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SUMMARY

Direct burlal ot underground elécfrical cables 1is
becoming more énd more prominent in the scheme of electrical
power transmission and distribution. Such Systems represent
@ flarge financial investment and in order to fully exploit
their_éurrent-carrvlng capacities without threat of thermal
iallure; accurate predictions of the thermal behavior pf the

systess are essential.

fhe purposes of this study are to {1) determine the -

soll characteristics and cavle system naramefebs which have
the aost significant .lntluence on the heat transfer and
aoisture movement in the soil. and (2) attempt to deflna
limits for those parameters in order to lnﬁure a thermally

stable operation.

The cablee=soil system has been modeled by a .

cylindrical heat source embedded in an Inflnlté homogénQOJs

mediume The thermal and hydraslic praoaperties of two soll3a'

Plainfleld sand and “Georgla ~ed clav" (a sandy slit), were
used in this sfudv. The two coupled, second-order oartial

differential eguations which descrlbe 1he.heat tfansfer énd

molsture movement In the soil were first simptifled -fhrough'
an order of magnltude analysis and subsequently further

~simolifled through examination of ¢the influence of fthe

remaining coefficlents In nume~lcal simulationss
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The equatlions were solved numerlcally uslng_ an

llollclt finite dlfference scheme, ISurface- heat fransfar

rates and iIniftlal soll condlflons uere'variéd. Analytical

predictlons were checked nlth'expehlmental resdlits whenever

possinte.

The model opredicts a tuoéstégg process of drving In.

the ﬁlclnity of the heat source. DOurlng the first stage the
rate df nolsfﬁre .novement- away  fron the heat source
decreases untll a critlcal moisturs content 1s reached.
Thereafter, the rate of moisture movement Increases until

compiete drying of the soll adjacent to the heat source

_6ccubs. The value ot the molsture content, xcrit' at whlch

the drving enters stage fwo is essentlaliy independent of
the surface heat transfer rates and Is a function of the
initial moisture contenf of the solil forfa given poroslfy.
The magnitude of X_.;. decreasas as the -Inltlal molsture
content decreases.

There appears_alsd to be a cfltlcal aaximum value of
the surface héat transfer rate ‘below - which signlflcant
drylng of the soil will ve conslderabivfdélaied; _

For a soll of ilxed porositys the .surface heaf
transfer rate and fhe lnltlal_nolstuhe éonfeﬁf are the mast
significant paramseters aiiecfing the mwmolsture mokement.
Given a complete set of fhermal_and hvdréuilc properties the
model can_ predict reason3loly well the time at whizh

signilficant drying will comnence as well as the time 3t
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 which complete drying of the soll ad]acent.fo the surface of

the source will occur.

The resulfs of comparisons between model predldfions'

and  experimental data indicate that the needle~probe method
ot measuring thermal conductivity might also be used as a

method of evatuating the thernal stabitity 1imits of a soife
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CHAPTZIR I

~ INTRODUCTION

‘The process of simultaneous heat and mass transfer In

solls 1s an important area of interest maln}v because there

are many practical examples of heat dissipation In the earth

and because so Ilttle is known about the complex movement of

heat and moisture throughout the earth In the vl?lnify.of_ $3

heat sources Several areas in which the transport of heat
and mass In soll$ is important aret
| 1. Heat dlssipation'.lrom underghﬁuud electrical

power cabless

2+ Heat transfer to and ftrom buried pipellnes.

3+ Heat transfer to and from heat pump colls.

e HWaste heat rejection fronm pouef'plantlcondenser
water used to extend the growing season In cold reglons,

5. ReJection of heat generated in burlied radloactlve
nastess

6+« Storage of solar enargy In undehgtound tanks.

7+» Energy conservation In the undérground portion of
bulldings, | | |

8. Recovery ol geothermal energy.

Heat transfer in solls is compllcafed by the preseace

of solld, l1iquid and gaseous phases. Slnce'soll ls a porous
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‘mediym, heat must be conducted through a system of serles

and parallel pathss, Thermal gradients induce molsture

movement whlch, In turn, creafes molsture gradlents,

Thé thermal conductlvlty of soll debends on the soil

constitueﬁts. the soll porosity and the relative amount of
molsture In the soll. At elevated temperatures, the
moisture In the soll ad]acent to a heat Source can bé driven
away Eesulflng in @ zone of low molsture content soil in

contact wilth the source. Since thermal  conductivity

decreases as the wmoisture content decreasess the dry Zone

creates an insulating blanket which further iInhiblts the
disslpation of heat from: the sources Thermally induced
moisture movement IS thereby increased. - B |

_The possibiilty exists that the molsture ievel In~the

'soll surrounding the source may increase with time due to

return flow of water by caplilary action. This phenomeaon

results in an increased abllltv td transport heat, Such

moisture migration would be dependent upoﬁ the changes in
the hydrautic and thermal properties of:the solle If the
moisture content does not increase with time, the capability
of the source to dlssipate heat through the dry, low thermal
conductlvltf' soil Is greatly reduced. - Belng able fto
fdentify factors uhlch'cause tals tipe of soil bﬁhéulor Is
extremely Important. partlcslarly when the heat source is
required to ftransfer targe amounts of heéf. Such uoufd be

the case for underground electrical cables and buried hgat
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pump collsy for examples

The movement of moisture In soils occurs in poth the

I1quid and vapor.phases} In 8 completely saturated soil the

movement of 1iquid Is described by Oarcy®s law and

characterlzed through the saturated hydraullic conductivitye

As the molsture contfent decreases the hydraulic conductivity
also decreases and becomes essentlially Zero at a point whe-e

the contlnuity ot the {lquid no 1longer exists. The

remaining liquld 1s hetd In the soit by strong molecular

forces or retained as a hygroscopic layer on the suhfaée of

the soll particies. Thus, at molsture contents below that

for whlch tiquid cdnfanlfv is maintained the soli1 behaves

essentially as 3 dry medlum.
.At.lon moisture contents the thermal conducflvlty of

the $0il reaches a mininua value and heat disslpation can be

severely Inhibiteds  Furthermore, when 1iquid continulty
breaks down rewetting of the soil Ils much more difficult

than when fthe soll is moiste

The orecise conditlons under whlch élgnlflcanf

moisture migratlon wltl occur are not known, and it is

therefore not possible to fully expiolt the currenf-carrving

capacitles of buried cavblas with respect to the héaf
transter characteristics of solls.. Many céses.ot so=called
“thermal runaway™ or “theraal lnstéblllty".have also been
reported. In sSuch ¢ases : qulck_rlse'of cable temparature

occurs due to migration .’ moisture from tne surroundiwg

P T
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soll aﬁd the formation of a.dﬁv zone around -the caﬁle {1091,

| Some evidence {5] suggest§ that drying ls_not'usuallv
associated wilth cables subj] ect fq normal cyclic Ioadlng.
Howevers Lt has been reported (3] that cables wnich have

operated normally foh considerable lengths of tine can

suddenly experlence rapid increases in temperature due to

signiflcant nlgraflpn_of aoisture, Furthermore, complete
drying may occur at 'fenoeratures well below the bol!lng

point of waters

The purpose of this research is twofold, ~ The tirst

phase consists of identifying the soll properties and cadle
systes operating characteristics uhich. havg;M the most
Islgnlflcant influence on thermal étaplliff; : Thé second
nh#se consléis'of correlating the resﬁlts ot the analyslis éo
fhat the condltlohs which Ieéd to thermal Instabillty in

solis can be predicted.

fha' buried cable systam ls qodeled by a cyllndricgal

- heat source In an Intinite, honogeneouss ISOtroplc medlug.

The mathematical formulation of the problem in cylindrical
coordinates has rotational and  axlal symmetry since the
effects of gravitys, surface ohenomena (esge heat fiux and
molsture movement at the earth*s surface) and Ilocation of

thé water table are neglected In the analysis.

In the formulation of the model it Is assumed that

hysteretic character]lstics of the soll are absents This 1is
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tantamount to assuming monotonic d?ylng ot the soil.

The governing egquatioas are_nondlhenslonall:ed. and
an order-of-magnitude analysis is performed to determine
fhosa disensionless gfoups which have the most signiticant
effect on the heat tfansfer and molsture movamenf in the
soll surrounding the heatead caale.. - : ’

Because of the complexity of +the proolems the
translent form of the governlny equatlions is lsglvéd by an
lepticit  finite difterence scheme using the CDC~7400

computere

|
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. .CHAPTZR Il
DEFINITIONS

The study of heat transfer and molsture movement in
s0lls draws upon the llterature of the thermal sciences as
uall-as s0l) Science, Some terms may be unfamllilar Ln one

fleld or the other or 'uav. even have slightly different

connotations. Therefore the definitions of certailn selected .

terms are glven in this chaptar.

1. Capillary Molsture. MWater whlch is held in fne‘

soll pore spaces by surface tension forces.

2¢ Diftusivity. Unlass ofheruisé stated, the term
ditfuslvity usdatly refers to the Isothermal 1lquid
dffoSlvltv: isee the product of the unsaturated hydraulic
| condu#?lvltv. Ky and the siope of the soll moisture
characteristic curve, 3¥/38. In general, there aré _foﬁr

molsture dlffusivity ternmss

a) DG, and Dy, are isothermal 'Ilquid and vapor

diftusivities, respectively, Thef relate the fluxes ot
liquld and vapor to the gradlent of the moisture content.

b) Drg and Dy, are thermal Illquid and vapor
diftusivities, respectivelys They relate :the tiuxes of
tigquld and vapor to the g-ad1é1? of teﬁperature.

3. Dry Densitys, The denslty, Py® of the soll with

el e T SR A Y
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all moléture removed,

- lhe Hygroscopic Cosfficients The soil suction value

at which the sol! moisture is in equilibrium with an

atuo;phqre of 98 percent retative humidity. At molsture
contents bedow that which corresponds tp the hygroscoaplce
- coefflcient, the solil behaves as a dry nédlum. |

S« Molsture Contents The volumetric . moisture
content Is the volume of water per unit bulk volume of soli.

In the ((iterature ot the power cabie iIndustry, moisture

content 1s usualily expressed as a percent of the dry welght

or density of the soile The volumetric moisture content is
_relafed to the woisture gontent by welght through the

relation

@f{by volume) = (dry densitysliquld density) x

moisture content by weight{exoressed as a decimal fraction}

Bse Porositye. The soll- pore vofume per unit bulk

voiume ot soil. The soll porosity, es IS related to the dry

-density through the relation
& F1%0,7P5014d

nhere p d is the density of fthe solid soll particles,

soli _
usually apout 2.65 g/cm3.

7+ Soll Molsture Characterjstice The relationship

O e e e T
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befueen.soll moléfure suction and nrolsture contant. The
characteristic curve Is obftained by plotting soll suction
against soll molsture contents The soll suction is zero at
comp[e*e saturatlion and Increases continuously to a very
farge value when the soil is oven dry.

