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SUMMARY

Systems of coupled oscillators find extensive use as mathematical
models for a great variety of physical systems, from crystal lattices
in solid state physics and molecular systems in chemical physics
through canonical ensembles in statistical mechanics to systems of
planets and galaxies in astrophysics.

In many cases the harmonic approximation, in which only linear
forces are included in the model, suffices to provide a useful descrip-
tion of physical phenomena in terms of a system of coupled oscillators.

However, there are some important physical phenomena which cannot
be adequately described unless nonlinear forces are also included in
the coupled oscillator model. For example, in the description of a
crystal lattice, nonlinear terms must be included in order to provide
adequate theories of thermal conductivity, thermal expansion, and the
propagation of sound waves. As another example, in chemical physics,
the dissociation of a molecule is primarily a nonlinear phenomenon.

In principle it is always possible to obtain the general solution
of the linear coupled oscillator system given by the harmonic approxi-
mation. An orthogonal transformation to normal mode variables, in
which the equations of motion are completely decoupled, can always be made
for physically realistic linear systems.

But if nonlinear forces are included in the coupled oscillator
system, then the equations of motion cannot in general be completely

decoupled by a linear transformation. If a normal mode transformation



which decouples only the linear portion of the system is applied,
then the nonlinear terms couple the resulting "harmonic¢ normal modes."

For many of the physical systems of interest, the linear and
nonlinear couplings cooperate in a fashion such that the oscillator
system is capable of complete sharing of energy among all of its
harmonic normal modes. That is, the set of harmonic normal mode fre-
quencies is "tuned," so that internal resonances are present in the
harmonic normal mode system, and under certain conditions energy can
be passed around among all of the modes.

The available perturbation methods, such as those of Krylav-
Bogoliubov and Wigner-Brillouin, encounter a classic difficulty
characterized by the appearance of terms having small divisors, when
applied to nonlinear systems having tuned frequencies. Since these
tuned systems share energy and are the systems of greatest interest
in the present investigation, the ineffectiveness of these perturba-
tion methods when applied to tuned systems is a serious shortcoming,

The primary aim of the present investigation is to develop a
perturbation method which is effective in dealing with tuned nonlinear
coupled oscillator systems.

In order to deal with the most extreme case of tuned harmonic
normal mode frequencies, an exactly-tuned nonlinear one-dimensional
coupled oscillator system has been chosen as a model to be analyz?d,

This model is not meant to represent any particular physical system;
rather, it has been designed to emphasize the feature of tuned frequencies
in a reasonably simple nonlinear coupled oscillator system. It is felt

that if a successful analytic method of solution can be developed for
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this simple but extreme case, then considerable insight into the
solution of more complicated physical three-dimensional nonlinear
systems in which the tuning relations are perhaps more complicated
will have been gained.

The system chosen for analysis in the present investigation is
governed by a hamiltonian which is of the following form in harmonic

normal mode variables:
N N
=1 2 1 (1)
H=2=(pr+kowrge) 4«3 hZ,ng;zﬂm %20 3.

It can be shown that the cubic coupling energy terms, the portion of
Equation (1) controlled by overall coupling parameter a, are of
such a form that the frequencies Wy, = kw form an exactly-tuned set
for this system.

Analysis of the system given by Equation (1) for an arbitrary number
of oscillators, N, has been guided by tﬁe analysis of three simpler
cases.,

In the first case, some simplification of the analysis has been
achieved by showing that the solution of a given tuned oscillator system
is well-approximated by the solution to a corresponding "resonant”" sys-
tem. This "resonant" system is constructed by retaining only the slowly-
varying coupling terms in the hamiltonian of the original system. The
distinction between slowly- and rapidly-varying terms is most conven-
iently made in action-angle formalism.

In the second case, various methods of solution have been applied

to obtain the general solution of a linear coupled oscillator system
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which is somewhat similar to the nonlinear system of Equation (1), but
which is much easier to solve. The harmonic normal mode hamiltonian of

this linear system is of the form

N N
H= %E(Fhuwzc%z) +p<£k/ZL CkﬁzQ«L%L, (2)

where now the quadratic coupling energy terms are of such a form that
the frequencies W =W form an exactly-tuned set.

In the third case, the energy solution for a resonant exactly-
tuned nonlinear two-oscillator system corresponding to the system given
in Equation (1) has been obtained.

The results from these three preliminary investigations have
guided the analysis of the N-oscillator nonlinear oscillator system.
The resonant exactly-tuned nonlinear system corresponding to the system
specified by Equation (1) has been found to possess N periodic solu-
tions for N different special sets of initial conditions. Further, it
has been found that the general solution of the N-oscillator resonant
system can be expressed in terms of a perturbation expansion about a
periodic solution.

The expansion parameter used in this method of general solution
is a function only of ratios between initial conditions. To first order,
the method of expansion about periodic solutions avoids the problem of
the appearance of terms with small divisors. In higher-order approxima*
tions, terms of this sort may appear, but it seems likely that they can
be eliminated by an appropriate choice of arbitrary constants in the

formal solution.
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To check the effectiveness of the method of expansion about
periodic solutions developed here, results of this method have been
compared with relatively "exact" numerical solutions of the equations
of motion for various selected sets of initial conditions, using a
high-speed digital computer.

This comparison indicates that the periodic solutions are valid
zeroth-order terms for a perturbation expansion, and that reasonably
good first-order approximations to the exact general solutions of small
systems can be obtained. It is, however, crucial to expand about an appro-
priate periodic solution for a given set of initial conditions, in order
to keep the expansion parameters small. Some difficulties have been
encountered using the choice of arbitrary constants which results in
computational simplicity of the second-order calculationj but it is felt
that the second-order and higher calculations can in principle be success-
fully conducted, with another choice of arbitrary constants.

The principal conclusion which can be drawn from this investiga-
tion is that weakly-coupled energy-sharing nonlinear oscillator systems
are amenable to analysis and that these systems have much in common with
energy-sharing linear coupled oscillator systems. It is hoped that this
result will encourage the development of more practical methods of analysis
for such systems.

In the case of physically realistic systems, there are rapidly-
varying as well as slowly-varying terms in the couplings, and the fre-
quencies are not likely to be exactly tuned. Thus the analysis of the
resonant exactly-tuned nonlinear system summarized above is not a com-

Al

plete analysis which is immediately applicable to physical problems. But



xiv

it should be the more difficult part of the analysis; it is expected
that the effects of nonresonant coupling terms and detuning of the fre-
quencies can be dealt with by standard perturbation methods, using the
solution of the resonant exactly-tuned system as a zeroth-order solu-
tion.

Such perturbations of the resonant exactly-tuned system will not
be considered analytically in this study. However, some computer studies
both of the effect of nonresonant coupling terms and of detuning have
been included in this investigation.

In addition to its primary aim of developing a perturbation method
for resonant exactly-tuned nonlinear coupled oscillator systems, this
investigation has had several related secondary aims.

First, an investigation in some detail has been made of the
relationship between energy sharing and tuning of the uncoupled harmonic
normal mode frequencies. A system need not be exactly tuned in order to
be capable of complete energy sharing. A criterion for the tuning of a
few simple nonlinear systems has been developed early in the investiga-
tion. Contact is made here with computer studies by Fermi, Pasta and Ulam,
and by Jackson.

Second, some investigation of the constants of the motion for a
nonlinear system has been made. Since knowledge of N constants of the
motion is equivalent to knowl?dge of the general solution of a system, and
since the general solution has been obtained, it would appear that at
least the resonant exactly-tuned nonlinear systems investigated in this
study possess N constants of the motion. However, the form of these

constants of the motion has not yet been found. At best, one additional



constant of the motion other than the hamiltonian has been identified
for nonlinear systems.

Finally, the approach to equilibrium has been studied briefly.,
A computer study of linear and nonlinear systems of five oscillators
indicates that both quickly reach an equilibrium configuration after
being started with all the energy in the lowest mode. The single-
oscillator distribution densities of both systems are in reasonable
agreement with the Boltzmann distribution of equilibrium statistical
mechanics., Thus four oscillators evidently form an adequate heat bath
for the fifth, in the canonical ensemble theory of equilibrium statis-

tical mechanics.

XV



CHAPTER 1
INTRODUCTION

In the first two éections of this chapter, some historical remarks
will be made and an outline of the content of the remainder of this thesis
will be given. The third section will serve as a review of the solution
of a general linear coupled oscillator system in normal modes. The final
section will introduce some of the physical systems and physical phe-
nomena for which nonlinear coupled oscillator systems are appropriate

mathematical models.

Historical Introduction

Systems of coupled oscillators have for nearly three centuries
been valuable to physicists as mathematical models for various physical
systems, Newton (1686) first used a one-dimensional lattice of equal
massed connected by linear springs, that is, a harmonic coupled oscilla-
tor system, as a model for the propagation of sound waves in air. This
model enjoyed some success in theoretically predicting the speed of sound
in air (Lamb 1931).

Many of the vital problems and techniques of modern theoretical
physics and pure mathematics were first discovered in connection with
such harmonic coupled oscillator systems: eigenvalues and eigenvectors,
Fourier expansions; expansions in series of orthogonal functions, partial
differential equations, wave propagation, and atomic theory of solids

and crystal structure (Rayleigh 19263 Brillouin 1946).



Any conservative system of coupled particles in which only forces
which are linear functions of displacements act can in principle be
solved., A transformation can be made to a normal mode representation, in
which the equations of motion are completely decoupled. The general par-
ticle solution is then a linear superposition of normal mode solutions.

(It should be emphasized that the general particle solution of the
linear system is available "in principle." For example, the normal modes
of a one-dimensional random A-B alloy are not easily calculated (Dean and
Bacon, 1962). In general, the only solvable linear systems are periodic
with respect to the distribution of the particle masses.)

For the linear system, there is no sharing of energy between the
completely decoupled normal mode oscillators. Thus N constants of the
motion are known to exist for any linear system having N degrees of free-
dom, in the form of the N normal mode energies,

It isjust this relative simplicity which limits the usefulness
of the linear system as a mathematical model adequately representing actual
physical systems. As will be discussed in detail later in this chapter,
there are numerous applications in which the harmonic potentials and con-
stant normal mode energies of the linear model fail to provide physically
realistic results. Harmonic potentials are symmetrical, and a linear model
of a crystal lattice cannot exhibit thermal expansion. Constant normal
mode energies cause trouble in many applications to solid state, chemical,
statistical mechanical and astrophysical systems in which sharing of energy
among the normal modes is a vital feature.

With these shortcomings in mind, now consider a conservative system

of coupled particles in which nonlinear as well as linear forces act. For



this system, it is no longer true that a mathematical formalism for obtain-
ing the general solution is immediately available. There is no general
theorem which guarantees that the equations of motion of a nonlinear sys-
tem can be diagonalized by a linear transformation,

At best, an orthogonal transformation which decouples the linear
portion of the system may be applied. The description which results from
this transformation will be referred to as the "harmonic normal mode”
description in this investigation. The nonlinear forces transform in
such a manner as to provide couplings between the harmonic normal modes of
the system.

The anharmonic potentials of the nonlinear coupled oscillator
system are unsymmetrical, and so an appropriately constructed nonlinear
model of a crystal lattice can exhibit thermal expansion. Since the
nonlinear forces couple the harmonic normal modes of the linear portion
of the system, it should be possible to have sharing of energy between the
harmonic normal modes, at least under some conditions. Thus the nonlin-
early coupled oscillator system should provide a realistic description of
certain physical phenomena for which the linear system fails to be an
adequate model.

As mentioned, the solution of the nonlinear system is not available
in general. However, there are numerous approximation schemes for dealing
with the effects of the inclusion of nonlinear terms. Many of these rely
upon the fact that the nonlinear coupling forces are weak in comparison to
the linear restoring forces which constitute the harmonic normal mode
oscillators themselves,

It happens that the available approximation schemes are least



effective in describing nonlinear effects which involve complete sharing
of energy between harmonic normal modes. In order to improve the approxi-
mate calculations for these energy-sharing situations, it would be of
considerable aid to have a simple energy-sharing nonlinear model upon

which detailed analysis could be made,

Purpose of Investigation

The primary aim of this investigation is to formulate and analyze
such an energy-sharing nonlinear coupled oscillator system. It is hoped
that this work will be found useful in the development of improved approxi-
mation calculations for more complicated physically realistic systems in
which nonlinear energy-sharing effects are not yet adequately treated by
the presently available approximation methods.,

As an illustration from solid state physics, the Kronig-Penney model
for electron band theory was the first simple model in terms of which elec-
tron wave functions in a crystal could be easily calculated. These
results have been improved and approximations have been made based on the
Kronig-Penney and succeeding models, to produce the modern rather refined
electron band theory of crystals.

In analogy to the Kronig-Penney model, a simple model of an
anharmonic crystal lattice, in terms of which detailed calculations can
be made with relative ease, would be quite useful in the development of
lattice theory. 1In particular, an energy-sharing nonlinear system is
relevant to the full understanding of lattice thermal conductivity, as
will be discussed later in this chapter,

The remainder of the present introductory chapter will review the
normal mode solution of a linear system, and will provide a detailed dis-

cussion of some of the physical systems and physical phenomena for which



the energy-sharing nonlinear coupled oscillator system is a relevant model.

In Chapter II, the relationship between energy sharing among harmonic
normal modes and tuning of the harmonic normal mode frequencies will be
investigated in detail, Based on the findings in Chapter II, the definite
nonlinear model to be analyzed will be formulated and discussed in Chapter
III.

Chapter IV will discuss the effectiveness of some of the avail-
able perturbation methods in solving nonlinear coupled oscillator systems
capable of various amounts of energy sharing. For the completely energy-
sharing model formulated in Chapter III, these methods display serious
shortcomings. This indicates the need for a new method of solution.

In order to guide the analysis of the energy-sharing nonlinear sys-
tem, various methods of solving a similar artificially constructed energy-
sharing linear coupled oscillator system will be considered in Chapter V.

In Chapter VI a method of analytic solution for the nonlinear model
formulated in Chapter III will be developed. The experience gained from
solving the linear system in Chapter V, plus the benefit of the energy
solution of the two-oscillator nonlinear system, will be used to guide
the development of this method.

The validity of this method of solution will then be checked in Chap-
ter VII, by comparing the analytic results with the results of numerical
integration, for certain selected sets of initial conditions.

Chapter VIII will briefly present the results of two computer
investigations, one concerning constants of the motion and the other
concerning the approach to equilibrium, Finally, some overall conclu-

sions about the results of this thesis will be stated in Chapter IX.



Normal Modes for Linear Systems

Consider a collection of point masses my with forces acting
between them so that they vibrate about stable equilibrium positions.
In three dimensions, let the displacements from the equilibrium positions

X for the first

in the x, vy, 2z directions be denoted Xy X

Xl,

particles x, for the second particle; and so on.

X4, X5, 6

The potential energy is assumed to depend only upon the Xs

Therefore, it can be expanded in a Taylor series of the form

W%y, 0, %) =V + % C%E)a X4 (1)

+ ﬁél(% axJ) KKy ony

=l =l

where the zero subscript implies evaluation for the equilibrium config-
uration, and N = 3n, where n 1is the total number of particles in the

system,

in the x, direction (where

The force acting on mass m 1

k
i = 3k-2, 3k-1, or 3k) is

N
i gm @ (B s,

For simplicity, let V_ = 0, By symmetry, (-§L>
o I/
that is, no force acts on any particle for the equilibrium configuration.

Thus the potential energy may be written



N N
V¢ i) = £ 2 Z By (3)

where the force constants

. ([
By = X\ 9%) Jo, C(d'lv-?- (W)o/ ‘oo (4)

are elements of symmetric tensors of rank 2, 3, coo &

The harmonic approximation consists of retaining only the gquad-
ratic term in the potential energy, so that only linear forces act in
the system. In many cases this is a good approximation, for small displace-
ments. However, there exist some physical phenomena, such as thermal expan-
sion and thermal conductivity, in which the effect of some of the higher-
order terms cannot be successfully neglected, no matter how small the
(nonzero) displacements are. This is a consequence of the zero point
energy (Leibfried and Ludwig 1961, p. 277).

Since the potential energy in the harmonic approximation is a

symmetric quadratic form, and since the kinetic energy,

T-_--‘,;Z-Ei'f—:%%.mk"' (®)

N
=1 ML v/

is also a symmetric quadratic form, the hamiltonian for the linear

system can be written in the following matrix form (Rubin 1963):

H=4+XMX + {XTBX, (6)



where X 1is a column vector with elements Xy XT is its row vector
transpose, M 1is a diagonal matrix with elements Mkk =m, and
matrix B has elements Bij already introduced.

The equations of motion for the linear system are
o
MX = -BX. (7)

1
To solve these equations in terms of normal modes, first let Y = Mz X,

so that Equations (7) become

TYT = - .~£IBJ~N:§:§r. (8)

Now define the normal mode co-ordinates, Q = ST Y. Matrix S 1is the

1

orthogonal matrix which diagonalizes real symmetric matrix MZ2B M-2,

so that the equations of motion finally become

Q=-S"MEIBMWEISY = -[2Q, ©

where the elements of the diagonal matrix 92 are Qij = w;Z.

The individual normal mode equations of motion are

Gp=-wEqe, k=12,.,N, (10)

so that the normal mode oscillators execute sinusoidal motions (so that
the amplitudes never change from the original values). The general solu-
tion in particle variables is the linear superposition of normal mode com-

ponents given by

X=MtsSQ. an)



L
The normal mode transformation Q = ST M2 X can always be

made, at least in principle, for systems of the harmonic approximation,
Therefore N constants of the motion are in principle always available

for any harmonic system, in the form of the normal mode energies,

Be=+3 w2, k=1,2,.,N. (12)

The above discussion has provided a brief review of the well-known
situation for the harmonic approximation. Now it is of interest to con-~
sider the situation in which cubic and higher degree terms are retained
in the expression for the potential energy.

Suppose the cubic term in the potential energy expression of
Equation (3) is kept in addition to the quadratic term of the harmonic

approximation., Then the expression for the hamiltonian,

N NN N NN
___.I-ZMn;(?'_‘_.L YR4R'd v ")
H £ Z MK ,g‘j‘:le bexJ»rg-&{_ng_l{;\chmm/ (13)

cannot be written in the simple matrix notation used earlier, because of
the presence of the third rank tensor Cijk°

In particular, any orthogonal transformation,
N
X = mJ‘dZ\ Si§ 45, (14)

which reduces the second term in Equation (13) to a diagonal form, will

not in general have the same effect on the third term. That is, the



10

inclusion of a cubic term in the hamiltonian of a system of coupled par-
ticles makes it impossible in general to make a linear transformation to

a set of variables in which motions are completely decoupled. There exist
no normal mode variables, in the completely decoupled sense, for a non-
linear system.

However, the concept of normal modes is still of value in dealingl
with nonlinear systems., If the orthogonal transformation given by Equa-
tion (14) is applied to the system of Equation (13), then a description
is obtained in which the linear portion of the system is decoupled, and
the nonlinear portion provides couplings between these harmonic normal
modes. It is for this reason that the study of the behavior of systems
of particles coupled by nonlinear as well as linear forces is character=-
ized as the study of nonlinear coupled oscillator systems.

The primary aim of this thesis is to formulate and analyze a non-
linear coupled oscillator model which is capable of complete energy sharing
among its harmonic normal modes. In the final section of this introduc-
tory chapter, a number of physical systems for which such a model is

relevant will be examined in detail,

Physical Systems of Interest

In the physics of the past fifty years, nonlinear coupled oscil-
lator systems have been used as mathematical models to represent physical
systems ranging from crystal lattices, in which some vibrations have periods
as small as 10_12 seconds, to systems of galaxies, in which the periods may
be as large as 10+l4 seconds.

In this section, some of the physical systems for which a completely

energy-sharing model is most appropriate will be discussed in some detail.
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Emphasis will be given to those physical phenomena which are basically
nonlinear.

Crystal Lattice Vibrations

Thermal effects in solids due to lattice vibrations may be studied
by considering dielectric crystals, in which electron effects are negli-
gible; or the thermal effects due to lattice vibrations and electrons in
conducting crystals may be studied separately, and the effects of inter-
actions considered afterward (Ziman 1960).

For the perfect harmonic crystal lattice with periodic¢ boundary
conditions, the traveling waves which transport energy through the crystal
are just the normal modes of the crystal lattice (Klemens 1958).

For this perfect harmonic crystal, there exists a certain equili-
brium distribution of energy among the normal modes, such that if there is
no temperature gradient, then there is no net heat transported through the
crystal. But there are also other distributions such that some net heat
is transported through the crystal, even with no temperature gradient
(Peierls 19563 Hemmer 1959). For the perfect harmonic lattice, a linear
system, there is no exchange of energy between normal modes and the system
cannot return to its equilibrium distribution, as would an actual physical
system. This possibility of a steady-state heat flow in the absence of a
temperature gradient leads to infinite thermal conductivity in the per=-
fect harmonic model of a crystal lattice.

As reviewed by Klemens (1958), finite lattice thermal conductivity
may be introduced into the crystal lattice model by three kinds of inter-
action processes, which allow the exchange of energy between the lattice

waves: imperfections in the crystal lattice; anharmonic forces in addition
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to the harmonic forces; and the finite boundaries of the crystal (of
greatest importance at low temperatures).

Imperfections in the crystal lattice alter the normal modes of
the system so that the traveling waves (normal modes of the perfect sys-
tem) are no longer exactly the normal modes of the imperfect system. The
result is an exchange of energy among the traveling waves, which is
needed if a return to an equilibrium energy distribution is to be possi-
ble,

Anharmonic forces provide a mechanism for the sharing of energy
among the harmonic normal modes which has already been introduced briefly,
and which will be examined in detail in Chapter II.

The effect of finite boundaries of the crystal can be described
in terms of the first two kinds of interaction processes, according to
Klemens.

The three kinds of interaction processes mentioned here are of
varying importance in different actual materials and at different tem-
peratures, Qualitatively, the details of the physical effects which
account for finite thermal conductivity have been reasonably well explained
during the past fifty years. Early treatments by Debye (1914) and Peierls
(1929) have provided the basic foundations.

Attention will now be centered upon the effects of anharmonic forces
on lattice thermal conductivity. Peierls shows that only those nonlinear
terms which (a) conserve energy and (b) either conserve quasi-momentum
(normal terms) or produce a difference in quasi-momentum equal to an in-
verse lattice vector (umklapp terms) are of importance in the explanation

of thermal conductivity. The umklapp terms contribute a term to the themmal
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conductivity which varies inversely as the temperature for high temperatures
and which increases exponentially at low temperatures. These qualitative
results have been verified experimentally.

In contrast to the success of the qualitative theory of Peierls, a
quantitative theory of lattice thermal conductivity is still lacking. As
will be illustrated in the next chapter, the work of Pelerls shows that
only those nonlinear terms which cause energy sharing are significant in
thermal conductivity due to anharmonicities. Thus it would be of consid-
erable aid in the development of a quantitative theory of thermal conduc-
tivity to have a definite model of an energy-sharing nonlinear coupled
oscillator system, in terms of which detailed calculations could be made.
The results of analysis of such a simple nonlinear model would then be used
to guide the development of approximate calculations in more complex
physically realistic crystal models.

It must be noted that in general, the system used to represent a
crystal lattice should be quantized. However, this thesis is intended to
be somewhat general in its fields of applications, and so all investiga-~
tions in the present work are conducted in the hamiltonian formalism of
classical mechanics. There are some applications in which the classical
formalism is entirely adequate, such as the application to systems of
galaxies; also, the classical formalism provides a simplicity of notation
and description.

For application to systems such as crystal lattices, quantization
of the hamiltonian formalism is conveniently carried out by the introduc-
tion of Heisenberg operators. The co-ordinate and momentum variables of

the classical formalism are replaced by time-dependent creation and
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destruction operators (Messiah 1963). These operators obey a commutation
relation, so that the description of lattice vibrations may be recast in
the following quantum-mechanical terms: quanta of the lattice vibrations,
called phonons, form a Bose-Einstein system of particles of energy huw,

= A
quasi-momentum hi?, and wave packet velocity Owlk) | where w(k) is
0k

the angular frequency of a normal mode lattice vibration, and E is the
wave vector.

There is no limit to the number of phonons in a normgl mode. The
state of the system is given by the number Ni of phonons in each normal

mode, so that the hamiltonian for the quantum mechanical linear system is
N
H== (Ni+£)hoy, (15)
Vel

including the zero-point energy. Cubic nonlinear terms in the hamiltonian
give couplings between normal modes in the form of three-phonon inter-
actions, in which two phonons are destroyed and one created, or vice-versa.
Quartic nonlinear terms give four-phonon interactions, and so on.

For weakly nonlinear systems, which are of interest in the study
of thermal conductivity at fairly low temperatures, Peierls (1956) keeps
only cubic anharmonic terms in the hamiltonian. In fact, Ziman (1960, p.
146) feels that nonlinear terms of higher degree may be neglected even at
rather high temperatures, since four-phonon interactions can be produced
by two consecutive three-phonon interactions, involving the concept of an
intermediate state.

Essentially, the quantization of the oscillator systems of this

investigation involves merely a redescription in another formalism., 1In
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later work, when references are made to the application to crystal
lattices, the phonon description may at times be used, although the
investigation will be conducted in the classical formalism.

Anharmonic terms account for other physical effects observed
in actual crystals, besides finite thermal conductivity. For example,
a strictly harmonic crystal model cannot exhibit thermal expansion. In
order to display thermal expansion, a model must have a potential energy
which is asymmetric as a function of the separation of nearest-neighbor
pairs of atoms., Kittel (1956, p. 152) assumes a potential energy of the

form

V) = brz-cr3-dr4, (16)

where r 1is the displacement from the equilibrium separaﬁion distance of
two atoms: 1 = X - xj. Using the classical Boltzmann distribution func-
tion, the average value of r for small displacements is found by Kittel

to be

s = BRT G

that is, the potential given by Equation (16) exhibits linear thermal
expansion, assuming moderate temperatures. Note that only the cubic term
cr3 introduces asymmetry into Equation (16), so that the quartic term
dr4 does not contribute to <>,

Besides thermal conductivity and thermal expansion, anharmonic
terms enter into the explanation of other crystal phenomena, such as high

temperature lattice specific heat and temperature dependence of lattice
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elastic constants (Peierls 1956; Ziman 1960). However, the principal
lattice physical phenomenon of interest with regard to completely energy-
sharing nonlinear coupled oscillator systems is lattice thermal conduc-
tivity.

Canonical Ensembles and Equilibrium Behavior

In equilibrium statistical mechanics, the complete description of
the equilibrium behavior of each particle in a physical system of many
(1023) particles is impossible. Only the collective thermodynamic proper-

.ties of the overall system are of interest.

In order to obtain thermodynamic properties, statistical mechanics
employs the concept of the canonical ensemble, a collection of identical
macroscopic systems having identifiable individual energies, having weak
interactions which exchange energy among them. The overall ensemble has
states which are specified by the state of each of the systems in the
ensemble at a given time.

The permissible states of a canonical ensemble satisfy the condi-

tions
Zn=N ad ZnE-=E, (18)

where ng is the number of systems in the ith state, having energy

Ei; N is the total number of systems and E 1is the total energy in the
ensemble, The second condition in Equations (18) contains the implicit
assumption that the total interaction energy 1ls a canonical ensemble is

negligible compared with the total energy of the ensemble.

In order to obtain thermodynamic properties of the ensemble without
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further considering the nature of the interaction processes which couple
the individual systems, several probability assumptions are introduced
(Davidson 1962), One assumption is that an examination of the ensemble
states at various times will give the probability for the distribution of
states of one individual macroscopic system. Another assumption is that
any one state of the ensemble which satisfies the two conditions given by
Equations (18) is as probable as any other.

From the foregoing considerations, the canonical partition func-
tion for the ensemble is calculated. All of the thermodynamic properties
of the system can then be calculated, using this partition function.

In the study of canonical ensembles, it would be of interest to have
a definite mathematical model in which the interaction processes which
couple the individual systems were actually specified. A detailed study
of the operation of this model would aid the understanding of the relevance
of the probability assumptions which have been introduced.

It is necessary that the model chosen be capable of complete energy
sharing between all the individual systems, even with the constraint that
the total interaction energy be arbitrarily small.

A system of nonlinear coupled oscillators, such as the system of
harmonic normal mode oscillators coupled by nonlinear forces introduced
earlier in this chapter, might provide useful in the construction of a
representation of a canonical ensemble. As will be seen in Chapter 1I,
if the model is so chosen that the harmonic normal mode frequencies form
an exactly-tuned set relative to the nonlinear coupling, such a system is
capable of complete energy sharing among the harmonic normal modes for

arbitrarily small nonlinear coupling energies. However, it must be noted
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that a fairly large number of oscillators should be used to represent each
subsystem of the ensemble.

Ergodicity and Nonequilibrium Behavior

In the field of nonequilibrium statistical mechanics, there is a
long-standing desire to exhibit a mathematical model in terms of which the
mechanisms of the approach to equilibrium can be studied.

The work of Poincaré (1957), Fermi (1923), and others (ter Haar
1954) indicates that a weakly nonlinear system of coupled oscillators will
be ergodic, a property which is thought to be necessary for an approach to
equilibrium. Unhappily, acceptance of ergodicity rules out almost any hope
of obtaining a general analytic solution to the equations of motion of a
system.

With these anticipated analytic difficulties in mind, the group of
Fermi, Pasta and Ulam (1955) used a computer to provide numerical solu-
tions for the harmonic normal mode energies of some simple weakly nonlinear
coupled oscillator systems, for specific sets of initial conditions, as a
first probe into the behavior of such systems.

The systems studied were found not only to be nonergodic, but
failed to share appreciable energy except among several adjacent harmonic
normal modes.

The reason for the failure of these particular systems to share
appreciable energy was indicated recently by Ford (1961) to be a lack of
tuning of the harmonic normal mode frequencies. A detailed explanation of
this situation will be presented in Chapter II of this thesis.

Existing perturbation theories applied to some new appropriately

tuned nonlinear systems by Ford indicated that even some completely energy-
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sharing weakly nonlinear coupled oscillator systems retain the property
of nonergodicity.

This indication of nonergodicity has encouraged an effort to develop
the mathematical analysis of such energy-sharing nonlinear coupled oscilla-
tor systems. These systems may be too simple to be physically realistic,
but it is felt that an understanding of such systems is a necessary first
step in the development of a theory of the approach to equilibrium. It
may well be that more complex physically realistic systems will be suscep-
tible to the type of analysis developed here, and yet will exhibit the
properties of ergodicity indicated by Poincaré, Fermi, and others.

Celestial Systems and Constants of the Motion

In present-day astrophysics, there is a growing interest in the
study of constants of the motion for collective dynamical systems, such as
systems of galaxies,

For example, for axially symmetric potentials, two constants of
the motion, the total energy and the total angular momentum, are always
known. Much effort has been recently expended in the search for addi-
tional constants of the motion (Contopoulos 1963), but to date the results
are not entirely satisfactory (Hénon and Heiles 1964).

The detailed specifications of intergalactic potentials seem to be
even less developed than specifications of the interatomic potentials in
crystal lattice dynamics. Nonlinear forces act in addition to linear
forces, and dissociation is possible. But the nature and strength of the
nonlinear couplings for physically interesting cases are not apparently well
known,

It is well known in classical mechanics (Whittaker 1944) that if N
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constants of the motion are known for any system having N degrees of
freedom, then it is possible to formally obtain the general solution of
the system. Whittaker provides a formal method for constructing the
general solgtiono Equivalently, given the general solution of a system,
it should be possible to construct the corresponding constants of the
motion.

