of magnitude dl, directed tangent
to the exit area bounding curve in the direction of positive

line integration, i.e., exit area on the left, we have

edl = dl x k

so that the right hand side of Equation (12) may be written

% e dl dl
-V. _— = V. .k x % _ (13)
| |z i~ [rr

But by a vector integral theorem {69, Chapter 6}

§¢dz :JJ(E X Y¢)d8 (14)

where the surface integral is taken over the area enclosed

by the circuit of the line integral, and n is a unit normal
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to the surface directed in the positive sense of traverse of
a circuit. Then applying Equation (14) to Equation (13) we

have
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has been used. Substitution of Equation (15) in Equation
(11), via Equations (12) and (13), then yields

vy £ =k | '~y =4
Y(E) = \i’m = o JJ —"——'———-—I-'-j*ds + T JJJ 3 dv

[r' - ¢

exit' =~ ~ object lE' - E]
1 (" - r) x W
+ T J.JJ. [r” B} 1_[3 d-‘)l (17)

image
The surface integral in this equation is just the velocity
induced by a uniform source distribution of strength Vj
located on the exit area {73, Chapter 11}. The second volume
integral is the velocity induced by the solid-wall images of

the vorticity in the flow field.



APPENDIX M

DEVELOPMENT OF CERTAIN RELATIONS CITED IN APPENDIX L

Development of Equation (L - 8) from Equation (L - 6)

I1f Equation (L - 8) is true, then

T = Ayt vy - kv, 1)
Now, since n, = k on the plane boundary,
avl Ble Bvl Bvlz

on, ez |, iTee | _ T %Rz | (2)

where the derivatives are those obtained as z approaches
zero from below. But if Equation (L - 8), and hence Equa=-
tion (1) above, is true, the x and y veloccity components
vary continucusly at the plane boundary from the object to
the image field, but their gradients in the z-direction are
discontinuous. Conversely the z velocity component is dis-

continuous at the plane boundary, but its z-gradient is con-

tinuous. Therefore
ale Bv_
3z Y » Vg T + Vx (3a)
o- o+ ¥
av1 | v
.—_X — - ——1 = +
3z | dz x My Yy R
o- o+ Vi
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ov

I
+

s » Vi = - v (3c)

if Equation (L - 8) is true.

Also from Equations (L - 3) and L - 7)

r'" - Ey = r' - r - 2[k < (' - r)lk (4)
so that
" = gyl = b~ ¥ (5)
for r" and r, related to r' and r by Equations (L - 3) and

F
(L - 7), respectively. This relation is true throughout the

field.
Now using Equation (4) on the z = 0 plane,
noo_ = Lo .
MU B BTN T BT
= (r'" - r) k - 2(r'" - 1) k
= - (r' - 1) ¢+ k
= (r'" - 1) n (6)
since n, = k = - n. Also on the z = 0 plane, from Equation
(L = 4)3
n, X W= E x (- iw, - jw + Ew ) = - E X (wa + %wy + Emz)
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Finally, from Equations (4) and (L - 4) we have

i j k

woo_ - o B o S L =
(" =g ®gy =~ 07 =2 0e 8" <23y AT =~ E) (8

- - +w

% y z

Then, using Equations (1), (3), (5), (6), (7), and

(8) in Equation (L - 6) we have

Bvx Svy avz
G (L) B MLJLTEBZ - d5 7 Eaz
. 1 4 J'L |r, _ r|
_ {xt = r)z iw - ju_
- - 3(ivx + jv._ - kvz) + = ~——=1ds
FIENEE £ -

N _LJJJE[(5'—5)ywz—(g'—£)zwvl + 1[(5‘-5)ZMX—(§'—E)XMZ]

L N 3 4
r° = r|
1 _ — ¥ -
L A[[ARE T Rty ” E)ymx]dv—iv + jv. - kv (9)
4 ; 3 TRTX ~ ¥ ~ Z
£' -
by comparison with Equation (L - 2).