8, Soll Moisture Potentlal (Soll Suctionle The soil

moisture potentialy ¥, usually includes matrice osmotice and

pneumatic potentials (see Total Potentiall so that -total -

soll  moisture potential 1Is the sus of fhe_gravltationa!
potential and the soil ‘moisture potentlal, l.es 9 = ¥ +7ge
In the absence of dlssoiued'sqlts. the osmotic potential ls

zZeros and In =205t cases air pressure dlfférences are

~nonexistent or are negllglblv small;‘ahd the molsture

potentlal can be taken to be the matrlc potential. The
terms soll moisture potentlal and soll suction are sometizes

used Interchangeaoly even though the solil @oisture potential

is 3 negative quantity and the soii suctlon is a positive

quantlity. _ .o

9. Total Potentlal. The total potential, §, 1s the
work required per unlt nmass ot_'pura -water to remove,
reverslblv and isothermallys an increment of iater from fthe
soil at some equltiorium state, The' total.potential is
divided Into four components [311

a) Gravitational potqnflal. vg. uhich is related fto

elevatlon reiative to soma arbitrary reference’

b) Matrlc Potentlals ¥ _, which Is related to the

e R TRSe e d e e
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'adsorptlon forces betueeh- solid surfaces and  water,

Including the effect ot cohesive forces between moleculess;.

c) Osmotic potential, ¥ whilch ls-related~fo_the

o
forces of attraction between ions and water moleculasi and

d) Pneumatic potential, ¥ which is related to the

| p’
forces arising from unequal pressures in the. gaseous phase.
9. Unsaturated Hydraulic Conductivity.,  The
unsaturated hydraullc = conductivitys  Ks s the

proportionallty factor 1In Darcy®s taw for unsaturated soll’
shich relates molsture flux to the gradient of the fbtal

molsture potential, l.e. Tzfnz = aK(8)V{e various nanes

hiva been proposed for this factore among them
"permeability.” Childs ([23) suggests the use of “hydrauiic

conductivity® following the recommendation of ~ the

Subcommittee on Permeabliity and Inflitration of the Soll

Sclence Soclety of Americas)
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CHAPTER III
REVIEW OF LITERATURE

Perhaps the earllest experiments directed toward
deternlnlng the Influence of temperature gradlenté on
molsture movemant'iﬁ s0lis were conducted by Bouyoucos [121.

His tindings indicated that there was a moisture content

which resulted In 3 waxisum amount of fhermally Induced
-molsture movement. Smith f135) verified the existence of a

“crliftical wmoisture content™ and observéd that - l1ittle

moisture  naligratlion occurred - at low or high molisture

contenfsg Instead, the amount of molsture movement reached

a maximum valuye at some Intermedlate wolsture cohfent;

Although thls characteristic was seemingty lndependenf of

the physlical condition of the soli. the magnltude ot the
nol#ture migration changed considarably as sqll' conditions
were altered. Smith concluded that vapor diffusion was
negllﬁlblv small and proposed zapillary movement induced by

vapor condensation as a mechanism of 'aolsfﬁre movement.

This concluslion was also supported by pPhlilip and de vries

{1151, Woodside and Kuzmak {16ils and Der)ajuin and
Melnlkova (351,

It is now generallv'accépted that movement of soil

molsture in the 1tiquid phase opredominates it I1lquld
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 contlnu1fv"1n the soll' lé maintalned, but that wvapor

transfer Is of comparable or greater magnitfude when 1lquid

A

T D T v i g !

contlnuity breaks doun' {571, The overall process of

b A

mojisture movement In response to a temperature gradient has

been described at tength py Milne and Mochiinski [130)¢

The movement In the 1iquid phase s a
temperature=controlled stable process caused by fthe
surface tension ot water decreasing with increasing
femperature, weakening the forces retaining llquld water
in the higher=temperature regions and causing it to move
away towards the cooler raglonss The time constants of
the process are contralied by the hydraulic gradient

~resulting  from the  temperature gradient and by the
permeabllity of the soil to liguide A

e P 22 b T U i

The watere-vapor pressure In the pore SsSpaces  In fthe
higheretemperature reglons exceeds  that in the
fower=temperature regionse Hater vapor therefore nmoves
afong the temperature gradient and, evaporating in the.
higher«temparature reglon, creates a hydraulic gradient

" by providing a surplus to hydraufic requirements In the
lower=temperature reglion and a deficlt. In the highery
The evaporation system may remain in continuous dynanmic
equitibrium by a constant transfer back of 1iquld under
this hydraul lc gradient; or, alternatively, if the ratio
- of tiquld perseapility to vapor permeaollity of the s2il
.18 too lows the systea may remain unstaole, fthe
. " . molsture=movement process . ceasing only when . all. .
T ‘caplllary nolsture has been - removed from -those
" higher~temperature reglons In which batance Is not :
achieveds These are thus dried out. g TR .

-

In a glven soll, with Increase of moisture,
permeability to llquid increases, while permeability to
vapor decreasess Large interconnected volds unfiiled
with moisture offer good permeabnility to vapor diffusion

_ through soile DOn the other handy In soil In whlch emoty
volds are saturated with moisture, the vapor movement {s
restricted and evaporation (s not expected to tike pilace )
at temperatures normally encountered on the - cable !
-surface. - T - :

In a saturated so0il, twe'vapor-movedent process will
not take place until the teaperature approaches . the
poiling point of water, _ _ _ |
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_ Once the capillary wmolsture has all been removeds .. -
breaking the caplliiary channels, the permeabilility of the
soili to the |I1lquid becomes very low Indeed. In’

consequences even when the source of heat Is removed, 2
zZone once dried out may oe a very long time in regaining
I1ts normal molsture contents elther by capillary action
or oy percolatlion of gravity water.

Movement of Molisture in Solls

Although there are several proposSed explanathné tor
the varlous mechanisas ot moisture nlgrétion. most
researchers agree that Flck®s law consistently underpredicts
observed water vapor movement [16+22,45,59411541221,
Opbserved rates of movement grgatly exceed fhose'predlcted bv
tha mofecular dlifuslon equatlion moditied to take account of
thea reduction of dlffuslon'cross-sectlon by soll.and iiquid
waters and of the tortuous diffusion path In the soif {1151,
Phillp and de vries [115) Introduced a factor to account for
the difference In average temperature gradlent across

alr-fliled pores In the porous mediune. This resulted in

calculated vapor movements which were from two to eight

times greatar than those predicted with the usual dlffusion
eqsatlion and corresponded well with previous experiments,

This ldea of large microscopic thermal gradlents across air

'snaces 1s supported by Cary [18), Woodside and Kuzmak [1611

and Hadas (611 and the exoerlnentél work of Cassel, et al
[221,
The flow of Lliqselds In saturated porous madla Is

described by QDarcy*s law
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where § Is the totat potentlal, Childs and Collls=George

{251 confirmed that ODarcy*s daw Is also applicable to
unsaturated systems If expressed Iln a more general form In
which the unsaturated hydrautlc conductivitys K, 1s a
functlon of the moisture content, In'th1§ case § = y + ,g
where fhe energy state of.fhe water Is denoted by Y. In the
llterature Y |s ferﬁed either noisture ooténtlals caplliary
potential, molsture tension, moisture suctlion, or negative

pressures If ¥ is expressed in units of lengthe then g¥ may

be associated with the specific Gibos function of the soil

water [(1143s The gravitational potential is denoted by @g.-
The soisture poﬂential. ¥y is generaliy'defefmlned by

measuring the suction pressure which is fequired to remove

water from the soill. The curve obtained by plbtfing the

molsture potential agalnst the moisture content (Is catied
tha "sol! molisture characteristlc.™ (221 Such curves exhiblt
the same general shape for all solls'as well hystéretlc
characteristics. That is, the locatlon of the curve depends
upon uhether.measuremenfs.uere'nade during_nettlng or drying
of the soll sample. For the same molsthre contant, . fhe
moisture potentlat for the drying curve is larger than-fnat
for the wetting curve. |

At a flxed temperatures ¥ is a weli-defined function

ot molsture content, provided there is monotonic uettlné or

P eI

AR S st S

o SRR R
s apg bl 0

- R

JENRN

e Ty




iy

dhvlng. for any given solle but the varfation of  Y with
temperature has not paen  definltely esfablished
0108+110.11413, Philip 2and de Vries 1115) describe . the
variatlon of v nith temperature at a glven moisture content
through the temperature coefficient of the surface tension

of watery, but some evidence suggests that the temperature

coefticlent ot ¥ may bde higher than can be explained by the -

- Inttuence of surface tension changes atone [L3,49451473,741).

A | (o] ion

Analytlical descrlptions of the soll molsture

phenomenon generally fatl - into _ methods Involving

irreversivle 'thermodvnaulcs-oﬁ:the appllication of the basic
conservation equations. The orinciptes of irreversibdie
thermodynamics [17=21,749759108,24C1 relate the entrop;
change of the soil system t0 the rates of the system (le.2e
thea heat ftransfer rate, the rate of pressure redi#trlbuf!on,

and the rate of moisture movement). Thus the heat and

molsture fluxes can be related to the driving forces, or

gradienfss in the system by certéln phenomenol ogical
coefticlentse This method Is particularly suited for
steady-state models and has been employed by Cary and Taylor
(231y Jury and Miiler (73], and Kay and Groenevel t {7531,
The analyslis ol the heat and molsture processes can
also be conducted through the use of the basic equatlons for

the conservation of Mmass, momentum, and = ener3jy

.'|;:_.
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£94¢1124115¢1224148]1« The most widely accepted conservation

formulation Is that ot Philip. and de vVrles {1151, Even -

though the formulation in lts most general form Ls valid for

the transient three=dimensional casey attempts a3t
experimental veriflcation of the model have teen iimited
primarily to the steady~stata, onee~dimensional casa.

| Several portlons of the two theorles have been tested:
and compared [52472,223,1244154) and have led fo varying
conclusionss The resuité'of steady=state experiments by Gee
(52) showed ftnat the Philip=de Vrles theory underestimated

moisture flux by a factor of two to three whereas the

. Cary=Taylor equation overestimated the  flom sllighttiy,.

Dirksen and Miller (363, who Investigated transient moisture

- movements, found that the results of the Phillp=de Vrles

theory compared reasonably well for the'condltlons tested
ﬁhlle concluding that the Cary=Taylor theory‘ coul d .hot.'
adequately describe the behavlor of the translent system.
Casselset al 122) compared the molsture  flux equatlons of
the two theories to fthe data of _rhelr steadyestate
experiments and found that the Phillipede Vries theory
vlelded values approximately equal to those measured. The
Cary=Taylor eduatlbn predicted values that_nere from 10 to
40 times smaller that those observed experimentally.
Application of these models in even the nosf
simpiified cases requires a knowledge of varlous soil

properties such as thermal conductivifty, the liquld and
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vapor diffusion coefflcieats, the hydrautlc conductivity and

their dependence on temperature, molsture confent, densitys

and other factors. Oe Vries {149] has proposed a method of
calculating the thermal conductivity and speciflc' heat..of
soil based on . the composition and molsture qontent.
Ditfuslon coetfflcients could ove determined through a
knoi!édge of fthe lunétlonal relations between solt.suctlon

and molsture content and between hydraullc conductivity and

molsture content (148}, Cary (18) and Haridasan and Jensen

£L63) suggest that the hydraulic conductlivity of solils should

be considered to have the same teaperature dependence as the

viscosity of hater. - Faroukl (42) has proposed a

comprehensive equation for the thérnal conductivity ot a
general soll nhlch_takes lnto-account-the;nblsture migration
due to heat transter. Gohar.lssl has  presentad a formula
for effective thermal conductivity of soll due.to'molsture
nlgraf!on.  The Eesults of exﬁerlmeﬁts gonductad by Jackson
(59] led to the conclusion that the tenpératdre dependence
of the ratlo of surface tension to vlscoslty'éppeared to be
the don}nant factor in describing the temperature dependence
of soll~water diffusivity.

The varlous dlffuslvities' which appear nln the
governing equations can.be calcuiated once the .fqncflowal
relatlonships ¥(8) and K(9} are'knoﬁn. In the absence of
measured values of k{aa oveﬁ fne entire range of mﬁlsture

contentss fthe uynsaturated hydraullc conductivity can be
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calculated from a knbuIedge of the molsture characteristic

curve and one measured value. ot Ky usually the value at

saturation [13¢14916423+451,60970980+84499,119}, Thernal .

conductivity and speclfic hast of the soil can be determined
as functions of fénnerafure and molsturé content once the

composition and porosity of the soll are known. Several

methods of estimating the fthermat conductivity of soiis cad

be found in the t1lterature (42,107,133,139,145,1491.

The anaivtlcal-and'nunerlcaI treata9h1 of the problem

ot heat transfer In soils has 1argely neglected the effacts

of 'the- accompanying thermally  iInduced molsture movement.