In the nonlinear celestial problem, the difficulty of determin-
ing all the constants of the motion is thus indicated by the difficulty
of finding general solutions to the nonlinear equations of motion. Any
new information about either constants of the motion or general solutions
of energy-sharing nonlinear systems should be of interest.

The specification of the constants of the motion for many-body
dynamical systems is a problem of great general interest in present-day
physics (Bohm and Carmi 1964). General conclusions about the overall
collective properties of a many-body system may be drawn from a knowledge
of the constants of the motion. Basic symmetry properties of a physical
system are generated by the constants of the motion (Goldstein 1959), so
that a knowledge of the constants of the motion gives a very fundamental
description of a system.

In Chapter VI of this thesis, a method of analytic solution will
be developed for energy-sharing nonlinear coupled oscillator systems,
Possession of a form of general solution should lead to the knowledge of
the form of N constants of the motion for a given nonlinear system.
However, this has not been accomplished in the present work. The sole
result obtained is the identification of one additional constant of the

motion for nonlinear systems, in a form which has been known for many years.
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Other Systems of Interest

The formulation and analysis of the nonlinear coupled oscillator
systems of this thesis are done in a general manner, and there are numer-
ous applications to physical problems other than those mentioned in detail
above,

The problem of stability of accelerator orbits involves nonlinear
couplings due to minor misalignments and equipment misadjustments (Hagedorn
1956), The crucial cases correspond to the exactly-tuned nonlinear oscil-
lator systems in which long-term sharing of energy occurs even with
arbitrarily weak couplings.

A similar problem exists in the containment of plasmas, in which
weak nonlinear perturbations cause instabilities which have proved diffi-
cult to analyze.,

The dissociation of chemical molecules is basically a nonlinear
phenomenon. Recent studies of unimolecular reactions (Bunker 1962; Thiele
and Wilson 1961) indicate that the dissociations of simple structures such
as carbon dioxide may be successfully explained in terms of nonlinear
coupled oscillators.

In hydrodynamics, certain couplings are present which result in
large-scale phenomena of deep-water ocean waves (Lamb 19323 Longuet-Higgins
1962) for which the nonlinear systems studied here are relevant models.

Finally, the action of finite-amplitude sound waves in crystals
involves a nonlinear coupled oscillator model, needed to explain the
appearance of higher harmonics due to the structure of the c¢rystal,

It has been the aim of Chapter I to provide an introduction to the

reasons for the study of energy-sharing nonlinear coupled oscillator
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systems, The general effect of the addition of nonlinear terms on energy
sharing has been indicated, and some physical systems for which the nonlin-
ear system is a relevant model have been described.

In the following chapter, the relationship between tuning of the
harmonic normal mode frequencies and sharing of energy between harmonic
normal modes will be investigated. This will serve as a prelude for the

actual formulation of a particular model, in Chapter III.
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CHAPTER I1

THE RELATIONSHIP BETWEEN ENERGY SHARING AND

TUNING FOR COUPLED OSCILLATOR SYSTEMS

It has been demonstrated in some early computer studies of simple
nonlinear coupled oscillator systems (Fermi, Ulam and Pasta 1955) that
not every system having a complete set of nonlinear couplings among all
its oscillators is capable of complete sharing of energy among all of
these oscillators.

Therefore, before attempting to formulate a nonlinear coupled
oscillator model which is capable of complete energy sharing, it is
necessary to investigate the circumstances which control the sharing of
energy in oscillator systems.

In the first section of this chapter, some simple one-dimensional
systems of coupled oscillators will be introduced. In the seéond section,
the relationship between energy sharing and tuning of the oscillator fre-
guencies will be examined, with the aid of action-angle formalism. The
last section will present some computer results which can be used to
check the validity of the conclusions reached in the first part of the

chapter.

Some Simple One-Dimensional Systems

For simplicity, most of the remaining portion of this thesis will
employ one-dimensional models for purposes of illustrating characteristics

and methods of solution for varicus coupled oscillator systems. These
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one-dimensional models contain many but not always all of the essential
features of the physical systems to which they are relevant.

This approach of simplification is taken in order to isolate the
analysis of the more difficult aspects of the physical problems discussed
in Chapter I from the many other aspects which are already well understood.
It is felt that if some of these more difficult aspects can be better under-
stood, then the overall methods of attack for actual physical systems can
be improved,

In the first subsection, a simple one-dimensional perfect harmonic
system will be introduced. There is no mechanism for sharing energy
between the normal modes of this perfect harmonic system, so in the sec-
ond and third subsections additional sets of forces will be included so
as to couple the normal modes.

The nonlinear coupling introduced in the second subsection provides
an interaction between harmonic normal modes in a manner which has already
been described briefly in Chapter I. The additional linear coupling intro-
duced in the third subsection serves the same purpose, although in an
artificial manner. The linear coupled oscillator system of the third sub-
section will be used in this thesis as an easily solvable companion model,
the analysis of which will be used to guide the analysis of the more dif-
ficult nonlinear coupled oscillator system of the second subsection,

Perfect Harmonic System

For a perfect harmonic system in which the normal modes are com-
pletely decoupled, consider a finite one-dimensional array of N + 2
equally-spaced identical point masses m, connected by nearest-neighbor

linear massless springs having identical force constants c.
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Let the dimensionless independent variable, "oscillator time,"
1

be defined as t = (%)2 t', where t' 1is actual time in seconds. The
dot notation will be used to denote differentiation with respect to this
normalized oscillator time +t. Thus frequencies are also dimensionless
in this normalized description.

Denote the longitudinal displacement of the kth particle from
its equilibrium position Qk’ and the corresponding momentum ‘Pk = m éko
Let the ends of the array be fixed, so that QO = Quep 0O and there are
N moving particles,

(The boundary conditions used here are rather arbitrary, and are
chosen for convenience. 1In calculations of actual physical systems, other
types of boundary conditions may be used, such as the periodic¢ boundary
conditions used in dealing with crystal lattices. 1In actual applications,
for a sufficiently large number of particles, the particular type of
boundary conditions assumed can have little effect on the overall behavior
of the system (Born and Huang 1954).)

The hamiltonian for the system described is

N

Z— Z- (Qiuu Q) )

k=\

where QO = = 0, Hamilton's equations combine to give the individual

Q41

equations of the motion for the system,

& = j?k = (Qk-\"ZQL+QMD, (2)

where k =1,2,...,N, and QO =Q = 03 or, in matrix form,

N+1
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For the remainder of this thesis, unless otherwise noted, an individual

equation of the Equation (2) variety will be assumed valid for sub-

scripts in the range from 1 through N,

of the notation k =1,

The transformation which diagonalizes Equation (3) is

Q. = m—\

and the normal mode equations of motion are, in matrix form,

P
"

where the normal mode frequencies are given by

ooﬂ’No

_—wf- 0 O

O -w& O
C 0 -wf

4
'

[

kv

The individual normal mode equations,

without the explicit appearance

*

w—t

cnm %1,

(4)

(6)
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I = br=-wia, ™

have solutions of the form

= Aroas(art+ &), ®)

where Ak and ek are arbitrary constants to be fixed by the initial

conditions. The normal mode hamiltonian is

{%( +
_ 2 2aL2 9
The individual normal mode energies,

Ee = £ (p +ooprgi), (10)

form a set of N constants of the motion.

Nonlinear Couplings between Harmonic Normal Modes

The perfect harmonic system just introduced cannot share energy

among its normal modes, because the normal modes are completely decoupled.

However, as indicated in the first chapter, couplings between the normal
modes can be obtained by introducing an additional set of nonlinear
forces in the system., For simplicity, the added nonlinear terms will be
restricted to cubic coupling energy terms in the hamiltonian. As men-

tioned in the discussion of various applications to physical systems in
Chapter I, cubic nonlinearities may be sufficient to explain many of the
physical phenomena which are of interest.

In keeping with the simplicity of the nearest-neighbor particle



couplings of the perfect harmonic system just considered, Equation (1),
let the cubic energy coupling also be of nearest-neighbor form in the

nonlinear system:

N N N
He2Z B +d = (Qurad 3 Z @eu-@), oo

where a 1is a parameter which controls the overall strength of the
added nonlinear coupling. The corresponding particle equations of

motion are

Qe = (Quri -2+ Qi) — 2 ((Qar QY (Qu-Qe ], 12

For this nonlinearly coupled system, the luxury of a transforma-
tion to normal mode variables which completely decouple the system is
not available. At best, the harmonic normal mode transformation which
decouples only that linear portion of the system which remains when A =0
may be made,

When the harmonic normal mode transformation

Qe = G%’) g}sw\ (Mm 24 (13)

is applied to the nonlinear system governed by the hamiltonian of Equa-

tion (11), the resulting hamiltonian is of the form

N
H= *-E-(FL“% a) +K§ZEC k@ggk, (4
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where the general explicit form of the third-rank tensor elements Cijk
will be exhibited later, in conjunction with the computer studies of
Chapter VII.

The general nature of the coefficients Cijk is such that there
can be energy exchange between widely separated harmonic normal modes,
as well as between adjacent ones. Thus the nonlinear coupling chosen
provides long-range as well as short-range interactions. In the gquantum-
mechanical description, the cubic coupling energy terms represent three-

phonon interactions.

Linear Couplings between Harmonic Normal Modes

It is also possible to provide couplings between the normal modes
of the perfect harmonic system of the first subsection, by introducing
an additional set of linear forces in that system. This is a rather arti-
ficial construction, not meant to have physical relevance, but instead
designed to provide a formal system which is easy to solve and which
has many similarities both of behavior and analysis to the nonlinear
coupled osclillator system of the second subsection.

In order to obtain a simple result in harmonic normal mode varia-
bles, an additional set of linear forces may be introduced in particle

variables by assuming a particle hamiltonian of the form

N N N
= 2 o kY 2
so that the particle equations of motion are

§k= (&M—ZQH'O.HD — X2 cos Z%E%QIL- (16)
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When the harmonic normal mode transformation of Equation (13) is
applied to the linear system governed by the hamiltonian of Equation (15),

the resulting hamiltonian is of the form

N N
H= ig(‘?ﬁ-\—wgg&) - K= Bk Bhi, n

and the corresponding harmonic normal mode equations are

So= —wtge+ o (g + o). ue)

Thus the added couplings of the particles to their equilibrium positions,

the linear forces a 2 cos km Q, 1in Equations (16), result in a
(N+1) “k

nearest-neighbor coupling of the harmonic normal modes, as shown by Equa-
tions (18).

The term "harmonic normal modes" was used in conjunction with the
nonlinear system to denote the set of variables obtained when the trans-
formation which decoupled the linear portion of the system was applied to
the whole system. The result was a description in terms of nonlinear
couplings between harmonic normal mode oscillators.

In the present subsection, the same terminology will be formally
used, so that a description is obtained in which there are linear couplings
between harmonic normal mode oscillators. The "harmonic normal modes" are
just the normal modes of the perfect harmonic system of the first subsec-
tion. This whole description of the linear coupled system is rather
artificial, since in principle another different transformation could have

been applied to the linear coupled particle system, Equation (15), to



31

completely decouple it to begin with. However, as mentioned, the formal
construction of the linear coupled oscillator system of this subsection
will provide some useful analogies to nonlinear coupled oscillator sys-
tems.

In this section, models in which there are couplings between the
normal modes of the perfect harmonic system have been constructed., How-
ever, there is no guarantee that the presence of these couplings will
automatically make possible complete sharing of energy among the normal
modes, even under the most favorable conditions. In the next section, the
mechanism of energy sharing will be investigated in some detail for the

coupled oscillator systems introduced in this section.

Relation between Energy Sharing and Tuning

There exists a general relation between the sharing of energy
among harmonic normal modes and the tuning of the harmonic normal mode
uncoupled frequencies, for all systems of coupled oscillators., This
relation will be examined in the present section, along with the concept
of tuning,

In the first subsection, tuning of the linear coupled oscillator
system will be studied, taking advantage of the fact that the general
solution of the linear system is relatively easily obtained. In the sec-
ond subsection;, the same problem of tuning of the linear system will be
studied using action-angle formalismsg these results will be compared
with those of the first subsection. In the final subsection, the action-
angle formalism will be used to study the tuning of the nonlinear coupled

oscillator system.
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Tuning of the Linear System

Since nearest-neighbor couplings between all of the harmonic
normal modes are present in the linear system governed by the hamiltonian
of Equation (17), it might be expected that appreciable energy sharing
among all of the harmonic normal modes could occur, at least for some
sets of initial conditions.

However, this is not necessarily true. The maximum attainable
amount of energy sharing between harmonic normal modes depends crucially
upon the relations which exist between the set of uncoupled normal mode
frequencies and the coupling parameter a, for linear coupled oscillator
systems.

In order to see this, consider a linear coupled oscillator system

governed by a hamiltonian of the form

N N
H=1Z (prrorer) -« = s gem, (19)

k=1

in which the uncoupled harmonic normal mode frequencies w, are allowed
to be free variables. This system differs from that of Equation (17) in
that the frequencies in the latter are fixed, with values given by Equa-
tions (6) of this chapter. The corresponding harmonic normal mode equa-

tions of motion are

e

= —* +0(( - ) (20)
e QO™ B P~ + Gkt ),
which are the same as Equations (18) except that the frequencies W, are

free variables.

Example for N =2, The important features of the general solution
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for N linear coupled oscillators may be illustrated by a solution for
N =2, Based on this solution, some general conclusions about solutions

for N oscillators may be drawn.
The equations of motion for the two-oscillator linear system with

variable frequencies are

G = —rg + g (212)

fo=~W G2t g . (21b)
A solution of the form

% = Apoos (et + &) (22)

such as might be tried as a generalization of the solution which is
valid when a = 0, is not valid when a # 0 if Wy # w). Instead, a

general solution of the form

N
% = % A cos (20t+ eﬂ (23)

must be assumed.
Substitution of this assumed solution into the equations of
motion, Equations (21), produces the following linear eigenvalue-eigen-

vector problem in QL.,{ﬁkjL for JL=1,2:

[(‘“t -S%)

AI.Q. _|0 (24)
(wf-ﬂf)] 0

The eigenvalues obtained by solving the secular equation are
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ﬂ"l - .\i(w\z%‘l) — .\i E(we."- w|7, ‘?—_‘_ 4_,42_] *; (25a)

2= *(w("-l— W)+ ¥ [(wa?' ~wP )+ 4’94"] J’-', (25b)

and the eigenvector components are related by

o
Az\ = Go-QF) An; (26a)

Al?. = (w':(__n{.) Azp_, (26b)
where the Akk are taken as arbitrary, to be fixed along with the QL
by the initial conditions on the q and P+

Two extremes of "tuning" will be recognized. The system will be
regarded as strongly detuned if |w2 - wll >> a, and will be regarded
as strongly tuned if |w2 - w1|<< a.

Suppose the system is strongly detuned: |w2 - wll >> a, or, if
the frequencies are taken to be roughly unity in order of magnitude,
Iwéz- wle >> a. Then the eigenvalues of Equations (25) are given

approximately by

2 %
ﬂ\ I~ wl'?-_. @—m; (27a)

‘2..:s 2 UUL
L W + G / (27b)

and the eigenvector components of Equations (26) are given approximately

by
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. S a

I\IZ. ~ - (hgg_agpglszz.<3: l&ZZL ; (%8a)
oL

Az = + w? _w.z)An «< Ay, (28b)

Let the initial conditions be qk(O) = A pk(O) = 0, for
k = 1,2. In the square matrix which relates the eigenvector components
{Aki} to the initial conditions {Ak% , the off-diagonal elements are

small for the strongly detuned case:

\:K/( L _K/cw,‘_z_w.n][ﬁ:z A

The result for the eigenvector components for the strongly detuned linear

system is

o S a
A=A raemhe, Ave-Ganhe; O

4
% — ——————— 4 (30b)
As e hy (o -wf) Al/ Ag = e wi")Al/
so that one term dominates in each solution for the % in Equations
(23).
There can be no appreciable sharing of energy in this strongly
detuned system, for any set of initial conditions. The time dependence

of the energy of the first harmonic normal mode oscillator is typical:

= o[ A%+ O (G A Ascos (2-0)E]) . )
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In contrast with this strongly detuned case of a coupled system
which cannot share appreciable energy, consider the strongly tuned case.
Suppose the uncoupled harmonic normal mode frequencies satisfy the relation
|w2 - wll << a, so that Iwéz-tnf| << a. Then the eigenvalues of Equa-

tions (25) are given approximately by
2. ‘
0~ blarra) b =

2
Q2 bwrred) -, (2
and the eigenvector components of Equations (26) are given approximately
by

oL
rwp) + o« A’-‘-/'

Az = + T e A (33b)

(33a)

A~ -

For convenience in describing the strongly tuned case, a detuning
parameter, s, may be introduced. Denote the frequencies W) =W and

Wy = (1 + s)w, so that the condition for strong tuning, |w2 - wl| < a,

becomes s << a. The eigenvalues given by Equations (32) become

Q22 w2 (| bsea) (34a)

-.Q-zq'% wz ( \"l’s "‘OL)/ (34b)

and the eigenvectors given by Equations (33) become
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Ap = — (1+£) Azz ; (352)
Az = + (H'é') AH. (35b)

In terms of the initial conditions used previously, the eigen-

vector components are

Anﬁ’/ A\ + (H—S)Az; A\zx (\.{.2-&>A‘ (36a)
"(\-\—i‘)Az,’

Ao % -(Mrs)h +A7_; Aoy 2 (1+EVA, (36b)
+(l+2F) Az
In this strongly tuned system, each term in the general solution, Equa-
tions (23), is of roughly the same order of magnitude. Therefore there
can be almost complete energy sharing for certain sets of initial condi-
tions. Keeping only lower order terms, the energy of the first oscillator

is typical:

E, % ar(AF+AR) For(AZ-AZ) cos (Q-n)E. @7

Examination of Equation (37) shows that complete sharing of energy
is obtained either for the initial conditions Al # 0, A2 = 0 or for
the initial conditions Al = 0, A2 # 0. At the other extreme, if the ini-
tial conditions are such that either A2 = Al or A2 = -Al, then there
is no appreciable energy sharing. Any intermediate amount of energy
sharing is available for an appropriate intermediate choice of initial

conditions,

General Case for N Oscillators. A generalization of the results




just obtained for two oscillators may easily be made, for the case of N
linear coupled oscillators.

The N equations of motion, Equations (éO), may be solved by
assuming a general solution of the form given by Equation (23). Substi-
tution of this assumed solution into the equations of motion produces the

following linear eigenvalue-eigenvector problem in Qp £Ak£3 for

Q=1,2,...,N:

(wa-n2) -« o ... JAd]l
- (wzz_mq.) -, Aﬂ—ﬁ-

0 % (w-ng) Ay
L Lt

"
O

For the strongly detuned case, in which all adjacent uncoupled
frequencies W) di ffer by much more than the coupling parameter a, the
square matrix in Equation (38) is essentially diagonal. All but one of
the elements of the main diagonal are of the same order of magnitude, since
the coupled and uncoupled frequencies are approximately equal in the

strongly detuned case:

> = w2 + (o), (39)

One element of the main diagonal, say the kth, is much smaller
than the rest. This leads to a situation in which one eigenvector ele-
ment, Akk’ is much larger than the rest. Thus one term dominates in

each solution for the gq, in Equation (23), in much the same way as for
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the N=2 system. For the same reasons as for the two-oscillator system;,
the strongly detuned linear coupled system of N oscillators cannot
share appreciable energy.

On the other hand, for the strongly tuned case in which all of the
uncoupled frequencies are very nearly equal, the square matrix in Equa-
tion (38) is essentially tridiagonal, with all elements of the order of
a. The eigenvector components Ak are then all approximately equal, for
a given jl. and k = 1,2,...,Nc This leads to the possibility of complete
energy sharing for selected sets of initial conditions.

In this section, it has been shown by use of general analytic
solutions that tuning of the uncoupled harmonic normal mode frequencies
is necessary in order that a linear coupled oscillator system be capable
of sharing appreciable energy, even under the most favorable conditions.
In the case of the linear system considered here, the coupling between har-
monic normal modes is such that a set of frequencies which are all equal
constitutes a tuned set,

The problem of obtaining a general analytic solution when the
frequencies are free variables is not as easily solved for the nonlinear
coupled oscillator system as it is for the linear coupled oscillator sys-
tem considered here. Therefore, the examination of the relation between
energy sharing and tuning for the linear system will be conducted over
again in action-angle formalism in the next subsection. The action~angle
formalism will be just as useful for nonlinear systems as it is for linear
systems. The validity of the results obtained in the next subsection may

be checked by a comparison with the results just obtained.
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Use of Action-Angle Formalism for Tuning

The mechanism for energy sharing in a coupled oscillator system,
which involves a correlation between the nature of the couplings and the
values of the uncoupled frequencies, may be summarized as "internal
resonance" (Ford 1961). For a given set of couplings, a coupled oscil-
lator system is capable of sharing energy only if internal resonances are
presents that is, only if the uncoupled frequencies are "tuned" relative
to the couplings.

A convenient formalism for the display of the general tuning rela-
tions available for a given set of couplings is that obtained by the use
of action-angle variables, As will be seen, the action variables are
closely related to the harmonic normal mode energies. Thus action-angle
formalism gives direct information about energy sharing without the need
of investigating the behavior of the position and momentum variables,

To illustrate the use of action-angle variables, consider the

two-oscillator linear coupled system governed by the hamiltonian

— 2. 2 40
H=(pm+ ptomgrrored) - kgg,,
which is the hamiltonian of Equation (19) for the case N=2,

Make a canonical transformation to action-angle variables accord-

ing to

te= (%>*C°“€P-; Pk =— (kak)%‘Simpp_/ (41)

so that the hamiltonian of Equation (40) becomes



a1

H = waiu +waJ=.— x #)*(%;)* [cos @‘.\_@J 4_@5’@'_%_)]. (42)

Note that the energy of the kth harmonic normal mode {(neglecting that

part associated with the coupling term) is given by

B = 2(p2 Fantg®) = ey, (43)

so that the action variables and harmonic normal mode energies are prac-
tically the same thing.

The equations of motion in action-angle variables are

J = < R  lanlprp) + mlp-g)]; o
S (T DI TR | PR
= 0+ ('c?»ff.)k (%)% [cosCpr) + ospg));

E?,_: ot (wﬁ:)*(%)% [COS (‘QH' ) +Ca$('€\—%)] ,  (44d)

These equations may be solved iteratively with some success, if
the coupling parameter is small (a << 1), and if the uncoupled fre-
quencies (which are free parameters) are of the order of unity, by the
following method. (The exact solution for the linear system is available
by simpler methods.)

For the zeroth-order solution, use the solution
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ko= constar; Qo= ik + 84 (o

obtained when a = 0. Substitution of these expressions on the right

sides of Equations (44) leads to the first-order energy solutions

- (G Lozt + et sctase,
Ju-—o(( )“(—J—z—‘;) [—(Z%%Z%& mué‘fl] +constant; (460)

The constants of integration in Equations (46) may be recognized

as the zeroth-order solutions, Jkoo Factor these terms out to obtain

J\\ = J|o {\ +¢ (3-\—0- (w‘wz)é; [C_E%%E_E%)_ M} , (47a)

Jz\ Ju{ \wLo( ""’"‘I“"""’ CGS@"’HF“) (Qb(@'ﬁ—m—" _(a70)

Jzo (w2 )z | (o b aig) ()

Examination of Equations (47) shows that there will be little energy
sharing unless the denominators of the time-varying terms are of the order
of a. For, in a given energy equation, if a denominator of a time-vary-
ing term is of the order of a, then it is of the same order as the
numerator, and the time-varying term makes a zeroth-order contribution to
the energy. Here the assumption is made that JlO and J20 are of the
same order of magnitude. If they are not, higher order iterations must be

made in order for the crude sort of argument being made here to be valid.
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The rapidly-varying terms in Equations (47), those having argu-
ments (¢1 + ¢2), cannot contribute significantly to energy sharing for

any set of positive values of Wy and w The only significant terms

e
for purposes of energy sharing are the slowly-varying terms having argu-
ments (¢l - ¢2) in Equations (47). The denominators of these terms can
be of order a if the uncoupled frequencies satisfy the condition

le - w2| £ a. Therefore action-angle formalism produces the same con-
dition for tuning of the linear coupled two-oscillator system as did the
analytic procedure of the subsection preceding this one,

In this thesis, the slowly-varying terms will be called "resonant"
terms and the rapidly-varying terms will be called "nonresonant" terms,
because of the different roles which these two kinds of terms play in
providing internal resonances in coupled oscillator systems. Internal
resonances are the mechanism 6f appreciable energy sharing.

It should be possible to study the energy-sharing properties of a
given system by retaining only the slowly-varying "resonant" terms at the
very start. In this scheme, the solution of the resulting "resonant"
system could be obtained, and the effect of the "nonresonant" terms could
then be obtained using standard perturbation methods. The effectiveness
of such a procedure will be studied throughout the remainder of this
thesis.

In this subsection, a crude but relatively simple action-angle for-
malism which lays bare the relation between energy sharing and tuning in
systems of coupled oscillators has been presented in terms of a linear

system, This action-angle formalism has been used to obtain the same

tuning condition developed in the previous subsection for the linear
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system, A simplification of the analysis of energy sharing has been
suggested, in which only those slowly-varying terms which are principally
responsible for energy sharing are retained in the system from the very
beginning.

In the following subsection, action-angle formalism will be applied
to a nonlinear coupled oscillator system.

Tuning of the Nonlinear System

Since a large number of long and short range couplings between all
‘of the harmonic normal modes are present in the cubic nonlinear system

governed by the hamiltonian

N N
H=4 g(pﬁmf-gg-) bog %Qqhgg %9 (46)

previously introduced in Equation (14) of this chapter, it might be
expected that appreciable energy sharing among all of the harmonic normal
modes could occur, at least for some sets of initial conditions.

However, as was the case for the linear system just examined, this
is not necessarily true. Action-angle formalism may be employed to demon-
strate that energy sharing in the nonlinear system depends crucially upon
the tuning of the uncoupled harmonic normal mode frequencies.

To illustrate, consider a two-oscillator nonlinear system with cubic
coupling terms, of the type introduced earlier in this chapter.

Let the original particle hamiltonian be of the form

H=1%B2) + £ (QF+ (Qa-Q)*+ Q2] (49)
~% 5 (02 +(0-)* + 85,
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which is the hamiltonian of Equation (11) of this chapter, for N=2,
Application of the harmonic¢ normal mode transformation of Equation (13)

to this system results in the harmonic normal mode hamiltonian

= 1l(p2inz 2 2 1 (50)
H =4 (prep2eargtransd) -« g5 (35 —o2),
which is Equation (14) for N =2, The variables 9, and a, represent

the in-phase and out-of-phase modes

= _[)‘IE,"(QH'QL) and G2 = _JU'E(Q\"Qz.), (51)

and the uncoupled harmonic normal mode frequencies, given by Equation
(6), are w) =1 and w, = V= .

As with the linearly coupled system of the previous subsections,
it may be necessary to replace the frequencies just specified by a tuned
pair, in order to obtain a system capable of appreciable energy sharing.
In order to do this in a general manner, the frequencies in Equation (50)
will be taken to be free variables, of the order of unity in magnitude.

Changing the values of the uncoupled harmonic normal -mode frequen-
cies in this manner implies a changing of the linear particle couplings
in the particle hamiltonian of Equation (49) as well, The general effect
of tuning on the particle couplings will be considered in Chapter III.

Action-angle formalism will now be used to determine what choice
of frequencies g“g% cohstitutes a tuned set for this system. That is,
action-angle formalism will be used to determine what internal resonances
are available due to this particular cubic nonlinear coupling.

In action-angle variables, the hamiltonian given by Equation (50)
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becomes

H=wd +wade-otd (2¢)+ (52)
| {_T Eii(?—«e« «% +2casy, ]

+ "T [casago,.-\- 3cosia.] ?

As discussed in the previous subsection, tuning of the system of Equation
(52) may be investigated by considering the corresponding resonant system.
The possible slowly-varying terms in Equation (52) may be identified by
making the temporary formal replacement P = wkt, and checking to see
for what choices of frequencies Wy and W, the arguments of certain of
the coupling terms vanish,

In the case of the hamiltonian of Equation (52), the only possible
slowly-varying "resonant" term is that having the argument (2:pl - ¢2)°
This term is resonant if the uncoupled frequencies satisfy the relation
W, & 2wl.

Elimination of all the other rapidly-varying "nonresonant" terms

from the coupling in the hamiltonian of Equation (53) results in the

resonant hamiltonian

H Wy H’CﬂzJ D('LJ ——=1- COS (zlﬂ ‘Pz) (53)

The corresponding harmonic normal mode equations of motion for the

resonant system are
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Ji = )sin(z'e. ¢:); (542)
Jo =+ (& )(J ¥ L sn(zp-¢2); (s4p)
b= -k () (R cos (20,92 ) ; (s4c)
$o = wa- 0 ()Y

The zeroth-order solution of Equations (54) is

J cos (2¢,- pz) (549)

ko = constant ; Pro = wet + Sk, (55)

obtained when a = 0. Substitution of this zeroth-order solution into

the right sides of Equations (54) gives the first-order energy solution

dy = Jloi\-l—o(‘LCJ” x C‘Z;S'ﬂwf?},‘ (62)
dr = Do |- () y %gsg;a)lg (560

Examination of Equations (56) shows that there will be apprecia-
ble energy sharing only if the uncoupled harmonic normal mode frequencies

Wy and W, satisfy the general tuning condition

1
|2 - | < ¥ (i]a)z/ (57)
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N

where (%) represents a sort of typical amplitude of the oscillations
of the system. If this condition is satisfied, then the denominators ff
the time-varying terms in Equations (56) will be of the order of a(%)z,
cancelling factors of the same order in the numerators. The time-varying
terms are then zeroth-order contributions to the energy expressions and
there can be appreciable energy sharing.

The tuning condition of Equation (57) may be rewritten in a more

convenient form as

|2w) - w,| < ar, (%8)

o ——————

where A = le+l - le is the "typical amplitude of oscillations" for a
specific set of initial conditions.

The reason for the appearance of aA rather than just a 1in the
tuning condition given by Equation (58) can be seen from a comparison of
the hamiltonians of linear and cubic nonlinear systems. The particle

hamiltonian for the linear system is

N N N

2 s

H=i= B2+iZ (Qu-QYx Z2eatQz
k= k=0 =0 /

so that the coupling strength, defined in this thesis as the ratio of

the average total coupling energy to the average total particle energy,

is just the coupling parameter, a. But the particle hamiltonian for the

cubic nonlinear system is

HebZ B ad 2 Qa3 Z Q-0
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50 that the coupling strength for the cubic nonlinear system involves

the "typical amplitude” A as well as a:

% 5 (NH) | Qe — O |2 = oA (61)
2(NH) TQrn =0 |* ’

where c¢ is approximately unity.

The exact specification of the typical amplitude A 1is a rather
tricky matter, even for the two-oscillator system. In the general case
of N oscillators, it is possible to give some approximation to A if
there is complete energy sharing; but if there is not complete energy
sharing, then the magnitude of A depends upon how many modes are partici-
pating, which depends upon the tuning of the system, which depends upon
the magnitude of A. This constitutes a vicious circle, since none of
the properties mentioned are known to begin with.

