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SUMMARY 

Hydrogels are crosslinked polymer networks that imbibe a large amount of water. 

Various hydrogels exist both in nature and in engineering applications. The mechanical, 

transport and adhesion properties of hydrogels are all important properties to characterize. 

The indentation method is practically suitable for hydrogels, but extracting material 

properties from indentation tests on hydrogels is still challenging, especially at a small 

length scale. There is a need to establish a set of indentation methods that considers both 

the current instrument capability and the hydrogel properties. In this study, robust 

indentation methods are developed to characterize the mechanical, transport and adhesion 

properties of hydrogels, which can be applied on instruments such as the atomic force 

microscope and the micro-indenter.  

In this thesis, two methods, the dynamic indentation method and the indentation 

adhesion method are developed for characterizing hydrogels’ poroelastic properties and 

adhesion properties, respectively. The dynamic indentation method proposes to 

superimpose a fixed indentation depth with a small-amplitude oscillation and to obtain the 

poroelastic properties from the frequency-dependent force response. The dynamic 

indentation method is further applied to several hydrogel samples to probe their swelling-

dependent properties. With the measurements, the applicability of a widely used nonlinear 

thermodynamics model for hydrogels, the Flory-Rehner model, is examined, and a 

modification to the model is suggested. 

The indentation adhesion method proposes to conduct indentation tests at a wide 

range of contact radius for the contact time of interest and to extract adhesion parameters 



 xx 

from the results obtained at different contact radii. To establish the method, the adhesion 

behavior of a model hydrogel is examined at a wide range of contact time and length scales, 

and the existing contact mechanics models are proved to be not adequate to explain the 

results. Therefore, a modified model is developed in this thesis to properly extract the 

adhesion parameters. This indentation adhesion method is further applied to hydrogels with 

different compositions to study the possible relation between the adhesion parameters and 

the hydrogel composition.  
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CHAPTER 1. INTRODUCTION 

1.1 Hydrogels in Nature and Engineering Applications 

Hydrogels are composed of cross-linked polymer networks infused with a large 

amount of water as solvent molecules (Figure 1.1). In nature, many bio-tissues can be 

categorized as hydrogels, typical examples including cornea1, cartilage2, mucus3, and brain 

tissues4,5 in animals, alginate and pectin in plants6, as well as biofilms7. In engineering 

fields, synthetic hydrogels are invented and fabricated, applications including wound 

dressings8, contact lenses9,10, drug delivery vehicles11–14, culturing structures for cell 

growth and tissue engineering15–17, sensors18,19, actuators20,21, speakers22, soft robots23, 

wearable electronics24,25 and many others.  

In both the biological environment and engineering setting, hydrogels are always in 

contact with other substances, bearing load and constantly exchanging solvent and other 

small molecules with the surrounding environment. The appropriate mechanical, transport 

and adhesion properties are critical for the normal functioning of many hydrogels. For 

living tissues, the flow-deformation-coupled reactions and the bonding and debonding of 

specific molecules both contribute to the communication and coordination between cells 

and between different parts of the tissue26. For some bio-tissues, having specific surface 

properties are necessary, either being highly adhesive to hold the tissue on specific 

locations26, such as biofilms27, or being less adhesive for a better lubrication property, such 

as mucus, cornea and cartilage1,3,28. Meanwhile, synthetic gels are designed with a specific 

range of elastic modulus, and with the capability to selectively allow solvent and other 

chemical species to diffuse in and out. The surface properties for synthetic hydrogels also 
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varies. While most hydrogels are slippery, some synthetic hydrogels are being developed 

to be highly adhesive even under water, capable of gluing surfaces from soft hydrated 

tissues29 to hard impenetrable materials30,31. For all these scenarios, quantifying and 

understanding the mechanisms contributing to the mechanical, transport and adhesion 

properties of hydrogels are of significant importance.  

 

 

Figure 1.1 Schematic of the molecular structure of gels consisting of cross-linked 
polymer network and solvent molecules. 

 

1.2 Applying Indentation Technique to Hydrogels 

Various methods have been used to measure the mechanical properties of hydrogels, 

including tensile test32,33, compression test34–37, shear rheology38,39 and indentation test40,41. 

The traditional experimental settings, such as the tensile test and the compression test, face 

challenges on hydrogels, because most gels are soft, slippery and brittle. Among the 

various characterization methods, indentation42 is a more suitable method for hydrogels as 

it requires minimal sample preparation, can be easily conducted in liquid, and can be 
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performed several times on a single specimen. Indentation can also be easily applied in 

different length scales. In macroscopic scale (e.g. cm to m), indentation tests can be carried 

out using normal testing machines with a macro-sized indenter40,43. In a smaller length 

scale (e.g. μm to mm), the indentation tests can be conducted on micro-/nano-indenters44 

and atomic force microscopes (AFM)45–48. For samples with very small sizes or with 

inhomogeneous properties, such as biological materials, indentation is the only method that 

can be conveniently applied in small-scale measurement.  

Indentation is also the most suitable method for adhesion measurement on soft 

hydrated materials, especially on small length scale49–52. Other existing methods for 

measuring material adhesion include peeling test and rolling test. Peeling test has been 

widely used to characterize the adhesion properties of materials. Although it is easy to be 

applied on samples as long as the instability of surface separation is not invoked53, the 

peeling test is not applicable for inhomogeneous materials or very small samples. Rolling 

test has also been explored to characterize the adhesion of materials,54,55 but it is only 

applicable to homogeneous and flat surfaces. It also requires a more complicated 

experimental setup. Comparatively, indentation can be used to probe adhesion at a length 

scale as small as submicron, thus capable of testing a wide range of soft hydrated materials. 

For materials with moderate or small adhesion, the effect of adhesion becomes larger at a 

smaller contact length scale56. Therefore, indentation tests carried out on instruments such 

as atomic force microscopes or micro-indenters can provide adhesion measurements of 

higher accuracy.   

To extract material properties from the indentation measurements, one needs to solve 

the specific boundary value problem with a suitable material constitutive model and a 
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surface interaction model. In the past, this type of indentation problem has been solved for 

the linear elastic material42,57,58 and elastic-plastic material42, and the indentation technique 

has been widely applied on these materials. For soft hydrated materials, some of the 

existing contact mechanics models are applied to interpret the measurements from 

indentation tests59–62. However, due to the difference between the physics of hydrogels and 

the assumptions in the existing models, the calculated results of material parameters may 

not solely reflect the intrinsic material properties, but also include other factors from the 

experiments. It is also difficult to compare the results across different literature because 

different settings of experiments may invoke different mechanisms, and different models 

chosen for analyzing the data may ignore different factors. There are still questions to be 

answered for a complete understanding of the mechanical, transport and adhesion 

properties of hydrogels, being either the bio-tissues that are long existing in nature or the 

synthetic hydrogels that are newly developed. Developing robust contact mechanics 

models for measuring hydrogel properties is necessary to answer the existing questions, 

yet the related studies are still in the state of infancy. 

 

1.3 Characterization of Mechanical and Transport Properties of Hydrogels 

1.3.1 Mechanical and Transport Parameters of Hydrogels in the Theory of Linear 

Poroelasticity 

Hydrogels exhibit time-dependent mechanical properties, which can be attributed to 

two mechanisms, the viscoelasticity due to the reconfiguration of polymer chains63 and the 

poroelasticity due to solvent migration inside the polymer network64–66. The viscoelastic 
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response is independent of the characteristic length in the experiment, while the poroelastic 

response is related to the characteristic length scale of the experiment67. Using this 

difference, it has been shown that the time-dependent behavior of covalently crosslinked 

gels is mostly dominated by poroelastic effect.40  

Hydrogels under small deformation can be described by the model of linear 

poroelasticity64,65, which was originally developed for soils and rocks68, and lately applied 

on soft hydrated materials such as hydrogels and biological tissues40,69–76. The theory of 

linear poroelasticity describes the coupling behavior of the hydrogel: the flow of liquid 

causes the network to deform, meanwhile the deformation of the network also causes the 

solvent to flow. There are three material parameters in the theory: the shear modulus, the 

Poisson’s ratio and the diffusivity64,65,77. The shear modulus describes the difficulty of 

inducing shear strain of the polymer network in the hydrogel. The definition of the 

Poisson’s ratio in linear poroelasticity is different from that in the linear elastic model. For 

hydrogels under small loading, both the molecules of the polymer network and molecules 

of solvent are assumed to be incompressible. Under loading, the hydrogel changes volume 

mainly by solvent molecules being squeezed out or imbibed into the polymeric network. 

The Poisson’s ratio represents the volume change of the hydrogel caused by solvent flow 

after the chemical potential equilibrium of the solvent is reached. The parameter diffusivity 

in linear poroelasticity represents the rate of diffusion of solvent molecules inside 

hydrogels driven by the gradient of chemical potential. The shear modulus, Poisson’s ratio 

and diffusivity are all phenomenological parameters. 

1.3.2 Using Indentation to Measure the Mechanical and Transport Properties of 

Hydrogels 
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To extract the mechanical and transport parameters of hydrogels from the indentation 

measurements, the exact relation between the measured force and the material parameters 

is needed, which requires solving a mixed boundary value problem corresponding to a 

specific indentation procedure (e.g. relaxation test, creep test, or dynamic oscillation test) 

40,78,79, and with a specific material constitutive model. Meanwhile, it is expected that the 

indentation procedure is designed in such a way that all the material parameters can be 

determined from the force measurements conveniently. 

In the past, a poroelastic relaxation indentation method has been developed and 

applied on several types of gels.40 This method adopts the linear poroelastic model, which 

is phenomenological but general for a wide range of soft hydrated materials. In this method, 

an indenter is set to press onto the hydrogel surface with a fast speed, and then hold at a 

constant indentation depth over time. The solvent molecules inside the hydrogels will flow 

due to the change of chemical potential until a new state of equilibrium is reached, the 

entire process causing the contact force to relax to a constant value. The three parameters 

defined in the theory of linear poroelasticity can be determined simply by fitting the 

relaxing force curve to a master curve derived in the poroelastic relaxation method, without 

the need of further parameter fitting with excess numerical simulations. 

Although the poroelastic relaxation method has been demonstrated robust for 

measuring hydrogels’ poroelasticity on a large length scale (i.e. cm), practically it is 

difficult to be applied on a small length scale. The poroelastic relaxation time scales with 

contact radius squared40, so when the size of contact is small, the poroelastic relaxation 

time is short. The typical diffusivity of a hydrogel is on the order of 10-10 ~ 10-11 m2/s.  For 

a micro-indentation with a radius of contact around 1 µm, the relaxation time is on the 
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order of 0.01 ~ 0.1 s. As a result, it becomes difficult to capture an accurate instantaneous 

force after the indenter is applied rapidly on the material and hauled to stop. On the other 

hand, the idea of measuring poroelastic properties of hydrogels at a small length scale is 

still intriguing, not only because of the increasing demand of characterizing samples with 

small sizes or inhomogeneous properties, but also because of the possibility of greatly 

reducing the entire testing time by the shortened relaxation time. Therefore, there is still a 

need for a robust method that can characterize the poroelasticity of hydrogels in small 

length scales. 

 

1.4 Characterization of Adhesion Properties of Hydrogels 

Adhesion of hydrogels is a complicated problem, as adhesion properties of hydrogels 

can be related to several factors, such as polymer chemistry49 , surface topology31 , even 

contact time49,80. Indentation tests on hydrogels may provide information for understanding 

the different roles played by various possible factors. However, interpreting the results 

from indentation measurements is still challenging. Although there are several methods 

available to extract adhesion properties from indentation measurements, it is not clear 

whether the existing methods are applicable and robust for hydrogels, considering the 

difference between the physics of hydrogels and the assumptions made in these methods.  

The force-displacement curve obtained from an indentation measurement has been 

used to extract adhesion properties81–84. Often, people report the pull-off force and/or 

energy of separation from the indentation measurements10,60,85. Because neither of the two 

values is material intrinsic, the measured values are different for different size and 
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geometry, and thus are not readily comparable across the literature. A more rigorous 

approach is to analyze the data and extract the adhesion energy of the contacting surfaces 

through particular adhesion models. The widely used models include the Derjaguin-

Muller-Toporov (DMT) model86, and the Johnson-Kendall-Roberts (JKR) model81. Each 

model has its own assumptions, limitations, and ranges of applications87,88. Generally 

speaking, the DMT model is more suitable for contacting surfaces that are hard, small in 

radius, and low in adhesion energy, while the JKR model is more suitable for contacting 

surfaces that are soft, large in radius, and high in adhesion energy. Maugis introduced the 

cohesive zone into the contact problem and derived a general solution that connects JKR 

and DMT approximations and determines the applicability of each theory88. For soft 

materials such as polymers and polymeric gels, the JKR model has been widely adopted 

51,61,89,90. However, for soft hydrated materials, such as hydrogels and soft biological 

tissues, it is not clear that JKR is readily applicable before knowing their exact surface and 

bulk properties. First of all, although these materials are soft, the adhesion energy of these 

materials in the underwater environment is also small52,91, and the loosely crosslinked 

polymer chains on the surface may lead to long-range adhesion force underwater. At a 

small length scale, these factors imply the possibility of a cohesive zone of finite size, and 

thus the necessity of using the Maugis-Dugdale model, rather than the JKR model. 

Additionally, these materials have complicated time-dependent behaviors involving 

reconfiguration of polymer chains and solvent migration63,66 which may lead to adhesion 

hysteresis between loading and unloading51,52, but this phenomenon has not been 

thoroughly studied. Therefore, a systematic and integrated study of theory and experiment 
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is still in need to examine the applicability of the existing models, especially on hydrogels 

tested underwater. 

 

1.5 Polyacrylamide Hydrogel as a Model Material for Studying Hydrogel 

Mechanics 

Hydrogels in nature and engineering applications are composed of polymer networks 

with different chemistries and are crosslinked with different types of bonds. To develop a 

general understanding of the mechanical and transport properties of hydrogels, model 

hydrogels are used to build theories and explore unknown behaviors. Among the model 

hydrogels, the polyacrylamide (PAAm) hydrogel has often been used. Polyacrylamide 

hydrogels are formed through free-radical polymerization of monomer (Acrylamide) and 

crosslinker (N,N′-Methylenebis(acrylamide)) in water, and have stable properties after they 

are made92. The polyacrylamide hydrogel is a routinely used material in fields such as 

biology and bioengineering93, and there are previous studies reporting the measurements 

of its mechanical properties using traditional methods and models77,94–96. In recent years, 

polyacrylamide hydrogel has also been used as a model material to further study hydrogels’ 

mechanical, transport and surface properties41,97–103. 

 

1.6 Thesis Organization 

This thesis aims at developing robust indentation methods that can measure 

hydrogels’ mechanical, transport and adhesion properties, especially on a small length 
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scale, and studying the key factors influencing these properties using the model hydrogels. 

The thesis is composed of five chapters, with the first chapter being the introduction of the 

background and motivation for each study. 

In Chapter 2, a dynamic indentation method is developed to measure the linear 

poroelastic parameters of hydrogels on the small length scale. In this chapter, the procedure 

of the dynamic indentation method is proposed, and the solutions to the corresponding 

boundary value problems are calculated. A simple procedure to extract the linear 

poroelastic properties from experimental measurements is suggested. This method is 

illustrated experimentally on a polyacrylamide hydrogel.  

In Chapter 3, the dynamic indentation method is applied to study the swelling-

dependent mechanical and transport properties of polyacrylamide hydrogels. By relating 

the linear poroelastic parameters at different swelling ratios to the thermodynamics 

parameters in the Flory-Rehner model, the assumption of the thermodynamic parameters 

being constants is examined quantitatively. Based on the measurements on the 

polyacrylamide hydrogels with more compositions, modifications of the Flory-Rehner 

model for hydrogels are suggested. 

In Chapter 4, an indentation adhesion method is developed to measure hydrogels’ 

adhesion properties. Before developing the method, indentation relaxation tests are carried 

out on a polyacrylamide hydrogel in a wide range of length and time scales to examine the 

applicability of the existing adhesion models. Based on the analysis of the experimental 

observations, a modified contact mechanics model is developed that can predict the length-
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dependent adhesion behavior of hydrogels and can give consistent adhesion parameters of 

hydrogels.  

In Chapter 5, the indentation adhesion method is used to study the relation between 

the adhesion parameters of hydrogels and the hydrogel composition. Polyacrylamide 

hydrogels with different compositions are prepared and tested using the indentation 

adhesion method, and their adhesion parameters are extracted. The possible dependence of 

the adhesion parameters on the polymer chain parameters are discussed, and a more 

detailed mechanism of hydrogel adhesion is proposed.  
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CHAPTER 2. DEVELOPING THE METHOD OF POROELASTIC 

DYNAMIC INDENTATION 

2.1 Introduction 

This chapter aims at developing a poroelastic dynamic indentation method, which 

can solve the challenge of obtaining poroelastic properties of hydrogels using the 

indentation technique at small length scales.  

In recent years, AFM has become a widely used technique for characterizing soft 

materials due to its flexibility in choosing cantilevers of different stiffness and tips of 

different shapes.46–48  For AFM, the driving speed of the indenter is limited by the piezo 

actuator. When using an AFM to carry out the poroelastic relaxation indentation test on a 

hydrogel, the hydrogel will start to relax before the preset indentation depth is reached, and 

the poroelastic parameters could not be accurately obtained by fitting the force relaxation 

curve. On the other hand, AFM can still apply indentation accurately when the indenting 

velocity is not very high, such as an oscillation indentation even with a wide range of 

frequencies (0.1 ~ 100 Hz). It is therefore expected that the force response from an 

oscillation-patterned indentation can provide information on both the mechanical and 

transport properties of a hydrogel, and the question has been how to relate the 

experimentally measured data to the material properties.  

In this chapter, a detailed loading process of a dynamic indentation test is first 

proposed, in which small oscillation in a series of frequencies is superimposed on a larger 

initial indentation depth, and the force on the indenter is measured. A phase lag exists 
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between the displacement and the force spectra due to the dissipative nature of the solvent 

diffusion in the gel.  The corresponding boundary value problem is solved using a linear 

poroelastic material model, both analytically and numerically, aiming to provide simple 

solutions for extracting material properties. The dynamic indentation problem is a mixed 

boundary value problem, which requires displacement boundary within the contact area, 

and stress-free boundary outside of the contact area.  When the flow of liquid is considered 

as in poroelasticity, the boundary is impermeable within the contact area and permeable 

outside of the contact area. Three shapes of indenters, including cylindrical punches, 

spheres, and conical indenters are analyzed, and a unified form of solutions are obtained.  

A simple approach is suggested for extracting material parameters from the oscillation 

indentation measurements.  Finally, a complete process of applying the dynamic 

indentation method is illustrated on a polyacrylamide (PAAm) gel.   

 

2.2 Linear Poroelasticity Applied on Gels 

To adapt poroelasticity64,65,68 to gels, there are two important considerations.  Firstly, 

although gels can absorb a large amount of solvent and generate volume change as large 

as 1000 times of its original size, indentation is induced after the gel swells to a certain 

state.  Shallow indentation is applied, so the deformation induced by indentation remains 

in the linear region.  Secondly, since most gels are soft and brittle, the stress they can 

support is usually small.  Under this condition, the individual polymer chains and solvent 

molecules in gels can be viewed as incompressible.  Therefore, the volume change of the 
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gel is entirely due to the change of the solvent amount, which is a widely adapted 

assumption in literature70,104,105. 

Consider a representative volume element of gels undergoing homogeneous 

deformation.  As shown in Figure 2.1, the element in the reference state is stress-free with 

a concentration of solvent C0 (i.e. the number of solvent molecules per unit volume) and 

chemical potential µ0.  Work can be done to the element by both mechanical and chemical 

load, 

 𝛿𝛿𝛿𝛿 = 𝜎𝜎𝑖𝑖𝑖𝑖𝛿𝛿𝜀𝜀𝑖𝑖𝑖𝑖 + (𝜇𝜇 − 𝜇𝜇0)𝛿𝛿𝛿𝛿, (2-1) 

where σij is the stress, µ is the chemical potential in the current state, δεij is the 

corresponding strain, and δC = C-C0 is the change of solvent concentration, which is 

related to the volume change of the element as 

 𝜀𝜀𝑘𝑘𝑘𝑘 = 𝑉𝑉0(𝐶𝐶 − 𝐶𝐶0), (2-2) 

with V0 being the volume of a single solvent molecule. 
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Figure 2.1 A representative volume element of a gel is in a homogeneous state.  
Work can be done to the element by mechanical load σij and pumping solvent 
molecules with chemical potential µ into it. 

 

For linear elastic and isotropic material, W can be written as, 

 𝑊𝑊 = 𝐺𝐺 �𝜀𝜀𝑖𝑖𝑖𝑖𝜀𝜀𝑖𝑖𝑖𝑖 +
𝜈𝜈

1 − 2𝜈𝜈
(𝜀𝜀𝑘𝑘𝑘𝑘)2�, (2-3) 

where G is the shear modulus, and ν is the Poisson’s ratio. 