[15+27+47954+55,669129¢152,153,1581« The conditions which

glve rise to slgnificant amigration of molsture have not been
studled In any details In past models It has generally been
assumed that the soll w=saintains a consftant thermal

conductivity but a few analyses have " included the

possibltity ot reglons of different, but constant, thermal
conductivities (esge underground cab!es surrounded 'bf

speclal backfill ‘materlats)se - Although consideranle

experimental work has been donducfed to better define the

exact nature of the pnenoﬁenon of' ublsfure migration

118,20,21 0.25 t45’59’62173131 0829122=1214513591544161+4162)s the
actual mechanisms whilch cause  the nlgrétlon of sall

molsture, whilch may occur in both the {ligquid and vapor

phases, have not been preaecisely determined. 'The lnftdewce

of such wmigration on the thermal conductivity ot'sdll.-
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howevers Ls well estabilshed (7.42445,73+107+120,149,153,

1611y and there Is a substantial amount of eiperlneﬁtal data
and tield experlence to shon that serjous molisture migration

away from 2a heat source can oczur [2+5+45,100,15941651).

Stablllty Considerations

of primary interest to thls study are those

- experimental resuilfts 12+s5+45,62,1301 which suggest fthat

there may be certaln “crltlcal“ values of the soll

propertles or system gperating dharacterlsfics which have

slgnificant Influence an heat transfer In soilse. Hadley and
Elsenstadt [62] reported a molsture coﬁtenf of four percent,
betow whlch drying wouild be observed In the two different
sol! medla studieds On the basls.of experlnenfal work with

undarground cable systems Armans et al [5] concluded that

there is a certalin maximum . cable surface temperature above

which dangerous hlgraflon of moksture may eccur poss;ulv
causing conmplete drylng of the surrouﬁdlng 501!. Bauer' and
Nease [71 concluded that while }he drying rate depends
somﬁuhaf on the ﬁurface heat fiux, the tactor of oprimary

importance 1Is Initial molsture content. Miine and

Mochlinskl (1091 and Radhakrishna (1171 made simllar

observatlionse Adams and Bal)et (2] reported that for 3ll
soilisy Including clays and sandse, no migration will occur
above a certaln critical molsture contents Schmill (13031,

from a rather simplified analytical treatment, suggested

R
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that a critlcal temnehafure or a3 critical heat fiux should

exist beiow whilch a bhrled cavle system would be tharmally

stables However, Flink [43)1 has indicated that a limiting

canie surface temperafture does not exlst below whilch
moisture nigratldn will not take place. | |
Experlmental studies have bheen carrjed ouft In an
effort to estabilsh the relation between thermal
conducflvlty and sold moisture content and molsture movement
under thermat! gradientss These studlés have been conducted
prisarily on stead}-state models with an lmposed 1lnear
tenperafﬁre gradient 118-20021'599621?3o76v88;122c15kl. It
has not been verifled that results from such models abply to

dllférenf gradlents or temperature ievels.
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CHAPTZR IV
SOIL PROPERTIES

The basic soll propertlies needed to describe the heat

transfer and molsture movement in a soll Include the thermaf

conductlvityy the hydraullic conductivity, the soil moisture

characteristics and the specitic heat. Even = though this

study Is not devotad to the measurement of the soil
properties, a discussion of -thelr general characteristics
and thelr.depeddence'on temperature and molsture content is
necessary at this point,

A suyrvey of the publishaed 1lterature raveals that the

soll property data Is not readllv"avallable, and 1t 1§

unllkely that atl of the necaessary data for even one soll

could be compiied from the fiterature. It theretore becomes
necessary fo rely upon empirical correlations and

theoretical analyses to extend thé avallable datas.  The

purpose of this section is to outline what procedures are

avallable and to discuss possibie alternatives.

Molsture Characteristlic

Several methods of measurling the soll molsture
potential as a function of molsture content 8 have béen
developed _[108]. Such measyrements prbvide the data

necessary to consfruct the so0il moisture characteristic

ok
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curves Y{(3). In order .‘l'O use fthe PQSUITIS in numerical or

analytical studies It Is convenient to flt the data to some

eapirical equations preferably an equation whlch works weil
not onty for a speclfic soill but also for a number of solls.

Toward this end many foras of equations for ¥(8) have

been proposed (6+13,78,1271y some- of them ’équrlnjﬁf}

complicated calculation procedures to extract valués for the
constants which characterize the behavlor of a specitic
s0il. The characterlstic shape of the ¥(8)  cuEue suggests
- that any proposed eqﬁatlon should satlsfy tno basic
reqﬁirements. They are
(1) ¥ > » as 6+ 0 or -alternatively as S» Smin
where S Is the relatlve saturation 6/¢c.

(2 Y+ as 6 osat or as 5+ 1

" Rubiny et at [127] used the equation
¥ = c+Cy/0+C EXPLC, 8) +EXP(cgB+cy)
which can be made to ‘satisfy the stated conditions with
proper selection of the six unknown constant coefficients.
'In 196#. Brooks. and Corey . ([13] proposed a

‘relatlonship of the tollowing form

\ _
t?blwl for Y>!b _ (2)

tn
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where Se =_ts-sr:/(1-srt 1s calted the effective saturation,
¥, the bubbling pressure, and X the pore=size distribution
indexe

 As ¥ > jin the above expression, Sg> 0 so tﬁat the -
saturatlons S» anoroaéhes a finite .value.- S termed the
resldual saturatlon. For !c!b * se =1 orls = 1. ;The,values
ot 1 and L would be determined by plotting Log(S,) versus
¥/0,C,0 o N

8rooks and Corey. found that s&ch- a curve has a

negative slope over a very farge range oflses By extending '

the stralght-line portion to S,= i, the vatue of the

Intercept Is taken to be Y, /p,Cye |
The residual safuratlon, Sr' needed in the dé!lniflon

of se_ls determlned by uélng a granhlcai'techﬁlque requiring

a trial and error approache The resultfting opower={aw

expression for se works best for {(ntermedliate moisture -

contents and may not adegquately describe . the molisture

characterlstic at very lon nolisture, contents, lege very

high values of Y.

King (781 proposed fthe use of an équaf!on'urltten

here as

Cosh{(¥/¥ 184e] = y| Bt

S =6
Cosh[(?lv013+el + ¥

wherae !O. Be Yo § and ¢ are constants ftor a particular soll
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such that ¥ >0, Be<Cs OcygCosh c » U<dgt and €30, As

approaches Zero, S approaches and

lin S =3 GjCOSh e=Y)/ (Cosh £+Y) =.Smiﬁ
Yo - o .

Therejore 5 &8 and smin is simitar to ‘the residuai
saturatlon_of 8rooks and Corey [13], While providing a
rather good fit over the entire range of moisture contents,
titting experimental dafta to this equatlion 1s.compllcaféd;_
As King [781_stated, “The only good estimate is for § nhlbh |
is ¢ fo?ldralnage from coaptete saturatlonee.By adopting e=0-
as a ftirst estimate, the lhitlal titting must stiil be
accompilished In a threeeparameter space." -

'Ahuja and Swartzendruber {6) developed a torm of Y(G)

by first proposing for DBL""’ equation

8. = agh/(e =M - - (%)
- ]2 87/ c ® : .

where as ny m and 8. are constants, Employing a power=tiaw

form for the hydraullc conductivity
kte» = 8eN ; B,N constants
they obtained

a¥sde = asi8s" " M(s -01™ t3)
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The values of the constants were restricted such that Nen>0
‘and 0<m<l, Furthermore, by assuming tha} Nen+n=2 [t was
possible to Integrate the above expression to obtain

Y46) = fa/(B0 (1=n))] [(8,=8)/8] m. 6)

unaré ezac when vén.
With this definition. of Bco fhe egquation may be

wrlitten
¥eS) = AT(1=-S)sS3i-M : (7}

nhich has fhe'deslrable feature: that there are anlv two
constants whlch must be determined from the experiménfat
data. Thls'forn also saflsfleé the two basic requirements
for a ¥(8) or ¥(S) curve stated previously. ﬁduaver. the
author®s experience with equations of this form has been
that a single equatlon'can seldom.adeqﬁatelv describe the
moisture dharacferlsflc over the entire _range of molsture
éonfenfs.

The wmoilsture characteristics of most sol]§ have some
features In common. Flrsf. tae molsture potentiatl ¥ becomes
very large. nat at zero saturation, but at some flnitg Qmall
value of S, called the residual saturatlon, 'Sr'- by Brooks
and Corey [13). Secondiys the moisture potential apbrdaches

2ero as S approaches unltye. And flnaldy, In the range of
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moisture contents srcsci. the slope ot the molsturé

characterlstic decreases sharply and thereafter lncréases as
Y approaches zero at complete saturation (S=1).

' Thus It 1s convehlent to choose Y=.Y(Se) rather than

¥= ¥(S) where Se 'is the effective saturation defined by

Brooks and Corey [13)s The author proposes the following

nen’fofn for ?(Se)

b
e

(s, = as d

(1=5 1tCoth(nS_ )] (8)
e e -
where as by €9 and d are constantse

Although the form of the expression appears

complicateds .especlially since it contains five unknowns (a, .

by cs d sr” it 1s particulartly wetl sulfed to a curve fit
of data by the method of fleast squares [137)e In this
Instance the least squares procéss requlires only the

solution of four simul taneous linear algebralc equations.

The application of equation (8) ,l1s explalined fully in

Appendix A. _ |

In addition to being stralghtfﬁruérd in lfs
appiications the aﬁthor has found that eguation (8) can
adequately describe many molsture characteristics over the
enflre range of molisture conteatse

The siope of the moisture characteristic is called

the diffterential (or specific) water capacity (57]

- i quradi.
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CB =z dersdy
If equatlon (&) 1s used to descrlibe the molsture
characteristic the reciprocal of the specitic water capacity
is

dysde = fa¥/ (i-SrlleISe-citi-Sel-Zﬂd/Slnh(ZwSeii (9}

Hydraullc Conductivity

The unsaturated hydraullc conductivity (hereinafter

called simply hydrauiic conductivity) Is also sometimes

- termed the  permeabitity of the wmedlum. It is the

coefficlent In Darcy*s ftaw for unsaturated flow [121) whichs

when muitiptied by the gradient of the total moisture
potentials, glives the flux of 1{iquld through the porous

mediume

T2/92 = =K(y)vd

The “specific” permeabliity ordinarliy used In

petroleun engineering is reléted to the hydraulic:

conductivity by (90)
K=z (p 7p) K!
[

where pm Is the densltv-df the liquidy, p Is the viscosity of

W et e Tty
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the (lqulid, and K' |js the specilic nérmeabllltv {a funcf!on'

of the medium oniy and not of the floulng liquid),
The hydraulic conductivity 1s hlghly hysteretic when

expressed as a function of the solstura potentlialsy K(¥), but

it expressed as a function of the moisture confent, K(0), i1t

Is less affected by hysteresis 'tiuzj. - The  probleas

encountered with the former - maye however, be avoided by

limiting conslderatidn to essentlally monotonic wetting or
drying of the medium (651. . |

As In the case of the aoisture charaéterlstlc-curue.

‘many expresslons have been proposed for use In relating

hvdréullc 'conductlvlfv To either moisturé content or soil
molsture potential.,

King 178] proposed the relatlon

K = oK CCoShI (¥ /7, )" 1=13/€CoshLty 7y, )" 341} (10)
where ¥, n and ¢ are constants and n<l, ¥,>0, O<ogl.
Evaluation of the constants 1s difflcult in practice.

The shape of the curve represented by

K = K /[(‘r/albﬂ.l_ (11

proposed by Gardner (58] . 1s nearty [dentical with fhéf of

King*s eqguatlon [78) above, but thils expression Is much

easier to §it to experimental data. Furthermore, this farm

S D
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_adequately flts such wmeasured hydraulle conductlvity=soll

potential data (82].