For purposes of the present thesis, it is sufficient to be con-
tent with a very rough estimate for the typical amplitude: assume that
there is fairly widespread energy sharing in the system, so that there is
some semblance of equipartition of energy., Then for systems in which the
total coupling energy is small compared to the total energy, a rough

approximation is

N
= [Qn-ql* ~ zH (62)

where the bar denotes a time average, The typical amplitude of the

oscillations is then very roughly
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N
~ (_H \=
A= (NH) - (63)

For systems in which there is only limited energy sharing, and
for systems in which the total coupling energy is not small, the esti-
mate supplied by Equation (63) is a poor one and must be modified. The
main point to be made is that there is some sort of an amplitude factor
which is crucial in the tuning relations for nonlinear systems, whether
it is easily specified in all cases or not.

For further discussions of tuning, it is convenient to define a
normalized tuning parameter, s. In terms of this tuning parameter, the

tuning condition first given in Equation (58) may finally be written

— \:1a)|—-602_\

(64)
S = B <« |

In addition to identifying sets of well-tuned frequencies by the
condition of Equation (64), action-angle formalism can also be used to
predict approximately the sharpness of tuning when the frequencies are not
so well tuned. The use of normalization in the specification of the
tuning parameter, s, sidesteps the practical difficulties of obtaining
the typical amplitude, A, for a given system.,

For the present case of the two-oscillator system, the first-order

$k Equations (54c) and (54d) can be approximated by

. L
(P| = w| - Ji (&JT)(%;)ZCOS (29| - 93_)/' (65a)

. L
b= wom g (2) <0’zlJz)zcos (26,-6,), (&
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which is good enough if Wy = 2u1 and if only an approximate second-
order energy solution is desired. The result of integrating Equations

(65) is

= (o + e'(Cs))‘l:; (66a)
Yz = (wa + G’(Cs)) t. (66b)

Substitution of the first-order expressions given by Equations
(56) and (66) on the right sides of Equations (54a) and (54b) for the
energies, produces upon integration time-varying terms which have denomina-

tors of the form
(2w, -wz ) + &(Cs) , (67)

rather than denominators of the form (2u1 - mz) as appeared in the
first-order expressions for the energy, Equations (56).

This rather crude second-order result gives somewhat more informa-
tion about the sharpness of the internal resonances than did the first-order
result. If the condition given by Equation (64) is satisfied, then there
can be complete energy sharing. If the frequencies are such that
|2w1 - w2| = 8(Cg), then energy sharing should be cut about in half; in
terms of the tuning parameter, this is the case s = 1.

A few simple calculations for other values of s 1lead to the
normalized energy sharing curve presented in Figure 1., This is a universal
curve, valid for all systems of two coupled oscillators. Of course, the
definitions of the tuning parameters, s, are different for different

types of couplings between oscillators.
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Figure 1. Predicted Sharpness of Tuning for
Two Coupled Oscillators.
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This resonance situation for the sharing of energy between two
coupled oscillators is similar to the resonance situation encountered in
a series RLC electrical circuit. 1In the electrical circuit, there is a
tuning mechanism by which the values of the capacitance C and the
inductance L may be varied to maximize the amount of power developed in
the resistor R:

e
= Rz"'(wl‘_o’g'c")z , (63)

Here the tuning parameter s corresponds to (wlL - 5; )2. The tuning
curve for this electrical system is quite similar to the tuning curve of
Figure 1 for two coupled oscillators.

The action-angle formalism for tuning, which has been illustrated
in this subsection for a system of two nonlinear coupled oscillators, is
easily generalized to deal with a system of N nonlinear coupled oscil-
lators. For the particular cubic coupling used in systems of the type
given by Equation (14), it is found that an exactly-tuned set of fre-
quencies is given by the relation

wk=kw=km%;|—), (69)

That is, an exactly-tuned set of frequencies for a cubic-coupled system

is one in which the uncoupled harmonic normal mode frequencies are com-

. mensurable, having a one-to-one correspondence with the integers 1,2,3,... -
In this section; some rather basic studies of the relation between

energy sharing and tuning for systems of coupled oscillators have been

made. A method of finding the available internal resonances, which
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constitute the mechanism for energy sharing, has been presented in terms

of action-angle formalism. In addition to determination of a tuned set of
frequencies for a given coupling, the method has provided an approximate
indication of the sharpness of tuning, as a function of the coupling
strength. For nonlinear systems, the coupling strength involves an average
amplitude as well as the coupling parameter, a. This means that the

tuning of a nonlinear system is in general a function of the level of
amplitudes supplied by the initial conditions, in addition to the dependence
upon the relations between the uncoupled frequencies.

In the next section, some relevant computer results will be dis-
cussed., The studies to be presented deal principally with nonlinear
coupled oscillator systems in which the coupling energies are small. The
results of the predictions supplied by the action-angle formalism of
this section will be checked against some of the actual results for these
various systems. However, it must be noted that the predictions which
invoive a calculation of the typical amplitude of oscillations cannot be
taken too seriousiy in the next section; due to the crudeness of the

approximations involved in caiculations of the type given by Equation (63).

Computer Studies of Energy Sharing

It is of interest to check the general conclusions about the rela-
tion between energy sharing and tuning, which have been obtained in the
preceding section, by comparing them with some actual computations for
some appropriate nonlinear coupled oscillator systems.

In a sense, the computer is used in these studies as a research
tool to provide "experimental® data,; which may be used to establish the

validity of certain theoretical results and to aid the development of
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further theory.

In the first subsection, some of the results of an early computer
study by Fermi, Ulam and Pasta will be presented and discussed. Some more
recent work by Jackson will also be included. In the final subsection,
some computer studies of the effect which tuning has on energy sharing
will be discussed, for cubic nonlinear systems of two oscillators and five
oscillators.

Computer Studies by Fermi, Pasta and Ulam (FPU) and Jackson

An early numerical investigation of the nature of sharing of energy
between harmonic¢ normal modes for broken quadratic, cubic, and quartic
energy coupling terms was conducted by Fermi, Pasta and Ulam (1955) using
one of the first high-speed digital computers built.

In a typical FPU calculation, the total energy of a system of 31
moving particles was placed initially in the first harmonic normal mode
configuration., The spread of this energy among the other harmonic normal
modes modes of a cubic¢ nonlinear coupled system was then observed as a
function of time.

The surprising result was that only the first few modes of the
cubic-coupled system shared appreciable energy. Other couplings and
other types of initial conditions were tried, always with the result of
only limited energy sharing.

In the light of the discussions of the preceding section of this
chapter, it appears that the lack of appreciable energy sharing may be
attributed to a lack of tuning of the uncoupled harmonic normal mode fre-
guencies in the models used by FPU.

This conjecture, which is the basis for the earlier discussions
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in this chapter, was first advanced by Ford (1961) on the basis of per-
turbation theory. As a check on the validity of this conjecture and the
conclusions developed from it in this chapter, some theoretical calcula-
tions of the extent of energy sharing expected in the cubic FPU system
will be made., These predictions will then be compared with the actual
FPU computer results. |
The cubic-coupled FPU systems are just the simple one-dimensional
systems with nearest-neighbor couplings specified by Equation (11) of
this chapter. Therefore, when the transformation given by Equation (13)
is applied, a system of nonlinear coupled oscillators governed by the
hamiltonian of Equation (14) is obtained, having uncoupled harmonic normal

mode freguencies
Wy = 2 sin 2T (70)

specified earlier by Equation (6).

It was concluded in Equation (68) that a tuned set of frequencies
for the cubic nonlinear system is one in which the W, are commensurable,
in the ratio 1,2,3,... - From Equation (70), it is seen that the fre-
quencies for the FPU system come close to being tuned only on the low-
frequency end, that is, for small k. Thus a qualitative prediction that
only the lower modes can share appreciable energy can be made immediately.

A quantitative prediction of the extent of energy sharing can
also be made, using a generalization of the tuning theory for two oscil-
lators developed in the previous section. If the initial conditions are
such that all of the energy is started in the first mode, then the most

important couplings in the cubic nonlinear system are those which couple
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the first mode to the higher modes. It is then appropriate to define

N -1 +tuning parameters, normalized as before, according to

kg, — k.|
Sk = ‘ |CS / |2=2,..., N. (71)

Roughly speaking, if Sk << 1 +then there will be appreciable partici-

th mode in the sharing of energy. For tuning parameters

pation of the k
of the order of unity and larger, there will be partial participation in
energy sharing, of an amount specified by the tuning curve given by Fig-
ure 1.

For a specific system, consider the first system of 31 moving
particles for which FPU made numerical computations (FPU 1955, p. 12,
Fig. 1). This is a cubic nonlinear system with coupling parameter

a = 0,25, The initial conditions used by FPU for this system (Jackson

1963b, p. 690) are

Q@) = sinEK . B =0, (72

corresponding to excitation of only the first harmonic normal mode.

The average amplitude of oscillations in this system for these
initial conditions, the quantity A in Equation (70), may be approximated
by Equation (63) as A = 0.05. A quick check in which this value is used
in the expression for the particle hamiltonian, Equation (11), shows that
the average total coupling energy is indeed small compared to the total
energy of the system, so that Equation (65) is a good approximation for A

from the point of view of weak coupling. That is, although the coupling



parameter, a ® 0.25, is fairly large, the coupling strength,

Cs =~ ®$A = 0,008, (73)

is quite small relative to unity, and this system is rather weakly coupled.

As pointed out earlier, in conjunction with the action-angle for-
malism for tuning, the quantity which is important in tuning considera-
tions for the nonlinear system is not the coupling parameter alone, but
instead is the quantity of Equation (73), referred to here as the
"coupling strength," which involves the average amplitude as well as the
coupling parameter.

In this thesis, a strongly coupled system will be regarded as one
for which the average total coupling energy is a sizeable fraction of the
total energy of the system; that is, a strongly-coupled system is one for
which the coupling strength is greater than, say, 0.1l.

Now that the coupling strength, Equation (73) has been calculated
for the system of 31 particles, the tuning parameters may be calculated.
The results are presented in the first part of Table 1. These results
indicate that there will be appreciable energy sharing only among the
first four or five of the 31 harmonic normal modes for this FPU system.

The actual numerical results obtained for this system by FPU are
presented in Figure 2, The theoretical prediction of the extent of energy
sharing in this system is essentially correct; in the actual system, very
little energy reaches modes higher than the fifth.

In their next calculation (FPU 195%, p. 13, Fig. 2), FPU main-

tained all parameters of the first cubic-coupled N=31 system unchanged,
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except that the coupling parameter was increased to a =1, 1in an attempt
to obtain more energy sharing.

Since the same initial conditions are used in this second calcu-
lation, the average amplitude A remains the same. The coupling strength
is increased by a factor of four to CS % 0,03. Therefore, even though
the coupling parameter is now unity, this is still not a strongly coupled
system in the sense defined in this thesis, because of the small average
amplitude of the oscillations.

The tuning parameters for the N=31 system having a =1 are
presented in the second part of Table 1. On the basis of these calcula-
tions, there should be appreciable energy sharing only among the first six
or seven modes, The actual numerical results of FPU, which are presented
in Figure 3, indicate that this theoretical prediction is again essentially
correct. Although this system is four times as strongly coupled as the
first, there is still a lack of appreciable energy sharing among all the
modes, due to a lack of tuning of the uncoupled frequencies.

The lack of tuning and hence energy sharing in the FPU systems
considered here cannot be entirely remedied by increasing the coupling
strength. For example, if the coupling strength is increased to unity,
still only a little more than half of the frequencies will satisfy the
tuning condition. But increasing the coupling strength even this much
is fruitless, because the cubic-coupled system will dissociate due to
breaking of the bonds between particles., Dissociation of FPU and other
simple one-dimensional systems will be discussed further in Chapter III,

The approach taken by FPU in choosing initial conditions was to

maintain uniform the amplitude of whatever mode j was initially excited,



Table 1. Tuning Parameters for N =31 FPU Systems

First System: a = 0.25

Mode, k Tuning Parameter, sy
2 0.03
3 0.11
4 0.29
5 0,57
6 1.01
7 1,62
Second System: a = 1.0
Mode, k Tuning Parameter, sy
2 0,01
3 0.03
4 0.07
5 0.14
6 0.25
7 0.40
8 0.60
9 0.86

10 1.19
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according to

an(0) = (MY 5y, ()

Since the uncoupled frequencies ws are small for small j, this means

the total energy of the system,

H = Ej(0) = +ey* (441), ™

was small whenever energy was initially placed in a low mode, such as

the first. The average amplitude of oscillations,

A = (-g%-ﬁli = %_wj, (76)

was thus small for the cases presented here, leading to small coupling
strengths and relatively weakly-coupled systems.

A better way to control the coupling strength would be to maintain
uniform a certain total energy H, rather than to maintain uniform an
amplitude aye If H 1is chosen equal to (N+l1) units of energy no

matter what modes are excited, then

1
A= (—5‘-:\‘-_\—);: l/ 7

and control of the coupling strength is returned to the coupling param-

eter, a:
Cs = dcA & «, (78)

This specification of a uniform total energy which is proportional
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to the number of particles in the system maintains the average energy
per particle uniform. It is therefore a physically more realistic
approach, However, in practice, when dealing with artificial one-
dimensional systems of the type considered here, this approach cannot
always be used for systems having a large number of particles, because
of dissociation. A smaller uniform total energy must be used in these
cases.

In connection with the computer studies of FPU-type systems, some
recent work by Jackson is of interest. 1In a paper which compares the
predictions of a perturbation method for FPU systems with actual com-
puter results, Jackson (1963b) provides computations for some smaller
systems of three and eight moving particles, with several values of
coupling parameters. It is of interest to compare some predictions of
the extent of energy sharing for these small systems with Jackson's
actual results,

For the three-oscillator system, Jackson uses initial conditions
of the same type as FPU, with all energy initially in the first harmonic
normal mode, so that the average amplitude of oscillations is A # 0.38
for this system.

In the first case, the coupling parameter is taken to be a = 0.25;
so that the coupling strength is C5 ~ 0,06, The tuning parameters

~

defined in Equation (70) are s, ¥ 1.8 and s, ® 7, so that about 35

3

per cent of complete energy exchange between the first and second oscil-

lators is expected on the basis of the tuning curve given in Figure 1 in this
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chapter; participation of the third oscillator in energy sharing is
expected to be negligible. Jackson's computer results show that there
is actually only about 19 per cent energy exchange between the first two
oscillatorss participation of the third is less than two per cent.

In the second case, a = 0.50, so that the coupling strength
is CS % 0,13. The tuning parameters are Sy & 0.9 and Sy % 3.5,
which means that about 52 per cent energy sharing among the first two
oscillators, and about 20 per cent participation of the third, are
expected. The actual amounts are about 39 and seven per cent, respec-
tively.

In the third case of the three-oscillator system, a = 0.75, so
that Cs % 0,19. The tuning parameters are S5 #% 0,6 and Sy 2.3,
so the first two oscillators are expected from Figure 1 to share about
65 per cent, and the third about 23 per cent, of the maximum possible.
Jackson’s calculations show that the actual amounts are about 54 per
cent and 17 per cent, respectively.

These comparisons indicate that the theoretical predictions of
energy sharing run high by as much as a factor of two for cases in which
little energy is shared, but are rather accurate for cases in which
appreciable energy is shared. In all cases, the theory mildly overesti-
mates the extent of energy sharing, for the three-oscillator system.

As a final comparison, consider the eight-oscillator system for
which Jackson has made calculations. For this system the average ampli-
tude of oscillations is A » 0,17, the coupling parameter is a = 0,25,
and the coupling strength is CS ~ 0,03. The first three tuning parameters

= 1.42, and s, = 3.5, so that about 75 per cent of

are s, ® 0,35, Sq 4
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the maximum possible energy sharing between the first two oscillators is
expected; participation of the third should be about 40 per cent, and the
fourth less than 20 per cent. The actual computer results indicate about
56, ten, and less than two per cent, respectively. The theoretical pre-
dictions are not as accurate as for the smaller system, but the essential
features of the predictions are correct,

In this section, the conclusions obtained in the previous section,
concerning the relation between tuning and energy sharing, have been
tested by comparison with actual computer results. The conclusions
have generally been found to be valid, for cases in which the frequen-
cies have been fixed and the coupling strengths varied. In the next sec-
tion, the validity of the theoretical predictions of the extent of energy
sharing will be further checked, by considering cases in which the
coupling strengths are fixed and the frequencies are varied.

Computer Studies of the Effects of Changing the Frequencies

It is not possible to obtain appreciable sharing of energy between
all of the harmonic normal modes of an untuned system such as the FPU
cubic-coupled nonlinear system, even for coupling strengths so large
that the system dissociates, as has been indicated in the preceding sub-
section.

Many of the physical applications of coupled oscillator systems
require a mathematical model in which complete energy sharing is possible,
and yet in which the average total coupling energy is small compared to
the total energy of the system. Such a model can be obtained rather
simply from the FPU systems of this chapter, by changing the set of

uncoupled frequencies from the untuned FPU set to a tuned set. This
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formulation of a tuned model will be undertaken in Chapter III.

Since a change in the frequencies is necessary in the formula-
tion of a model which is capable of sharing energy, some computer studies
of the actual effect which changing the frequencies has on energy shar-
ing will be conducted in this subsection. Results of theoretical pre-
dictions based on action-angle formalism will be compared with these
computer results.,

Two-Oscillator System. A computer study of energy sharing as a

o9 with fixed Wy = 1, was made for the N=2 system

governed by the hamiltonian given in Equation (50) of this chapter.

function of w

The series of results is presented in Figure 4. The initial conditions
are the same for all the curves: all initial positions and momenta are
zero except P, = UE?, so that the hamiltonian is maintained uniform at
a magnitude of unity. The coupling parameter is a = 0.1,

The values assigned to w, Trange from the FPU value of W, = UE;
to the exactly-tuned value of w, = w. It is evident that little energy

2

is exchanged between oscillators in the FPU system with this coupling

-

strength (CS % 0,038, and s, = 7), due to a lack of tuning. On the

2
other hand, in the exactly-tuned system there is almost 100 per cent
energy sharing (there is a small amount of energy in the coupling between
oscillators).

Figure 5 presents these same results as a tuning curve, which is
compared with the theoretical tuning curve (Figure 1) developed earlier
for the two-oscillator system using action-angle formalism., Examina-

tion of Figure 5 shows that the actual tuning curve for two oscillators

is a bit sharper than the predicted tuning curve. For cases in which not
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much energy is shared, more energy sharing is predicted than actually
occurs., But the half-widths of the two curves agree, and in general the
correspondence is good.

Five-Oscillator System. In order to check the effect which changing

the frequencies from the FPU set to an exactly-tuned set has on energy
sharing in a somewhat larger system, computer studies were made of the
time behavior of the harmonic normal mode energies as a function of vari-
ous sets of frequencies, for a cubic-coupled system of five oscillators.
There are many ways to "tune" a system having more éhan two
degrees of freedom. The procedure used here is just one orderly means
of varying the amount of tuning continuously from the relatively untuned
case supplied by the FPU frequencies to the exactly-tuned case specified
for the cubic-coupled system by Equation (69).

A variable untuned set of frequencies may be defined by

3
o= = (-0, 2

where Aw is a fixed frequency decrement. Summing the series which

appears in this definition leads to

W = k(w - L}5';_—_\')’[3.60)/ (80)

so that the detuning is greater for the higher modes:

sp= okl ) e by N,

Frequency decrement Aw has been varied from zero, which provides
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commensurable frequencies W, = kwl, to
\
Aw= mmeo,

which for N=5 gives detuning which exceeds that of the FPU frequen-
cies. Figure 6 presents graphically the effect of using various fre-
quency decrements between the two extreme cases mentioned here,

The coupling parameter for the five-oscillator system used in
this study is a = 0.1, and the total energy is H = 3, Thus the aver-
age amplitude of oscillations is A ® 0,71, and the coupling strength
is CS & 0,05,

Table 2 summarizes the tuning parameters for the various choices
of decrements chosen for study. In calculating these parameters, w

1

is chosen in each case so that We = 2, as in Figure 6.

Table 2. Tuning Parameters for N=5 Tuned Systems

Eode, k Tuning Parameter, s), for Decrement Auw
0.095 0,057 (FPU) 0.029 0,009 0,000
2 . 261 1.2 0.85 0.61 0.21 0.00
3 6.4 3.6 2.95 1.83 0.64 0.00
4 13 7.2 7.2 3.66 1.27 0,00
5 21 12 14 6.1 2,10 0.00

Inspection of the detuning parameters in Table 2 indicates that
appreciable energy sharing should be expected only for the two systems
having frequency decrements of zero and 0.009 -- that is, for the exactly-
tuned system and for the next best one. At the other extreme, very little

energy should be shared between modes of the system having decrement
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Aw = 0,095, except perhaps for about a 35 per cent exchange between the
first two modes.

The actual numerical results are presented in Figures 7, 8, 9, 10
and 11 for the values of frequency decrement given in Table 2 (except
for the case 4w = 0.057, for which the tuning parameters are much the
same as those of the FPU system). Qualitatively, these computer results
show that the systems for which Aw = 0 and &w = 0,009, the two best
tuned systems, share appreciable energy among all modes. The next system,
for 4w = 0,029, shows a noticeable reduction in the participation of the
fourth and fifth modes in energy sharing. The FPU system shares little
energy except between the first two modes, and the most severely untuned
system, that for which Aw = 0.095, shows negligible energy sharingj; the
exchange between even the first two oscillators amounts to less than
ten per cent.

The theoretical predictions of the extent of energy sharing for
these systems are essentially correct. There is perhaps more energy
sharing than expected in those systems which do share energy, and less
energy sharing than expected in the systems which do not share appreciable
energy.

The computer studies of this subsection indicate that the reason
for the failure of the FPU systems to share appreciable energy among all
modes is due to a lack of tuning of the uncoupled harmonic normal mode
frequencies. Actually, this conclusion might have been reached somewhat
earlier, on the basis of the work of Peierls (1956) on crystal lattices.
Peierls observes that in a crystal lattice two longitudinal phonons can-

not combine to produce a third longitudinal phonon, or vice-versa, because
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such a phonon interaction does not satisfy conditions of conservation of
energy and quasi-momentum. The longitudinal phonons correspond to the
phonons of a one-dimensional systems such as the FPU system, and the cubic
coupling of the FPU system corresponds to three-phonon interactions in the
quantum-mechanical description.

The computer results of this subsection also demonstrate explicitly
that a well-tuned oscillator system is capable of sharing energy among all
of its modes, This will be of importance in Chapter III, where an energy-
sharing model is to be formulated.

In this chapter, some important results have been obtained with
regard to the relationship between energy sharing and tuning of an oscil-
lator system. An action-angle formalism which is fairly reliable in pre-
dicting the extent of energy sharing in a given system has been developed
and verified against established results. It has been shown that if
certain tuning conditions on the set of uncoupled harmonic normal mode
frequencies are satisfied for a given type of coupling, then a coupled
oscillator system is capable of sharing appreciable energy among all of
its modes. The crucial parameter in tuning has been shown to be not the
coupling parameter alone, but instead involves also the typical ampli-
tude of the oscillations of the system, for cubic-coupled nonlinear sys-
tems,

The mechanism of energy sharing has been shown to be the presence
of internal resonances. The importance of such resonances is well known
in physics, for example in celestial mechanics. 1In the solar system,
Jupiter has a strong effect on the other bodies because of its great mass.

It is observed that there are few or no asteroids having orbits the periods
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of which are in the commensurable ratio of 1:2 with the period of
Jupiter. Presumably this is because considerable eneryy is exchanged
due to slowly-varying coupling terms, moving the asteroids out of these
particular orbits. Similarly, gaps are observed in Saturn’'s rings, where
particles would have periods putting them in resonance with the inner
satellites of Saturn (Danby 1962).

The fact that the frequencies may be slightly detuned from the
= 2w

exact relation w without materially impairing the resonance

2 1

phenomenon, is also noted in astronomical observations. The gaps in the
distribution of the asteroids do not occur only at the exact 1:2 ratio
of the periods of Jupiter and the mean motions of the asteroids; there is
a range of values in the neighborhood of this ratio (Contopoulos 1963,
p. 9).

In the following chapter, the information gained in this chapter
will be put to use in the formulation of an appropriate nonlinear
coupled oscillator model which is capable of sharing appreciable energy,

and which is simple enough to be analytically tractable,
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CHAPTER 111

THE MODEL: A NONLINEAR COUPLED OSCILLATOR SYSTEM

CAPABLE OF COMPLETE ENERGY SHARING

According to the discussions of Chapter II, not all nonlinear
coupled oscillator systems are capable of sharing appreciable energy
among all modes. 1In order to share energy completely, an oscillator
system must have frequencies which satisfy certain tuning conditions,
which in general depend upon the coupling strength for the particular
system,

The primary aim of this investigation is to formulate and analyze
a simple but representative nonlinear coupled oscillator system which is
capable of complete energy sharing. The experience gained in Chapter II
will be of considerable value in the choice of such a model.

In the first section of this chapter, the particular nonlinear
coupled oscillator system which has been chosen for extensive further
analysis in this thesis will be formulated. This model is capable of
complete energy sharing for any strength of coupling. In the second
section, the significance of the corresponding couplings in particle
co-ordinates for this model will be discussed, since the model is formu-
lated in harmonic¢ normal mode variables, The final section will briefly
review some other nonlinear models which are capable of complete energy

sharing.
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Formulation of the Model

As discussed in the introductory remarks of Chapter II, for pur-
poses of simplicity one-dimensional models will be used in this thesis
for purposes of illustrating characteristics and methods of analysis for
various coupled oscillator systems.,

In the spirit of this desire for simplicity, a very simple nonlinear
coupled oscillator system which is capable of complete energy sharing will
be chosen for further study.

The particular one-dimensional model which will be given extensive
further analysis in this thesis is the exactly=-tuned cubic-coupled non-

linear oscillator system governed by a hamiltonian of the form

N
H=3=( - (1)
=z k2 4 (Up2 4-0(.3 ZC ik
NP o FE k.
This hamiltonian is the same as that appearing in Equation (14) of

Chapter II, except that the relatively untuned set of "FPU-type" uncoupled

harmonic normal mode frequencies appearing there has been replaced by the

exactly-tuned set

(2)

Wi = kw =

CNH) /

given in Chapter II by Equation (69). For the sake of maintaining some
generality in the analysis of this system, the explicit forms of the
coupling coefficients, Cijk in Equation (1), will not be specified
until the computer studies of Chapter VII.

The model specified by Equation (1) is not meant to represent any
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particular physical system. Rather, it has been designed to emphasize
the feature of tuned frequencies in a moderately simple system. Because
the frequencies of this model are exactly tuned, this system is capable
of sharing appreciable energy among all of its modes for an arbitrarily
small total coupling energy, according to the tuning studies of Chapter
II. That is, there is zero detuning of the frequencies of this system,
so that the system is capable of substantial energy sharing for any
strength of coupling.

As will be discussed in Chapter 1V, the available approximation
schemes for solving nonlinear coupled oscillator systems which are cap-
able of complete energy sharing are least effective when strong internal
resonances are present in the systems. The model chosen here exhibits
the strongest possible internal resonances, due to its exact tuning., It
is felt that if a successful analytic method of solution can be developed
for this simple but extreme case, then this will give considerable
insight into the solution of more complicated three-dimensional nonlinear
physically realistic systems, in which the tuning relations are more
general.

Much of the remainder of this thesis will be devoted to analysis
of the model formulated here. However, it is intended that the general
methods of analysis developed in terms of this model will find appli-
cation to other types of nonlinear coupled oscillator systems as well.

Since the system defined in Equation (1) is specified in terms of
harmonic normal mode variables, some discussion of the corresponding
particle couplings is relevant. This discussion is given in the follow-

ing section.
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Couplings in Particle Co-ordinates

A set of nearest-neighbor linear coupling forces between parti-
cles in the perfect harmonic system specified by Equation (2) in Chapter
II produces the set of harmonic normal mode frequencies, "FPU" fre-
quencies, given by

RO
Wk = Z.S\Y\E‘%m/ (3)
which is Equation (6) of Chapter II.

This set of frequencies is not very well tuned, and does not
promote appreciable energy sharing. When the set of frequencies given
by Equation (3) is replaced by the exactly-tuned set given in Equation
(2) of this chapter, some corresponding modifications of the particle
model are necessary.

There are several cases. In the case of a crystal lattice model,
the masses of all of the particles are to be maintained equal, which
requires in particle co-ordinates that the set of nearest-neighbor linear
coupling forces between particles be replaced by another set of linear
forces. These new linear forces are likely to be longer in range. In
another case, that of a chemical molecule particle model, varying the
harmonic normal mode frequencies corresponds to varying the masses of
the particles and maintaining the same linear nearest-neighbor couplings.

The crystal lattice model is of particular interest. Although
the one-dimensional system specified by Equation (1) is physically
artificial, information about its particle couplings may lend insight into
the actual particle couplings present in physically realistic three-

dimensional systems.
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The details of the tuning procedure for a crystal lattice
particle model are as follows. Starting with a simple FPU-type nearest-

neighbor coupled system governed by

N N
H== P+t 2 Qu-QP-nbZ @) @

k=1 k=0

a transformation to the harmonic normal mode representation is made,

according to

N

NFD) 7

so that the hamiltonian becomes

T
I
e

Mz:
Ve
<
™
.‘-
E
3
Y,
|
R
wH
(>

' ) (6)
k%b&) %k,
in which the harmonic normal mode frequencies are given by

tu)h_== :Z S\P\:JESLJ) (7)

This set of frequencies is not tuned very well, so it is replaced by

the exactly-tuned set

B
Ok = Z NFD - )

The problem is to determine a set of linear couplings between

particles, which corresponds to this tuned set of frequencies.
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One (but by no means the only) solution is supplied by appli-
cation of the inverse of the transformation given by Equation (5) to the

tuned hamiltonian, Equation (6). Application of the transformation

N
+.= é GﬂzQL/ Ot~ (’Kl?—ﬁi* Sin %\E{)‘/ )

to the hamiltonian of Equation (6) gives a particle hamiltonian of the

form

N 2 N | N
H:%é?k +-,‘;§ B‘O Q"Qj"*%é(&b\—l*ﬁlh}:ﬁ/ (10)
in which the coefficients Bij are of a form such that the coupling
forces are fairly long in range, as will be seen. Note that the cubic
coupling term, the nonlinear portion of the original hamiltonian, has
not been altered by tuning of the harmonic normal mode frequencies.

The calculation of the coefficients Bij in Equation (10) have
been performed for a five-particle system. The results are most con-
veniently presented in terms of the equations of motion of the nearest-
neighbor "FPU" particle system and the new "tuned" particle system cor-

responding to Equation (10):

FPU System
. ™ r R

Q -2,00 1,00 0.00 0.00 0,00 Q,

62 1,00 -2,00 1,00 0.00  0.00 Q,

63 = 0,00 1.00 -2,00 1,00 0.00 Q, (11)
64 0,00 0.00 1.00 -2.00 1.00 Q,

Qs 0.00 0.00 0.00 1.00 -2.00 Qg

L2 L 4 L°d
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Tuned System

oe ™) ™ ™ hn

Ql -1063 1003 "0021 0007 "0003 FQ].