Substituting Equations. (2-2) and (2-3) into Equation (2-1), the constitutive behavior 

of the material in a state of equilibrium can be expressed as, 

 𝜎𝜎𝑖𝑖𝑖𝑖 = 2𝐺𝐺 �𝜀𝜀𝑖𝑖𝑖𝑖 +
𝜈𝜈

1 − 2𝜈𝜈
𝛿𝛿𝑖𝑖𝑖𝑖𝜀𝜀𝑘𝑘𝑘𝑘� − 𝛿𝛿𝑖𝑖𝑖𝑖

𝜇𝜇 − 𝜇𝜇0
𝑉𝑉0

. (2-4) 

Taking a gel body, the displacement is a time-dependent field ui=ui(x1,x2,x3,t). (Figure 2.2)  

The deformation is assumed to be small.  The kinematic relation gives 

 
𝜀𝜀𝑖𝑖𝑖𝑖 =

1
2
�
𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

+
𝜕𝜕𝑢𝑢𝑗𝑗
𝜕𝜕𝑥𝑥𝑖𝑖

�. (2-5) 

The balance of force requires that 
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 𝜕𝜕𝜎𝜎𝑖𝑖𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

= 0. (2-6) 

The conservation of solvent molecules requires that 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝐽𝐽𝑘𝑘
𝜕𝜕𝑥𝑥𝑘𝑘

= 0. (2-7) 

where C(xi,t) denotes a field of solvent concentration, and Jk(xi,t) is the flux (i.e. the number 

of solvent molecules passing through a unit area per second), which is driven by the 

chemical potential gradient.  Darcy’s law64 is adapted as the kinetic model, 

 
𝐽𝐽𝑖𝑖 = −

𝑘𝑘
𝜂𝜂𝑉𝑉02

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

. (2-8) 

Here k is the permeability, and η is the dynamic viscosity of the solvent. 

A combination of Equations (2-4), (2-6), (2-7), (2-8) gives a diffusion equation 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐷𝐷𝛻𝛻2𝐶𝐶. (2-9) 

where D=[2(1-ν)/(1-2ν)]Gk/η is the diffusivity describing the migration rate of solvent in 

the polymer network.  This equation indicates that the time for response is dominated by 

diffusion and scales with the square of a characteristic length specified by the boundary 

value problem, e.g. the contact radius in the indentation problem. 
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Figure 2.2 A gel body is in an inhomogeneous state.  The mechanical boundary 
can be enforced by mechanical forces 𝑻𝑻� or displacement constraints 𝒖𝒖� .  Chemical 
boundary can be enforced by the environment chemical potential 𝝁𝝁� or the solvent flux 
𝑱̅𝑱.  Each small piece of the gel is marked by the coordinate x.  The gel evolves through 
a sequence of inhomogeneous states. 

 

To solve for the equations above, two categories of boundary conditions need to be 

specified: the chemical potential 𝜇̅𝜇 or the flux of solvent molecules 𝐽𝐽𝚤𝚤�, and the traction 𝑇𝑇𝚤𝚤�  

or displacement 𝑢𝑢𝚤𝚤�  boundary conditions. 

 

2.3 The Poroelastic Oscillation Indentation Method 

2.3.1 Design of Experimental Procedure 

The most widely used shapes of indenters for testing soft gels and biological tissues 

are spherical indenters, cylindrical punches, and high-angle conical indenters.  The 
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schematics of these indenters pressing onto the gel samples are illustrated in Figure 2.3. 

The gels are first submerged in solvent until fully swollen, and then the indenters are 

pressed into the gels.  During testing, both the gels and the indenters are submerged in the 

solvent.  The method of poroelastic oscillation indentation is illustrated in Figure 2.4.  An 

indenter is pressed into the gel to a certain depth h0 and held for a period of time until a 

plateau in the measured relaxation force is reached.  Right after the relaxation, an additional 

oscillation indentation of small depth δh𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 is applied (δh<<h0) sweeping through a wide 

range of angular frequencies ω.  The indenter’s vertical displacement h and the force on 

the indenter F are recorded as functions of time.  The phase lag ∆ between the displacement 

and the force spectra can be obtained as a function of angular frequency ω, either by 

identifying the shift of periodicity between force and displacement signals as illustrated in 

Figure 2.4(a) or by calculating the energy dissipated through one cycle of loading and 

unloading using the following equation: 

 
𝛥𝛥 = arcsin�

∮𝐹𝐹𝐹𝐹ℎ
𝜋𝜋𝐹𝐹𝑎𝑎𝛿𝛿ℎ

�, (2-10) 

where Fa is the oscillation amplitude of the force on the indenter (Figure 2.4(b)). 
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Figure 2.3 The schematics of poroelastic oscillation indentation experiment for 
three shapes of indenters: (a) cylindrical punch indenter, (b) spherical indenter, and 
(c) conical indenter. 
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Figure 2.4 (a) Schematic of the testing procedure of the poroelastic oscillation: an 
indenter is pressed into the material to a fixed depth h0, which is held constant for a 
period of time until the force on the indenter reaches a constant value, and then an 
oscillation indentation of small magnitude δh is superimposed with a wide range of 
different frequencies.  The phase lag can be obtained by comparing the shift between 
the displacement and force spectra.  (b) The phase lag can also be calculated by 
quantifying the energy dissipated through one cycle of the loading and unloading 
process from Equation (2-10). 

 

In the recorded ∆–ω plot, a peak value of the phase lag ∆c with respect to a particular 

angular frequency ωc is expected, representing the characteristic diffusion behavior of the 

gel.  The value of the peak phase lag ∆c is related to the amount of solvent that can be 

squeezed out of the gel, and thus contains information that can be used to characterize the 
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Poisson’s ratio of the gel, ν.  The critical angular frequency is related to the rate of diffusion 

of the solvent in the network, and thus contains information that can be used to characterize 

the diffusivity of the gel, D.  With a known value of the Poisson’s ratio, the shear modulus 

of the gel can be calculated through classical solutions of elastic indentation. The detailed 

calculation and interpretations are described below.  

2.3.2 Analytical Solution 

The oscillation amplitude is kept small compared with the initial depth of 

indentation: δh<<h0.  Under this condition, the contact radius can be assumed to be constant 

and equals the elastic solutions for the three shapes of indenters, 

 𝑎𝑎𝑐𝑐𝑐𝑐 = 𝑅𝑅𝑐𝑐𝑐𝑐, (2-11a) 

 𝑎𝑎𝑠𝑠 ≈ �𝑅𝑅𝑠𝑠ℎ0, (2-11b) 

 
𝑎𝑎𝑐𝑐 ≈

2ℎ0
𝜋𝜋

𝑡𝑡𝑡𝑡𝑡𝑡(𝜃𝜃). (2-11c) 

The subscripts “cp”, “s” and “c” denote cylindrical punch, spherical indenter, and conical 

indenter, respectively.58,106 

In oscillation indentation, the depth of indentation is a function of time. Within the 

radius of contact, the vertical displacements introduced by the three indenters for a depth 

of indentation h(t) are58 

 𝑤𝑤𝑐𝑐𝑐𝑐(𝑟𝑟, 𝑡𝑡) = ℎ(𝑡𝑡), (2-12a) 
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 𝑤𝑤𝑠𝑠(𝑟𝑟, 𝑡𝑡) = ℎ(𝑡𝑡) − �𝑅𝑅𝑠𝑠 − �𝑅𝑅𝑠𝑠2 − 𝑟𝑟2�, (2-12b) 

 𝑤𝑤𝑐𝑐(𝑟𝑟, 𝑡𝑡) = ℎ(𝑡𝑡) −
𝑟𝑟

𝑡𝑡𝑡𝑡𝑡𝑡(𝜃𝜃), (2-12c) 

where r is the radial position with respect to the axisymmetric axis of the indenters (Figure 

2.3).  For oscillation indentation, the indentation depth is h(t)=h0+δheiωt.  Substituting it 

into Equation (2-12) leads to a unified expression for the displacement boundary within 

the contact radius 

 𝑤𝑤(𝑟𝑟, 𝑡𝑡) = 𝑤𝑤0(𝑟𝑟) + 𝛿𝛿ℎ𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖. (2-13) 

Equation (2-13) is a universal expression for the three shapes of indenters with w0 

being different for different shapes, which can be obtained from Equation (2-12).  The 

second term on the right-hand side of Equation (2-13) is independent of radial position r 

and is equivalent to a displacement field induced by a cylindrical indenter with an effective 

punch radius equal to the radius of contact a that can be obtained from Equation (2-11) 

corresponding to three shapes of indenters.  Therefore, the overall displacement boundaries 

for the three indenters are all equivalent to the summation of an initial cylindrical, 

spherical, or conical indentation with a constant depth h0, and an oscillatory cylindrical 

indentation with a depth of δheiωt that depends on time. 

Under this condition, the force on the indenter can be written as107 

 𝐹𝐹𝑐𝑐𝑐𝑐(𝑡𝑡) = 8𝐺𝐺ℎ0𝑎𝑎𝑐𝑐𝑐𝑐(1 − 𝜆𝜆𝐿𝐿) + 8𝐺𝐺𝑎𝑎𝑐𝑐𝑐𝑐(1 − 𝜆𝜆𝐿𝐿)𝛿𝛿ℎ𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 (2-14a) 
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+8𝐺𝐺𝑎𝑎𝑐𝑐𝑐𝑐 � 𝜆𝜆𝐿𝐿𝑓𝑓 �
𝐷𝐷(𝑡𝑡 − 𝑡𝑡′)
𝑎𝑎𝑐𝑐𝑐𝑐2

�
𝑡𝑡

−∞
𝛿𝛿ℎ𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖𝑡𝑡′𝑑𝑑𝑡𝑡′, 

 𝐹𝐹𝑠𝑠(𝑡𝑡) =
16
3
𝐺𝐺ℎ0𝑎𝑎𝑠𝑠(1 − 𝜆𝜆𝐿𝐿) + 8𝐺𝐺𝑎𝑎𝑠𝑠(1 − 𝜆𝜆𝐿𝐿)𝛿𝛿ℎ𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 

+8𝐺𝐺𝑎𝑎𝑠𝑠 � 𝜆𝜆𝐿𝐿𝑓𝑓 �
𝐷𝐷(𝑡𝑡 − 𝑡𝑡′)
𝑎𝑎𝑠𝑠2

�
𝑡𝑡

−∞
𝛿𝛿ℎ𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖′𝑑𝑑𝑡𝑡′, 

(2-14b) 

 𝐹𝐹𝑐𝑐(𝑡𝑡) = 4𝐺𝐺ℎ0𝑎𝑎𝑐𝑐(1 − 𝜆𝜆𝐿𝐿) + 8𝐺𝐺𝑎𝑎𝑐𝑐(1 − 𝜆𝜆𝐿𝐿)𝛿𝛿ℎ𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 

+8𝐺𝐺𝑎𝑎𝑐𝑐 � 𝜆𝜆𝐿𝐿𝑓𝑓 �
𝐷𝐷(𝑡𝑡 − 𝑡𝑡′)
𝑎𝑎𝑐𝑐2

�
𝑡𝑡

−∞
𝛿𝛿ℎ𝑖𝑖𝑖𝑖𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖′𝑑𝑑𝑡𝑡′. 

(2-14c) 

for cylindrical punch, spherical indenter and conical indenter respectively.  The solutions 

for the three shapes of indenters share the same features: the overall force is the sum of 

three parts including a time-independent term that depends on indenter shape, a time-

dependent term that is in phase with the displacement oscillation δheiωt and another time-

dependent term that is out of phase with the displacement oscillation.  Both of the two time-

dependent terms are independent of the indenter shape.  It can be considered as an elastic 

indent of cylindrical, spherical, or conical shaped indenter plus an oscillation indent of a 

cylindrical shaped indenter.  A unified expression for the three shapes of indenters can be 

written as 

 
𝐹𝐹(𝑡𝑡) = 𝐹𝐹0 + 8𝐺𝐺𝐺𝐺𝐺𝐺ℎ �𝑖𝑖𝜆𝜆𝐿𝐿𝛺𝛺� 𝑓𝑓(𝜏𝜏)

∞

0
𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 + (1 − 𝜆𝜆𝐿𝐿)� 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖. (2-15) 
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where F0 is time-independent, λL=(1-2ν)/[2(1- ν)], τ=Dt/a2 is the normalized time, and Ω 

is the normalized angular frequency 

 
𝛺𝛺 =

𝑎𝑎2𝜔𝜔
𝐷𝐷

, (2-16) 

with D being the diffusivity of the gel, and a the radius of contact induced by h0 depth of 

indentation, which is different for the three indenters as shown in Equation (2-11a).  The 

kernel function f(τ) is the normalized force relaxation function of a cylindrical punch 

indenting a half-space poroelastic material, which has been proved to be a master curve 

independent of material properties and has been derived by fitting a numerical result 

obtained from the finite element calculation with a continuous function, that is40 

 𝑓𝑓(𝜏𝜏) = 1.304𝑒𝑒−√𝜏𝜏 − 0.304𝑒𝑒−0.254𝜏𝜏. (2-17a) 

This original fitting function provided in Reference 40 contains two exponential 

terms.  The numerical results from ABAQUS simulation and the fitting function are plotted 

in Figure 2.5.  It is shown that the fitting function fits well with the simulation results to 

most of the extend.  However, because the phase lag calculation in this study is very 

sensitive to the relaxation function, for more accurate fitting, a modified fitting function 

with four terms is introduced.  

 𝑓𝑓(𝜏𝜏) = 0.242 exp(−3.13𝜏𝜏) + 0.536 exp�−1.71√𝜏𝜏� 

−0.043 exp �−12.8𝜏𝜏
1
3� + 0.266 exp �−0.892𝜏𝜏

1
4�, 

(2-17b) 



 25 

 

 

Figure 2.5 The master force relaxation function for cylindrical punch is plotted. 
(a) The Abaqus simulation result is plotted together with the original two-term fitting 
function. (b) The Abaqus simulation result is plotted together with the four-term 
fitting function used in this study. 

 

Substituting Equation (2-17b) into Equation (2-15), the phase lag for the oscillation 

indentation can be obtained as, 

 
𝛥𝛥 = arctan�

𝐼𝐼𝐼𝐼 �𝑖𝑖𝜆𝜆𝐿𝐿𝛺𝛺 ∫ 𝑓𝑓(𝜏𝜏)∞
0 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 + (1 − 𝜆𝜆𝐿𝐿)�

𝑅𝑅𝑅𝑅 �𝑖𝑖𝜆𝜆𝐿𝐿𝛺𝛺 ∫ 𝑓𝑓(𝜏𝜏)∞
0 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 + (1 − 𝜆𝜆𝐿𝐿)�

�. (2-18) 
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Equation (2-18) is a universal equation for the three shapes of indenters.  It shows that the 

phase lag is a function of only two independent variables, the normalized angular frequency 

Ω and the Poisson’s ratio ν, and most importantly the relation is independent of indenter 

shape.  

2.3.3 Theoretical Results 

The results for the analytical solution of the phase lag function ∆(Ω, ν) are shown in 

Figure 2.6.  The phase lag degree is plotted against normalized angular frequency for 

several values of Poisson’s ratio from 0.0 to 0.5 with an interval of 0.1.  The results show 

that the phase lag approaches zero when the normalized angular frequency is close to either 

zero or infinity, and reaches a maximum value at a particular frequency.  At small 

frequencies, the movement of the indenter is slow compared with the migration of the 

solvent molecules, and the chemical potential in the material is instantaneously in 

equilibrium, resulting in a small or no phase shift between force and displacement spectra.  

At large frequencies, the movement of the indenter is so fast that allows no time for the 

solvent to move, resulting in also a small or no shift between force and displacement 

spectra.  At intermediate frequencies, over a cycle of loading and unloading, solvent flows 

in and out of the gel, resulting in energy dissipation, and thus a shift in the measured force 

spectrum with respect to the applied displacement spectrum.  The magnitude of the phase 

lag value is related to the ability of the gel to lose or absorb solvent, which is reflected by 

the Poisson’s ratio of the material.  The phase lag at the peak is denoted as the critical phase 

lag ∆c, and the corresponding normalized angular frequency as critical normalized angular 

frequency Ωc, and they are plotted as functions of the material’s Poisson’s ratio, as shown 

in Figure 2.7(a) and Figure 2.7(b).  It is shown that the peak value of phase lag ∆c increases 
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from 0 to 12 as Poisson’s ratio changes from 0.5 to 0, while the normalized angular 

frequency Ωc only slightly depends on Poisson’s ratio, which increases slightly from 2 to 

2.8 as Poisson’s ratio changes from 0 to 0.5. 

 

 

Figure 2.6 The analytical solution of the phase lag degree ∆, which is a universal 
plot for cylindrical punch, spherical indenter, and conical indenter. The phase lag 
degree is a function of two variables: the normalized angular frequency Ω and the 
Poisson’s ratio ν. 

 

Numerical simulation using ABAQUS was conducted to validate the analytical 

results.  The indentation was modeled as an axisymmetric problem.  The indenters were 

set as analytical rigid parts.  The “Soil” type solver was used in the calculation.  The 

dimensions of the gel in both radial and axial directions were set to be much larger than 

the radius of contact (i.e. 200 times of the contact radius).  Forty elements were assigned 

along the radius of contact.  The numerical results were checked insensitive to further 

increase in gel size or further decrease in mesh element size.  The contact area between the 

indenter and the material was set to be impermeable and frictionless, while the surface 
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outside of the contact area was set to be traction free and zero chemical potential, which 

was to simulate local equilibrium condition with the external solvent.  Two consecutive 

steps were carried out in the simulation.  In the first step, the indenter was pressed into the 

poroelastic material into a depth of h0 and was subsequently held constant for a period of 

time.  After the first step, another small depth of indentation δh was applied in a form of 

sinusoidal oscillation.  The same calculations were carried out for a wide range of 

oscillation frequencies.  The reaction force acting on the indenter was solved, and the phase 

lag was calculated for each oscillation frequency using Equation (2-10). 

The scaling relation in Equation (2-18) was verified by varying different parameters.  

The results confirm that the phase lag is a function of two parameters: the Poisson’s ratio 

of the material and the normalized angular frequency.  For each shape of the indenter, a 

group of simulations was conducted at different normalized angular frequencies ranging 

from 0.2 to 64, at Poisson’s ratio of 0, 0.1, 0.2, 0.3, and 0.4.  For each value of Poisson’s 

ratio, the critical phase lag and normalized angular frequency were located and plotted as 

the square, triangle and spherical dots in Figure 2.7, for cylindrical punch, conical and 

spherical indenters respectively.   
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Figure 2.7 (a) The Poisson’s ratio is plotted against the critical phase lag degree.  
(b) The critical normalized angular frequency is plotted against the Poisson’s ratio.  
The black solid lines are the analytical solutions; the blue squares, green triangles and 
red circles are numerical results from finite element analysis for cylindrical punch, 
conical and spherical indenters respectively; and the orange dash lines are the fitting 
functions. 

 

As is shown, the simulation results fit well with the analytical solutions for the three 

shapes of indenters with a numerical error of less than 5%.  The slightly higher deviation 

between the analytical solution and the numerical results at the higher value of the 

Poisson’s ratio is because when Poisson’s ratio is close to 0.5, the amount of solvent that 

flows in and out of the material element through each cycle becomes small, causing less 

energy dissipation. As a result, the numerical error is more sensitive in the case of larger 

Poisson’s ratio. 



