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I. Iterates of Nonexpansive Mappings

A, Summarx

Working with Dr. Jim Lawrence (George Mason University),
we have studied nonexpansive piecewise isometric mappings
(foldings) and the behavior of sequences of iterates of
such mappings. The results of our research to date are
contained in [l1] and [2].

d d

If g: R™ -~ R™ is a nonexpansive mapping having a

fixed point, it is known that any sequence

(1) Xpepp = (Qlx) +%,)/2

converges to a fixed point_of g [8]. In [1l], the principal
- goal was to exhibit a class of mappings, the nonexpansive
piecewise isometric mappings, or "foldings", for which the
behavior of the iteration (1) is especially favorable.
The iteratioh (1) is equivalent to the "proximal
point algorithm" for finding a zero of a maximal monotone
multifunction [9], [10], [11]. If T is maximal monotone

on Rd, the proximal point algorithm generates a sequence

(2) X1 = POG),  p= (T+m) 7L

Furthermore, the mapping g = 2p - I is nonexpansive so
(1) and (2) are equivalent.

In [1l], the iteration (1) was studied in detail for

the case where g is a folding. It was shown that the




sequence (1) behaves, eventually, as if g were actually an
isometry.

It was also shown in [l] that this fact has many
surprising consequences, especially the finite termination
of several algorithms. As examples, we described algorithms
for solving systems of linear inequalities and network
flow problems. We also obtained a constructive and simple
new proof of the fact that for any antisymmetric real
n x n matrix A, there exists x 2 0 such that Ax > 0 and
X + Ax > 0.

The paper [2] was motivated by a desire to determine

whether or not the iterates

(3) Xppy = a(xp)

of a folding q coincide, as do the iterates (1), after
finitely many steps, with the iterates of some isometry.
The answer turned out to be negative. This outcome is con-
sistent with the fact that for a general nonexpansive
mapping q (not necessarily a folding), the iterates of
(I+g)/2 have long been known to behave more nicely than the
iterates of g; for instance, any sequence (1) converges to
a fixed point of g (if one exists) [8], but the same is
not in general true for (3).

It was shown in [2] that much can still be said about

the iterates of (3) when g is nonexpansive, and still more

can be said if g is a folding. In [2], we first analyzed




the structure of foldings. We showed that a folding
induces a decomposition of the underlying space into
finitely many polyhedral convex sets (the "folds" of q).
If g has a fixed point, we showed that there is a unique
fold whose interior contains a fixed point, and that the
fixed point set is the intersection of this fold with an
affine set.

In [2], we defined the "cluster set" consisting of
all cluster points of g-sequences, and showed this set to
be nonempty only if q possesses a fixed point. If g has a
fixed point, we demonstrated that all g-sequences converge
to S (though not necessarily to a particular point in S).
Further, S is closed and convex, gq(S) = S, and the restric-
tion of @ to S is an isometry.

We then turned to the question of characterizing all
foldings having the property: for every x there exists k
such that qk(x) e S. As a particularly illuminating example
of a folding that fails to have this property, consider the
folding q: R2 - R2 defined by q(x,y) = s(r(x,y)), where r
is a rotation about the origin by an angle that is an
irrational multiple of pi and

(x,y) if x < 1
s(x,y) =
(2-x,y) if x 2 1.

It is easy to see that for any (x,y) e-RZ, the iterates

qk(x,y) move arbitrarily close to the cluster set
S

= {(x,y): x2 + y2 < 1} and that the restriction of g to S




coincides with the isometry r. But it followed from our
results in [2] that there do exist points (x,y) for which
qk(x,y) ¢ S for all k. Further, we presented in [2] a
characterization of the class of foldings g whose cluster
set absorbs all g-sequences.

