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SUMMARY

This thesis will present new results involving Hardy and Hardy-Sobolev-Maz’ya
inequalities for fractional integrals. There are two key ingredients to many of these
results. The first is the conformal transformation between the upper halfspace and
the unit ball. The second is the pseudosymmetric halfspace rearrangement, which is
a type of rearrangment on the upper halfspace based on Carlen and Loss’ concept of
competing symmetries along with certain geometric considerations from the conformal
transformation.

After reducing to one dimension, we can use the conformal transformation to
prove a sharp Hardy inequality for general domains, as well as an improved fractional
Hardy inequality over convex domains. Most importantly, the sharp constant is the
same as that for the halfspace.

Two new Hardy-Sobolev-Maz’ya inequalities will also be established. The first
will be a weighted inequality that has a strong relationship with the pseudosymmet-
ric halfspace rearrangement. Then, the psuedosymmetric halfspace rearrangement
will play a key part in proving the existence of the standard Hardy-Sobolev-Maz’ya
inequality on the halfspace, as well as some results involving the existence of mini-

mizers for that inequality.
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CHAPTER 1

INTRODUCTION

This work will present results involving three types of related integral inequalities:
Hardy, Sobolev, and Hardy-Sobolev-Maz’ya. Hardy inequalities are a well known
type of integral inequality, the study of which dates back to the early part of the
20th century. Much literature has been dedicated to the topic in the intervening
years. Another well known integral inequality is the Sobolev inequality. Both of
these inequalities involve the same integral, but they differ in the particular integral
that is the lower bound. A third type of integral inequality is where the remainder
of the Hardy inequality in bounded below by the Sobolev term. This is known as a
Hardy-Sobolev-Maz’ya inequality.

In classical results, the common integral is a norm of the gradient. However,
in recent years, equivalent results for what are referred to as fractional integrals
have been discovered. These fractional integrals are related to the gradient through
identities involving the Fourier transform. It is these fractional integrals for which
this paper is concerned.

Integral inequalities are types of variational and optimization problems. After
proving the existence of the inequality, one can still ask what is the best constant
possible, also referred to as the sharp constant, and whether there exists a function,
called an optimizer, in the target space so that the inequality is an equality. This
paper shall prove results involving each of these.

The structure of the paper is as follows. In this Chapter, we shall present the main
results of the thesis, followed by a brief discussion of applications and related areas.

In the following Chapter, we will define the basic concepts necessary for a complete



and thorough presentation of the topics contained herein, and present the historical
development of the subject leading to the results proven in this paper.

Chapter 3 will present some additional definitions and tools that, while of interest
in their own right, will be of much use in later Chapters. In particular, it will
discuss properties and results related to conformal transformations, in particular the
one between the unit ball and the upper halfspace, and it will discuss two types
of rearrangements as well. One of the rearrangements is the well-known spherically
symmetric decreasing rearrangement. The other is a new result, which we shall refer
to as the pseudosymmetric halfspace rearrangement, that has the property that the
resulting function can be written as a product of two functions, one known, and one
having a known symmetry.

In Chapter 4, we prove several one-dimensional fractional Hardy inequalities, a
new fractional Hardy inequality over general domains in R”, and an improved frac-
tional Hardy inequality over convex domains in R™. The sharp constant for the latter
inequality will be the same as that for the sharp fractional Hardy inequality on the up-
per halfspace. To establish the one-dimensional results, we make use of the conformal
transformation, and to establish the n-dimensional results, we reduce the problem to
one dimension.

Fractional Hardy-Sobolev-Maz’ya inequalities are the main topics of Chapters 5
and 6. In the former, we establish the existence of two such inequalities. The first
is a weighted inequality that has a notable relationship with the pseudosymmetric
halfspace rearrangement. The second is a standard Hardy-Sobolev-Maz’ya inequality
for the halfspace. To prove this, it is shown that the minimizers are those obtained
from the pseudosymmetric halfspace rearrangement. Then, the inequality is proven
using, among other things, the weighted Hardy-Sobolev-Maz’ya inequality mentioned
above. Finally, in Chapter 6, we prove some results regarding the sharp constant and

existence of an optimizer.



1.1 Main Results

This paper presents two new important theorems answering open questions in the
area of fractional Hardy and Sobolev inequalities, as well as several related results for
each. The first is a Hardy inequality with for functions supported in either a general
or convex domain. We first present some brief notation that shall be discussed in
more detail later.

As in [18], let Q be any domain in R™ with non-empty boundary. Fix a direction
w € S" ! and define

dpo(z) =min{|t| : =+ tw ¢ Q},
dwalx) =sup{|t| : v + tw € Q},

and set
«

1 1
I Jn-1 [dw,g(m) taw| W
M, (z)e Jon-1 [wy|® dw

We then have the following result.
THEOREM. Let 1 < a < 2. For any f € CX(Q),

|/ (x) = fW)I” |/ (@)|”
//W dzdy > Dy, J M) dz.

Q Q

In particular if Q is a convez region, then, for any f € C°(Q),

@)~ FWF o [ R
| [ aay > v, / @ | o+ Do —do]

Q Q

When ) is convezx, the constant

18 the best possible.
Note that dg(x) is the distance of x € Q to the boundary of Q and Dgq(z) is,
essentially, the width of the smallest slab, consisting of two bounding hyperplanes

containing 2. This result is proven below in two parts in Theorems 4.2.2 and 4.2.3.



The second result is the existence of a fractional Hardy-Sobolev-Maz’ya inequality
on the upper halfspace H", proven in Theorem 5.2.1.

THEOREM. Letn > 2, 1 < a < 2. There exists M, , > 0 so that

[ U@ I0E 4, p,,, UG

|z —y|r+e x
H"™ xH™ Hn»

for all f € C(H").

2/2*

.
Y dx ,

de > M, , /|f(x)

Here, note D, is the same constant as in the Hardy inequality above, and

2*=2n/(n — «).
1.2 Applications and Related Areas

The applications of the results in this paper are wide and varied. Of particular
importance recently is research into fractional analogues of Brownian motion. In the

study of stochastic processes, the classical Hardy inequality

[vseras = pg [LE g,
Q Q

d(x)

forn > 2,1 < p < oo, and  a Lipschitz domain, is related to the study of what is
known as killed Brownian motion. The norm of the gradient in the Hardy inequality is
known as the Dirichlet integral and represents a bilinear form that is associated with
Brownian motion that is killed upon leaving €2 [17]. This process can be generalized
by replacing the norm of the gradient with fractional integrals, as discussed in detail
in this paper. As such, one then studies what are referred to as a-stable processes
in R” for 0 < a < 2, which are a particular Lévy process. The Dirichlet form for an
a-stable process in R" is the double integral

ana//wdxdy, (1)

S ey

where n > 1, 0 < a < 2, and the “core” of functions that are studied under this form

are smooth functions. [10].



If one wished to study the killed a-stable process in €2, then the Dirichlet form is
the same, but the core is limited to smooth functions with support in 2. Alternatively,
another way to study functions with boundary conditions would be to study the
censored stable process. Loosely speaking, a censored stable process is a stable process
with the jumps between () and its complement suppressed. It has the same core as

the killed a-stable process, but its Dirichlet form is

// |l |n+a’2 dx dy, (2)

It has been suggested that the censored stable process is a better generalization and
more closely resembles the killed Brownian motion than the killed stable process. See
[17],[9]. The reference [9] contains the construction of censored stable processes and
a wealth of information about them. For the connection between Hardy inequalities
and censored stable processes, we refer the reader to [17].

While Hardy inequalities for fractional integrals are of interest in their own right,
one particular use is that they deliver spectral information on the generators of cen-
sored stable processes. The generator of a censored stable process is defined by the
closure of the quadratic form defined by (2). In particular, the generator of the

censored a-stable process in 2 is

o u(y) — u(x)
A u(z) = a4 el_lgl+ / T — gt dy, (3)
QN{|z—y|>e}

referred to as the regional fractional Laplacian. When ©Q = R", then (3) is called
the fractional Laplacian, which is the generator for the integral operator defined in
(1). The fractional Laplacian is the generalization of the usual Laplacian operator A,
well-known in differential equations. Indeed, the fractional Laplacian is an example of
a non-local integro-differential operator with applications to, among others, potential
theory, magnetic fields, and a wide class of physical systems, including Lévy flights

and stochastic interfaces. See, generally, [23],[8], and [41].



The results herein are also related to so-called ground state representations and

mathematical physics. From Schrodinger’s time independent equation
Elu(r)] = —Au(z) + V(z)u(z),

we have the Hamiltonian operator H = —A + V, where V is a potential. If we
minimize the functional E[u] over u € L?*(R™) such that ||ul]z = 1, then the minimal
value Ej is called the ground state energy, and any minimizer, if it exists, is called

the ground state.

n—2

Consider the Hardy-Sobolev-Maz’ya inequality

[vi@pac-; [ [u@r=ae) @

for n > 3, M,, > 0, and all f in the completion of C°(H") with respect to the left

side of (4). The left hand side of (4) can be represented by the operator —A — V.
Similarly, we can generalize this for fractional integrals by changing —A to (—A)*/2

and letting V' (z) = z,,*. Thus, the sharp Hardy inequality for the halfspace is

[ [ e _D”M/|f

H» H"™
//\g y)[P dz dy
y|n+a ® g

H™ H»

where n > 1,2 < p < o0, 0 < a < p with a # 1, and g(x) = xg_a)/pf(x). If
p = 2, then this is an equality with m, = 1. In this case, the equation is the ground
state representation. See [29],[23], and [24] for discussion and further examples. The
fractional Hardy-Sobolev-Maz’ya inequality that is one of the main results of this

paper is further application of this.



CHAPTER 11

HISTORICAL BACKGROUND

2.1 Basic Definitions and Notation

In this section, we give precise definitions to be used throughout the paper. Many of
the inequalities in this paper will be for functions with support in the upper halfspace
of the n-dimensional real Euclidean space. The remaining results will be over general
domains, convex domains, and bounded domains that are “sufficiently regular,” that
is, essentially, locally the graph of a Lipschitz continuous function. In what follows,
unless otherwise specified, all sets shall be open.

Let R denote the set of real numbers, and let n be a positive integer. We denote

the n-dimensional real Euclidean space by

R ={x=(x1,...,2,) :2; €ERi=1,...,n},
and we further denote the upper halfspace of R™ by

H" = {z = (2/,z,) €eR": 2’ e R" ', z, > 0}.

For any 2 C R™, we say say that 2 is convex if, for all z,y € Q and all ¢ € [0, 1], then
(1 —t)x +ty € Q. In other words, a set € is convex if for every z,y € 2, the line

segment that connects z and y is contained in €.

DEFINITION 2.1.1. Let Q C R™ be open and bounded, and let 92 denote the
boundary of Q2. Then €2 is called a a Lipschitz domain if for every point x € 02, there

exists a radius r > 0 and a map A, : B,(x) — B1(0) such that
1. A, is a bijection;

2. A, and A, ! are both Lipschitz continuous functions;



3. A.(02N B,.(p)) = {x € B1(0) : &, = 0}; and
4. A, (2N B,(p)) = {z € B1(0) : x, > 0},
where B, (z) is the open ball of radius r about x, and 0 is the origin in R".

For these Lipschitz domains, we will often be concerned with the distance to the
boundary from an interior point. Let {2 C R™ have a non-empty boundary. We denote

the distance to the boundary of 2 by
dq(z) = dist(x, 092),

for all x € R™, and we write simply d(z) if no confusion arises. Further, we denote
the inradius of €2 by

d?) = sup dﬂ(x)a
z€

which represents the radius of the largest circle that can be inscribed in €.
We also note here some values that will be used throughout the paper. Let S"!
denote the unit sphere in R", where S refers to the interval [0, 1]. Then, the Lebesgue

measure, or surface area in this case, of that sphere is

2 n/2
5" = s

['(n/2)

where
oo

I'(z) = /t21et dt,
0

is known as the Gamma function. Similarly, the measure of the unit ball is
By(x)] = ~[s")
€T = —
1 n )

for any x € R". Another value we will use is the Euler beta function, defined as

1

M%wzfﬂ”ﬂ—W”&,

0



for positive real numbers z,y. An often used identity for the beta function is

L)l (y)

B(z,y) = Tty

Finally, we define the following commonly used function

1, ifzel
lo(z) =
0, ifx¢Q

This is known as the indicator, or characteristic, function on the set 2.

2.2 Function Spaces

Now, all the inequalities discussed in this Chapter and those proven later are defined
for smooth functions with compact support. However, this is the minimum space
for which the inequalities can be defined. Other spaces of interest are LP spaces and

Sobolev spaces.
2.2.1 Common function spaces

We state herein the definitions for the most common function spaces that will be found
in this paper. First, we denote by C°(€2) the the set of all infinitely differentiable
functions of compact support whose support is contained in €2, often referred to as

smooth functions. Now, we state the definition for LP spaces.

DEFINITION 2.2.1. Let 1 < p < o0, and let f be a measurable function, with

usual Lebesgue measure. Then, we define the space

1/p
) = £ oy = / ] < oo
Q

If Q2 =R", or the context is otherwise clear, we write || f||, for the LP-norm.

To be precise, the norm defined above requires that each f is an equivalence class.
In particular, we identify two functions f and g if f = ¢ almost everywhere (that is,

they differ only on a set of measure zero).



We can also define a broader class of functions known as locally p**-power inte-

grable functions. This space, however, is not a normed space.

DEFINITION 2.2.2. Let 1 < p < oo, and let f be a measurable function defined

on all 2. Then, we define the space

LP

loc

(Q) = {f : | fllpx) < o0,V compact K C Q}.
2.2.2 Distributions

In general, we are often interested in spaces of functions known as Sobolev spaces, as
it is often the case that the optimizer of an inequality, if it exists, lies in a Sobolev
space. To define the Sobolev spaces, we must first understand what a distribution is,
and these are defined with respect to the space of test functions.

Note that a multiindex refers to any a vector a € R™ such that each a; is a

nonnegative integer. If a = (aq, ..., a,) is a multiindex, and f € C°(Q), then

wr [ ON\" a\"
- (&) ()

DEFINITION 2.2.3. The space of test functions D(f) is the space of all functions

in C2°(€2) accompanied by the following notion of convergence. Let f; be a sequence

in C°(Q), and let f € C°(2). Then, if the following conditions hold:
1. there is a fixed, compact set K C € so that |J, supp fr C K, and

2. for each multiindex a, the sequence of partial derivatives D®f; converges uni-

formly to D*f,
then f; converges to f in D(€2).

The specification of how the test functions converge allows a topology to be defined
on the space, so that D(2) can be shown to be a locally convex topological vector
space. This classification allows us to define the space of distributions, which will be

the dual space of D(2).

10



DEFINITION 2.2.4. A distribution on €2 is a linear functional 7" : D(2) — C such
that

lim T(f;) =T <J1LT§O fj> :
for any convergent sequence {f;} in D(£2). The space of all distributions on (2 is

denoted D'(£2).

We want to associate with each distribution a function. We can do this easily,
since integrals are a common type of linear functional. Let f € L} () and ¢ € D(Q).

loc

Then, if we let
Ty(p) == [ fo,
/

it is easy to show that Ty € D'(2). We then associate the distribution 7 with the
function f. In fact, we say the distribution is the function. These functions are

uniquely determined by the distribution, as was shown in [29].

THEOREM 2.2.5. Let f,g € L} (Q). Suppose that the distributions defined by

f.g are equal. That is, [, fé = [,9¢, for all p € D(Q). Then f(x) = g(x) almost

everywhere.

Although we associate functions with distributions, it turns out that not all dis-
tributions are functions, and the most significant example is what is referred to as

the Dirac delta “function”, most simply defined as

oo, ifx=0
i(z) = :
0, ifz#0
However, while distributions are not always associated with functions, distributions
do have a clear relationship to measures. Indeed, the set of positive distributions
(where the distibution is nonnegative when acting upon a nonnegative test function)
is equivalent to the set of Borel measures [29].

At this point, with the above definition of a distribution, we can now define what

it means to take the derivative of a non-differentiable function.

11



DEFINITION 2.2.6. Let T' € D'(Q2), and let a = (a4, ..., a,) be a multiindex. We

define the distributional, or weak, derivative D®T" with respect to each ¢ € D(£2) by
(DT)(¢) = (—1)T(D*¢),
where |a| =>"7 | a;.

If a; =1, a; = 0,V # ¢, then we write 9,7 for D*T". We also denote the n-tuple of
component functions (47T, ...,0,T) by the symbol VT, known as the distributional

gradient. Note that if f is a differentiable function in each variable, then by integration

[@ne=- [@or

Q Q
Hence, if f is a distribution, then the distributional gradient denoted V f is defined

by parts,

to be the n-tuple of functions satisfying

[@no=- [ wor,

Q Q

for all € D(£2). As one would hope, if f is differentiable, then its classical derivatives
correspond with its distributional derivatives [29]. Still, while it can be shown that
D°T is a distribution, it may not be a function if the distribution 7" is associated with

a nondifferentiable function.
2.2.3 Sobolev spaces
With the definitions above, we can now define the Sobolev spaces.