Other foras lnclude

K = Kslta!b+13°

LY

used by Ahujla and Swmartzendruser {6] and
K=K (¥ /9"
s b

proposea b?_ Brooks and Corey [13].3;Here. n lis Eelafed_tpl
of equation (2) by n= 243Xe | | | |

'Measurements of hydraulic conductlvitf ‘over a wide
range of. méiéf;Fé contenfs is difticult and tlme consuming

and theories have been devetoped which enable one- to

calculate hydraulic conductivity values from known moisture

retentlon data,

_ Jaékson' et al (70] have evaluated three methods of
calculating hydraulic conductlvitles froa a s0li*s molsture
characferlsfic. They found that the methbd of Childs énd'

Cotlis-George [25), even as modifled by Harshaltl (91), did

not predlct the proper shape of the hvdrautlc cohductlvlfv-

curves The method of Mililngton and Qulirk (93,93) dld
predlct the correct shape of the curve but_did not reproduce
actual measured values of hvdraullc' conductivity, When a

matching factor was used the mathod gave good results ovér a
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very wlde range of moisture contenfs, even those at which

measurements are often very ditficult to ootain. ~ The
matching factor Is obtalned by matching calchlated and
measured vatues of hydraullc conductivity at saturation.
This method, fhen, Is catled the nodilled-Mllllﬁgton-ﬂulrk
method.

8ruce {141 made coaparisons of the above three

methods as well as the nmethod of Laliberte, et al (861, ,'.

Mis resutts generaliy conflraed the findings ot Jackson, ‘et
al't?ﬂl." Howevers the results of.hls calcuiatlbhs showed
that the modified WitlingtoneQuirk  method gave better
results when matched with a asasured hydraullc conductivity

In the 041 to 043 bar range of soll suctlon rather than with

" the value at saturatlion.

VTS

” Gardner (51) explalﬁed the limitations inherebt' in
the capiltary models used to predict the  hydraﬁlic
conducflﬁltv from soil molsture characterlsflcs but conceded
that they do glve a reasonadble shape for the hydraullc
conductivity curve and that the methods are stili some of
the best avallabie. | : |

| The moditied Millington=Quirk method was selected for
use in this studys Detalls of the procedure are contained
ln.&npendlx Be | |
Measured molsture retention data are ftitted to
equation- (8) and hydraulijc éond&ctlvltv . values a3re

calculated' using the resuilts of fthe curve ftit and the
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modified Miliington=Quirk method; Finaltys the conduﬁtlvltv
data are fitted to equation (11) for use in the anatytical

pﬁasa of the_studv.

Specific Heat _
The specitic heat of molist soils neglecting the
contributlon due to the presence of dry alr, IS calcutated

from [149)

3 .
G = Qo + ©2P,89 calsca =°Cc {1L2)

 where co 1s the speciflc heat of the dry solly defined by

| . .
C = D.4%6% +0,6x cal/ca =YC
o m L

and L and Xq ére the volume fractions of soil minerals and

of organic materlials, respectively.

" 'Thermal Conductivity

The etfective thermal conductlultv_uhlch' appears in

the conservation of energy equatlon (see Chapter ¥) ls the

sum of two components [109,148,149)

‘The tirst component is wusual thermal conductivity,

A v of the molst medium and the second is an apparent
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thermal conductivity, lv} which Is due to vapor movement.
The definition of A, is glven In Chapter V. = Dur
concern here Is the thermal conductivity 1*.
| Sinctair, et al {(133] 'g;ve a review of several
emplrical and ftheoretical relatlons for i - that  are
avallabie In the Jlteratures Among those mentioned for
molst solls are Mickley®s equation [951, Gemant®s -equation
{133)y the Kersten formuia {75b), and the Van Rgoyen forﬁula

t145)s Sinclair, et al state that their best-agréamenf with

experimental data was obtained with the Kersten and '

~Van Rooyen formulas. Most cable engineers prefer the

Kersten. mode! because of ifs relative _slmplicltv' even
though the Van Robyen toruulé produced the best ovérail
results, |

The Van Rooyen formulé {145)y used in this study,

expresses the soll thermal resistivity as

172 = 10A-Bmyg PCecmsw ' (13)
Ay

where n Is the moisture content as a3 fractlon of the voids

tilied with water, 8 and S are linear functions of the
density of the dry soil. po, and A is a quadrlic function _uf
poQ Furthermore, A, B, and S.contaln constants'uhlch.are

functions of the sol! coaposition and granulometry. A

detailed description of the van Rooyen formula Is contained

in Appendix C, .
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Property Data

Two sollse 3 sandy solil and a 'sandv silt, were

‘modeled In this studye The Plaintleld sand used by Jury

{731 was chosen for the sandy soit primarily because a
compiete set of thermal and hydraulic propert ies were
avallable for 1f. The property datas for this soll ware
taken from curves presented by Jury and are shown ln
dimensionless tora In Figire 1.

| A soll commonly calted “Georgia red clay® ués used a§

the sample of the sandy silte Thermal and hydrauilc

Dronertfes of this soi! were aeasured by Bush [143]) and are

shown in dimensionless form in Flgure Ce

Other pertinent characteristics of the two solis are

suunarlzéd in Table 1.
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Figure 2. Dimensionless Thermal and Hydraulic
Properties of Sandy Silt
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Table 1. Characterlstics of Solls Used iIn Analytical Study

Quantity Plaintleld Red Sandy 3l1t
—2and
A, urcm‘-5°c bes? % 10-7 #et2 x 10°°
¢, J7em®=0¢ 1.25 ' 8.963 -
4 ' 0435 3 V.51
Ks cm/s, 2.43 x 10° 3.0 x 10-%
p, 3/cm 1.67 1.28
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CHAPTZIR ¥

GOVERNING EQUATIONS FOR HEAT TRANSFER AND
MOISTURE MOVEMENT IN SOILS

In this section the equations which govern the heat

transfer and mojsture mnmovement In solls. are considered,

The analysis begins with statements of the basic 1aws of

conservation of mass and codservatlon of energy.

Conservation of Mass

The conservatlon of mass equatlion for a porous medium

as developed by Lulkov [85=89] is
38p,8,0/0t = ~y.J; + I, 131,243 (16}

Heré..?i is the tiux of component i based on 'a mean
vetocity, the mean belng taken over 3 volume containlng many
grains of . the porous mediums In what fpllous the subscripnt
i=1 refers to water in the vapor phase, i=2 refers 'to the

1iquid _Dhase, i=3 refers fto alr and the subscript Zero

refers to the porous medium (solt) in its dry state, The

présenbe of lce 1ls not considered here.
The symdol I, designates the rate ot converslon of

component L. The dry alr is consldered to be Inert and no

chemical conversion occurs so that 13 =2 s The only other
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bhase converslons con#ldéred are from Ilquid_ to vapor or
trom vapor to 1iquld and hence I, = =I, o

~ In the 1iiterature of soil sclence the molsture
confent is generally expressed in terms of the volumetric

moisture content, 8. The volunetric 1lquld content 8,, Is
9,5 {(volume occupled by ligquid)/(toral volume) = V,/V.

The wvolumefric vapor- content.-91. 1s the volume of

"praecipltable™ water [148] per unift volume,

e, = {volume of vapor "as ltiquid”)/(total volume)

= VP, /P, 0/

" For the range of teaperatures encounfaﬁed the changes
in the density of the liquid are small and ‘the {iquid
density may be taken as constant. Defining € = I /p, the

conservation of mass equations may be written

36,/73t = «Ve(j,7p,) + E

and

-’
30,73t = =V.l],/0,) = E

Adding these two equations, the conservatlon of mass

e LT

e T A Sl
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£ equation for soil molsture becoames
’ > - :
300140,1/73t = <V-L(] ¢ 07050
' or
; + '
| 30731 = =V (] /p,) (15)
- +
: uhefe 8 =9, ¢ 8, and Jm ?TI L 4 12.

- Conservation of Energy

The conservation of energy equation for the porous

medium is
) UL = v Q" (16)
2 The lnternal energy per unit volume, U, is
| U=o0,u ¢p30u ¢ py082u, (un
i
39000 +91(e.902)u1 + 929202
; |
and the heat fiux E“ 1s glven by
-+~ ->
q" 2 = VT ¢ ), ¢ 00, (18)
*
Here the first term on the right hand side of (13)
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represents the heat transfar by conductliony A  being the

thermal conductlvity for the case of no moisture movenant..

The second and third ternms represenf fthe fiuxes of enthalﬁv
due to movement of water vapor -and thﬁld natar,
respectlively, | |

In equations (17} and (18) the contributions due to
the presence of alr have been neglected.

_Substituting (17) and (18) into (16) and expanding,

one obtalns
ar . ’ . . +
CaT/at + tpzuz-pluiiaezfat = v-ﬁx*vri - hv], (19}
- > . >

where the volumetric heat capacity of the moist soils C, has

been defined as

L Cc + . + -]
c Po Vo Pzelcvl Ra 2Cy2

Upon . 3dding and subtractlhg the term hzv-]"1 on the
right hand sjide of the energy eguation, defining the

enthalpy of vaporizatlon,

21 = h. = h

and using the detinition of Tﬁ, one obtalns
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. ) -
Caffaf + ‘szz-plul’aOZ,a* = V°IX*VTI - hzlv'll

+ -+
® ha¥-) = J1°Vhy = IPRLY

~'The second term on the right hand slde may be

rearranged as

T -> >
h219°0yp = Tedhpy ) = JyVhy,

> - -+
- 3 V-thzljlj.- ll.vhl II'th
Using this result the energy equation becomes

CatTrsat + (ppuy=p 142382701 = V- (A VD)
RS ' > +>
= Zelhzy1]1} = th‘,m - ]m07h2

Upon substituting equation (14) and noting that

hy 2 u,s the energy equation may be further simpiified to

= ' - -
Since p1e=03) = p,8,; the enerjy equation beconmes

_ R . _
CaT/atep,u, 98,708 SV-(4 ITH=Velhy ] d=c ,] 9T (20)
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The terms 238,73t may se replaced by terms Involving

e e TRy

38,73t and 3T/3t In the following manner.

Assuming that the vapor and llquid phases are in

equil iorium, - o L

31 = plle-ﬂzl/pz = psh{e*ezilpz

where Ps Is the denslity of saturated water vapor and h is B

the relative hunidity of the ajir-water vépor mixture In the

[E=Ehc eIy g g

soll pore spaces. Taklng the time derivative of 8;,

e L

38,731 = = (p_h/p,)38,/31 ¢ Lhic=9,)/0,1(deg/dt)OT /3¢

o e

+ Lp lc=8,)/p,1(dh/de,)28,/3¢

o mopa

since 3n/3T may be taken .to be zero tsee section entitled

il

Vapor Flux)e Aiso, Since
'dh/dez = (hg/RT)3V/ 38

the above equation becomes

aBllaf = ([{e-ezlpshg/pZRTla?lael ‘Dshlpz}aagfaf

+ [nle=0,) /70,0 Ldp/dT) 3T/ 3t

and therefore
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38/731=3091/75%F ¢+ 30,70t =(1+[le-ez)pshg/(szT)13¥1332 (21)

- psn/pz)sezrat + (hie=02)/p21(dp sdT)aT/at
The enérgv equation may be rewritten as

[C + uy hle=8,) (do /dT)I13T/21 ‘ - (22)
+ ([uzl(e'ﬂzipshg/(szfi3?/30 - uz10 330,731

.
}_ VT

- . . *
-vo_(.l*v.T’ “'. v ‘_hIZI-,l, - sz "

Ligulid Flux

The fiux of liqulid in a porous medium is governed bv'

Darcy*s law
- .
Y2 ® =poKV | : (23)

where K Is the unsafurated.hvdraullc conductivity and $ s
the total soil potentials The total soll potential, belng
the_ sum of a pressure component, Y.‘apd a gravitational
component, may be wrltten § =¥ when the affecfs of _gravlfv
are negligibles

| | The hydfaullc conductivity and the soll potential are
functions of temperature and molsture content. Tharefore it
is desirante to rewrite (23) as the sum of fluxes due to

gradients of temperature and molsture content by expanding

T K

P
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3
v§ = vY by the chain rule,
+ ' -
12/p; = ~K3¥/20) .78 = Ka¥/aT) UT
In the notation of Kiute {801 and Phliip [112,113),
1 v vT
J2/Pp = =Dy, 78 = D - (24)

where Tz Is the Ilquld flux and the diffusivity terns are

Dez x Isothermal fiquid diffusivity ='K3?1331T

D_ = Thermat 1lguld diffusivity = Kay/aT)

T2 8

vapor Flux

The approprliate form of Flch®*s 1awe, which describes

the flux of vapor in the porous medium, is (181}
* ) .
J1 ¥ =p013V{p;y7p) ) €25)

Heres p; and p are the deﬁsltv of tha mater vapor
and the water vapor=alr mixture, respectively, and 015 Is
the molecular diffusivity of water vapor in air modifled so
that It applleé to the porous mediun.