B. The Proximal Iterates of a Folding —-- Summary of the
Main Results from [1]

A multifunction r: Rd < Rd assigns a subset r(x) of Rd

to each x ¢ Rd. The set of x such that r(x) is nonempty is
dom(r), the domain of r. We may identify r with its graph,
namely the set {(xX,y): y € r(x)}. For the sake of simpli-
city, we will use the same symbol to represent a multifunc-
tion and its graph. For example, the notations y e¢ r(x)

and (xX,y) € r will be used interchangeably. If for all

(x,y) and (x',y') in r

i. ly=y'|] < |x-x'|, then r is nonexpansive
ii. |y—y'|2 < lx—x'l2 - | {x-y) - (x'—y')|2, then r is
proximal
iii. <x-x',y-y'> = 0, then r is monotone.

If r is nonexpansive, then r is maximal nonexpansive if

(the graph of) r is not properly contained in (the graph of)
another nonexpansive r'. In an identical manner, we can

define maximal proximal and maximal monotone.

The mapping (x,y)lg (x,2y=-x) induces a one-to-one

correspondence of the class of proximal multifunctions onto




the class of nonexpansive multifunctions. By this we mean
that the image under o of (the graph of) a proximal multi-
function is (the graph of) a nonexpansive multifunction and
the image under a-l of a nonexpansive multifunction is
proximal. Likewise, (x,y)lE (x+y,%x-y) carries monotone
onto nonexpansive multifunctions. Of course, the composi-
tion (x,y) a1}6 (x+y,x) carries monotone onto proximal
multifunctions.

In the following, we take g, p, and T to be corresponding

nonexpansive, proximal, and monotone multifunctions i.e.,

g = af{p) = B(T). From the definitions, it is apparent that

p = (I+q)/2 = (I+T)_l.

The'correspondences o and B clearly preserve ma#imality;
Thus g is maximal nonexpansive iff p is maximal proximal iff
T is maximal monotone. Since B(x,0) = a(x,x) = (x,x), the
fixed point set for p, the fixed point set for g, and the
set of zeros of T coincide.

A nonexpansive multifunction g is obviously single-valued
on its domain. A theorem of Kirszbraun [12] states that g
is maximal if, and only if, dom(g) = rY. Thus "maximal
nonexpansive" and "nonexpansive function on Rd" have the
same meaning. Since dom(p) = dom(g), the following are

equivalent:

d

. . . . d
1. g i1s a nonexpansive function: R~ - R




ii. p is a proximal function: Rd - Rd

iii. T is a maximal monotone multifunction: Rd e Rd.

If these equivalent conditions hold, it follows by a result

of Krasnoselski [8] that for any x, the sequence

n 1

(4)  ((I+q)/2)%(x) = p"(x) = ((1+T) )"

), n=20,12,...

converges to a fixed point of p and q'(a zero of T) if one
exists. Specifically, Krasnoselski's result asserts that
the iterates of (I+qg)/2 converge to a fixed point of g for
any nonexpansive function q having a fixed point.

Before continuing, some historical remarks are in order.
In the literature, "proximal" mappings have often been
called "firmly nonexpansive" or the "resolvent of the mono-
tone operator T". The correspondence between nonexpansive
and monotone multifunctions was observed by Minty [13] who
exploited it to show that for T maximal monotone on a

1 is a function defined on the whole

Hilbert space, (T+T)
space. The term "proximal mapping" was first introduced

by Moreau [10] to describe the function
. 1 2
x b arg min{f(z) + §|Z-XI Y,

where f is lower semicontinuous convex. Moreau's "proximal
mapping"” is actually (I+8f)—l, 9f being the subdifferential
of £ (3f is maximal monotone [l4]). It was observed by

Martinet [9] that Moreau's "proximal mapping" is in fact a

"proximal function" as we have defined the term here, and




that this implies convergence of its iterates. The cor-
respondence between the class of proximal multifunctions
and the class of nonexpansive multifunctions has also been
observed before.

The iteration (4) has also been called the proximal

point algorithm, especially when the emphasis has been

placed on convergence to a zero of T. This name was intro-
duced by Rockafellar [11], [15], in his study of algorithms
for the solution of convex programming problems.