DEFINITION 2.2.7. Let 1 < p < oo and let m be a positive integer. Then, we

define the Sobolev spaces
1/p

W (@) = f I fllwnoey = | D 1D Fllpey | <00

la|<m
where D®f is considered as a distributional derivative with multiindex |a|, and, in

particular, D°f = f.

12



Under the given norm, these spaces are all Banach spaces, that is, complete vector
spaces [2]. Probably the most important case is where p = 2. In that instance, we
denote this space also by H™(Q2) and assign the following inner product

(f,9) im(qy = Z /D_“fDag-

lal<m
Then, H™(2) is a Hilbert space.
Throughout this paper, we will only be interested in the case m = 1. As a result,
we can restate the Sobolev norm in terms of the distributional gradient, as well as

define an additional space of interest.

DEFINITION 2.2.8. Let 1 < p < co. Then, we define the Sobolev spaces

1/p
W) = {1 Ulhwsoc = (140 + 19510) <001
and
Wi2(@) = {1 < | o) = 1V fllpey < 00}

where V f is considered as a distributional gradient.

We are also interested in the following subsets of these spaces. In particular, these
subspaces are used in the study of differential equations, and elsewhere, with “zero

boundary” conditions on the boundary of €.

DEFINITION 2.2.9. Let 1 < p < co. Then, we define the Sobolev space W;""(Q)
as the completion of C2°(€Q) with respect to || - [|wmer(q), and we define the Sobolev

space Wy (Q) as the completion of C2°() with respect to || - lvirie(q)-

While it should be clear that the former is a Banach space, it is a result of the
Hardy inequalities, stated below, that the latter is as well. For certain €2, some of the

spaces in this section coincide. One well-known example is from [2].

THEOREM 2.2.10. Let 1 < p < oo and let m be a positive integer. Then,
Wme(R") = W™ (R").

13



2.3 Classical Results
2.3.1 Hardy inequalities

The original inequality studied by Godfrey Harold “G. H.” Hardy [26] was the one-

dimensional inequality
1[I @Pude > [ 1f(@)Pa?d.
0 0

In higher dimensions, there are several different types of Hardy inequalities. The
primary types are weighted norm inequalities whereby the weight is the square of the
distance to the origin or to the boundary of some Lipschitz domain 2.

For general Lipschitz domains, the following Theorem is well known. For convex
€2, the sharp constant for n = 2 was proven in [32]. Later, in [31], the sharp constant,

over convex (), was proven for all n.

THEOREM 2.3.1. Letn > 2 and 1 < p < oo. If Q is a Lipschitz domain, then

there exists D]? > 0 so that

[ R e

p

for all f € WyP(Q). If Q is convex, then DS = (1’;1>p_

Thus, the sharp constant D]? varies with the domain, unless the domain is convex.

A special case of particular interest herein is when € is the upper halfspace.

THEOREM 2.3.2. Let 1 < p < oo, then for all f € Wy*(H"),

-1V [ @
H[IVf(rc)l dxz< - )H/ O as,

p
where (%) 18 the best possible constant.

The optimal constant is also known for the Hardy inequality involving the distance

to the origin. See, e.g., [24].

14



THEOREM 2.3.3. Let 1 < p < n, then for all f € W,?(R"),

/|Vf(x)|pdx > (|”—p|)p |f(x)[? du,

p [P

p
where <|n;p\> is the best possible constant.

2.3.2 Sobolev inequality

Now, in addition to the Hardy inequalities above, where the L?-norm of the gradient
is bounded below by a constant times a Hardy term, we can also bound the gradient
from below by another norm. In particular, a norm involving the critical Sobolev
exponent pn/(n—p). Thus, from [38] we get the following inequality, called a Sobolev

inequality.

THEOREM 2.3.4. Let 1 < p <n, and let f € W, P(R"). Then,

IVAIG = Snpll £V .

where

ot () ()

1s the best possible constant. Equality is attained by functions of the form
1-n/p
A e —al)
where A,~v € R are nonzero, and a € R™.

This inequality is part of a class of inequalities that are used to prove Sobolev
embedding theorems, which give inclusions between certain Sobolev spaces. They are
named after the Russian mathematician Sergei Lvovich Sobolev. In particular, the

following Sobolev embedding theorem follows automatically from Theorem 2.3.4.

COROLLARY 2.3.5. Let 1 < p <n, then W'P(R") C Ln-»(R").
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2.3.3 Hardy-Sobolev-Maz’ya inequality

Consider now the remainder of the Hardy inequalities mentioned above. Then, one
can ask whether such a remainnder can be bounded below by a Sobolev term. That
is, can the L¥-norm of the gradient be bounded below by both a Hardy and a Sobolev
term? Indeed, this is known as the Hardy-Sobolev-Maz’ya inequality, and it was first

shown by Maz’ya in [34] for p = 2.

THEOREM 2.3.6. Let n > 3. Then, there exists M,, > 0 so that

n—2

n

[vsepa-g [U ”' dr > M, (M/ @) de | (5)

Hn™

for all f in the completion of C2°(H") with respect to the left side of (5).

With certain limiting assumptions, a similar inequality was proven for certain
bounded domains in [21] for 2 < p < n, with the distance to supporting hyperplane x,,
being replaced by the distance to the boundary d(z). Also, a weighted sharp Hardy-
Sobolev-Maz’ya type inequality has been shown in [3], where, instead of distance to
the boundary, the Hardy term involves distance taken to the origin.

Now, as with any optimization problem, we next ask whether the exact value of
the best possible constant is known, and whether there exists a nonzero function,
known as an optimizer, so that equality is obtained. In the classical case, some of
these results have been established. In particular, if n > 4, then it is known that
M, < S,a, although the exact value of M, is unknown. See [39], [7]. If n = 3,
however, then it was found in [7] that M3 = S3;5. While there is no function for
which equality is obtained when n = 3 [7], such an optimizer does exist in the space
specified in Theorem 2.3.6 when n > 4 [39]. Further improvements in the general

case have been shown in [35], [22], and [21].
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2.4 Fractional Integrals

2.4.1 Basic definitions and result

Herein, we seek to generalize the concept of the norm of a gradient. This is done
through use of the Fourier transform, of which we use the following convention for

defining herein:

fk) = [ e 0D f () da,
/

for all f € L*(R™), where (k,z) = Y _;_, kiz;. The usual method for defining the
Fourier transform applies for f € L*(R"). If we let f € H*(R"), then it is a known
fact from Fourier analysis that ﬂ(k) = 2mif(k), and therefore, by Plancherel’s

Theorem,

IV = [ febl2\f )P
Rn
We use this expression to make the following generalization.

DEFINITION 2.4.1. Let 0 < a < 2. Then, for all f € L*(R"), we define the

following operator

(f (=) ) = /(%lkl)a |f (k) dk. (6)

RTL
Note the relation of this operator to the fractional Laplacian, as discussed in
the applications section in the previous Chapter. Since the L?-norm of a Fourier
transform is equal to the L?-norm of the function itself, then the following result, a

proof of which is given in [23], follows.

LEMMA 2.4.2. Letn>1 and 0 < a < 2. Then, for all f € L*(R"),
o\ |f(z) = f)P
2m|k))” | f(k 2dk:an7a//—dxdy, 7
[ el 1im) e @
R® Rn R™
where

o = 2a—17r—n/2
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It should be noted that a,, , — 0 as o — 2, which is consistent with the fact that
the double integral on the right-hand side of (7) does not converge upon the L? norm

of the gradient. Similarly, a,, o, — 0 as o — 0.
2.4.2 Fractional Sobolev spaces

Before we present the fractional analogues to the classical inequalities, we must first

define analogous spaces to the Sobolev spaces above.

DEFINITION 2.4.3. Let 0 < a < 2. Then, we define the fractional Sobolev space

1/

2
< 00

WeAR™) = ¢ f: || fllwerege = {m/(l + [27k|*) | £ (k)[* dk
The Fourier transform is well defined, since by Plancherel’s theorem

1 yerany = IFIB + (£ ()72 1) = 15 + (. (=2)"2 ).

Similar to the Sobolev space W™P(R"), the space W*/22(R") can also be made into

a Hilbert space. To do so, we associate the following inner product

(2 ) ey = / (1+ [2mk]®) F(R)a (k) d,

Re
and denote the Hilbert space by H*/?(R"™).

We can also characterize the norm in terms of the double integral in (7). This
will also allow us to generalize to subsets ) contained in R", as well as for the cases

p>2

DEFINITION 2.4.4. Let 0 < a < 2,1 < p < o0, and let 2 C R"™ be a Lipschitz
domain. Then, we define the fractional Sobolev space

1/p

N v [ @ QP
W) = § f ey = (W + [ [ L2 aray | < o0

Q Q
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DEFINITION 2.4.5. Let €2 be the upper halfspace H" with 0 < a < 2, or let €2 be
a convex or bounded Lipschitz domain with 1 < o < 2. Then, for all 1 < p < o0, we
define the fractional Sobolev space

1/p

T7a/2,p |f<>_f()|p
W) = § F ey = | [ [ PRy | <o

Q Q

Now, as above for the classical Sobolev spaces, we are also interested in fractional

integrals that have “zero boundary conditions” on the boundary of €.

DEFINITION 2.4.6. Let €2 be the upper halfspace H” with 0 < a < 2, o # 1,
or let Q be a convex or bounded Lipschitz domain with 1 < o < 2. We define the
Sobolev space WOQ/Z’Q(Q) as the completion of Cg°(€2) with respect to [ - [[yya/22(q),

and we define the Sobolev space W / >2(Q) as the completion of C>°(2) with respect

to || - llyirarz2q)-

Now, as will be seen below, Hardy inequalities exist only with respect to certain 2
and with respect to particular . Most importantly herein, they exist when €2 is the
upper halfspace H" and 0 < o < 2, and when {2 is convex or any bounded Lipschitz
domain and 1 < o < 2. While it is clear that W(?/Q’Z(Q) is a Banach space, it is a
result of the Hardy inequalities, stated below, that W' 22(Q) is as well.

Finally, similar to above, we have from [2]
THEOREM 2.4.7. Let 0 < o < 2. Then, Wo/22(R") = W&/ (R™).
2.4.3 Fractional Hardy inequalities

With these definitions and generalizations, we can state fractional analogues to the
Hardy inequalities given above. The following is the analogue of Theorem 2.3.1 for

bounded Lipschitz domains, as proven in [19].
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THEOREM 2.4.8. Letn>1, a>1, and 0 < p < co. If Q is a bounded Lipschitz

domain, then there exists DY >0 so that

n,p,a

|f(x Q | f(x)]P
// |x—y|”+ d dy >ana d(z) d

for all f € Wo*P(9).

This result is just an existence proof. Although represented here by DY the

n,p,a’
exact value of the sharp constant is unknown.
We now state two sharp Hardy inequalities with remainder. First, we state the

following sharp Hardy inequality with remainder, an analogue of Theorem 2.3.3 in-

volving the distance to the origin [24].

THEOREM 2.4.9. Letn > 1, 0 < a < min{p,n}, and p > 2. Then, letting
g(x) = |2| "=V f(2), for all f € W5 (R),

f@) - sl ()P
// e —yfree 7 G | g

Ig dz dy
|[E _ |n+a ‘x|(n—o¢)/2 |y|(n—oz)/2’

R” R?

where 0 < m, <1 1s given by

my = min ((1-w)f —« +pu™), (9)

and the optimal constant in the Hardy inequality s

1
Crpa = 2/7’0‘1|1 — p=)lepg, dr,
0

with

- t2 (n—3)/2
o =87 / “atr 1 e O

If p =2, then this is an equality with m, = 1.
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A similar result has also been stated in [25] for the sharp fractional Hardy in-

equality with remainder on the halfspace.

THEOREM 2.4.10. Letn > 1,2 < p < oo, and 0 < a < p with a # 1. Then,
letting g(x) = x%l_a)/pf(:c), for all f € W/*P(HM),

|f(z) = fy)lP /|f
drdy — Dy, pa
// ’33— ’nJra Ps
//|g y)f dz dy
|$— |n+a x:LQa 1;(1

H» H» yn

where 0 < m, <1 is given by (9), and the optimal constant in the Hardy inequality

|1 — pla=b/pjp
/ 7yt dr.
0
1

18

\+ w\+

Dypa = 2T e
If p =2, then this is an equality with m, =

It was computed in [10] that, for p = 2,

« 1+« a «
Doy — ot L A5 1 - 5) 2
34y F(TH‘TQ) a2a ’

and it will be shown later that this is also the sharp constant for the fractional Hardy

inequality over convex domains. Also important later is the relationship

n+a
2

P(%59)

At times hereinafter, for notational convenience, we may write

fla )P
/ | |n+a‘ dx dy,

Dype =277 Dlpa (10)

and

J2 (f) = / ol f (@) — gl f )P e dy

|x - y|n+a 1;04 1—a a N

Qx0 Tn® Yn®

We particularly are interested in JE{;( f) because z,, is the distance to the boundary

of H". The notation J3,(f) is the restriction of that integral to Q x Q C H" x H".
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Since we will be often focusing on the case p = 2, we further denote
I$=1, J}=J,

a a,2) a

Thus, using this notation, Theorem 2.4.10 can be written as
FE0) = Dapn [ 1@z, do 2 my (7).
Hn

Now, if we consider p = 2, then it was also shown in [10] that

2
AP ) =l ()4 20 (F52) [ 1P as
H»

or, alternatively,

T ) = I (f) — by / (@) Paye d,
J

2
b= r<1+a).
’ Tlp o 2

2.4.4 Fractional Sobolev inequality

where

(11)

Finally, from [2], Theorems 7.34 and 7.47, we have the Sobolev inequality for the

fractional integral.

THEOREM 2.4.11. Letn > 2, p > 2, and 1 < a < min{p,n}. Then, for all

fe W§/2’p(R”), there exists Sy pa > 0 so that

//dedy>5n oS
|z — y|rte -

R” R?

P
p*

where p* = pn/(n — «) is the critical Sobolev exponent for fractional integrals.

The sharp constant in this inequality is not generally known, see [2], [11], [33],

and [24]. However, certain estimates and bounds were obtained in [11] and [33].

Notwithstanding, due to Lieb, when p = 2 the sharp constant and all optimizers are

known. See, e.g., [29].
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The following restatement, using the operator in (6), of Theorem 2.4.11 for p = 2
is known, but we state it for completeness. Its proof follows nearly word for word

from [29].

THEOREM 2.4.12. Letn > 2,0 < «a < 2, and let 2* = %"a be the critical Sobolev

T n

exponent. Then, for all f € W(?/Q’z(]R"),

2
2%

(f, (D) f) > Sh |If

where
, (*3*)

SED

[s7°".

This inequality is an equality if and only if f is of the form

A (,}/2 + |$ o a|2)*(”*a)/2 ’

where A,~v € R are nonzero, and a € R™.

It should be noted that, for p = 2, then we have the following relationship between

the two aforementioned fractional Sobolev constants

’
Sn,a
Sn72,a - .

Qo

Further, we have the following relationship with the classical Sobolev constant

lim S, , = lim S
p—2 a—2

n,o)

where S, , is the sharp constant for the classical Sobolev inequality in Theorem 2.3.4.
Note that, effectively, a = 2 in the classical case.

As we have seen, there exist analogues for fractional integrals to all the classical
results presented above, with the exception of the Hardy-Sobolev-Maz’ya inequality in
Theorem 2.3.6. In this paper, we will prove such a fractional Hardy-Sobolev-Maz'ya

inequality in the case p = 2, along with other related results.
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CHAPTER II1

TRANSFORMATIONS AND REARRANGEMENTS

3.1 Conformal Transformations

3.1.1 Conformal Transformations of the Upper Halfspace

For n > 3, the set of conformal mappings is limited to four classes of transformations

and their compositions.

THEOREM 3.1.1 (Liouville’s Theorem on Conformal Mappings). Let n > 3, then
any smooth conformal map on a domain of R™ can be expressed as a composition of

translations, similarities, orthogonal transformations and inversions.

In general, a similarity is uniform scaling, which can be accomplished by scaling
about the origin and then translation to the original location, if necessary. The set
of all orthogonal transformations make up the orthogonal group, which is generated
by reflections. Hence, Liouville’s theorem can be restated to say that any smooth
conformal map on 2 C R" is a composition of translations, scaling about the origin,
reflections, and inversions.