 30 

If the material shows predominantly poroelastic behavior, the solutions derived in 

this study can be used to extract material parameters including shear modulus G, Poisson’s 

ratio ν, and diffusivity D.  For ease to use, the solutions shown in Figure 2.7 are fitted with 

continuous functions as ν = g1(∆c), and Ωc = g2(ν).  The fitting functions are 

 𝜈𝜈 = 𝑔𝑔1(𝛥𝛥𝑐𝑐) = 0.5 − 0.027𝛥𝛥𝑐𝑐 − 0.00136𝛥𝛥𝑐𝑐2, (2-19) 

 𝛺𝛺𝑐𝑐 = 𝑔𝑔2(𝜈𝜈) = 1.975 + 0.872𝜈𝜈 + 1.605𝜈𝜈2. (2-20) 

The two functions are plotted as dashed lines in Figure 2.7.  Using these equations 

and the two values from experiments: the critical phase lag ∆c and corresponding critical 

angular frequency ωc, the Poisson’s ratio ν and diffusivity D of the materials can be directly 

calculated.  Firstly, substituting the value of ∆c into Equation (2-19) gives Poisson’s ratio 

as ν = g1(∆c).  Then, substituting ν into Equation (2-20) gives a theoretical value of the 

normalized critical angular frequency from Ωc = g2(ν), which is related to the diffusivity 

of the material as 

 
𝐷𝐷 =

𝑎𝑎2𝜔𝜔𝑐𝑐
𝛺𝛺𝑐𝑐

. 
(2-21) 

Finally, the shear modulus is obtained from the reaction force at the end of the 

relaxation step when an equilibrium state is reached (Figure 2.4(b)).  Denote the 

equilibrium force as F(∞), the shear modulus can be calculated from the classical linear 

elastic solutions as 
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𝐺𝐺𝑐𝑐𝑐𝑐 =

(1 − 𝜈𝜈)𝐹𝐹(∞)
4ℎ0𝑎𝑎

, 
(2-22a) 

 
𝐺𝐺𝑠𝑠 =

3(1 − 𝜈𝜈)𝐹𝐹(∞)
8ℎ0𝑎𝑎

, 
(2-22b) 

 
𝐺𝐺𝑐𝑐 =

(1 − 𝜈𝜈)𝐹𝐹(∞)
2ℎ0𝑎𝑎

. 
(2-22c) 

2.3.4 Differentiation between Viscoelasticity and Poroelasticity 

Gels and many soft biological tissues are composed of both polymeric networks and 

solvent. Their time-dependent behavior could be both poroelastic due to the migration of 

solvent and viscoelastic due to the reconfiguration of polymer chains.  Macroscopically, 

the two mechanisms will result in two different peaks in the spectrum of phase lag versus 

frequency in an oscillation indentation test if an appropriate range of contact radius is 

selected.  Then the two effects can be potentially differentiated through a method of multi-

depth oscillation indentation.  In the experiment, the dynamic oscillation measurement is 

conducted repeatedly for two or more times, each time with a different depth of indentation, 

e.g. h01 < h02 < h03.  The radii of contact can be calculated from Equation (2-11) which 

gives a1 < a2 < a3.  In each test, the phase lag between displacement and force spectra can 

be reported as a function of actuation frequency. 
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Figure 2.8 Schematics to illustrate the method of multi-depth oscillation 
indentation to differentiate poroelastic and viscoelastic behaviors of soft hydrated 
materials.  Two peaks of the phase lag (∆cvisco and ∆cporo) are expected corresponding 
to viscoelastic and poroelastic effects respectively.  The black, blue and red curves are 
from indentations with different radius of contact a1<a2<a3. (a) The critical frequency 
corresponding to the viscoelastic peak is independent of contact size.  (b) The critical 
frequency corresponding to the poroelastic peak inversely scales with contact radius 
squared. 

 

The critical frequency corresponding to the peaks of phase lag resulting from 

viscoelasticity will not change when the contact radius changes, because viscoelastic time 

is a characteristic value of the material and independent of contact radius.  On the other 

hand, the critical frequency corresponding to the peaks resulting from poroelasticity will 
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scale inversely with the square of the contact radius (Figure 2.8).  Using two or more 

different depths of indentation, the two effects can be clearly differentiated.  This multi-

depth method will work for spherical indenter and conical indenter, for which the contact 

radius changes when the depth changes.  For cylindrical punch, data have to be collected 

from several cylinders of different radii, because the contact radius does not change for the 

same cylindrical indenter when the depth of indentation is changed.  At a certain range of 

contact radii, the viscoelastic peak and poroelastic peak may be coupled and hardly 

differentiated. To extract the coupled viscoelastic and poroelastic properties of the 

materials is beyond the scope of this work. However, since the poroelastic time scales with 

contact radius squared while the viscoelastic time is independent of length, it is always 

possible to single out the poroelastic characters of the material by using an appropriate size 

of indentation. 

In previous literature, some size-dependent bulk properties of materials have been 

reported108,109, which were obtained using the indentation technique. Indentation depth-

dependent bulk properties were also reported in polymeric materials110. These polymeric 

materials do not contain solvent molecules, and the intrinsic cause for the depth-dependent 

properties is believed to be the nonlinear interaction between the molecules on the polymer 

chains. Hydrogels, not only the specific ones studied in this dissertation, contain a large 

amount of solvent, so that direct molecular interaction between polymer chains is unlikely 

to happen. The elasticity of hydrogels has been attributed to the entropy of polymer chains’ 

deformation, the entropy and the enthalpy of mixing polymer and solvent molecules111–114, 

so the direct molecular interaction is considered to have a negligible influence on the elastic 

response of the hydrogels, especially under shallow indentation. Therefore, it is still 
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expected that poroelasticity is the only length-dependent factor for the bulk response of 

hydrogels in the indentation tests. 

 

2.4 Experiments 

In order to demonstrate and verify the experimental procedure, oscillation 

indentation tests were carried out on polyacrylamide (PAAm) gel by atomic force 

microscopy.  To prepare the stock solution, 250 µL of 40% (w/w) acrylamide solution, 150 

µL of 2% (w/w) N,N′-Methylenebis(acrylamide) (bis-acrylamide) solution and 600 µL of 

deionized water were mixed.  Then 5 µL of 10% (w/w) ammonium persulfate solution and 

0.5 µL of N,N,N’,N’-tetramethylethylenediamine (TEMED) were added as initiators.  The 

mixed solution was cured in the 1 mm thick space between two parallel glass slides for 30 

minutes. The synthesized gel was later submerged in deionized water for 24 hours to swell 

before the indentation measurements. 

The oscillation indentation tests were conducted using the indentation function of the 

atomic force microscope (Asylum Research MFP-3D AFM).  The tips (Novascan) with 

polystyrene probe of 25 µm diameter and cantilever of spring constant 0.58 N/m were used.  

Three groups of measurements were taken with indentation depth of 200 nm, 350 nm and 

600 nm respectively.  The actuation frequency was taken from 0.4 Hz to 32 Hz, and for 

each frequency value, the oscillation lasted for at least 20 cycles.  The indentation depth 

and reaction force were recorded overtime at a sampling rate from 0.82 kHz to 1.92 kHz 

to ensure enough data for each cycle.  The phase lag was calculated according to equation 

(2-10). 
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Figure 2.9(a) illustrates the experimental results of indentation depth and force for 

one frequency.  Figure 2.9(b) plots force versus displacement for one cycle of loading and 

unloading.  The ellipse-shaped curve in Figure 2.9(b) indicates that energy dissipation 

exists during the oscillation indentation test. Slight drift in the force measurement is 

observed, which could be due to thermal drift of the AFM system, or the feedback control 

loop for generating displacement-controlled loading. However, the oscillation frequency 

range was selected so that the amount of drift is small compared with the oscillation 

amplitude of the measured force. Multiple tests were performed which showed consistent 

results of phase lag against actuation frequencies measured at different times, despite the 

slight drift in the reaction force.  
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Figure 2.9 Experimental results of oscillation indentation on PAAm gel under one 
oscillation frequency using the atomic force microscope. (a) Indentation depth (black 
line) and indenting force (blue line) are recorded as functions of time. (b) The force-
displacement curve recorded during one cycle of loading and unloading. 

 

In Figure 2.10(a), the phase lag is plotted against the actuation angular frequency. 

The error bar for each data point represents the standard deviation of measurements from 

the multiple cycles at the same actuation frequency, and the dashed lines are fitting curves 

that assist in locating the phase lag peak.  For each indentation depth, a single peak is 

observed within the frequency spectrum, while the corresponding angular frequencies 

clearly differ for different indentation depths.  When the angular frequency is timed with 

the contact radius squared, ωa2, the three curves collapse into one single curve (Figure 

2.10(b)), which confirms the poroelastic-dominant behavior of the sample.  Following the 
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procedure in the theoretical results section, the poroelastic properties of the PAAm gel can 

be calculated.   

 

 

Figure 2.10 Experimental results of dynamic indentation on PAAm gel under a 
wide range of actuation frequencies. (a) Phase lag degree is plotted against the 
angular frequency for three different depths of indentations. (b) Phase lag degree is 
plotted against the product of angular frequency and contact radius squared for the 
three depths of indentations. 

 

From Figure 2.10(a), the critical phase lag ∆c and the corresponding critical actuation 

frequency ωc were extracted separately from the three measurements for statistics analysis.  

Substituting ∆c into Equation (2-19) gives the Poisson’s ratio ν=0.32±0.02.  Substituting 
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the extracted value of Poisson’s ratio into Equation (2-20) gives the critical normalized 

angular frequency Ωc=2.4±0.04.  The diffusivity can then be calculated from D = a2ωc/Ωc 

with a2 = Rh0, which gives D=(6.7±0.8)×10-11 m2/s.  Substituting the relaxed force from 

the measurement to the classical elastic solution G = 3(1-ν)F(∞)/8h0a, the value of the 

shear modulus can be obtained as G=16.0±1.0 kPa. These results are in the range of data 

previously reported for polyacrylamide gels71,77,95,96. 

It is noted that the bulk properties of the polyacrylamide hydrogels made for studies 

in this dissertation are in general repeatable, but with a slight difference across batches 

made at different times. Therefore, for each research purpose in each chapter, the hydrogels 

are prepared using the same batch of chemicals at the same time to reduce the possible 

factors causing the difference in forming the polymeric network. Another factor that may 

introduce error into the measurements is the calibration of the AFM probes. For all the 

studies in this dissertation, the thermal method was used for calibrating the spring constant 

of the AFM probes, which may introduce an error on the scale of 10% for the final force 

measurement. Multiple instruments of the atomic force microscope were used to complete 

studies in this dissertation, but they are from the same series of models (Asylum MFP-3D 

series). For each research purpose in each chapter, only one instrument was used. However, 

no systematic difference was observed from different instruments when using the same 

composition of hydrogels and the same type of AFM probes. 

 

2.5 Conclusion 
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The poroelastic oscillation indentation method for spherical indenter, cylindrical 

punch and conical indenter is developed.  The boundary value problem is solved both 

analytically and numerically.  The results are in good agreement.  A unified solution is 

obtained for the three different shapes of indenters.  The phase lag between force and 

displacement spectra is proved to depend on only two variables: the Poisson’s ratio of the 

material and the normalized actuation frequency.  Remarkably simple forms are derived 

for the relationship between the Poisson’s ratio and a critical phase lag, and the relationship 

between the critical normalized angular frequency and the Poisson’s ratio, which can be 

easily used to extract material properties from experimental data.  In the experiment, only 

two values are needed to be recorded: the peak value of the phase lag and the corresponding 

frequency.  A multi-depth indentation method is also provided to simply differentiate the 

poroelastic behaviors from viscoelastic behaviors in gels.  A group of oscillation 

indentation measurements was carried out on polyacrylamide gel using atomic force 

microscopy and confirmed the applicability of the method.  The oscillation indentation 

method developed in this study has great potential to become a reliable and routine 

technique for characterizing the poroelasticity of biological tissues at a small scale. 

  



 40 

CHAPTER 3. PROBING THE SWELLING-DEPENDENT 

MECHANICAL AND TRANSPORT PROPERTIES OF 

POLYACRYLAMIDE HYDROGELS 

3.1 Introduction 

The linear poroelasticity theory is phenomenological. Meanwhile, there have been 

several notable attempts to formulate a more physics-based theory for gels,70,115–120 in 

which the nonequilibrium thermodynamics frame121–124 has been formulated, leaving open 

the free-energy function and the kinetic laws, both of which are material specific. The 

thermodynamic part of the theory follows that of Flory and Rehner.111–114 The crosslink 

density of the network is described by the parameter N (number of chains per unit volume 

of dry polymers), and the mixing behavior by the Flory-Huggins parameter χ (enthalpy of 

mixing). In the kinetic part, the flux was modeled as linearly proportional to the gradient 

of chemical potential with a constant diffusion coefficient D.70,115–120,125 However, since 

most hydrogels can absorb a large amount of solvent and the solvent concentration in the 

hydrogels changes dramatically as they evolve from dry to swollen states, the widely used 

assumption of constant N, χ and D is questionable. It is also believed to be one of the main 

reasons for that the models calibrated by one set of experiments often cannot predict the 

behaviors of the same hydrogel under different loading conditions.70,116 Additionally, 

evidence has been seen in polymer solutions that both χ and D have a strong dependence 

on solvent concentration due to a concentration dependence of chain mobility, solvent 

mobility and polymer-solvent interactions.126–132  
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The parameters’ dependence on solvent concentration (or equivalently the swelling 

ratio) of crosslinked hydrogels has rarely been studied, but this topic is not trivial.  First, 

the setup of the thermodynamic framework adopts a nonlinear description of the material 

deformation, therefore intrinsically convenient to be applied to cases of large strain 

deformation. Meanwhile, the thermodynamics model framework adopting the Flory-

Rehner model has been served as a common start point for developing models for novel 

hydrogels with more components or multiple fields119. Therefore, developing an approach 

to examining the dependence of the thermodynamic and kinetic parameters on solvent 

concentration would be beneficial for a series of future applications of hydrogels. 

In this chapter, the assumptions that parameters N, χ and D being constants are 

examined using the following approach. First, the linear poroelastic parameters of the 

hydrogels are measured at different swelling ratios using the dynamic indentation method 

developed in Chapter 2. Links are built between the linear poroelastic properties and the 

parameters N, χ and D by conducting linear perturbation of the free energy in the 

thermodynamics framework at a specific swelling ratio, and comparing it with the energy 

expression in the theory of linear poroelasticity. The parameters N, χ are then calculated 

from these linear poroelastic parameters and tentatively plotted against the swelling ratio. 

The results suggest that the commonly used assumption of constant N, χ and D for the same 

hydrogel in any swollen state is not valid. Further, all three parameters depend on the 

solvent concentration. In order to further study this observation, several assumptions of the 

polymer network and polymer-solvent interactions are suggested, and possible 

modifications to the Flory-Rehner model are suggested and evaluated.  
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3.2 Experiments 

One composition of the polyacrylamide (PAAm) hydrogel was first prepared to study 

its swelling-dependent mechanical and transport properties. The stock solution of 

acrylamide (mass concentration 40%) and N,N′-Methylenebis(acrylamide) (mass 

concentration 2%) were mixed and further diluted by mixing with deionized water in the 

volume ratio of 3:3:14. The later steps of preparing the hydrogel sample follow the method 

described in Chapter 2. To reach different swelling ratios, the samples prepared with the 

same composition as described above were submerged into the high molecular weight 

polyethylene glycol (PEG) solutions of different concentrations. Four concentrations of the 

PEG solutions were prepared with mass fractions of 4.8%, 9.1%, 13.0%, and 16.7% 

respectively. Two groups of the hydrogel samples were submerged into each solution. One 

group was for swelling ratio measurement, and the other was for dynamic indentation 

measurement using the atomic force microscope. The volume of the PEG solution of each 

concentration was no less than 30 mL to ensure that the amount of water in the hydrogel 

samples had a negligible effect on the concentration of the PEG solutions. The hydrogel 

samples were kept in the solutions for two days before testing to ensure that an equilibrium 

swelling state had been reached. The containers for the PEG solutions with PAAm samples 

were sealed before the experiments to avoid water evaporation. 

In order to quantify the swelling ratio of the PAAm samples, the mass of each 

swollen PAAm sample and the mass of its dry polymer network were measured. First, the 

hydrogel samples were taken out of the PEG solution and weighed by a digital balance as 

the mass of the hydrogel. A tissue was gently applied on the gel surface to absorb the extra 

solution before weighing. The samples were then separately put into wells of a culture 
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multiwall plate and lyophilized for two days. The mass of each sample was then measured 

by the digital balance again as the mass of the polymer network. The mass of the hydrogel 

at each swollen state is denoted as mhydrogel, and its weight after dried is denoted as mpolymer. 

With the known polymer density ρpolymer=1.443 g/cm3,133 and water density ρwater=1.000 

g/cm3, the linear swelling ratio of the gel can be obtained as 

 
𝜆𝜆SR = �1 + �

𝑚𝑚hydrogel

𝑚𝑚polymer
− 1� ⋅

𝜌𝜌polymer

𝜌𝜌water
�
1/3

. (3-1) 

Figure 3.1(b) plots the linear swelling ratio of the PAAm hydrogel λSR as a function of the 

mass fraction of the external PEG solution. Its swelling ratio is around 2.8 in water and 

decreases as the mass fraction of PEG increases.  
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Figure 3.1 Mechanical characterization of gels in different swelling ratios. (a) 
Indentation of gels using AFM. (b) The swelling ratio of the PAAm gel against the 
concentration of the external PEG solution. 

 

The linear mechanical and transport properties of the PAAm hydrogels at each 

swollen state were measured using the dynamic oscillation indentation method developed 

in Chapter 2 with an atomic force microscope. A schematic of the test is shown in Figure 

3.1(a).  Throughout the dynamic indentation test, the sample was submerged in the PEG 

solution with the same concentration for deswelling during preparation. Enough amount of 

PEG solution is added into the petri dish so that the evaporated water from the solution is 

negligible during the test. The AFM tips used in the experiments are made of polystyrene 

spheres with diameters of 4.5 µm or 25 µm, and the cantilevers have spring constant 
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ranging from 0.35 N/m to 1.00 N/m (Novascan). The applied displacement – time function 

is illustrated in Figure 3.2(a). For the dynamic indentation tests in the current chapter, a 

slight change is made in the oscillation part. To expedite the experiments and data 

processing, a sweeping frequency actuation is adopted: the frequency sweeps from 0.2 to 

40 Hz continuously while maintaining the same oscillation amplitude. To check the validity 

of the sweeping frequency method, dynamic indentation measurement with constant 

frequency is also carried out on a piece of PAAm sample submerged in water. Figure 3.4 

shows the results of the phase lag degree over oscillation cycles at the indentation depth of 

500 nm for three fixed actuation frequencies, 0.6 Hz, 3.0 Hz, and 32.0 Hz, representing 

low, medium and high frequencies in the testing range. The phase lag degree for all three 

frequencies at the first cycle of oscillation is consistent with the values from subsequent 

cycles, and the phase lag values obtained from the constant frequency tests agree with those 

from the sweeping frequency tests at the equivalent frequencies. The dynamic oscillation 

tests are carried out on several different spots on multiple hydrogel samples to ensure 

statistical significance. On each sample, four different sizes of indentation are carried out, 

with the size of the contact area spanning two orders of magnitudes. The results on phase 

lag as functions of actuation frequencies for the gel swollen in water and various PEG 

solutions are shown in Figure 3.2 and Figure 3.3.  
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Figure 3.2 Dynamic indentation of PAAm gels swollen in pure water: (a) the 
displacement and force spectrums, (b) force response in one oscillation cycle at 1.22 
Hz, (c) phase lag degree versus actuation angular frequency, (d) phase lag degree 
versus angular frequency times contact radius squared. The sphere radius and the 
indentation depth for each group of data are: red: R=12.5 μm, h0=1.0 μm, green: 
R=12.5 μm, h0=0.5 μm, blue: R=12.5 μm, h0=0.25 μm, grey: R=2.25 μm, h0=0.25 μm. 
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Figure 3.3 Dynamic indentation of PAAm gels in PEG solutions of different 
concentrations. Sphere size and indentation depth for (a) and (b) are: Blue: R=12.5 
µm, h0=0.25 µm; Green: R=12.5 µm, h0=0.5 µm; Red: R=12.5 µm, h0=1.0 µm; Grey: 
R=2.25 µm, h0=0.25 µm. Sphere size and indentation depth for (c) and (d) are: Blue: 
R=2.25 µm, h0=0.25 µm; Green: R=2.25 µm, h0=0.5 µm; Red: R=2.25 µm, h0=0.75 µm; 
Grey: R=12.5 µm, h0=2.0 µm. 



 48 

 

Figure 3.4 The phase lag degree measured in the dynamic indentation tests at 
three individual frequencies. The PAAm gel was swollen in water, and the indentation 
depth was around 500 nm. 

 

To examine the possible adhesion between the tip and the PAAm hydrogel, an 

indenting-and-retracting test using the same tip was carried out on the hydrogel sample. 

The test is conducted on a PAAm hydrogel in water. In the loading process, the indenting 

speed is set to be 50 nm/s, which is slow enough to ensure that the solvent in the hydrogel 

is equilibrated with the environment at all time. As is shown in Figure 3.5, the force-

displacement curve obtained during the loading process fits very well with Hertzian model 

prediction, indicating very little to no adhesion. Following the loading, the tip is retracted 

at the same speed. The force-displacement curve obtained during the retraction process 

overlaps with the loading curve for the most part (Figure 3.5), except when the AFM probe 

is close to leave the hydrogel surface, and a nonzero pull-off force is observed. This 

observation of zero adhesion during approaching but nonzero pullout force during 

separation has also been observed before in the literature of the nanoindentation of soft 

materials. 100,134  The most possible reason is that for neutral hydrogels such as PAAm gels, 

the long-range interaction between the polymer chains and the sphere that could contribute 
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to the enlarged contact area is largely screened by water. As a result, in the experiment, no 

jump-to-contact was observed during the approaching process. Only short-range 

interaction is developed which only happens after the indenter is pressed into the sample. 