In [1], we investigated the behavior of the proximal
point algorithm on nonexpansive mappings that are piece-
wise isometries. We call these mappings "foldings". To
define this notion precisely, suppose that q is a non-

d and - let T denote the collection

expansive function on R
of all convex sets K c Rd such that the restriction glK

is an isometry. Let I be partially ordered by set inclusion.
Every singleton trivially belongs to I, and I is closed under
chain unions, so every point of Rd is contained in a maximal
element of I. If K e T and L ¢ I and int(K) n int(L) # @
then conv(K u L) € I. Thus, if K and L are distinct maximal
elements of I, then int(K) n int(L) = g. If q has only a
finite number of folds, then g is a folding and the maximal
elements of I are the folds of q. If g is a folding, it is

not hard to see that each fold is closed, polyhedral, and

has nonempty interior.

The class of foldings is closed under composition.




For suppose g and g' are foldings with (locally finite)
folds K, (i ¢ I) and Kﬁ (j ¢ J), respeetively. Then g' o ¢

is an isometry on each of the convex sets

_ "l ]
Lij := K; n g (q(Ki) n Kj)

and these sets Lij are locally finite. Thus gq' - g is a
folding (although the sets Lij are not necessarily its folds).
Via the correspondences o and B, composition of non-

expansive functions induces corresponding operators on the
classes of proximal functions and maximal monotone multi-
functions. Thus, if pl'and p, are proximal functions and
T, and T., are maximal monotone multifunctions, it is natural

1 2

to define two new operations:

and

-1
Tl ® T, = B (B(Tl) ° B(Tz)).

Since the class of foldings is closed under composition,

it follows that the class of proximal mappings that corre-
spond to foldings is closed under *, and the class of
maximal monotone multifunctions that correspond to foldings
is closed under ®. Since composition is associative, the
operations * and 8 are also associative.

In [1], we have investigated the behavior of sequences

X 41 = p(xn), where p is the proximal function corresponding




to a folding g = a(p) = 2p-I.

An observation will simplify the discussion. Suppose
x is a fixed point for q (for p). Since folds are closed,
there is r > 0 such that the open ball B(x;r) is contained
in the finite union of all the folds containing x. For
all x in B(0;r), the line segment [§,§+x]-is entirely con-
tained in each fold that contains both X and x+x since folds
are convex. It follows that for all x in B(0;r) the restric-

tion of g to [x,%x+x] is an isometry. Defining &(x) =

q(x+x) - x and p(x) = p(x+x) - X, we then have §(0) =
ﬁ(O) = 0, & and ﬁ are positively homogeneous on B(0;r),
and & = a(ﬁ). Now, & and ﬁ-are merely the translation of

g and p for which the fixed point at x is displaced to the
origin. Any statement about the behavior of q or p near x .
translates into a statement about g or p near 0. For this
reason, we lose no generality if in discussing the behavior
of g (or p) near a fixed point, we assume that fixed point
to be 0 and g (or p} to be positively homogeneous on a
neighborhood. And when we consider a sequence of iterates

X p(xk) converging to that fixed point, we may as

k+1
well assume q (or p) to be positively homogeneous on the
entire space since only local behavior is relevant.

The following three theorems were proved in [1] to
describe the behavior of the proximal iterates of a folding.

Theorem 1 below can be interpreted as saying that the

proximal iteration x

= p(xk), when applied to a folding

k+1
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having a fixed point, spirals towards a fixed point x. It
states that for arbitrary Xy there is a subspace V(xo)

such that for all k sufficiently large, the set

{xk-i, xk+l-§,...} positively spans V(xo). (If V(xo) = {0},
this says that x, = X and the iteration terminates.)

The second theorem states that the restriction of g to
the subspace described in the first theorem is an isometry
with a unique fixed point.