Further, every conformal transformation in R™ must be conformal on the bound-
ary of the upper halfspace H", and every conformal transformation on H"” must be
conformal in R"™. Thus, scaling about the origin and inversions are conformal in the
upper halfspace. Translations (2/,x,) — (z' + d’,z,),a’ € R"! are conformal in
H", as well as reflections about the z,-axis. By restriction to the boundary of H",
we see that, for all n > 4, all conformal transformations of H" are compositions of
translations parallel to the boundary, scaling about the origin, reflections about the
Trp-axis, and inversions. It is beyond the scope of this paper to show this is true as

well for n = 3, since the boundary of the 3-dimensional upper halfspace is R2.
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An interesting and very useful result is the conformal invariance of the operators

(f, (=2)*2f) and JE"(f).
THEOREM 3.1.2. Letn > 1 and 0 < a < 2. Let f € W*/22(R"), and
F(w) = [Js(w)["* f(Sw),

where S is a transformation that is either a translation, scaling about the origin, an

inversion, or an orthogonal transformation, and Jg is the Jacobian of S. Then,

(f7 <_A)a/2f> = (F7 <_A)a/2F>7
and, therefore, F € W*/>2(R").

Proof. Note that if f € W/22(R") and (f, (—A)*/2f) = (F, (—A)*/2F), this implies
that F € We/22(R") by definition of W/22?(R"). Thus, by showing invariance, we
show inclusion.

We use the identity, from Definition 2.4.1 and Lemma 2.4.2, that

(f: (=22 f) = anod"(f).

First, if S is a translation, then F(w) = f(w — h),h € R™. Using the substition

r = u — h, we obtain

= (f // hiG |n+a WF 45 ay = // A _ul_vﬁ(fa_ M qudv = 12(F).

R R”™ R R”™

Second, if S is scaling about the origin, then F(w) = A®™/2f(w/\), X > 0, and

using the substition x = u/\,

2
IR" / ’f U/)\ U/)\>’ )\—271 dZL’ dy

[u/A = v/Arte
R» R
(a=n)/2 (a—n)/2 2
lu — v|”+0‘

R R7™
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Third, if S is an orthogonal transformation, F(w) = f(Quw), where @ is an orthogonal

matrix. Using the substitution = Qu, we compute

R |f(Qu) — f(Qu)? _ | (Qu) — f(Qu)P? _ R
I; // \Qu |Q|dudv—R[Rn dudv =1, (F).

Q,U‘nJra |Q’n+a|u _ U’nJra

Finally, if S is an inversion, then F(w) = |w|*™™f(w/|w|*). This result is more
complicated computationally than the above results, so we prove it separately in the

Lemma to follow. [

LEMMA 3.1.3. Letn > 1 and 0 < a < 2. Let F(w) = |w|* " f(w/|w|?), for all
f e We22(R™). Then

(f, (=R)*2f) = (F.(-A)*2F). (13)

Proof. As above in Theorem 3.1.2, we prove (13) using the representation IX"(f).
For fixed €, consider the regions
1. n n . |ZE’
R, =3 (z,y) e R" xR .ﬂ>1+6 ,
)
and

Rg:: {(:B,y)ER"XR":%>1+e}.
x

Changing variables z = v/|v|?, which leaves R! U R? invariant in R” x R™, and noting

2

v w |© 1 20 - w I jv—wp
w2 w2 2 JoPwP  wP e lw]?
we obtain
_ 2
/ |f(z) — f(y) dz dy
|z — y[rte
RIUR2
2w w |7 dv dw

) o)

€ €

_ / [~ P (v) = |~ F (w)[*

oF=eT=efo =l

[ Jul? o] fw[?

dvdw

RlUR2
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— |F(U> — F<w)2 |,w|a—n — |U|a_n n—a 2
_ / e v+ 2 o P F @) dvdu, (14
ReURZ RIUR2

as a result of Fubini’s theorem. The second integral in (14) can be written as
2/ dv|v|"_°‘|F(v)|2/ e i
[0 = w|

R™ {w:(v,w)eRIUR2}

and we can evaluate its inside integral, using the substitutions r = |v|t and s = cos ¢,

R
dw
/ |U . U}’TH_Q

{w:(v,w)e RIURZ}

™

.n—2
- n—1/ .a-n a—n S
_ |s" / dr 71 (o [y )/dqﬁ[ ? —
0

r2 + |v|? — 2r|v]| cos @]

{r>(1+e)|o[juf{r<{sl}

1
1— 2)(n—3)/2
— ys“ymn/dt (to‘l—tnl)/ ds(< =) -

12 41— 2st) 2

1 —
{t>1+epuft<} 1

Thus, the second integral in (14) is

1

(1— 82)(”—3)/2
2|S"2| /\F(v)ﬂv[‘o‘dv /dt (ta_l—t”_l)/ds< —

t24+1—2st) 2

{t>1+epu{t< =} -
We’ll show the right integral is zero, the left integral finite, so the product is zero.
First, note that, in the right integral, ¢ is never 1, so there is no singularity. Since
the part of the integral where t < 1%6 is finite, then the integral is finite if the sum

is. We compute

o) 1
1 — 2)(n—3)/2
/ dt (tozfl - tnfl) / ds ( S ) —
e I (12 4+ 1 — 2st)

q / _ g2yn=3/2

1
- tlfa _ tlfn / S (
+2 ( )_1 (1/t2 +1— 28/t)(n+a)/2

O\%‘H

-

h (1 g2)n=9)2

1+e€
=— [ dt (¥t — ¢t /ds ,
O/ ( ) : (1 +t2 _ 28t>(n+a)/2
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so the sum is zero.

Next, by a simple change of variables,

/|F 2o dv = |2n /|f ) 2Ja| da.

Then, from the fractional Hardy inequality, Theorem 2.4.9 above, there exists ¢ > 0

Irvl2

so that

[ 1P v = [ 1@l do < el (7) < o0
R R

as f € We/22(Rn).

Therefore, the second integral in (14) is zero, and

/ M dedy = / |F(v) — Fw)” dv dw.

2 =yl o=
RIUR? R{UR?

Taking the limit as ¢ — 0, we obtain (13). O
We show invariance under J2" in the following Corollary to Theorem 3.1.2.

COROLLARY 3.1.4. Letn>1 and 1 < a < 2. Let f € W?2(R"), and

F(w) = [Js(w)|"* f(Sw),

where S is a transformation that is either a translation parallel to the boundary,

scaling about the origin, a reflection about the x,-axis, or an inversion. Then,

To (f) = T3 (F).

Proof. Note that we prove for a more limited set of transformations in this Corollary,

than in Theorem 3.1.2. As was stated in (12),
TN =1 / Gz

It was shown in Theorem 3.1.2 that IX"(f) = IX"(F), so it is only necessary to prove

/|f Q—de—/w

28



It should be clear that this Hardy inequality is invariant under translation parallel to
the boundary and reflections about the x,-axis.

First, let F(w) = A@™/2f(w/X), A > 0, so F is a scaling of f, then

[ 1F@ P dw =3 [P do = [17@)P
H"™ H"™ H"

Next, consider inversion, letting F/(w) = |w|*™" f(w/|w|?), then

/|F 2w —adw_/uww " f /) P dw

/ lal™ /o (W) 2P
- / f(@)Pe
HTL

as desired. O
3.1.2 Conformal Transformation from H" to the Unit Ball

Of considerable importance throughout this paper is the conformal transformation
between B = Bj(0), the unit ball centered at the origin in R", and the upper halfspace

H". In particular, this transformation is a composition of several transformations.
e Translation 1 unit up: (v, w,) — (W', w, + 1);

e Scaling by 1/2: (w',w, +1) — (', w, + 1);

3 (W wn+1)

S A L 2WWntl) |
e Inversion: 3 (w',w, + 1) — T (/P (wn D2

2

2w’ 2wy, +2) 2w’ 2w, +2—|w' |2 — (wn+1)2)
[w 2+ (wn+1)2 [’ |2 4-(wn+1)2 ’

e Translation 1 unit down:

where w = (w',w,) € R*, with v’ € R"! w, € R. Indeed, then T : B — H" is

2w’ 1 — |wl? , 1 —|wl?
Tw = (|w'|2+(wn+1)2 =n(w) (v’ ==, (15)

given by
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where
B 2 B 2

n(w)
It is a straightforward calculation to verify that 7T is an involution, and it is also
known that its Jacobian is n(w)™. See, e.g., Appendix, [15]. Note that if n = 1, then

1—=x 2

Ty=-—"2 S
=1y "= aiae

The following computational lemma will be useful.

LEMMA 3.1.5. Let z = (2, x,) € R", with 2’ € R" ', and z,, € R. Then

_ P (- 1)?

T(z)]* =
T = o G 7

where T' is the transformation defined in (15).

Proof. Let T', n be as above. Then,

2
|T(:E)|2 _ 77(?;) _4|:B/‘2 + (1 N |{E/‘2 i mi)Z]
2
= n(i) ' P+ 14 |2+ 2t — 22 — 222 + 2xi|x'|2]
_77(5”)2_ /14 2 2 2 2 2 2
= 2" + (2o + 1) (2 — 1)7 + [P (2, — 1) + 2] (2 + 1)

S e 7)o 00 17)

and the result follows. O

For every function f with support in H", we can use the transformation 7" to as-
sociate with f a new function with support in B. As with our treatment of conformal

transformations above, for any given o and p, we define
Flw) == [Jr(w)['?" f(Tw) = n(w)"*" f (Tw),

where p* = np/(n — «), for 0 < a < 2, is the critical Sobolev exponent for fractional

integrals. If we write w = Tz, then it is a straightforward computation to show

n(T'z) = %
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and thus
f(@) = ()" f(Tz).

From this, we see

e

so the Sobolev norms of the two associated functions are equal.

.
P dw,

7o = [15(7w)

B

o) du = [ |fw)

We also need to consider the balls Bg(0), 0 < R < 1, and their images under the

conformal transformation 7. We denote
B ={Tz € R": 2 € Br(0)}. (16)

Thus, if supp f € Bg(0), then supp f C BE.
It turns out that B is also a ball, contained in the upper halfspace. If we consider
two different sized balls, say 0 < R; < Ry < 1, then Bft C BRQ; however, the spheres

that make up the boundaries of these balls are not concentric.

LEMMA 3.1.6. Let 0 < R < 1. If B® is the domain defined in (16), then

1+ R*\? 2R\’
R .__ / n . /12 o
B" = {(x,xn)eH | —i—(:z:n 1—R2) < (1—R2> } (17)

Proof. Let T be as defined in (15), so for any x € H", then Tz € B, as T is an

involution. We prove the Lemma by mapping the boundary of Bg(0) to the upper
halfspace using the transformation 7'. Since every point on the boundary has length
R, suppose € H" such that |[Tx| = R. We then consider the preimage x € H".

Noting that z,, > 0, we compute

o 2P+ (2 — 1)
224 (2, +1)2

= (1-R)|Z)P+0-R)a2 -2(1+R)x,=R*—1

. 1+ R\’ 2R 1\’
= ||+ T m) T\ )

using completing the square and proving (17). O
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A Corollary to Theorem 3.1.2 is the invariance of the integral IX" under the

operation f f

THEOREM 3.1.7. Letn > 1 and 0 < o < 2. Then,

Iy (f) =1 (f),
for all f € W/22(R™).

Proof. The result follows from the definition of f as a composition of conformal

transformations for which IX" is invariant under Theorem 3.1.2. O

3.2 Rearrangements

3.2.1 Spherically symmetric rearrangement

One common tool in optimization problems are rearrangements of a function. Here
we define one particular rearrangement common in the study of Hardy and Sobolev

inequalities. We first define the notion of rearrangement of a set.

DEFINITION 3.2.1. Let 2 C R™ be a Borel set of fintite Lebesgue measure. We
define the spherically symmetric rearrangement of €2 to be the open ball centered at

the origin whose measure is the same as §2. This set shall be denoted Q*.
One set of considerable interest is the set
{z eR": f(z) > a},

called the level set of f at height a. This is often referred to simply as {f > a}. Note

that if a > b, then
{f >a} C{f>0b},
and

{f > a}l < [{f >0},

where [{f > a}| represents the measure of the level set.
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Next, we define the rearrangement of a function f, and this should be done in
terms of the rearrangements of the level sets of |f|. To make the definition the most

broad, we need the following concept.

DEFINITION 3.2.2. Let f be a Borel measurable function. We say f vanishes at

infinity if the measure of its level set {|f| > t} is finite for all ¢ > 0.
The following definition for the rearrangement of a function comes from [13].

DEFINITION 3.2.3. Let f be a Borel measurable function that vanishes at infinity.
Then, we define

[ (x) = supfa>0: [{f >a}[ = [Bi(z)|lx]"},
called the spherically symmetric decreasing rearrangement of f.
Alternatively, the following equivalent definition comes from [29)].

DEFINITION 3.2.4. Let f be a Borel measurable function that vanishes at infinity.

Then, we define

fr(x) = / 17 p()) >0y 4E,

0

called the spherically symmetric decreasing rearrangement of f.

We recall in the above definition that

1, ifxel
lo(r) = :
0, ifx¢Q

is the indicator function.
It should be obvious that spherically symmetric decreasing rearrangement of the

indicator function on the set €2 is
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Note that the second definition for the rearrangement of a function is most notable

when compared with the layer cake representation

[e.9]

|f(z)| = / L{jf(@))>ey AL

0
See, e.g., [29].

The spherically symmetric decreasing rearrangement has the following notable

and apparent properties.

1. By its definition, f* is nonnegative, radially symmetric, and nonincreasing as a

function of |z|;

2. As desired, {f* > a} = {|f| > a}*, for all @ > 0. That is, the level sets of f*

are the rearrangements of the level sets of |f];

3. The functions f* and |f| are equimeasurable; that is, their level sets have the

same measure. Hence, if f € LP(R™), then || f||, = || f*|/y, for all 1 <p < co.
4. The rearrangement is order preserving. Let f, g vanish at infinity and let f(z) >
g(x) >0 for all x € R™. Then, f*(z) > g*(x) as well.

The following results are well known, but the reader may refer to [27] and [29] for

proofs and details.

THEOREM 3.2.5 (Hardy-Littlewood rearrangement inequality). Let p > 1 with

% + % = 1. Let f € LP(R") and g € L (R") be nonnegative. Then,
/ fg < / g
R" R™
Similarly, we have

THEOREM 3.2.6 (Riesz-Sobolev rearrangement inequality). Let r,s,t > 1 with

% T % 4 % Let f € L"(R™), g € L*(R™), and h € L*(R™) be nonnegative. Then,

[ [ r@te = whwazay < [ [ 7@ - o dsdy

R® R™ R™ R
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As a result of the following, we say that the spherically symmetric decreasing

rearrangement is nonexpansive.

THEOREM 3.2.7. Let J : R — R be a nonnegative conver function such that

J(0) =0. Let f,g be nonnegative and vanishing at infinity. Then,

/J(f*—g*)S/J(f—g)-

R7 R™

A particular example of this would be that if f, g € LP(R"), for some p > 1, then

17" = g"llp < 1 = gllp-

A similar result involving a double integral and a kernel was proven in [24].

THEOREM 3.2.8. Let J : R — R be a nonnegative conver function such that
J(0) =0, and let k € L*(R™) be a symmetric decreasing function. Let f be nonnega-

tive and vanishing at infinity. If we denote
B = [ 700@) - $0) b —y) dedy,

then

where it is understood that E[f] = oo if E[f*]

!
8

The following is then a special case of this Theorem.

THEOREM 3.2.9. Let f € W(?/z’Q(]R”) be nonnegative, 0 < a < 2. Then,

R R™ ( px
Lo, (f) = 1o, (7).
Similarly, we have this well-known classical result.

THEOREM 3.2.10 (Poly4-Szegé inequality). Let f € Wy*(Q) with p > 1. Then,
[wse= [rwrr
0 0
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Many of the preceding results are of particular use in the Hardy and Sobolev
optimization problems discussed in Chapter 2. Many of the historical results can be,
or have been proven, using the spherically symmetric decreasing rearrangement and

these Theorems.
3.2.2 Rearrangement on the Upper Halfspace

We have demonstrated so far a certain interrelationship between those functions with
support on the halfspace and those with support on the ball through the use of the
transformation 7', given in (15). This relationship will be used in this section to
obtain a rearrangement for functions on the halfspace. As discussed, the spherically
symmetric decreasing rearrangement often assists in minimizing certain optimization
problems on R™. However, such a tool is not useful on the halfspace, so we must

devise another.
3.2.2.1 Properties

Let n > 2 and f € LP (H"). We consider two operations on nonnegative f. First,
let V' f be the (n — 1)-dimensional spherically symmetric decreasing rearrangement of
f in hyperplanes parallel to the boundary of H". That is, for each a > 0, we define
fa(2') = f(2',a), where 2’ € R""!. Then, V f(2/,a) = fi(z'), where the rearrangment
is the spherically symmetric decreasing rearrangement in R" 1.

Next, let U f be the transformation of f obtained by a certain fixed rotation of f

In particular, using the rotation
R:(x1,...;¢p-1,2n) = (T1,...,Tp, —Tp_1), x; ERI=1,...n,

then U maps
f(x) = f(x) = f(Rx) = ()" f(RT).