Reduction of Surface Integrals of Equation (L - 9)

From Equation (3), on the z = 0 plane
Bvl Bvx avz sz
i R R - 1)

But also
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dv avx av sz
bl s Bl - Al S v (11)
gn
since n = - k. Therefore
Bvl av Bvx avy
52 T Fa - " it iEd) (129
Also on the z = 0 plane we have from Equation (L - 7), since
k ' = 0, " = ! Then on the z = 0 plane,
|z - 2| = |z' - ¢ (13)
and
(r" - 1) By o= (r' - r) n (14)
Then using Equations (2), (7), (12), (13), and (14)
we have the sum of the surface integrals on the z = 0 plane
in Equation (L - 9) reduced to
Bvx av
i ~TE—5 > # j—a-;i) 2(r' - r) * n iw - ju_
= [ + —= - kv + 2L —=Xj4s
. z* - £ gt = 2]® =% 2tz
plane ~ ~ & 5 o =
But since k r' = 0 we have r' n =0 on the z = 0 plane.
Also
BVX Bvx sz Bvx sz
Euy T3z T (Bz T 3x ) 3z 9x (15a)
S AP IS A SRS (15b)
X 9z oV 0z 0z 3y
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Therefore the above surface integral finally reduces to

av avz
1 9% T 18y Ve
~ o J[ [ : - k(k - 5)*——' 3]dS
plane [x" - E[ ‘E - £|



APPENDIX N

VELOCITY INDUCED BY THE LINEAR VORTEX SEGMENTS

AND BY THE EXIT SOURCE DISTRIBUTION

Linear Vortex Segments

As noted in Chapter VII the velocity induced at r

by a straight vortex segment between r, and r, (Figure 55),

with positive circulation reckoned as clockwise when viewed

from r, to r is given by

1 527

i<
I

EIZEE(COSBI - cos %}

where
EZEX‘El a:ﬁx?‘.l'
~1 [1 X a | ) 1
= L
cos B, = é___il cos 0, = % 22
1. la1 2 la2
with
1= 2y =@y

W
11
|
-

4]
1l
H
I
=1

With the coordinates of the point of calculation taken as

(xp, yp, z ) and those of the ends of the vortex segment

taken as (x zl) and (x,, y,, z2) we have

1° Y].'
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elx - ElI[(y2 -y ey = 2)) = (zy - 20y - ¥
e, =-£;[(zz = 2y - T - Ly - 9y - xy)]
elz = E%[(xz - xl)(yp -y -y, - Yl)(xP - x)]
where

ay = Iy, = 9@z, = 2)) = (2, - 20 (v, - v

* G2y = 2 (x, = %) = (x, = %)) (2, - 2)1°
: o [(x2 - le(yp = yl) = (y2 = yl)(xp - :tcl)lz}”2
Also
9
a = ——
)
where
= 2 i O

9, = {(x2 - xl) + (y2 w y1)2 * (22 = Zl) ]

Also
) (xz-xl)(xp—x1)+(y2-yl)(Yp—yl)+(zz-zl)(zp-zl)
cos 81 = - 2+( ~ 2+ - )2]1/2
Qg L (X =% ) "H (T =y ) "HFLe =2y
) (xz—xl)(xp-x2)+(y2-yl)(yp-y2)+(22-zl)(zp-zz)
cCos 82 = 1/2

2
4y [(x =x) "+ (v =3,) %4 (2 -2,) "]

Then
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e
o Lo lx( 6. - cos 8,)
Vx T 4w el i | 2
r elz
vy il = (cos B8, = cos 82)
I' elz
R, %= (cos 91 - cos 62)
and
v = |v| = I (cos €, - cos 8,)
4bTa 1 2
Ag = VAL
a
also
e, = ==[(y, - y;)e; = (z, - z;)e, ]
2 q. Y2 17 2 | ok
X 2 z y
= Lz, - z)e;, - (x, - x)e ]
%2 9. o2 T 8175 2 175y
y 2 X Z
e = wk{(x - x,)e ~* Y = ¥rde: ]
2 q 2 12 %y 2 1’%
z 2 y X
and
bx = e a sin Ao + e2 a(l - cos Ao)
X X
by = e a gsin Ao + e, a(l - cos Aa)
¥ y
bz = e a sin Ao + 32 a(l - cos Aw)