"2 1,03 -1.84 1.11 -0.24  0.07 Q,

63 = |-0.21 1.11  -1.87 1.11 -0.21 Q, (12)
64 0.07 -0.24 1,11  -1.84 1.03| |Q,

Q -0.03 0,07 -0,21 1.03  -1.63 Q

....5... — -J . 5—4

Note that the elements of the force-coefficient matrix for the
tuned system alternate in sign, and decrease in magnitude fairly rapidly
off the main diagonal. This result is remindiscent of a one-dimensional
ionic crystal in which long-range forces act. The first row equation of

motion, for example, may be interpreted as

00

L = -0.76 (Q) - Q) (13)

nearest-neighbor forces
-1.03 (Q1 - Q

+0.21 (Q1 - Q) second-neighbaor force
-0,07 (Ql - Q4) third-neighbor force

+0.03 (Q1 - Q fourth-neighbor force

-0.01 (Q1 - Qé) fifth-neighbor force

with similar interpretations for the other equations of motion, given
by the other rows of Equation (12).

The combination of long-range interaction forces and fixed-end
boundary conditions for a system of few particles, such as the example
of the five-particle system, causes the end terms of the main diagonal
to be smaller in magnitude than the central terms. In a system of many

particles, boundary conditions should have less effect, and the main
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diagonal terms should approach a magnitude of 2,00 as in the FPU sys-
tem. Such a trend is observed in similar computations for N = 10 and
N = 15,

Studies of these slightly larger systems indicate that the couplings
are fairly long range in this type of system. For example, the ratio of
tenth-neighbor forces to nearest-neighbor forces is about 0.005. Thus the
forces decrease at a rate which is slightly greater than r-2, where r
is the interaction distance.

Three comments may be made with regard to the effect which tuning
the harmonic normal mode. frequencies has on the linear couplings between
particles.

First, it is possible that these tuned systems might have been
constructed in a direct fashion from basic physical considerations,

I1f a one-dimensional model of an ionic crystal (alternating signs) were
to be constructed, with long-range interaction forces diminishing as

r-2, then a particle system with linear couplings very similar to those
obtained here by hindsight would have been chosen for investigation. A
transformation to harmonic normal modes would then have produced a set
of frequencies not too different from the tuned set chosen here to pro-
duce strong resonances. The model constructed in the direct manner
described would have shared considerable energy and would have been
physically more realistic than, say, the FPU systems. It may be that once
a better experimental knowledge of the force coefficients present in an
actual crystal lattice is available, the insight into the relationship
between long-range couplings and tuned frequencies (hence energy sharing)

which has been gained here will be of use in the "direct" construction
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of three-dimensional mathematical models for crystal lattices.
Second, the introduction of long-range linear particle inter-

actions as prescribed by hindsight produces an exactly commensurable

set of harmonic normal mode frequencies in the one-dimensional model,

This implies a dispersionless medium, because the group velocity,

Ne = ow(k) (14)

ok

is the same for all modes (phonons). This emphasizes the artificial
nature of the oneﬁdimensional model chosen here. Such a lack of dis-
persion is generally found only in continuous media, such as for example
the uniform vibrating string. A system of discrete masses, even if
infinite, generally displays dispersion. But the present result implies
that the special set of long-range couplings found here is equivalent to
a continuity or smearing-out of the discrete masses actually involved.

Third, the introduction of a particle system with long-range linear
interactions is not necessarily the only means by which a tuned harmonic
normal mode system can be obtained. There are other particle couplings
which, when transformed, produce tuned frequencies. The long-range
interaction interpretation was introduced only because it seems appropri-
ate in an application to crystal lattice vibrations. It may well be true
that long-range interactions are not important in crystal lattice phe-
nomena; the work of Peierls (1956) indicates, for example, that the exist-
ence of transverse as well as longitudinal phonons in three-dimensional
lattices provides the necessary internal resonances via interactions
involving both longitudinal and transverse phonons, without the need for

any tuning of the frequencies,
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Bearing in mind these acknowledged shortcomings, it is never-
theless of some interest to use some typical values of physical param-
eters in the one-dimensional cubic-coupled model, in order to determine
the order of magnitude of such characteristics as linear thermal expansion
and the strength of coupling at various temperatures for this model. These
characteristics are associated with the presence of the cubic anharmonic
term in the potential, and have little to do with whether the harmonic
normal mode frequencies are tuned or not.

The exact details of interatomic potentials are complicated. The
work of Peierls (1929, 1956) and Ziman (1960) suggests that only cubic
anharmonic terms are of importance in the explanation of many nonlinear
physical crystal phenomena, except perhaps at very high temperatures.

The particle model discussed in this section may be represented as
a one-dimensional lattice of mass points separated by lattice constant floe
If this model is "tuned," then there will be long-range forces as well as
nearest-neighbor forcesj but the nearest-neighbor forces are the strong-
est, and will be the only ones considered in what follows,

A typical nearest-neighbor interaction between particles con-
sists of linear and quadratic forces, so that the corresponding pair-
potential well consists of quadratic and cubic terms, as illustrated
in Figure 12. The dissociation energy per particle is characterized
by D in Figure 12,

Dissociation is possible (although extremely improbable in large
systems) in any system in which the total energy of the system, the
hamiltonian H, exceeds D, Here the probability of dissociation is

related to the probability of energy distributions in which only a few
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Figure 12, Typical Nearest-Neighbor

Pair-Potential Well.
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particles have a large fraction of the total energy of the system. Thus
dissociation is much more likely in a system which is capable of complete
energy sharing than in one which is not, because the distribution of
energy among the particles is continually changing in an energy-sharing
system,

The above remarks are more relevant to small systems than to large
ones. For large systems, dissociation is not likely until the total
energy per particle, H/N, 1is of the order of D.

The strength of the cubic interaction in this model may be speci~
fied in terms of the typical dissociation energy D, and the typical

dissociation distance T which will be assumed here to be one-half

D,
the lattice constant XLO for this model. The cubic potential wells

are given by

N(r) = brz—cr3-D, (15)

where r 1is the pair separation (Qk+1 - Qk), with the two conditions

Vi) =0 and S| —¢ 08)
dr ro

For a typical lattice, assume the values

D=1x |O"‘BJ’au|e, ,Q.o=4-x 1071° meter, (17)

Then the force coefficients in Equation (15) are

b= IZ% = 7.5x10" jovle/meterz (18)

ad c= |6 3%3 Z.Ex\o"Joulz/M&era.

i
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The typical Debye temperature for a crystal is 9D =~ 200° K. Assuming

classical statistics above this temperature,

{E) = bdrzy —cdr3) ~ kT. (19)

At room temperature, T = 300° K or kT ~ 4x10-21 joule,

the average interaction distance is

Lry ~ % 2~ 0,7 % 107" meter, (20)

as calculated from Equation (19). Thus for this model the ratio of

the cubic coupling energy to the quadratic coupling energy is about 0,04
at room temperature., This system is weakly coupled, according to the
criterion set up in Chapter II. The temperature corresponding to the
ratio 0.1, which was arbitrarily set in Chapter II as the upper bound

defining systems with weak coupling strength, is
T ® 4000° K . (21)

The linear thermal expansion associated with this model may be

calculated from the expression

ry= 2kT 'Ei a 4,Ex|o7l6T (22)

for the average value of r at moderate temperatures, where T is the
absolute temperature. This expression is derived by Kittel (1956, p.
152), and has already been introduced as Equation (17) in Chapter I.

The corresponding expression for linear thermal expansion B is

Sr =S (HAT) = L+ <>, (=)
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so that for the parameters used in this model,

r ¢ _|
ﬁ“’:‘ «<> 2z | x 076 T (24)
'_O(\T *
The actual values of B for most materials range from 1 ><10-6 to

30 xlO-6 per degree Kelvin, so that the quantity of thermal expansion
exhibited by this model is of approximately the correct order,

In this section, the couplings between particles for the exactly-
tuned nonlinear model specified in Equation (1) of this chapter have been
investigated. A one-dimensional ionic crystal has been suggested as one
possible interpretation. Using some typical crystal lattice parameters,
the strength of coupling and thermal expansion exhibited by the cubic-
coupled particle system have been calculated. For moderate temperatures,
this crystal lattice model is weakly coupled, in the sense defined in
Chapter II, and possesses a reasonable thermal expansion property.

In the following section, brief mention will be made of some

other nonlinear systems which are capable of complete energy sharing.

Other Energy-Sharing Nonlinear Models

In addition to the original simple systems studied by the group
of Fermi, Pasta and Ulam, there have been several other types of non-
linear systems which have received recent attention. Most of these are
capable of complete energy sharing among all modes.

Jackson (1963b) has made a preliminary investigation of the
effect of imperfections on energy sharing in the FPU cubic-coupled sys-
tems. The coupling parameters were made different for different coupling

terms in an N =3 system, so as to enhance the participation of certain
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modes, The result was a small but not significant change in the extent
of energy sharing.

Zabusky (1962) has studied in detail the finite string which is
obtained from the cubic-coupled FPU system by taking the limit as N> o,
The linear spring constants, inverses of the particle masses, and
coupling parameter are all taken to be proportional to N in Zabusky's
model, so that the frequency spectrum remains discrete. A method of
analysis which provides a solution which is good up to a certain break-
down time is presented. In a more recent paper (Kruskal and Zabusky 1964)
the method is improved by the inclusion of higher derivatives.

Northcote and Potts (1963) have formulated a hard sphere model
(one-dimensional) which is calculationally very simple and yet which
displays complete energy sharing. This is accomplished by adding a very
highly nonlinear interaction term to the basic linear system, in such a
manner as to produce elastic collisions when two particles approach within
a given distance of each other.

Perhaps the most fruitful approach is that taken by Prigogine
(1962) and co-workers, in which the infinite string is obtained by keep-
ing the linear spring constants, particle masses, and coupling parameter
constant and taking the limit as N-=>e, In this case there are infin-
itely many discrete frequencies, making available myriad internal
resonances. The same sort of approach is taken by Peierls (1956), with
regard to crystal lattice studies.

In this chapter, the exactly-tuned nonlinear coupled oscillator
system which will be studied extensively in the remainder of this thesis

has been formulated. Some discussion of the corresponding particle
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couplings for this model has been given, and some of the other nonlinear
energy-sharing systems which appear in the literature have been mentioned
briefly.

In the next chapter, some of the available methods of solution of
nonlinear coupled oscillator systems will be applied to the model formu-

lated in this chapter.
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CHAPTER 1V

AVAILABLE PERTURBATION METHODS

FOR NONLINEAR COUPLED OSCILLATOR SYSTEMS

Some presently available perturbation methods which are generally
useful in the solution of systems of oscillators coupled by nonlinear
forces will be illustrated in this chapter. These methods are found to
be adequate in dealing with untuned systems, but encounter difficulties
characterized by the appearance of "small divisors" when applied to
tuned systems. This is a serious shortcoming in an investigation of
energy-sharing oscillator systems, which are necessarily tuned systems.
The problem of small divisors is most severe for an exactly-tuned model
such as that formulated in the last chapter, as will be seen.

The problem of small divisors has already been hinted at in the
action-angle formalism which was presented in Chapter II. In the first
section of the present chapter, the manner in which small divisors appear
in a simple series solution in position-momentum variables will be illus-
trated in detail. The second section will present the Krylov-Bogoliubov
method of dealing with the small divisors problem. This method is pro-
hibitively complicated for nonlinear systems of many coupled oscillators,
and so in the last section a rather simple yet effective scheme, adapted
from the Wigner-Brillouin perturbation method in quantum mechanics, will

be illustrated.
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Series Solution in Secular Terms

The fact that the nonlinear forces which couple the oscillators
are weak in many physically meaningful cases, such as those discussed
in Chapter I, leads naturally to the application of perturbation methods
to nonlinear coupled oscillator systems. In most of the presently avail-
able perturbation schemes, the small coupling parameter a 1is used as
the expansion parameter for power series representations of positions
and momenta.

The principal difficulty encountered by such schemes is the
appearance of terms with small divisors in the power series expansions,

A certain number of such terms appear automatically in some higher order
for any coupled oscillator system; additional terms with small divisors
appear if the system is tuned.

These terms with small divisors are actually contributions to the
terms which are of zeroth order in the expansion parameter a. As will
be seen in the last two sections of this chapter, the main task of the
established perturbation methods is to choose the zeroth-order term cor-
rectly, so that terms with small divisors do not appear in higher orders.

In this section, a simple-minded approach to the solution of the
equations of motion of a nonlinear coupled oscillator system with arbi-
trary frequencies will be taken. The results of this sort of approach
will point out very clearly the need for more refined methods of solu-
tion.

For simplicity, the following method and others to be presented in
this chapter will be discussed in terms of their application to a two-

oscillator nonlinear system. These discussions of two-oscillator
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examples will contain all the essential features of applications to more

general systems,

The nonlinear system chosen for the examples is governed by the

hamiltonian

H=% 2+P21+wﬁgrﬁ+co£‘g£‘)-oé-vl-,:(g@z-gzs)/ (1)

which is Equation (51) of Chapter II. The frequencies w, and w,
will be taken as free parameters in Equation (1), unless otherwise speci-

fied. The equations of motion are
&= —wPg +xlZg g, (2a)
m -wotge t i (57 %2),

Perhaps the simplest approach to take in solving Equations (2) is
the following. The solution to these equations when there is no coupling

between the oscillators (a = 0) is of the form

o = A cos (opt +0y), (3)

where the A, and the ©,  are constants to be fixed by the initial

k k

conditions. To find the general solution of Equations (2) when a # O,

assume a solution of the form

% = Al cos (ot + 61 -\—%ﬂ%g_, ()

This assumed form allows for no modification of the general solution
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in zeroth order, due to the nonzero coupling. (Also, the power series
expansion in a does not explicitly show that the correct expansion
parameter for the cubic nonlinear system is the coupling strength

Cs & aA, where A 1is the average amplitude of the oscillations for a
given set of initial conditions, rather than a alone, But this is not
particularly important.)

To second order in a, writing T ® ukt + Ok, let
— T 2 (5a)

%= Az costz + X g2y + 06*G2a., (36)

Substitution of Equations (5) into Equations (2) yields

(@f-wA cos T+ { G+ 0028y~ Z g0 820 (6a)
+°‘z{ .?lz +0* 82~ UZ(?\o@zl ~% ?@)i =0,

(6b)

(wF-w)Azcos, +% {gﬂ +U 8oy — J‘E(ng_ 3343-) ?
+°(z{ %zz*fwf’ %2~ UE(%uo G —3%, ?1|)'§ =0,

where ?10 = A1 cos T, and %20 = A2 oS Tyo
Equate to zero the coefficients of the respective powers of «a
in Equations (6). The zeroth-order equations are identically satisfied.

The first-order equations are

.?.‘u er.’i—?u = 0‘-—5_—/:“ A, cos ('t‘,,,+t\) + TrLi A\ A, cos @«4,?:')/, (7a)



[ X ] ( 7b)
o + 0 Gy = i (AE3AD) 4305 Aivos 2t~ s 22

The solution of Equation (7) for all values of Wy and Wy

except the exactly-tuned case W, = 2w1 (discussed later in this sec-

tion) is

_Abscos(t-t) | Abicos(t-t) (8a)
O i (wral] T Tz (0 (w0

(8Db)

_ (AZ-3A2) N A2coszt 3AZ cos2e
&= 202 co.* 20Z (w2-4wz] 2z (wr—4w?]"

Substitution of this first-order solution into the second-order

equations from Equations (6) yields

(AZ-3A2) A cos) A A8 ces z,
Zw* 4w 4w

+ Als cos 3t| _ 3A’| A":-CDS (’tr"?ﬁl)_
w2~ 4w?) 4L o> ]

- 3A!AZ-COSCCL"Z:§Q 4 A’\A]:_COS*E:\
4 [w2 - 40,2 2 ot —(w e, ) =)

+ AhFos(mrey) | AAS costy
2wz —(w+w)*]  2{or-(o-w)]

_+./LIA£?CD5(jﬁ'4ZTﬁ;) .
ELEQOF“-(hUV'Cozazi] /

.‘é’lz"' W %z = (92)
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v o Ay Al Azcor(254)
taa W0 250 = 2 (- (o +02 )] +z[;).1—(w.+wz)‘] ”

Av|z’A7_ coS T2 A7'A7_ cos (2:!:,—'&1)_
¥ 2wr - (-] t2 [‘co{‘- ~ (- )*]

_ 2(A=342) Aacosty _ BATA cos(z-1,)
208,% 4'[}D£L"4fuﬁ{]

_ 3APAs cos(2Tity) OA>costa | OA2 cos 3t
4(e0z2 — 4o ] ¥ 4L~ doo* * a4,

Integration of second-order Equations (9) will produce terms
which are proportional to t 5ﬁr\1k in Qoo arising from the cos Ty
terms. Such terms are called secular terms, from early celestial per-
turbation theory. A truncated series expansion in which secular terms
appear is inadmissible as a form for the general solution q for the
secular terms are unbounded and aperiodic, whereas the q are known to
be bounded and multiply periodic,

For the particular nonlinear system considered here, secular
terms appear in second and higher even orders of a for all values of
W, and w,. Additional secular terms will appear in first order if the

2

system is exactly tuned, that is, if w, = 2w

5 This may be seen from

10

Equations (8), where for w, = 2w

2 1’

cos(%-) = s T, in E?ua}ror\ (8a.) , (10a)

a.V\A oS 2T = s Ty in E?Ua.-‘-t\oy\ CBL). (10b)

Other similar tuning effects will produce additional secular

terms in various higher orders. For example, if Wy = Wy then there
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will be additional secular terms produced by the integration of second-
order Equations (9).

The appearance of secular terms as such is not crucial; the more
important general effect is the appearance of terms with small divisors
in the éolutiono

To see this, consider the example of a single ordinary differ-
ential equation of the form

(11)

- Fwrg = A% cos (wts)t,

which is typical of Equations (7) or (9). Here A represents a sort
of typical amplitude of the oscillations, and s 1is a tuning parameter
such as was used in Chapter II. The general solution of Equation (11)

with initial conditions q(0) = A and §(0) = 0, for example, is

- _ %A ] L A* (12)
% - A [l sz—(MS)z] CDSO.J'E "l" Cw":(w+S)='] COS(O)“'S)‘E/
which is valid of s # 0. That portion of the right side which is con-

trolled by a will be important only if

[ -(wts)?] £ A, (13)

which is equivalent to the tuning condition given by Equation (64) in
Chapter 1I.

This shows that small divisors appear and make the coupling,
characterized by the right side of Equation (11), important in zeroth

order in the coupling parameter a for any tuned system, that is, for
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any system satisfying the condition given in Equation (13). The coupling
parameter alone is not adequate for the right side of Equation (13); the
"typical amplitude" of the oscillations must also be included.

Secular terms are just a special form of terms with small divisors,
which appear in the solution, Equation (12), in the limit as the tuning

parameter approaches zero:

, | —cosst
g\_\!y'v:) g = ACOSU)’(: — tAcoswt s‘-‘l“o &wif?::-t—s)’-‘_] (14)

: , ~_sinst
+ o A% sinest sl-\-"é |E\ws‘_s)z.j

A cos wt + -L%As‘t sinort.

I

The last part of Equation (14) is the solution which would be obtained
from Equation (11) if tuning parameter s were set equal to zero to
begin with.

Thus although the appearance of secular terms in the solutions of
exactly-tuned systems is rather spectacularly inadmissible, it is only
a special case of a more general inadmissibility of terms which have
small divisors, a situation which occurs any time the present "simple-
minded" approach is applied to tuned coupled oscillator systems.

In this section, it has been shown how smali divisors appear when
a perturbation expansion is tried in which the zeroth-order term of the
general solution is assumed to be exactly the solution of the uncoupled
system. Small divisors appear in second and higher even orders for all
choices of the frequencies, in the example illustrated, in the severe

form of secular terms. Additional small divisors appear in all orders
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for tuned systems, in the form of secular terms if the systems are exactly
tuned,

A truncated series solution containing secular terms is of no use
as a general solution valid for all time. Only if the series could be
summed to eliminate secular terms, would this form be of much value. But
the summation of the series is a prohibitively difficult task. Therefore,
it is necessary to find a better method of solution.

In particular, it is necessary to develop a better means of deter-
mining the zeroth-order terms about which the perturbation expansion is
made. The last two sections of this chapter present some available methods

which do this.

Method of Krylov-Bogoliubov (KB)

Krylov and Bogoliubov (1947) observe that the result of summing
the series of secular terms which arise in the method just described, is
in general to alter the amplitude and frequency of the zeroth-order term
in the trial solution, Equation (4) of the previous section.

In order to provide for amplitude and frequency modulation, KB

suggest that a power series solution of the form

%= ApcosTy & évﬁﬁ 20 (A, ) (1)

should be assumed, where the amplitudes and frequencies are functions of

time specified by the differential equations

A= = 8 e
Ak ,Q%DL AM(AJ/’C:)); (16a)
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Tk

o
j) o, (16b)
k. + éx ey (Ay, ),

and the 9.9 are periodic functions of each of the Tjo

The solution proceeds formally as follows. The assumed series
solutions, Equations (15), are substituted into the equations of motion,
Equation (2) in the case of the two-oscillator nonlinear system. The
coefficient of each power of a 1is equated to zero, which leads to a
system of differential equations which can formally be solved for the
q g @s functions of the AQ and tj. The Akﬂ. and We of Equations
(16) are determined as functions of the Ag and T at each step so
as to eliminate secular terms.

Formally, it is then possible to solve the resulting system of
coupled differential equations, Equations (16), to obtain the Ak and
the T, 38s functions of time,

However, for nonlinear systems, the solution of the systems of
coupled nonlinear differential equations, Equations (16), may be just as
difficult as solution of the original problem. Therefore, the method of
KB in its full generality is not very practical as a general method for
the solution of many-particle nonlinear oscillator systems.

At best, a restricted version of the KB method, in which only
frequency modulation is employed, may be used to give qualitative results
for a fairly sharply-tuned system. As an example, Ford (1961) uses this
method to analyze the N =31 FPU system, obtaining most of the essential
features of the exact solution.

In this section, the Krylov-Bogoliubov perturbation method and its



104

application to a nonlinear coupled oscillator system have been discussed
briefly., The formalism involved in this application is in general prohibi-
tively difficult, although it must be mentioned that the KB method has
been quite successful in extensive applications in other fields of physics
and engineering. As an alternative to the KB scheme, another more recent

method will be presented in the following section.

Method of Wigner-Brillouin (WB)

A much simpler method than that of Krylov-Bogoliubov for the
elimination of secular terms in the solutions of nonlinear coupled
oscillator systems is a classical version of the Wigner-Brillouin
perturbation method in quantum mechanics (Brueckner 1959)., An adapta-
tion of this method was first applied to fairly sharply-tuned'FPU
nonlinear systems by Jackson (1963a, 1963b) with considerable success.

The WB method involves only frequency shifts to eliminate secular
terms. The computations involve generally algebraic rather than differ-
ential equations, which is a considerable advantage in nonlinear cases.
The results of the method can be placed in a form such that the relation-
ship between tuning and energy sharing is easily discussed without the
need for a complete algebraic solution,

As an illustration, the WB method will be applied to the two-
oscillator nonlinear system of Equations (1) and (2). This example will
display all the essential features of more general applications.

To second order in a, assume a general solution of the form

%\ = A| COSAQ + D(?v" +°<’2?'|Z/' (l7a)
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%2 = Az costat 8y + g0z, (17b)

where T, = Qlt + 61, T, = ta + 92, and where Q. and Q. are

1 2

unknown frequencies to be determined,

Substitution of Equatiéns (17) into the equations of motion,

Equations (2), yields

(wE-507) A cosT +& {'g',n -\—wl?-g," --l}'igu> %20 (18a)
HE L Gt 0 g 2 (g~ gan)§ = O

(OU;:?'— SZ.:)ALCOS'CZ +«£ {%ﬂ +wfg,z| - 'j\‘—i-(%l’o‘ —3?2:‘)} (18b)
+ ] Baa 22 V2 (G- Bp0)f= O,
where ?'10 = A} cos T, and ?—20 = A, cos T, Equations (18) are
identical with Equations (6) except for the replacement of W by Q
in the zeroth-order coefficients and in the Ty
Equate to zero the coefficients of the respective powers of a

in Equations (18). The first-order and the second-order equations are
exactly the same as those obtained for the two-oscillator system in the
first section of this chapter, except that Qk replaces uk in the Ty

Integration of the first-order equations, Equations (7), without

specification of whether the system is tuned or not, results formally in

?” _ Al AzCOS('t;L'\”tI) 4 A|A7_ Cas(n’ttl , (19a)
ZI0r -+ 2] T B e (-2)F] 7
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%7":__ (A 3AZ) 'AI"CDSZtl 3A2C052t'z (19b)
AZ w* | 2B [wr4aF)  DRlwidng]

If the system is tuned, then W, ® 2“1 and some of the denominators in
Equations (19) may be smallj this situation will be considered later in
this section.

Substitution of this first-order solution into the second~order

equations from Equations (18) yields

w g — (ABAR)Acs | APeesr (20a)
Frtol g = 2we* ++Ew£'-— ]

L APcos3T_ _ BAAZws(+25)
Hr—402] 4+l - 40,27
Y .% coscta"_ﬁl Alé‘twt =
4{%0‘,_3- 48.,%7] J"Z-[w\“- (ﬂﬁ—j&aﬂ

AAZFodtizy) | Ahress | hhZoslu2t) |
2[wt-(2+02)%] 7 2{o® ()] T 2{we- (&.—le)z] /

. AFAz cost, Atz cos 2 +%) (20b)
Fe2 + Goa = z[w. (2, +~9-z.)2] zﬁw\ﬂ-f%imm)”] 2

y AP s + MrA cos(20-1)
2{wr-(9,-Y]) T 2{wr-(2,-02.)%]

_ 3AERADA; coste. _ BAA, cos(2m-t
sz. 4— Ew;_" - 4‘&212]

_ 3A% A_;COS(Z'C.-\—P;,_)_ 9Af cos T 42 cos 3%
2lor—dam] T Hwedor] T Fardnz] -

+
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The terms involving cos T, in Equation (20a) and the terms
involving cos T, in Equation (20b) must be eliminated, since they will
lead to secular terms upon integration of Equations (20).

The principal features of the WB method is that the zeroth-order
terms in Equations (18) are set up specifically for the purpose of
eliminating from higher orders those terms which produce secular terms
upon integration. The cos T terms of Equation (20a) are grouped with
the cos ™ zeroth-order term in Equation (18a); the cos T, terms of
Equation (20b) are grouped with the cos T, zeroth-order term in Equa-
tion (18b).

The frequencies Ql and 92 are determined by equating the
coefficients of the zeroth-order terms in Equations (18) to zero. The

result is

2 __ 2 2 (A - SAZQ’) A > a
+ A£ ..\.. Aa'z +
N R

/xﬂ.
N2 = w22 { 2(wr _](a\ +2.)%]

A* _ 3(AF-3A%)
4-21[ﬂﬁz“-(;1r+ﬂlijlj éaéq{Fzz

A

¥ e :&z‘] g

(21b)
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Now that those terms which, upon integration, produce secular
terms have been eliminated from the second-order Equations (20), the
latter equations may be integrated.

The general solution of the two-oscillator nonlinear system by the

WB method, correct to order a2, is then

(22a)

_ - A‘lAz cos (G+1)
% = AcosTi -« {U’Ew. (i) +\EB'-’|" (- Jz;)‘]}

pyzd _APoos3h 3AAZ s (132g)
HordoFwron?] ~ Ali-402)wr- (2420, F]
_ _3AAFeos(-2)
4wz 402 [wr-(2-29.)%]
A A% ces (T +21)
2[wik (R4 o)) (o= (2-2.0,)7]
+ Ay Az cos (T, - 'Z-'C?.) .
ZDU\" (ﬂ-\‘ﬂn‘)?'] [ — (20, %) }/‘

(A*-3A%) AZcos 2
82. Azcos?:;_ xi?.ﬁ"wq. 4.__2% (22b)

— EBA@;SDSZECL
20z (w>-402)
+°LQ_{ AFA2®8(EQ+%)
2w (o)) (-2 +2a )
+ Al A?.CQS QZ'L\ Lz-)
2 [we-(U- Qe - (2-2 )]
-— 33A411§31005(21Hf'L2)
4w 407) - (20r% )]
3A\‘Azws(1n+'6») + 9A7_ cos 3%
H AT (w2 2ot | Hee-doR)wrsai] )
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The overall accomplishment of the WB perturbation scheme is a
conversion of the nonlinear differential equations problem of solving
Equations (18) into the nonlinear algebraic problem of solving Equations
(21) for the perturbed frequencies Q and Q. In fact, Equations (22)
may be used to discuss energy sharing immediately, without need for an
exact solution of Equations (21) for Q, and Q.

An examination of Equations (21) shows that a good approximate
solution to order a2 is obtained by setting Ql =Wy and 92 = Wy in
all the denominators on the right side. Provided that none of these
denominators is less than aA in magnitude, where A 1is a typical
amplitude, Equations (22) show that for small aA, ?1 = Al cos Ty and
?2 = A2 cos T,. In this case the oscillators move almost as if uncoupled
(except for the small frequency shift) and no appreciable exchange of
energy between oscillators occurs,

To study the effect of tuning the frequencies using this formalism,

examine the approximation in Equation (2la) for Q:

arcarrefB o o
Ik:z

2 [~ +w))*)

+ A g
2 % —(wo - w))*]
Small denominators will occur only if |2uw, - w,| £ @A. The same con-
clusion is reached from an examination of Equation (21b).
If 12(.;1 - w2| % aA, the threshold of tuning, then the exact

solution of Equations (21) is of the form
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_Q| —:a)'-"OLA-‘—Hl ; (24a)
0, = w, +As ., (24b)

As a consequence, some of the terms of order aA 1in the general solu-
tion, Equations (22), have denominators of order aA and become zeroth-

order terms: for example,

_‘f_é_\ A'z. ces (- 'tl)
VZ Lot - (-1 )*]

2 A cos (-1, (25)

This modification to the zeroth-order term means that appreciable
energy sharing will occur in this system.
If 2w, 1is not of the order of w,, then from Equations (21)

the frequency shifts are of order (aA)2:

‘(Zl = w\ + (&'A>z+ no// (26a)

S, = ot (A4 00, (26b)

An examination of the general solution, Equations (22), now shows that
no first-order terms can have denominators of order aA. Among the
second-order terms, denominators of order (aA)2 can occur only if

W) =W, § (aA)Q, a sharper tuning condition than that provided in
first order. Thus this system should exhibit energy sharing independent

of a for the frequencies = w), as well as when Wy = 2ul. The

.
amount of energy sharing when Wy, = W) may not be appreciable, however,

since this is a higher-order resonance.,
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To order a2, the two sets of tuned frequencies discussed above
are the only two which can be found for this system. All the general
conclusions obtained in Chapter II using action-angle formalism are
included in the results of this WB formalism. In fact, the WB method
has provided more extensive results and displays considerable mathematical
simplicity in doing it.

Until now in this discussion, the WB method, which is the best
perturbation method for nonlinear coupled oscillator systems now avail-
able, has been used only to eliminate those secular terms which arise in
second and higher even orders of a for any choice of Wy and Wy The
tuned sets of frequencies which make possible appreciable energy sharing
have been identified. But t%e WB method has not yet been used to deal
with an exactly-tuned system, such as the model formulated in Chapter
II1 as the system of prime interest in the remainder of this thesis.