Note how the last transformation mimics the map fr—> f.
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THEOREM 3.2.11. Letn > 2, f € LP (H"), and let U,V be defined as above. If

we let f, = (VU)*f, then, there exists f# € LP (H") with the following properties

1. f# is nonnegative and spherically symmetric decreasing in hyperplanes parallel

to the boundary of H";
2. beL 1s radially symmetric,

3 A1l = [ F#

.. and
P
Proof. The result follows from Theorem 2.4 in [15]. O

By passing to a subsequence, we can assume, without loss of generality, that
fr — f7 pointwise almost everywhere. We will refer to f# as the pseudosymmetric

halfspace rearrangment of f.
3.2.2.2  Results

As a result of the above, we can explicitly write J/”\?gﬁ as the product of two radial func-
tions in the ball picture, a specific, known spherically symmetric increasing function

and a spherically symmetrically decreasing function.

THEOREM 3.2.12. Let n > 2, f € L (H"), where f = f#. Then, there exists a

decreasing function h : [0, 1] — [0, 00|, where h(1) =0, so that

Fluw) = (L)/ (lw]).

1 —fwl?
Proof. Let x € H" such that x, = 1, and, recalling that T is an involution, let

w = Tx. Thus, if we restrict T' to the hyperplane

H={(,z,) e H": 2’ ¢ R" ! g, =1},
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then the image, or stereographic projection, of H under T is the sphere

1\ 1
S:{w:(w’,wn):w/GRnl,wnER,|w’|2+<wn+§) :_}

whose north and south poles pass through the origin and the point (0,...,0,—1),
respectively. Indeed, starting from the sphere S and moving back onto the halfspace

via w = Tz, then

1\*> 1
/12 - _
|w|+(wn—|—2) 1

= |w)*+w, =0
el Gl VS Gl 2 L
22+ (z,+1)2 |22+ (v, +1)2

= |z* =2z, +1+1—|z=0

= x,=1,

so the preimage of S is H, as desired. Thus, for all w € S, we have that

wn = =|wl, n(w) = 1 2|w|2
Further,
1 _2|w|z =n(w) =n(Tr) = n<1x> _ \:v’l’;+ ¢
whenever x € H. Hence,
|2/ = 1‘ﬂ“|)lj‘27 (18)

for all x € H, and, since f is radial with respect to the (n—1)-dimensional hyperplane

H, then, for all w € S, we have
: / / 2|w|
f(Tw) = f@@, 1) = f(l2'[,1) = [ | 2] = 1.
V1= |w]?

Also, as

Fw) = n(w)™?" f(Tw),
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then

*

) = (%W)”/;"w - 1) - (12 e

hr) = f (|x'| _ \/12—%20

Note that f is radially symmetric decreasing on H, f € LP"(H"), and

where

. 2r
Iim ——— =

o1 —r2
In particular, 2r/+/1 — 72 is monotone increasing. Thus, h(r) must be a decreasing
function, defined only on the interval [0, 1], such that A(1) = 0.
Further note that for each particular radius R in the unit ball, the corresponding
sphere OBg(0) intersects S. This radius then corresponds to a particular radius in H
as given by (18). But, on the ball, £ is a radial function, so if w is any point in the

unit ball, there exists some rotation R, and wg € S so that w = R,wg. Therefore,

Fu) = Fws) = (=) s = (=2 )

1 — Jws/?

for all w € B. O

From this, we can also compute the representation for the rearranged function

f#(x) as it lies in the upper halfspace.

COROLLARY 3.2.13. Let n > 2 and f € LP (H"). Then the pseudosymmetric

halfspace rearrangement can be written as
fH(x) = """ h(|Tz)),
where h : [0,1] — [0,00] is a decreasing function with h(1) = 0.
Proof. The proof is a simple computation using the conformal transformation 7.
f* (@) = ()" f#(Ta)
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o 2 et
— @) (—2 ) (T
0o (=) AT

. 22 + (2, + 1) n/p*
= (e () )

= P h(|Tz)). O

Although not symmetric, there is nonetheless a certain symmetry to f#, as the
level sets of h(|Tz|) are the balls B, 0 < R < 1, asin (17). These two representations
in Theorems 3.2.12 and Corollary 3.2.13 will be key to the later proofs of the existence
and minimization results for the Hardy-Sobolev-Maz’ya inequality on the halfspace.

Both will be used repeatedly throughout the paper.
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CHAPTER IV

HARDY INEQUALITIES FOR FRACTIONAL
INTEGRALS ON CONVEX AND GENERAL DOMAINS

The sharp fractional Hardy inequality on the upper halfspace, stated above as The-

orem 2.4.10, says that forn > 1,2 <p < oo, and 0 < a < p with a # 1,

@ - WP, fap
[ [ dyZD“*”“H[ a4 (1)

T
H™ H"

for all f € Wg /2 (H"), where D,, ,,, is the best possible constant. Further, there is a
more general fractional Hardy inequality, Theorem 2.4.8 above, that states if n > 1,

a>1,and 0 < p < 0o, then there exists D > 0 such that

n7p7a

f(x) = f(y)l” 0 |f ()"
//dedyZDwmg/ () dz, (20)

x)
Q Q

for all f € WS'*P(Q), where 2 is a bounded Lipschitz domain.

In this Chapter, we prove a sharp Hardy inequality for fractional integrals for
functions that are supported in a general domain. When that domain is convex, we
also prove that the Hardy term is stronger than that weighted by the usual distance
function raised to a power. In the latter case, we also show that the best possible
constant is D,, , o, the same sharp constant as in (19) above.

To accomplish this, we shall first prove a one dimensional improved Hardy in-
equality for an interval. We will then reduce the higher dimensional problem to a one
dimensional problem so that we may apply the one dimensional inequality previously

obtained. The final result ensues after some discussion of geometric details.
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4.1 Omne Dimensional Hardy Inequalities

4.1.1 Casep=2

We first consider the case where p = 2. Recall that if f € C2°(0, 00), then

= () r(52) ey

and, as proven above in Theorem 3.1.7, in one-dimension,

The idea of the following proof is to use Theorem 3.1.7 to transform the problem

on the interval to a problem on the half-line. A similar approach, using inversion

symmetry, was used in [15] to obtain sharp functional inequalities therein.

THEOREM 4.1.1. Let 1 < a < 2, then

|f(x) — f(y)I” 1 L \"
/ / |I’—y|1+o‘ d dy>D12a/|f (x—a+b—x) dl’,

(a,b) (a,b
for all f € C(a,b).

Proof. By translation and scaling it suffices to prove the result for the interval (—1,1).
This is the ball in one dimension, so we choose to use the notation ¢ instead of f.

Let g € C((—1,1)), then using Theorem 3.1.7,

/ [t

14
1
'9 " dvd T Y -
w|1+a vdw — v[g(v P—Te
R R -1 R\(-1,1)
1
lg(x / ~ 12 / dw
d d d D
/ / |x_y|1+ y—2 [ dulg) PR
R R —1 R\(—1,1)

\=
:i//w dwm+2/dﬂg /
/) Iw—yl1+ |z — MHQ
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1

~ dw

-1 R\(—1,1)

If x > 0, we calculate
0

/ dy I .
_— = —Z
‘LE _ yll—i-a Qa ’

and, for —1 < x < 1, then
0o —1
d
/ W—% = /(’UJ — ’U)ilia dw + / (U — w)ilia dw
1 —00

R\(-1,1)

1 1
:_1_ —« - 17(1
(=) e+ )

Thus, we have

1 1|
9
// |v—w|1+°‘ d dw

-1 -1

SR e
|LL’— |1+a Q

0 0 0

__/Ig (1=o)™+ (1 +0)™) dv

2 2 %
Z D1,2,o¢/ ‘gflié” dl’ + a/ ‘gi‘xa) /| ]' - U) “ + (1 + U)_a) dl},
0 0

where the inequality uses the sharp fractional Hardy inequality, Theorem 2.4.10 above.

We seek to transform back from g to g, so that we may express the inequality in terms

of a single function. Thus, we obtain

[ e [ (152) " e
[ro) (k) =

1

"Q
/g (1—7}2) dv,
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since, for n =1,

Hence, we arrive at the inequality

11
|9(v) 1 1A
// w|1+ dvdw>D12a |g 1—v+1—|—v dv

/ R ( ramicer )"

Finally, we note that for 1 < o < 2, then

29— (1+2)*—(1—2)* >0,
for all # € [—1, 1], so we are done.

Theorem 4.1.1 generalizes easily to open sets on the real line.

COROLLARY 4.1.2. Let J C R be any open set, and let 1 < o < 2. Then,

J/ / MO =IOE 54y > D / 0P (5 + 5 ) @

for any f € C2(J), where §;(x) =sup{|t| : x +t € J}.

Proof. Since any open set J C R is a countable union of disjoint intervals I}, we find,

using Theorem 4.1.1, that

//|f|m_ |1+a|2d dy >Z//|f|x_ |1+a|2dxdy

kllk I,
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4.1.2 Casep>1

For general p > 1, the following result of Rupert Frank and Robert Seiringer was

presented in [29] with their permission.

THEOREM 4.1.3. Let 1l <p<ooand 1l < a <p. Then

//’f ‘m W 4 a >D1pa/|f z, (21)

for all smooth functions f with f(0) =
On any interval, we then have

THEOREM 4.1.4. Let f € C>®(a,b). Then for all1 <p < oo and 1 < o < p,

|f(x) = f)P |f ()P
// !”a d:cdy = Dlpa mln{ r—a),(b—x)ke dz,

with —o00 < a < b < 00.

Proof. This proof is similar to Proposition 3 in [4]. Note that by the scale invariance

of (21), for any ¢ > 0,

[ @) — F)P [ @)
0/0/—|x—y|1+‘1 dxdyZDl’p’aO/—xa d

for all smooth functions f with f(0) = 0. Now, let f € C2°(a,b). Then,

g

@) — F@)P F(2) — F@)?
// |:c—y|1+a dody +// |x—y|1+a do dy
T T peta) — fra F b —a) - -y
_0/0/ |x— Ta dxdy—i—o/o/ g dz dy
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s Dy, | [ Lty FUO-a,
e e
0 0
bi
” /!f b—2)P
=D, q dx
L /a:—a * b—x)
—D1 Oé/ |p d$ 0
P ) min{(z — a), (b — x)}*

Once again, we generalize to any open set on the real line, and the proof is nearly

word for word as the one in Corollary 4.1.2.

COROLLARY 4.1.5. Let J C R be open, and let1 <p < oo and1 < a < p. Then,

[f(z) — fly)” ()P
//W dedy > Dipa 0, (2) dz,
7T

J

for any f € C2(J).
4.1.3 Extension of general p

The following is an extension of the above result for p > 1, which will allow us to
add an extra term for the convex Hardy inequality, where 1 < a < 2. Using [30], a

similar result was found in the case p = 2 in [20].

THEOREM 4.1.6. Let f € C(0,1), 1 <p < oo, and 1 < a < 2. Then,

11
f@ o
@) = fW)F la ddy Dlpa |f W dx
|l’— |+

00

Dlpa/’f dr+m /\g ‘1+a [xy(l—x)(l—y)]%l dz dy,

where g(x) = (1—) v f(x) and my, is as given in (9).

Note that m,, is the sharp constant for the remainder in the sharp fractional Hardy

inequality on the upper halfspace, Theorem 2.4.10 above.
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Proof. Note that

(1-2)?-1>2—a)r

for all 0 < x < 1, since this is an equality at zero, and the derivative of the left-hand
side is at least that of the right-hand side on the interval [0, 1]. Further, consider the

map from (0, 1) — (0, 00) given by s = == — 1. Using these, we obtain

[

s %ds = / |f(z)[Pz=(1 — 2)* 2 dx
- / F@)Pr da + / F@)Pr (1 — )" — 1) dz

Pp—a _ pl-a
Zo/lf(ar)lx do + (2 a)o/\f(xﬂw da,

Hence, from Theorem 2.4.10,

/ / . rHa aady

(o oo o] t D
// ‘f s+1 t+1)| (S + 1)0471(75 + 1)a71 dsdt
0 0

|s — t]”a
i —t7f ()
S —a s—l—l t+1 QT—1

ZDLp,a/ f (3+1) d8+mp = (st) z dsdt

0
> Dy a/ / > s *ds+m /|g [ y(l—az:)(l—y)]aT_1 dz dy
- b s+1 b |z — |1+O‘ ’

0

and the result follows. O

We believe it is possible for this inequality to be further improved. This proof
uses (s +1)®7t > 1 and (¢t + 1)>~' > 1, which throws out a lot of information. It
should be fairly straightforward to improve these and gain an additional remainder
term, or improve the ones contained herein.

Similar to Theorem 4.1.4, we seek to extend this result to any interval. The proof

of the following result is very similar to the proof of Theorem 4.1.4. Note, however,
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that the additional term is not scale invariant; hence, the factor ﬁ preceding the

integral.

THEOREM 4.1.7. Let 1 <p <oo and 1 < a < 2. Then,

//|f|513— |1+°‘ o - Dlpa/mln{xyizx)?fb—w)}“dx

(2= )Dipa (@)[”
= b—a /mm{x—a),( b—uax)}o- rd

for all f € C®(a,b) with —oco < a <b < 0.

4.2 Hardy Inequalities on General Domains in R"

4.2.1 On general domains

Throughout this section, we assume n > 2. Before we can prove the main results
of this section, we must first reduce the double integrals in such a way that we can

apply the one dimensional Hardy inequalities proven in Theorem 4.1.1.

THEOREM 4.2.1. Let Q be any region in R™ and assume that f € C°(Q2). Then
_ p
/ / @) = WP 4
|z — gy
_ P
/ dw / / ds / ar @t ‘T”) t|{£f I (g9)
S p—

-1 {z:z-w=0} {z+swel} {z+tweQ}

where L,, denotes the (n — 1)-dimensional Lebesgue measure on the plane x - w = 0.

Proof. We write the expression

0 [f(x) = fy)I” f(x) = flz+2)
I, (f) = it dedy = | do dz Sinra ,
Q/Q [ =y / / 2]

Q {z+2€Q}

and using polar coordinates z = rw we arrive at the expression

Jgp(f):/dx/ dw / @) = f@+ro)p

T.1+o¢

Q Sn—1 {z-{—rwGQ,
r>0
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A afa [ alfoSesr

‘h‘1+a
Srn—1 Q {z+hwe}

Thus, the domain of integration in the innermost integral is the line x4 hw intersected
with the domain €). Splitting the variable x into components perpendicular to w and

parallel to w, i.e., replacing z by = + sw, where x - w = 0, we arrive at

" / o) / N / MG sw) = [+ (s + D)

1 /
2 |h|1+a
Sn

1 {z:z-w=0} {z+sweN} {z+(s+h)weN}

The variable change ¢ = s + h yields (22). O

Since we prove a stronger result than (20), the general fractional Hardy inequality
from Theorem 2.4.8 above, we need a few definitions before we can state the result.
The following is motivated by [18]. Let © be any domain in R™ with non-empty

boundary. Fix a direction w € S*~! and define
dpo(z) =min{|t| : =+ tw ¢ Q},
and
dwalx) =sup{|t| : z + tw € Q}.

That is, consider all the points of intersection of the line x + tw with the boundary of
2, then d, o(z) and 6, o(z) represent the distance to the points that are closest and

furthest from z, respectively. Now set

1 L
1 L fSn—l |:du,7g($) + 51‘,’9(1)] dw
Ma<x)a ) fgnfl |wn|o¢ dw

(23)

Note the integral in the denominator can be easily computed

/ ([ duw = |S"_2|/|cosa¢]sin”_2¢d¢
gr-1 0

w/2

=2|S"7?| / cos® ¢sin” % ¢ do
0
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:2<F27(rn§1>>ﬁ<n51’1—12—a)

P(452)
P(5%)’

where (-, -) is the Euler beta function. Note that this evaluation of the integral is a

_471-2

known identity. Hence, using the identity

. F<1+_a)

Dn7p,o¢ = QWTWL) 1,p,a

2

from (10), we get
wy,|*dw = 2—= Dnpa 24
/ ’ | Dlpa ( )

With these concepts in mind, we can state the following.

THEOREM 4.2.2. Let 1 < a < 2, and let ) be any domain with non-empty

boundary. Then,

|f(z) = f)I° |/ (@)*
// |n+a dx dy > Dy 2.4 M, (2)° dz,

Q

for any f € C°(2).