4 Z
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The contribution of this vortex segment to the motion of

point rp for this time interval then is given by

Ax = v At
X

Ay = v At

¥ Y

Az = v At

if the spiral correction is not used, or by

Ax = b
X
Ay = b
7 b
Az = b
z

if the spiral correction is used.

Exit Source Distribution

From {74} the velocity iaduced at a point (x, y, z)
by a uniform source distribution of unit density on a
quadrilateral lying in the xy-plane with corner points

(xls yl)s (Xzs )’2), (]{3, y3)9 and (ler’ Ya) is given by

PR Bk T Sk e dl) o 23" Pa T t ¥y " dz)
X dl rl + r2 + d1 d2 r2 + r3 + dZ
N Yy ~ Y3 ln(r3 s ~ ds) " Y1 7 Yy ln(r4 7 4

d r. + r + d d r, + r. + d



[l
I

(W
it

(oW
1l

=
i

X, - X r r, - d X
1 2 2 1
In( Y
dl r. + r2 + d
X, — X r r - d X
X o ra e
3 4 3
m., e m., e
tan-l( LA l) - tan_l( L
ZzZY
1
m_.e m.e
tan_l( 2 2 2) - tan_l( 2
ZTr
2
m.e o m.e
tan_l( 33 3) = tan-lC 3
ZTr
3
n. e L m, e
tan_l( 44 4) _ tan_l( 4
Zr
4
[(®, - %)% % (3, - 539112
2 35 2 1
2 2-.1/2
[(x3 = xz) (y3 Yz) ]
2 2.1/2
[(x4 - x3) (y4 y3) ]
[(x, - x,)2 + ( y,)211/2
1 4 Y1 4
Y2 7 g
®g T ¥
Y4hyB
XA"KS

HI

1
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and

re = Lix - x)% + (v -y ? + 28112
ak = z" 4+ (x - xk)z

h, = (y - yk)(x - %)

Since the vortex sheet surrounding the jet is repre-
sented by discrete linear vortex segments, it is appropriate
to replace the true exit area by an area bounded by straight
lines connecting the column vortex segments on the plane
boundary as shown in Figure 104. This area can then be
divided into triangular segments, and the velocity induced
by each triangle calculated from the above relations. The
sum of the velocities induced by all the triangles then is
the total velocity induced by the uniform source distribu-
tion on exit area that lies inside the vortex sheet. If the
exit area is circular, the triangular segments are isoceles
triangles, and it is convenient to calculate the induced
velocity components in a coordinate system having its origin
at the vertex of the triangle and its x'-axis along the

bisector of the vertex angle (Figure 105a), and then to

transform to the basic coordinate system. Thus
i . i& ln[(rl + r, - d)(rﬁ + ry - d)]
x ' d r, + 1, +d *r, ¥ r, +4d

1 2 4 1
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+ - + -
T B . iznr?’ i +—13)1
bg + L g g ™ T3 2
1 r, +r, - d r, + r. + d
vl B L In[( 4 ) ( - 2 )
y d r, + r, + d rl + r2 - d
1 1
2 2
LI L I.%2 TR
v;, = tan "~ ( ) = tan " ( )
zrl 21'_‘2
1 1
2 2
I T Py RN T
+ tan (3% ) - tan " ( Y
4 1
where
- 2 2
d = l] + 12
and
_ e i L N
r, = (x + v + =y
; 2 2 2.1/2
r, = [(x'" - 1,07 + (y' - 1,)7 +2'7] /
r. = [(x' - 1 )2 + y'2 + 2,211/2
3 1
~ - 2 » 2 2172
ty ® [ (x ll) + (yv' + 12) + 2 "]
el = xlz + 3'2
_ - - [ 2 v 2
ez - 33 e& (K 11) + z
- to = LR 1
hl = x'y h3 (x 11)Y
- | " = L - '
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Then
v' = v', cosg - v', sino
X X v
v' = v', sinc + v', cosc
Yy b8 ¥
v = v',
z z