Expanding (25) and using the tfact that o = p3 ¢p)s

where p; Is the density of the alry

-
}1 = ~013l(p3/p)¥Vpy = ‘plfp’vpgl
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Assuming fthat fthe air, water vapor¢ and'a1r-uater'

vapor milxture behave as ldeal gasess we can write

| | - 2
Vo3= V(P3M3/RT) = (M3/)L(L/TIVP; = (P4/T HVT)

Furthernorés since the tofal opressure, P = P+ Pgy

‘remains constant, §P; = <yP;s SO that

: 2
793= (HSIRI[-(ilT)VP1~? (PslT )T}

But

'vpl.S(R/HI’V(plT’ = (R/Hllﬁﬁy7"+-TVpll
So that

2
Vo3= (Mg/RIL=(R/MTI(QVT + TVpy) = (P3/T )VT]

2
= = (M3/M1)Vp = (PM3/RT )IVT
Substituting this resuit, equation (11) becones

> 2
113 .Dl3t{(paﬂi+p1H3'/pH1]V91 + ‘QIHBP,DRT VT

But /M = KH1p3¢H3pll/pH1M3; threratfora,

(256}
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- L o
Jy = =€ gMa7MILTp; ¢ (p,/TIVTY = «AD, M /MTI Vip,T) (27)
The difficulty assoclated with using (27) ls that the
mofecular kélghf of the airewater vapor mlxture varies as
the composition of the mixture varles. M may be eliminated
by noting that |
1/M = (PP ) 7(P M #P 1 H 1) 2 v/M,g
EViminating M from (27},
by = =D v TV, T)
The density of the water vépbr-nay be_uhlffen as

Py = Mo I tze)

nhere Pe is the denslty of saturated water vapors a function

- of tempecrature ohlv. and h is the relétlve humidity of the
porous medlum which Phillp and de Vries [115] have shown to

be targely Indepaendent of temperature}_ béing determined

LY

malniy by the moisture content. Thus,.
Vpy= Vlhp ) = n(qps/dr:vr'+ p ( (dn/ds) v6

With thls result it 1s possible, as in the case of fhe

W T i - T .
e P I N N I P

PENCERRAL.
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tiquid fluxs to express the vapor flux as the sum ot fluxes
due fto gradlenfs of temperatuke. and wmolsture content,
Substituting into -(283 and rearranglng- one obtains

| 11/92 f ?DGVVB - DT

v : (2
v T | ' (23}

-where

Dg, = Isothersal vapor diffusivity = (D 5vp /p,)dn/d8

oTv

-Therﬁal vapor diftusivity =(0iévh/pzfld(psT)/d?]

Evalugtion of Diftusivity Terms |
The essence of the Philip~de Vries theory I[115] is in- .- |l

the method of evaluating three of the four dittusivity terss
which appear in equations (24) and (29). These terms will
be discussed In the toliowing paragraphs.

Thermal! Liquid DIftusivity

Phitip and de ¥ries 1151 have shown that in the

range of molsture contents where Ilauid'_movement occurs

(K>)) the potentlal 1s determined by capillarity, ¥ being

proportional to the surface teasion of water, oy or

Y = co

so that

3Y/79T = ¢ dasdT = YNTY )
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where y= (1/0)do/dT is called the teﬁperature coetficient
of the surface tension of uafer and is essentially constant
over 3 wlde range of temperafures. Since the mojsture
characteristic Is wusually measured at only one }emnerature
T_ it 1Is necessary to correct fthe measured value for

R
temperature variationses Noting that

¥(T) = cglT)  and TUT) = eolTp)
then )
viT) = vtrRitatr)/girR:J
an& therefore | - ' T ;
BHTI/AT = 4y (T et /atT T | 31)

Equation {31)e therefore, ,relates 3¥/3T at any

tenperature T to the moisture characteristic measurements at

temperature TR.
The observed increase in the hydrauilc conductivity
as temperatures Increase can be adequately accounted for by

the decrease In the viscosity of water {63469])s oOr

K(T) = ¢/ (D)




- where D

L3

Thus, it hydraulic conductivity measurements are made

at temperature ng

RI[B(T

K(T)} = K(T V/7ulT)] (32)

R

Substituting equations (31} and (32) into  the

detinition ot the thermal liquid diffusivlity, one obtalns

D, 3 KO¥/OT = O (T ) LuT o (F)/a (T du(T)] (33

Tt T2 R

' ) = yK(T_ ) ¥(T ).

2 ‘TR R R

Therefore, the variation of the thermal) 1liquid

diftuslivity ‘with temperature can be detebhlned by the
temperature dependence of the surface _fensloh-vlscoslfy

ratio. This has been ueflfled by Jackson (63},

' Isothermst Vapor Diffusivity

The relative humidity, h, of the airewater vapor
mixture In the spaces between solil, particles |s reléted to
the potentlal, ¥, and temperature by tsz;

h = Exp(¥g/RT)

As noted earliery ah/73T7T = {, so that

dn/de = (g/RTIEXDUYA/RTIIY/HT), 2 tng/nrssy/aerT
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and therefore

0

gy = (013vM0 370 ,RTIIV/20)

T -

where 3!/39)T is the slope of the molsture characteristic
curve at temperature Te . _
The moditied molecuytar ditfusivity D;3; Is the product

of the diffuslvity of water vapor In alre 0 the

atm®
volunpetric alr content of the mediums ay 3and a tartuosity
tactors as

-

013 ® 030,y

Based on kinetic theory'and a survey of experimental

datay de Vrlies and Kruger [(150) proposed the use of

D...* 0e217(P /P) (T/TOll'“ crirs for 273K<T<373K (34)

for the diffusivity of water vapor in alre Heré  T§ s 273K

Iand Po =1 atnme Since the fotal pressure In fhé medium (s

assumed constant, Batm is a.functlon of tenperatgre oniys

The dependence of the rate of diffusion upon porosity
Is accounted for by tha factor 3. Penman ([111] Snd
van Bavel {164} concluded that there exists a constant ratio

befween the dlitfusivity of gases and vapors In a porous

medium and the diffusivity 1In a gaseous phasee For a
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porosltys co less than adout (7 the numerical value of the
constant 1s approximately a= 0.66s Thus In a dry porous

medium

131 33 Geoatm!

but 1f the medlum is parflally'safurafed ¢ must be replaced

by the apparent porosity: lecs the volumetric air content,

3+« Hence

01 3 = aanatm .

The factor o is catled the tortuosity since It

acéounts for the extra length traveied by gases or vapors

due to the tortuocus path In the porous mediqw.-

Phitlp and de vries (1151, Rol1inss et al [122) and
.others also Include a ters P/(P=P) calied the “mass fiow
tactor™ which 1s derlved on the basis ol steady diffusion in
3 closed .svsten betwean an . evaopraflng source  and 3

condensing Sinke However, use ot thils factor would i1ead to

an unreasonable resuilt In the range of fenpefatures close to

?

373K. This term 1s not inciuded in Dy, Pecauses as Lulkov
{861 has stated, |

‘In  the expression for vapor dlffusion ftion no
correction is introduced Into the molar franstfer (Stetan
tiow) since the condlitions for ditfusion of vapor iIn a
capittary=pors.s body are different from the conditions
for diffusion of wvapor in a boundary layer  with
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evaporatlon of 1iquid from a free surface,
The lsothermal vapor djffusivity ls, therefore,
DBV = luavﬂatmpsh/szT)QY/aelT (35)
where Datm is defined by (34},

With the results of the oreceédlng paragraphs the

thermal vapor diffusivity can oe written as

DTV= (aaDa

t

Phlilp and de Vries [115] regard molsture movement
due to a temperature gradient as a serleseparaliel tlow
through reglons of vapor and llquld. in,deScribing this
process they choose to replace a3 by thé- product ;f(9),

where

average temperature gradlent. in alr~filled pores
L= overall femperature gradient

and

3 for'ecek
t(e) = '

ati*&/te-ekll for 8<oy

No tortuousity Is iIncluded here because the effect of

7p,7 T)7dT
mvh 92 )d(ps )7d (36?

I

3T A T S E T I S ET Eue S B R
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tortuoslty 1s accounted for in the faqtor Le
Hencey Tthe thermal vapor diffusivity Is defined as
D. = f(B) (0 . vwh/p,Tidlp T)/dT 37)
Tv | 20 gmv /P21t ¢

The tactor ¢ can be caliculated by the method of de vrles

[1484149),

Suamary of deerning'EquatlonS'

At thls point 1t (s helpful to summarize the fhe

results ot the preceding paragraphs.

Conservatlon of Mass

Unon substituting equations (21}, (24) and (29) Into

equatlon (15}, the conservation of mass equation for soi!

polsture becomes

“ph/p,338,701  (38)

c1+tte-sbpsng/tpzar)Jtawxas)T

* g,/
[h(e_Gzi.pzlidps/dTIBTIBt

2 7eL0,V8,+0_VT]

8 T

Conservation of Energy

Simitarty, the conservatlon of energy . equaftion

becomes

[C+h21(e~32)h dps/dTl aT/7s¢t (39}

:
]
k.
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+€Ch2 ) (€=0,)p (hg/RTI(I¥/30) p=hy 0 hD36/3t

= ToATT) ¢ (p2hy,0, V3 + €50, (0gVE+0.VT) 9T

T

where De Isothernal moisture diffusivity = D

pe * Y9y {5

Dy = Thernal mbtsture di¥fuslvity "DTL * DTv

Kla!/aeiT

DT = K(a!laTlg

Dev= (aavDatmhpsglpngiawlaG)T
Or,® tfta)cvoatmh(pzfld(psrl/dr
A = Effective thermal conductivltv-=_z*+pzh21DTv

Boundary Conditlons

The Dboundary conditions for the problem under

(a) The temperature and molsture content of the soil

very far removed ftrom the canle surface are essentially

unaffecteda 'These conditions are

Tire.t) = T at rse (i)
’ init inf

8lret) =6 at  r=r_ (a1)
init inf

(b) The cable surface Is assuymed to be Imoermeable
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to moisture so that the net filux of moisture at the cable

surface, Fee is taken to be zZero.
by = =p210g78 + oTﬁry = at rar : (e2)
(c) The heat transter rate, q°s is soecified at the
cabl e surface and is raelated to the heat tiux at the surface
by |
- -> . '
q* = 2rrq* at r=r _ - (a3)