In order to analyze the exactly-tuned system using the WB method,
consider the solution of Equations (2) when Wy = ;e Substitution of
the trial solution, Equations (17), into Equations (2) results in Equa-

tions (18), as before. The first-order equations in a are Equations

(7):

.é’""'w't?'” = JU'z—'.Al Ao cos(+t) "'TlFEAi hoste-v); ™

%r-l + Wi e = z'{g (A."—BAZ') -l-?;{ri A cos 2T, (7b)

_ 3A*
s Cos2T, .
Since (T2 - Tl) =7 + aAt and 271 =T, + aAt, integration of the
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cos (12 - Tl) term in Equation (7a) and integration of the cos 2ty
term in Equation (7b) will lead to terms haviné small divisors.

It is not particularly clear how these terms should be treated
in general in the WB formalism. They can be conveniently moved down to
zeroth order only if T, = 2¢1 is true exactly. This relation will be
found to be valid only for certain restricted sets of initial conditions,
which give rise to periodic solutions, as will be discussed in Chapter VI.

The WB perturbation scheme provides a simple and effective method
of dealing with the problem of the small divisors which automatically
arise in the solutions of untuned oscillator systems. This formalism
also provides a surprisingly good analysis of tuned systems, so long as
they are not too sharply tuned. Jackson (1963b) makes this observation
in the case of strongly-coupled FPU systems.,

However, the manner in which the WB method should be used to deal
with exactly-tuned systems, such as are of principal interest in this part
of the thesis, is not entirely clear in general. Apparently, contribu-
tions to zeroth order arise in all orders for an exactly-tuned system.

It has been indicated in this chapter that the better presently
available perturbation methods, such as the method of Wigner-Brillouin as
adapted by Jackson, are best suited to deal with systems which are other
than exactly tuneéd systems, the rest of this thesis will be an effort
to develop a different sort of perturbation scheme designed basically for
exactly-tuned systems. If insight into the solution of an exactly-tuned
system can be gained, then the solution of any system tuned to any degree

should be available in principle, using the exactly-tuned system solu-

tion as a zeroth-order solution and employing conventional perturbation
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methods with the tuning parameters playing the role of perturbation param-
eters,

This chapter has established the need for a better method of solu-
tion for exactly-tuned nonlinear coupled oscillator systems. In the
next chapter, various methods will be used to solve the comparatively
easy exactly-tuned linear coupled oscillator system introduced in Chapter
II. The experience gained in the analysis of the linear system in Chap-
ter V will be used as a guide in the analysis of the nonlinear coupled

oscillator system in Chapter VI,
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CHAPTER V

VARIOUS METHODS OF ANALYTIC SOLUTION FOR

LINEAR COUPLED OSCILLATOR SYSTEMS

In Equation (17) of Chapter II, a rather artificially constructed
system having linear couplings between adjacent harmonic normal modes was
introduced. This system was constructed in order to provide a system
which is easy to solve and yet which has many similarities both of
behavior and analysis to a nonlinear coupled oscillator system,

In this chapter, an exactly-tuned linear coupled oscillator
system of this sort will be solved by several different methods. The
experience gained in solving the linear system in this chapter will be
used as a guide in the analysis of more difficult exactly-tuned nonlinear
systems in Chapter VI.

In the first section of this chapter, a solution of the linear
system in its true normal modes will be illustrated, primarily for
reference. In the second section, a solution of an N=2 1linear system
by means of integratibn of the action-angle equations of motion will be
presented. The third section will introduce the use of a trial solution
for solving linear systems; the solutions of a given system and the
resonant system which corresponds to it will be compared, and a prescrip-
tion for the momenta of a resonant system will be presented. The final
section of this chapter will illustrate a method of general solution by

means of expansions about periodic‘solutions for the linear system.
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Solution in Normal Modes

Principally for purposes of comparison with the other solutions
to be obtained later in this chapter, the solution of the linear system
in terms of its true normal modes will be obtained in this section.

This method is of no value in the corresponding analysis of a nonlinear
system.

The example chosen for solution in this chapter is the two-oscil-

lator linear system governed by

H= %_(f.up}w@ua??z-) - %% %2, (1)

in which the equal frequencies, W) T W, T W, represent an exactly-
tuned set for this linear coupling, as was indicated in Chapter 1I.

The corresponding equations of motion are
L 1L J
2 3 ’ (23)
(o W o K@z,

fetege

Except as noted in the second section, the discussions of methods of

)

'o(?.. . (2b)

solution as illustrated by two-oscillator examples in this chapter will
contain all the essential features of applications to larger linear
coupled oscillator systems.

For any relatively simple system of linearly coupled particles,
a true normal mode solution can be obtained by the direct application
to the particle hamiltonian of a transformation which completely decouples

the system,
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The same result may be achieved in less direct fashion by first
applying a "harmonic normal mode" transformation to the particle hamil-
tonian to decouple that part of the system which remains when a = O,
and by then following this with a second transformation which completes
the decoupling of the entire system, including the coupling term con-
trolled by a.

In the present case, the latter two-step procedure is the more
convenient, because the first step has already been made, in that Equa-
tions (2) are formulated in harmonic normal mode variables,

The second step, the transformation which completes the decoupling

of Equations (2), is

0= Ui(&ju*ﬂ?-)} (22)
%2 = 5z (Yi-42), (o

and the true normal mode equations of motion are

gl + Gﬂ?’"“) ‘jl = O; (4a)

Uot (02 4) ya = O, (4b)

which are completely decoupled. The general harmonic normal mode

solution is therefore

2q = Cl Cos (S]-ft+ Q|) + CZ cos CSLZ-{-;-}. @2); (5a)
gz = Cieos(Rrt +6)) — Cp s (.D.,:l:-{-ez_)/ (5b)



117

1 1

2 2
where Q, = (W - a), Q, 17 Co»

92 are constants to be determined by the initial conditions. Note that

the effect of the coupling in this tuned case is to split the harmonic

= (w2 + a)2 , and where C ) and

1,

normal mode frequencies, so that Q, < w and 92 > w. This is typical

1
of larger linear systems, in which the frequencies are always split in
symmetric pairs. If the number of oscillators, N, 1is odd, then one
frequency remains unshifted while the others split.

In this section, the general solution of the N=2 1linear system
has been obtained by transforming to the true normal modes. This solu-

tion will be compared to solutions obtained by other methods in the

remainder of this chapter,

Solution in Action-Angle Variables

As mentioned in the discussion of celestial systems in Chapter I,
a general solution of any system having N degrees of freedom can be

constructed if N constants of the motion are known.

Such a method of solution for the N=2 linear system will be
illustrated in this section. The system actually solved here is the
"resonant" system which corresponds to the "original" system introduced
and solved in the first section of this chapter. A comparison of the solu-
tions to the resonant and original systems will be delayed until the
third section of this chapter.

The method presented in this section has direct application to
the nonlinear N=2 system as well. However, it should be noted that
use of this particular form of the constants of the motion is not as

easily generalized for systems of more than two oscillators as are most
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of the other methods illustrated in this chapter.

As shown in Chapter II, the canonical transformation

Fe= (%‘li’)icos e, po=-(2opd)Esm g O

may be applied to Equation (1) to produce action-angle hamiltonian

H=wdi+owd, - %J#J{’L- [cos((p,w,_) + cos (@,—g&,ﬂ (7)

and corresponding equations of motion which have already been pre-
sented as Equations (44) of Chapter II, except for the present
restriction that Wy = Wy T We

In Chapter II, action-angle formalism was used to show that only
the slowly-varying "resonant" terms in Equations (44) are important in
energy sharing. The rapidly-varying "nonresonant™ terms should at most
serve to perturb the solution of the resonant system in a manner which
can be adequately treated by usual perturbation procedures,

Therefore, it should be possible to obtain a good approximation
to an actual energy-sharing situation by retaining only the slowly-
varying terms in the hamiltonian of Equation (7), and solving the result-
ing "resonant" system.

When the rapidly-varying coupling term is dropped from Equation

(7), the resonant hamiltonian is

H= U)J"'\'WJq_—%J‘-JiJZ{CoS 60\'\02—)/ (8)

with corresponding equations of motion
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J[ = ""z%xllj’:u}z%’ﬁh(%—vz,); (9a)

[ A
®
]

+%%'J lJI'J'z}' Sinctp,-wz); (9b)
C.P‘ = W+ %%Jrli\]j' cos (p—p.) ; (5e)

@z = W+ %J 'l£ J|{ J-;_—J’: CDS’(‘@\—@L). (9d)

The hamiltonian is one constant of the motion, and Equations
(9a) and (9b) immediately provide a second constant of the motion of

the form

K=J, +J (10)

1 2°

In the present case it is convenient to employ the two known constants

of the motion in the form of the total uncoupled oscillator energy Kl’

and a quantity K, which is proportional to the total coupling energy:

2

K= OUJ| +od, . (11la)

K, = wJ.JiJzJi cos((p‘.— aa,_) . (11b)

To obtain an equation of motion in a single variable, say J2,

square both sides of Equation (9b) to obtain

:\: = (;L%.)"[J‘J,_—J‘ Jg_cos"’-((e‘.—iaz)-]/ (12)

and use constants of the motion K1 and K2 to eliminate variables

Jl, ? and Y
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W= @2y (E)L-&r] o
= (&) L2 -d)]

where K2 and B, are roots of the quadratic equation in J2 in the
first part of Equation (13), which satisfy the relation A, < J, < B

Equation (13) may be written

K\t = CUL?-»W 14
il aw T -

so that integration of the right side produces an inverse sine function.

This results in a general energy solution

E\ =l = (K-wh) - @ (=)o) siet &t (52
Er=wlo=  wh + 03(,«:.-):,) swek B4, ()

Substitution of the expressions for Jl and J2 into Equations (9¢)
and (9d), use of K,, and integration of the resulting él and §,

equations yields

g = oot + {an! [(ﬁi’){-l-an L£t] ; (162)

(PQ- = wt+ "'a"-l [‘-(%.)-E‘Lﬁk% ?%"E-] . (16b)
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The action-angle solution given by Equations (15) and (16) is

equivalent to the form

L
h= (%)‘[Azlicos% %t coswl:—A,Jf sinkBtsinwt ), (7

Ge = (%)k[)\f— cost 53k cos b~ /,L;:Lsir\%';%'& sinw(:] . (m)

When initial conditions are introduced and the roots Xz and pu, are
evaluated in terms of them, Equations (17) are found to be equivalent

to the form
&= Cioos(E+8) + Cocos((2£4+62); (18a)

%7’-; C| Cos (ﬂf&"f@]) - Cp_ Cos (S)_,L-E-\—Qz)/ (18b)

- la - 1
where Ql =W -3 o’ L, =wt 5 e and ©

, and where Cl’ C 1 5

2

€|/

2’

are constants to be determined by the initial conditions.

In this section, a method for obtaining the general solution of a
resonant linear system by means of integration of the action-angle equa-
tions of motion, using known constants of the motion, has been illustrated
for N=2,

In the next section, a simpler method for obtaining the general
solution of a resonant system by the use of suitable trial solutions
will be illustrated. A comparison of the solutions of the original and

the corresponding resonant systems will be made.

Use of Trial Solutions

Due to the relative simplicity of the linear system, the same
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conclusions concerning the solution of the resonant linear system may be
reached in a more straightforward and convincing fashion by employing
trial solutions for q and dys rather than by doing general integra-
tions in action-angle variables.,

This method is possible mainly by hindsight, for linear systems,
in which the general solution is known to be a linear superposition of
N individual true normal mode solutions. Unlike the action-angle formal-
ism of the preceding section, it will not be particularly useful in the
analysis of nonlinear systems.

The method of using trial solutions is presented in this section
for two reasons. In the first subsection, the solutions of "original"
and corresponding "resonant" systems will be compared. In the second
subsection, a prescription for the form of the momenta in an exactly-
tuned resonant system will be developed., These results, rather than the
method used to obtain them, will be of use as guides in the later analysis
of nonlinear systems.

Comparison of Solutions of Original and Resonant Systems

In this subsection, the general solutions of the original system,
Equation (1) of this chapter, and the corresponding resonant system,
specified in action-angle variables by Equation (8) of this chapter,
will be obtained using appropriately-chosen trial solutions. These two
solutions will then be compared.

Consider first the original system given by Equations (1) and (2).

Let the initial conditions be

o= Ak and 4 (0) = O. (19)
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By hindsight, based on knowledge of the existence of N normal modes
for an N-oscillator linear system, assume a trial general solution of

the form

*Q= Cicos ('Q-H:'\"gl) + G Cos(ﬂz‘t-\-@z); (20a)

g = C cos (Lt +6,) — G eos (Nt + 97,) : (20Db)

Substitution of this trial solution into Equations (2) and application
of the position initial conditions of Equations (19) yields the general

solution

?’l = i(AI‘FAz) COS(U.)?'-OL):LE + JL(Aw "Az) oS (w‘z-_],,(')'l;-b; (21a)

92 =% (A+A2) cos (aﬁ--o()%—‘t — £ (A —A) cos (w?-.;.uc)%-(; (21b)

For comparison, consider the corresponding resonant system. The
result of retaining only the slowly=-varying resonant terms in the hamil-
tonian of the original system by way of Equations (7) and (8) of this

chapter, is a position-momentum hamiltonian

— 2402 2 2y _, 1 -L ) (22)
H=£(prsps +0%g +m‘g4,) viz(g.\%zhoﬂ?u\a
in which the coupling energy now involves momenta as well as positions.
This artificial appearance of momenta in the coupling is of no physical
consequence. It is only the result of a formal approximation made in
action-angle variables to simplify analysis of the energy-sharing proper-

ties of the system. However, it is important to note that in dealing
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with actual physical systems by this "corresponding resonant system"
approach, it is necessary to provide for the effect of the nonresonant
terms, which when included prevent the appearance of momentum terms in
the coupling. That is, a physical coupling depending upon positions
alone cannot be represented by resonant coupling terms only.

As would be expected from the symmetric form of the resonant
hamiltonian, Equation (22), with respect to momenta and positions, the

four first-order hamilton equations of motion display a certain symmetry:
. J&L ,
= P-— wl'-:IZPz,' (232)
> 1
P. _— —wz?l 4—941_?1; (23b)
(23c)
ehL Fh. aal-i_Fﬁ /

Po = —t*g, +olg,. (234)

Equations (23) can be combined to form two second-order equations of

motion involving only the Qs 3s before:

§|+ (w’-J—-é%-H H = o(g.z_; (24a)

Gt o+ &5 #)g,, gy, (24b)

A comparison of Equations (24) for the resonant system with Equations
(2) for the original system shows that the only formal effect of dropping
nonresonant terms in the coupling is a shift of the frequencies by the

order of a2, so far as the equations of motion of the linear system
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are concerned,

However, the effect of dropping nonresonant terms on energy
sharing is slightly greater than Equations (24) would indicate. In
the original system, P, = ak; whereas in the corresponding resonant

system, p, = § + 0(a), as is shown by first-order Equations (23b)

and (23d). Therefore, the energy expressions

Ep= t(p+ C'Jff'?lf') ()

differ in order a for the two systems, This small difference is displayed
as a small additional rapidly-varying energy which appears in the energy
solutions to the original system, but does not appear in the energy
solutions to the corresponding resonant system. The reason for this is
that by its very definition, the resonant system contains no rapidly-
varying contributions to the energies.

It follows from the above discussion that the energy solution to
the original system can be closely approximated by the solution to the
corresponding resonant system, if Py in the energy expression for the
resonant system is replaced by akc

To solve Equations (24), assume a trial general solution of the form

given by Equations (20), to obtain expressions of the form
G = C, cos [(w—-i;—;’%)‘(:-\- 6;] +G, Cos[(w-\--liz%)%-\-@z] s (26a)

9, = C, cos [(w-%_é;){:-t-e{] - Cz_cos[<w+'\i'§5)'t+ 6.}, (260)

Application: of the position initial conditions given in Equations (19)

results in the general solution
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8 = £(A+A) cos (-8 Y + H(A k) cos (W B)E; (272)

%Z"' Ji(AH'Az)CDS(w"li%% ‘t"'l—z(ArAz)cos(wL-};g)t, (27b)

For the particular set of position initial conditions applied,
in which the initial momenta are zero, the amplitudes of the general
solution to the resonant system, Equations (27), are the same as the
amplitudes of the solution to the original system, Equations (21).

For the more general initial conditions

2 (0)= A and 5 (0) =B, (28)

the amplitudes of Equations (27) will differ in second order in a

from the amplitudes of Equations (21), because of the order u2 dif-
ference in the frequencies which appear in the amplitudes of the velocities,
the ﬁk. However, as far as the energy sharing solution is concerned,

this difference is relatively trivial.

In this subsection, the general solutions of the original and
resonant systems have been compared in detail. To zeroth order in
coupling parameter a, these two solutions are the same. There are
second-order shifts in the frequencies, caused by the inclusion of non-
resonant terms; and there are differences of second order in a in the
magnitudes of the amplitude coefficients of the two solutions. The first-
order differences in the momenta of the two systems are easily compensated
for in the energy solutions,

This general result, that the solution of the resonant system

closely approximates the solution of the corresponding original system
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for a linear coupled exactly-tuned oscillator model, encourages the

attempt to analyze nonlinear systems in terms of the corresponding resonant
nonlinear systems. With this in mind, a prescription for the form of the
momenta in an exactly-tuned resonant system will be developed in the next
subsection, in terms of the linear system. This result will be especially
useful in dealing with nonlinear systems.

Prescription for Momenta

As noted in the preceding subsection, the momenta P, are not
exactly equal to the velocities &k in a resonant system, because of
the appearance of momenta in the coupling term of a resonant hamiltonian.
Expressions for the momenta of the N=2 resonant linear system
of this chapter can be obtained by integration of the bk equations,
Equations (23b) and (23d), after substitution of the position expressions,

Equations (26):

P‘ = —w(, sm[(w—% 14%)4:+e.] (29a)
—wCesin[(w+ts)e+6.]

-w( sin [(w -—%%)‘b -I-QJ (29b)

F=
+wCq sin [(wHis)t+6.].

Note that these momentum expressions contain only terms which are of

zeroth order in a. This is a necessary feature of a resonant system,

in which only zeroth-order variations in the energies have been retained.
This result suggests a prescription for the form of a trial solu-

tion to be assumed for a resonant linear system. As before, assume the
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general position solution to be
= Crees(t +67) + Cooos(S2,£+62); (303)
% = Ca cos(LE+6)) + C4 cos (.t+6,). (30b)

Prescribe the accompanying form for the momenta to be
= —wC sin(t+8)) —wCssin (st+6,); (1)
P = —wCa sir\(ﬂrH-GD - w (4 sin (.szch+e,,) . (31b)

That is, obtain the trial form for the momenta of a resonant system from
the trial form for the positions by formally replacing cos by sin, and by
multiplying each term by the negative of its uncoupled harmonic normal
mode frequency, so that there are only terms of zeroth order in a in
the amplitudes of the Pye

When such a trial solution, Equations (30) and (3l), is substi-
tuted into the first-order equations of motion of the resonant system,
Equations (23), the algebraic equations arising from corresponding ak
and ék equations are found to be the same. For example, substitution
of Equations (30a) and (3la) into Equations (23a) and (23b) results in

either case in

_Q‘Cl = w‘ C| - z‘%‘li C3 } (32a)

R,C = wzQ"%%'LQ«-' (32b)

The success of this prescription for a trial solution of a
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resonant system means that one can work with N first-order differen-
tial equations rather than with N second-order differential equations,
in an exactly-tuned resonant system.

This observation is of considerable value in dealing with non-
linear exactly-tuned resonant systems, where the same prescription is
found to be valid for the same reasons. Second-order differential equa-
tions for the resonant nonlinear system are somewhat more involved than
are the first-order equations. Knowledge of the appropriate form of the
Py for use in the first-order equations provides a considerable simpli-
fication in the analysis of nonlinear systems.

Two illustrations of the use of trial solutions for exactly-tuned
linear systems have been given in this section. The first example indi-
cates that the solution of a given linkar system may be rather well approx-
imated by the solution of the corresponding resonant system. The second
example gives a general prescription for the form of the momentum trial
solution which is appropriate in the analysis of resonant exactly-tuned
coupled oscillator systems,

The experience gained in terms of linear coupled systems thus far
in this chapter will be of considerable aid in guiding the analysis of
nonlinear systems. However;, none of the methods yet presented are
entirely adequate in dealing with nonlinear systems of more than two
degrees of freedom.

The method which is illustrated in the next section is the one
which will ultimately find general use in the analysis of nonlinear sys-
tems in Chapter VI. It is introduced in this chapter mainly to provide
later comparison with an application of the same sort of method to a

nonlinear system in Chapter VI.
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Expansions about Periodic Solutions

The last method of solution for linear systems to be illustrated
in this chapter is the method of making a perturbation expansion about a
known periodic solution of the system. This method ultimately will be
applied with some success in the analysis of nonlinear systems in Chapter
VI,

For systems of linear differential equations, there is a theorem
which assures that linear superposition is valid. This is not true in
general for nonlinear systems. However, it is of interest to investigate
for the nonlinear system whether there are any cases at all in which
some form of linear superposition does hold, even if only approximately.
The method of expansions about periodic solutions provides an appropriate
formalism for such an investigation.

The solution of the N=2 resonant exactly-tuned linear system,
Equations (9) of this chapter, will be illustrated. The prescription
for the form of momentum trial solutions developed for resonant systems
in the preceding section will be used. Since the ak and ék first-
order equations produce equivalent algebraic relations, only one set, the

P, Equations (9b) and (9d), need be used:
p= - wg, +x£g¢; (33a)
‘ﬁ7_= _wz%z_\_ K%«%\. (33b)

To obtain a "periodic solution" of this system, assume a solution

of the periodic form
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= C, cos(2%40) Pr=—WC Sin(Q&+0); (342)

go= Cocos (WE40);  p= ~wGn(Q46). (se0)

Here it has been assumed that the arguments of 9 and q, are of the
same frequency and have the same phase angle (except perhaps for a
factor of 180°), Thus there are only three arbitrary constants in Equa-
tions (34): Ci» Cyy and 6.

Substitution of this trial solution, Equations (34), into the

equations of motion, Equations (33), yields

D.C = w( — -g%cz; (35a)

06 = wC— %Q p (35b)
the algebraic solution of which is

_Q'—‘OJ?%%%; Co=2¢,. (36)

The equations of motion have placed another constraint upon the ratio
of the amplitudes of the periodic solution, so that there is now just
one arbitrary amplitude, say Cl’ along with the one arbitrary phase
angle, 6.

If position initial conditions (these assure that © = 0, and
are the only appropriate type for periodic solutions for N > 2) of

the type

%.(0)= A  and é,k(o) =0 (37)
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are specified, the solution of Equations (33) becomes
¥
%|-_-. A| cos(w:'—l::'z;s 'l:; (38a)

9= TA cos (wFEH)t. (38b)

Equations (38) show that a periodic solution of the form assumed
in Equations (34) can occur only for two special sets of initial condi~-
tions of the type given in Equation (37): A2 = +Al and A2 = -Alo This
conclusion is confirmed by an examination of the general solution of this
system, given by Equations (27) in this chapter. The general solution
reduces to single periodic terms only for these specific sets of initial
conditions.

Having identified the existence and form of the periodic solutions
of this linear system, the general solution may now be obtained as a

perturbation expansion about a periodic solution.

For this purpose, assume a trial general solution of the form

= g_ ﬁlmcu_cas(&-l—ﬁ.ﬂe)‘t; (39a)

(L > —s0

400
P = —wéﬁlﬂ|CkQ SM(JL+.Qﬂe)JC, (39b)

the zeroth-order terms of which are the trial periodic solutions, Equa-
tions (34). That is, the expansion parameter B is a function of the

initial conditions only; for the system of Equations (33), if the initial
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conditions are A, = %A, then B = O and Equations (39) reduce to
Equations (34). For simplicity in Equations (39), the phase angles
which are needed for general initial conditions are taken as zero, which
is compatible with position initial conditions of the type given by
Equations (37).

Justification for the form of the above simplified trial general
solution will not be attempted here. This matter will be discussed in
Chapter VI in conjunction with the perturbation expansion about a periodic
solution for a nonlinear system. The main purpose of the present applica-
tion to a linear system is to provide an illustration which later may be
compared with the application to a nonlinear system in the next chapter.

To see how the by now familiar general solution of the linear
system emerges from this perturbation expansion about a periodic solution,
keep only terms through order 31 in the trial general solution, Equa-

tions (39):

= Co cos 2E o
4B LGy cos(@tRe)t + 1y cos(-RR)E)

= C¢0 Ccos 57.'& (400)
_(..ﬂ [Cu cos(4Re )yt +Co- cos C&*&e)‘bj /

with corresponding expressions for the momenta.
Substitution of these order B trial solutions, Equations (40),

into the equations of motion, Equations (33), yields the same solution

(41)
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in zeroth order as appears in Equations (36). Equating coefficients

of first order in p vyields
(JzﬁF524;)(:n = CU(:” —‘£é§<21|; (42a)
(ﬂ—ﬂe) Cl-\ = CUC!—\ - E.LE Cz-—\ y (42b)

(2+80) Cot = w1 = & Cy (@20
(ﬂ-ﬂe) Cz..| OUCZ.—| % C'__| . (42d)

The solution of Equations (42a) and (42¢) is
e = iZ’J,‘ Cz = '-l:cu/ (43)

which leads to a contradiction in Equations (42b) and (42d) unless the

following amplitudes vanish:

Ci4 = O Coq=0. (44)

In a somewhat similar fashion, if the trial general solution is
taken to higher order in B for the linear system, then the coeffi-
cients of the (Q + QC) terms vanish for [{] > 1. The net result is
that there are only two nonvanishing terms in each of the infinite-sum
general solution expressions, Equations (39), for the linear system.
That is, the general solution as an expansion about a periodic solution

for the linear system, correct to all orders of B, 1is

= Cio [cos(wFt w)t+ﬁ cOs(wL-l,;ﬁ)-E] (45a)
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9, = -_\:C'o[ws(w:\?%:é :F/S%Cos(wﬁjié%){l (45b)

with corresponding expressions for the momenta.
Suppose an expansion about the periodic solution for which

A, = +A is desired. Choose the upper set of signs in Equations (45)

so that the appropriate periodic solution is obtained when B = 0, Appli-

cation of the initial conditions, Equations (37), results in

CIO = ';Z(Al‘“A—z)/' lé = %’:‘E’Ai:/ (46)

where Cll = Clo has been arbitrarily assumed in order to avoid a

redundancy between B and Cl The general solution may then be

lo

written as

3= 5 (A eos(w-E) e + (BB wos(wi b )E] ;o)

92 =% (o) [oos(w—b)t - :';ﬁ:) s (wit)t]. )

The above solution, Equations (47), is the correct general solution,
which reduces to an in-phase periodic solution when A2 = +Alo A similar
expansion could have been made about the out-of-phase periodic solution.

The periodic solutions obtained here are the same as the true
normal modes of the resonant linear system, which were identified at the
beginning of this chapter.

The validity of the concept of linear superposition for the

linear system is demonstrated by the appearance of only one other term,
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the other normal mode solution, when a perturbation expansion is made
about a given periodic (normal mode) solution. The degree to which
linear superposition applies in a nonlinear system will be tested in this
same formalism, by making an expansion about a periodic soldtion and
investigating the terms which arise., These other terms are not expected
to be the other periodic solutions,; but the matter will be studied,

In this chapter, a linear coupled oscillator system has been
subjected to analysis by a variety of methods. The solution has been
obtained by way of normal mode analysis, integration of the action-angle
equations of motion using constants of the motion, use of trial solutions,
and pertyrbation expansions about periodic solutions. Much of the exper-
ience thus gained will be of significant aid as a guide in the analysis
of nonlinear coupled oscillator systems,

In particular; the methods of integration of the action-angle
equations and expansions about periodic solutions will be directly
applied to systems of two and N oscillators, respectively., Analogy
to the result for the linear system will be used to argue that the
solution of the resonant system is a good approximation to the solution
of the original system for nonlinear energy-sharing systems, at least
weakly-coupled ones. And the prescription for the form of the momenta in
a resonant exactly=-tuned coupled oscillator system will be used in the
analysis of nonlinear systems in Chapter VI,

Thus the function of the present chapter has been to provide
experience which is needed in the analysis of nonlinear coupled oscil-

lator systems in Chapter VI,



137

CHAPTER VI

A METHOD OF ANALYTIC SOLUTION

FOR NONLINEAR COUPLED OSCILLATOR SYSTEMS

The analysis of exactly-tuned linear coupled oscillator systems
presented in the preceding chapter will be used in this chapter as a
guide in developing an analysis of exactly-tuned nonlinear coupled oscil-
lator systems.,

The main problem in the analysis of an exactly-tuned nonlinear
system by a perturbation method, to which this thesis is limited, is the
specification of an appropriate zeroth-order trial general solution. The
general solution of a nonlinear system is not expected to be a simple lin-
ear superposition of individual solutions, becaute true decoupled normal
modes do not exist in general for a nonlinear system. Available pertur-
bation theories, such as the Wigner-Brillouin scheme discussed in Chapter
IV, encounter certain difficulties in the construction of the complete
zeroth-order term in the trial solution for an exactly-tuned nonlinear
system. |

Some simplification of the analysis can be achieved by considering
only the "resonant" systems corresponding to the given exactly-tuned sys-
tems for which solutions are desired. That is, systems obtained by
retaihing only the slowly=-varying coupling terms of given systems will
be more simply analyzed. The energy solution of a resonant system is
expected to be a good approximation to the energy solution of the cor-

responding original system in the nonlinear case, by analogy to the
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linear case discussed in Chapter V, and by the discussion in action-angle
formalism presented in Chapter II. More generally, the position and
momentum solutions of the resonant system are expected to be good
approximations to the solutions of the actual system, if the differences
between the momenta of the two systems are compensated for.

In the first section of this chapter, the exact energy solution
for a two-oscillator resonant exactly-tuned nonlinear system will be
obtained; by use of action-angle variables, in order to gain insight into
an appropriate form of position-momentum trial solution. The difficulties
involved in directly obtaining the position-momentum general solutions
from this energy solution will be discussed. An expansion of the exact
energy solution will be discussed. An expansion of the exact energy
solution in trigonometric series will then be made, as a guide in obtain-
ing trigonometric series expansions for the positions and momenta.

In the second section, a method of obtaining a general position-
momentum solution for a two-oscillator nonlinear system as a pertutbation
expansion about a periodic solution will be developed. The trigonometric
series expansion of the energy solution, obtained in the first section,
will be used as a guide.

In the final section of this chapter, which is to be considered
the most important portion of the thesis, a method of obtaining a general
position-momentum solution for a nonlinear coupled oscillator system hav-
ing N degrees of freedom in one dimension will be developed, as a pertur-
bation expansion about a periodic solution. Both the two preceding sec-
tions in this chapter and the ®xperiénce gained in Chapter V will be used

to develop this method.
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To provide a check on the effectiveness of this method of per-
turbation expansions about periodic solutions in the general case of N
oscillators, it will be necessary to resort to the use of a computer to
compare the results of this method with the results of a numerical inte-
gration of the equations of motion; for certain specified sets of initial

conditions, This will be carried out later, in Chapter VII.

Energy Solution for Two-Oscillator Nonlinear System

Consider the exactly-tuned cubic nonlinear system governed by

H= ii(P;L Yok utg e 4'&0"?7,2')"9( T\E—:(%?'zz‘?!?)/ (1)

which is the N=2 case of the model formulated in Chapter III.