In the case of a general shaped exit area it is con-
venient to take the initial xX-axis along one side of the

triangle (Figure 105b). Thus

1 + - -
P T dl) A5 )l 2 T By dz)
1 =
x dl r1 + r2 + dl d2 r2 + T + d2
B iﬂ 1n(r1 r, - dl) : 1, -1, ln(r2 try - d2)
1
y dq 1 Pyt dy ds r, trgtd,
r. + r - d r, + r - d
3 4 3 1
+ 1In( ) + 1In¢( )
r3 + r4 -+ d3 r4 + r. + d
1 1
3 3
T.°1 ~ by T.% ~ Py
i =L - 2
u oy = tan "~ ( z } - tan " ( s =]
By 2
1 1
3 3
i Ty = Bow T Py g e By 5 s
+ tan " ( e ) = tan " =T )
2 3
where
~ 2 2.1/2
dl = (12 + 13)
2 2.1/2
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Then
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%(211 - 1)

gl + 30

(12 4 yr2 4 g1 2y1/2

(O P AR TR

[(x 11)2 + y'2 4 gr2y1/2

[ = d 2+ yr2 4 21212

x‘2 12

(x' 2)2 i g

(x' = 1%+ 2P

(x' 4)2 + 2'2

x'y' b, = (x' - 1;)y'
G 12)(y' - 13) b& = (x' - da)y!
V;r cosd - V;. sino

vy sing + v;, coso
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The above relations apply for a source distribution
of unit density. The velocity induced by the source dis-

tribution in the present application is then given by

i ‘Vz{u i
¥ 2T

Ideally the exit velocity (vz)D should be the prescribed jet
velocity. Similarly at infinite distance above the plane
boundary the undeformed vortex lattice above should induce
the same prescribed jet velocity at points inside the
lattice. This, however, cannot be precisely the case since
the lattice is composed of discrete elements, rather than
being a continuous vortex sheet. It is, however, necessary
that the vertical velocity induced by the source match that
actually induced by the discrete vortex lattice before
deformation, else the vortex rings near the exit will move
initially at a vertical velocity different from that at an
infinite distance above the plane boundary. Therefore, the
source strength is determined from the vertical velocity
actually induced by the undeformed lattice at a great dis-
tance above the plane boundary, rather than from the ideal
jet velocity. This determination is made as follows: The
vertical velocity induced by continuous infinite circular

cylinder vortex sheet of strength Vj on itself is equal to

V.
—% {75}. The velocity induced on itself by an infinite sheet
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composed of plane segments parallel to the axis is then

|
approximated as %ij, where ¥ is the average angle between

the planes forming the sheet (Figure 104). Therefore, if

ch] is the vertical velocity actually induced on the lattice

vertices at a great distance above the plane boundary by the
discrete lattice before deformation, the effective jet

velocity may be approximated as

v

(vj)eff cal

<[5

The source strength is then based on (Vj) rather than the

efif?
prescribed jet wvelocity Vj. This procedure was found to pro-
duce an excellent matching of the initial vertical velocity
of the rings near the exit with that at a great distance

above the exit for both 16 and 32 column vortices spaced

evenly around a circular exit.
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Table 1. Parameters Used 1in Various Numerical Solutions
for Circular Cylinder