Proof. By Theorem 4.2.1 and Corollary 4.1.2 we find that
_ 2
/ / @) = F)P
|z —y|r+e
flz+ sw) [z + tw)]?
/ dw / dL( / ds / dt t|1+o‘

-1 {z:z-w=0} z+swe zHweN
DlZa / dw / dL,( / ds|f(x + sw)|? [dw(l‘isw) + 5w(x:—sw) )
{z:z-w=0} z+swesd
Dlza / dw/|f { )+5w;(x)rdx
2
o [,
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where we have used (23) and (24) in the last equation. Also, note the use of d,,(z+sw)
to refer to the distance from x to the boundary of €2 along the line z + sw, and

dw(z + sw) is similarly used. O
4.2.2 On convex domains

If the domain ) is convex, the quantity M,(x) can be bounded in terms of the
distance to the boundary dg(z) and in terms of the quantity Dq(x), the ‘width of
Q with respect to x’. For convex domains with smooth boundary, this quantity is
given by the width of the smallest slab that contains €2 and consists of two parallel
hyper-planes one of which is tangent to 02 at the point closest to x.

For general convex sets we define Dg(x) as follows. Fix x € Q arbitrary and pick

a point z on the boundary of ) that is closest to x, so that
do(x) = |z — z|.

In general, there may be more than one such point. Denote by P, the set of supporting
hyper-planes of {2 that pass through the point z and set

.= J P

2€00
da(z)=|z—z|

For P € P,, we denote by S(P) the smallest slab that contains €2 and is bounded by
P on one side and a hyper-plane parallel to it on the other. Such a slab might be
a half space if  is unbounded. The width Dgpy of the slab S(P) is, naturally, the
distance between the two bounding hyper-planes. We set Dg(py = oo if S(P) is a half

space. Now we define
Dq(z) = Plélgz Dg(p. (25)

With these definitions, we can restate Theorem 4.2.2 for convex domains.
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THEOREM 4.2.3. Let Q) be a conver domain, and let 1 < o < 2. Then, for any
f ez,

|f(z) = f(y)P o[ 1 1 @
/ / o —gprre Y 2 Dnza Q/ |/ (@)l { dos T e —dam] 4" (26)

Q Q

where the constant D, 5 15 the best possible.

Proof. Fix x € ), and let P be a supporting hyperplane to ) through the closest
point z € € to x. Pick coordinates so that the standard vector e, is normal to the

plane P. Then,

dwo(®) < dyspy (), dwo(r) < duwsr)(T).

Further, note that d, sp)(®) + dw,sp)(z) is the length of the segment given by in-
tersecting the slab S(P) with the line = + tw. Projecting this segment onto the line

normal to the slab yields
du,5(p) (@) [wn| = da(x),  dwsr)(®)|wn] = Ds(p) — dal).

Note that there may exist directions w where the length of the latter segment is not

finite, in which case we set Dg(p) = 0o. Thus,

1 1 “ 1 “
+ > Jwy | +
{dw,ﬂ(w) 5w,n($)} ol Llsz(l“) Dspy — dﬂ(ff)]
holds for all P € P,. Taking the supremum over P, and integrating with respect to

w over the unit sphere yields

J {dw;(mw,i@fz ] vl {dix>+Dg<x>1—dQ<x>T

S§n—1 S§n—1

Then, using (23), we get the inequality

1 2{ 1 n 1 ]a’
Mo(x)* — Lda(z) ~ Da(z) = da()

from which (26) follows.
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It remains to show that the constant D, 5, in (26) is the best possible. The
following ideas are derived from the proof of Theorem 5 in [31], in which the author
proves a similar result for the classical Hardy inequality.

Pick a hyperplane P that is tangent to ) at some point z € 9€2. Such hyperplanes
exist since 2 is convex. See, e.g., [6]. We can assume, without loss of generality, that P
is the hyperplane {z : x,, = 0}. It was shown in [10] and [25] that the constant for the
halfspace problem, D, 5 ,, is sharp by constructing a sequence of trial functions. Since
the Hardy inequality in Theorem 2.4.10 is invariant under scaling and translation
that is parallel to the boundary of H", we can transplant these trial functions using
scaling and lateral translation to €2 near the point z, thereby showing that D, s, is
also optimal for (26).

Indeed, let {fi} denote the series of trial functions as is used in either [10] or [25].

Denote the Rayleigh quotient

fﬂfﬂ |:c y|n+a - dzdy
Jo | f(@)Pda(z)~ da”

Xnalf) =

so that
lim X o (fk) = Dng.a
k—o0 ’

since dygn(x) = x,. As  is contained in H", it is clear that dg < z, for all x € Q.

Hence, if f € C°(Q),

[15@Pdate)y o> [ |f@Pa,"de = [ 1f@)Pe, do
Q Q H"™

because supp f C €2. Thus, if f € C°(2), then

XL () < XL,

where we assume that 2 C H". Therefore, we end up with

s d:c dy "
Lt fQ Jo S <, énf(g)x,?a(f) < Xova(fr),
6 00 6 (?O b b
Jolf(@ [dg( 5t emam] W

and taking the limit as k& — oo, the result follows. O]
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4.2.3 For general p

Now, for p > 1, we can state the Hardy inequality for general domains.

THEOREM 4.2.4. Let 1 < p < oo and 1 < a < p. Then for any domain 2 with

non-empty boundary and any f € C°(£2),
f(z f
//‘ ’Ha dxd > ana | dz, (27)

1
]_ L fSn_l dwyg)(x)o‘ dw
Mma(2)® " fous Jwn|*dw

where

In particular, for € convex

|f(x) = f(y)]P /|f(i€)!p
—— 2 dxdy > D, 0 | ———dx. 28
[ [z [ %)
Q Q Q
In (28), the constant D, is the best possible.

The proof of Theorem 4.2.4 is a straightforward modification of the proofs given
for Theorem 4.2.2 and Theorem 4.2.3 using Corollary 4.1.5 instead of Corollary 4.1.2.
In the convex case, where 1 < o < 2, we can improve on this result using Theorem
4.1.7. The proof is similar to the proofs of Theorems 4.2.2 and 4.2.3 above, but it
also accomodates the additional term that Theorem 4.1.7 incorporates over Theorem
4.1.4. While a similar result was obtained in [20] in the p = 2 case, that result was

proportional to the diameter of Q and not the inradius dg,.

THEOREM 4.2.5. Let Q C R™ be convex, and let 1 < p < oo and 1 < a < 2. If
d), < oo, then, for any f € C°(Q),

@) = FWP gy — f@P e [ 1f@)P
Q/Q/ ’Q? — y’nJra dxr dy Dn,p,a ) dQ(l‘)a dx > d?) Q/ —dg(x)afl dz, (29)

where ¢ = 222Dy, 0.

o4



Proof. Consider the line segment = + sw, where w € S*! and z € Q. We define the

breadth of 2 through x in the direction of w as

bw’g(l') = dw79<£€> + 5w79($).

Note that the breadth of the interval (a,b) on R is b — a.

Now, from [28] and from [6] [Theorems 2.2 and 2.4, Chapter 5], amongst all
ellipsoids contained in 2, there exists a unique ellipsoid E of maximum volume, and
if E were centered at the origin, then 2 C nE. Thus, for convenience, we will refer
to nFE as the ellipsoid containing €2 such that E and nF share the same center and
nkE is proportional to E by a factor of n. Let L refer to the shortest semi-principal
axis of nFE. Then, € is contained in a slab S whose boundaries are the parallel planes
that are tangent and normal to the endpoints of L. Clearly, 2ndQ, is no less than the
length of the shortest semi-principal axis of E, so 2ndg, > |L|.

Choose coordinates so the standard vector e, is normal to S and parallel to L.

Projecting b, o(x) onto L, then, as in the proof of Theorem 4.2.3, we have
W, |bwa(z) < |L] < 2ndg,.

As we showed earlier in the proof of Theorem 4.2.3, we can assume that projecting

the line segment x + sw onto L yields

Thus,

/ dw / |w, | dw.
b o (x)dyo(x)*t — 2nd0 "

S§n—1
Hence, using Theorem 4.1.7 and Theorem 4.2.1, we obtaln

/ / ey
-3 [ [ane [ e [ e

-1 {z:z-w=0} z+sweN z+HtweN
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2%8/ du /dﬁw(a:) / ds {%

! {z:x-w=0} z+swe

T (2 - a) et sl ( 1 )}

dy(z + sw)*=1 \dy(z + sw) + 6 (z + sw)

:% (@/1 dwﬁ/dxdljg(f(ﬂ;‘ +(2—a)Sn/ dwﬂ/dx%bw,ﬂ(@l)

F@P e [ @
>D d d
- / do(@) @, | Aol
Q Q

_ 2—«
where ¢ = 52D pa
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CHAPTER V

A FRACTIONAL HARDY-SOBOLEV-MAZ’YA
INEQUALITY ON THE UPPER HALFSPACE

In this Chapter, we prove the fractional analogue of Theorem 2.3.6, the Hardy-
Sobolev-Maz’ya inequality for functions whose support lies in the upper halfspace.
Our result is for the case where p = 2. That is, for n > 2 and 1 < a < 2, there exists

M,, o > 0 so that

xT) — 2 X ’
[ HOIOR ey, / L 45 > / e

2/2*

¥ dx

_ +a
x
H” xH™ | Y

for all f e C*(H").

As they will be used frequently in this Chapter, we recall the notation

oy [ @ fePr
]a,p(f)_/ |[L'—y|n+a d dy7

QxQ
and
- -
o= [ @ Pl e dy
 — g De Ee
QxQ Tn” Yn

Recall as well that we are interested primarily in JE{:( f), since z,, is the distance
to the boundary of H", and that the symbol Jgp( f) refers to the restriction of the
integral JE{;(f) to Q x Q C H"™ x H". Also, as we will usually refer to the case p = 2,
we further denote It = If, and J3 = J3,.

In particular, our concern here is to minimize, or at least bound below, the

Rayleigh quotient

I () = D fon | f@) P da 5 (f)
v, . = = .
alf) 1712 1712
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We'll show that ¥, , decreases under the pseudosymmetric halfspace rearrange-
ment f — f#. Then, we decompose the rearranged function by truncation so that we
are left with the sum of two functions, one an “upper” function that has support in a
fixed ball and the other a “lower” function that is uniformly bounded. We then use
two inequalites, one a bounded Sobolev inequality, and the other a weighted Hardy-
Sobolev-Maz’ya inequality, to bound the L?"-norms of these “upper” and “lower”

functions and prove the Hardy-Sobolev-Maz’ya inequality for the upper halfspace.

5.1 Preliminary Results

In this section, we shall prove the two inequalities mentioned above and a Lemma
establishing that the Rayleigh quotient V¥, , decreases under the pseudosymmetric
halfspace rearrangement. The first inequality we prove is for Ig’p with respect to

functions whose support is contained in convex sets or bounded Lipschitz domains.

THEOREM 5.1.1. Let p > 2 and 1 < o < min{n,p}. Let Q C R"™ be convez or a

bounded Lipschitz domain. Then, for all f € C>(Q), there exists S5 > 0 such that

n7p7a

12,() = S, f

p
p*.

Proof. From the general fractional Hardy inequality in Theorem 2.4.8, and from the

sharp Hardy inequality in Theorem 4.2.4, we know there exists ¢ > 0 so that
12,0) 2 ¢ [ 15(e)Pdafe) * d,
Q

for all f € C°(€2). Further, by the fractional Sobolev inequality in Theorem 2.4.11,

there exists S, 5o > 0 such that

IX(F) > Supallf

p
P
for all f € C*(R™). Now, if x € Q, then By, (x) € Q. Thus, since

—n—o —n—o 1 n— -«
/!w—y! dy < / |z —y| dy=5|S Ydo(z)™®,

Qe (Bdmz)(w))c
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we have

Snpallf

Rn
Z* S Ia,p(f)

— I (f) +2 / dalf (2)? / dyla — 4|

Q Qe
<12+ 287 [ 1#@)Pdate) da
Q

< (1 i M) 2.0,

cx

from which the result follows. O

The next inequality could be seen either as a weighted fractional Sobolev inequality
for the term Ji(f), or, since Jy (f) is a lower bound to the remainder of the
fractional Hardy inequality on the halfspace, see Theorem 2.4.10, as a weighted Hardy-
Sobolev-Maz’ya inequality. When p = 2, it is clearly the latter, since J2"(f) is
precisely the remainder. Note, however, that the inequality is scale invariant, so the
exponent of the function differs from the critical Sobolev exponent by the exponent
of that weight.

The following proof of the weighted Hardy-Sobolev-Maz’ya inequality uses ideas
from [14], as well as the idea from Theorem 4.3 in [29], to write the integral in terms

of its layer cake representation. The layer cake representation is the identity

flz) = / Lg@>n dt,
0
as proven in Theorem 1.13 of [29].

THEOREM 5.1.2. Let p > 2 and 1 < o < min{n,p}. Then, there exists wy o > 0

such that
p/q

Jgg(f) 2 Wnpa / |f(l’)|qx;”+m1/p* dz 7
_ _ (e
where ¢ = qn, ) = p (=—=2-).
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Proof. We can assume that f > 0, since, by virtue of the triangle inequality,

2 £ () 4P £ ()] > [l ()]~ S )]

Thus, we see that J37 (f) > Jo0(1f]).
We need a few preliminary results. Recall that 1q is the indicator function on the

set €2, then, for any s € R,

/st_s_11{|x|<t} dt = /st_s_l dt = |z|~*.
0 |]
The following is motivated by the Appendix in [14]. Let ¢ > 0, and define the function
t, ift>0
t+ = )
0, ift<0

known as the positive part of ¢t. Then,

t

(t—a) apZda:/t—aap2da:—tp.
O/ (t~a) oo 1)

0

Further note that
([t —a), =t —a)y + (=t —a)y,

so, letting a > 0, we obtain

lg(z) —gW)IP =p(p—1) [ (lg(z) — g(y)| — a), e’ *da

=p(p—1) [ [(9(z) — g(y) —a); + (9(y) — 9(z) — a),[a"*da

=pp—1)

0\8 0\8 0\8

da a*~? / db (1ig(a)-asby Lgtw)<s} T L{gw)—asb} Lia(a)<b})
0

where the last equality is an identity in [14] that is an exercise using the layer cake

representation. Now, let us define



Then, using the results above,

//\g(x)—g(y)!” dz dy
|$—y‘n+0‘ l-a l-o

H» Hn Tn? Yn®

oo

dz dy 7 de o yi _
:p(p—l)(n+a) / 1o 1o /CC 1{x_y|<c}/da aP 2/db
2
0 0

2
HrxHn Tn” Yn 0

x [1{g<x>>a+b}1{g<y><b} + 1{g<y>>a+b}1{g<z><b}}

dz dy [de . [ . o
=2p(p—1)(n+a) / ETi — ¢ / da a” 2/ db 1fjz—y|<c}
Tn? yn? c
HrxHr Tn” Yn® g 0
X (1= 1igw)2b}) Hg(@)>a+b}
To simplify, let us make a few definitions. We write
dx
Aa) = /1{g(:c>>a}T2a7
H" Ln
and
dr dy
u(a, ¢) = Ho@>ay He—yi<e) =2 =~
H" x H™ :L‘n yTL

From our discussion regarding level sets and rearrangements in Chapter 3, we know

that b > @ implies {f > b} C {f > a}. As an extension of that, it must be true that
u(a, ¢) = u(b,c),  Aa) = A(b),
where b > a. Further, since a > 1, we obtain

dz dy a1
ula,¢) 2 /ﬂl{g(w)w}/ﬂl{yl«} = D2 Ma),

2 2
H”» ',L‘n H» yn

where

dy
D=/1{|y<1}1—2a-
]H[n yn

Using Fubini, and letting A = 2p(p — 1)(n + «),

//Ig(w)—g(y)\p dr dy
|z —y|nte 5 5

Hr M In~ Yn
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i _ de _,_. dz dy
:A/ da a? 2/ db/ c / 1 1= o <1{\m yl<e} Hg()>a+b}
0 0 Un®

—1{\xfy|<c}1{g<w>>a+b}1{g(y)zb})

2A7da apz/ dbfic c " 0‘( (a+ b,c¢) — min{u(a + b, c), u(b, c),)\(a—i-b))\(b)})
0 0 0
> A Ooda ab~? OOdb OOE ¢ " u(a+b,¢) — min{u(a + b,c), A\(a + b)A\(b) }
A >
>A [ daa”™? [ db de —n—a u(a+b,¢) — AMa + b)A(D)
Juor o] £ ]
>A [ daaP™2 [ db de N (@ +b) (DT — A(b)) .
Jo ] emone o),

From the layer cake representation, we can derive the formula

oo

gl(r) = / qa? Lg(a)>ay da.
0

Thus, since g > 0, we denote

b

dx T _ _
ol = [ lo@)- = [ g Mo da > [ gt N(@)da = 2B
T 2
0

H» n 0

Using the substitution

2

()

p  a+l
¢ 2n+a-—1

and the identity

1 —

then

o0 [e.e]

o0
JE(f) > AD” e / da a?~? / db \(a + b)A(b) " a1 / at ¢—n—a-1 (t"’LaT_l
0 0 1

Dae 1||9H / aaP~ 2/db AMa + b)bT™P

0

2n+a—1
(a+1)(n+a)

A2n+a—1)D" InFacl
T (a+)(nta)g-p+1

Sl / a"1A(2a) da
0
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B A(2n+a—1)D_2‘in++%2*q gl
B @+ I+ a¥a—»+ Dy et

p/q

T (a+Dn+a)g—p+1)g

Since

we are done. 0

We want to note a certain relationship between the weighted Sobolev term in
Theorem 5.1.2 and the usual Sobolev term. Indeed, if we let f € LP" so that f = f#,
then, by Corollary 3.2.13,

flz) = z,""" h(|Txl),

where h : [0,1] — [0, 00] is a decreasing function with h(1) = 0. Hence, we get

p/a p/q p/q
B . o 7 dx
[s@perac) = [l s@] )= b |
where du(z) = ;" dz. Similarly,
p/p* p/p”
o r* dx o
|[f ()" da ) s [h(ITz) " dp()

We have already proven that .J;" (f) dominates the former, and we will later show
that J2"(f) dominates the latter. Thus, there is a clear relationship between the
pseudosymmetric halfspace rearrangement, the weighted Hardy-Sobolev-Maz’ya in-
equality presented in Theorem 5.1.2 above, and the fractional Sobolev norm with the
usual critical Sobolev exponent. Future exploration into this would be interesting.
Finally, we show that WU, . decreases under the transformation f +— f#. Using
this, we can approach our optimization problem with a restricted class of functions

with explicit properties.
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LEMMA 5.1.3. Let n > 2, and let f € C°(H"). Then,

Unalf) = Unalf7).