The short-range interaction does not induce the change of contact area but is responsible 

for the pull-out force after the indenter is retracted to leave the sample surface. In other 

words, the Hertzian contact model applies as long as the indenter does not retract. In the 

proposed dynamic oscillation, a deep indent (h=0.25, 0.5, 1, 2μm) is followed by a small 

amplitude oscillation (δh=20 nm), so the indenter is always in compression with the sample 

and the change of contact radius during oscillation is small enough to be neglected. 

Consequently, since it is the information in the oscillation stage that is used to extract the 

poroelastic properties, the effect of adhesion between the spherical indenter and the 

hydrogel surface can be neglected. In fact, the possible short-range adhesion between the 

very tip of the indenter and the sample may further stabilize the contact area to be a constant 

during oscillation. 135,136 This effect supports the treatment of constant contact radius in the 

current method for the extraction of poroelastic properties. A more systematic study on 

hydrogel adhesion in indentation tests is carried out in Chapter 4, which also supports the 

above argument. 
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Figure 3.5 Loading and unloading curve from the AFM indentation test with a 
speed of 50 nm/s. The Hertzian model fits well to the loading curve and most of the 
unloading curve. 

 

3.3 Results and Discussion 

Figure 3.2 shows one set of measurements on the PAAm hydrogel swollen in pure 

water. The black and blue lines show the applied displacement and measured force 

spectrum respectively (Figure 3.2(a)). Energy is dissipated through each cycle of loading 

and unloading (Figure 3.2(b)), which is used to calculate the phase lag value. The phase 

lag degree ∆ is plotted as a function of angular frequency ω in Figure 3.2(c), the error bars 

representing the standard deviation of results from multiple points on multiple samples. 

The red, green and blue lines are acquired from dynamic indentation using the sphere of 

radius 12.5 μm and indentation depth of 1, 0.5 and 0.25 μm, respectively. The curve shifts 

to the left as the indentation depth increases. When the angular frequency is normalized by 

the contact radius squared as ωa2, the three groups of data overlap each other (Figure 

3.2(d)), which indicates that the time-dependent behavior of the swollen hydrogel is 

dominated by the flow of solvent.137  These length scales are chosen because only in these 
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length scales that the entire peak of the curve can be captured within the testing frequencies 

(0.1-100Hz) feasible for AFM. To convey the poroelasticity-dominant effect with more 

convincing evidence, the probe length scale was further expanded by using a sphere of 2.25 

μm radius and depth of indentation of 0.25 μm. The curve is shown as the grey line in 

Figure 3.2(c) and Figure 3.2(d). Under this length scale, the peak of the curve falls out of 

the measurable frequency range of commercial AFM. Although the additional curve does 

not capture the complete up-and-down of the phase lag over measured frequencies, they 

show an obvious shift of characteristic time from the previous phase lag data (Figure 

3.2(c)). This length-dependent characteristic time is a signature of the poroelastic effect. It 

is further shown in Figure 3.2(d) that when all the curves are plotted against the normalized 

actuation frequency, they collapse much better. If it is a viscoelasticity-dominant effect, 

the curves should collapse in the phase-lag against the frequency plot without 

normalization because viscoelastic time is independent of any macroscopic length. With 

the complete data sets across two orders of magnitudes in terms of contact area, it is 

convincing that the time-dependent response here is dominated by the poroelastic effect. 

Similar results are obtained for dynamic indentation of PAAm hydrogels in PEG 

solutions of 4.8%, 9.1%, 13% and 16.7% concentrations. Again, to capture the whole peak 

of phase lag, the sphere of 12.5 μm was used on the gels in 4.8% and 9.1% PEG solutions 

first and sphere of 2.25 μm on the gel in 13.0% and 16.7% PEG solutions. Three depths of 

indentation are carried out for each case. The results are shown in Figure 3.3 as the red, 

green and blue dots. The probe length scale for all the tests is also expanded in order to 

convey the poroelasticity-dominant effect with more convincing evidence. Specifically, 

data were added from 2.25 μm radius sphere on the gel in the 4.8% and 9.1% PEG solutions 
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and 12.5 μm radius sphere on the gel in 13.0% and 16.7% PEG solutions. The results are 

shown as the grey dots in Figure 3.3. For all the experiments, the curves of the phase lag 

degree are separated when plotted as functions of actuation frequency, and they overlap 

each other when plotted as functions of normalized angular frequency. 

At higher frequencies, there is a slight deviation from a complete overlap of the phase 

lag curves when plotted against the normalized angular frequency. One possible reason is 

due to the hydrodynamic force on the AFM probe, the magnitude of which scales with the 

radius of the sphere and increases as the moving speed and the viscosity of the fluid.138. 

Another possible factor is the viscoelastic effect of the hydrogel, which is independent of 

any macroscopic length scale. Since the literature reported viscoelastic relaxation time of 

PAAm gel is around 0.01s139, the viscoelastic effect may emerge at higher frequencies (>60 

Hz). Despite these factors, as the testing length scale changes one order of magnitude (4.5 

μm to 25 μm sphere), the results from all the experiments in general collapse much better 

in the plot against normalized angular frequency comparing with the plot without 

normalization. Therefore, the conclusion can be drawn with confidence that the measured 

time-dependent responses here are dominated by poroelastic effects, and the steps 

developed in Chapter 2 are used here to extract the linear poroelastic parameters of the 

hydrogel sample at all the swelling ratios. 

Figure 3.6 shows the result of the shear modulus G, Poisson’s ratio ν and diffusivity 

D as functions of swelling ratio λSR with the error bars being the standard deviation from 

nine tests. Both the shear modulus and the Poisson’s ratio decreases as the swelling ratio 

increases. Meanwhile, the diffusivity of the gel increases two orders of magnitude from the 

scale of 10-12 m2/s to 10-10 m2/s as its swelling ratio only changes two times from 1.4 to 2.8.  



 53 

 

Figure 3.6 Linear poroelastic properties of the PAAm gels: (a) shear modulus, (b) 
Poisson’s ratio, and (c) diffusivity against swelling ratios. 

 

The nonlinear model that is supposed to describe the behaviors of gels all the way 

from dry to swollen states has been derived based on the Flory-Rehner 

theory,111,112,114,140,141 according to which the free energy of a gel is a summation of the 

stretching energy and mixing energy, 
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where 𝑭𝑭𝑖𝑖𝑖𝑖  =  𝜕𝜕𝑥𝑥𝑖𝑖 𝜕𝜕𝑋𝑋𝐾𝐾⁄  is the deformation gradient with X being the reference coordinates 

and x(X,t) the current coordinates, N the number of polymer chains per unit volume of the 

dry polymer, kB the Boltzmann constant, T the temperature, V0 the volume of a solvent 

molecule, C the number of solvent molecules per unit volume of the dry polymer, and χ 

the Flory-Huggins interaction parameter. Assuming the individual polymer chains and 

solvent molecules are incompressible, there is 1 + 𝑉𝑉0𝐶𝐶 = det (𝑭𝑭) . 70,104,105  Here the 

stretching energy follows the incompressible Neo-Hookean model, in which the 

deformation of each polymer chain follows Gaussian statistics and the total free energy is 

the summation of the stretching energy of all the polymer chains. The mixing energy was 

derived by Flory and Huggins based on the similar statistics for binary solutions.112  

Hydrogels can absorb a large amount of solvent and have huge volume change. The 

model in equation (3-2) has been used to describe the large deformation of gels evolving 

from the dry to swollen states. However, indentation is induced at a particular swollen state 

of the gel. The deformation induced by indentation is small. Therefore, the deformation of 

the gel under indentation at a particular swollen state can be modeled by linear 

poroelasticity. However, the linear poroelasticity only works for the gel’s behavior in the 

vicinity of this particular swollen state, but would not work for the whole large volume 

change of the gel. The poroelastic properties measured at these particular swollen states of 

gels can be viewed as the incremental properties of the gels at each swollen state. Next, the 

mechanical and transport properties of a model hydrogel under different swelling ratios are 
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used to examine the applicability of the large deformation model based on the Flory-Rehner 

theory for a large range of deformations of the hydrogel. 

To link the measured linear poroelastic properties of the gels to their thermodynamic 

properties in the nonlinear model, the nonlinear theory around a particular swollen state of 

the gel λSR = �1 + CV0
3  is linearized, and it is compared with linear poroelasticity, the free 

energy of which is expressed as 

 𝑤𝑤 = 𝐺𝐺 �𝜀𝜀𝑖𝑖𝑖𝑖𝜀𝜀𝑖𝑖𝑖𝑖 +
𝜈𝜈

1 − 2𝜈𝜈
(𝜀𝜀𝑘𝑘𝑘𝑘)2�. (3-3) 

The comparison leads to the following relations linking the shear modulus and 

Poisson’s ratio to the thermodynamic parameters N and χ for this particular swelling ratio, 

λSR as: 
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(3-5) 

According to Equation (3-4), the shear modulus of the hydrogel at a particular 

swelling ratio is not only related to the stretching state of the polymer network (the first 

term in equation (3-4) with N) but also the mixing between the polymer network and the 

solvent (the second term in equation  (3-4) with χ). This dual contribution from both 
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stretching and mixing to the gels’ resistance to deformation may lead to an unexpected 

trend of the shear modulus of the gel as it swells or shrinks. As shown in Figure 3.6(a), the 

measured shear modulus of the gel decreases from 9.2 kPa to 3.9 kPa as the gel swells from 

1.4 to 2.1 in linear swelling ratio but does not decrease much as the gel swells further from 

2.1 to 2.8. According to Equation (3-4), from the swelling ratio of 2.1 to 2.8, the 

contribution of the polymer chains to the gel’s resistance to deformation decreases while 

the contribution of the mixing term increases. Consequently, the hydrogels with 

significantly different swelling ratios have similar shear modulus.  

Substituting the measured G(λSR) and ν(λ SR) of the PAAm hydrogel into Equation 

(3-4) and (3-5), N(λSR) and χ(λSR) of the same gel can be calculated. As shown in Figure 

3.7(a), N keeps increasing as the swelling ratio decreases, which possibly indicates that 

additional crosslinking mechanisms such as the entanglement of the polymers may also 

contribute to the effective crosslink of the hydrogel at lower swelling ratios. As shown in 

Figure 3.7(b), χ is close to 0.5 at the high swelling ratio, and increases as swelling ratio 

decreases. This result suggests that the Flory-Huggins interaction parameter χ strongly 

depends on the polymer concentration,130,132 which is a known phenomenon for polymer 

solutions. The result suggests that it is not just the free energy function being less than 

perfectly accurate or the systematic error from the experiment. If the free energy function 

form the Flory-Rehner model is still assumed to be correct, then the modification for N 

value has to change three orders of magnitude (1E24 - 1E27) and the modification of χ is 

from 0.9 to 0.4, which is also big. 
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Figure 3.7 Thermodynamic properties of the PAAm gels: (a) the parameter N, (b) 
the Flory-Huggins interaction parameter χ, and (c) the effective pore size for solvent 
transport d, against swelling ratios. 

 

The diffusivity of the solvent transporting through the network indicates a 

characteristic length of the polymeric network – the effective pore size. Considering the 
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polymeric network as a porous media, its flow kinetics can be modeled by Darcy’s law64 

and the diffusivity of the solvent can be related to the permeability k of the porous skeleton 

as 

 𝑘𝑘 =
(1 − 2𝜈𝜈)
2(1 − 𝜈𝜈)

𝐷𝐷𝐷𝐷
𝐺𝐺

, (3-6) 

where η is the dynamic viscosity of the solvent. The permeability parameter has a unit of 

length squared. A micro-structural model is needed to link the permeability to the pore size. 

Adopting the simplest one that assumes the liquid transport pathways are in the form of a 

series of parallel cylindrical tubes,142 the diameter of the cylindrical tubes can be expressed 

as 

 𝑑𝑑2 =
32𝑘𝑘𝜏𝜏𝑡𝑡2

𝜑𝜑
 , (3-7) 

where φ is the porosity (i.e. the ratio between the pore volume to the overall volume), and 

τt the tortuosity. Assume the tortuosity depends on the porosity φ as 𝜏𝜏𝑡𝑡 = 𝜑𝜑−𝛽𝛽𝑡𝑡, where βt is 

a parameter related to the pore geometry143–145. For the fully swollen gel, more than 95% 

content is water, so the tortuosity value is close to 1. When the network is dry with the 

porosity of 7.86%, the tortuosity is taken to be around 15 as for dry polymeric networks.146 

Substituting these data gives 𝛽𝛽𝑡𝑡 = 1.068.  

The magnitude of the effective pore size is plotted in Figure 3.7(c), the pore size of 

the hydrogel fully swollen in water is on the order of 10 nm, and the value decreases in 

small swelling ratio regions. In general, the result shows a nonlinear change in the pore 

size with respect to the swelling ratio.  
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3.4 Modifying the Flory-Rehner Model for Hydrogels 

In the previous section, the applicability of the Flory-Rehner model on a hydrogel is 

examined by fixing the expression of terms in the model, while calculating the parameters 

N and χ as functions of the swelling ratio. The results show that both parameters change 

with the swelling ratio. In previous literature, it has been reported that χ may depend on the 

solvent concentration in polymer solutions130,132. However, because N deviates 

significantly from being a constant, all the components in the Flory-Rehner model will be 

further examined for their applicability on hydrogels. In this section, several possible 

modifications are suggested. It is expected that in the modified model, the parameters for 

polymer elasticity depend on the composition but not on the swelling ratio, while the Flory-

Huggins interaction parameter χ is the same for hydrogels with different compositions.  

In order to better evaluate the applicability of the modified model, polyacrylamide 

hydrogels with four different compositions were prepared with the method introduced in 

the previous section. It is also expected that the measurements on more hydrogel 

compositions can prove that the difficulties of using the Flory-Rehner model are universal 

for a wider range of polyacrylamide hydrogels.  

The compositions of the hydrogels are listed in Table 3.1. These compositions are 

chosen to cover a common range that is studied for polyacrylamide hydrogels52,101,147. 

Following the method in the previous section, these hydrogels were maintained at different 

swelling ratios. The swelling ratios of gels of different compositions at each PEG mass 

concentration are plotted in Figure 3.8. The linear poroelastic properties of the hydrogel 

samples were measured using the dynamic indentation method. In the experiments, all the 
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hydrogel samples still exhibit the dominance of poroelasticity. The linear poroelastic 

parameters of the samples were extracted and shown in Figure 3.9, the error bars 

representing the standard deviation from the measurements on multiple points on the same 

sample. For all the hydrogel compositions, the values of the shear modulus and the 

Poisson’s ratio decrease as the swelling ratio increases, while the values of diffusivity 

increase with the swelling ratio. The trends of the poroelastic parameters follow that in the 

previous subsection, which again indicates the necessity of modifying the Flory-Rehner 

model. 

 

Table 3.1 Compositions of the polyacrylamide hydrogels for the study of 
swelling-dependent poroelastic properties. 

Composition 

No. 

Concentration 

of Acrylamide 

Concentration 

of 

Bisacrylamide 

1 10% 0.2% 

2 8% 0.2% 

3 6% 0.2% 

4 6% 0.4% 
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Figure 3.8 The swelling ratio of the polyacrylamide hydrogels against the mass 
concentration of the external PEG solution. In the legend, the letter A means the 
concentration of acrylamide, and the letter B means the concentration of N,N′-
Methylenebis(acrylamide). 
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Figure 3.9 The experimental results for the four hydrogel compositions at 
different swelling ratios. (a) The shear modulus. (b) The Poisson’s ratio. (c) The 
diffusivity. 

 

In the previous section, that the calculated value of N increases significantly as the 

swelling ratio decreases suggests the necessity of considering polymer chain entanglement. 

Previously, several models have been proposed to describe the entanglement effect in the 

polymeric network for rubber elasticity63,148. In these models, the deformation of each 

polymer chain is constrained by the entanglement of the surrounding polymer. The effect 

of this constraint is usually represented by an additional term in the expression for the free 

energy. Among these models, the Mooney-Rivlin model149 is commonly used. It includes 
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a term the same as that in the Neo-Hookean model, and another term that 

phenomenologically describes the deviation of the real polymer network from the Neo-

Hookean model. The latter term has often been related to the entanglement effect in the 

polymeric network148. Considering that the polymer chains in hydrogels may be under 

similar topological constraints, the stretching energy of the hydrogel needs to be modified 

by replacing the term for stretching energy to the expression in the Mooney-Rivlin model.  

The application of the Mooney-Rivlin model is mainly on rubber materials, and the 

material is usually assumed to be incompressible. There have been efforts on developing 

models similar to the Mooney-Rivlin model but with terms with clearer physics 

meaning148. These models also assume material incompressibility. On the other hand, 

hydrogels can expand or shrink in all three directions significantly. Therefore, for each 

polymer chain, its surrounding environment might change more drastically, and there may 

be additional effects from polymer chain interactions that are not covered by the Mooney-

Rivlin model. To account for the possible additional effects, another term from the Blatz-

Ko model150 is added into the free energy expression. For simplicity, the term has only one 

variable: the volume change of the hydrogel. This term is expected to capture the change 

of linear poroelastic properties in a larger range of swelling ratio. 

Apart from the possible factors on the elasticity of polymer chains, the energy of 

mixing also needs modification. In the Flory-Huggins mixing model, the energy of mixing 

is composed of two parts, the entropy of mixing and the enthalpy of mixing. Based on a 

physics picture of binary mixing of molecules, both parts assume that a polymer chain can 

be divided into subunits with the same size of one solvent molecule, and that the bonds 

between the subunits can rotate completely freely in the space111. The polyacrylamide 
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polymer chains have vinyl backbones, and each carbon-carbon bond in the backbones only 

have limited freedom of rotation. More factors may influence the estimation of the subunit 

size, too. For example, the amide groups on the polymer chains and the water molecules 

bond with the amide groups through hydrogen bonds should further increase the size of an 

effective subunit56. Also, the shape of the subunit can be more complicated than a sphere, 

as assumed in the Flory-Huggins theory. For simplicity, in the current study, the energy of 

mixing is modified by increasing the volume of a subunit from V0 to βV0, β being the factor 

indicating the number of solvent molecules that take up the volume of a polymer subunit.  

Based on the above analysis, the modified model is proposed as follows, 

 𝑊𝑊 = 𝐺𝐺1(Tr(𝐅𝐅𝑇𝑇𝑭𝑭) − 3) + 𝐺𝐺2(𝐼𝐼2 − 3) − (𝐺𝐺1 + 2𝐺𝐺2) ln(𝑑𝑑𝑑𝑑𝑑𝑑(𝑭𝑭))

+ 𝐾𝐾𝑒𝑒{[𝑑𝑑𝑑𝑑𝑑𝑑(𝑭𝑭)]−2 − 1}

+
𝑘𝑘𝐵𝐵𝑇𝑇
𝛽𝛽𝑉𝑉0

�𝑉𝑉0𝐶𝐶 log �
𝑉𝑉0𝐶𝐶

1 + 𝑉𝑉0𝐶𝐶
� + 𝜒𝜒

𝑉𝑉0𝐶𝐶
1 + 𝑉𝑉0𝐶𝐶

� , 

(3-8) 

where 𝐼𝐼2 = (1
2
){[Tr(𝐅𝐅𝑇𝑇𝑭𝑭)]2 − Tr[(𝐅𝐅𝑇𝑇𝑭𝑭)2]} . Compared with the model in section 3.3, 

Equation (3-8) has additional parameters G1, G2, Ke and β. The parameters G1 and G2 

correspond to the parameters in the Mooney-Rivlin model149. The parameter G1 is related 

to chemical crosslinkers present in the hydrogel. The parameter G2 corresponds to the 

additional polymer chain interactions assumed in the Mooney-Rivlin model. The term with 

the parameter Ke is chosen from the Blatz-Ko model150 to describe the additional polymer 

interactions not covered by the Mooney-Rivlin model. The original term of the energy of 

mixing is modified following the theory proposed by Flory111, the parameter β representing 

the ratio of the volume of a freely-rotating subunit on the polymer chain to that of a solvent 
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molecule. In this modified model, because β and χ are both parameters for the energy of 

mixing, it is assumed that the value of these two parameters are the same for 

polyacrylamide hydrogels across different compositions, although χ can change with the 

swelling ratio. Parameters G1, G2 and Ke are expected to depend on details of the polymer 

chain structure, thus depending on the exact hydrogel composition. The physics reason and 

the necessity of choosing these specific terms and parameters will be discussed after the 

fitting results are presented. 