From equation (18) g" Is given by

> - P
qQ° = = A ¥+ )y ¢ Pl

2 = AVT + hpy ], +h ]
) n

- At the cable surface, the Iast tern In the above equatlon 1is

zZero as a3 result ot (42), Substituting the definition of Tl

trom equation (29) one obtains

-PI- - -
Q" = =) + pthIDT VT 2nzlne ve

= wAVT - 2“91“9 ve

Therefore
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VVOJ at rar tub)

| Q* = -znr[_}\VT +# poh0 c

8

Intertace Conditions

Khen the soll adjacent to the surface of _rhe 'heaf
source dries out a drying front wilt begin to propagate into
fthe sdrroundlng éoll‘ The 1focatlion of rha'front at'anv
t;-e, te separafes a molst region from- a reglon _nhlch_.ls
considered to be dry. The molisture content of the dry
region wlil ‘not be Zero but sSome uln;mum value emin' dua fto

the presence of adsorped surface watere This condition Is

written és
i{r.t) = Gmin rc‘r‘rfront ' : | {45)

The heat transfer in the dry reglion is therefore duas to

conduction onily, and the jast tern_on the right hand side of
(k) Is Zero. | |
Two condltions may be derlved for the _lﬁterface to
complete the sSpecitication of the problem with a moving
boundary present,
Referring to Flgurs 3, the net.flux of molsture Into
the control volume must equal thé.net fiux of'moisture out

of the control volume plus the time rate 'of change of

molsture In the control valqme. m ¢ OF

cv

- - '
]m.in = ]m.Out*[1/(2ﬂLPfrontl]Btncvl/3f
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Figure 3. Control! Volume for Interfaée Condition;
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~ Here,

(17(27, e " })atm }/3t=(m - Y2 gl dtl.
L front . AT cy,t+dt cv,t ™ front

) = 10,8,40,(€=8,11}/dt

s Udt(ﬂzemin*pl(e-emin

T =(0,=p V(8,0 . )

The nmolisture flux In the dry reglon 1is taken to be Zero so

that -

-
’ .

m,out” "?32 °m1n"° )

uhere ¥V reoresents the velocity of orooagatlon of rhe front.

Hlth the definition of ] ’ fhls condition may be written

RO DR

- ' . o
f]m/pz-DeVBfDTVT = -V(Bz-eminlti-pllozl at P-Pfront (453}

An energy balance for: the zontro) volume states that the
heat conducted Info the control volume is equal to the sum
of the heat conducted out of the control volume and the time
rate of change of energy of the control vblume; Thus{

+. >

-> R
" , = C + h ' + h
qcond.1ﬂ qcond,out lll,out zlz.out

+ f(1/2nLr ) d¢um -)sot
front cv

and

-t

s o alp

T L

A e L e M e 2
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}

(1/€2nire ()32 (um D738 VCUppp0 ; +uip) (=8

“[Uy0,8,+u,p, (e=6112

= -?(ez-eminl(uzpzwulp!l

Sunstituting Into the enerqy balance equatlon and

eliminating V with the use of (46) one obtailns

- -
. -

) = . Qh.' +h
cond,in qcond,ou_t 1’l,out zlz,out

- .
.lm.out{hZPz'hipl’,(02-01'
=q" +hn] =] tho =hp }/tp =p )
out 2'm,out ‘“m,out 2 2 11 2 1
3;- I"-; o Z(p =p })
out "m,out "1 21 "2 "1

xhere hz-‘-u2 and hléu1 have been used, Thus

v s (s7)
r*rfront

IAVT0lpzplh21/tpz'plii(DBVB+D LARD

apt
T r=Tfront

When a drying ftront is present In the soll equations

{45 and (47) replace eguations (42) and (44} a3t fthe

~location ot the front. Once the temperature and moisture

contenf' distributions have been determined for ftime t,» the
velocity ot the front at time t can be calculated from

equation (456),
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CHAPTZR VI

NONDIMENSIORALIZZD EQUATIONS AND
ORCER OF MAGNITUDE ANALYSIS

In this section the govarning equations (38}_and (33)
are nondimensionallzed In their general forms They are then.

simpiitied through an order~ofemagnitude analysls in a later

section.
The molsture content Iis normalized with respect to

_the moisture content at saturation Gs=éi

X=Ozngfilas = Bzirs?)/e

With this deflnltion, the normalized moisture content ranges
from zero at extreme dryness fo unity at saturation.

To simpliity the form of the heat ilu# bbundabv
condition, the tesperature 1s ﬁondlnenslohallzed  nitﬁ
respeét to the heat flux st the cable suirface, the lnlfiél.

temperature, and the thermal conductlvity of the dry soiil.

th=2m (T(rytreT /a0
Q

The dry thermal conductivity, X » is of the order of

1 mcal/cm=s=0C.  With T.3283K and rmax(r.t3=3rsk. the

Ve rdm oy T e B Ve 1 - 1 e b
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dlaensionl ess temperature iIn the range of iInterest for

‘molsture movement is

> . -
Tmax-a..‘!?/q

I _where q* has units ot W/cme The heat tiux levels of

it

Interest w=ill generally be In the range of 5 to 2 wW/cam

3

8 (14al so that

5 ' ' *

k. : 5
1 | | lsfmaxi

and therefore T" ranges from zero inltiatly to r;ax'
The radial coordinatey r~, Ils nondimenslionalized with

respect fto r +» the tocation at which the temueratﬁre and

inf
. molsture content remain essentiattly unaffected by the

presance of the heat sourge,

I - RSrlrinf ,

In additions the Fourter number for the probiem under

discussion 1s defined as

- 2
Fo=s %f/rinf

where a, _ls the thermal diffusivity of the dry poroJs

medi um,.




T

b1

" Since only radial variations are considereds the del

operator becomes

v = trinf/rinf§a/ar = U.Il“_inflalaﬁ = (1/r‘infl7

and tarmss such 3s V(KV( })} become

VKT )) = (1/7r)2_(rKazZar) = (1/r2 RI? (RK3/3R)
3R inf ap

Conservation of Mass

fhe conservation of mass equation tsa) is of the form
A 38,73 t4A,5T/32V [A;V8+4A,VT)

Introducing the nondimensionailzed varlables, one

obtains
(a Ajesr? 13X/3F0 + (o Apa®/€2na F2 _13aT% /3t
° inf o "0 inf -
= tt/r:nf)v.taagvx+¢gua~/zyxo)vrf;
qr.deflntng Q=q* /2
A,3X/3F0 + (A,Q/e)3T /3F0 | (es)

= Ve0lA3/a )TXE(R, 0/ c)VT"]
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Equation (u48) is the dimensiontess form o} the
cohservatlon of mass 'equation. the coeflicients of which

wlili be discussed subsequentliy.

The energy equation (39) 1s of the forn

# T-(B,V0) + [B VO+BVTI-VT

In fefus of the diaensioniess varléblgs. thls becomes

)3T /3F0 + (Byea s
. Q

' 2
(81Qa /r. . inf

s )ax/aFo .

2 . * 2 . ey
= /el IVE(B3QVT) ¢ (il Y ;ahejx;_

¢ el ) 0B5eTX+8507T YT

f

2

Upon uulflplylng each tern by rinf

/Q:, one obtains

(8,/C 12T /2F0 + (Be/C QIX/AF0 (59)
= V-L(By/A IVT™] ¢ VoL (Bye/A QIVX)

+ LUBge/A )VX+L36Q/A DVTT1.¥T"

Equation (43) is the dimensionless form of ¢the energy

equafion-
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Dimensionless Groups

Some of. the dlmensioniess 'grOUps whlch appear in

equations (48) and (49) with the A, and B; from equations

(38) and (39) are defined és fa1lons?
Leza, /0y | Lewis number based on the isb?harmai
moisture diftusivity

L;laoloev " Lewls number based on the Isothermal
| vapor diftfusivity
Ko=hy1p,e/QC Kossovich number (86)

- Pn=0,0Q/D,¢ A tora of the Posnov number 1386)
" pased on the thermal and lsothermal moisture

diffusivities

" Unnamed Dimension] ess Groups

20 /€avD  Yep./
"oy atm 172
E=thQ¢c=0,170,1dp /4T

o s

§= €
chp2 /Bo

Summary of Equations
With these detflnitlons, equations (48) and (49) may
be rewrltten as | |
(14n)3X/0F0 + £aT"/3F0 = V-L(VX+Pn¥T d/Lel - (5D)

(C/C, +KoE)AT/3F0 + Kondx/3Fo = V-LO/AIVE™1  (51)

+ Vo[ (Ko/LEIVX] + C57Le) LvXePAvT ™) .vT ™
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| ord Maanitude Analysi |
| In this section an order of nagnitude analysls s
performed on equations (50) and (51)e The purpose of the
analvsls. is to determine: nhléh of[' the tarms and
dlmeﬁslonless.grog95'have the aost signiticant éffect on the

heat transfer and molsture sovement In the soils. In what

folious, the notation-OtZi denotes “the order of magnitude

of Z."

The order of magnitude of fthe terms appearing In

equations (S0) and (5i) wilt be dlscussed next, with

equatloﬁ'{51i being considered first,

Coafficient C/Ca

The volusetric specitlc heat of the molst soils

neélectlng'the contributlon due fo alr, Is defined as

C=Co*619291+029292

=0°*c2929*(c1-c2)p291

1
is obtalned by writing

Since ¢, 1Is less than c2 an upper i{imit on the speciflc heat

C=C +c

p,8
o 2P 2

‘The vatue of C,p, is approximately 1 calzen><°C so

that

o T R U T S A - U SIS CIE VLI P ENTERESE SRS

4!
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inkiir G

GIG°=1+B/C°

when C_ Is In cal/zem3«®C,

An approximate expression for the specitic heat of

dry soil) is glven by de VYries [149])
C =0.46x% +0.60% cal/zcad=%¢
0 m 0

whare L is the volume fraction of soil minerals and x is

"0

the volume fraction of organic materials

When the soil is completely dry x°+im=1-e where £ s
the porosity of the solt. Generaliy the amount of organlc
hatfer present In the soil is small so-that-the specitic

heat of dry sol) can be approximated by

Co 2 Jebbli=g)

and therefore
c/co = 149740.046(1~c))

If the soll is completely dry 830 and crco=1. If the

soll Is completely safubated 8=z¢ and

C/Co = 1+e/(D.4b(i=€))
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Maximum values of soll porosity are seldom greater that 0,7

so that
CIDolmax3 6s 87

Thas c/c°7 is 0(1) in the completely dry state and 0(10) if
the soil is saturated.

Kossovlch Number

The Kossovich number is defined as

Ko = h,,p,e/(QC )

The density of the ilﬁuld 1s asout 1'g/cm3 .and the
lafent heat h,; 1is approximately 2;4-105'J/ng or 570 cal/g
over - the range of temperatures ot lnferést. - Usling
C,20s46(1c) cat/cni=0C, one obtains

Ko = 0[4240e/7{Q¢1=c))) og~!

Since q°* wlll gensraily be in the range De5<g°<2, It
follons that the range of Q is 20<Q<19) and thus 3<Ko<i5 for
{ow porosity soils and 30¢Ko<iS0 for very porous soils.

Coefticient ¢

The dimensionless parazxeter £ 1s deflned as

€ = (hQte=8,) /p,cldp /dT
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In the range of temperatures Z73K<T<373K the 'maximum

value (see Appendlx E} of dps/dt=ﬂ.02-kg/n3-K at 373X and

the minimum value of dp /dT=3.107" kg/n’=K at 273K.

The relative humidity of the soil rangas from zero at

extreme dryness to unlty at moderataly moist conditions.

Byt {5-92) attalné Its maximus value of ¢ at extrems dryness -

when h=0 and the ainimum value of zero affter h has attained

a value of unity.

Even though the maximum values wili: not occur

'silultaneouslv, ‘a limiting value' ot £ may be calcUIatéd |

using thé maximum possible values of the parameters,

(1) (e} (.02kg/n’ =K (200°C) (10° g/kg) 3
E =0 5 — 2012°107")
max (1 g/em™) ¢l{iD em™ 7/m”)

0f course ¢ =0{(0).
min

Nith these resultss the relatlve orders of magnitude
ol the terms in the coef!lclenf,of‘anaFo in the energy

equation can be compared.