The subspace described in the first two theorems
depends on the starting point x. The third theorem estab-

lishes the existence of a subspace not depending on X,

but having some of the same properties:

Theorem 1. Let g = a(p) be a positively homogeneous folding,

p (x) ~ 0. Let x, = p (x), Cp = cone{xk,xk+l,...}, and

— : d
Lk = span{xk,xk+l,...}. There is a subspace V(x) of R
and X > 0 such that L, = C, = V(x) for all k =2 K.

k k

Theorem 2. Let q = a(p) be a positively homogeneous folding

on Rd. Suppose x, = pk(x) + 0, and let V = V(x). Then gq|V

is an isometry, 0 is the only fixed point of g in V, and

p|V is a linear isomorphism.

Theorem 3. Let g = a(p) be a positively homogeneous folding

d

on R”. There is a subspace V ¢ lin N_ such that g is an

F
isometry on G, 0 is the only fixed point of g in G, and if

X € Rd is such that pk(x) +> 0 then there is K > 0 (possibly

depending on x) such that pk(x) ¢ V for all k 2 K.
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C. Applications of the Results of [1]

1. Polyhedral Convex Functions. In [1], we estab-

lished the following, which asserts. that every polyhedral

convex function gives rise, in a natural way, to a folding:

Theorem 4. If g: Rd + R u {«} is a proper polyhedral con-

vex function, then B(3g) is a folding on Rd.

Using our results on foldings, we were then able in
[1] to prove that the proximal point algorithm can be used
to minimize a convex polyhedral function in only finitely

many steps:

Theorem 5. Let g: g% » R u {=} be a proper polyhedral

convex function that achieves a minimum value, and let p be
the proximal mapping (I+ag)_l. Then for aribtrary x, there
is k such that pk(x) is a minimizer for g. In other words,
the proximal point algorithm terminates after a finite num-

ber of iterations with a minimizer.

The following presents an important class of problems
for which the proximal point algorithm always finds a solu-

tion in only finitely many iterations:

Theorem 6. Let A be a subspace of Rd, B = A', g: Rd'+RlJ{m}
a proper polyhedral convex function, p = Ta * pg. If the
fixed point set F for p is nonempty, then it has the form

F =C+D with C ¢ A and D ¢ B. If C has nonempty interior

relative to A, or if D has nonempty interior relative to B,
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then for each z ¢ Rd, there is some m such that pm(z) e F.

- d = %* = = ]

If A = R”, then pg Ta pq and D B = {0}. Since
D (trivially) has nonempty interior relative to B, Theorem
6 implies that the iteration x, ., = pg(xk) must yield a
fixed point (provided one exists) after a finite number of
iterations.

If K c Rd is a polyhedral convex set, then Yy s the
characteristic function of K, is a polyhedral convex func-

tion. Applying Theorem 6 to the case g = wK’ we obtain the

following

Theorem 7. Let K < Rd be a nonempty polyhedral convex

set, A c Rd a linear subspace, B = Al, P = Ty * LY

Zp 41 =-p(zk).- The set of fixed points of p is nonempty
if, and only if, A n K # @. If A n K has nonempty interior
with respect to A, or if A n K # #§ and B n k° has nonempty

interior with respect to B, then for some m, z is a fixed

. o
point for p, wA(zm) ¢ A n K, and ﬂB(zm) e B n K.

2. Systems of Inequalities. We will now describe two

iterative schemes for finding a feasible point for a system
of linear inequalities.

Consider a system

<x,ui> < b. , i=1,...,n

of linear inequalities (ui € Rd, b e R). For each i,




let Ci = {x: <xX,u.> o< bi}, p. = projection qnto Ci’ and q; =
a(pi). The q; are clearly foldings. Also, define
Cc = Cl N ees N Cn, P = Py * ... 0 * Pp and q = ql ° .. o g

(= a(p)).
The first scheme we wish to suggest for solving the

system is to iterate the proximal mapping p:

Theorem 8. If C has nonempty interior, then for each

X € Rd there is K > 0 such that pK(x) = pK+l(x) = ... € C.