Following the same method of linear perturbation at a specific swelling ratio 𝜆𝜆𝑆𝑆𝑆𝑆, the 

expressions for the shear modulus and Poisson’s ratio in the theory of linear poroelasticity 

can be written as follows. Here, the expression for the Poisson’s ratio is written in a form 

that equals half of the Lame’s first parameter for the ease of parameter fitting. 
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(3-10) 

 

The procedure of the parameter fitting for the modified model is as follows. Because 

β is expected to be universal for all hydrogel compositions, all the other parameters are 
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first fitted by assuming β is a known parameter, with a series of values ranging from 1 to 

100. This series of preliminary trials show that the value around β = 20 gives satisfying 

fitting results for all the hydrogel compositions, and values significantly different from β 

= 20 could not lead to satisfying fitting, an example will be shown later.  

With a fixed value of β, the rest of the parameters are fitted. First, parameter χ is 

eliminated by combining equation (3-9) and equation (3-10). For each composition, the 

corresponding G1, G2, Ke are then fitted using the measurements of linear poroelastic 

parameters G, ν at different swelling ratios. Figure 3.10 plots the fitting curves of the 

modified models together with the experimental results of G and ν for all the hydrogel 

compositions. The curves from the modified model fit well to the shear modulus and the 

Poisson’s ratio at all the swelling ratios. The fitting results for each hydrogel composition 

are summarized in Table 3.2. 
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Figure 3.10 Experimental results and the fitting curves of the shear modulus and 
Poisson’s ratio as functions of the swelling ratio. (a) (b): acrylamide 10%, 
bisacrylamide 0.2%. (c) (d): acrylamide 8%, bisacrylamide 0.2%. (e) (f): acrylamide 
6%, bisacrylamide 0.2%. (g) (h) acrylamide 6%, bisacrylamide 0.4%. 
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Table 3.2 Fitting results of parameters G1, G2 and Ke. 

No. 
Concentration of 

Acrylamide 

Concentration of 

Bisacrylamide 

G1 

(kPa) 

G2 

(kPa) 
Ke(kPa) 

1 10% 0.2% 18.59 12.81 1350 

2 8% 0.2% 14.99 8.53 1584 

3 6% 0.2% 9.16 4.23 1624 

4 6% 0.4% 10.08 3.87 1596 

 

With the fitted values of G1, G2, Ke, the value of χ at different swelling ratios can be 

calculated for each composition, as plotted in Figure 3.11. Results in Figure 3.11 show that 

the values of χ at different swelling ratios obtained from different compositions roughly 

fall onto the same curve, which indicates that the fitting results agree with the assumption, 

that χ is uniform across different compositions. The results of χ are fitted using the 

Koningsveld and Kleintjens (KK) expression151,152: 𝜒𝜒(𝜆𝜆𝑆𝑆𝑆𝑆) = 𝑝𝑝𝑎𝑎 + 𝑝𝑝𝑐𝑐(1 − 𝑝𝑝𝑏𝑏)/(1 −

𝑝𝑝𝑏𝑏/𝜆𝜆𝑆𝑆𝑆𝑆
3)2, where pa, pb and pc are all parameters. The fitted values for pa, pb and pc are pa 

= -3.25, pb = 0.141, pc = 4.34. Most of the data points of χ fall onto this fitting curve. Only 

one data point of χ (the highest swelling ratio of composition No.3) deviates more from the 

fitting curve, which should be affected by the higher measured value of the shear stress at 

this specific swelling ratio (Figure 3.10). Overall, the satisfying fitting in both Figure 3.10 

and Figure 3.11 indicates that the modified model can describe the swelling-dependent 

properties of a wider range of hydrogel compositions, and meanwhile holds two parameters 

(β and χ) whose values are universal across different compositions. 
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Figure 3.11 Fitting curve for the Flory-Huggins interaction parameter χ as a 
function of the swelling ratio. 

 

In order to prove that all the modifications are needed to describe the swelling -

dependent linear poroelastic parameters, some trials of fittings using the modified model 

with one term deleted are conducted. Measurements on one hydrogel composition 

(acrylamide concentration 8%, bisacrylamide concentration 0.2%) are used as the example. 

With reduced terms, it is difficult to fit both the shear modulus and the Poisson’s ratio. 

Figure 3.12 and Figure 3.13 show the results when trying to fit at least one linear poroelastic 

parameter while forcing G2, Ke to be zero (Figure 3.12 and Figure 3.13, respectively). 

Figure 3.14 shows the best fitting curve when forcing β to be 1. As shown in these plots, 

reducing terms of modification leads to less satisfying fittings, at least for one of the linear 

poroelastic parameters.  
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Figure 3.12 Fitting of the modified model when forcing G2 = 0. (a) shows the results 
on the shear modulus. (b) shows the results on the Poisson’s ratio. The purple curves 
represent a set of fitting parameters that only fits the shear modulus better (G1 = 
1.631E4 Pa, Ke = 1.612E6 Pa, β = 20). The blue curves represent another set of fitting 
parameters that only fit the Poisson’s ratio better (G1 = 0.820E4 Pa, Ke = 6.953E6 Pa, 
β = 50). 

 

 

Figure 3.13 Fitting of the modified model when forcing Ke = 0. (a) shows the results 
on the shear modulus. (b) shows the results on the Poisson’s ratio. The green curves 
represent a set of fitting parameters that only fits the shear modulus better (G1 = 
1.582E4 Pa, G2 = 0.793E4 Pa, β = 350). The orange curves represent another set of 
fitting parameters that only fit the Poisson’s ratio better (G1 = 1.419E4 Pa, G2 = 
0.905E4 Pa, β = 40). 
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Figure 3.14 Best fitting results of the modified model when forcing β = 1 (G1 = 
0.868E4 Pa, G2 = 1.462E4 Pa, Ke = 3.068E6 Pa). (a) shows the results on the shear 
modulus. (b) shows results on the Poisson’s ratio. 

 

The fitting curves in Figure 3.12, Figure 3.13 and Figure 3.14 prove that all the terms 

in the modified model are necessary. Using the fitting results in Table 3.2, the meaning of 

the fitting parameters can be further discussed. First, the values for G1 and G2 are on the 

same scale with the shear modulus of the hydrogels, and their values increase with the mass 

concentration of the monomer during preparation, while their dependence on the mass 

concentration of the crosslinker is not clear at the current concentration of acrylamide (6%). 

In the Mooney-Rivlin model, the physics meanings of G1 and G2 are constantly explained 

as the chemical crosslink density and an effective crosslink density caused by polymer 

entanglement148. The results of compositions No.1, No.2 and No.3 show that with the same 

initial concentration of crosslinker, both the chemical crosslink density and the effect of 

polymer entanglement increase with the initial monomer concentration. The former effect 

may be caused by a higher crosslinking efficiency at a higher initial monomer 

concentration, meaning that more crosslinkers effectively connect to polymer chains 
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during the formation of hydrogel153. The latter effect may be explained as the constraint of 

the deformation of a polymer chain increases with polymer concentration. For 

polyacrylamide hydrogels with lower initial monomer concentration and relatively higher 

crosslinker concentration, as in the current study, it has been reported that the crosslinking 

process becomes more inhomogeneous with the increase of initial crosslinker 

concentration, which might explain the little correlation between the G1, G2 and the 

crosslinker concentration153,154. 

According to the fitting results in Table 3.2, the value of Ke is several orders higher 

than that for G1 and G2 for all the hydrogel compositions. To further understand this 

parameter, the Equation (3-9) and Equation (3-10) are rewritten as the following equations. 
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where 𝜙𝜙 = 1/𝜆𝜆𝑆𝑆𝑆𝑆
3 is the polymer concentration. In Equation (3-11), when the polymer 

concentration is higher, the magnitudes of the third and fourth term increase. In the fourth 

term, the value of Ke needs to be on the scale of 𝑘𝑘𝐵𝐵𝑇𝑇/𝛽𝛽𝑉𝑉0 to effectively influence the value 
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of shear modulus. With this value of Ke, when the polymer concentration is low, only G1 

and G2 are related to the shear modulus. For hydrogels in the current study, when the 

swelling ratio is between 2.5 and 3.0, the contribution from either the term with Ke or the 

term of mixing energy to the shear modulus is below 5%. Equation (3-12) shows that the 

compressibility of the material can be influenced by several parameters at a wide range of 

swelling ratio, but the contribution from G2 is more significant. It also indicates that G2 is 

a necessary parameter to fit the measurements of the Poisson’s ratio. 

The term with Ke is initially assumed to count for the additional effect of polymer 

chain entanglements. According to Equation (3-11), this term effectively contributes to the 

shear modulus together with parameters from the mixing energy. This outcome is due to 

the mathematical expression of this term corresponding to Ke, not necessarily the physics 

source of this term. However, it is possible that the physics source for this term being 

complex. Due to the multiple types of interaction between the water molecules and the 

polymer chains, which contains both hydrophobic backbones and hydrophilic side groups, 

the possibility of the spatial distribution of the water molecules and polymer subunits may 

still deviate from the modified energy of mixing developed by Flory111, and it may also 

depend on solvent concentration, as suggested by a previous study on polyacrylamide 

hydrogels using molecular dynamics simulation155. Nevertheless, these effects should be 

minimized at higher solvent concentration. At higher solvent concentration, there are fewer 

complex interactions between the polymer chains, and the possibility of the spatial 

distribution of both the polymer chains and solvent molecules should be closer to the 

prediction of the classical Flory-Rehner model. Therefore, only for hydrogels at high water 
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concentration, their shear moduli are almost only related to G1 and G2, the parameters 

related to the crosslink density and polymer chain entanglement. 

The above discussion illustrates the details of a modified model that can describe the 

swelling-dependent shear modulus and Poisson’s ratio of polyacrylamide hydrogels. The 

discussion also suggests more complex polymer interactions possibly happening at a lower 

swelling ratio, which could be one of the reasons for the nonlinear decrease of diffusivity 

with a decreasing swelling ratio. Figure 3.9(c) plots the diffusivity as a function of the 

swelling ratio for the four compositions together. The results show that both the trend and 

the magnitude are close for the four compositions. To compare the geometric factors 

contributing to the diffusivity, the permeabilities as functions of the swelling ratio are 

calculated and plotted in Figure 3.15. The results show that permeability also increases 

with the swelling ratio with the same trend. However, the compositions with less initial 

monomer concentrations, in general, have larger values of permeability at each swelling 

ratio. A possible explanation is that with the same initial concentration of the crosslinker, 

the compositions with less monomer concentration form networks that are less 

homogeneous. As a result, the possibility of locally generating some larger pores becomes 

higher, which in the end brings up the value of permeability153. The exact reason for this 

phenomenon would need a detailed study of the formation of the polymer network and 

interaction between molecules, and is beyond the scope of this study. However, these data 

on solvent diffusion are expected to provide guidance when calculating or simulating the 

nonlinear poroelastic deformation of hydrogels in future research. 
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Figure 3.15 Permeability of the polyacrylamide hydrogels at different swelling 
ratios.  

 

3.5 Conclusion 

In this chapter, the polyacrylamide hydrogel is chosen as a model material, and its 

property dependence on the swelling ratio (or equivalently the solvent concentration) is 

experimentally examined. The results indicate that the deformation mechanism of the 

hydrogel goes beyond the original Flory-Rehner theory. This chapter also suggests a simple 

modified model in which all the parameters are constants over different swelling ratios, 

except for the Flory-Huggins parameter χ. The modified model has three constant 

parameters that are related to hydrogel composition, and two other parameters universal 

for polyacrylamide hydrogels regardless of the initial composition. The modified model 

can better describe the swelling ratio-dependent linear poroelastic parameters. The results 

of diffusivity for different hydrogel compositions suggest that the pore size in general 

increases with swelling ratio nonlinearly, and the exact values might be further related to 

the details of the microstructures in the polymeric network.   
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CHAPTER 4. STUDY OF ADHESION PROPERTIES OF 

HYDROGELS USING INDENTATION OVER A WIDE RANGE 

OF LENGTH AND TIME SCALES 

4.1 Introduction 

Adhesion of hydrogels can play important roles in both nature and engineering fields. 

The adhesion properties of hydrogels are important to quantify, but it is questionable 

whether the existing indentation methods and contact mechanics models can be readily 

applied on hydrogels. Apart from this issue, a more fundamental question regarding 

hydrogel adhesion is that whether the adhesion behavior of hydrogels is also time-

dependent and length-dependent, which has been observed on the bulk mechanical 

properties of hydrogels. Therefore, this chapter first examines the adhesion behavior of 

hydrogels using indentation over a wide range of length and time scales. Based on the 

experimental observation, the possible contributions from several mechanisms unique for 

hydrogels are discussed, including the poroelastic solvent flow and the dangling polymer 

chains on the material surface, which are not covered in the existing contact mechanics 

models.  

The applicability of the common contact mechanics models with adhesion, such as 

the JKR model, the DMT model and the Maugis-Dugdale model, is then examined by 

comparing experimental results with the model prediction. It is found out that the existing 

models need further modification to describe the adhesion hysteresis phenomenon and the 

length-dependent adhesion of hydrogels. Driven by this motivation, a modified contact 
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mechanics model is developed, which includes a cohesive zone for describing adhesion 

and assumes adhesion hysteresis for the hydrogel surface. The modified model can describe 

the length-dependent pull-off force and energy of separation in the indentation experiments 

using a single set of adhesion parameters, indicating it to be a more robust model. 

 

4.2 Experiments 

4.2.1 Fabrication of Hydrogel Samples 

The model material used in this study was polyacrylamide hydrogel, with acrylamide 

as the monomer and N,N′-Methylenebis(acrylamide) as the cross-linker. To prepare the 

hydrogel sample, acrylamide stock solution of 40% mass concentration and N,N′-

Methylenebis(acrylamide) stock solution of 2% mass concentration were made. The two 

solutions were then mixed with DI water to make a mixture of 6% acrylamide and 0.3% 

N,N′-Methylenebis(acrylamide) in mass concentration. Then an initiator solution 

composed of 10% ammonium persulfate and 90% DI water, and the catalyst 

tetramethylethylenediamine were added into the mixture with the volume fraction of 0.5% 

and 0.05%, respectively. The mixed solution was stirred thoroughly using a mixer and 

wicked into a gap space of 1 mm thickness between two glass slides. The mixture was then 

kept at room temperature for 1 hour for full curing. The cured hydrogel was cut into pieces 

of 1x1 cm2 and stored in DI water for one week to assure fully swollen before the 

indentation experiments. 

4.2.2 Indentation Adhesion Tests using Atomic Force Microscope 
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Before testing, the hydrogel samples were taken out of the DI water and glued to a 

coverslip, which was then fixed on the bottom of a petri dish. After the glue was dried, the 

petri dish was filled with DI water with the surface of the hydrogel fully covered by water. 

Then the sample was placed on the AFM (Asylum MFP-3D Bio). An AFM probe with a 

polystyrene sphere glued at the end of the cantilever (Novascan) was used as the indenter. 

The sphere radius was 12.5 μm. The spring constant of the AFM probe was pre-calibrated 

using the thermal method. Before conducting the indentation measurements, the AFM head 

had been put above the sample, and the AFM probe had been immersed in the DI water in 

the petri dish for more than six hours to minimize the effect of drifting of the AFM system.  

The indentation panel in the Asylum AFM software was used so that displacement 

control could be achieved through closed-loop feedback control. Before indentation, the 

tip was driven to approach the hydrogel surface at a slow speed of 2 μm/s. As is shown in 

Figure 4.1(a), when the sample surface was detected, the probe was driven to press into the 

sample at a speed of 50 μm/s and then held at a certain indentation depth for a different 

amount of time. Then the probe was retracted at a speed of 25 μm/s until it reached a 

position of 4 μm above the detected hydrogel surface to ensure complete detachment. Two 

groups of experiments were conducted using the AFM. In the first group of experiments, 

three indentation depths were used: 0.30 μm, 0.50 μm and 0.75 μm, with a series of 

different contact time ranging from 0.05 s to 180 s. In the second group of experiments, six 

contact times were selected between 1s and 120s, with a series of different indentation 

depths ranging from 0.30 μm to 3.00 μm. The retraction speed in all the experiments was 

25 μm/s. The force on the indenter and the indentation depth were simultaneously recorded 

as functions of time. The data were recorded at a frequency higher than 500 Hz. For each 
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set of indentation depth and contact time, the tests were repeated on at least three points on 

the hydrogel.  

4.2.3 Indentation Adhesion Tests using Microindenter 

The preparation of the hydrogel sample was the same as that in the AFM indentation 

experiment. The microindenter (Femtotools, FT-MTA03 Micromechanical Testing and 

Assembly System) had a force probe of 2000 μN force range. A polystyrene sphere (radius 

190 μm, Polysciences) was glued to the end of the force probe by epoxy glue.  

During the experiment, the probe was driven to approach and indent into the hydrogel 

sample at the speed of 25 μm. Two groups of experiments were conducted on the 

microindenter. In the first group of experiments, three indentation depths were used: 10 

μm, 20 μm and 30 μm, with a series of different contact time ranging from 0.1 s to 800 s. 

In the second group of experiments, six contact time between 1 s and 120 s were selected 

with a series of different indentation depths ranging from 1 μm to 30 μm. The retraction 

speed in all the measurement is 25 μm/s. The contact force and probe displacement were 

recorded as functions of time at a recording frequency of 100 Hz. The experiments were 

carried out on at least three different points on the hydrogel sample. 

The force probe on the microindenter had a structure of long shaft with the 

polystyrene sphere glued at its end. During testing, the sphere was already submerged in 

water, but the shaft was driven into the water deeper as the indentation depth increases. 

Therefore, the DI water exerted a capillary force on the shaft. Within the indentation depth 

adopted in the current study, the capillary force exerted on the shaft had a linear relationship 

with the shaft displacement, because the liquid surface was pinned on the shaft surface. 
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Therefore, the force data from the experiments were calibrated using the force-

displacement data before the sphere got into contact with the hydrogel. 

 

4.3 Results and Discussion 

4.3.1 Time-Dependent Adhesion of Hydrogels 

Figure 4.1 shows one representative result of the indentation measurements obtained 

from AFM with a polystyrene sphere of 12.5 µm radius (Figure 4.1 (a) (b) and (c)) and the 

microindenter with a polystyrene sphere of 190 µm radius (Figure 4.1(d) (e) and (f)). The 

compressive force is set to be positive, and the tensile force is set to be negative. The 

loading part of the force curve is colored in black, the holding part of the curve is colored 

in green, and the unloading part is colored in blue. The material’s behavior in the loading, 

holding and unloading periods will be discussed individually in the following sections. 
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Figure 4.1 Testing method. (a) Displacement-controlled indentation testing 
procedure on AFM. (b) The measured force-time curve on AFM. (c) The force-
displacement plot from AFM test. (d) Displacement controlled indentation testing 
procedure on microindenter. (e) The measured force-time curve on microindenter. (f) 
The force-displacement plot from the microindenter test. 
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In the loading period, as the indenter is pressed into the gel, the force on the indenter 

increases. No jump-in contact (i.e. no negative force) is observed as the indenter 

approaches the hydrogel surface, which means no long-range interaction between the two 

surfaces is developed. The loading curves in both AFM and microindenter results are fitted 

with Hertzian’s solution, 𝑃𝑃 = 16/3𝐺𝐺ℎ𝑐𝑐0, where P is the force on the indenter, G is the 

shear modulus of the material, and 𝑐𝑐0 = √𝑅𝑅ℎ is the contact radius with R being the radius 

of the indenter and h the indentation depth40. As shown in Figure 4.1(c) and (f), the dash 

red lines are the plots of Hertzian solution with fitting parameter G= 6.0 kPa. The Hertzian 

theory is based on linear elasticity without the consideration of surface adhesion. The 

perfect fitting between the Hertzian solution and the loading portion of the experimental 

curves from both AFM and microindenter further confirms that no or little adhesion has 

been developed as the indenter approaches and compresses into the hydrogel. It also 

indicates that the surface tension and surface stress effects that might play a role in the 

indentation of soft materials as reported in previous literature156–159 are negligible in the 

current material system. 

In the holding period, as the indentation depth is held constant, the force on the 

indenter relaxes until a plateau is reached (Figure 4.1 (b) and (e)). The relaxation time 

depends on the size of the indentation. For the AFM test, the relaxation time is around 1 s, 

while for the microindenter test, the relaxation time is around 100 s. To further quantify 

the time-dependent behavior, Figure 4.2 plots the force relaxation curves under three 

depths of indentations in both AFM (black, red, and blue solid lines for h=0.3, 0.5 and 0.75 

µm respectively) and microindenter (black, red and blue dash lines for h=10, 20 and 30 µm 

respectively). Here, P(0) and P(∞) are used to represent the initial force and relaxed force 
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from each relaxation measurement. In Figure 4.2(a), the result is plotted in the form of 

normalized force [P(t)-P(∞)]/[P(0)-P(∞)] against contact time t, and it shows that the six 

curves are clearly apart for different contact radius. In Figure 4.2(b), the result is replotted 

in the form of normalized force [P(t)-P(∞)]/[P(0)-P(∞)] against normalized time 𝑡𝑡/𝑐𝑐02, and 

it shows the six curves collapse. This scaling of relaxation time with contact radius squared 

indicates that the time-dependent behavior of the hydrogel is dominated by 

poroelasticity64,65.  