1]

I(C/Coll(KOEl] (C/C ) /{KokE) + @
max 9 max _

min

and

CLC/7C Y/7(Ko0E)} 24C/C ) 7tX0E) = 0(3)
-0 min 0 min max

S S R B R T L S L
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Normal porositlies are usually about e=0+35 for which
C(C/7C ) 7(KoE)T . = D(45)
o . min
Thlis leads to the conclusion that CIC°>>K05 for most

cases or Kokt ls hégllglble compared to cfco.-

Coatficlent n

The dlaenslonless oaraneferln i1s defined as

n =0 /Z(avd } =p /tp
- 8v atm 1 "2

Typical maximum valueé of °ev

are summarized In Table
2e TheSe maximum values of Dev occur in a very narrou_bange

of molsture contents In the dry region. The maximum vajue

of 0. 1Is taken to be Q =o(10'3 cm /S)e
v Bvmax

The minimum vaiue of D,  from equation (34} at 273K

tm
is 0422 cm?/sece The factor v has been deflned as

v = P/EPeP )4+ H /M. ]

and the minimuam value of y Is unity. Taking a=0.56, the

maximuynm value of the first term of n ls

y = at1e-?)

71 = /
to v ul\’Datm”max Dewmax ‘Q“Datm min

8

At 273K, where D . 0CCJrSs p1/92=o¢1n-5: " and is

atm,min

i R e A




_ Table 2, fvoléal'Haxlmum-#alugs_of

gv
Source Soil Type 'Davimax.
. em_/s
Paitlo  (1212) Yolo Bight clay - <107y
devries f1148) medium sand : - <10~
Gee 1521 Palouse siit loam <1u":
Jury 173) flainflield sand 18" " .
Frltton, Wabster silty ' 3
etqal {48] clay loam <2 % 187"
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negligible compared to the first term of ne. Therefore

= -2 :
n x-otiﬂ ) and Npin ~ 0.

With thls result and thae preceding resulté. the order

of magnitude of the terms on the teft hand side of equation

{51) can be compared.

Dttclc°+Ko€)taT*laFo)/IKonaXIaFo!]-

= otcsc ) o(r*1/7t0(kan) 0(X)1]

From - the resuifs obtained thus tar the minimum value

of the term can be written as

OLIC/C, ) /(Kon)] . = QELC/C,) . /tKon) 1 =0(70)
° min min max

For norzal porosity soils (£=0.,35)

in

DI(C/Coil‘Konllm = 013)

Thus for solls with c<l.4 the order of magnltude. of
the above ratjo Is 0(10).or iass. In other words, foE such
sojls the value of Kon wiil not exceed 10 bercent of CICO
and under these condltions the second tern on the left hand
sjde of aquatlon (51) can-oe.neglecfe& in comparison to the

first term.

Among those coefficlients on the right hand side of
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equation (51) 1s A/A_ which is expected to dominate the heat
transfer process Jnder nornal condlfiohs; The mlnlhum value

of this term occurs when exftrense drvness is encountered' and

is

AZA =
s O’min 1

Furthermore, A=0(10"° cal/cm=s=°C) (1491,

The remalning teras on the right hand side of (51)

will be compared wlth the flrst.

0L¥- (O /A IVT ) oV LIKO/LRIVXIT = OLA/A, + Ko/LE)

To determine Lf the second tera Is significant the maximun
value of Ko/LE can be compared to A/) .

Using resuits obtained prevliously

“#"5'max= KoDg C /A 3 . = 0(570c/Q) = 0(3)

fﬁls maximum value of Ko/L;.occurs in the narrow range of
molsture contents where bev headhes a maximume At higher or
lower molsture contents, the vailue ot Ko/Lz drops. sharply.
Theretores the ternm in equaflon (51) containing Ko/L; can be
neglected except In a narrow range of molsture contents In
the dry regione |

Comparing the last term of equation (51)

VT
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OLV- (A/A IVT ) +(8/L) (TX4PATIT ) VT ")

= O[A/A +(3/Le (14Pn))

so_fhat tor typical soils

Pn = OTQI(D €) = 0(3QD

9 48

T 78

Examlnation ot typical curves of bT and De versus

- moisture content ([48,52,73,112,148]1 reveals that 0,€<Dg

except In 3 very small range of moisture conients' wlithin

which a3 characteristlc "“dip" 'ln- fhe_ value of De
The dip separates what is essentialty a |Jlquid dominated

oOCCUrss,

‘range of molsture contents from one donlnafed-bv vapor; In
the viclnity ot the dip, 0. and D, have comparable orders of
magnltude and the value of Pn heaches_a aaxlmdm

x =
Pn.max o(3Q) say 0(300)
At greater or lesser molsture contents, Pn IS always {ess
than this value, Only at hlgh molsture contents ls Pn<<l so

that it becomes negliglole compared to unity.

Coefficlent §/Le

The term 8/Le 1S deflned as

§/Le = (pchze/col ‘De’“b"= tpchzefxoine
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=01103enex

where 09 has units of cmzlsec.

Thus the maximum value of { 7Le)(1+”n) occurs at the

“dip" in the 0, curve where, typlically [52,73,112,148),

ub=0t10'1) and Pn<i so that

ttssie 3Pn) = 010"y
) max :

in a3 narrow range of low moisture contentss This value In

gquaf!oﬁﬂtsil is multiptied by=the'squére of the temperature
gradient, the result being a large'poslflve quantity which
iould cause 3 rapid temperature rise. Thils samé tern In
eqﬁaf!on-(snl, however, could produce a large negative
quantity whlch would be associated with rapld drying of the

iedlum.

At high moisture contents where Pn approaches ZzZero,

Pn<<l and §/Le attains a large valugs But In thls case the

term Is coupled with the product of the gradients of

temperature and moisture content and therefore represents a
-negﬁtlve-auantlfy. or cooilng. Likewise, the net effect iIn
equation (50) would be that of an Increase 6f molstures

Thus 1t 1s concluded that Iin the range of molsture
contents of greatest lnfereét.to thls study .fhe third and
tourth terms on the right hanq slde of equation (51) must de

retained, and the latter may have slgnlflcant Influence on

i

:J-*——’-—.'—;d_

RSN
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the heat transfer In the soll surrounding the heated cablea.

Theretore, the order of magnitude anatysis of the

energy equation leads To the following Ssimptifled forms of

equatlon (51)

* - '
(C/C )3T /3F0 = V-L(A/A VT 1 + V.L(KosL@)¥X]  (52)

* »
+ (§7Le) (VX+PATYT ) ¥T

for the i1ow moisture contents and

L

, | | |
(C/C )T /3F0 3 V- TOA/ADVE ) + (5/Le)¥X-vT"  (53)

for very hlgh aolsture contents, Next the analysis is
extended fo the conservation of mass equatlon (50).,

The conqlusions reached about the behavior of Pn and
1/Le in the vpreceding paragraphs {(2ad to the !ol!ou1n§
simpiifled forms of the conservation of mass equafioﬁ (50)..

aX/3Fo + E3T /3F0 = V.L(1/Le) (FX+PnyT™) 1 (54)
for the tow molsture conftents and
aX/7aFo0 = v.({i/Le)¥X)} (55)

for very high molsture contents.

T

s
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Equatlon (55) 1s the nondimenslonalized form of the

' famitlar Darcy equation.
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CHAPTER VII

GENERAL NUMZIRICAL SCHEME

An lmpllcit tinite ditference scheme was selacted for

the numerlcal solutlon of the governing equatlons.

Since the problam 13 formulated In cylindrical

coordinates, terms such és
. : _ (1/R) -}Rtm 3V/IR]

arise in the governing equations. Heres K represents any of

' the varlable properties and V represents  either

il

dimension! ess temperature or hoisturé_content. Such terms

are expanded as follows belore applylng the . difference

equationst

(1/R) 2RLKR 3V/3R]

2 2 »
2 K3 V/3R #(L/RILL+{R/7KJaK/ IR V3 RY

The usual three=polnt finite difference replacements

~for the derlvatives are usedt

20,02 o » _2 2, -
22vnar? = (v, -2v ev, 0/aRE ¢ 0RD) (58

L e ol s e T R
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o 2 |
- A A : :
AIY/AR = ‘vi+1 V. _ V28R + Qt R - (57)

It we let

dK, = 14(R /KK, =K, 3/28R

the general term may be written In finlte difference form as

(L/RIB. EKRaVZIR]. = K. (V. =2V.+v. dsar%ea(ar®)
SRR AN Tt £ 3 W B 31

: 2
. o wy +0(d
- fvi+1fvi_liﬂK1/lZR1AR) ..( Ki&R '}
2 ' ‘ | ' -
s (K, /AR Ly {(1=pARdAK /7 =2y +V, (1+ARdK , /2R )
j AR . 121 1:AR i ?Ri’_a itVin 1+AR i N }

2 R - 2
=2{K /A . - - i +C K.A
Ki AR ’fvi-l‘l cKi) 2v1 Vi+1(1 cKi)) fO‘ 1&2 )

where ¢ = anKiIZRi'

Ki

Governing Equations

With these definitions, the energy equation
R3T*/73F0 = V- (BIT ) eV (EVX 24COX4DVT ) o9

nhere A, 8, Cy De and E represent the coefficients In’

equation tSZ)g.Js written in tinite difference form as

* 2 * * * .
A ri=T 0 aF0 = 18 /aRTIETT | (1eCpir=2T #T], (14Cp 02

TR ESEEDEES VS S
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 +(E, 7ARP ) CX

' ) &% *
2 - -
+tc1/nan )cxi+1 xi-1+01"i+1 Ti-II}(T

Definlng P

—u-'ﬂv
n

+LE . P/A )X

i

'T*ftﬁ
i

+(C, P/4A, VEX, =X,
i’ ey

=Ce . }=2X_ +X, +
i joqy (17Cpgd=2K #X,  (14C .13

Ei E9

1+1-Ti

40¢AiAFo+BiAR23'

6FOIAR2’

2. pra itr* (1=C. . 1=21 +1"
jPra T, R PR

B ltlfc

-G )=2X & +
1[1 cEi’ 2% Xi+1‘1 c

i i gi’?

i i-

o * +* W
+0 (T, =T  JIIT =T
{=1 "1 i+17 -1 i+1 i

Upon rearranging thls becomes

-

i-

' *
¢ Ti+

+
x1+

™ e o praA Tt T
1 1 1

1 i

€£=(C.D
1 1

C~(C_PraA ) (T* =T*
1 1 1 1+

> * )~(8, P/A

i i+ i-1

)(1-
i1 ¢1=Cg;

€(c,Prun 3 TT  o1*

i i+ - i Ei

+ T C1428.P/A. ) + X, (2E.P/A.)
i i i i i i

TT =T

. )={B.P/A
i i+ 1-1’ ‘81

P/GA

i i

l-(EiPIki)(1+C )}

1 i=1 _Ei

* Tk

.33}
1

)Y}

1)?(EiPlﬁ 31 (1=C_.)2}

}E1+C_ 2 )
1 cB1
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(58)

The tinite difference form of the conservation of

mass equation

aX/3F0 + HIT®75F0 = v« (FyX) + . (GyT*)

L e

PR

Ty P =

R TR

AT e
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where Hey Fy and G represant fthe coefflcients In équétlon

(5%)y can be written as

Ti_IE-GiP(i-Cei)} * Xy C=FiPt1=C )] Isgl.