Hamielec and Raal {27}

Mesh size: 0.0513 for R = 1, 10, 50 (R = 0.0256, 0.256,
1.28)
0.105 for R =2, 4, 15 (R_ = 0,105, 0.210,
0.788)
0.0618 for R 30 (Rc = 0.928)
0.0253 for R = 100 (RC = 1.26)
Field size: 90.0 for R =1, 2, 4
66.5 for R = 10, 15, 30
20.1 for R = 50
12.2 for R = 100
Takami and Keller {28}
Mesh size: 0.0816 for R from 1 to 60 (RC from 0.0408 to
2.45)
Field size: 59.4 for R from 1 to 20
16.9 for R from 30 to 60
Takaisl {31}
Mesh size: 0.111 for R from 0.5 to 100 (Rc from 0.0278
tec 5.56)
Field size: 10 for R from 0.5 to 100
Thoman and Szewczyk {30}
Mesh size: 1/12 of boundary layer thickness at
forward stagnation point.
Field size: 10 laterally, 18 downstream for R from
40 to 40,000
Final time: 24 for R = 40
160 for R = 200
Jain and Rao {29}
Mesh size: 0.1102 for R from 40 to 200 (Rc = 2.2 to 11.0)
Field size: 111.3 for R from 40 to 200
Final time: 24 for R = 40
32 for R = 60, 200
52 for R = 100
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Table 1 (Continued)

Kawaguti and Jain {32}

Mesh size: 0.1102 for R from 1 to 100 (R_ = 0.0551 to
5:51)
Field size: 11313 for R from 1 to 100
Final time: 1.2 for R = 1
12 for R = 10, 20, 60
16 for R = 30
24 for R = 40, 50, 100

Son and Hanratty {33}

Mesh size: 0.0816 for R = 40 (Rc = 1.63)
0.0319 for R 200 (Rc = 3.19)
0.0222 for R = 500 (R, = 5.55)

Field size: 111.3 for R = 40
152.4 for R = 200
157 .3 for R = 500

Final time: 50 for R = 40
56k for R = 200
67.4 for R = 500

Note: Mesh sizes given are ratios of physical radial incre-
ment at the cylinder surface to the cylinder radius.
Field sizes given are ratios of the physical maximum
field radius to the cylinder radius. Final times are
given as nondimensionalized with respect to the cylin-
der radius and free stream velocity. The cell Reynolds
numbers here are based on the mesh size given.
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Table 2. Combinations Evaluated for Cylinder
Boundary Treatments

Convection
Scheme
A ple X

B
C
D
E

Diffusion
Scheme

A XIE |2 R X

B x| x| x| x| x|x|x|x|x]|x

Surface
Vorticity
Scheme
A X |x |x |x |x| X, x| x| X X {x | x| x| x
B X

Corner
Scheme
A X X |X | X X X | x| x]x |x

B
C
D

Convection Schemes

0 in boundary cells

0 in boundary cells

v 0 in boundary cells only for calculation there
No convection in boundary cells

No convection in boundary cells, v = 0 in boundary
cells ~

HOOW>
i<l <
o~ 0

Diffusion Schemes

A : Calculated vorticity used for calculation in boundary
cells
B : Surface vorticity used for calculation in boundary

cells
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Table 2 (Continued)

Surface Vorticity Schemes

A
B

gl g

0 in boundary
0 in boundary

4

Corner Schemes

[ BN v g

Qi igig g

]

0 in boundary
= 0 in boundary
# 0 in boundary
# 0 in boundary

orticity used on

cells
cells

cells,
cells,
cells,
cells,
inside

one-gided difference

central
central
central
cCormners

difference

difference
differences, zero

for calculation there



Table 3.