As discussed in conjunction with Equation (52) of Chapter II, the
energy solution of the system given by Equation (1) may be well approximated
by the solution of the corresponding "resonant" system in which only the
slowly-varying’"febanant" coupling terms are retained in the hamiltonian,
The identificatioé of these resonant terms is made most conveniently in
action-angle formalism,

In action-angle variables, the hamiltonian given by Equation (1)

becomes

H = wjl + wJ,_-— oLQ,"LU':;; 5;!'9; i\h Jz*' [Cw (Z(PH"PQ @)

+cos (2, —
+2.co'.zs‘%1_

kU2 (eos B+ Beos 1 § .

Elimination of all rapidly-varying nonresonant terms from Equation (2)
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results in the resonant hamiltonian

}4 = 60~h 4—EZ£L%12."0(§£ﬁ2 zggz;‘JPJ1:£QJD$<;QPF—¢&:), (3)

The resonant hamiltonian given in action-angle variables in
Equation (3) corresponds to a position-momentum hamiltonian of the

form

H= St peratyithorg?) i (o i piaat dn pgss)- @

Note that the qés term in the coupling of the original hamiltonian,
Equation (1), contains no resonant portion whatever, and has been com-
pletely dropped in forming the resonant hamiltonian given by Equation (4).

One might regard the dropping of nonresonant terms as equivalent
to the addition of certain mixed position-momentum coupling terms, which
serves to reveal the underlying gq, p symmetry of a resonant coupling.
These symmetrizing portions of the coupling were formerly cancelled out
by the presence of the nonresonant coupling terms in the original hamil-
tonian, Equation (1).

In the first subsection, it will be shown that an exact energy
solution of the two-oscillator resonant nonlinear system can be
obtained by integration of the equations of motion in action-angle
variables, because two constants ¢f the motion are readily available for
this system,

The second subsection will present the formal method by which
the companion Py solutions can be obtained, and will discuss the dif-

ficulties involved in trying to obtain the complete position-momentum
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solution from the complete action-angle solution.

The third subsection will develop a trigonometric series expan-
sion of the elliptic function exact energy solution obtained in the
first subsection, in an effort to salvage some information about the
appropriate form for a position-momentum solution from the energy solu-
tion.

Energy Solution in Action-Angle Variables

The method of solution of an exactly-tuned resonant nonlinear
system of two oscillators by integration of the action-angle equations
of motion will closely follow the method illustrated in Chapter V for the
linear system. This sort of analysis was first carried out over forty -
years ago, by co-workers of Whittaker.

The system governed by the hamiltonian of Equation (3) has action-

angle equations of motion of the form

J=—«i w‘iJ,J}sm (2¢-¢2); (52)

Jo= 4—0(3;{":: w'iJ,J:"'sir\(Zq.-Y:—); (5b)
(.Pl = L= 0(_?:ll)-’;:' ar&J?# Cos Cz‘el"‘?z-); (5¢c)
sz“‘ zw’“szi%w-%JJ;%COSC?—@\-(ﬁz). (5d)

Two constants of the motion, the total uncoupled oscillator energy K1

and a gquantity K2 which is proportional to the total coupling energy,

are immediately available for this system:
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K, = wl, +2wl, (6a)

K, = wJ, J?_J’: cos (2%-(@2_). (6b)

By squaring Equation (5b) and using constants of the motion Kl

and K an equation in the single variable J2 may be obtained:

2,

Jz = (&) Le-()ab Gz v

This may be written in the form

L%, d)
o ANV R 1 9

(8)

0y Moo and Vo

on the right side of Equation (7). These roots satisfy the relation

where A are the roots of the cubic equation in J2
Ay 35 Sy Sy

The integration of Equation (8) has‘been performed by Baker
and Ross (1921, 1922) in a more general treatment of systems coupled as
in Equation (3) in which the frequencies are taken to be free parameters.
The present exactly-tuned system is just a special case of their more
general study.

Baker and Ross deal with the above cubic in J2 as a quartic, the
fourth root of which is J2-§‘m. Using standard transformations for
quartics (Jeffreys 1950) to reduce the integral of Equation (8) to a
standard form, Baker and Ross obtain an exact energy solution in terms

of elliptic functions sn(u, k):
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_1-20-k(zmsnlyk)
Ei=wl = | + ksn(uk) ’ (9a)

_ _ 28+2mbksnlyk)
B = 2wk = |+ Rsn(yk) 7/ ()

where k,Sl, and m are functions of the roots X2, Bos and v,
which are defined in the Baker-Ross paper.

The Baker-Ross form of solution is not the most convenient for
purposes of the present study. A more appropriate form of solution, which
is directly analogous to the form of solution for the linear system given
in Chapter V by Equations (1%), may be obtained by a somewhat more straight-
forward integration of Equation (8).

Use a standard transformation for a cubic (Jeffreys 1950), rather

than for a quartic, to reduce the integral of Equation (8) to a standard

form: let J2 = §§ +>\?_, so that

d48
2% w%.JC ,r tLede) - 821 (@) - '51]3%

(10)

Js,
=N fm- 220\ Feer]) ¢E

n\2 L
where m,. = 1 n, = 1 k=—g and z=mzl§
2 Zp2-X2; Y2 iv2-k25 r T2 m,) ’ 2 92°
The last integral in Equation (10) is the standard form for an elliptic

integral of the first kind, so that z, = sn(u2, k2), in analogy to an

inverse sine integralj the time variable is

p=ntse St (11)
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The form of energy solution obtained by this method is
E = wl, = (K—2wh) - 20(ede)si2 (U k) (122)
Ez.= Zsz= 203)\14-2w(,a;->\2)m1<02/kz). (12b)

A comparison between this form and Equations (15) of Chapter V shows that
the only essential difference between the general energy solutions of the
linear and nonlinear systems is the replacement of trigonometric "sin"
functions in the linear solution by elliptic "sn" functions in the non-
linear solution,

This result, along with the existence of a second constant of
the motion for the resonant nonlinear system, encourages a belief that
the characters of solutions of linear and nonlinear coupled oscillator
systems are not greatly different. It seems likely that the difficulties
which have troubled analyses of tuned nonlinear systems may be difficul-
ties inherent in the particular mathematical formalisms involved, rather
than difficulties due to any lack of underlying simplicity for nonlinear
systems, The latter observation agrees with that of Baker (1921), who
points out that seemingly overwhelming difficulties may be encountered
simply because of a wrong choice of an infinite series representation,
for example.

In this subsection, the exact energy solution has been obtained
for the two-oscillator nonlinear system. 1In the case of the two-oscil-~
lator linear system for which the complete solution was obtained in
Chapter V, the next step was integration of the ¢k equations, after

expressions for the Jk had been obtained. The following subsection
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will point out the formal difficulties involved in following the same

procedure to obtain the general position-momentum solution for the

nonlinear system,

Integration of the &k Equations

The integration of the ék equations for the nonlinear system is
not as easy as it was for the linear system in Chapter V, specifically

because of the appearance of elliptic functions rather than trigonometric
functions in the expressions for the Jko
For example, consider the integration of the first equation,

Equation (5¢) of this chapter:

@

w — & Zl—-—iw'i le’:cos (Z‘o'-—(a,,) (13)

5K
60—0(—20-[?—;0) - I

4

where the second constant of the motion, K, from Equation (6b), has

been used to eliminate ? and 9, on the right side. Substitution
of the solution for Jl from Equation (12a) into Equation (13) and

integration yields

t
_E dt
Lpl=w£"‘0('£|u—'zw sz_f ZL“\'ESV\?'(U/'Z-) (14)

e

K

1

where a = (u, - 2%2) and b = -2(p2 - k2).
Reference to a standard work on elliptic functions (Hancock 1910)
reveals that the integral encountered in Equation (14) may be evaluated

in terms of elliptic functions and theta functions:
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L{: At %%LU du

a+bsnz(uk) ~ | —c=snx(uk) (15)

_ snia k) @ +
= LI+ dpidrren )=

L sniz k) @) £
Y SRR EGE g ®W+a) Y&/

o

where c2 =

v o

The integration of the @k equations ’as done by Baker and Ross
(1921), using a slightly different form of solutions for 3 and J,,
results in equally complicated expressions involving theta functions
for Py and Poe Baker and Ross venture no further than to numerically
approximate the action-angle variables for a given set of initial condi-
tions, in order to obtain an approximation to the position-momentum solu-
tion of a given nonlinear system.

The relative complexity of the general action-angle solution
discourages any attempt to obtain the general position-momentum solution
for the nonlinear system considered. Formally, it is possible to express
the various elliptic and theta functions in trigonometric series, take
the various inverse tangents and other functions involved, and finally
obtain a trigonometric series representation of the q,p solution from
the J, ¢ solution. However, this procedure has been attempted and
appears to be prohibitively difficult in the general case,

Apparently, a more practical approach is to deal only with the
relatively simple energy solutions. In the next subsection, the energy
solutions obtained in the first subsection will be studied in more detail,

in an attempt to obtain some information from them with regard to the
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general form of the position-momentum solution.

Series Expansion of Energy Solution

In order to avoid the mathematical difficulties of dealing with
the compiete J, ¢ solution, and yet in order to gain some insight into
the actual form of the gq,p solution for the two-oscillator nonlinear
system, a more detailed investigation will be made of the relatively
simple energy solution obtained earlier,

The elliptic functions which appear in the energy solution will
be expanded in their trigonometric series representations. Two special
limiting cases for the elliptic functions will be considered, in an
attempt to find some situations in which special solutions are easier to
find than the general solution.

Referring to Equation (12), the general solution for the energy

of the first oscillator is
E = ~2wha) - 2w gaz"kz) snz(y k) ; (16)

the energy of the second oscillator is just E2 = Kl - El'

A standard trigonometric series representation of the elliptic

function sn(u,k) is the following (Hancock 1910, p. 486):

S’Y\(U/k—) = %(‘%)%[l.l% Sir\;:_%_U (17)
+l__%3-s\y\aggéu+ T%g%gm?%\)-&-...,

where k is the modulus of elliptic function sn(u,k), 0S k<13 K

is the complete elliptic integral of the first kind, with modulus k; and
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g 1is defined by

%= e X (18)

where K' 1is the comp}ete elliptic integral of the first kind, with
modulus k' = (1 = k2)§c

For simplicity in the construction of later expressions, it is
desirable to obtain a form for sn(u,k) which involves only argument
u and modulus k. To do this starting from Equation (17), it is neces-
sary to express K and g 1in terms of modulus k.

Modulus k may be related to q by the expression (Hancock

1910, p. 480)

Cgx)(14a*) (14gé) - -
R = Z%JF [@—Z)CH—Q’SXH—?S}“ , (19)

from which an expression for q in terms of k may be obtained:
o= ek (1 b2+ Bkteon ), (20)

Complete elliptic integral K may be written (Hancock 1910, p.

476) as
K= ‘E(\-\-Z%-!-Z%“'-\-Z?Q-t—m)?; (21)

which, with the use of Equation (19), becomes

K= T(1+de+ Sh4s 22060, (22)
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Substitution of Equations (20) and (22) for q and K on the

right side of Equation (17) leads to

snlyk) = (147 |17'+§E'L4'+ b ) swx-ﬂ:—u (23)
+( 'é'tq"" ’2-4'4—"') SMBLU
+( |L4'+n') s{AS—LU-J-m

where the arguments of the trigonometric functions are odd integer

multiples of
0= (I~He-Fkt—kk s DU

Equation (23) shows that the elliptic function sn{u,k) may be
expressed as a trigonometric series in sines of odd multiples of an
argument which is proportional to u. The coefficients of the expan-
sion and of u may be expressed as power series in even powers of
modulus k.

The two limiting cases of sn{u,k) occur for k = O and for
k=1, If k =0, then sn(u,k) = sin u, as Equations (23) and (24)
show, At the other extreme, if k =1, then sn(u,k) = tanh u, a
bounded function which has an infinite period. The latter limit is more
easily established using a different series representation from that of
Equation (23), although Equation (24) does indicate that the period of
sn{u,k) increases as k increases to unity.

A trigonometric series expansion for sn2(u,k), which is the
function which appears in the typical energy solution given by Equation

(15), may be obtained by squaring both sides of Equation (23). The
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typical energy solution for the two-oscillator nonlinear system may there-

fore be written as a trigonometric series:

E = (KI ’2“»\2) —Zw@z—&) {i(\ + é‘ﬁ"* Tj’k"') (25)
—+ (| "%H’) COS‘IU
(K rLkd) caszg
- a5 2k w0s3Z 0

“g

where

N—

u is given by Equation (24).
The elliptic function modulus k is a function only of the initial
conditions applied to the system. In the integration of Equation (8)

earlier in this chapter, modulus k, was introduced in Equation (10) as

2
,u,, =)Mo
= (26)
klz, 1%;. )Nz.\)
where XQ, Bos and v, are roots of the cubic in J2 which appears

in Equation (7), and are therefore functions of the initial conditions
only, through constants of the motion Kl and K2.

It follows from Equations (25) and (26) that if the initial con-
ditions are such that (p2 - X2) = 0, then the energy solution is

constant in time:
(_K| - 260&) . (27)

This result indicates the existence of periodic solutions for the

nonlinear system, for certain special sets of initial conditions.
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Furthermore, by solving the cubic of Equation (7), it is found

that if A, % p then A, ® p, << v,, so that for sets of initial

2,
conditions in the neighborhood of the set for which X2 = By ky is

small. This indicates that an energy solution of the form
E, = (K-2whz) —Ze0 (Ha-Np) sinz
| = T 2 7 Sin<0 (28)

will be a good approximation to the exact solution in the region in
which X2 = B oo But this is just the form of the solution to the lin-
ear two-oscillator system, Equations (1%) of Chapter V, which further
demonstrates the similarities previously noted between linear and non-
linear coupled oscillator systems.

The general form of the energy solution, Equation (25), implies
that the general form of the position-momentum solution will be similar
in many respects to that obtained for the linear system. This encourages
an attempt to develop a method of perturbation expansions about periodic
solutions as a scheme for obtaining general position-momentum solutions
for resonant nonlinear systems.

In this section, a trigonometric series expansion for the exact
energy solution of the resonant exactly-tuned nonlinear two-oscillator
system has been obtained. This expression will be used to guide the
development of an appropriate form of trial general solution for the
positions and momenta of an N-oscillator resonant nonlinear system in the
remainder of this chapter. In the next section, some consideration will
be given to the position-momentum solution of the two-oscillator nonlinear

system, as a final preliminary to the analysis of the general situation.
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Two-0Oscillator General Solution

The trigonometric series expansion, Equation (25) of this chap-
ter, for the energy solution of the two-oscillator resonant exactly-
tuned nonlinear system described by Equations (5), provides evidence
of the existence of periodic solutions for special sets of initial con-
ditions for this system. It also indicates that expansions about
periodic solutions may provide a workable scheme for obtaining the gen-
eral position-momentum solution of the system.

In this section the existence of periodic solutions and the
detaiis of expansions about them will be investigated for the two-
oscillator nonlinear system. This is the last preliminary example to
be worked out prior to the more general analysis of the N-oscillator
system, to be given in the last section of this chapter.

The resonant exactly-tuned two-oscillator nonlinear system
governed by the hamiltonian given in Equation (4) of this chapter has

the following first-order equations of motion:
% = | ’(Tlti(’?—alﬁru g,a.-l—a%,.g,. P2) (292)
é”'= Pz-—x'll}i'(aj?-?\ %u),‘ (29b)
i =~ + o 0z (23100t 5 PiP2) (302)

;’7,_: -4—0)192_4—0( 'JU;—‘_ (@z—c-,l)a?,’*—) . (30b)

In order to find the periodic solutions of this system, assume

a trial position solution of the form
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9= C, cos CJZ‘(:-\-e); (31a)

g2= Cpeos2(t+0), (31b)

where Q=w+2>b .
w 0
Equations (31) represent a generalization of the form of the
periodic solution found to exist for the linear system in Chapter V.,
Here it is recognized that in the exactly-tuned nonlinear system the
uncoupled frequency of the kth oscillator is kq%, rather than just

w as in the linear system.

The trial momentum solution corresponding to Equations (31) is
p= -wC, sin(ﬂ:b-i—@); (32a)
Po = 2w, sinZ (SU:-\-G), (32b)

in accordance with the prescription for momenta developed in Chapter V

for resonant exactly-tuned linear systems. This prescription is valid

for any resonant system in which only slowly-varying terms are retained

in the coupling, because it is the only possible choice consistent with
Equations (31) which assures that there are no rapidly-varying energy terms

Ep = £ (PE"--I- lzzwig_k?-) . (33)

The result of substitution of Equations (31) and (32) into either

Equations (29) or Equations (30) is the same:

N=widg=C, Co=xxC, (34)
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A comparison of Equations (34) of this chapter and Equations (36) of
Chapter V shows that the two periodic solutions which have been shown to
exist for this nonlinear two-oscillator system are completely analogous
to the periodic solutions of the linear system. The primary difference
is that the part of the frequencies which is of order a 1is proportional
to the amplitude in the nonlinear system, whereas it is not in the linear
system. Minor differences in the numerical factors are basically due to
the difference in the uncoupled frequencies of the two systems.

In order to make a perturbation expansion about a periodic solu-
tion, it ig necessary to assume some form of trial solution. One rather
general form of trial solution which results in an energy expression of

the form of Equation (25) of this chapter is

H= [%°/go+%!ﬁ' b Aoy A2+ ] coskT (35)
+L 211 B+ B A4 10 cos (RT-T)
+[ 2k f' + a2+ ... ) cos(k T )
+L 222f4 1 ] cos (kT —2%e)
H 222 1] cos (RTHZEE) 4 ...,

where

T= (wbf+bp b pzr )t +e (36)

and

to=(cf+efl +oofii )T+ G0 7
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with companion momentum expressions obtained from the a by the pre-

scription of multiplying the 9 expressions by -k and replacing

"cos" by "sin." Expansion parameter B is to be a function only of the

initial conditions, so that if B = O then the general solution given by

Equations (35) reduces to the periodic solution given by Equations (31).
The expression for the oscillator energy Ek corresponding to

the trial solution of the form given in Equations (35) is

Eh-_—,.%lzzwi{[amﬂ-zamam,@'wj (%)
+ (koo (2-1 '\'ZJL\D/S' +0 ) cos (Sle£+@e)
+ [0 (et 2baz) '+ ] cos 2(Ret+60) +om,

Thus the frequency denoted Qe is the fundamental frequency of energy
exchange between oscillators., Comparison of Equation (38) with Equation
(25) verifies that the trial solution of the form given in Equations (3%5)
does indeed lead to an energy solution of the same form (Qet = % u) as
that obtained by integration of the equations of motion in action-angle
variables, However, the roles of expansion parameters B and k2 in
Equations (38) and (25) are clearly different.
Substitution of the trial solution of Equations (35) into the

equations of motion, Equations (29) or (30), results in the solution
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m= Reolfr o'y FasfrlesT ()
) el 22 p2 ] s (t-e)

L @BELps AL ]aoslere)

+[ t)(EY ] es(t-2%)

+[ HowB) (B fax] ”j_@"z%)

%z = 4.2.10_.2:_ ﬁoo%[ﬁo + %ﬂ' 4'{%%"'4(”@(%)? : (39b;
+:0 | cos2T

L -(m)ELE - (-8B 2 4+ ] eoslere)

+[ -Gum2ng - (Rum) 2242, ] wes@rie)

i L)@ 4 Jesee-22)
+( —5(2+708) (L 8% - Jcos (2427,
A }/
Where T = (w—ocf\f-;am[ﬂ%-g% ‘ (40)
+(32 -4@m)Eu) g2 re
and T, = bL‘y:\)-é\_;;—_"al\oo LBO+ %ﬂ‘-‘-"']'b%— Be. (41)

This expansion was made about the periodic solution obtained by taking
upper signs in Equation (34). Note that To is typically determined to

one less order in B than the rest of the solution.
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Four of the arbitrary coefficients in the solution given by Equa-
an

B, © and 6, can be fixed in terms of
4100 ©

tions (39), say 200

the initial conditions
%(0) = Ap.; 3% (0) = B (42)

a a a
The other coefficients, such as aIOl s ELQZ , and 112

100 100 100

, remain. arbi-
trary in this solution,

One way in which these arbitrary coefficients might be specified
is in such a manner as to provide agreement with the elliptic function
expansions of the energy solution given in Equation (24) of this chapter.
However, this is neither practical in all orders of B nor particularly
desirable, since an energy solution is not available for nonlinear sys-

tems of more than two oscillators.

a a
A more satisfactory arrangement is to choose ;lgl s ;llg , and
100 100
similar terms on even-numbered "diagonals" of the solution given by Equa-
a
tions (39) zero, and to choose a102 and similar terms on odd-numbered
100

interior "diagonals" so that the higher-order corrections to the frequen-
cies Q and Qe vanish. For the system being considered at present, this

means choose

Ao
22 = 4(24+V3) (B ), (43)

Equations (40) and (41) show that with this choice and with

Eaﬂﬂ- = 00 E&HE_ —_ c),

R\oo / Zioo — (44)



138

there are no higher-order corrections to the frequencies Q and Qe, at
least through order ﬁ2g In the next section of this chapter, it will
be shown that the choice described results in no higher-order frequency
corrections of any order in the expansion parameter 8.

As a result of the preceding discussion, the form of trial solu-

tion finally decided upon for the two-oscillator nonlinear system is

% = Aroo cos kT (45)

“‘/9 E Apo cos (kT +)
+ Ao cos (ke-re) ]

82 AR cos (kT4 e +e)
FApia cos (ke +re—Te)
+ Ak cos (b —te +Te)
+ Apyy cos (e —Te-t) ]+,

where T = (w + % b)t + 6, and T, = % ct + 8.

Equation (45) has been written in a manner which is easily gen-
eralized for systems of more than two oscillators. Note that the second
and third terms of order ﬁ2 are really cos kTt terms, and were written
on the first line of the previous trial solution form, given by Equation
(35),

The trial solution given by Equation (45) is essentially the same
as the trial solution used in Chapter V for an expansion about a periodic
solution for the linear system (Equations (39) of Chapter V). This form
of trial solution was introduced without justification for the linear sys-

tem, principally to provide a comparison between solutions’ of the linear
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and nonlinear systems.

The comparison shows that whereas the expansion about a periodic
solution for the linear system truncates automatically at order ﬁl, S0
that there are just N total terms in an expression for a given Qs
the expansion about a periodic solution for the nonlinear system continues
indefinitely and has an infinite number of higher harmonics.

Furthermore, any semblance of linear superposition for the nonlinear
system is very weak, even for arbitrarily small B (near a periodic solu-
tion), because both the cos (kt - Te) and the cos(kt + Te) terms appear
to first order in PB; there are (2N-1) rather than N terms in an
expression for a given 9y » to order B. The only similarity to linear
superposition stems from the fact that the coefficients of the cos(kt - Te)
terms are somewhat smaller than the coefficients of the cos(kt + Te)
terms, as may be seen from Equations (39) for the case N=2, Thus there
are N dominant terms in an expression for a given s to order B,
for the nonlinear system. However, these dominant terms of order B
still do not correspond to excitation of the other periodic solutions of
the system, as was the case for the linear system in which the periodic
solutions were the true normal modes.

In addition to the appearance of higher harmonics in the solution
of the nonlinear system, the other major difference between the solutions
of linear and nonlinear coupled oscillator systems is the dependence upon
amplitude shown by the frequency components which are of order a, in
the nonlinear system. This leads to an inverse proportionality between
the period of energy exchange and the typical amplitude of the oscillations

of the nonlinear system; in the linear system, the period of energy exchange



160

is independent of the amplitudes of the oscillations.

In this section, a workable form of trial general solution for
the positions and momenta of a two-oscillator resonant exactly-tuned
nonlinear system has been developed. In the next section, a generali-
zation of this method for nonlinear systems of more than two oscillators

will be made.

Many-Oscillator General Solution

The preceding discussions of this chapter have served to make
plausible a certain form of trial solution for a nonlinear system of two
oscillators, The remainder of this chapter will be devoted to the devel-
opment of a more general form of trial solution, which is appropriate
for nonlinear systems of many oscillators. Particular attention will
be given to methods of dealing with the algebraic computations which are
involved.

For a typical resonant exactly-tuned nonlinear system of N
oscillators, consider the model formulated in Chapter III. If only
resonant terms are retained in the coupling energy of this model, then the

hamiltonian is of the form

1M

N N
H= ‘é(?kz"'lzzwz?f) +°(d% CJ.QM ZiZ2m, (46)

where z 1is a general symbol standing for either g or p, and where
the COQ' are numerical coefficients.
jXm

Hamilton's equations of motion for this system are
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N
Uk = P + &EMCEM&M@%M; (47a)

. N
Pe= —R%w?gp — %C@Wmﬂzm L am)

where {sz is of the form 9gQP, °f Ragm in Equation (47a), or is
of the form 999, °F PyP, in Equation (47b). The coefficients in
the equations of motion, CEM and CEM', are not the same in the two
Equations (47a) and (47b); in order to maintain some generality of
analysis, these coefficients will not be explicitly specified in this
chapter. Some definite values will be used only in Chapters VII and
VIII, in conjunction with the numerical studies of these systems,

Since the coupling term of the hamiltonian given by Equation (46)
is "resonant," the only CEMkﬂJn and CEM“kQ_m which appear in Equations
(47) are those for which either m -2 = k or m + 2=k,

In the first subsection, a method of finding N stable periodic
solutions for an N-oscillator nonlinear system will be presented. Having
this indication of the existence at least in many cases of N distinct
periodic solutions, the second subsection will discuss the details of
obtaining a perturbation expansion about a periodic solution.

Periodic Solutions

In order to search for periodic solutions, assume a trial solution

of the form

%k = qwsh(ﬂ‘b-‘-@); (48a)
FﬁL = "kLCl)Cjk_éﬂ)\ k1<:SZ*:'+'€9:>/ (48b)
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where Q = w + % b. This form is assumed for the case wy = w2/2 = w3/3=oooo

Substitute this trial solution into Equations {47a) and (47b). The alge-
braic relations obtained in this manner from Equation (47a) will be the
same as those obtained from Equation (47b).

The result of the above procedure is a system of N nonlinear equa-
tions in N + 1 wunknowns, which are the N ccefficients Ck and the fre-
quency component b, This may be regarded as a nonlinear eigenvalue-
eigenvector problem. It is convenient to ncrmalize the eigenvector at first,
in order to provide the (N +1)Jth condition, and to later determine the
norm to agree with the magnitude of the hamiltonian desired for a given

numerical solution.

Since the eigenvaiue-eigenvector problem set forth here is non-
linear, the usual matrix methods do not apply; In fact, there is no
general theorem which guarantees that there evén exist N eigenvalues,
distinct or repeated, and N corresponding eigenvectors.

However, two distinct eigenvalues and corresponding eigenvectors
were found for the two~oscillator nonlinear system studied earlier in this
chapter, and these nonlinear periodic solutions were entirely analogous
to the periodic solutions of the linear two-oscillator system, It may be
assumed that the same analogy holds also between linear and nonlinear
systems of more than two oscillators. On the basis ¢f such an analogy,
the N-oscillator nonlinear system would be expected to possess N dis-

tinct periodic solutions.

Assume that an analogy between linear and nonlinear periodic solu-
tions holds., One method of solving the nonlinear eigenvalue-eigenvector
problem for periodic solutions of the nonlinear system is to supply an

approximate solution to the N equations, using the assumed analogy to
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the periodic solutions of the linear system, and then to improve this
approximate solution by an iterative procedure. This procedure is repeated
N times, for each periodic solution. The analogy to the linear system
implies that the approximate periodic solutions of the nonlinear system
involve sets of initial conditions for which a “vibrating string" diagram
of the system has zero, one, two,o.., N=1 modes. Also, the frequencies
associated with these periodic solutions should show the same splitting
in symmetric pairs observed for the linear system in tne early part of
Chapter V, although values for the frequencies are not included in the
initial periodic solution approximations.

To provide an iterative scheme for improving the approximate
periodic solution, the problem may be linearized and standard matrix
techniques employed. The nonlinear eigenvalue-eigenvector equations are

of the form

N
by = '\lgi = CEMpp,Co CM/C,L/ (49)

LEm

where bk is the approximation to frequency component b which is
provided by the Kt of Equations (49). (The initial approximate
solution provides values only for the Cio) There are M S N of the
Equations (49), for the M values of k for which C, # 0.

Refinements of the approximations to the Ci are made by defining

new values Cig

Ci= CL+AC, (50)
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and making a Taylor series expansion of the bk to first order,

b (C2) = by (C1) + 2'. —a—-b-%—"—AQ, , (51)

so that the corrections ACj may be determined:

AC = BPR™' AB (52)

where AC 1is a column vector with M elements ACi; BPR is an M by

M matrix with elements

_ oObr(C))
BERy = 5/

and AB 1is a column vector with M elements ABk = bk(Ei) - bk(ci)'

(53)

The value of bk(Ei) is approximated by

M
be ) 2 b = W\L %’ bp(CV, (54)

since b 1is a next-iteration value, compared with the bk(ci)'
Given a set of approximate relations for the C,, one itera-

b, (Cy)
tion consists of a calculation of the bk(ci)’ b, and ——k———— , from

which vector AB and matrix BPR-l are constructed. The corrections
ACj from Equation (52) are then calculated, and the Ei are con-
structed from the relation given in Equation (50). These Ei are then
the approximate Ci for the next iteration. Iterations are discontinued

when successive calculations for the Ci and b agree within some
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specified amount.

Such an iteration procedure would be tedious if performed by
hand, but is ideally suited for a high-speed digital computer. The
rate of cohvergence of the method could be improved by taking more
terms in the Taylor expansion, which would require the calculation of
higher derivatives. But there are many of these, and a more compli-
cated method such as the method of steepest descents for the solution
of AC 1is required; so the simple method outlined here is probably
adequate in most cases.

The actual results of the computations for small systems (N < 10)
is reserved for Chapter VII. However, it is important to note before
continuing the present development of a method of expansions about
periodic solutions, that the actual numerical computations in Chapter VII
provide some evidence that N distinct periodic solutions exist for emch
small nonlinear N-oscillator system which has been investigated.

In the nonlinear system, there is the possibility of the existence
of singular "unstable" periodic solutions in addition to the N "stable"
solutions being sought. For example, a perfectly valid singular periodic
solution for the two-oscillator nonlinear system specified by Equations

(29) of this chapter is
©n=0, Py
%ﬂ. = CZ cos 2(0)‘:+9)/ Pz':— -chz, SiV\Z(wE-\-e)/ (55b)

il

o, (55a)

in addition to the other two solutions given by Equations (34).

The energies corresponding to the periodic solution given by
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Equations (55) are

EE\ CD/ EEz_EE :ZCLFL<:2FL. (56)
The solution given by Equations (55) is referred to here as "unstable"

in the sense that it is not suitable as a zeroth-order solution about
which a general solution can be obtained in a perturbation expansion.

That is, it is not possible to obtain an energy solption which is confined
to an arbitrarily small neighborhood of the energy solution given by
Equations (56), by making a sufficiently small change in the initial
conditions from the set which produces the unstable periodic solution.

As can be shown in a numerical solution using the computer, or from the
elliptic function solution, any deviation of the initial conditions from

the set

24 (0) = O/ P (0)= O} (57)
81.(0) = Ce, p2(0)= D2

results in complete energy exchange between the two oscillators (although
the period of this energy exchange may be very long compared to the
periods of the uncoupled oscillators).