 

 

Figure 4.2 Time-dependent poroelastic behaviors of gels. The force relaxation 
curves from AFM and microindenters are plotted as (a) normalized force (P(t)-
P(∞))/(P(0)-P(∞)) against time t, and (b) normalized force (P(t)-P(∞))/(P(0)-P(∞)) 
against normalized time t/c02. The black, red, and blue solid lines are from AFM 
measurements with a contact radius of 1.94, 2.50, and 3.06 μm respectively. The black, 
red and blue dash lines are from microindenter measurements with contact radius of 
43.6, 61.6 and 75.5 μm respectively. 

 

In the unloading period after a period of holding, the indenter is retracted from the 

hydrogel. As the indenter moves up, the compressive force on the indenter decreases, and 
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when the force reaches zero, the indenter is still below the hydrogel surface. As the indenter 

is further retracted, a tensile force is developed on the indenter until a maximum value is 

reached. The maximum tensile force during retraction is called “pull-off force”. After that, 

the hydrogel starts to separate from the indenter, and the force on the indenter decreases 

until the two surfaces are completely separated and the indenter force becomes zero (Figure 

4.1(c) and (f)). This result indicates that significant adhesion has been developed during 

the time the indenter and the hydrogel are in contact. 

Then the effect of contact time on adhesion is examined. The indentation adhesion 

tests with a series of different contact times are conducted on both AFM and microindenter 

(Figure 4.3). The results are plotted in Figure 4.3(a) and Figure 4.3(b) for AFM and 

microindenter, respectively. Each curve represents one loading, holding and retraction 

measurement. The overlap of the curves shows very good repeatability of the 

measurements in the loading and holding period. It is observed that in the AFM test with 

the contact radius of 2.50 µm (estimated from Hertzian solution), the poroelastic force 

relaxation ends at around 1 second, but the pull-off force keeps increasing as the holding 

time increases. A similar result is observed in microindenter measurements, in which the 

contact radius is 61.6 μm (estimated from Hertzian solution) and the poroelastic force 

relaxation ends at around 100 seconds, but the pull-off force keeps increasing even after 

800 seconds of contact. The longest holding time is 180 s for AFM test and 800 s for 

microindenter test. These parameters are chosen based on experience to guarantee minimal 

or no influence of system drift. During the force relaxation period, the liquid inside the gel 

underneath the indenter is squeezed out of the gel. The loss of solvent increases local 

polymer concentration and could potentially increase the possibility for the polymer chains 
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to form contact with the indenter. However, unlike expected, the poroelastic relaxation or 

solvent diffusion has little or no influence on the adhesion. After the poroelastic relaxation 

is finished, the adhesion keeps increasing over a much longer time scale. This time scale 

for the adhesion to build up is independent of macroscopic indentation size. The 

mechanism controlling this time scale is intrinsic to the material, which might be related to 

the chemical bond dynamics between the polymer in the gel and the polystyrene indenter 

surface. As the poroelastic relaxation has little influence on the adhesion, the adhesion is 

also observed to have little effect on the poroelastic relaxation process. As shown in Figure 

4.3, although the pull-off force keeps increasing with the contact time, the contact forces 

on the indenter during the whole holding period after the poroelastic relaxation are kept at 

a constant value. This result indicates that the adhesion is mostly attributed to the increase 

of adhesion sites within the initial contact area. The formation of adhesion sites outside of 

the initial contact area, if there is any, is not large enough to exert noticeable traction force 

on the indenter before the indenter is retracted. Consequently, the Hertzian solution 𝑐𝑐0 =

√𝑅𝑅ℎ provides a good estimation of the contact radius throughout the whole loading and 

holding processes, and in later description, the initial contact radius is referred to as the 

Hertzian contact radius for simplicity. The total decoupling of the time-dependent bulk 

properties of the hydrogel with its time-dependent adhesion properties allows a simple 

model to be built to extract the adhesion properties, which will be discussed in the next 

section. 
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Figure 4.3 Measurements at different contact times. (a) The force-time plot of 
AFM tests with a series of different contact times before retraction. The sphere is of 
12.5 μm radius, and indentation depth is 0.5 μm during holding. (b) The force-time 
plot of microindenter tests with a series of different contact times before retraction. 
The sphere is of 190 μm radius, and indentation depth is 20 μm during holding. In 
both AFM and microindenter tests, the unloading rate is 25 μm/s. 

 

To quantify the time-dependent adhesion of gels, two values are first extracted from 

the measurements: one is the pull-off force Ppf, and the other is the energy of separation Ws 

that is calculated by integrating the force over displacement for the tensile force part – the 

area below P = 0 in the force-displacement plot (Figure 4.1(c)). The experimental data are 

expanded by repeating the measurements in Figure 4.3 with three different indentation 

depths in both AFM and microindenter. The pull-off force and energy of separation are 

plotted against contact time in Figure 4.4 for the three depths of indentation measurements 

from AFM and microindenter, respectively. The error bars represent the standard deviation 

of the results obtained on three points on the sample. In the AFM tests, the radius of the 

sphere is R = 12.5 μm, and the indentation depths are h = 0.3, 0.5 and 0.75 μm. Using the 

Hertzian solution, the radii of contact are c0 = 1.94, 2.50, and 3.06 μm. Under these contact 

sizes, the poroelastic relaxation time is around 0.5 to 1.0 seconds. In the microindenter 
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tests, the radius of the sphere is R = 190 μm, and the indentation depths are h = 10, 20 and 

30 μm. Using the Hertzian solution, the radii of contact are c0 = 43.6, 61.6, and 75.5 μm. 

Under these contact sizes, the poroelastic relaxation time is around 60 to 200 seconds. As 

shown in Figure 4.4, as the contact time increases, the pull-off force and energy of 

separation increase in both small scale testing from AFM and larger scale testing from 

microindenter. Before and after the poroelastic relaxation, the time dependency does not 

have clear change. Each group of data can be fitted with one single straight line rather than 

two lines of different slopes for the portions before and after the poroelastic relaxation 

respectively. It also indicates that the water flow related to poroelasticity has a negligible 

influence on the formation of adhesion sites. For the hydrogel tested in this study, it can be 

concluded that poroelasticity has a negligible influence on the time for the adhesion to 

build up between the indenter and the hydrogel surface. The slope of each fitted line is 

listed in Table 4.1. The average slope of the pull-off force against the contact time curve 

combining both AFM and microindenter tests is 0.20 ± 0.03, and the average slope of the 

energy of separation against the contact time curve combining both AFM and 

microindenter tests are 0.30 ± 0.06. Here, a clear conclusion that can be drawn from the 

current result is that the time for the hydrogel to build adhesion is related to a time scale 

that is intrinsic to the polymer bonding dynamics and is independent of any macroscopic 

length scales. Based on the surface chemistry of the material system in this study 

(polyacrylamide hydrogel surface and polystyrene surface under water), the adhesion is 

mainly due to hydrophobic interaction. 
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Figure 4.4 Time-dependent adhesion. (a) Pull-off force and (b) energy of 
separation are plotted as a function of contact time at different indentation depths in 
AFM experiments (indenter radius 12.5 µm). (c) Pull-off force and (d) energy of 
separation are plotted as a function of contact time at different indentation depths in 
microindenter experiments (indenter radius 190 µm). 
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Table 4.1 List of the fitting slope of the pull-off force and energy of separation 
against contact time results from AFM and microindenter tests under different 
indentation depths in Figure 4.4. 

 

  

 

Radius of 

indenter 

Indentation 

depth 

Fitting slope of 

pull-off force – 

contact time 

curve 

Fitting slope of 

energy of 

separation – 

contact time curve 

AFM 

12.5 μm 300 nm 0.19 0.25 

12.5 μm 500 nm 0.19 0.26 

12.5 μm 750 nm 0.17 0.25 

Microindenter 

190 μm 10 μm 0.25 0.39 

190 μm 20 μm 0.21 0.34 

190 μm 30 μm 0.17 0.29 
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4.3.2 Length-Dependent Pull-Off Force and Energy of Separation 

Besides time-dependent adhesion, the results in Figure 4.4 also indicate length 

dependence. The magnitude of adhesion increases as the indentation depth increases in the 

AFM tests (Figure 4.4(a) (b)) but does not change much as the indentation depth increases 

in the microindenter tests (Figure 4.4(c) (d)). To better present the length-dependent 

adhesion, the tests are expanded to include more indentation depths, but still confine the 

choice to maintain small deformation. In Figure 4.5, the pull-off force and energy of 

separation are plotted as a function of contact radius with 10s and 120s holding time, 

respectively. The yellow rhombuses represent the data from AFM of eight different 

indentation depths, and the blue circle from microindenter of twelve different indentation 

depths. As the contact radius increases, the pull-off force and energy of separation increase, 

and gradually reach a plateau when the contact radius approaches a certain value (about 40 

µm in the current material system). First, this length-dependent adhesion is not likely due 

to the surface roughness effect. In that case, when the indentation depth is small, the 

indenter is only partially in contact with the sample surface, and as the indentation depth 

increases, the bumpy features on the surface are significantly deformed and the real contact 

area increases until full contact is reached. However, the surface roughness of the hydrogel 

in the current study is in the order of 10nm80, and even the smallest indentation depth and 

contact radius used in this study are more than one order of magnitude larger than the 

surface roughness scale of the gels. Another factor that has been related to the length-

dependent adhesion in literature is the surface stress of the material157,158,160. Because both 

the indenter and the hydrogel are submerged in water throughout the experiment, and the 

hydrogel sample in the current study has water concentration as high as 94%, it is expected 
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that the polymer chains on the hydrogel surface respond to elastic deformation the same as 

those inside the polymer network, and the surface stress effect is negligible. This argument 

is also supported by the fact that the force-displacement curve in the loading part of the 

experiments can be fitted very well with the Hertzian model. If the surface stress plays a 

role, it would also alter the loading curve to deviate from the Hertzian solution. As a result, 

the length dependence observed in this study is also not material intrinsic, but is due to 

mechanical effect.  

A rough assumption for this mechanical effect is as follows. In small contact size, 

the pull-off force is primarily controlled by the more uniform bond ruptures between the 

hydrogel and the indenter surface, while in large contact size, the pull-off force is more 

likely to be the Griffith type of fracture.161,162 This length-dependent adhesion cannot be 

directly modeled by either JKR or DMT theory, in which the pull-off force Ppf is predicted 

only related to the adhesion energy γ and radius of the sphere R as 𝑃𝑃pf~𝛾𝛾𝛾𝛾. Even if they 

are applicable, they will be only for the plateau region in Figure 4.5. Before having a pre-

knowledge of the adhesion energy of the hydrogel, it is not clear that JKR or DMT model 

is even applicable for the plateau region. Therefore, a more general theory is used based 

on the cohesive zone model proposed by Maugis88, to analyze the data. Because significant 

hysteresis of adhesion exists between loading and unloading, the original Maugis-Dugdale 

model needs to be modified to be useful. The details of the theory are discussed in the next 

section.  
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Figure 4.5 Length-dependent pull-off force and energy of separation. (a) Pull-off 
force and (b) energy of separation are plotted as functions of contact radius under 10 
seconds contact time. (c) Pull-off force and (d) energy of separation are plotted as 
functions of contact radius for 120 seconds contact time. 

 

4.3.3 Modified Maugis-Dugdale Model 

As discussed earlier, the force-displacement curve during the loading period fits the 

Hertzian solution very well, indicating that little or no adhesion is built between the 

indenter and the hydrogel surface, but after a period of holding, adhesion is developed and 

it increases over time. At this stage, when the indenter is retracted from the hydrogel, 

significant hysteresis due to adhesion is observed between the loading and unloading 
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curves (Figure 4.1(c) and (f)). Therefore, there exists a transition stage from the non-

adhesive loading to the adhesive unloading. In this section, the path of this transition stage 

on the force-displacement plot is modeled, and its effect is discussed. 

For generality, the adhesion formed between the indenter and the hydrogel is 

assumed to follow a Dugdale traction-separation law with a constant cohesive strength σ0 

over a finite separation distance l0. As illustrated in Figure 4.6(a), the contact between the 

spherical indenter and the hydrogel is assumed to follow the Hertzian contact model until 

the end of loading, and the contact radius is 𝑐𝑐0 = √𝑅𝑅ℎ. At the beginning of unloading, the 

radius of contact does not decrease, as the energy release rate is still less than the enhanced 

adhesion energy. As a result, an annular region of the cohesive zone is developed along the 

edge of the contact. As the indenter is retracted further, the cohesive zone size increases 

but keeping the outer edge of the contact unchanged until the energy release rate in the 

system reaches the value of adhesion energy. Then the two surfaces start to separate from 

the outer edge of contact and propagate inwards. 
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Figure 4.6 Modified Maugis-Dugdale model. (a) Schematics of the cohesive model 
and illustration of the retraction process. (b) Analytical result of the normalized force-
displacement curve at a few different values of the normalized initial contact radius 
𝒄𝒄𝟎𝟎���, for λ=2. (c) The setup of the numerical simulation in Comsol. (d) Comparison of 
the numerical and theoretical results for the case of 𝒄𝒄𝟎𝟎��� = 𝟐𝟐 and λ=2 for verification of 
the analytical result. (e) The normalized pull-off force and (f) the normalized energy 
of separation against normalized initial contact radius 𝒄𝒄𝟎𝟎��� , at different values of 
parameter λ. 
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The indenter and the material do not separate during the transition stage, and the 

stress concentration at r = a is always eliminated by the cohesive zone within a < r < c, 

where a is the real contact radius excluding the cohesive zone, and c is the apparent contact 

radius including the cohesive zone (Figure 4.6(a)). To satisfy this requirement, the force 

on the indenter and the indentation depth has the following relations with a and c, which 

were derived by Maugis by solving the boundary value problem and eliminating the stress 

concentration 88. Following the notation in Maugis’ work: 

 𝑃𝑃 = 𝐴𝐴3 − 𝜆𝜆𝜆𝜆��(𝑐𝑐/𝑎𝑎)2 − 1 + (𝑐𝑐/𝑎𝑎)2 arctan�(𝑐𝑐/𝑎𝑎)2 − 1�, (4-1) 

 𝛿𝛿̅ = 𝐴𝐴2 − (4/3)𝐴𝐴𝐴𝐴�(𝑐𝑐/𝑎𝑎)2 − 1, (4-2) 

where  A = 𝑎𝑎/(𝜋𝜋𝜋𝜋𝑅𝑅2/𝐾𝐾)1/3  is the normalized contact radius, 𝑃𝑃� = 𝑃𝑃/𝜋𝜋𝜋𝜋𝜋𝜋  is the 

normalized contact force, 𝛿𝛿̅ = 𝛿𝛿/(𝜋𝜋2𝛾𝛾2𝑅𝑅/𝐾𝐾2)1/3 is the normalized indentation depth, and 

λ = 2𝜎𝜎0/(𝜋𝜋𝜋𝜋𝐾𝐾2/𝑅𝑅)1/3 is a dimensionless parameter. Here, γ is the adhesion energy, and 

K is the reduced modulus with 𝐾𝐾 = 4𝐸𝐸/[3(1 − 𝜈𝜈2)] , where E is material’s Young’s 

modulus and ν is Poisson’s ratio.  

Until now, the Force-displacement relation cannot be readily obtained since both a 

and c are unknown in Equations (4-1) and (4-2).  In the Maugis-Dugdale model, the relation 

between the parameters is further restricted to satisfy the energy balance of elastic 

deformation, external loading and the creation of the new surface, which gives 
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 𝜆𝜆𝐴𝐴2

2
��𝑚𝑚2 − 1 + (𝑚𝑚2 − 2) arctan�𝑚𝑚2 − 1�

+
4𝜆𝜆2𝐴𝐴

3
��𝑚𝑚2 − 1 arctan�𝑚𝑚2 − 1 −𝑚𝑚 + 1� = 1 

(4-3) 

where 𝑚𝑚 = 𝑐𝑐/𝑎𝑎. 

During the transition stage, the energy release rate is still smaller than the adhesion 

energy, Equation (4-3) is not applicable yet. During this period, the apparent contact radius 

c remains constant c0. Substituting c = c0 into Equation (4-1) and (4-2), the expressions for 

𝑃𝑃� and 𝛿𝛿̅, yields a force-displacement curve for the transition stage during unloading. In this 

stage, the apparent contact radius remains a constant value, but as the indenter is further 

retracted, the cohesive zone becomes bigger and the real contact area becomes smaller, 

until the cohesive zone fully develops and the energy release rate equals the adhesion 

energy. At this point, the behavior transits to follow the Maugis-Dugdale model, which 

satisfies all Equations (4-1)-(4-3). 

The results of the analytical solutions are shown in Figure 4.6(b) for λ = 2. The 

normalized force-displacement curves for the Hertzian model and the Maugis-Dugdale 

model are plotted as black and grey lines. The proposed transition curves from Hertzian to 

Maugis-Dugdale are shown in different colors for a few different values of the initial 

contact radius ( 𝑐𝑐0� = 𝑐𝑐0/(𝜋𝜋𝜋𝜋𝑅𝑅2/𝐾𝐾)1/3 ). The force-displacement curve for the whole 

indenting and retracting process first follows the Hertzian model, then follows the 

transition curve at the beginning of unloading, and finally follows the Maugis-Dugdale 

model. The transition point to the Maugis-Dugdale model differs depending on the value 

of the initial contact radius 𝑐𝑐0� . For most of the cases, the transition curve intersects with 
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the Maugis-Dugdale curve. At this intersection point, the contact switches from the 

transition stage to the Maugis-Dugdale model. The final adhesion behavior, e.g. the pull-

off force and the energy of separation, depends on the location of the intersection point on 

the Maugis-Dugdale force curve. If 𝑐𝑐0�  is large enough (e.g.  𝑐𝑐0� = 2.0, the blue curve in 

Figure 4.6(b)), the intersection point is above the zero force point 1. The pull-off force is 

the minimum value on the Maugis-Dugdale force curve. Under the displacement-

controlled condition, the material detaches from the indenter surface at point 3. Therefore, 

both the pull-off force and energy of separation are constants. When 𝑐𝑐0�  is smaller and the 

intersection point is between point 1 and point 2 (e.g.  𝑐𝑐0� = 1.5, the green curve in Figure 

4.6(b)), the calculated pull-off force is still the minimum force predicted by the Maugis-

Dugdale model, but the energy of separation decreases for lower initial contact radius. 

When the intersection point is between point 2 and point 3 (e.g.  𝑐𝑐0� = 1.0, the orange curve 

in Figure 4.6(b)), the pull-off force is the force at the intersection point. Under 

displacement-control, the unloading force still follows the Maugis-Dugdale model until it 

reaches point 3. Therefore, both the pull-off force and energy of separation decrease with 

decreasing initial contact radius. When 𝑐𝑐0�  further decreases, the intersection point is above 

point 3 (e.g.  𝑐𝑐0� = 0.4, the red curve in Figure 4.6(b)), the material surface detaches from 

the indenter immediately when it reaches the intersection point. If 𝑐𝑐0�  is small enough (e.g.  

𝑐𝑐0� = 0.2, the pink curve in Figure 4.6(b)), it is possible that the transition curve does not 

intersect with the Maugis-Dugdale force curve. At the end of the transition stage, the real 

contact radius decreases to zero, and the material surface detaches from the indenter 

immediately. In these latter two cases, the pull-off force and energy of separation decrease 

with decreasing initial contact radius. 
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To verify the analytical solution, numerical simulation is carried out. A finite element 

model of the indentation problem is implemented in the commercial finite element software 

COMSOL Multiphysics v. 5.4 through the Solid Mechanics module. An axisymmetric 

boundary value problem is created, as is shown in Figure 4.6(c). The hydrogel is modeled 

as a linear elastic material with a shear modulus of 6 kPa and Poisson’s of 0.49. The 

unloading process is fast, and the solvent does not have enough time to migrate, so the gel 

is assumed to be close to incompressible. The spherical indenter is deformable but with a 

shear modulus ten times larger than the soft hydrogel. Following the geometry of the 

experimental setup in the microindenter, the radius of the spherical indenter is set to be 190 

μm. Initially, the indenter is above the hydrogel surface. The indenter is first compressed 

to a certain depth into the hydrogel and then retracted to the original location. The adhesion 

is activated after the indenter and the hydrogel are in full contact. The cohesive model is 

described by specifying a trapezoid traction-separation law with a very steep slope at both 

ends to simulate the ideal Dugdale cohesive model. In the simulation, the cohesive strength 

is set to be 𝜎𝜎0 = 3.24 kPa, and the adhesion energy 𝛾𝛾 = 0.002 J m2⁄ . The indentation 

depth is 7.77 μm, corresponding to the case of 𝜆𝜆 = 2 and 𝑐𝑐0� = 2. The reaction force is 

calculated by integrating the normal traction on the hydrogel surface. The model consists 

of 21228 domain elements and 2220 boundary elements. The direct linear solver MUMPS 

is used. In Figure 4.6(d), the simulation result is plotted together with the analytical result 

for the case of 𝜆𝜆 = 2 and 𝑐𝑐0� = 2. Good agreement is achieved, which verifies the analytical 

model. 