Proof. Let us recall the two operations U,V on nonnegative f. First, let V' be the
spherically symmetric decreasing rearrangement in hyperplanes parallel to the bound-
ary of H". Then, let U f be the transformation of f obtained by a certain fixed rotation

of ]7 In particular, using the rotation
R:(x1,...,¢0 1,2,) = (T1,...,Tp,—xp 1), x; ERI=1,... n,

then U maps
f(x) = f(z) = f(Ra) = n(x)"* f(RTx).

Then, we define Fy, := (VU)* f and recall that Fy, — f# almost everywhere.
The operations U,V require that f > 0. To make this assumption, we need
U,, o to be nonincreasing under the map f +— |f|. Clearly, the Hardy term and the

L?* (H")-norm are invariant, and since

f(z) = f(W)l = [IfI(z) = |fI(y)

implies
() = 17 (D),

then W, , is nonincreasing under absolute value, as desired.

We claim W, ,(Fy) is decreasing as k — co. However, it is enough to show that

\Ijn,oa(f) Z \I[n,a(VUf)v

since Fy = f. In Chapter 2, we showed that we can write the remainder term as

) = 1) = [T 4,
Hn n
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where the constant b, , is defined there. See (12). Hence, we can write

IE(F) = bpa foan L - H@E 4y
17113

Applying the transformation U to f, we claim V¥, , is invariant. Indeed, we

\I]n,a(f) =

showed in Theorem 3.1.7 that I2"(f) = I®"(f), the latter of which is invariant under

. n . . . .
rotations. Hence, I®"(f) is invariant under U. Further, since

/ Py do = / rerw) (S Eaw)) i au
()

then it is invariant under U as well. It is clear that the L? -norm is also invariant
under U. Hence, ¥, ,(f) = ¥, o(Uf).
Next, we show that W, o (U f) > ¥, (VU f). Recall that Theorem 3.2.8, as proven
n [24], states for J : R — R nonnegative, convex such that J(0) = 0, k € L*(R") a
symmetric decreasing function, and f nonnegative, vanishing at infinity, then
[ T0@ sk —paray= [ 50w - ) ke - ) dedy,

R xR"™ R xR"™

where it is understood that if the left is unbounded, so is the right.
Using this result, it can be shown that IX"(f) decreases under the spherically
symmetric decreasing rearrangement. Thus, we use this Theorem to show IX"(f)

decreases under the rearrangement V' as well. Indeed, for any fixed z,, € R, we write
fal@') = f(@',2), @ € R"TH,

and denote the kernel

+a

/{:(CL’/) = (|:)3,|2 + |xn - yn|2) °
which is symmetric decreasing and in L'(R™™!), so long as |z, — y,| > 0. Then,

letting J(x) = 22, we can apply Theorem 3.2.8 to obtain

= /dm”/dy” / o /ld/m —U.;|i| (y)n||2>3

0
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iy [ dndn | [ I~ R ) dy

|xn—yn|>€ n—1lyxRn-1
xnvyn>0

e—0

|Trn—yn|>€ n—1yxRn—1
-Tn’yn>0

iy [ dndu | [ 0 - 6K - ) ey

=1."(V ),

where f* is the (n — 1)-dimensional spherically symmetric decreasing rearrangement
of fn.
Further, as the rearrangement under V' is only along hyperplanes parallel to the

boundary of H" (i.e., where x,, is fixed), the integral
/ fA(z)z, > dx
Hn

must be invariant under V. Again, it is clear that the L -norm is invariant under V.
Therefore, applying Fatou’s lemma, and the properties of the pseudosymmetric

halfspace rearrangement, we obtain

_ () _ T3 (Fo) Ja (Fe) o Ja(f#)
L3 ILfF# o s

as desired. O

> lim
2 SO

\Ijn,a(f) = \Ijn,a(f#)v

2
2*

5.2 Main Result

The main result of this Chapter is the following fractional Hardy-Sobolev-Maz’ya

inequality on the upper halfspace, in the case where p = 2.

THEOREM 5.2.1. Letn > 2 and 1 < o < 2. Then, there exists M, , > 0 so that
2/2*

IO e 2wt [1rr ar) @

/(@) = f(y)*
| P e e |
Hn

X
H"™ xH"™

2
2*.

for all f € C*(H"). Alternatively, we write (31) as J2"(f) > M, .|| f
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Proof. As a result of Lemma 5.1.3, we can assume that f = f#. Thus, recalling the
relationship between a function f on the halfspace and fv on the unit ball, then, as

stated in Theorem 3.2.12 above,

o= (12 G

where h(r) is a decreasing function on [0, 1] and A(1) = 0. Further, from Corollary

3.2.13, we can write
fx) = n@)"™ [(Ta) = ;" h(|Tx|). (32)
Finally, from Lemma 5.1.3, we know that

I (f) < oo, |IfI3 < oo,

«

since the original function was in C°(H™). However, we note that f is no longer
necessarily in C2°(H").

We decompose h = hy + hg by truncation, fixing 0 < R < 1 so that
ho(r) = min{h(r), h(R)}.

In this way, we “cut” the “upper” function h; off the top of h, so that the “lower”
function hy remains. As such, hi(|Tz|) has support in the fixed ball B, for all

x € H", and hy is uniformly bounded by A(R). We further write

f=fi+fo,

where the definitions of fi, fo follow from (32).

We claim there exists ¢, d > 0, each dependent only on R,n and «, such that

T () = el il (33)

and

JER) = d | foll3. . (34)
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Fixing 0 < A < 1, then by the triangle inequality for the L”-norm and the arithmetic-

geometric mean inequality, we obtain

Jo (f)=Aa (f) + (L= 2T (f)

> min{\c, (1 — \)d} (||f1

)
2*

2-)”

5+ 11fo

> %mm{xc, (1= Nd} (|Ifs

2+ + | fo

v

Smin{c, (1 A} 1.

Since 1 > A, R > 0, the constant is strictly greater than zero. So, taking the supre-
mum over A and R, the result will follow.

We need to prove (33) and (34). We start with the former. Since the support of
hy is contained in the interval [0, R]; therefore, supp f; C B, where B is as defined
in (16) above as

B = {Tx ¢ R": z € Br(0)},
or, equivalently as

1+ R?\? 2R 1\’
R __ / n . |,/]2 _
B _{(x7:1:n)€H |:13| —l—(:Bn 1—R2> <<1—R2> )

as proven by Lemma 3.1.6. Hence, for all x,y € B¥,
zn® f1(x) —yn® f1(y)
zn® (h(|Tx]) = h(R)) —ya® (h(|Ty]) — h(R))

= | (0% AT — T BT + (B) (17— 2a)

11—« ‘2

’ 2

2

11—« 1—« 1—n 1-n |2

2
+ 2R*(R)

<2’ f(x) =y’ f(y) Yn® —xp’
We see that for any 0 < R < 1,
BE 2 1 BE
Jy (f) + Aih*(R) > §Ja (1) (35)
where
1-n 1-n |2
yn2 _an a— a—1



so that A; is dependent only on R,n and a.

We show here that A; is finite. Note that the ball B is symmetric about the

xp-axis. As such, we could say that the north and south poles of B lie at the points

satisfying
x_1+R22_ 2R \°
"1-RY)  \1-R?)’

1-R1+R
1+ R 1-R
As a result, if x is any point in B, then

or

T

1-R 1+ R
—_— Ll T, < /. 36
1+4R 7" "1-R (36)
Noting that the radius of B is ;2%;, we compute
1-n 1-n 2
yn2 - an a—1 a—1
/ |z — y|rte on® yn® dady
BRxBR
1-n 1-n 2
2 2
14r\ 7! o o
< (ﬁ) / _ qy|nta
lz —yl
BRExBR
1+R 14+R
1 1-R 1-R L L 2 d ,
oa— i—n i—_n
S (ﬁi) / dxn / dyn yn2 _$n2 ‘ / dx/ / (| , ,‘2 ‘y |2)m
U =Y e — Y 2
TR Ton o< 2y R o
N
o 1+ _ 1— 1— yn J— :Z:n
( 2R2>n 13 nT’Ta) ‘Snﬂ‘? <1+R>°‘ ! da / dy
— — n n I
=R 2(”'_’1) ! |xn _'yn‘L+a
1-R 1-R
1+R 1+R

1—-n

which is finite because 7,2 is Lipschitz continuous on any closed interval that does
not include zero.

7 f1(z) by functions
in C°°(B®) under the W/22(B®)-norm, and, therefore, we can apply Theorem 5.1.1
so that

1
We claim now, and prove later, that we can approximate x,

2

19 <a:n_7af1(:c)) > S Q?n%afl(x)

2%
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Using this and (36),

1—R\*! 1o
JEY(f1) > (H—R> 5" (%2 f1($)>
) 2/2*
O( 1 a
- 2
n,2,a 1+R /xn 1 m ‘ dx

1-R
> S (H—R) I fil2. -

Recall that ¢ = g, o) = p <n+a ) Then, from Theorem 5.1.2,

n—1
2/q
TE(F) > wnaa \H/ )| g
2/q
= Wn2a /‘h |Tx]|) ‘q Stda

il (B/

= Ah*(R

where
2/q

Ay =Wy 20 /x;" dz < 00,

R

is also dependent only on R,n and «. Therefore, from (35),

—_— > > Z
(1 + Ag) ‘] (f) - ‘]04 (.f) +Alh (R) - 2Cn,a 1—|—R ||f1||2*7

which proves (33).

In establishing (34), we use the inequality

S [eS) )
n—1 n
r 9n r 1 S
= _— > _— =
/ T2y 4" / o1 =9 / T sy g =) e S
0 1/8 1/8

for all 0 < S < 1. We note that hg is constant on [0, R], and it is decreasing to zero

on [R,1]. Thus, the following establishes how fast hy vanishes at 1. From Theorem
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5.1.2, we can compute
2/q

TE(F) > wnoa / | ()| "2/ da

2/q

" . 9 n—ngq/2*
= Wn2,a /|f(w)| (1_—|w|2> dw
B

2/q
2 n
~ s | [l (=5 au
B

1 2/q

n—1
niQn—1 r
zwmg,a 2 ’S ’/mho(r)qdr

) on—1 . 2/q Sn 2/q
> wn,Z,ahO(S) <TL 1 ’Sn_ |> ((1 _ SQ)n—1> )

where 0 < S < 1. Thus,

. . on—1 - —2"/q 1 — p2)n-t 2%/q . i
i <t (Fope) (SR e

,rn

Then, we calculate

fo

2= 1@ du
B
1
niQn—1 T.n—l 2%
0
f 1 ' 1
"l . rT rT «
=2 |S 1| ho(R)2 /de+/mho(T>2 dr
0 R

. 2/ on—1 . —2"/q (1_R2)n71 2%/q i yn—l
< 2™S" Hw —|S" -~ 7 —d
<ol () | (SR ) T e
1

n—1 _ o2\n—1\ 2"/q
+/( : (<1 r) ) dr | JE"(f)2)2.

1 — 712>n rn
R

As 2* > ¢, the claim follows.

1—

Finally, we show we can approximate :mﬂa fi1(z) by functions in C*°(B%®) under

71



We/22(BR). First, we define

and

ge() = min [max (g(x) — ¢,0), 1/ (38)
Then, by monotone convergence,
17" (9:) = 127 (9).

as ¢ — 0. Since

|9:(2) — ge(¥)] < lg(z) — g(y)l, (39)
then, using (35)
120 < 12w ) < () ) <o

Now, based on the symmetry of h and the definition of Ay, it is clear that supp g. is
a proper subset of the open set Bff; that is, there exists € > 0 such that dgr(x) > €
for all z € supp g.. From (38), g. is uniformly bounded as well, so g. € L?(B%), and,

similar to the proof of Theorem 5.1.1,
n 2
(90 < 1290 + 218" [ lon(o)Pdn(a)  do < o0,
BR

Thus, g. € W*/2%(R"). Now, Theorem 2.4.7, as given in [2], states
W(?/sz(]Rn) — Wa/Q,Q(Rn)‘
Since supp g. is a proper subset of the open set B, we know there exists a sequence
{gi} C C>(B%) such that
19 = g2 llwarzegny = 0
as j — o0o. Therefore,

5% (g2) — 15" (g0,

[0}

also as 7 — oo. From this, it follows easily that g € W§/2’2(BR). O]
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CHAPTER VI

ON THE EXISTENCE OF MINIMIZERS

This Chapter builds on the results in Chapter 5. We discuss some results we’ve ob-
tained towards proving the existence of a minimizer for the fractional Hardy-Sobolev-
Maz’ya inequality on the upper halfspace, Theorem 5.2.1 above, as well as the ex-
istence of a minimizer in a limited case. In this discussion, we use the Rayleigh

quotient

T2 (f) — Dy fon 1/ @)[2rzode 2 (f)
\Ilna = =
o(f) I71E. 1712

from (30) above.

6.1 Preliminary Results

We start with a definition of the space in which the minimizer will exist.

DEFINITION 6.1.1. Let 1 < o < 2, and define the space S5 (H") as the completion

of C°(H"™) with respect to the norm

1/2

— 2 2
sy = | [ dedywm /|f(:i>| "
i

|z — y|rte x

Alternatively, we write || f{[ga@ny = /J&" (f)-

Let f € SS(H”), and let f# be its pseudosymmetric halfspace rearrangement,
as defined in Corollary 3.2.13. Using a similar argument as we used at the end of
the proof of Theorem 5.2.1, we can show that f* € SS‘(H”) as well. Thus, since
VU, o decreases under the pseudosymmetric halfspace rearrangement, in searching for
a minimizer, we will be able to assume that all functions have the properties of that

rearrangement.
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LEMMA 6.1.2. Let 1 < o <2, and let f € S¢(H"). Then, f# € S$(H").

Proof. First, note that

0
_nta Sn=2| n—11+a«
d . d/ P2 n — n2 P} :| 704'
—00 Rn—1

Thus, using the fractional Hardy inequality for the halfspace, Theorem 2.4.10,

N " San _
=gz (5 (15 50) [kt a
Hn

() g

2
aDn,Q,a

Now, since f € S§(H"), then I™" () must be finite in order for 1f[| s¢ (e to be defined
and finite. Hence, if we define f# = ( f#)c, as is defined in (38) above, then from

(39) and the proof of Lemma 5.1.3, we have
I (F8) S 15 (f7) < 137 (f) < oo

Further, since f# is uniformly bounded with compact support away from the bound-

ary of H", then f# € L?(R"), so
fE € WeRRY) = WA (R).

Since supp f7 is a proper subset of the open set H", we know there exists a sequence
{f7} C C=(H") so that
ch# - fg|’Wa/2,2(Rn) — 0

as j — oco. By monotone convergence,
I (FF) = 1 (f7)
and
/ [fE Py de — / [P, da
H» Hr
as j — co. Thus, it follows that f# € S&(H™). O
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We now show that for certain sequences { fx} in Sg(H”) that converge pointwise,
but not strongly, to zero, then W,, ,(fx) is bounded below by S, 2 4, the sharp constant
for the fractional Sobolev inequality in Theorem 2.4.11. This computational Lemma
provides a very important estimate in proving our result regarding the existence of

minimizers for the fractional Hardy-Sobolev-Maz’ya inequality on the halfspace.