This scheme for solving a system of linear inequalities
is very closely related to the methods of Agmon [16] and
Motzkin and Schoenberg [17]. 1In the method of "successive
projection with relaxation parameter = 2" (also a finitely
terminating algorithm [17, Theorem 11), one takes x, , = :

q(xk) instead of Xyl = p(xk).

We now describe a second method for solving the system.

This latter method has been studied in some detail in [5],

(61.
Define K = Cl X oo X Cn. K is a polyhedral convex
set in Rdn. Define the subspaces
_ . pdn _ _
A = {(xl,...,xn) e R X, cee = xn}
B = {(y y) e B9 oy o+ +y =0}
- l’--.,n =3 " .yl v e e n
of Rdn and note that B = A’. Clearly

An K

{(x,...,%): x € C}

13




14

so solving the system is equivalent to finding a point in
the intersection of A amd K. Let Ta and Ty denote the
orthogonal projection mappings onto A and K, respectively.

The algorithm is described in the following

Theorem 9 [5]. Suppose C has nonempty interior. If a
sequence (zk) is generated by the rule Zpsl = (ﬂA * ﬂK)(zk),

then ﬂA(zm) e A n K for some m.

3. Network Flows. Let G be a network (directed graph).

Abstractly, G consists of a finite set N of "nodes", a

finite set A of "arcs", and an incidence matrix E = (eij),
where
1l if i is the initial node of arc j
eij = -1 if i is the terminal node of arc j

0 otherwise

Let us suppose for each arc j ¢ A, there is a polyhedral

convex set K. c Rd. A flow in G is a function x: A -~ Rd.

J
We will call x a circulation, and write x ¢ C, if it is

conservative at each node, that is,

I e..x(j) =0 for all i ¢ N.
. ij
JehA
The set C is a subspace of the vector space of all flows in
G. Define K= 1 K.; in other words, K is the set of all
jeA
flows x such that x(j) ¢ Kj for all j ¢ A. The feasible

circulation problem is
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(P) to find x € K n C.

This is a problem of finding a point in the intersection of
a polyhedral convex set and a subspace. Applying Theorem 7,

we obtain

Theorem 10. If int(K) n C # @, any sequence

- * , I ..
X 41 (ﬂc nK)(xn) terminates in a finite number of

iterations with a flow X, such that nc(xm) e Kn C.

The regularity condition int(X) n C # @ means there
exists a circulation x such that x(j) ¢ int Kj for all j.

a dlal,

For each a: A - R~ (a may be regarded as a point in R

define the perturbed problem

(Pa) . ‘ o to find x ¢ (K+a) n C.

Thus (PO) = (P). The regularity condition can be expected

to hold for most problems in the following sense:

Theorem 11. Suppose int Kj # @ for all j. The set of all

parameter values a which fail to satisfy one of the fol-

lowing conditions

i. int(K+a) n C # # (so (Pa) satisfies the hypothesis
for Theorem 10;

ii. (K+a) n C = @& (so (Pa) is infeasible);

alaj

forms the boundary of a convex subset R and is thus a

set of measure zero.
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Theorem 11 means that, except for a belonging to a
small set, either the perturbed problem (Pa) is solvable
in a finite number of steps by the algorithm, or (Pa) has

no solution and the iterates will diverge.

4. Linear Programming Duality. As a final application,

we proved in [1] that if A is a real d x d antisymmetric
matrix, there exists a vector x = 0 such that Ax 2 0 and
x+Ax > 0. While this is not a new result, our proof is
novel, and provides an elegant application of our results
on foldings.

D. The Simple Iterates of a Folding -- Summary of the Main
Results from [2]

In [2], we proved several properties of foldings, the

first being .

Theorem 12. The folds of a folding g are closed, convex and

have nonempty interior.

Folds are not necessarily disjoint, but their interiors

cannot overlap, as the following shows:

Theorem 13. If P and Q are distinct folds then P n int(Q) = 4.

The fact that folds are convex, have nonoverlapping
interiors, and their union is the whole space implies that

they are convex polyhedral sets:

Theorem 14. Folds are polyhedral convex sets.
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In the next theorem, it was shown that the fixed
point set of a folding has a very special structure; it is

the intersection of an affine flat and a fold.