For the parametric study, the analytical results of the normalized pull-off force and 

energy of separation are plotted as functions of the normalized initial contact radius for a 
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series values of λ from 0.1 to 10, representing conditions from that close to the DMT model 

to that close to the JKR model. Both the pull-off force and the energy of separation continue 

to increase with the initial contact radius until a critical value is reached. The critical initial 

contact radius for the energy of separation is always higher than that for the pull-off force. 

Notice the normalized pull-off force for λ=10 is close to 1.5 when reaching constant, which 

agrees with the JKR model. Also, the normalized pull-off force for λ=0.1 is close to 2.0 

upon reaching constant, which agrees with the DMT model.  

Using this analytical model, the adhesion properties of the hydrogels in contact with 

the polystyrene sphere are extracted from the experiments. Fitting the theoretical curves 

with the experimental data gives the adhesion energy γ as 0.0019 J/m2 and cohesive 

strength σ0 as 2.5 kPa, which in turn gives a 0.76 μm separation distance, for the 10 s 

holding time experiment. As is shown in Figure 4.7(a) and Figure 4.7(b), the model well 

captures the overall trend of the experimental results. If the polyacrylamide polymer chains 

have an extended length of 0.76 µm as the separation distance extracted from the cohesive 

zone model, the number of monomers per chain can be estimated as n=2533 63. A coiled 

polymer chain of this extended length has a radius of about 15 nm in the unstressed state, 

which is close to the mesh size of the gel network. Using this model, the adhesion energy 

and cohesive strength values for different contact time at retraction speed of 25 μm/s are 

also extracted. The result is shown in Figure 4.7(c), and Figure 4.7(d). The adhesion 

energy, cohesive strength and separation distance all increase over time.  
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Figure 4.7 (a) Pull-off force as a function of initial contact radius for both 
experimental and theoretical fitting; (b) Energy of separation as a function of initial 
contact radius for both experimental and theoretical fitting. (c) Fitting results of 
adhesion energy as a function of contact time. (d) Fitting results of adhesion strength 
and separation distance as a function of contact time. 

 

4.4 Conclusion 

In this work, indentation adhesion experiments are conducted on a polyacrylamide 

hydrogel under a wide range of contact length and contact time. It is observed that the 

poroelasticity of the hydrogel leads to contact force relaxation, but the solvent migration 

under the contact area has little influence on the adhesion in the current hydrogel-indenter 

system. The pull-off force and energy of separation increase with contact time. The time 
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scale is independent of any macroscopic length scale and is most likely related to the 

molecular mobility of the polymer chains and the chemical bonding dynamics between the 

gel surface and the polystyrene sphere. Additionally, the pull-off force and energy of 

separation are also observed to increase with contact radius initially but become constants 

when the contact radius reaches certain values. To model the length-dependent behavior 

and extract intrinsic adhesion properties of the interface, an analytical solution is developed 

based on the Maugis-Dugdale model. The results from this chapter suggest a method of 

measuring the adhesion of soft hydrated materials at multiple time and length scales for a 

more accurate understanding of the interfacial properties.  
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CHAPTER 5. STUDY OF ADHESION PROPERTIES OF 

HYDROGELS WITH DIFFERENT COMPOSITIONS 

5.1 Introduction 

When a hydrogel is in contact with another material under water, it is the polymer 

chains on the hydrogel surface that form adhesion with the surface of the material31. Tuning 

the chemistry of the polymer chains has been explored as an effective approach in altering 

the adhesion properties of hydrogels in the previous studies10,30,60. However, whether or 

how the structural properties of the polymer chains, e.g., polymer density or polymer chain 

length, influence hydrogels’ adhesion properties has rarely been studied. Systematic 

experimental studies of the adhesion of hydrogels with different compositions will be the 

first step towards a more comprehensive understanding of the mechanism. 

In this chapter, the indentation adhesion method developed in Chapter 4 is applied 

on polyacrylamide hydrogels with different compositions, i.e. different amounts of 

monomers and crosslinkers when preparing the hydrogels. The hydrogel samples are 

prepared in a way that the properties of the surface polymer chains follow that in the bulk 

hydrogel. The indentation adhesion tests are carried out over a wide range of contact radius 

to apply the modified Maugis-Dugdale model. Measurements are also conducted at a series 

of holding time to study the time dependence of adhesion parameters. By analyzing the 

possible relation between the adhesion parameters of hydrogels and the structural 

parameters of the polymer chains, more detailed information on hydrogel adhesion is 

revealed.  
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5.2 Experiments 

5.2.1 Preparation of Hydrogel Samples 

A series of polyacrylamide hydrogels were prepared. The compositions can be put 

into two groups, as shown in Table 5.1. In the first group, the initial mass concentrations 

of the monomer are fixed, while the initial mass concentrations of the crosslinker are 

different. In the second group, the initial mass concentrations of the monomer are different, 

but the ratio of mass concentrations between the monomer and the crosslinker is fixed.  

To make the hydrogel samples, the stock solution of acrylamide solution of 40% 

mass concentration and N,N′-Methylenebis(acrylamide) solution of 2% mass concentration 

were first prepared. For each hydrogel composition, the two stock solutions were mixed 

with DI water to attain the initial mass concentration as listed in Table 5.1. The mixed 

solution was then added with ammonium persulfate solution (10% mass concentration) and 

catalyst tetramethylethylenediamine, with a volume concentration of 0.5% and 0.05%, 

respectively. The mixed solution was stirred on a mixer and poured into a closed mold of 

1 mm thickness. The upper and lower sides of the mold were made of clean glass to ensure 

the maximum similarity of polymer chains on the hydrogel surface and in the bulk163,164. 

The solution was cured in the mold for an hour, and the formed hydrogel was taken out of 

the mold and put into DI water for a week to ensure full saturation. The mass of each 

hydrogel sample before and after swollen was measured separately. The swelling ratio of 

the hydrogel was calculated as 𝜆𝜆𝑆𝑆𝑆𝑆 = �1 + � 𝑚𝑚𝑔𝑔𝑔𝑔𝑔𝑔

𝑚𝑚𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
− 1� ∙ 𝜌𝜌𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

𝜌𝜌𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤
�
1/3

, where 

ρpolymer=1.443 g/cm3 and  ρwater=1.0 g/cm3. The value mpolymer was estimated by the mass of 
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the hydrogel immediately after prepared (𝑚𝑚prepared−gel) and the mass concentration of the 

monomer (𝑐𝑐m) and crosslinker (𝑐𝑐c): 𝑚𝑚polymer =  𝑚𝑚prepared−gel(𝑐𝑐m + 𝑐𝑐c).   

 

Table 5.1 Compositions of the polyacrylamide hydrogel samples. 

No. Initial Mass Concentration 
of Acrylamide 

Initial Mass Concentration of 

N,N′-Methylenebis(acrylamide) 
Group 

1 10% 0.1% Group 1 

2 10% 0.2% Group 1 

3 10% 0.3% Group 1 

4 10% 0.4% Group 1 

5 10% 0.5% 
Group 1 

Group 2 

6 5% 0.25% Group 2 

7 7.5% 0.375% Group 2 

 

5.2.2 Indentation Adhesion Experiment on AFM 

The indentation adhesion tests were conducted on both the AFM and the 

microindenter, with spherical indenters of the same material but different sphere radii 

(polystyrene beads, Polyscience, Inc). The testing procedures in general follow the 

experimental section in Chapter 4. They are described in this section as steps for an 

established method. 



 105 

For tests on the AFM (Asylum MFP3D-Bio AFM), a polystyrene sphere of radius 

12.5 μm was glued to the end of an AFM cantilever using a micromanipulator. The spring 

constant of the cantilever was calibrated by the thermal method. A fully swollen hydrogel 

sample was glued to a coverslip, which was then glued to the center of a petri dish. Before 

the experiment, both the hydrogel sample and the AFM probe had been submerged in DI 

water for more than six hours for the whole system to reach thermal equilibrium. The 

sample and the AFM probe were still submerged in DI water throughout the test. 

As is illustrated in Figure 5.1(a), in the indentation adhesion test, the indenter was 

first driven to approach the hydrogel surface at a speed of 2 μm/s. After the surface was 

detected, the indenter was driven to press into the sample at a speed of 50 μm/s until a 

preset indentation depth was reached. Then the indentation depth was fixed for a preset 

amount of holding time using the closed-loop feedback built in the AFM controlling 

software. After the holding, the indenter was retracted at the speed of 25 μm/s. Both the 

indentation depth and the contact force throughout the test were recorded. Examples of the 

force-time curve and the force-displacement curve are illustrated in Figure 5.1(c) and 

Figure 5.1(e). The indentation depth used in the AFM tests spanned from 0.25 μm to 2.0 

μm, and the holding time was chosen to span from 1 s to 180 s. For each combination, three 

points on the same hydrogel surface were tested. The data acquisition rate was above 500 

Hz.  
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Figure 5.1 Illustration of the indentation depth-time relation in (a) an AFM test 
and (b) a microindenter test. Result of the contact force-time relation from (c) an 
AFM test and (d) a microindenter test. Result of the force-indentation depth relation 
from (e) an AFM test and (f) a microindenter test. 

  



 107 

5.2.3 Indentation Adhesion Experiment on Microindenter 

Indentation adhesion tests with the indenter of the larger radius were conducted on a 

microindenter (Femtotools, FT-MTA03 Micromechanical Testing and Assembly System). 

A polystyrene sphere with a radius of 200 μm was glued to the end of the force probe with 

a force range of 2000 μN using epoxy glue. The hydrogel sample was prepared following 

the same method as that for the AFM test. Throughout the test, both the hydrogel and the 

indenter sphere were entirely submerged in water. The effect of the capillary force acting 

on the shaft of the force probe was calibrated and eliminated from the measurements. The 

details of the method follow the description in Chapter 4. 

The experimental process is illustrated in Figure 5.1(b) as the displacement-time 

curve. During the test, the indenter was driven to approach the hydrogel surface at a speed 

of 25 μm/s, then held at a constant indentation depth for a preset amount of holding time, 

and then retracted at 25 μm/s. The contact force was measured throughout the test as 

functions of displacement and time, at a frequency of 3000 Hz. Examples of force data 

from the microindenter are illustrated in Figure 5.1(d) and Figure 5.1(f). On the 

microindenter, the indentation depth was chosen to span from 2 μm to 30 μm, and the 

holding time chosen as a series of values from 1 s to 180 s, which was the same with that 

for the AFM tests. Three points on the hydrogel surface were tested for each combination 

of holding time and indentation depth. 

 

5.3 Results and Discussion 
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5.3.1 Force Response of Hydrogels in Indentation Adhesion Tests 

Typical force curves from the indentation adhesion tests are shown in Figure 5.1, 

Figure 5.1(c) and Figure 5.1(e) for an AFM test, and Figure 5.1(d) and Figure 5.1(f) for a 

microindenter test, respectively. All the plots in Figure 5.1 are from hydrogel sample No.1. 

In general, the force curves observed for all the samples in this chapter have similar 

characteristics as the sample in Chapter 4. Figure 5.1(c) and Figure 5.1(d) show that 

immediately after loading, the contact force relaxes while the indentation depth was held 

constant. Comparing the force curve from the AFM test (Figure 5.1(c)) and from the 

microindenter test (Figure 5.1(d)), the time required for the contact force to reach constant 

is much longer with a larger indenter radius, i.e. a larger contact radius. This length 

dependence of the relaxation time indicates that poroelasticity is dominating the time-

dependent bulk property of the hydrogels, which is expected for polyacrylamide hydrogels 

with high water concentration. Figure 5.1(e) and Figure 5.1(f) show that significant 

hysteresis exists between the loading and unloading force curve. During loading, no jump-

in effect is observed, i.e. the contact force immediately increases upon contact without first 

jumping to a negative value, meaning that negligible adhesion exists before surface contact. 

During unloading, the contact force first decreases to zero, and then a pulling force appears.  

For hydrogel samples studied in this chapter, the increase of adhesion over holding 

time is also observed from the increasing pull-off forces over the holding time. The pull-

off forces as a function of holding time for the hydrogel samples are shown in detail in 

Figure 5.2, the error bars representing the standard deviation of the measurements from at 

least three points on the same sample. Also, the contact forces during holding maintain 

constant as predicted by the poroelasticity theory without including adhesion, as is shown 
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in Figure 5.1. The above observation holds for all the tests in this chapter, regardless of 

holding time, indentation depth, indenter radius, or hydrogel composition. These 

phenomena have been explained in Chapter 4: during the holding period, more monomers 

on the polymer chains adhere to the indenter, but only within the initial contact area, which 

does not affect the boundary condition of indentation during holding. Therefore, the contact 

force during holding is not affected by the increased adhesion, and the contact radius 

maintains the initial value predicted by the contact model without adhesion, i.e., the 

Hertzian contact model.  
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Figure 5.2 Illustration of the pull-off forces as functions of holding time at 
different indentation depths. (a) Results from the AFM tests. (b) Results from the 
microindenter tests. 
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Figure 5.2 (Continued) Illustration of the pull-off forces as functions of holding 
time at different indentation depths. (a) Results from the AFM tests. (b) Results from 
the microindenter tests. 

 

Figure 5.3 shows the results of pull-off forces for all the hydrogel samples as 

functions of the initial contact radius at different holding time, and colors from red to purple 

indicate data obtained from holding time of 1 s to 180 s. The data points with empty signs 
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are from the AFM tests, with relatively small initial contact radii. In this region, the pull-

off force mostly increases both with the initial contact radius and with the holding time. 

The data points with filled signs are from the microindenter tests, with relatively large 

initial contact radii. In this region, most pull-off forces show a small range of increase first 

and mainly a plateau at larger contact radii. Hence, the trends of the pull-off force for all 

the hydrogel samples in the current chapter are the same as the observation in Chapter 4, 

thus also agree with the prediction of the modified Maugis-Dugdale model. 
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Figure 5.3 Illustration of the pull-off forces across different initial contact radii 
for the hydrogel samples. The empty signs are results from the AFM tests, and the 
full signs are results from the microindenter tests. Inserted figures show the results 
from the AFM tests with the zoomed-in x-axis. 
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The adhesion energy, cohesive strength and separation distance for each holding time 

can be obtained by comparing the pull-off forces across different initial contact radii with 

the theoretical prediction from the modified Maugis-Dugdale model. Figure 5.4 illustrates 

the experimental data and the fitting curves for hydrogel sample No.1 for three holding 

time: 2 s, 20 s and 120 s, using red, yellow, and blue color, respectively. In the modified 

Maugis-Dugdale model, the pull-off force still depends on the indenter radius. Therefore, 

two fitting curves are generated for the two indenter radii (the AFM and the microindenter), 

but with only one set of adhesion parameters for each holding time. Figure 5.4 shows that 

the modified Maugis-Dugdale model satisfyingly fit the experimental results. The adhesion 

parameters of other hydrogel samples and for different holding time are obtained through 

the same approach. 

 

 

Figure 5.4 Illustration of curve fitting for holding time of 2 s (red), 20 s (yellow) 
and 120 s (blue) for hydrogel sample No.1. 
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5.3.2 Adhesion Parameters Obtained from the Modified Maugis-Dugdale Model 

By fitting the modified Maugis-Dugdale model to the experimental data, the 

adhesion energy, cohesive strength, and separation distance of each hydrogel composition 

at each holding time are obtained. The adhesion parameters are illustrated in Figure 5.5 as 

functions of the holding time in log-log plots. The results for the two groups of hydrogels 

are plotted in two figures for clarity. For all the hydrogel samples, the values of the 

adhesion parameters increase with the holding time, and the increasing slopes, in the log-

log plot, remain almost constant within the time range in the current study (180 s). Because 

the adhesion parameters are defined for a cohesive zone, they were assumed as independent 

of the bulk hydrogel properties when the modified model was developed. According to the 

time-dependence of these parameters, the possible influence from the hydrogel 

poroelasticity is also small: for the tests in the present study, the poroelastic force relaxation 

during holding is finished or almost finished within a contact time of 180 s. Therefore, the 

constant slopes indicate that adhesion keeps increasing even when the poroelastic force 

relaxation has finished, and there should exist an intrinsic time dependence for the increase 

of adhesion,  which is independent of poroelasticity (e.g., the increase of polymer 

concentration due to solvent loss). The increasing slopes are also close across different 

hydrogel compositions, which suggests that the mechanism of the increasing adhesion over 

time may not be affected by the hydrogel composition.  

Despite the similar time dependence for the increase of adhesion parameters, for 

hydrogels with different compositions, the magnitudes of the adhesion parameters differ. 

The relative magnitude of all the adhesion parameters between different compositions 

remains almost unchanged, which is briefly summarized as follows. For polyacrylamide 



 116 

hydrogels prepared with the same initial monomer concentration (Figure 5.5(a), Figure 

5.5(c), Figure 5.5(e),), both the adhesion energy and the cohesive strength increase with 

the initial mass concentration of the crosslinker, but the dependence of the separation 

distance on the initial mass concentration of the crosslinker is not very significant. For 

hydrogels with the fixed ratio of initial monomer concentration to the initial crosslinker 

concentration (Figure 5.5(b), Figure 5.5(d), Figure 5.5(f),), both the adhesion energy and 

the cohesive strength increase with the initial polymer concentration (monomer and 

crosslinker), but the separation distance decreases with the initial polymer concentration. 

Therefore, a primary conclusion from Figure 5.5 is that the adhesion parameters obtained 

through a more rigorous method still show dependence on the hydrogel composition, and 

the relative magnitude between different compositions does not change significantly with 

the same holding time. 
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Figure 5.5 Adhesion energy versus holding time for (a) the first group of hydrogel 
samples and (b) the second group of hydrogel samples. Cohesive strength versus 
holding time for (c) the first group of hydrogel samples and (d) the second group of 
hydrogel samples. Separation distance versus holding time for (e) the first group of 
hydrogel samples and (f) the second group of hydrogel samples. 
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In previous studies, the polymer chains adhered to the opposite surface have been 

considered as the source of adhesion31, yet the study on the relation between the structural 

parameters of polymer chains and the adhesion properties has been limited by the 

interpretation of the experimental results. One of the goals of this Chapter is to revisit this 

problem. In the following, the possible relations between the three adhesion parameters 

and several structural parameters of the polymer chains will be discussed, including the 

polymer mass concentration at swelling equilibrium (equilibrium polymer concentration), 

the average surface chain density, and the average polymer chain length. The first two 

polymer chain parameters have been considered to influence the adhesion energy in the 

previous studies52,80,165,166. The third parameter, the polymer chain length, will be compared 

with the separation distance, the adhesion parameter with a length unit. The relation of 

these two parameters has not been studied in previous literature. 

The polymer mass concentration at equilibrium is obtained by dividing the mass of 

polymer in a sample by the mass of the sample in swelling equilibrium. The results are 

shown in Figure 5.6. In the first group (No.1 to No.5), the initial monomer mass 

concentration was fixed at 10%, and the initial crosslinker mass concentration increased 

from 0.1% to 0.5% for samples from No.1 to No.5. When reaching swelling equilibrium, 

the gels with less initial crosslinker concentration swell more, thus having a smaller 

polymer concentration. In the second group (No.6, No.7 and No.5), the ratio between the 

initial monomer mass concentration and the initial crosslinker mass concentration was 

fixed, and the initial monomer mass concentrations were 5%, 7.5% and 10% for sample 

No.6, No.7 and No.5, respectively. The three hydrogels in the second group swelled a 

similar amount from the prepared state to the equilibrium state, possibly because of the 
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lower crosslinking efficiency at lower initial polymer concentration153,167. Therefore, the 

equilibrium polymer concentration for the second group covers a range close to that for the 

first group. 

 

 

Figure 5.6 Mass concentration of polymer in the hydrogels after reaching swelling 
equilibrium in water. (a) The first group of hydrogels. (b) The second group of 
hydrogels. 

 

The other structural parameters of the polymer chains, including the average surface 

chain density and the average length of the polymer chains, are not directly calculated from 

the hydrogel composition, i.e., by assuming all the monomers and crosslinkers form into 

an ideal and uniform network. This decision was made due to the consideration that 

polyacrylamide hydrogels are generated through the free-radical polymerization, during 

which a part of the crosslinker molecules does not participate in forming the cross-linked 

network153,154. Therefore, in this study, the structural parameters of the polymer chains are 

estimated from the bulk mechanical properties measured from indentation by applying the 
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Flory-Rehner model111,168. As has been discussed in Chapter 3, the shear modulus of the 

hydrogel with high water concentration can still be simply related to the polymer chain 

density in the material. Although the Flory-Rehner model cannot describe the linear 

poroelastic parameters in a large range of swelling ratio, the analysis of the modified model 

proves that the shear modulus of hydrogels with high solvent concentration is only related 

to the crosslinker density and topological constraints, the latter is treated as a type of 

effective crosslinkers in the previous studies148,169. The calculation of the structural 

parameters will be introduced along with the discussion on the adhesion parameters. In the 

following subsections, the possible relation between the adhesion parameters and the 

structural parameters of the polymer chains will be discussed based on the results for 

holding time of 180 s. According to the time dependence of the adhesion parameters 

presented before, the results from the other holding time should lead to the same 

conclusion. 