LEMMA 6.1.3. Letn >3 and 1 < a < 2. Let {f,}32, C S§(H™) such that f, = f,

Yk, fr — 0 pointwise, || fx||o+ is uniformly bounded, ¥k, and limy_, || fx||2- > 0. Then,
lim Uy a(fs) > Spza- (40)
k—o0

Proof. Let {fx} be a sequence for ¥, , in 53‘(]1—]1”) satisfying the requirements above.
Using truncation of the sequence, if necessary, we can assume that W, ,(fx) is uni-
formly bounded, since otherwise (40) would already be true. As in Theorem 5.2.1,

we use the halfspace representation from Corollary 3.2.13, so, for all k,
fulx) = 2, by (| T)),

where hy : [0,1] — [0,00] is a decreasing function with hy(1) = 0. Since fr — 0
pointwise, then hj converges pointwise to zero as well.

We want to define cutoff functions so that we can isolate the center of the function,
where there might be a singularity, from the boundary. We will do this on the half-
line, and then pull it back first to the unit ball B, and then to the upper halfspace

H". Now, there exists 1) € C*(0,00) so that

0, f0o<t<1
U(t) =

1, if2<t<oo

Now we define the following pairs of functions

o(t) =sin (FU(1)) . B(t) = cos (S0 (1)),

and
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for all R > 0. Finally, consider the map
x— —In|Tz|, xe€R" (41)
Note that (41) sends H" — (0, 00). Also, recalling that, from Lemma 3.1.6,

1+ R%\? 2R \’
R __ / n . |,/]2 _
B _{(x,a:n)EH |x| —l—(.’Bn 1—R2> <<1—R2> )

then (41) maps B¢~ + (s,00). Hence, we also define

pr(r) = or(—In|Tx[),  Pp(x) = p(—In|Tzl).

It should be observed that op(z) = 0 whenever z ¢ B¢ " and that Bp(z) = 0
whenever 2 € B¢ . Note that, like the other pairs of functions, p%(t) + @&(t) = 1.

We can write

lor(@) fi(@) — 0r(W) [ + [Pr(@) fr(2) — Pry) fr ()
= fil@) + f2 () = 2fe(@) fe () (er(2)0r(y) + Pr(x)PR(Y))
= | fe(@) = fe)” + fr(@) fe () (2 = 20r(x)0r(Y) — 20R(2)PR(Y))

= |fe(@) = f)* + (ler(@) — orW)* + [Pr(z) — BrW)) fel2)fr(y).

Let

_ 2 | = = 2
V;C,R _ / ‘SOR(‘/E) @R(:ﬁx) ’_Z":i}i(x) @R(yﬂ fk:(x)fk(y) dz dy
R xR™

We recall once more that, from (12) in Chapter 2, we can write
2
T =12 = [
xa
Hn n
Hence,
To (fr) = 13" (orfe) + I3 (Brfi) = Vier = bpa / |or(@) fir(2) P, dz
H’I’L

— bna |¢R($)fk($)|2$;a dz
/
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= I (prfr) + Iy (Prfe) — Vir — /|<,DR ) fr(z) ]2,

> Spaallonfille — Vi — / (or() () Py dar (42)

Hn

We can assume that J2 (f;,) is uniformly bounded since

Jgﬁn(fk) = ‘Ijn,a(fk)kaH%M

and the right side of this equation is uniformly bounded. From this, one can prove
that h is uniformly pointwise bounded. Indeed, using Theorem 5.2.1, Corollary 3.2.13,

and (37), then the following establishes how fast h vanishes at 1:
2/2*

JE(f) > M, / (I T)|” 25" da

n

n—1
=M, |2"S 1|/—(1_r2)nhk(r)2 dr

on— 1 2/2* Sn 2/2"
> 2 n 1
= Mn,ahk<s) (n _ | |) ((1 - SZ)nl) ’

where 0 < S < 1. From Theorem 5.1.2,

2/q

T 2w | [ W7 0" 0|

where ¢ = 22+l

, since p = 2 in Theorem 5.2.1. Hence, replacing 2* with ¢ above,
recalling that J2"(f;,) is uniformly bounded, and letting C' > 0 be a fixed constant,

then we have the uniform pointwise bound

hi(r) < C'min { ((1_:#) " : (#) Uq} : (43)

Now, fix § > 0 and consider

[ nE= [ ]

H\BS B\Bs(0)

dw

7



1
. 2r \" dr
_ |gn—1 2 _
) [ (125) 2
5
1 *

. 1—2)n=INZ/7 7 2 N\ dr
< 2 Tl—l ( -
<C7s |/( rn ) (1—7‘2) r’

5

which is integrable by the easily verified fact that 2* > ¢q. By dominated convergence,

HlHn\Bs kaQ* 0, (44)

for all S > 0. Then,

H[ e

It should be clear that the latter two integrals converge to zero because of (44). Thus,

2%

L

Hn\ Be 2R Be R\ Be—2R

o (45)

klim I fell3- = lim [J¢r fi
—00 k—o0

Now, we define the following function, having support on the halfline (0, c0),

gr(t) = ﬁ,

and we seek to show that

C
Vi o [ lpn@) i) P de < [ o) (46)
H~ 0

where ¢ > 0 is a fixed constant. Using that sinht > t,

1
2 n
[ terrtioeas = [ - (£2) o
Hr 0
= |S"1]/¢%(t)hi(et) sinh™" ¢ dt
0

< s / h2(e~t) sinh—" ¢ dt
R

Sn—l %
< i | /gi(t) dt.
0
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From its Taylor series, cosht > 1+ t2/2. Using that n > 3, we consider the function

//cosht—w w')” 2 dw dw'

Sn—1§n—1

= |S”_2||S"_1|/ (sin" 2 9)(Cosht—cose)_% dé
= [S"2||S" 1|/ (1 —u?) 5 (cosht —u)~ "2 du

n+o¢

]S" %S 1]/ (1 —u) 5 (cosht —u)” 2 du

| /\

3+

< 2% |sm2jsn | / (cosht — u)~55* du
< 27 528 (cosht — 1)
T 14+«
n+ao
< 27z |Sn 2||Sn 1||t| 1— o
T 1+«

Let L, denote the Lipschitz constant for the cutoff function ¢ on the halfline. Trans-
forming first from the halfspace to the unit ball under 7', and then from the unit ball

to the half-line viar = e¢=*

fe(@) fr(y)

‘.%' ‘n—&-a

, we get

oRr(T) — </>R(y)’2 dr dy

H” xH™

_ / fe(Tz) fir.(Ty)
n(x)

nta nta
2 |z —y[rton(y) 2

¢r(Tx) — @r(TY) ‘277(1‘)”77(@/)” dz dy

H"™ x H"™
fu(x 2
|z — y’n+a‘¢ —Infz|) — ¢r( lnlyl)‘ dx dy
BxB
1 1 1 1 ) , a 2
_ far [fapf 2 2 B - - /
_/ , / o (1_r21_p2) hk(T)hk(p)‘¢R( Inr) — ¢p( lnp)‘ /dw / dw
’ 0 S§n—1 §n—1
« (rp)

n+o

(r2+p2 = 2rpw-w') 2

1 1 n-a
- / % / c;p (1 37;2 . _p > ’ hk(r)hk(p)’@q(—lnr) — gbR(—lnp)‘QQ <ln g)
0 0

79



—27%5° 7791@(5)91@(75)‘@%(8) - ¢R(t)‘2Q(5 —t)dsdt
00

- 2
SP2||Sn1 | ‘(bR(S-i-t) —¢R(t)’
S 1—1_70[ ds g]%(s) dt |t‘1+a
0 R
s2smY T, [ L / dt / dt
<— [ d — —
= Tta s gi(s) R2 |t]o—T + |t[1+e
0 Itl<R t|>R

S S /°° :
< R t) dt.
S lra)2-a (1)
0
Repeat the above computations replacing g with @, and we establish (46).

Next, we show ||gy||3 is uniformly bounded. Noting that JX"(f;,) is uniformly

bounded, we do this by proving the following sequence of inequalities.
L lgull3 < e1lg” (0sfu) + c2,
R" Be 2
2. Iy (psfi) S esdy (psfi) + calles fullz,
B ® H" 2
3.0y (psfr) S csdy (fi) + collLges fill3, and

4. s fellz < 1 ges fell3 < ez,

where ¢; > 0 is a fixed constant, for all t =1,2,...,7.

From Theorem 2.4.9, we recall the fractional Hardy inequality which states
I¥(f) > Cnoa / P (@)|z| ™ da.
RTL

Fix S > 0, then using (43),

0/1(127°r2>"a 2( 1nr)h2(r)%+o/l<12r 2) e dr



1

1 9 n—a 1 _ p2yn—l 2/q d
S‘Sn1|/ %(Tw)fk( )|w[™* dw + C? / (1_r7,2> (%) Tr

B —1n2S
-1
< vz g (T
= |Sn_1| o 905( w)fk(w> +cs
O—l

n,2,« R"

’Sn 1’ a (90ka)+05’7

; 9 n—a _ .2\n—1\ 2/¢
5 / r (1—1r2) dr
1—1r2 rn T

—1n2S

Note that c¢g < oo because 0 < S < 1 and

where

3(n—1)—(n—a)>—1.

This last inequality holds as g = %

Now, from the proof of Theorem 5.1.1, there exists ¢ > 0 so that

Further, we estimate

‘wsfk(x) - sOka(y)‘2

a—1

T2 (x?@sfk($)—y?¢sfk(y)>+yn vs fr(y )( ’ —ynT>

< 2xy !

an osfu(x )—yn SOka:( )‘ + 2y, *(psfi)’(y) |z

Thus, there exists A > 0 so that

I¥(esfi) < cal (psh) < ca (JF (pshi) + Allesfil)

Indeed, the norm on the right is established as follows
2
B yn -« 2

—yprra U (psfe)”(y) dz dy

Be™® Be™*®
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- (=) s (%5

< (1) i1 (5

Be™*®

Be®

—s\ el n—11+a« 4L2|S"2
< (22)"s -
2 2 (2—a)sinh S

where L is the Lipschitz constant for z,2

a—1

A similar estimate as above gives

l—«
2
Tn

st (5

< 23 (x) [z

QOka( )_yn
nTafk(x)
Cf@) =y S

SOka( )

’ 2

) [ weshre) [

on the interval <

H‘Pka“g?

— o )+t Fely) (05(@) — 95 (1)

W1+ 20 fi(w)|ps(x) —

ws(y)|”

l1—e % 14e~°
1+e 57 1—e=5 )°

2

2

Thus, noting that ¢ is Lipschitz continuous on H", with Lipschitz constant L.,

JE (e i)

B’ 1+e—
<2J2 (fr)+2 <1j7

H™ 1+e
§2‘]oc (fk)+2(1i_e B

s

s

|x—y|2+|xn ynrﬂ -1

s a—1

1—e—S

n e—s o= n— -1 1<+-a
=2 )+ () e (B ) 2

<2 (f) + (=)

2

Be™*

1 s es(y))?
[ s [ asost=eso)
Be™*® Be™*

l#»e_9

| wiw [

l1—e—S
1+e—S

’]

n—1 1+a\ 4L%S" 9
(2 a)sinhS”lBeiskaQ’

2 72

from similar calculations as above.
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Finally, using (43),

losfillz < 111 pe-s fillz

- / P2 (w)n(w)® duw
0)

B, _s(

e—S
9 «a - 9 n—o o
() 0 (2]
0

e—S
2n02 rnfl (1 _ T2)n71 2/q
<= _|s"! d
=(1- 6—3)2a| | 0/ (1—r2)n—a ( n ) "

which is finite because 0 < .S < 1 and 2 < gq.

Hence, we have established our sequence of inequalities. Thus, since JX"(f;) is

uniformly bounded, then so is [ ¢2(t) dt. Therefore, from (42), (45), and (46),

i () >l { S,zallonfilde Vi~ b [ lon(e) i) o, da
Hn

c
> 1 2* - 5
= Sm?,oa kl—>rgo ||fl€ 2 Re’
and, letting R — o0, the result follows. O

6.2 Sufficitent Condition for Existence

In what follows, we prove that if the sharp constant for the fractional Hardy-Sobolev-
Maz’ya inequality is strictly less than the sharp constant for the fractional Sobolev
inequality, then a minimizer exists. For the proof, we need the following extension of

Fatou’s lemma from Theorem 1.9 in [29)].

THEOREM 6.2.1 (Missing term in Fatou’s lemma). Let 0 < p < oo and let Q@ C R".
Let f, € LP(QY) for all k. Assume there exists f € LP(Q2) such that fr — f almost

everywhere and that || fl|, is uniformly bounded. Then,

1Felly = AR+ (1 = S&llp + o(1),

where o(1) indicates a quantity that vanishes as j — oo.
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The above Theorem is a special case of a broader result found in [12]. We use
this result to prove the following, recalling that M, , is the sharp constant for the

fractional Hardy-Sobolev-Maz’ya inequality.

THEOREM 6.2.2. Letn > 3 and 1 < a < 2. If S04 > M, 4, then U, , has a

minimizer in SS(H").

Proof. Let {fi} be a minimizing sequence for ¥, , in S¢(H"). In particular, we can
assume that

ful@) = a2, hy(ITx)),

from Lemma 5.1.3. By the scale invariance of ¥, ,, we can also assume || fg|[or = 1
for all k. It should also be noted that, since U, ,(fx) — M, as k — oo, then by

truncation, if necessary, we may further assume that for any € > 0, then
JE(fr) = Myl <6

so JI(f) is uniformly bounded.

As above in (43), letting C' > 0 be a fixed constant, we know that

he(r) < C i { () - (=) Uq} , (47)

for all k. Hence, h; is monotonic and uniformly pointwise bounded, so by Helly’s
selection theorem, and passing to a subsequence if necessary, there exists h such that
hi — h pointwise.

Define dy, = fi — f, so dx — 0 pointwise. Using the inequality

(a+bP <a® 4+, a,b>00<p<l,

and applying Theorem 6.2.1, the missing term in Fatou’s lemma, we obtain
3+ lld 2 +o(l), (48)
2% k 2% )

1/ 2+ + lldi

2 = (IIAIZ) = (If 2 o)) < |f
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2. is uniformly bounded, for all k, and 2* > 2. Also, since J2"(f;,) is uniformly

as || fx

bounded, further application of Theorem 6.2.1 results in

Jo(fe) = J3 () + I3 (dy) + o(1). (49)
We denote
lim [|dg|5- = L,
k—o00

then from Lemma 6.1.3, we get the critical estimate

lim JEIn (dk) Z klir{olo Sn,2,a”dk

k—o00

50 = Spoal (50)

Using (48),(49), and (50), we compute

Mn,a = lim an,a(fk)
k—o00
i U ) o)
koo || fII5- + [ldil3- +o(1)
Mn,a“f”%* + Sn,2,aL
- 113+ L

(STLQCM_MTLCM>L
:Mn,a+ T :
/113 + L

Hence, L = 0, since it is given that S, 5, > M, o. Therefore, f; — f in L* (H"), and

JE (fr)  JE () + limyoo JE (di)

M, = lim = = U o(f) + lim JE(dg) > My,
k—oo || fill3- 1£13- k=00
so J2(dy) — 0 and f is a minimizer. O

6.3 Case of Existence

In this section, we show that, for each n > 3, there exists an interval Q, C (1,2) so
that when o € Q,,, then S, 2, > M, ,. In particular, we use a test function g to get
an exact value for ¥, ,(g). We prove some general results about the test function,
then, using estimation and numerical results, we show U,, ,(g) < Sp2. When a € Q,,.
Hence, the sharp constant M, , must be less than S, 5, in 2,, as well. As a result of

Theorem 6.2.2, a minimizer then exists for each n > 3 such that o € €Q,,.
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Let n > 3 and let 1 < a < 2. Our test function is defined as

g(x) = Lin () (22,) ()",

so that, from the definition in (15),

2 / 1— 2 1— 2
fu— (20 N T el
|w'|” + (wn + 1) 2

where w = (w',w,) € R", with w’ € R""!, and w, € R, we obtain

~ n—a —a a/2 «a
§(w) = n(w) "z g(Tw) = n(w) ™1 (Tw) (n(w)(1 — [w]?)*"* = 1p(w)(1 - [w]*)*?,
where B is the unit ball centered at the origin in R".

We recall here several identities and inequalities stated earlier. From Definition
2.4.1 and Lemma 2.4.2,

(F (=) ) = /(27T|k|) F(R)]P dk = anols" (),

Rn

where

Further, from (11),

Jo ()=

Ao T,

(f>( A)2 f) - ! F<1;a)2/]f(az)|2x;°‘dx.

From Theorems 2.4.11 and 2.4.12, we have the related Sobolev inequalities

I¥'(f) > Snaall fll3, and(f, (=A)*? £) > S0 I f]5-

where S, 2, and 5], , are sharp constants, and

a (2= .
(—2 o

Note the relationship S, 24 = S;, ,/n.a-
With these in mind, and the function g fixed as above, we define

gb(n,oz) = SJa (g)

86



Figure 1: Graph of the surface ¢(n,a) and the plane {xr € R? : 23 = 1}

and seek to find n, « so that ¢(n, o) < 1.