Drag Coefficients and Minimum Pressures for
Various Cylinder Boundary Treatments

Scheme
o (A) (B) (A) (B) (A) (B)
o g >~
H .m agﬁ (0] C C c
g 2 g8 B ncv nuv nu D ( @szﬂ ( vvawﬂ
5 W o ou o
= U VI VN
©o H Do o
o o » P o
= 12 C B A C 1.29 2.24 1.25 1.49 -0.89 -2.13
B B A C 1.."ZhH 2.16 1.25 L.47 -0.93 -2.18
(t = 10) E B A C 157 2.5 1.34 1.58 -1.05 =2 ndd
C B A D 0.12 2.02 114 142 +0.46 -1.84
(At 6.2, t = &) C A A A 055 10.25 1.01 2.47 -0.09 -12.55
(At 0.2, t = 6) C A A C 1.69 Jig 1l 1.40 1.78 -1.17 -3,.58
(At 0.2, t = 6) cC B A C 1.78 2.47 1.60 1.78 -1.25 -2.25
(t = 10) C B A C 1l.35 2.31 1.30 1.54 =0.945 -2.19
= 24 C B A C 0.98 1.48 0.76 0.88 -0.51 =1.23
(At = 0.2) C B A C 0.97 1.26 0.81 0.89 ~-0.63 -1.08
(At = 0.1) C B A C 0.96 1.12 0.85 0.90 -0.68 -0.93
B B A C 0.90 1.36 0.75 0.86 =0.55 -1.30
C B A D 0.48 141 0.71 0.85 +0.04 -1,13
C A A A 0.39 5.42 0.45 1.21 +0.28 -5.,98
C A A C 0.96 2.39 0.63 0.88 -0.46 -2.14
(At = 0.2) C A A A 0.38 5.4 .43 L1.,22 +0.28 -5.97
= 48 C B A C 078 103 0.46 0.51 -0.23 -0.59
C B A D 0.58 1.00 0.43 0.49 +0.02 -0.52
(Continued)

0TE



Table 3 (Continued)

Scheme
(4) (B) (a) (B) (a) (B)
CD CD CD CD (Cp)min (Cp)min
P P
R = 120 C B A C 0.58 0.67 0.22 0.23 +0.:23 +0.12
(t = 42) C B A C 0.30 0.38 0.14 0.16 +0.44 +0.34
B B A C 0.34 0.44 0.19 0.21 +0.33 +0.19
C B A D 0 .53 0.65 0:21 0.23 +0.29 +0.14
(t = 20, ND = 24) C B A C 0.002 0.14 0.2 0.28 -0.12 -0.43
(At = 0.2, t = 20, ND
= 24) ¢ B A C =-0.007 0.06 6.28 0.29 -0.18 -0.36
(t = 20, ND = 24) B B A C€C -0.19 -0.10 0.24 0.25 -0.02 -0.32
R =6 C B A C 1.82 3.67 2.04 2.51 -1.35 -3.48
(At = 0.2) C B A C 1.87 3.26 216 2 .52 -1.41 -3.11
All values obtained with At = 0.4, ND = 12 at time t = 12, except as noted.

TTE
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Table 4. Values of Parameters Used in Results Presented

formu-

Figure RC At ND T W re t l&Etan
5 1 * i - 0.001 * D
6 1 * -— -— 0.001 * D
7 1 0.4 -— -- * * D
8 1 0.4 - - * * D
9 1 0.1 - - 0.001 * D
13 * 0.4 12 24 0.01 -——= D
14 * 0.4 * 2.ND 0.01 -——— D
15 * 0.4 12 24 0.01 - D
16 * 0.4 * 2.ND 0.01 -——— D
17 10 0.4 12 24 0.01 * D
18 10 0.4 12 24 0.01 - D
19 10 0.4 12 24 0.01 * D
20 10 0.4 L2 24 0.01 * D
21 10 0.4 12 24 0.01 - D
24 10 0.4 12 24 0.01 -—- D
27 1.35 =% 6 12 0.001 5.6 S
28 245 0.65 6 12 0.001 15.6 S
29 5.0 0.2 6 24 0.01 * S
30 5.0 0.2 6 24 001 * S
31 2.5 0.4 12 24 0.01 * S
32 5.0 0.2 6 24 0.01 % S
33 Kl Q2 6 24 0.01 * S
34 5.0 0.2 6 24 0.01 * S
35 255 0.4 6 24 0.01 * S
37-42 2.0 0.05 6 12 0.001 9 * S
43-48 2.0 0.1 6 6 0.10 9 * S
49 2.0 0.05 6 1.2 0.001 9 * S
50 2.0 0.1 6 12 0.01 1.2 * S
51 2:0 0.1 6 6 0,10 9 * S
52 2.0 02 6 12 0.01 12 * S
53 1.0 Ol 6 32 0.01 12 * S
66 0.5 * 12 24 0.01 * D
67 2 * * 2.ND 0.01 * D
68 10 * * 2.ND 0.01 * D
69 * 0.4 12 24 0.01 14 D
70 2 * 12 24 0.01 12 D
71 10 0.4 12 * 0.001 16 D
72 10 0.4 12 24 #* 16 D
73 2.0 * 6 12 0.0 8 S
74 2.5 0.4 6 * 0.001 12 D
75 2.5 0.4 6 12 # 12 D
76 3.5 0.70 6 12 0.001 * S
77 1.0 0.30 6 12 0.001 2.4 S