5.3.2.1 Adhesion Energy 

Hydrogel adhesion is considered to result from the adhesive interaction between the 

polymer chains on a hydrogel surface and the opposite surface. Therefore, measurements 

of hydrogel adhesion have been related to several parameters of the polymer chains, 

including the equilibrium polymer concentration and the surface chain density52,80,165,166. 

However, it was still not clear whether one of these parameters alone can determine the 

adhesion energy. It was also not clear whether any one of these parameters is related to the 

increase of adhesion over time. In the current work, the first question can be answered by 

studying the adhesion of hydrogels with different combinations of monomers and 
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crosslinkers, but with a similar range of polymer concentration or surface chain density at 

equilibrium.  

In Figure 5.7(a), the results of the adhesion energy of the two groups of hydrogel 

samples for holding time of 180 s are plotted against their polymer concentration at 

equilibrium, the first group of hydrogels represented by blue squares and second group 

represented by orange circles. As is shown in Figure 5.7(a), the adhesion energy increases 

with the equilibrium polymer concentration for each group of hydrogels. However, for the 

first group of hydrogels, the increasing slope is larger. For the second group of hydrogels, 

the slope is smaller. The two groups of hydrogels combined do not show a consistent 

dependence on the equilibrium polymer concentration, suggesting that the equilibrium 

polymer concentration alone could not determine the adhesion energy at a specific holding 

time.  

The surface chain density of a hydrogel under swelling equilibrium is estimated from 

the bulk polymer chain density using the relation 𝑠𝑠 = 𝑁𝑁2/3/𝜆𝜆𝑆𝑆𝑆𝑆
2, where N is the bulk 

polymer chain density and is estimated following the Flory-Rehner model63,112, 𝑁𝑁 =

𝐺𝐺𝜆𝜆𝑆𝑆𝑆𝑆/𝑘𝑘𝐵𝐵𝑇𝑇, where G is the shear modulus of the swollen gel calculated by fitting the 

loading force curve with the Hertzian contact model, 𝜆𝜆𝑆𝑆𝑆𝑆 is the linear swelling ratio of the 

hydrogel, kB is the Boltzmann constant and T is the absolute temperature. Here it is assumed 

that the structural parameters of the polymer chains on the hydrogel surface, e.g. the 

polymer chain density, are close to that in the bulk when using the method described in the 

experimental section. It has been reported in previous literature that hydrogels formed in a 
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closed cell with surfaces made by flat hydrophilic materials (e.g. glass) tend to have 

uniform polymer chain parameters from the bulk to the surface163,164.  

In Figure 5.7(b), the results of the adhesion energy of all the hydrogel samples for 

holding time of 180 s are plotted against the surface chain density. Similar to the relation 

with the equilibrium polymer concentration, the adhesion energy increases with the surface 

chain density for each group of hydrogels, but the dependence does not hold for the two 

groups of results combined. Therefore, the surface chain density alone could not determine 

the adhesion energy at a specific holding time either. The adhesion energy, as defined in 

the modified model, is the product of the cohesive strength and the separation distance, 

each of them may be related to different aspects of the surface polymer chains. Therefore, 

in the following section, the possible relation between these two adhesion parameters and 

the structural parameters of the polymer chains will be discussed separately. 

 

 

Figure 5.7 (a) Adhesion energy versus polymer concentration at equilibrium. (b) 
Adhesion energy versus surface chain density. Results are from the holding time of 
180s. 
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5.3.2.2 Cohesive Strength 

The cohesive strength obtained from the modified Maugis-Dugdale model refers to 

the force required to separate two adhered surfaces per unit area, i.e., the force needed to 

detach the adhered polymer chains per unit area. The relations between the cohesive 

strength and the two structural parameters of polymer chains, the equilibrium polymer 

concentration and the surface chain density, are also examined, using the two plots in 

Figure 5.8. In Figure 5.8(a), the cohesive strength increases with the polymer concentration 

for both groups of data. Different from the trend for the adhesion energy, the data of the 

two groups of hydrogels roughly fall onto the same curve. In Figure 5.8(b), the results of 

cohesive strength also roughly fall onto the same curve as a function of the surface chain 

density. Figure 5.8(b) further shows that the cohesive strength is almost proportional to the 

surface chain density. For all the hydrogel samples in the current study, their equilibrium 

polymer concentrations all increase with their surface chain density, which might explain 

the overlapping of the two groups of data in both Figure 5.8(a) and Figure 5.8(b). Still, the 

proportional relation in Figure 5.8(b) suggests that each surface polymer chain, on average, 

may require the same amount of pulling force to detach from the indenter surface, at the 

same amount of holding time.  
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Figure 5.8 (a) Cohesive strength versus polymer concentration at equilibrium. (b) 
Cohesive strength versus surface chain density. Results are from the holding time of 
180s. 

 

5.3.2.3 Separation Distance 

In the modified model, the separation distance refers to the length within which the 

two surfaces still have adhesive interaction. In the case of hydrogel adhesion, it was 

assumed that a finite separation distance exists because the surface polymer chains can 

extend to a longer distance. Therefore, it is expected that the separation distance is related 

to the deformed length of a polymer chain upon surface separation. To examine this 

assumption, in this subsection, the separation distance calculated using the modified model 

is compared with two estimated lengths of the surface polymer chain: the average polymer 

chain size and the straightened chain length.  

The average polymer chain size refers to the size of a polymer chain without pulling 

force on its two ends. It is estimated using the equation 𝑙𝑙𝑓𝑓 = �𝐶𝐶∞ ∙ 2 ∙ 𝑛𝑛𝑙𝑙𝑐𝑐𝑐𝑐, where 𝐶𝐶∞ =

8.5 is the Flory’s characteristic ratio of polyacrylamide chains170, 𝑙𝑙𝑐𝑐𝑐𝑐 = 0.154 nm is the 
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length of the carbon-carbon bond in the polymer chain, and n is the average number of 

monomers per polymer chain estimated as 𝑛𝑛 = 𝑁𝑁𝐴𝐴𝜌𝜌𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑀𝑀/𝑁𝑁.63 Here 𝜌𝜌𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 is the 

density of dry polymer, M is the molar mass of the monomer acrylamide, N is the bulk 

polymer chain density and NA is the Avogadro constant. The estimation of n assumes that 

all the monomers participates in forming the polymer network167. When a polymer chain 

is pulled using a small force, the deformation is also on the scale of lf. The straightened 

chain length, on the other hand, refers to the length of a polymer chain when it is pulled 

using a large force so that the polymer chain is nearly fully straightened. It is estimated as 

𝑙𝑙𝑠𝑠 = 𝑛𝑛𝑙𝑙𝑐𝑐𝑐𝑐 cos(𝜃𝜃/2), where θ = 68° is the angle between neighboring carbon bonds63. Both 

the average chain size and the straightened chain length are measures of the length of a 

polymer chain, but it is expected that comparing the separation distance with both 

parameters could further evaluate the physics picture proposed for the separation distance. 

In Figure 5.9, the separation distances of the hydrogels are plotted against the average 

chain size (Figure 5.9(a)) and the straightened chain length (Figure 5.9(b)). The two plots 

show that the separation distance obtained roughly increases with the average chain size or 

the straightened chain length, suggesting that the separation distance is related to the 

polymer chain length. However, the magnitude of the separation distance is larger than 

both of the chain length parameters. Because polyacrylamide hydrogels are prepared 

through free-radical polymerization, there is a distribution of the polymer chain lengths171–

173. In the adhesion tests, the longer polymer chains on the surface may be extended further 

and contribute more to the results of the separation distance. Another possible reason is 

that more complex energy dissipation mechanisms exist in the cohesive zone, which is 

reflected in the larger value of the separation distance. A further discussion on the 
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mechanism of the additional energy dissipation is beyond the scope of the current study. 

However, the discussion on the cohesive strength and the separation distance provides 

more information on explaining why the surface chain density (or equilibrium polymer 

concentration) alone does not predict the adhesion energy of a hydrogel. The adhesion 

energy may be related to not only the surface chain density but also other factors. 

 

 

Figure 5.9 (a) Separation distance versus the average chain size. (b) Separation 
distance versus the straightened chain length. Results are from the holding time of 
180 s. 

 

5.3.2.4 Time Dependence of Hydrogel Adhesion 

According to Figure 5.5, both the cohesive strength and the separation distance 

increase with the holding time with an almost constant slope in the log-log plots for all the 

hydrogel samples, and the value for the slope is similar across different hydrogel 

compositions. This subsection proposes an explanation of the time-dependence of the 

adhesion parameters based on the general theory of polymer physics63. The corresponding 
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schematics are illustrated in Figure 5.10. For simplicity, Figure 5.10 only focuses on the 

adhering and detaching of one surface polymer chain, i.e., the mechanism on the 

microscale. The deformation process of the entire polymer network should follow the 

discussion on the contact mechanics problem on the macroscale in Chapter 4. 

Before contact, the surface polymer chains are in the stress-free state. Figure 5.10(a) 

plots the condition of a polymer chain before contact with the yellow, dashed circle 

illustrating the shape. Upon loading, the indenter is pressed onto the hydrogel surface. As 

is shown by Figure 5.10(b), surface polymer chains are not highly compressed but roughly 

deforms with a similar scale with the bulk deformation, i.e., with a relatively small 

compressive strain caused by shallow indentation. Therefore, only a few monomers on a 

polymer chain form adhesive contact with the indenter immediately after loading, each 

monomer adhered onto the indenter surface referred to as an adhesive site in the following 

text. On the other hand, a long polyacrylamide polymer chain may have many monomers 

adhered to the indenter gradually over time. Because the surface polymer chains have one 

end attached to the polymer network, the monomers closer to the indenter surface tends to 

form the adhesive sites first upon contact. The monomers closer to the initially adhered 

monomers are also more likely to further adhere to the indenter (Figure 5.10(c)). When the 

holding time increases, more monomers adhere to the indenter surface, but all near the 

initial monomers forming the adhesive sites (Figure 5.10(e)).  

The same process is expected for all the polymer chains on the hydrogel surface. In 

previous literature, the process of a free polymer chain forming attachments with a flat 

surface in solution has been studied. It has been reported that monomers gradually adhere 

to the flat surface over time, and the time of reaching equilibrium is related to the material 
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chemistry as well as the polymer chain length174–176. However, similar research has not 

been conducted on hydrogels. For hydrogels in the current study, the average number of 

monomers per polymer chain is as high as around 1000. Therefore, the initial increasing 

rate of the adhered monomers may not be sensitive to the entire polymer chain length. In 

the current study, the values of the adhesion parameters do not reach a plateau within the 

first 180 s for any hydrogel compositions.  

As has been discussed in the previous subsection, to relate the increase of adhered 

monomers to the increase of adhesion parameters over time, a detailed mechanism is 

needed. However, some discussion on the relative magnitude of the adhesion parameters 

between different hydrogel compositions can be carried out using some simple assumptions 

on the deformation of the surface polymer chains. For a polymer chain, the average number 

of monomers that can immediately form contact with the indenter can be estimated using 

the equation63: 𝑚𝑚𝑐𝑐 = � 𝑛𝑛
(4/3)𝜋𝜋𝑅𝑅𝑝𝑝3

� ∙ �𝑏𝑏0 ∙ 𝜋𝜋 �𝑅𝑅𝑝𝑝2 − �𝑅𝑅𝑝𝑝 − 𝑏𝑏0�
2
��. This estimation assumes 

that the surface polymer chain is spherical with a radius of 𝑅𝑅𝑝𝑝, so that 𝑅𝑅𝑝𝑝 scales with √𝑛𝑛. 

The first part in the equation refers to the number density of monomers per unit volume in 

this polymer chain sphere. Assuming a monomer can only form adhesive contact with the 

indenter when its distance with the indenter surface is less than a small value b0, the second 

term in the expression of 𝑚𝑚𝑐𝑐 gives an estimation of the volume of the space in which the 

monomers can form adhesive sites after contact. Considering 𝑏𝑏0 ≪ 𝑅𝑅𝑝𝑝, the second term 

would scale with 𝑅𝑅𝑝𝑝. As a result, 𝑚𝑚𝑐𝑐 is independent of n, the average number of monomers 

per chain. This estimation still holds when the polymer chain is compressed slightly due to 

shallow indentation. According to this estimation, each surface polymer chain on average 
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would form almost the same number of adhesive sites immediately after contact, regardless 

of the polymer chain length.  

Upon unloading, the polymer chain in direct contact with the indenter is stretched 

until the force in the polymer chain is large enough to overcome the adhesion between the 

attached monomers and the indenter. If the monomers attached to the indenter are all 

located closely on a surface polymer chain, these monomers may separate from the indenter 

surface almost simultaneously at an unloading speed as high as 25 μm/s in the current 

study177. With this assumption, the same polymer chain needs to extend longer to pull more 

monomers away from the indenter surface. See the difference between Figure 5.10(c) (d) 

and Figure 5.10(e) (f). For polymer chains with different chain lengths, the same amount 

of force is needed to detach the same number of adhered monomers in average, but different 

amount of chain deformation is needed to achieve this pulling force depending on the chain 

length, i.e., depending on the chain elasticity. As a result, the magnitude of cohesive 

strength only depends on the surface chain density apart from the holding time, and its 

increasing rate over time is almost independent of the polymer chain parameters. This 

explanation also agrees with the similar increasing rate of the separation distance and the 

cohesive strength over time. Nevertheless, more studies are needed to examine the 

assumptions made in this subsection, so that the detailed physics picture of the hydrogel 

adhesion can be determined on the microscale. 
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Figure 5.10 Mechanism of hydrogel adhesion at the length scale of a single polymer 
chain. The gray semi-sphere represents the indenter surface. The dark blue chains 
are polymer chains, the dark blue circles are crosslinkers, the orange circles represent 
monomers that are in adhesive contact with the indenter surface. The yellow dashed 
circles illustrate the deformation of the surface polymer chain. (a) Before contact, the 
polymer chain on the hydrogel surface is in a stress-free state. (b) Upon contact, the 
entire polymer chain deforms following the bulk compressive strain, only a few 
monomers in close contact with the indenter can form adhesive sites. (c) After 
relatively short holding time, some monomers close to the initial adhesive sites form 
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adhesive contact with the indenter. (d) Upon unloading, the polymer chain is 
stretched to pull off the adhered monomers. (e) After a longer holding time, more 
monomers close to the initial adhesive sites form adhesive contact with the indenter. 
(f) When unloading after longer holding time, the polymer chain is stretched more to 
pull off more adhered monomers. 

 

5.4 Conclusion 

In the current study, three adhesion parameters of polyacrylamide hydrogels with 

different compositions are measured, including the adhesion energy, the cohesive strength, 

and the separation distance. The adhesion measurements are obtained from a series of 

indentation adhesion tests over a wide range of holding time and contact radius, and the 

adhesion parameters are calculated with a modified Maugis-Dugdale model. Through this 

approach, the adhesion parameters obtained are intrinsic parameters of the hydrogel surface 

and independent of the experimental length scales, thus allowing the comparison between 

the adhesion properties among different hydrogel compositions. To further understand the 

relation between hydrogel adhesion and its composition, the possible relations of these 

adhesion parameters with some structural parameters of the surface polymer chains are 

discussed. It is found out that rather than the adhesion energy, the cohesive strength scales 

better with the surface polymer chain density. Meanwhile, the adhesion energy is related 

to the surface chain density along with other properties of the surface polymer chains, 

which are likely related to the polymer chain length. All the adhesion parameters increase 

with the holding time in the current study, and a detailed mechanism for this observation 

is proposed. 
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CHAPTER 6. CONCLUSIONS 

The main purpose of this thesis is to develop robust indentation methods to 

characterize the mechanical, transport and adhesion properties of hydrogels, especially on 

a small length scale. The indentation methods developed are further applied to the model 

polyacrylamide hydrogel of several different compositions to study their properties.  

In Chapter 2, a dynamic indentation method is developed that can characterize the 

linear poroelastic properties of hydrogels. The experimental procedure of conducting the 

dynamic indentation method is proposed, and the corresponding boundary value problem 

is solved.  Based on the solution, a simple procedure to extract the linear poroelastic 

parameters from experimental results is suggested. This method is further applied to the 

polyacrylamide hydrogel to illustrate the procedure, but it is expected that the method can 

be applied on a wide range of natural and synthetic hydrogels as long as a proper contact 

length scale is selected. When using the method on other hydrogels, it is suggested that the 

tests be conducted on a series of different contact radii to confirm the poroelastic nature of 

the hydrogel under that specific length and frequency scale. 

In Chapter 3, the applicability of the dynamic indentation method is illustrated on 

polyacrylamide hydrogels with different compositions and at different swelling ratios. The 

swelling-dependent mechanical and transport properties of polyacrylamide hydrogels are 

studied. Analysis of the experimental results shows that the Flory-Rehner model is not able 

to describe hydrogels with a large range of swelling ratio only with constant parameters. 

This finding indicates that the applicability of the widely used Flory-Rehner model on other 

types of hydrogels also needs to be further examined, as some possible mechanisms 
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causing the discrepancy may be universal for different hydrogels. This chapter also 

proposes and studies possible modifications to the Flory-Rehner model. The modified 

model can describe the swelling-dependent linear poroelastic properties of polyacrylamide 

hydrogels of several different compositions, it may also serve as a reference for developing 

nonlinear models for other hydrogels. 

In Chapter 4, the time dependence and length dependence of adhesion during 

indentation is first systematically examined on a model hydrogel. Several findings are 

obtained from the experimental results, which may apply to a wider range of hydrogels. 

First, the adhesion of hydrogel increases with the contact time, and the timescale for the 

increase is not related to the poroelasticity, which causes the time and length-dependent 

bulk mechanical properties. Second, the adhesion of hydrogel also depends on contact 

length scales, which is later proved to be a result of the adhesion hysteresis. The latter 

finding, for the first time, shows the importance of both the indenter radius and the 

indentation depth when measuring the adhesion of any hydrogels at a small length scale, 

and points out that the classical contact mechanics model may not be directly used to 

extract values of adhesion energy. Based on the experimental observations, this chapter 

further develops a modified contact mechanics model that can predict the length-dependent 

adhesion behavior of hydrogels using one set of adhesion parameters at a particular holding 

time, which is not covered by previous contact mechanics models. It is expected that the 

modified model can serve as a robust tool for comparing adhesion measurements on 

different hydrogels, and even at different experimental length scales. 

In Chapter 5, the indentation adhesion method developed in Chapter 4 is applied to 

polyacrylamide hydrogels with different compositions to study their adhesion properties. 
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The possible relation between the adhesion parameters and several parameters of the 

polymer chains in the hydrogel are discussed, which suggests more detailed information 

on the mechanism of hydrogel adhesion. Although more experimental information about 

the polymeric network is needed to further study the adhesion properties of hydrogels, the 

discussion on the possible mechanism is expected to provide more guidance for tuning the 

hydrogel adhesion through controlling the hydrogel composition, for both the 

polyacrylamide hydrogel and a wider range of synthetic hydrogels. 
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APPENDIX A. EXPERIMENTAL DATA 

A.1  Phase Lag Degree Results for Dynamic Indentation Tests 

For each hydrogel composition at each swelling ratio, the results of the phase lag 

degree obtained at different indentation depths are plotted in different colors, either as a 

function of the oscillation frequency or as a function of the frequency times the contact 

radius squared. The composition number of the hydrogel sample and the concentration of 

the PEG solution are labeled in each plot. 
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Figure A. 1 Phase lag degree results for hydrogel composition No.1. 
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Figure A. 1 (Continued) Phase lag degree results for hydrogel composition No.1. 
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Figure A. 2 Phase lag degree results for hydrogel composition No.2. 
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Figure A. 2 (Continued) Phase lag degree results for hydrogel composition No.2. 
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Figure A. 3 Phase lag degree results for hydrogel composition No.3. 
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Figure A. 3 (Continued) Phase lag degree results for hydrogel composition No.3. 
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Figure A. 4 Phase lag degree results for hydrogel composition No.4. 
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Figure A. 4 (Continued) Phase lag degree results for hydrogel composition No.4. 
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A.2  Calculating the Shear Moduli of Hydrogel Samples in Chapter 5 

 

Figure A. 5 Fitting curves for calculating the shear moduli of hydrogel samples.  
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