For the reader’s visualization, we present Figures 1 and 2, two graphs produced
in Mathematica showing the surface ¢(n, ) and the plane {z € R3 : z3 = 1}. From
the graphs, we see that ¢(n, «) is increasing along both n and a.

Further, note that the intersection of the surface ¢(n,«) and the plane {x €
R3 : 23 = 1} in Figures 1 and 2 is defined by the implicit function ¢(n,«) = 1. In
Table 1, we make some rough approximate numerical calculations of that implicit
function. These computations show that, after an increase from n = 3 to n = 4,
there is a decline in v as n — o0o. For reasons discussed below, the limiting value is

approximately 1.099.

Table 1: Values of n, « along ¢(n,a) =1

n‘ 3 4 ) 10 25 50 100 250 500 1000 5000
a‘1.39 141 140 132 122 1.17 114 1.12 1.11 1.11 1.10
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Figure 2: A different angle emphasizing the increase in ¢(n, a) with the variable n

While we have a good picture, from the graphs and numerical results, of the
domain of values of (n,a) for which a minimizer does exist, we seek to prove this

more conclusively.
6.3.1 Results on the Test Function

We now state a series of results regarding our test function g and ¢(n,«). The
first establishes that g € S$(H"). Then, we compute exactly the function ¢(n,a).

Afterwards, we consider the limit of ¢(n, «) as n — oco.

LEMMA 6.3.1. Letn >3 and 1 < a < 2. Then,
g(x) = Ly () (22,)*n(2)"? € S5 (H").
Proof. First, note thatS§(H") is the completion of C2°(H") with respect to the norm

1 llgg @y = VI (F),

) 1/2
TE) = (1 rarn - Lr(25e) [ f<x>2xnadx.)
Nt n,o n

1/2
- <1<f (-a)2 ) - m;ar(lgaf B/ Fl (=) dw) -6
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Denote (51) by 1/JE(f), and consider the scaled function
Gioyn(w) = Lo (L= 1/k) (L — Jw /(1 = 1/k)[)*2,

and note that g1/, — g as kK — oo. Since g;_;; is uniformly bounded with compact

support away from the boundary of B, then gi_1/; € L*(R"), and, by dominated

convergence, \/zf?(”g]_l/k) — 1/ JB(7) as k — co. Thus,

51—1//& c Wa/Q,Z(Rn) — WOQ/Q,Q(Rn)'

From this, we know that, as g;_1/ is a proper subset of the open set B, there exists

a sequence {g{fl/k};“;l C C°(B) so that

as j — 0o. Now, it is a simple exercise to show that g¥_, i € C>(B) converges to g

Tk~ gl—l/kHWa/m(Rn) — 0.

under the norm 1/JB(3). Hence, g € S&(H™). O

LEMMA 6.3.2. Letn >3 and 1 < a < 2. Then,

o W \E (T (g
=it (1) (Femios)

where

1 o 2 1 _(1+a\’
V(n,a) 1+a/n 2jL T ( 2 )

Proof. Note that

(6% a)? -
L (g, (~A)"* g) — =11 (52)? [y, lg(a) Py da

¢(n, ) = ==
(n, @) Spzallgl2-
(3. (-8 §) — 3T (52)* fy [3(0) (+2) " dw
N Svll,a“g %* .

The equivalence of the Hardy terms in the two latter expressions is a simple compu-
tation that was done in Lemma 5.1.3 above. Now, we need two results to make the

computations. First, from Theorem 4.15, [37],

F($+1),

Gk) = 2|l E Ty (2,
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where Jn o is a Bessel function of the first kind. Further, from formula 11.4.6 in [1],

o0

1
-1 72 _
/t J%+%<t)dt—n+&

0

Thus, using these results, we compute

@ (~0)*5) = / (2n k)"

—of2p (2 55 Ju o
. F<2+1>|k:| Ja s k)| ak

2

2
= or +1>/|k|‘”J (2|k]) dk

e o 2 n— —
=2 (S 41) s 1|/r L2 (20) dr
0
ap (& 2 Q1 i ~1 72
=2 F<§+1> IS"7] [ s J%Jr%(s)ds
0

2¢ 2
- T (% + 1) S"1).

n+a
Also,
2 “ 2¢
JwP | +———) dw=2" /d = —|S™7 Y.
[l (=) w| =L
B B
And lastly,
2/2*
Snta
g3 = { [t as
B
1 =3
= ‘S”_1|/r”_1(1—r2)na—na dr
1-3
Sn 1 n
= | (1 —s)n ~a dr

|S”_1] n an =
S Y 1)) .
( 2 “ > n—a

Hence,using the Gamma function identity
1 1-2z
L) z+ 5)= 2'722/r I'(22),
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for z € C, we obtain

2

925(71, Oé) = = 12

eyt (B9 55+ 1)
(e +1+35) EilA,
(%)F(%ﬁ—l) ( |Sn> ,a)

n/QF )
()T (2% +1) ( (n+1) /2F () ) y(n,a) (52)
( n/221_n\/_ I'(n ))Z v(n, )

2q(n+1)/2T (%)

P\ (TG +12)) "
r@)(r%&@) v a) .

Having stated ¢(n, «) in terms of Gamma functions, we can use their asymptotic

.3
n

£|Sn—1|r (%—i—l)Q—%lSn_l’F(l a)

3e

relationships to compute the limit of ¢(n,a) as n — oo.

LEMMA 6.3.3. Let n > 3 and 1 < o < 2. Then, ¢(n,a) — 2°%(«a)/T(a+ 1) a

n — oo, where y(a) =T (£ + 1) —-1ir (HTO‘)2

Proof. From (52) in Lemma 6.3.2 above, it follows that

PP (ST () (T () sin.0)
() T AT 18 T ()

2 ey

3R

¢(n,a) =

It can be seen either from the asymptotic Stirling formula, as in formula 6.1.39 in [1],

or from Wendel [40], the following asymptotic relation

F("L‘ + b) b—a

~ T

['(z+a) ’

for all x > 0. Thus,

¢( ) 2a+1—04/n <n>fa <n)nana+1 (n)i(ﬁlna*%) V(naa)
n,o) ~ ——m— | 5 5 9 '
, nme/2n \9 2 2 D (e + 1)1_0“/"

Using the identity

an o an 1 a
-+ +1—-— +=-]=1—-—
n—o n\n—oa 2 2n



then

2ap —a/2n a5
lim ¢(n,a) = lim 7(n; @) _ 29)

= . ]
n—00 n—00 7TO‘/2n T (% + 1)1_04/"1 F(a + ]_)

As discussed above, we now establish, for the curve defined by the implicit function

¢(n,a) = 1, an approximate limiting value of o as n — oo.

LEMMA 6.3.4. There exists a solution & to the equation

20{
— 7 =1 23
o @) (53)
in the interval (1, %). If there exist any other solutions to (53) in the interval (1,2),

then & has the lowest value.

Proof. Denote by L(«) the left-hand side of (53). We'll prove that L(«) is increasing,

at least in the interval (1,1.47). It can be shown numerically that
L(g)<1<L(¥).

Since L(«) is continuous on the entire interval (1,2), & is the unique solution in the

interval (%, %). Hence, it is the solution with the lowest value in the interval (1,2).

As stated above, by a rough numerical approximation, we compute @ ~ 1.099.

To prove our claim, we compute
%wa):%(r(g ) - (+5°) )
“r(er o) - () ()
PG -2 () o (50),

where ¢(z) = I'"(z)/T(z) is the Digamma function. Note that I' ($ + 1) is minimized

by a=1and I (i) is maximized by that same value. Thus,




as ¥(x) is an increasing function for x > 0. Cross-multiplying (54), we see that the

F(%+1>2_%P(1;a)2 (55)

is positive for all a € (1,2), so (55) is strictly increasing on that interval.

derivative of

Next, we consider

d 2¢ 2T(a+1)ln2-2°T(a+1)  2° i
daT(a+1) T(a+ 1) “ il (In2 —¢(a+1)). (56)

The only zero of (56) is when 1)(a + 1) =In2, and it can be determined numerically
that occurs at approximately o = 1.48. Since () is an increasing function for x > 0,
then (56) is positive for all a € (1,1.47), and 2%/T'(a+ 1) is increasing on the interval
(1,1.47). If two functions are increasing on an interval, then so is their product.

Hence, 2*y(«)/I'(ac+ 1) is increasing on the interval (1, 1.47), proving the claim. [
6.3.2 Existence of a Minimizer

We now state and prove that there exists an interval for each n > 3 so that a minimizer
exists for U,, , in that interval, deferring the necessary computational Lemmas until
afterwards. While this Theorem does not provide exact values for the right endpoint
of these intervals, the reader may refer back to the numerical results as shown in

Figures 1 and 2, as well as Table 1, for a better understanding.

THEOREM 6.3.5. For all n > 3, there exists «, such that ¢(n,a,) = 1, and
d(n,a) < 1 for all o < a,. Therefore, for allm > 3 and all a € (1, ), there exists

a minimizer for W, o in S§(H™).
Proof. We show in Lemmas 6.3.6 and 6.3.7 below that
¢(n,1) <1 <¢(n,2)

for all n > 3. Since ¢(n,«) is continuous, there must exist a solution «, of the

equation ¢(n,a) = 1 such that ¢(n,a) < 1 for all a < a,.
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From Lemma 6.3.1, we know that g € Sg(Hn), so it follows from Theorem 6.2.2

that, for all n > 3 and all a € (1, &), there exists a minimizer for ¥, , in S¢(H"). O

We now prove Lemmas 6.3.6 and 6.3.7, as cited in Theorem 6.3.5. In both of the

following Lemmas, we use the Gamma function identity
L) (z+ 1) =2"72"/7 T'(22),

as well as the following inequality from [16]

bb—l . F(b) _ bb—1/2
e —= €
qe—1 F(a) qe—1/2 ’

for all b > a > 0.
LEMMA 6.3.6. Let n > 3, then ¢(n,1) < 1.

Proof. First note that

) = P B - P = (F

From Lemma 6.3.2, we compute

=
S
=
|
S
=
VN Ve
3 3
H{
SN— | N—r
)1
| =
N3
SN—
VR
3| =
oS
~ |
~
3
VN
)1
—
3
g
+
+ | =
=1+
SN—
I3
SN—
3
=
S
=

2 —4 217Un
(%

mn(n —1) xi/2n

+
—
~
T
2
N
=|2
e :
N3 L\D‘
| I~
SN—
\_/
.
/N
|~
3/\/—\
[
M|+
NG
SN—
v
T
3l

) ()

(Fr(g)
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I
VR
VR
[

+
S|
~

INIE
—~
|3
N

vl
(‘b‘
ol
Sh=
VR

Note we used that for n > 3, then I (L) < 1. Hence,

n—1

2_ ¢4 21—1/77, 1 1-
on, 1) < (")
2
r

an(n — 1) wt/2n

w2 —4 n+1 n(n—l—l) (n )71 %
—_— nn
T nn—1)2Mn-1) ‘"
=4 (n+1)° 1
= (-2 2n
or (n — 1) (”*1) " (57)

Denote the equation in (57) by ¢1(n), and observe that ¢,(n) is a decreasing function

whose limit is (7% — 4) /27 < 1 as n — 0o. We choose N > 0 large enough so that for

all n > N, then ¢1(n) < 1. By direct computation, ¢;(100) ~ 0.990826. Therefore,

for all n > 100, ¢(n, 1) < ¢1(n) < 1, and for all 3 < n < 100, we can directly compute

that ¢(n,1) < 1 as well. These numerical results are not difficult to verify.
LEMMA 6.3.7. Let n > 3, then ¢(n,2) > 1.

Proof. First note that

1

2) = I'2

From Lemma 6.3.2, we compute

o0 (2—1) 1 (T \" (T (X +1
)T () (r(@)) ( r(Z+

M
)

2

23n-2 4 <2n—1F("Tl)F(%"

T nd(n+2)n(n—2)

(
_ 2Bn—-2)n+2 gn+l T nTl)F(Tnz) 2
_712(”2_4) 4 -

]



If we require that n > 10, then

so that

> .
[(2+D) T2 @rDmed
AsF( )>1forn>3 then

(o

V(i +2) %))> Z(ﬁ<n+1>2<:iz><n+3>)n>(wi—::r))n'

Furthermore,
IG5 @t )™
n 2n_ n\ 35— n—
e n fij) 4 \PEtEl 5
=) (eate)
i (iets) T
Hence,
_ n+3 22 a2
02> gty (geeean) (7) (rm) "o r”

Denote the equation in (58) by ¢2(n), and observe that ¢o(n) is an increasing
function whose limit is % > 1 asn — oo. As a result of our requirement above, we
must choose N > 10 and large enough so that for all n > N, then ¢(n) > 1. By direct
computation, ¢,(100) ~ 1.06096. Therefore, for all n > 100, ¢(n,2) > ¢a(n) > 1,
and for all 3 < n < 100, we can directly compute that ¢(n,2) > 1 as well. These

numerical results are not difficult to verify. n
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CHAPTER VII

CONCLUSION

In this paper, we have presented two new significant results, as well as numerous
supporting results that we believe are interesting and important in their own right.
In particular, we proved a sharp fractional Hardy inequality over general domains,
and an improved sharp fractional Hardy inequality when those domains are convex,
as well as showing that the sharp constant for the convex inequality was the same as
that for the halfspace. Further, we established the existence of a fractional Hardy-
Sobolev-Maz’ya inequality on the halfspace, and the existence of a minimizer in a
limited case. These findings have application to, among others, stochastic processes
and mathematical physics.

The study of fractional integral inequalities is a fairly new area of study, with most
results published in the last 10 years. The field has been very active in that time,
as fractional analogues for many classical results have been derived. Nevertheless,
this is still much work that can be done. For instance, the exact value of the sharp
constant for the Hardy-Sobolev-Maz’ya inequality on the upper halfspace is unknown,
and, therefore, the existence or nonexistence of a minimizer in all cases is yet to be
established. Also, it isn’t even known whether there exists a Hardy-Sobolev-Maz’ya
inequality on convex domains. If there is, what is its sharp constant? Is it the same
as that for the halfspace, like the fractional Hardy inequality on convex domains in
Theorem 4.2.37 These problems are very challenging, and it remains to be seen if

and when the answers are to be discovered.
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APPENDIX A

TABLES OF CONSTANTS

For the reader’s convenience, we list here the sharp constants mentioned in this paper,

and their exact value, if known, as well as certain other constants mentioned herein.

Some of the constants may be applicable as well to other inequalities not listed.

HARDY INEQUALITY CONSTANTS

Wnpa  fn | £ (@) 020" TP dg ol
e\ JH

Constant | Equation Value
_ . —_1\P
Do Jo IV > Dz? Jo lfIPdg”, If © is convex then DI? = (%) ,
g Q) Lipschitz. else unknown.
o Io%p(f ) > DQpan |fIPdo”, Unknown
D;,
e Q) bounded Lipschitz.
Q _ n—1 F(H—O‘) 1]1— (04*1)/17|P
D Ioup(f) Z Dnvpva fQ |f|pd a’ 27T ? F(%) fO ({77‘)1-"_& dr
D, n— 1t+a 1+a 1_a)_oa
Q convex. o' E((%)) A5 igcx2) 2 (p=2)
R’ > Chna |on | f(@)|Plz|~%dx | 2 Lypa=1l _ p(n—a)/p P, ,dr
o,p D, R 0 )
Chp,a 2
D 2 1 t )(n 3)/2
Py = 872 [1) T
SOBOLEV INEQUALITY CONSTANTS
Constant | Equation Value
2-2 2/n
- r C(14+n—
Sup | IV 2 Sugllf e /7 (%) " (M)
r(nte
St (£, (=2)2F) = 8, ol £113- F I8
Sn.p,a I;R;(f) > Snpal fllp Sn.2.a = oo, else unknown.
Q Q
o 15,(F) > Sy ol FIIb- Unknown
e () convex or bounded Lipschitz.
o (f) > Unknown
wn’p7a
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MAZ YA INEQUALITY CONSTANTS

Constant | Equation Value
Jin IVFI2 = 1 Jagn 1 f ()22, da M3 = S35, otherwise unknown.
R My £,
. Ig;(f) — Dnpa Jgo |f(@)[P2,;* dz | Unknown
’ > Mool fII3-
Ig;(f) — Dnpa Jgn |f(@)|P2,® do Mingyc1/2 ((1 —u)P —uP + pu”fl)
myp
> mpJo,(f)
OTHER CONSTANTS
Constant | Equation Value
e | (L (=0)2) = anal () T
ba | () = T () 4 bua fo @7 de | 2T (450
P I5,(f) = Supal flip o
q TE(F) > W (an | f (@)™ dx)p/q ) (i?)
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