Table 4 (Continued)

313

78 i, 0.40 6 12 0.001 4.0 s
79 30 0.65 12 24 0.001 7.8 S
80 245 0.40 12 24 0.001 * D
81 255 0.60 12 24 0.001 * D
82 10.0 0.4 6 24 0.01 * D
83 10.0 0.4 6 24 0.001 * D
84— 88 2.0 0 1 6 12 0.01 9 * S
89- 93 2.0 0.05 6 12 0.001 9 * S
94- 98 2.0 0.2 6 6 0.01 9 * S
99~-103 2.0 0.1 6 6 0.10 9 * S

Notes:

1. An asterisk indicates a quantity given on the figure.
2. In Figures 13-15, At = 0.2 for Rc = 2.

3. D indicates the Dufort-Frankel formulation.

4. S8 indicates the straight explicit formulation.



Table 5. Scale Factors for Vector Plots

Figure la 1b 2a 2b 3a 3b 4a 4b

17 0.045 0.045 - - - - - e ——

19 0.045 0.045 -—— - - - -——— -

20 0.045 0.045 - -—— -—— ——— -—— -———

24 0.15 0.15 0.1207 0.1207 0.15 0.15 0.2414 0.1207
27 0.15 0.15 -——— ——— -——— -——— -—— -

28 0.15 0.15 —-—— - -—— -—— -——— ——

29 0.1125 0.1125 0.0923 0.0923 0.1125 0.1125 --- -———

30 0.1125 0.1125 0.0923 0.0923 0.1125 0.1125 =-- -

31 0.0900 0.0900 0.0682 0.0682 0.0900 0.0900 =--- ——

32 0.1125 ©0.1125 0.0923 ©0.0923 0.1125 0.1125 === -———

33 0.0900 0.0900 0.0682 0.0682 0.0900 0.0900 =--- -——

34 0.0900 0.0900 0.0682 0.0682 0.0900 00,0900 =--- -——-

35 0.0900 0.090C 0.0682 0.0682 0.0900 0.0900 --- -—-
37- 42 0.0900 0.0900 0.0682 0.0682 0.0900 0.0900 0.1363 0.0682
43- 48 0.0900 0.0900 0.0682 0.0682 0.0900 0.0900 0.1363 0.0682
70- 72 0.0900 0.0900 =--- -—— -——— -—— - -

73 0.1125 0.1125 0.0923 0.0923 0.1125 0.1125 =--- -——

74 0.1125 0.1i25 0.0923 0.0923 0.1125 0.1125 =--- -——

75 0.1125 0.1125 0.0923 0.0923 0.1125 0.1125 ~--- -——-

76 0.15 0.15 0.1207 0.1207 0.15 0.15 0.2414 0.1207
77 0.15 0.15 0..1207 9.1207 H.d15 0.15 0.2414 0.1207
78 0.::1:5 0.15 —-—— -—— - —-—— - -