Theorem 15. Let g: Rd > Rd be a folding with nonempty

fixed point set F. Then there is an affine flat A and a

fold Q such that F = A n Q.

The following is a characterization of linear isome-

tries:

Theorem 16. Let g: Rd > Rd be positively homogeneous

(g(tx) = tq(x) for t 2z 0) and a folding. Then g is a
(linear) isometry if, and only if, its fixed point set F
is a subspace. If g is a linearly isometry, then g maps

F! onto F*t.

We have seen already that the fixed point set of a
folding is the intersection of a fold and a flat. The next
result shows that the flat must meet the interior of the

fold.

Theorem 17. Let q: Rd > Rd be a folding. If g has a

fixed point, there is a unique fold P whose interior con-

tains a fixed point.

If gq: Rd > Rd, we define the cluster set of g to be

the set S of all cluster points of g-sequences x,g(x),...

If g is nonexpansive and has a fixed point, then every
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g-sequence has a cluster point. On the other hand, if the
cluster set of g is nonémpty, Theorem 18 shows that g

must have a fixed point. If g is nonexpansive and has a
fixed point, Theorem 19 demonstrates that S is closed,
convex, g(S) = S, and g is distance preserving on S. Also,
all g-sequences converge to S in the sense that
dist(qk(x),s) + 0 for all x ¢ Rd. Thoerem 20 gives a
sufficient condition guaranteeing that a folding g have the
property: for every x there is some finite k such that

k

g (X) € S. Theorem 21 asserts the necessity of this same

condition.

Theorem 18. A nonexpansive mapping g: Rd - Rd possesses a

fixed point if and only if its cluster set is nonempty.

Theorem 19. Let g: Rd > Rd be a nonexpansive mapping with

a nonempty fixed point set F. Then

i. for any z ¢ S, z is a cluster point of the sequence
2,9(2),q°(2) /...
ii. g(s) =8
iii. g is an isometry on S
iv. S 1s closed and convex
v. for any x ¢ Rd, and ¢ > 0, there exists K such that
dist (q%(x),8) < ¢ for all k > K.
If q is a folding, and P is the unique fold whose interior
meets F, then also

vi. F n int(S) is nonempty

“wvii. 8 < P,




19

Theorem 20. Let g: Rd - Rd be a folding having a nonempty

fixed point set F, P the fold whose interior meets F, i the
isometry that agrees with g on P, S the set of all cluster
points of g-sequences, and W the linear subspace parallel
to the flat consisting of all points having periodic orbit
under i. If P = P + Wl, then for every x « Rd, there is

some k such that qk(x) e S.

Theorem 21. Let g be a folding on Rd having a nonempty

fixed point set F. Let P be the fold whose interior meets
F, S the set of all cluster points of g-sequences. Let i
denote the isometry that agrees with g on P, and W the
subspace parallel to the flat consisting of all points
having periodic orbit under i. If P # P + WL, then there

exists y ¢ S such that qk(y) ¢ S for all k.

IT. Solution of Network Equilibrium Problems

In a forthcoming paper [3], a new solution approach
will be proposed fo: a certain class of network equilibrium
problems. Applications to the computation of spatial
economic eqﬁilibria will also be discussed.

The simplest problem to be considered will be the
single-location supply-demand equilibrium problem. Here,
the goal is to balance the supply and demand of a vector
of consumable goods in a competitive market environment.

Given a demand vector d, the suppliers are assumed to choose

a production plan x so as to solve a certain convex
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programming problem

S(d) to minimize fo(x)

subject to fi(x) + di < 0, i=1,...,m, x ¢ C.

Solution of this problem also yields a vector P(d) of
shadow prices (Kuhn-Tucker vectors). The consumers are
represented by a demand function Q(p) which specifies the
guantities of goods consumers are willing to purchase at

unit prices p. The problem is then
to determine p and d such that p ¢ P(d) and g « Q(p).