The procedure outlined in the present discussion for finding
periodic solutions is quite unlikely to specify unstable periodic solu-
tions. The iteration procedure cannot converge to an unstable solution,
simply because the nature of the instability is such as to drive successive
iterations away from one of these singular solutions.

Moreover, the beginning approximations are much closer to stable
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periodic solutions, obtained by analogy with those of the linear system,
than they are to unstable periodic solutions. As can be seen by a com-
parison of Equations (29) of this chapter and Equations (23) of Chapter
V, there is no possibility for the existence of unstable periodic solu-
tions for the linear system.

In this subsection, a method of obtaining N stable and distinct
periodic solutions for a resonant exactly-tuned nonlinear system of N
oscillators has been described. Some evidence for the general existence
of N such solutions has been presented.

Although the method has been illustrated here in terms of an
application to a cubic nonlinear system, it should be generally appli-
cable to other types of resonant exactly-tuned nonlinear systems as well.

In the following subsection, a method of making perturbation
expansions about the periodic solutions identified in the present sub-
section will be developed.

Expansion about Periodic Solution

Since there is some evidence for the existence of N periodic
solutions, a general method will now be developed for obtaining the gen-
eral solution of a resonant exactly-tuned nonlinear coupled oscillator
system in the neighborhood of a periodic solution, as a perturbation
solution about the periodic solution,

This subsection is to be considered the most important portion of
the thesis. Nearly all of the material before this has been presented
as a preliminary to this analysis of the general case.

The expansions about periodic solutions for nonlinear systems

do not automatically truncate at some low order, as do those for the



168

linear system. Any definite indication of the accuracy of the approximate
solution obtained in some region of a periodic solution by artificial
truncations of the expansions developed here must await a computer

study in Chapter VII.

A form of trial general solution will be assumed which is a gen-
eralization of the last form of solution, Equation (45), developed for
the two-oscillator nonlinear system earlier in this chapter. The gener-
alization consists of recognizing that for an N-oscillator system, there
must be N-1 expansion parameters, Bj’

With the aid of certain conventions to be defined, the assumed

trial solution may be written rather concisely:

+NI

%= AZz= .. J-rZ-:NI [ﬁdlﬂdz/g&r Ah’d'gj’-'“dT (58a)

b da
-
- cos (ke + Z T) ],

+l
= —llon,Zi 2 Eﬂj.ﬂj,_m/%'r A'?:JlJer (58Db)

Jodz Je=-NI

T .
. SIn (\2’5+§_'L‘JL)_]/

for k =1,2,...,N, where N1l = N-1, and where

= (wt %EAQ‘E + e (59)

/

and % = C’Eﬁ‘ OJ’LAo)'b + 6. (60)
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The following conventions are assumed in writing the trial solution in
this form: 1if ji=0, then B°=1 and 1:°=O; if ji<0, then
Bji =B_ji and Tji = Ty Also, if ji = 0 and there is another sub-
script Jjp # 0 for which jl > i, then all the coefficients AkjleaojT
containing this combination are zero. In practice, the series is
truncated to order T as shown, although in principle, T =» . The
overall amplitude of the general solution is given by Ao’ the
introduction of which will be discussed presently.

The solution given by Equations (58) has many terms if it is not
truncated to low order. That is, if the expansion is truncated to
order BT, there are roughly N(2N -l)T terms to be calculated. For
example, for N=8, a truncation to thé fairly low order 53 still pro-
duces about 27,000 terms, an excessive number for even a modestly large
high-speed computer to handle efficiently,

On the other hand, the solution given by Equations (58) suffers
in accuracy if it is truncated to too low an order. For example, for
the two-oscillator resonant nonlinear system discussed earlier in this
chapter, there exists an extreme casesof initial conditions for which the
actual period of energy exchange is infinite (Baker 1921). Many terms are
needed to accurately represent solutions near this extreme. Systems of
more than two oscillators are not expected to possess solutions having
infinite periods, but there will in general be cases in which many terms
in the solution given by Equations (58) are needed for an accurate approxi-
mation to the exact solution of resonant exactly-tuned systems of N

oscillators,

A sensible compromise between truncation in low order to minimize
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the number of terms to be calculated, and truncation in high order to
maximize the accuracy of the series approximation, is to carry the com-
plete solution out to a reasonable order, such as T=2 for N<10,
and then to include only those higher-order terms which make a signifi-
cant contribution to the solution, if needed. For a certain set of ini-
tial conditions and an expansion about a certain periodic solution, some
of the Bj will be smaller than others, so that many of the higher-order
terms in ﬁj are not significant and may be neglected. This sort of com-
promise meets both demands of minimizing the number of terms and yet maxi-
mizing the accuracy of the approximation.

For T=2, the assumed trial solution given concisely by Equa-

tions (58) is of the following explicit form:
?‘\L = Ao { Alwo cos ’ch (61)

-l-.%' /gél EA"ZJID s (k‘t"—t“j')
di +Ap-jo cos (kT -15,) )

NL N
+J—a§§;t ;Z:-Tﬂdt Jl [A’kdujzws(ll’c*'"%n*%)
Hhi o cos (b4 -%2)
+A, jacos (BT=T, +%,)
Ay facos (‘Zt"t:i\'?)z—ﬂg

with corresponding momentum expressions obtained by the same prescrip-

tion used in Equations (58b), and where =T and Tj are defined by

i
Equations (59) and (60).

To obtain the solution of the cubic-coupled nonlinear system
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formulated as the model to be analyzed in this thesis, substitute the trial
solutions given by Equations (61) into the equations of motion, Equations
(47), and equate coefficients of similar combinations of ﬂjie Equa-
tions (47a) and (47b) provide identical systems of algebraic relations
involving the amplitude components AkQﬂl and the frequency components

b and c¢j, for all orders of B.

Zeroth-Order Terms. The zeroth-order algebraic equations in this

expansion about a periodic solution are exactly the same as the original
equations for the periodic solution alone, Equations (49). They will be
written here with two minor changes, namely the notational replacement of
K00’ and the explicit inclusion of the norm of the eigenvector

C, by A
s indicated here by A

k
{AkOO 0

N
bkAo = "\Ei %CEM kOm Ao A,an Amoo /Alwo . (62)

As discussed earlier in connection with periodic solutions of
the N-oscillator nonlinear system, the value of the norm Ay is first
set at unity for purposes of the eigenvector problem, and is then adjusted
to a different amplitude to provide a total system energy which agrees
with the magnitude of the hamiltonian desired in a particular situation.

The role which overall amplitude A0 plays in the general solu-
tion given by Equations (58) is quite similar,

The fact that the zeroth-order equations of the expansion about a
periodic solution are the same as the equations of the periodic solution
itself, means that the zeroth-order terms for the perturbation expansion

presented here have been chosen correctly to all orders in the expansion
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parameters Bjio This appears to be an advantage over many of the exist-~
ing perturbation methods which use a as an expansion parameter, The
problem of the appearance of small divisors, which arises in the latter
methods and causes contributions in zeroth order from supposedly higher-
order terms, should not arise in the perturbation scheme now being des-
cribed.,

The nonlinear eigenvalue-eigenvector solution scheme described in
the previous subsection may be used to solve the zeroth-order equations
of the expansion.

Note from Equations (62) that the periodic-solution frequency ¢om-
ponent b 1is determined by the zeroth-order equations, but that the
energy-sharing frequency components cj are not determined until first
order, even though the cj are zeroth-order terms. This is to be
expected, since the construction of the perturbation expansion has abso-
lutely no effect on the zeroth-order periodic solution.

First-Order Terms. The first-order algebraic equations in an

expansion about one of the N possible zeroth-order solutions are of the

general forms

N
(E+Cj,)AoAhd',o= "gﬂ’% CEM.0, A, (AﬁooAmjuo (63a)
+A,Q-L-J,o Amaa) ;

=

(.L"Qj'l) AoAkd,o = #Q%Mﬁﬂm Aafﬁﬁao'ﬂmziio ) (63b)
+)i0 00/,
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where the upper-lower signs on the subscripts follow a certain convention:
for a given term, if W\+jL = k 1in the coefficient CEMkLnl’ then use
upper signs on the subscripts; if m -0 - k, then use lower signs. As
mentioned earlier, these are the only two cases for the resonant system,
The basis for this convention becomes clear if the rather lengthy result
of substitution of Equations (61) into Equations (47) is carried out in
detail, observing the manner in which the various trigonometric terms com-
bine.

The quantities A ., and b in Equations (63) are known from
the solution of the zeroth-order Equations (62). The quantities to be
determined from Equations (63) are therefore the AkQO and the C5s SO
that Equations (63) represent a system of 2N equations in 2N+1
unknowns,

An examination of Equations (63) shows that because the zeroth-
order solutions are known for an expansion about a given periodic solu-
tion, this system of equations forms a linear eigenvalue-eigenvector
problem. As before, the eigenvector solutions may be normalized, with
the norms to later be determined by the initial conditions.

The linear eigenvalue-eigenvector problem encountered here is not
quite as simple computationally as the oné usually encountered in con-
nection with simple physical systems. When Equétions (63) are written in

2N by 2N matrix formulation in the usual form
—_ -— - —

(<) M Mz ... 1Alj.¢>—1 0|
Mz, (.E"CJ'J' M2z ) A|_J|o o)
M Mz  (b-¢;) Azj o o)

o

4

L- — b ' —

-/
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matrix M 1is found to be unsymmetric, primarily because of the presence
of the factors l/k2 in Equations (63),

In the usual simple physical problem, matrix M is symmei;r'ic° In
this case, there is a theorem which guarantees the existence of 2N real
eigenvalues, and there are well-established transformation methods for
diagonalizing matrix M and thus determining its eigenvalues.

But in the case of a nonsymmetric matrix M, 2N real eigenvalues
do not necessarily exist, and methods of finding eigenvalues if they deo
exist are not so well established.

One very unsophisticated method of determining the eigenvalues of
nonsymmetric matrix M 1is to determine the roots of its secular equation
by evaluation of the determinant of M. Such a method may be implemented
in two steps, for efficiency., Since M 1is known to have two repeated
roots of zero, which are trivial since they duplicate the results of the
zeroth-order solution, the first step is to find the general location of
the nonzero roots of interest. This may be done by an orderly evaluation
of the secular determinant over the domain in which the roots are expected.
The second step is to use a general rootfinder method to home in on the
roots by an iterative procedure, refining the approximate values of the
roots obtained in the first step.

The straightforward method indicated is practical if a high-speed
digital computer is used to evaluate the determinants and to conduct the
iterative procedure for improving approximations to the roots. Standard
methods for finding the real or complex roots of arbitrary functions are
readily available, The procedure chosen for the present problem refines

given approximations to roots by a method of variation of the approximation,
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followed by second-order interpolation to an improved approximation.

A discussion of actual computer results for these eigenvalues
will not be given, It suffices to state that in every case in which a
calculation was attempted, for small nonlinear systems of N < 10
oscillators, the values of all 2N real eigenvalues have been successfully
determined, using the procedure outlined above. Of these 2N eigen-
values, two are always zero, and the remaining 2(N-1) occur in

c --cj pairs, as may be seen from the symmetry of Equations (63).

3°
Therefore, there are just N -1 eigenvalues of interest, For definite-
ness, let these be all the positive ones. These N -1 -eigenvalues cj
give the frequency components of energy sharing associated with the N -1
expansion parameters ﬁjo

Having obtained the N -1 eigenvalues of interest, the correspond-
ing N-=1 normalized eigenvectors may be found by any standard method of
solution of 2N homogeneous linear algebraic equations in 2N unknowns.
In the actual computations;, it was found convenient to use a Gauss-Jordan
procedure, programmed on the computer.

Computation of these eigenvectors completes the solution through
first order in the expansion parameters Bjo The frequency components b
and cj have now been determined by the zeroth- and first-order equations,
and there are no higher-order corrections to arguments <« and Tj to
any order in Bjo It might therefore appear that extending the expansion
to order 32 and higher can have no effect upon the frequencies calcu-
lated for a given system by this method.
However, this is not true; the actual frequency corrections given

in Equations (59) and (60) are proportional to the zeroth-order norm Ag
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as well as to b and cjy respectively. The zeroth-order norm AO. and
the N-1 norms of the N-1 first-order eigenvectors, together with phase
angle € and the N -1 phase angles ij are the 2N arbitrary constants

of the general solution which are fixed by the 2N initial conditions

(65)

5(0) = Ay, 8. (0) = Be..

Components of the zeroth- and first-order eigenvectors appear in the
higher-order equations, and so for a given set of initial conditions,
inclusion of higher-order terms in the expansion about a periodic solu-
tion affects the values of the N norms. It is this sort of effect of
higher-order terms on the zeroth-order norm AO which alters the fre-
quency components in Equations (59) and (60) when higher-order terms are
included, for a given set of initial conditions.

Although the frequencies are thus altered by the inclusion of
higher-order terms, the shift is uniform for all of the components.
Each of the components Tj which control the periods of the various
energy-sharing harmonics are proportional to the amplitude Ags so that
inclusion of higher-order terms can have no effect upon the ratios of the
periods of the various energy-sharing processes specified in the first-
order solution. The effect of higher-order terms is restricted to an
expansion or contraction of the overall energy~sharing time scale, in addi-

tion to the inclusion of higher harmonics.

Second-Order Terms. The second-order aigebraic equations in an

expansion about one of the N possible zeroth-order solutions are of the

general form
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where the convention for upper and lower signs introduced in conjunction
with Equations (63) is used. All of the terms in Equations (66) are known
from the zeroth- and first-order solutions, except for the amplitude com-
ponents of the form Akﬂnl in which all three subscripts are nonzero.
Equations (66) together form a system of 4N linear nonhomogeneous
algebraic equations in 4N unknowns. There are (N =--1)2 such systems of
equations; since jl and j2 each range from 1 to N ~1. These systems

of equations are easily solved by any standard methpd for solving sets of
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linear nonhomogeneous equations,

Higher-Order Terms. Second-order Equations (66) may be written

in a more concise form with the aid of an added convention:

(b®c;®ci,) A Avay@p (67)

L N
=13 ﬂ.% CEM g, Ao (Aﬂao AM@J\@JZ
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where the added convention is to change all the circled signs of subscripts
jl if the circled sign of cjl is negative, and to leave them unchanged

otherwise; and similarly for The upper-lower sign convention intro-

320
duced with Equations (63) still holds,

Using the above convention to write one equation which represents
eight, the third-order equations in an expansion about one of the N

possible zeroth-order solutions are of the form
(b®G ®0.BC)s) Aok @ 1u®is (k)
L=
= k;L £§§§%R(3E3~«h11”~/&° (i A&ﬁxnmalknmglhqajzgaja
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+ Ao} @50 Avays 0

+ A5 8185 Anoo ).

Equations (68) form (N -1)3 systems of 8N linear nonhomogeneous

algebraic equations in 8N unknowns, which are the amplitude
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coefficients Aklﬂﬂl which have four nonzero subscripts. All the other
terms which appear in Equations (68) are known from lower-order calcu-
lations.

The obvious generalization of Equation (68) to a case of order T
results in (N -1)T systems of QTN equations in 2TN unknowns. These
higher-order (T = 3) equations are easy to solve by standard methods,
but there are so many equations and unknowns for even small systems that
the task becomes prohibitively lengthy.

As mentioped before, if these higher-order terms are to be used,
some method of choosing only those higher-order terms which are most
significant must be used, in order to reduce the number of terms to be
calculated. This can be done only for a given system, that is, for a
given set of initial conditions and an expansion about a particular
periodic solution.

Expansion Parameters. Assume a simple set of all position or all

momentum initial conditions are applied to the system, so that all the
phase angles in the general expansion, Equations (99) and (60) are either
Zero or %, so that there are only N 1initial conditions of importance.
The eigenvector of the zeroth-order solution and the N-1 eigen-
vectors of the N-1 first-order solutions have all been mbrmalized to
unity to begin with. The coméonents of these eigenvectors are multiplied

by A, and AOBj’ respectively, in the solutions given by Equations

0
(58) or (61),
When the N 1initial conditions are applied to the system, the

values of the N norms must_be changed from unity to another set of

values, in order that the solutions given by Equations (58) or (61)



180

agree in amplitude with the initial conditions at t =0,

Thus it is natural to identify the parameters AO and the Aopj
with the norms of the zeroth~ and first-order eigenvectors. This means
that the expansion parameters Bj will represent the ratios of the
norms of the jth eigenvectors from first order to the norm of the
eigenvector from zeroth order. If the initial conditions are those which
produce the periodic solution about which a given expansion has been made,
then the norms of the first-order eigenvectors will be zero and the expan~
sion parameters Bj will be zero, as is required.

With the expansion parameters Bj normalized in this manner, a
useful expansion about a given periodic solution for a given set of
initial conditions can be recognized as one for which all of the expan-
sion parameters ﬁj are less than unity; the smaller the better. There
is only one overall amplitude in the entire solution, and that is AOo
Thus it is not the level of the amplitudes of the initial conditions
which determines how good a given expansion about a periodic solution
will be. It is only the ratios between the initial condition amplitudes
which is significant.

No matter how high an order of truncation is to be used, approxi-
mate values for AO and the N-1 expansion parameters Bj may be
obtained after the zeroth- and first-order solutions have been obtained,
for a given set of initial conditlions, by use of a matrix inversion. For

example, if the initial conditions are

%(0) = Ae ;  @(0) =0, (69)

then from the zeroth- and first-order portions of Equations (58) it
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follows that
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A general expression for AO and the Bj as a function of the initial
conditions Ak may be obtained by inversion of the square matrix, since
its components are fixed for an expansion about a given periodic solution.

This evaluation of the Bj gives a useful preliminary estimate
of which periodic solution is best expanded about, for a given set of
initial conditions. The values obtained in this approximation are not
expected to change drastically due to the inclusion of higher-order terms,
at least for most sets of initial conditions.

It is anticipated that in order to obtain general solutions for
all sets of initial conditions for a given nonlinear coupled oscillator
system, it will be necessary to make expansions about all N of the
available periodic solutions. The best that can be hoped is that general
solutions for nearly all sets of initial conditions can be well approxi-
mated in this manner, without going above, say, second order in the expan-
sion parameters,

In this chapter, a method for obtaining a representation of the
general solution of a resonant exactly-tuned cubic-coupled nonlinear
N-oscillator system has been developed, in which the general solution

is supplied as a set of perturbation expansions about periodic solutions
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of the system.

First, as a guide in addition to the experience gained in the
analysis of linear systems, the energy solution of a nonlinear two-
oscillator system has been obtained. A method for finding periodic
solutions and making perturbation expansions about them has been
developed for the nonlinear two-oscillator system. Finally, a gener-
alization of this method, appropriate for nonlinear many-oscillator
systems, has been obtained. This general method has been illustrated in
terms of a cubic nonlinear system, but it is expected to find applica-
tion to other types of nonlinear systems as well.

Since there is no other readily available analytical method for
solution of resonant exactly-tunéd nonlinear many-oscillator systems, the
effectiveness of this method in determining approximations to the general
solutions of these systems for various initial conditions is not known.

It is necessary to test the results of the method developed in this chap-
ter against the results of numerical integrations of the equations of
motion, for particular sets of initial conditions.

This may be done in a practical manner by the use of a high-speed
digital computer. A stringent test of the validity of one of these approx-
imate solutions, obtained by truncation of the exact infinite series form,
is to compare the results of the approximation with those of numerical
solution for an extreme case. For the two-oscillator nonlinear system,
such an extreme case would be that for which the period of energy exchange
is infinite, as indicated by the elliptic function solution. Computed
comparisons of this and other types will be presented in the foliowing

chapter.
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CHAPTER VII

COMPARISONS BETWEEN ANALYTIC SOLUTIONS
AND NUMERICAL SOLUTIONS

FOR SOME NONLINEAR COUPLED OSCILLATOR SYSTEMS

The analytic method of solution for resonant exactly-tuned
nonlinear coupled oscillator systems, which has been developed in Chapter
VI in the form of perturbation expansions about periodic solutions, pro-
vides a set of infinite series expressions for the positions and momenta,
and hence for the energy of a given system, In principle, there is no
1limit to the number of terms which can be caiculated in these expressionsj
but in practice, it is necessary to truncate the infinite series expressions
to some reasonable order.

At this stage of the investigation, it is not known how effective
a set of truncated perturbation expansions will be in approximating the
exact general solution of a nonlinear system, for all possible sets of
initial conditions. Therefore, some computer studies will be described in
this chapter in which some analytic approximations, truncated to first and
second order for small systems, are compared with corresponding numerical
solutions of the equations of motion for some cubic-coupled systems of
two, three and five oscillators.

The first-order approximations are found to be reasonably effec-
tive, even for some rather extreme sets of initial conditions. However,
some difficulties are encountered in the calculation of second-order

approximations as formulated in Chapter VI. It is likely that a different
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choice of arbitrary constants in the perturbation expansions will have
to be made in order to obtain second-order approximations which consist-
ently represent improvements over the corresponding first-order approxi-
mations.

The type of system in terms of which computer studies will be dis-
cussed in this chapter is the exactly-tuned cubic-coupled nonlinear system
which was formulated in Chapter III. The explicit expressions for the
coupling coefficients of this system; which have not been given so far
in the interest of generality, will now be supplied. The hamiitonian
introduced in Equation (1) of Chapter III, corresponding to FPU-type
nearest-neighbor couplings between particles but having the FPU frequen-

cies replaced by a set of commensurable frequencies, may be written as
2(%_"’- + ?z.zcoz?;f:) (1)
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The hamiltonian given by Equation (1) contains both resonant and
nonresonant coupling terms. In order to construct a resonant system cor=
responding to this given system, so that the methods of analysis developed
in Chapter VI can be used, it is necessary to eliminate the nonresonant terms
from these equations.

To do this;, a transformation to action-angle wvariables is made,
and the rapidly-varying terms are dropped from the coupling, in the manner
discussed in Chapter II. The inverse transformation back to position-

momentum variables is then made. The resulting hamiltoﬂ%an is
L N
H= % 2(9,{'—-\— lz"c&?,g—) (2)
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A comparison of Equations (1) and (2) shows that two distinct
types of nonresonant coupling terms have been dropped from the given
hamiltonian in order to construct the corresponding resonant hamiltonian.,
First, those terms for which neither relation j + SL -=m=0 nor rela-

tion j - Q,- m=0 1is true, where Jj, Jl and m are the subscripts of



186

the three positions appearing in the coupling terms, have been dropped.
Second, the nonresonant portions of those terms which remain have been
eliminated. This second elimination of terms in action-angle variables
is better interpreted in position-momentum variables as an addition of
certain supplementary mixed terms which complete the q,p symmetry of
those coupling terms which remain after the first step has been taken.,

In the physical application to crystal lattice vibrations, Peierls
(1956) shows that only those coupling terms which produce three-phonon
interactions in which energy is conserved are important in explaining lat-
tice conductivity due to anharmonicities. That is, only couplings for
which either uj + QQ’- W = 0 or “j Sug muw = 0 are important, for
the reason of "internal resonances" discussed in Chapter II of this thesis,
These phonon-energy-conserving coupiings are the terms which remain after
the first elimination described above, exclusive of the second "symmetri-
zation" elimination,

Peierls further classifies the important coupling terms as "normal®
terms and "umklapp" terms. Normal terms are those for which phonon quasi-
momentum as well as phonon energy is conserved, Umklapp terms are energy-
conserving terms for which the difference in quasi-momentum is equal to a
vector in an inverse lattice. Peierls shows that the umklapp terms are the
more important of the two types, so far as lattice conductivity due to
anharmonicities is concerned.

The work of Peierls is concerned with physicaily realistic three-
dimensional crystals, in which there are one longitudinal mode and two
transverse modes of vibration for one atom in a unit cell. The disper-

sion curves have three branches, and although the frequencies associated
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with each branch are of the FPU type, interactions which conserve energy
can be obtained by involving both longitudinal and transverse modes. Both
normal and umklapp coupling terms are present in such a situation.

In contrast, only normal terms are present in the one-dimensional
system used as a model in this study. In Equation (1), the first three
coupling terms are normal terms; the last two would be umklapp terms if
they conserved phonon energy, but they do not., That is; the last two
terms are nonresonant terms, and are not important in energy sharing in
the one-dimensional model.

Thus the model used in this study will not exhibit the proper
lattice thermal conductivity due to anharmonicities. This is not sur-
prising, since the present modei with its commensurabie frequencies rep-
resents only the lower portion of the longitudinai branch of the three-
dimensional system.

The equations of motion which correspond to the "original" system

given by Equation (1) are
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These 2N first-order equations may, of course; be conveniently combined
into N second-order equations, since momentum and wvelocity are identical
in the "original" system.

The equations of motion which correspond to the ¥resonant" system

given by Equation (2) are
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The technique used in the computer studies described in this chapter
is to first calculate analytic approximations to the solutions of the
equations of motion of the resonant system, Equations (4), by the methods
described in Chapter VI; these same equations are then numerically inte-
grated, for the same set of initial conditions, and the two results are

compared.
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In the interest of accuracy and efficiency, the first computer
program is one which constructs and punches out on cards Equations (4).
These cards are then used to insert the equations of motion into two other
programs: one which calculates an approximate solution by methods already
outlined in Chapter VI, and one which integrates the equations of motion
by a standard fourth-order Runge-Kutta method, to provide the "exact"
numerical solution. The latter is indeed not mathematically exact, but
it is numerically correct to considerably more significant figures than
are needed for the graphs presented in this study. Several checks, such
as calculation of the hamiltonian and reversal of integration back to the
initial conditions, give assurance of the accuracy of the numerical solu-
tions.

In the first section of this chapter, the results of calculations
of sets of initial conditions for periodic solutions of resonant exactly-
tuned systems of two, three and five nonlinear coupled oscillators will be
given. The second section will compare some first-order approximate solu-
tions with corresponding numerical solutions, for several typical sets of
initial conditions. 1In the third section, a few of the corresponding
second-order expansions will be exhibited, and some of the difficulties
involved in using the formulation described in Chapter ¥I will be dis-
cussed.,

It has been indicated previously in this thesis that the couplings
between oscillators in any physically realistic model must include non-
resonant as well as resonant terms. The systems such as those given by
Equations (2) and (4) of this chapter, for which a method of solution was

developed in Chapter VI, contain only resonant coupling termsj it is felt
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that the effect of including nonresonant terms (as in Equations (1) and
(3)) can be adequately treated by standard perturbation methods, using
the solution of the resonant system as a zeroth-order solution. Although
no such attempt will be made in the present investigation to deal ana-
lytically with nonresonant terms, the fourth and final section of this
chapter will present some computer studies of the effect of inclusion of
nonresonant terms in the couplings of systems considered earlier in this

chapter.

Existence of Periodic Solutions

In Chapter VI it was indicated that resonant exactly-tuned non-
linear coupled systems of N oscillators may be expected to possess N
periodic solutions; on the basis of an assumed analogy to corresponding
linear coupled oscillator systems.

Although there is no general theorem which guarantees the existence
of N periodic solutions for the nonlinear system, and although the assumed
analogy to linear systems cannot always be relied upon; it has been pos-
sible to calculate N distinct stable periodic solutions to systems of
the type given by Equation (4) in every case which has been attempted,
including a system of eight oscillators. The results are presented in
Table 3.

The values of initial conditions for these periodic solutions were
calculated by first obtaining approximate sets of values by analogy to the
periodic solutions (true normal modes) of a corresponding linear system;
these approximations were then refined by an iterative procedure, as out-
lined in Chapter VI. As may be seen from Table 3, the periodic solutions

thus obtained are completely analogous to those of the linear system with
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Table 3.

PSl
0.11785

0.94281
0.33333

PS1
0.07834

0.91364
0.36959
0.,16932

Ps1
0,03452

0.87863
0.39600
0.22181
0.12908
0.07299

PS1
0.01374

0.85064
0.40462
0.24855
0.16608
0.11419
0.07866
0.05340
0.03529

Two Coupled Oscillators

PS2
-0,11785

0.94281
-0,33333

Three Coupled Oscillators

PS2 PS3
0.00000 -0.07834
0.,97922 0.91364
0.00000 -0, 36959

-0,20280 0.16932
Five Coupled Oscillators
PS2 PS3
0.01136 0.00000
0.96204 0.98649
0.23664 0. 00000
-0,01892 -0,13217
=0.,09962 0. 00000
-0,09056 0.09675
Eight Coupiled Oscillators
PS2 PS3
0.00588 0.00147
0.92450 0,79320
0,34535 0.34781
0.12421 -0,20178
0.11760 0.36583
=0,04289 0.09074
-0.06093 0.04067
~0.05661 =-0,24619
=-0,04138 -0.06944

Periodic Solutions for Nonlinear Systems

PS4
-0.01136

0.96204
=0,23664
-0.01892

0,09962
=0,09056

PS4
0.00103

0,89935
-0,12924
0.25545
-0,04854
-0,06043
=-0.20273
0,10059
0,22800

191

PS5
-0,03452

0.87863
=0, 39600
0.221i81
-0,12908
0.07299
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regard to frequency splitting; and have the same number of nodes with the
exception of PS3 and PS6 for N=8, (For N=8 in Table 3, the four
periodic solutions not given may be obtained from the four which are
given by changing the signs of the frequency components b, and by
changing the signs of the even-numbered coefficients, as in the case for
N=2)

The results exhibited in Table 3, obtained as described,
have been checked by numerical integration of the equations of motion
using the values given for the AkOO as the initial conditions. In every
case, the solutions given in Table 3 have been verified to be stable
periodic solutions. That is, for these sets of initial conditions the
energies in each of the harmonic normal modes remain constant at their
initial values, to within the error expected in the numerical integra-
tions and other calculations.

Since in every case N distinct stable periodic solutions were
found, no special effort was made to determine whether more than N
such solutions exist for the nonlinear systems studied., However; the fact
that only two stable periodic solutions exist for the two-oscillator non-
linear system (for which the exact solution is known), p.us the rather
close correspondence of the nonlinear periodic solutions to those of
the linear cases, may give some indication that there may be no more than
N such stable periodic solutions for nonlinear systems of the type
studied.

In this section; the existence of periodic solutions for some
resonant exactly-tuned cubic coupled oscillator systems has been demon-

strated. The next section will present some results of perturbation
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expansions about these periodic solutions, in which the expansions are trun-

cated to first order in the expansion parameters.

First-Order Approximate General Solutions

According to the discussions presented in Chapter VI, it should be
possible to obtain approximations to the general solution of a resonant
exactly-tuned nonlinear system, for all sets of initial conditions; as a
set of perturbation expansions about the periodic solutions displayed in
the previous section. These expansions must be truncated to some fairly
low order, and it is not known how good an approximation to a given general
solution is obtained by such a method.

The most severe test is obtained by truncating the expansions to
first order in the expansion parameters, and then comparing these first-
order approximations with exact numerical solutions for extreme initial
conditions, that is, for initial conditions which are as far away from
the periodic solution initial conditions as possible.

A guide to which initial conditions are most extreme is given by
the two-oscillator nonlinear system, for which the exact energy solution
is known. For N=2, these are the initial conditions in which one of
the oscillators starts with all of the energy, and the other has none.

In fact, for this two-oscillator resonant exactly-tuned system; the
period of energy exchange is infinite for these extreme initial condi-
tions; this was noted in Chapter VI.