79 B:1-5 0.15 —-——— - —-——— - - ———

80 - - -——- - 0.1125 0.1125 --- -

81 -—— —-——— -—- -——— 0.1125 0.1125 =--- -——

82 0.1125 0.1125 =--= - - _——— - e

83 0.1125 0.1125 --- -—— -— -——— - -

v1¢E



Table 5 (Continued)

Notes:

1. The columns contain the following scale factors:

Column la: inches per unit horizontal wvelocity

Column 1b: inches per cell on horizontal wvelocity plot
Column 2a: inches per unit vertical velocity

Column 2b: inches per cell on vertical velocity plot
Column 3a: inches per unit horizontal vorticity

Column 3b: inches per cell on horizontal vorticity plot
Column 4a: inches per unit vertical vorticity

Column 4b: inches per cell on vertical vorticity plot

2. Plots are unretouched computer plots of a Cal-Comp Incremental Plotter.
Spurious lines are the results of plotter failure.
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(continued on next page)

Figure 14. Time Development of Circular Cylinder Drag
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Figure 24. 1Initial Solution - Infinite Jet in Cross-Wind (Vr = 8)
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(a) T = 0.57

Figure 39. Vertical Velocity Vectors - Start from Opening of Jet
Exit (Vr = 8) - 32 Step Gradual Start, At = 0.05 - R = 12
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(d) T=1.13

Figure 39. (cont.)
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Figure 40. Vertical Vorticity Vectors - Start from Opening of Jet
Exit (V. = 8) - 32 Step Gradual Start, At = 0.05 -~ R = 12 -
T=1.13
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Figure 46.

(a) T = 1.40

Vertical Vorticity Vectors - Start from Cylindrical
Discontinuity (V, = 8) - Eight Step Start, At = 0.1 -
R =12
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Figure 49. Surface Pressure Contours - Start from Opening of Jet Exit
(Vy = 8) - 32 Step Gradual Start, At = 0.05 - R = 12
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Figure 55. Velocity Induced by Vortex Segment
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Figure 56. Correction for Spiralling Effect of Vortex Induced Velocity
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Figure 60. Roll-Up of Vortex Lattice due to Normal Perturbation
(V, = 8) - Vortex Lattice Model, Initial Ring Spacing = 0.5
Exit Radius, 16 Column Vortices - T = 0.905
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Figure 61. Vortex Lattice Model (V, = 8) - Initial Ring Spacing = 0.5
Exit Radius, 16 Column Vortices - T = 1.207
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(a) Vortex Lattice — Top View
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Figure 62. Vortex Lattice Model (V, = 8) - Initial Ring Spacing = 0.5
Exit Radius, 32 Column Vortices - T = 1,107
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Surface Pressure Contours

Figure 62. (cont.)
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(cont.)

Surface Pressure Contours at T =0.277
Figure 62.
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Figure 66. Comparison of Time Development of Drag Coefficients and
Surface Pressure Minimum with Alternate Coefficient Schemes -
Circular Cylinder (Scheme CBAC), R = 6
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(b) Friction Drag Coefficient

Figure 66. (cont.)
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Figure 67. Comparison of Time Development of Drag Coefficients
and Surface Pressure Minimum with Alternate Coefficient
Schemes - Circular Cylinder (Scheme CBAC), R = 24
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Figure 67. (cont.)
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Figure 68. Comparison of Time Development of Drag Coefficients
and Surface Pressure Minimum with Alternate Coefficient
Schemes -~ Circular Cylinder (Scheme CBAC), R = 120
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Figure 76. Time Development of Nonlinear Instability — Infinite Jet in
Cross-Wind (V, = 8) - R, = 3.5
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(f) Horizontal Vorticity, t = 2.1

(e) Vertical Vorticity, t = 2.1

(g) Vertical Velocity, t = 2.1

(h) Horizontal Velocity, t = 2.1

Figure 76. (cont.)
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Figure 104, Exit Source Distribution - Vortex Lattice Solution
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