This type of formulation is found in the PIES model [18]
and others. The solution approach we will propose has some
.strong theoretical advantages over existing methods, the
main one being global convergence under the assumption that
the multifunction -Q be maximal monotone. Explicit know-
ledge of the function P(d) is not required; each iteration
requires the solution of a convex programming problem for
which the only constraint is x ¢ C. Not only are seguences
produced converging to equilibrium values of p and 4, but

a sequence x is produced as well converging to an optimal
value for x. Each iteration requires also one evaluation
of the function (I—Q)_l which is known to be single-valued
because of the fact that -Q is maximal monotone.

More generally, our model will incorporate the spatial

or multi-location equilibrium problem. Under this model,
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there are a finite number of countries or locations, each
one having its own demand function Qj(pj) and its own
convex programming problem Sj(dj). Goods may be shipped
between locations, and when this is done a certain trans-
portation cost is incurred. It is required that the pj
are shadow prices for the associated convex programming

problems Sj(dj), g. e Qj(pj), and the markets are balanced

;
in the sense that no goods are shipped in a manner that does
not make sense for either producers or consumers.

The method of solution proposed here is a speciali-
zation to a network setting of the "method of partial
inverses” introduced in [l]. Given a maximal monotone multi-
function T: H 3 H on a Hilbert space H (which for our
purposes Will élwéys be’é finite dimensional Euclidean
space equipped with the standard inner product) and a closed

subspace A c H, the method of partial inverses is a pro-

cedure for solving the following problem (taking B = at)
(5) to find x ¢ A and y ¢« B such that y ¢ T(x).

The projection of x onto the subspace A or B will be denoted
as X, Or Xg, respectively. To solve (5), the method of
partial inverses constructs sequences X, € A and Y, € B in

such a way that

) —_ ]

where xﬁ and yé are chosen so that

X! +y'=x +y and yﬂ € T(xﬁ).

-n
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The existence and unigqueness of xﬁ and yﬁ having the above
property 1is established in [1]. The main result from [1]

regarding the convergence of the algorithm is the following:

Theorem 22. Let Xy and Y be sequences of iterates pro-
duced by the method of partial inverses. It will always

happen either that

i. X > x and Y y for some solution §,§, or that

ii. |%, +y, | » = and (5) has no solutions.

The distance from x -+yk to the set {x+y: x,y solves (5)}

k

is nonincreasing.

A network G is a triple (N,A,e). The finite sets N
and A consist of the nodes and arcs of G, and the incidence

function e maps N x A into {+1,-1,0}, where

+1 if i is the "initial" node of arc j
e(i,j) = -1 if is the "terminal" node of arc j

0 otherwise

Each arc is required to have exactly one initial and one
terminal node, and these must be distinct. Let E be the
k x n matrix whose (i,j)-entry is e(i,j) (k = |N| and

n = |A]).

A flow in G is a function x: A - R, If m > l, x is

a "multicommodity" flow. The divergence y = div x of the

flow x is the function y: N +» H defined for each node i by
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y(i) = I e(i,j)x(3).
JeA

In matrix notation, we can write y = Ex = div x. If

div x = 0, we say that x is a circulation in G. The set

C of all circulations in G is a subspace of the vector space
flows in G. A potential in G is a function u: N - H. A
potential determines, in a natural way, a function

v = Au: A - H called the tension function on A which is

the differential of u. If i is the initial and i' the

terminal node of arc j, then

Au(3) v(j) = u(i') - u(i),

or, in matrix form, v = Au = -E'u. The tension v is called

a differential if v = Au for some potential u. The set

D of all differentials in G is also a subspace of the space
of flows in G.
Since D is the range of E' and C is the kernel of E,

we have the important relationship

An arbitrary flow x can thus be written in a unique way

as the sum of a circulation and a differential:

Both of the economic equilibrium problems mentioned

above can be phrased in a network setting. Because the

supply and demand functions arise in different manners, it
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turns out to be convenient to consider networks that contain
two classes of arcs. Suppose that the set J of arcs of G

is divided into two distinct classes J, and J.. With each

1 2

arc j e Jl let there be an associated maximal monotone

operator Tj: R® 3 R®. With each arc j e J let there be

21
an associated family'(Pu ) of optimization problems, where,
J m
for each uj = (ulj,...,umj) ¢ R, the problem (Puj) is
43
(Puj) to minimize foj(xj) over x. € R
subject to the constraints xj € Cj and
flj(xj) + ulj < 0""’fmj(xj) + umj < 0
d. d

where the functions fij: R BN R are convex and Cj c R J

is a nonempty closed convex set. Given such a network, it

makes sense to consider the following préblem (taking dj =0
for j ¢ Jl’ and d = Zdj):
(Q) to find u = nuj e C, vy = nyj e D, and x = nxj € Rd
such that
(a) for each j « Jl, yj € Tj(uj) and

(b) for each j ¢ J2, xj solves the problem (Pu )
]
and yj is a Kuhn-Tucker vector.

To say that yj is a Kuhn-Tucker vector for (Pu) means that

]
ylj""’ymj > 0 and the infimum of the function
| ] '
foj(xj) + i yij(fij(xj) + uij) over all xj € Cj

is finite and equal to the optimal value in (Pu ).
]
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For each j « J2, define

foj(xj) if flj(xj)+ulj < 0,...,fmj(xj)+umj < 0
P,.(x.,u.) = and x. C.
3 (%g0uy) i € 3
+o otherwise
and let T. = 3F..
J J

Let H

{(x,u): x ¢ Rd and u is a flow in G}. Let
A= {(x,u) ¢ H: u e C} and B = {(v,y) ¢ H: v =0 and y « D}.
It is clear that A and B are complementary subspaces of H.

Define a maximal monotone multifunction T: H 3 H by declaring

(v,y) € T(x,u) if, and only if yj € Tj(uj) for all

j e Jl and (vj,yj) € Tj(xj’uj) for all J ¢ J2.

The network equiiibrium problem (Q) is then equivalent to

the problem

to find (x,u) ¢ A and (v,y) € B

such that (v,y) ¢ T(x,u).

This problem can be Solved by the method of partial inverses
(6). In order that it be possible to implement this pro-
cedure, we know that it would be required that routines be

available to perform each of the following tasks:

(1) given (x,u) ¢ H, to compute the projection of (x,u)

onto A and B, and

(2) given (x,u) ¢ A and (0,y) e B, to determine (x',u')
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and (v',y') such that

(x'+v',u'+y') = (x,u+y)

and

(v',y') € T(x',u').

Procedures for performing each of these tasks will be
investigated in [3]. The resulting algorithm for solving

(Q) is the following:

Initialization: Start with an arbitrary flow x, u ¢ C,

y € D.

Step 1: (a) For each arc j « Jl, find uj and yi such that

' oy = u. 4+ vy, and v' T. (u'!
4y T Y Y5 yj € Ty(u))

(b) For each arc j ¢ J

X find xé to minimize the function
1 2 1 . 2
Y+ = '-x.. = . ' . .
foj(xj) > z\xlJ xljl + 5 Imin {O,flj(xj) + a4 + ylj}

subject to the constraint xj € Cj, and let

I B if f£.. 'Y +u.. + V.. 2
IR B SRR CE I SR LA A FE T
1] - ' . '
fij(xj) if fij(xj) + uij + yij <0
and
' - - '
Yis T Ui Y35 7 Uiy

Step 2: Update x, u, and y as follows:




and repeat Step 1.

According to Theorem 22, we also have

Theorem 23. Let x and Yy be iterates produced by the

k' ukl
above algorithm. It will always happen either that

1. % > X, uy > ﬁ, and Y § for some solution (§,ﬁ,§)
to (Q),
or that

ii. |(xk,uk+yk)| + » and (Q) has no solution.

27
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