For systems of more than two oscillators, the same sort of initial
conditions in which one oscillator starts with all the energy are expected
to be the most extreme relative to the periodic-solution initial condi-

tions. An inspection of Table 3 supports this conjecture. However; for
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systems of more than two oscillators, no cases in which the period of
energy exchange in infinite are expected to occur, because of the

greater spread of energy throughout the larger systems. The two-oscilla-
tor system is probably a special case in this respect.

In the following subsections, computer comparisons of first-order
approximations and exact solutions will be given in graph form, for
various selected sets of initial conditions including the extreme ones,
for systems of two, three and five oscillators coupled as in Equation
(4). Rather than plotting position or momentum versus time, graphs of
energy versus time will be presented. This sort of presentation best
displays the differences in long-term behavior of the various solutions;
these long-term characteristics are the most difficult to approximate by
the present method.

Two-0Oscillator Nonlinear System

In Figure 13, the numerical and first-order approximate solutions
are compared for the two-oscillator nonlinear system; for a rather
extreme set of initial conditions. The long-term energy-sharing period
is approximated to within 10%, and the amplitude to within 7%. This is a
good approximation, considering that the set of initial conditions is
close to that set for which the period of energy exchange is infinite in
this two-oscillator system. Several other less extreme sets of initial
conditions have been used, with the expected result that the first-order
approximations were better than those for the case illustrated.

Three-Oscillator Nonlinear System

As in the case of the two-oscillator system, the most extreme set

of initial conditions (in the sense of being far from any periodic solution)
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Figure 13. Comparison of Numerical and
First-Order Approximate Solutions,
for N=2: Extreme Initial
Conditions.



for a system of more than two oscillators should be of the class in which
all the energy is initially given to only oné osciilator,

Figure 14 presents results of a first-order approximation for a
three-oscillator system started from "intermediate” initial conditions
in which each oscillator initially has one-third of the total energy. In
this example, the approximation to the main component of oscillation of
E1 is within about 3% of the correct value given by the numerical solu-
tion; approximations to the other frequency components are probably about
as good. The amplitudes are approximated to within probably 10% of their
correct values,

The shortcomings of graphical presentations of approximations to
multi-component periodic data must be borne in mind while examining illus-

trations such as Figure 14. In the case of E in which one periodic

152
component clearly dominates, a graphical presentation adequately displays
the differences in amplitude and frequency of two slightly different periodic
functions. But these differences are not so clear in cases such as E2

and E in which there are several components with roughly the same ampli-

3°
tudes but different frequencies. In these latter cases, small errors in
the determination of the approximate frequencies of the individual compo-
nents of E2 and E3 result in overall approximations to E2 and E3
which appear progressively worse as time increases.

Thus in terms of a graphical presentation, the length of time over
which an approximate solution and an "exact” numerical solution
agree may be taken as a measure of how good the approximation
is.

A better way to compare an approximate solution to a numerical
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Comparison of Numerical and
First-Order Approximate Solutions,
for N=3: Intermediate Initial
Conditions.
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solution would be to analyze each into its harmonic components and compare
these frequency spectra, However, this general probiem of harmonic
analysis of functions having many components with frequencies which are
not commensurable (unlike those of a sawtooth or similar function) is not
a trivial one, and no harmonic analysis of solutions will be done in the
present investigation.

Figure 15 compares numerical and first-order solutions of a three-
oscillator system for an extreme set of initiai conditions in which all of
the energy is initially given to the first osciilator (Case 1). Figure
16 (Case 2) is similar, with nearly all the energy being given initially
to the third oscillator. The energies are rather simple combinations of
only a few trigonometric components in these cases. The approximation
illustrated in Figure 15 is good to about 7% in frequencies and amplitudes.
The approximation shown in Figure 16 is not as good; the errors are about
16% in frequencies and perhaps 50% in amplitudes.

In each of the figures in this section, sclid linés such as those
as E1 = 2.16, E2 = 0,00 and E3 = 0.84 1in Figures 15 and 16 have been
drawn to indicate the energies corresponding to the periodic solutions
about which the perturbation expansions have been made. From this it may
be seen that the set of initial conditions used in Figure 16 are more
"extreme" than those used in Figure 15; the results of the first-order
approximation calculations bear this out.

Five-Oscillator Nonlinear System

The relative success of the first-order expansion approximations
for two and three oscillators encourages some similar caliculations for a

slightly larger system. A five-oscillator system has been chosen as a



Numerical
jApprox1mate )

g paaly
/ ‘\ K\\.\./
{ \ 4 \

Figure 15,

Time

Comparison of Numerical and
First-Order Approximate Solutions,
for N=3: Extreme Initial
Conditions, Case 1.

199



200

Numerical
A/,Approximate )

0 100 200 300 400

Time

Figure 16. Comparison of Numerical and
First-Order Approximate Solutions,
for N=3: Extreme Initial
Conditions, Case 2,
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system which is probably large enough not to be a special case {as are
systems of two and three oscillators), and yet which is small enough to be
computationally feasible,

In Figure 17, numerical and first-order approximate results are
compared for a five-oscillator system started from intermediate initial
conditions in which each oscillator has one-fifth of the energy. The
approximation is good to probably 10% in the frequencies and amplitudes.
The two graphs which are given are typical.

It may be seen from the energy plots in Figure 17 that the funda-
mental frequency content is present in the first-order approximation, but
that higher-harmonic terms are also needed and do not appear. In addition,
the energy-sharing time scale needs to be contracted, in order to obtain
a better approximation.

These conclusions are confirmed by an examination of the other
graphs presented in this section, and by the results for a five-oscillator
system started from extreme initial conditions, as shown in Figure 18,

For this last first-order case, all the energy has been initially given

to the first oscillator. The three graphs which are given are typical.
The fundamental frequency is well approximated, probably to within 2%, but
there is a considerable need for higher-harmonic terms.

In this section, some first-order perturbation expansion approxi-
mations have been compared with the corresponding "exact" numerical solu-
tions for various selected sets of initial conditions. As anticipated
from the discussions of Chapter VI, these approximations are best when
the initial conditions are close to those of a periodic solutions that is,

when the expansion parameters are the smallest.
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For the systems investigated, the first-order truncation of the
expansions gives fairly good approximations to the general solution for
most sets of initial conditions. These approximations are better for
smaller systems than for large ones, according to the trend observed here.
However, for the most "extreme" sets of initial conditions, especially, it
would be useful to be able to improve the first-order results so as to
reduce the error of the approximations beiow, say, 10%. The difficulties
which have been encountered in trying to carry out the necessary second-
order calculations as formulated in Chapter VI will be described in the
following section, and some alterations which may remedy these difficulties

will be discussed.

Second-Order Approximate General Solutions

The general form of a perturbation expansion about a periodic solu-
tion for a resonant nonlinear many-oscillator system, which was developed
in Chapter VI, contains a large number of arbitrary constants. In order
to make the calculation of second-order terms computationalily feasible; a
choice of certain of these arbitrary constants such that there are no
second-order corrections to the frequencies & and Qj was made in
Chapter VI. For lack of a better choice, the remaining arbitrary constants
were chosen zero.

In this formulation, the only numerical computations involved
are inversions of matrices, which can be handled in a relatively routine
manner by presently available techniques on presently available computers.
In any other formulation in which the second-order corrections to the
frequencies are nonzero, it is necessary to solve eigenvalue-eigenvector

problems involving unsymmetric matrices, a task which does not lend itself
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so well to computation at present, as has been seen in the computation
of the periodic solution frequencies and amplitudes.

Thus the particular formulation of the calculation of second-
order terms set forth in Chapter VI was chosen for its computational sim-
plicity. In that formulation it was expected that the improvement in the
approximation to the frequencies would come about implicitiy by means of
the second-order refinement in the value of amplitude AO’ to which all
of the frequencies are proportional.

Several difficulties have been encountered in carrying out the
calculations as set forth in Chapter VI. First and most important is
that for expansions about periodic solutions in which some of the energy-
sharing frequencies (determined in the first-order calculation and
unaltered in second order) satisfy the relation Qj +Q =0, the
matrices from which the coefficients of second-order terms of the form
cos{kQt + th + Qit) = cos(kQt) are to be calculated are singular, so that
these coefficients cannot be determined. There does not appear to be a
simple reduction of the order of these matrices, which would remove the
redundancy which causes the singularity.

A second difficulty, of the same nature and only siightly less
severe, arises in conjunction with the calculation of the second-order
terms of the form cos(kQt + th - th) = cos(kQt) and those of the form
cos(kQt - th + th) = cos(kQt). For the two-oscillator system, the
matrix used in the calculation of the coefficients of these terms is
singular. In the case of the three- and five-oscillator systems, these
matrices are not singular, but the coefficients calculated from them are

quite large, which is numerically about the same thing.
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It was noted in Chapter VI that second-order terms of the type
mentioned above are actually zeroth-order terms. It should also have
been noted there that the appearance of zeroth-order terms in higher orders
is dangerous to convergence; this is the sort of difficulty which causes
trouble in the application of the Wigner-Brillouin perturbation method
to exactly-tuned nonlinear systems,

At this point it seems clear that the entire formulation of the
calculation of second-order terms should be reconsidered; that is, a
different choice of arbitrary constants should be made so that zeroth-order
terms do not appear in higher orders. However, since this would probably
involve a considerable reorganization of the computer programs for the
second-order calculations, it will not be carried out in the present
investigation.

Instead, a partial remedy of the difficulties will be made by
doing some calculations in which the second-order cos(kQt) terms are
simply omitted from the second-order expansions. In several cases, the
second-order approximations so obtained are better than the corresponding
first-order approximations., In some other cases, new difficulties in
obtaining convergence of the expansion become apparent.

In Figure 19, numerical and second-order approximate solutions are
compared for a two-oscillator system, using the same initial conditions as
in Figure 13. The result is a slightly worse approximation, if any-
thing. The frequency is in error by about 12%, and the amplitude by
about 10%, compared with 10% and 7% respectively for the first-order
approximation. However, this is not too surprising, since the deletion

of the cos(kQt + th - th) and cos(kQt - th + th) terms leaves only
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two second-order correction terms, so that the second-order expansion has
been considerably mutilated.

Figure 20 presents the result of calculating a second-order expan-
sion in which all terms are included, just as set forth in Chapter VI, for
a three-oscillftor system started with intermediate initial conditions.,

A comparison of this result with Figure 14 shows that the second-order
approximation calculated in this manner is considerably worse than the
corresponding first-order approximation,

In contrast, Figure 21 presents the results of a second-order
approximation calculation for the same system in which the second-order
cos(kQt) terms have been deleted. A comparison of Figure 21 with Figure
14 shows that this second-order calculation represents an improvement
over the first-order approximation. The approximation to the frequen-
cies has not improved, but the approximation to the amplitudes of E2
and E3 is better,

Figures 22 and 23 present the results of calculating second-
order approximations for the five-oscillator system started from inter-
mediate initial conditions. 1In the calculation given by Figure 22, the
second-order cos(kQt) terms have been included; in that given by
Figure 23, they have been deleted. The graphs are very similarj there
is only a small difference in the two sets of numbers from which they were
plotted. Both approximations are much worse than the corresponding first-
order approximation given by Figure 17,

This brings to light a further difficulty in obtaining "good"
second-order approximations; it is related to the first two., The second-

order expansion for this case of five oscillators contains several rather
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large terms of the form cos(kQt + th + Qit) where Qj +Q  is quite
small, so that these second-order terms are very nearly of the same fre-
quencies as the zeroth-order terms. This is the same problem of the
appearance of higher-order terms with large amplitudes and frequencies
close to those of the zeroth-order solution, which was characterized in
previous perturbation schemes as the problem of the appearance of terms
with small divisors. As in other perturbation schemes and as in the case

of the higher-order cos{kQt) terms in the present scheme, this problem
will have to be dealt with by the appropriate choice of arbitrary constants.

The last two figures in this section, Figures 24 and 25, present
the results of calculating second-order approximate solutions in which
no second-order c¢os{kQt) terms are included, for systems of three and
five oscillators started from initial conditions in which the first
oscillator has all of the energy. These two figures correspond to Fige
ures 15 and 18, respectively. Comparing Figures 24 and 15; there is little
if any net improvement due to the inclusion of second-order terms for the
three-oscillator system., The approximations to the frequencies are worse,
but the shapes of the waveforms are better due to the inclusion of higher
harmonics., A comparison of Figures 25 and 18, however, shows a definite
improvement of the second-order approximate solution over the first-order
solution,

In this section, it has been demonstrated that there exist certain
shortcomings in the procedure for calculating second-order terms as set
forth in Chapter VI. In particular, difficulties arise when second-order
terms having frequencies which are close to those of the periodic solution

about which the expansion is being made appear in the solution.
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In order to overcome these difficulties, some better method of
choosing the many arbitrary constants which appear in the formal solution
must be found. It may be possible to develop a variational method which
will choose these constants so as to maximize the rate of convergence of
the perturbation expansion in a given instance. 1In any event, it seems
likely that a choice of arbitrary constants for which the higher-order
frequency corrections are nonzero will be made, so that the problem of
numerical computation of higher-order solutions will become more diffi-
cult to carry out than it was in the present investigation.

The net result of the computations which have been presented in
the first three sections of this chapter is that the general method
developed in Chapter VI is an effective one, at least in dealing with
small nonlinear systems of the type studied here. The first-order approx-
imations obtained here are considerably better than the approximations
which can be obtained for these exactly-tuned nonlinear systems by any
of the other existing perturbation methods. At present, there are cer-
tain difficulties in the calculation of higher-order terms in the approxi-
mation; but these difficulties seem familiar, and it is likely that they
can be overcome,

Now that some evidence has been given for the effectiveness of
a method for approximating the general solutions of resonant exactly-tuned
nonlinear coupled oscillator systems, it is of interest to know something
about the behavior of similar exactly-tuned systems in which nonresonant
as well as resonant coupling terms are included. That is, it is of
interest to investigate the solution of systems of the type given by

Equations (1) and (3) of this chapter. This wiil be done in the final
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section of this chapter.

Effect of Nonresonant Coupling Terms

If a good approximation to the general solution of a resonant
exactly-tuned nonlinear coupled oscillator system can be obtained, an
important basic step has been taken, but the result is still far from
any application to a physical system. Physical systems contain nonresonant
as well as resonant coupling terms, and physical systems are not generally
exactly tuned.

It is anticipated that both the effects due to nonresonant coupling
terms and detuning of the frequencies can be adequately treated by the
use of standard perturbation techniques, in which the solution of the
basic resonant exactly-tuned system is used as the zeroth-order term.

Neither of these effects wﬁll be treated analytically in this
thesis. It is more appropriate to reserve these analyses for the par-
ticular physical problems which are of interest. Any general inclusion
of nonresonant terms or general detuning for systems of more than two or
three oscillators becomes quite complicated; in an application to a cer-
tain physical problem, a welcome limitation in the generality of the
analysis of the effects of nonresonant terms and detuning is obtained.

However, since some selected computer studies of the actual effects
of detuning have already been presented, in Chapter II, some computer
studies of the actual effect of the inclusion of nonresonant coupling
terms will also be included in this thesis, in the present section,

In the first subsection, the effect of nonresonant coupling terms
on periodic solutions will be investigated. In the second subsection,

the qualitative effect of nonresonant coupling terms on completely
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energy-sharing solutions for systems of three and five oscillators will be
discussed.

Nonresonant Terms and Periodic Solutions

It may be noted that although the so-called nonresonant terms
identified in Chapter II as rapidly-varying coupling terms do not con-
tribute to appreciable energy sharing in a system of coupled oscillators,
they do cause a small amount of energy exchange among oscillators, depend-
ing upon the coupling strength for a given system.

Therefore it is not clear what the effect of the inclusion of
nonresonant terms in the couplings, as in the systems given by Equations
(1) and (3) of this chapter, will be on the general solution, especially
relative to the solution of the corresponding resonant system, Equations
(2) and (4). A preliminary study for a two-oscillator linear coupled
system (Chapter V) indicates that the effect of including nonresonant
terms may be no more serious than to shift the frequencies slightly, and
to introduce some small rapidly-varying terms in the energy solutions, due
to the difference between the momenta of the "resonant"” and "given" sys-
tems.

As a preliminary study, the effect of nonresonant couplings on
the existence of periodic solutions, given in this chapter in Table 3,
will be investigated. At this point in the thesis, it is not known whether
or not the inclusion of nonresonant coupling terms will invalidate these
solutions.,

Figure 26 presents typical results of calculations in which the
appropriate periodic solution initial conditions from Table 3 were applied

to systems of three and five oscillators having both resonant and nonresonant
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couplings, as specified by Equations (1) and (3). The solutions shown
were obtained by numerical integration of the equations of motion. The
results given in Figure 26 are typical of the results obtained for each
of N sets of initial conditions.

These results demonstrate that the periodic solutions continue to
exist in the presence of nonresonant coupling terms. The principal effect
is an inclusion of some small rapidly-varying energy terms. The long-term
magnitudes of the energies, and hence the amplitudes of the positions and
momenta, do not vary beyond the amount expected due to numerical inaccu-
racies.

This indicates that the periodic solutions are stable, in the
sense that their existence is not affected by the inclusion of nonresonant
coupling terms. This is important evidence to support the conjecture that
the effects due to nonresonant coupling terms can be adequately treated
by standard perturbation methods, using the solution of the resonant
system as the zeroth-order term, If periodic solutions are stable in the
sense used here, then expansions about periodic solutions are likely to
be stable also.

The present subsection has dealt with periodic solutions. In the
following section, the effect of nonresonant terms in the opposite extreme
case, completely energy-sharing solutions, will be investigated.

Nonresonant Terms and Completely Energy-Sharing Solutions

Completely energy-sharing solutions may generally be obtained for
coupled oscillator systems in which all the oscillators are coupled, by
starting the system with one oscillator having all of the energy.

In such a situation, nonresonant terms may play a significant role
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in the character of energy sharing, that is; in the order in which the var-
ious osciliators participate in the sharing of energy. All of the oscil-
lators in a resonant system are not coupled to all of the others; many of
the "given" couplings are nonresonant and have been eliminated,

In any cubic-coupled oscillator system, it is necessary for two
oscillators to be energized in order to have a transfer of energy to a
third oscillator., If a system is resonant, so that it is missing some
of its couplings, and if ail of the energy is started off with one oscil-
lator, then it is possible that some of the oscillators never receive any
energy, if they are not coupled to iwo others which have become energized.
At the very least, the spread of energy throughout a resonant system is
inhibited if the complete energy-sharing type of initial conditions are
used.

The inclusion of nonresonant coupling terms causes a small amount
of energy to be spread among a number of oscillators, in addition to the
large transfers of energy among a few oscillators due to resonant couplings.
These additional oscillators are thus brought into participation in
energy sharing earlier than would have otherwise been the case, There is
a more homogeneous spread of energy in a system in which nonresonant as well
as resonant coupling terms are included, although the resonant couplings
still control the large-scale transfers of energy.

Even after the initial energy has spread out in the system, non-
resonant coupling terms continue to increase the participation of all of
the oscillators in the sharing of energy., The same mechanism described
above acts significantly whenever the energy of an individual oscillator

becomes very small.
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In addition to the effects just described, nonresonant terms may
be expected to cause shifts in the energy-sharing frequencies, as was the
case for the two-oscillator linear system discussed in Chapter V.

As evidence which may substantiate the heuristic discussion just
presented, several computer studies will be presented. It will be seen
that although the preceding discussion may not be complete, nonresonant
coupling terms do have a definite effect on the character of energy
sharing for the complete energy-sharing cases. This is because the terms
identified in this study as "nonresonant” terms actually contain some
higher-order resonant portions., This is most easily demonstrated in the
canonical formalism of Birkhoff (1927); the action-angle formalism used
in this thesis identifies only the lowest-order resonant terms; whereas
the Birkhoff method identifies all orders of resonant coupling terms.
Further consideration of this matter is beyond the scope of the present
investigation.

The two-oscillator resonant exactly=tuned system has an infinite
period of energy exchange for initial conditions in which one of the
oscillators is started with all the energy. This may be verified from
the exact energy solution given in Chapter VI. But the inclusion of
nonresonant coupling terms in addition to the resonant coupling term causes
the period to become finite. That is, the perturbation of the nonresonant
couplings prevents the occurrence of the special situation in which the
period is infinite. The exact solution for the N =2 system of the type
given in Equations (1) and (3), in which nonresonant terms appear, has
been given in Chapter II, in the bottom plot of Figure 4,

The three-oscillator resonant exactly-tuned system with completely
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energy-sharing initial conditions likewise has its energy-sharing charac-
teristics noticeably changed by the inclusion of nonresonant coupling
terms, although the change is not so drastic as for the two-oscillator
system. Figure 27 gives a comparison of the exact solutions, obtained
by numerical integration of the equations of motion first of the resonant
type, given by Equation (4), and second of the resonant-plus-nonresonant
type, given by Equations (2).

The differences noted in Figure 27 for three oscillators are
better displayed for five oscillators; for which Figure 28 provides some
typical samples. The calculations presented in Figure 28 last about ten
times as long as those for Figure 27. The principal effect of inclusion
of the nonresonant coupling terms seems to be a shift from a rather
oscillatory energy solution to one in which energy is shared in a more
random manner. There ia also more uniform participation of all of the
oscillators in the system in which the nonresonant terms are included.

In this chapter; a number of computer studies have been made to test
the effectiveness of the method developed in Chapter VI for obtaining
approximations to the general solutions of resonant exactly-tuned non-
linear coupled oscillator systems. This method has been found to be quite
effective in principle, although the expected practical limitations on the
order to which the approximation can be conveniently taken are indeed
present.

Also in this chapter, the effect of the inclusion of nonresonant
coupling terms has been studied. It appears that the existence of periodic
solutions is not invalidated by the inclusion of nonresonant terms. It

seems likely that standard perturbation methods may be used to deal with
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nonresonant terms, as discussed earlier. Nonresonant terms do seem to
assume a role of some importance in altering the manner in which energy
spreads and is shared in a nonlinear coupled oscillator system.

The development of a method of analysis for nonlinear coupled
oscillator systems terminates with the end of this chapter. In the fol-
lowing chapter, some studies of constants of the motion for nonlinear
systems and the approach to equilibrium for coupled oscillator systems
will be briefly described. A final chapter which summarizes the conclu-

sions drawn in this study will then be given.
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CHAPTER VIII

COMPUTER STUDIES OF CONSTANTS OF THE MOTION

AND THE APPROACH TO EQUILIBRIUM

A brief account of two computer studies of topics which are
related to the preceding investigations of nonlinear coupled oscillator
systems will be given in this chapter. 1In the first section, studies of
the constants of the motion will be described. In the second section,
some studies of the approach to equilibrium of nonlinear and linear

coupled oscillator systems will be discussed.

Constants of the Motion for Nonlinear Systems

It has been demonstrated in Chapter VII that the analytical method
of obtaining approximations to the general solutions of resonant exactly-
tuned nonlinear coupled oscillator systems, developed in Chapter VI, is
fairly effective, at least for small systems of the type considered,

As discussed in Chapter V, there are N constants of the motion
for a linear coupled N-oscillator system, in the form of the N true nor-
mal mode energies. These constants of the motion are analytic in the
position and momentum variables. Since an approximation to the general
solution of a nonlinear system is available from Chapter VI, and since
certain analogies between linear and nonlinear systems have been noted
previously in this thesis;, there is encouragement for a belief in the
existence of N analytic constants of the motion for a nonlinear coupled

N-oscillator system. In particular, the analogy between N periodic
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solutions for the nonlinear system and N true normal mode solutions
for the linear system encourages this belief,

However, the identification of N analytic constants of the
motion for nonlinear systems has not been accomplished in the present
work. The only additional constant of the motion other than the hamil-
tonian which has been identified is the total coupling energy in a reso-
nant exactly-tuned N-oscillator system.

In Chapter VI, in conjunction with the integration of the action-
angle equations of motion of the two-oscillator resonant exactly-tuned
nonlinear system, the total coupling energy was identified as a second
constant of the motion. This was shown directly from the action equa-
tions of motion, Equations (5a) and (5b) of Chapter VI, in which the

relation

L ]
J+2d, = o (1)
directly provides a second constant of the motion,

Jiral, =k (2)

/

which, when multiplied by frequency, w, 1is equal to the total energy
of the individual oscillators.
The difference between the quantity wK from Equation (2) and

the hamiltonian H 1is the total coupling energy,

Ke = H- (wJ|+2wJ?_}/ - (3)

which may be identified, as an alternative to K, as the second constant

of the motion for the two-oscillator system.
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For resonant exactly-tuned nonlinear coupled systems of more than

two oscillators; it is easily shown in the same manner that the sum

Jir2d, +3d 4.+ Ny (4)

is a constant, so that the total coupling energy can be identified as
the second constant of the motion for such systems of any number of oscil-
lators.

As an alternative to the simple method just described for identi-
fying the total coupling energy as a second constant of the motion, it can
also easily be shown for these systems of N oscillators that the total
coupling energy has zero Poisson bracket with the hamiltonian, which is
an equivalent requirement for a constant of the motion. A quick check with
the action-angle equations of motion shows that the total coupling energy
has zero Poisson bracket with the sum given in Equation (4); this estab-
lishes the result.

Probably the only computer study of interest in connection with
this second constant of the motion involves the question of whether the
inclusion of nonresonant as well as resonant coupling terms invalidates
the total resonant coupling energy as a second constant.

To answer this question, the total coupling energy and the resonant
portion of the total coupling energy have been computed for the five-
oscillator nonlinear system with completely energy-sharing initial con-
ditions, with nonresonant as well as resonant couplings (Equations (1)
and (3) of Chapter VII). Typical plots of energy versus time have already
been given in Figure 28 in Chapter VII, for this case.

A typical comparison of the time behavior of the resonant coupling
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energy with that of the total coupling energy (resonant plus nonresonant
terms) is presented in Figure 29. Examination of this figure shows that
the resonant portion of the coupling energy remains essentially con-
stant; in contrast to the rapid and wide variations of the total coupling
energy.

The expression for the resonant portion of the coupling energy
used in Figure 29 does not include a correction for the effect of the
inclusion of nonresonant terms, which must be made if a true constant of
the motion is to be obtained. However, it is expected that this correction
can be made by standard perturbation methods (Whittaker 1944, Chapter 16).
The result indicated in Figure 29 should be sufficient to indicate that
the resonant portion of the coupling energy remains a valid second con-
stant of the motion even when nonresonant coupling terms are included in

the system,

The Approach to Equilibrium

Since some calculations of the behavior of a system of five non-
linear coupled oscillators in which all of the energy is initially given
to one oscillator have already been made, some discussion of the nature
of the approach to equilibrium may be given in this section.

Specifically, five units of energy were initially given to the
first oscillator of an exactly-tuned five-oscillator system in which
both resonant and nonresonant nonlinear coupling forces were present.
This system is the one given by Equations (1) and (3) of Chapter VII.
The spread of this energy through the system was studied for a fairly

long time (over 60 uncoupled periods of the first oscillator, or over
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300 uncoupled periods of the fifth).

For comparison, five units of energy were also initially given
to the first oscillator of an exactly-tuned five-oscillator system in
which both resonant and nonresonant linear coupling forces were present.
This system is the one given by Equations (17) and (18) of Chapter II.
The spread of energy through this system was studied for over 150
uncoupled periods of the uncoupled oscillators, all of which have the
same frequencies,

Typical comparisons of the results for these nonlinear and linear
systems are presented in Figures 30 and 3l1. These curves present at
least two interesting features. First, both systems appear to reach a
steady state after the elapse of only a small number of uncoupled periods.
Second, the energy curves for the nonlinear and linear systems show a
rather striking similarity. Clearly there must be differences in the
time scales of these curves for various individual oscillators, because
of differences in the uncoupled frequencies. But considering the fact
that totally different couplings are involved, the similarities seem more
impressive than the differences.

In view of this similarity, it is interesting to compare the
single-oscillator energy distribution densities f(E) for the nonlinear
and linear coupled systems., Here f(E) is defined to be the fractional
amount of time which a single oscillator spends in the energy interval
(E, E+dE).

First, the f(E) data points were computed using AE=0.3 for
each individual oscillator. Then, since all of the individual f(E)

plots thus obtained were more or less the same, for presentation the
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averages of the f(E) data over all five oscillators were taken. These
data points are plotted as histograms for the nonlinear and linear systems
in Figure 32,

According to equilibrium statistical mechanics, the single=-

oscillator energy distribution density for a system at temperature T is

given by
1L -
— — kT (5)
'C(}E;> = =T e /
where kT = E , the average energy of a single oscillator. For these

particular five-oscillator systems, this average energy is unity., Thus

according to equilibrium statistical mechanics, f(E) = e"E, The solid

curves in the plots of Figure 32 represent e .

Thus in Figure 32 the histograms represent the time average f(E),
while the solid curve represents the phase average f(E). It is inter-
esting to note the close agreement of the time averages and phase averages
for both the nonlinear and the linear coupled oscillator systems. It thus
appears that for these systems, four oscillators form an adequate heat
bath for the fifth,

In this chapter, brief discussions of constants of the motion and
the approach to equilibrium for coupled oscillator systems have been
given, The work on constants of the motion appears to show promise of
some later development. The studies of the approach to equilibrium for
the nonlinear and linear coupled oscillator systems serve to further

emphasize the similarities and analogies between nonlinear systems and

linear systems. The results for the five-oscillator systems given in
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the last section of this chapter provide some indication that five oscil-
lators are enough to adequately represent many of the essential proper-
ties of larger systems.

In the final chapter of study, some conclusions will be drawn

concerning the work which has been done.
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CHAPTER IX

CONCLUSIONS

The principal .conclusion which can be drawn from this investiga-
tion is that weakly-coupled energy-sharing nonlinear coupled oscillator
systems are amenable to analysis and that these systems have much in
common with energy-sharing linear'coupled osciilator systems. A method
of analysis of these nonlinear systems has been presented, and the
effectiveness of this method has been tested by comparisons with
selected numerical solutions., There are indications that this method
of analysis is capable of providing good first~order approximations to the
general solutions of the nonlingar systems considered. Although certain
difficulties have been encountered in the calculation of second-order
terms, it seems likely that the results of the first-order approximations
can be improved by making higher-order approximations, calculated in an
appropriate manner.

There are several disadvantages inherent in the method presented
in this thesis, aside from difficulties in the calculation of second-order
terms. The calculation of enough terms to give good approximations to the
behavior of nonlinear systems of more than about ten oscillators, for all
sets of initial conditions, is prohibitively lengthy even using the pres-
ently available high-speed digital computers. Also, the analysis of the
effects of detuning and of nonresonant coupling terms, both of which must
be considered when dealing with physically realistic situations, is likely

to be quite complicated in the form suggested here, even for as many as
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five oscillators.

The existing perturbation methods of Krylov-Bogoliubov and
Wigner-Brillouin, the latter as applied by Jackson, are quite success-
ful when applied to all but the most sharply tuned systems. The method
presented in this thesis provides a moderately successful analysis of
exactly-tuned systems, and an indication has been given of the manner in
which detuned systems can be dealt with, starting from the exactly-tuned
case, Therefore, the Krylov-Bogoliubov and Wigner-Brillouin methods for
untuned systems together with the present method for tuned systems should
provide methods of solution which are appropriate for all extremes of
tuning for nonlinear coupled oscillator systems.

It is hoped that the principal result of these studies; a demon-
stration that exactly-tuned weakly-coupled nonlinear oscillator systems
are indeed susceptible to some form of analysis, will encourage the devel-

opment of more practical methods of analysis in the future.
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