+ TICH;+ 261PY + Xy {142 ;P)

*
+ Ti+ {- GiP(1+CG 1) + Xi+ {=F P(iGCFi = X, +H171

Equatlions (58) and (SQi'aré cospl ed equat!ons qf thé form

1% 2. 1 2 ' ' 1
’171-1*3ixi-1’°17 1xi+c171 i i+1= di {60)
3 _x M 1 Mty 2
LN T L X417 9%

N pairs of slmulfanéous_equatlonslsucﬁ as those In
{60} Eesuit when the flnlte difference eQuations.are nrittan
for the N nodes at which solutions are desirad. These N
pairs of equatlions can .be soived qdlcklv using the

1

pitridiagonal algorlfﬁn [145al.

Since property values mast be calcutated at unknown

 temperatures and molsture contents and slnce the terns

* *
i+l Ti-1 _
Is necessary to use an lterative scheme for the solution of

{r ) appears in the finite dlifference equations, it
{t58) and (59), Prapertles area first _ evaluated at
tewperatures T:" and molsture contents x?”and next'undafed

using calculated values T: and Xy

it =1
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Boundary Condltions - _
The boundary condltlons ot equations (480, (41)s (42)

- and {44) are wrltten as

[FyX +GV¥T 1R=Rc-0 : (1)
* .
£{avT +E?K]R=R:-1/Rc o 162)

* ' -
T (1,F0) = 0 (53)
K(i'F?i =z Binit/e . ' (64)

These conditlons are put In finlte ditference foram in the

fotionwing manner.

The energy equation at the cable surtacég node 1+ is
Aaf_laFoil ‘1IR1’ %§t9R3f73R§11 ) {65)

+ (:I.Iltl'JLIERaXIGRH

: aR 1

. (s/Len(ax/aa+9narffanli1(ar*/annli
The last term In this equatlon is zero as a result 01'(611.
Expanding BRITT/3R),; + ZRIX/3R) about node 1,  one
obtalins, -
* . . N *

BRITT/ARY ;¢ ERIX/DRIy= BRIT /3R, + ER9X/2R),

+ (ARZ2)C -g—R(BRaT*IaR.)ll + -g-RtERax/aRnlJ +0(aR%)




a1

Using (62) and (65} this becones

. . i . . : * . ) X 2 .
BRSV*ISR)“‘%-ER&X/BR)”S = «1+(5R/2VER) AT /3F0); ) + O(4R }

Inserting the usual tinite difference fep!acements'for the

derivatives, the Eesulf is

(BRACT, =T, ) + (SR, (X, =X, ) = =dR

' * %N : 3
+ (R,A/2PI(T; =T, ') +0(AR")

Rearranginge the final form is

* * o
T] TL2P(BRY,/R, 4] = T, [2PCBRY, /R A;] (65)
S A4n

The tinite ditterence fora of fthe conservation of

néss ‘equation at the cable  surface is obtalned by first

expanding FRaX/3R), + srzar""'.nuul,5 about node 1.

*
FR&K/BRH%'+ GRQT*/3R5&== FR3X/3R)1 + GR3T /3Rll

¢ (8R/2)C 2 (FRax/0RI) ¢ LL(GROTT/ARID, 3 4OLAR')
3

Using (61) and the cdnservation of mass equation thls

bacomes
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* ’ . .
FRaX/3RNy + GRIT 73R}y, = (AR/2)1R,2X/aF0) 1 +0(aR")

Inserting the flnite difference replacements and
combining terms, the final form is
w

T E2PIGRY /R 1 = T, [2PIGRY /R ] (67)

* Xy CL162PEFRY/R 1 = X, [2PCFR/R 1=X] 400 aR-aFo)

Error Analysis

A brief discussion of the consistency, stabitity and
converQence of the tinite difference scheme is appropriate
at thls point. |

In the development of the finite dlfteﬁence forms of
the energy equation (580 and the conéervation ot nmass

equation (59) the truncation errors of the finlte ditference

equations were shown to be, raspectivaely,

OLA, AF0+B

i 1&R21 and 0(4?0+&R2(F

+51}1]

LI |

Since the truncatlon error tends to zero as AFOeAR+ O
in poth éases. _the'-lmpllclt replacement. analogs .are
consistent with the'governlng equations.

As a3 matter of convenlence, the discussion of
stabliity wltl be 1imited to the simplified ftorms of

egsations (58) and (59). These simpiified forms. (see

BRI
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Resul s and Dlscussion) are

* R _
71-1"‘319"1"1'°Bi",* T €1428;P7R5) (58)

Ll

. |
¢ Tiy Uo(81P7A (14C55)) = T,

and

* o : * ';
Ti-lt-sip‘l.cﬁi’] + Ti{ZaiP) +* Ti+lt GiP(1+CGi’] .‘693
+ Ki_ll'Fipfigc 1]] + Xi(1+2F P

F i

. - - n
+ xi+1[ FiptifCFi!] xi

The mefthod of analysls is that of von Newmann as
discussed by Carnahan, 2t at [153). He' assume “that thé

variables are Separable so that T:"= Utflajar and -

x: = v{t)djsr and that at any time *+ a Fourler expansions

8T,

with typical ternm af fthe solutlons can be made.

Substituting these expressions into équatlons {68) and (69),
the torms of U and V can Dpe determined and stabliity

criteria can be established.

*n+l

Denotlhg Ti by U'(t!éjsr, equat;on-(aa) becomes

v e 1P  rat pra ) taee ) 4 (1428, P/A.)

i B

e 3BT ra(s Pra_d(LeC 23D = U
i i Bi _
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Aftter simptlifying, this can be written as

U'(1+(ZBiP/A11t251n2(BAR/ZI-!CB{SIQ(BARlJ) = U (7D

n+l

‘Simltarly, denotng X by v'tf}ejar, equation (59)

can be slaplified to the folloilng

U* €26, PL2SIn® (8AR/2)=)Cq; SIN(BARIIT (71)

+ V‘(i*ZFiPtZSlnztBbRIZ)-]CFiSIn(BAQ)]}.= v

Equatlons (70) and (71) are of the torm

aju" z |

byU* + byve = v

and can be solved fo U® and ¥V* to obtain

u* = (1/81'”

=(b;,73,0,)U + (1/D,)V

Ve =
or
ue | t/a; ] v

N

TR

A

i

ST P
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which is of the form a'2 Aa where 1ls the column vector
whose elements are U and V. A is calied the amplification

matrix {153l and for stabliity, the modulus of e3ach

'elgenvalue_ll and A, ot the matrix A  must not exceed

unityes Thus. for staoll ity we require,
Ja,lsr  and  [a,|s1  for an g.
The eigenvalues of the amplification matrix are

.1;%1/a1=t1+(zaipzniatzsxnztaAR/ZIvchiSlntsaayli‘l

and
‘}2=1lb2=t1+2FiP[ZS!nztﬁaRfZi-chiSInfBA?’]}'l
th'jlllsi'ue reguire
'|t1+tu31P/a1351nztsaifz)1e]cai(;aip(ni151ntsaRi|;1
or

([1+(#BiP/Ai)Sln2(BAR/2)]2+[(ZB P/ui)CBiSln(BAR)}Z}%;i

i

Both terms in orackets are positive definites and

tuBiP/Ai)SInztanIZlau so that [ |st for all g,

e — T
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Simitarty, it caﬁ be shown fhat.llzlsi for all B and
stabliity of equations (68} and (69) 1s ensured, |

Thereforeg stabltlty and conslistency of the finlte
difference forms of the simplified governing equaftions have
been demonstratede This, at teast in the Ilnear case,
ensures convergence of the numerical Scheme (85a).

Several dlfferent finlte dlfference replaéenenfs of

the boundary condlitlion (62) were tested and (656} was found

fo give the best numerical results. Equation (66) has a
truncatlon  error of OIRiAlARAFo+aR2] which goes to zero as
AFo, AR+ 0o |

The accuracy of the nuserical sScheme can be judged to

. 8 certaln degree by comparing the numerical solutlon of the

equation

9
aR

aT*73F0 = (1/R) <=trR3T*/5R) ' tr2)

ulth.tﬁe exact sojution (Appendix D). _

The equivalent forms of (68) and (66) were used for
this comparison and results are presented in Taple 3 as
percent error of the exact solutlon tor various Foz at/R2,
P=AF0/AR and comblnatldns of AR and Rc. The best overall
accuracy was obtained with ?zz and AR=RC.

For long=time solutions, P inf uust be ltocated
sufficlently far away fron fﬁe inner boundary = so that the

tocation does not slgnificantiy Influence the sotutlion.
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Table 3.
Equation (72) as Percent Error
— Fg: at/rz '

Node  2x10~ 1x10"%  2x10°%  1x19-!

1 0.004 v0+910 =04+96 «Ge 90

pP=2 2 1.33 D.01 afelb 0426
AR=R 3 1.89 B.27 0.05 -s11
¢ & 2443 0400 0415 0ol

1 1495 0.15 =0.07 «0,21

Px2 2 2.67 " De36 - Dell -3.08
AR=e¢5R 3 285 = Qul7 0.19 8,02
¢ iy 3019 0455 " Bell 0.003

_ 1 3495 3,08 2.82 2435

p=2 2 0.79 8.66 0.56 0.4l
AR=2R 3 24456 1.72 1445 1. 064
¢ K 3.92 2443 2401 1,39

| " CeBl 0,76 =] .90 =-0,89

P=.5 2 Z.SB 0.18 -0.09 -C.ZE
ARER 3 3.51 Y- Dell ~0,09
¢ 4 433 0465 Ge25 «fe03

1 -1470 1,16 =1,08 N :Y

P‘-‘S_ 2 =1,20 0,35 =0.32 -0.29
AR=R, '3 v1.29 “0e16 “0e13 -0s13
S -1.19 =lesl10 ‘ 0,06 o7
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CHAPTER VIII
NUMERICAL SCHEME WITH DRYING FRONT PRESENT

When - 3 'drvlng front occurs iIn the soil it is

desirable to foltow the progress of the front and 1t becomes

necessary to0 apply an energy balance and a mass balance at

the front In order to satch the dry reglion and wet region
solutlionse |
Thé generat procedire is as follows!

(a) Determine the time at which the sol! adjacent to

the cadle surface reaches the wminimum or dry .molsfure'

6ontent and calculate the velocity af-the_ensuing'front.
(b) The front velocity Is assumed to be constant

throughout fthe next small tlna interval and fthe front lIs

- steppad forward into the dry medium 2 fixed smaill increment.

HWith the new front location &nowns, the time reguired to

reach that Jocation is calculated and used In step (¢).

‘(¢) Nith the moisture content known and assuning

fnat negllgible moisture changes occur In the dry régiong
solve fthe pure_conductlon equatlon In the dry reylon and the
coupied equations iIin the wet region, mnatching the ftwo
regions through application of the intertace coﬁdltlonso |
{d) Once the solutions for bofh_the wet reglon and

dry reglion are known, the new veloclity of the front may be

. i
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calculateds Return to step (b) to continue calculations.
Since the jocation of the novldg boundary willil not,
in general, colncide with one of the nodes of the tinite

difference grid, a special set ot ditference equations must

be developed for the nodes ad]acanf' to the tront. The

equations for the dry region and wet reglon will be treated

saparately.

_ _ Ory Region .
Since the front: oprogresses by fixed spatial

Incrementss only two differenf situations mav'_artse.' - The
tront will - élther be located between tuo'nodes in the grld
or 1t wltl colnclde wlth a3 node locatlone The speclal
.fractlonal-step tinlte difference equafion§.l then, are
required only In the tirst instance. The fractional=step
equations are derived as toltonss |
Referring to Flgure 4, SAR denotes the distance
between node i and the moving boundafv at time level n+l.
The first partlal derlvative of the depandent

variable V |s evaluated by expanding V

and V In-a
-1 _

. : i+s
Taylor®s series in R about node i. '
Vot Y, *S&RaVIaRli¢(525R2I2332v13R2l1+0£833R3) (73

i+s

v, =V, -aRaVIaili+(AR2/2)QZVIaR211+OtARal (7%)

where v1+s represents V evaluated at the moving boundary,

__h e it e i DR T = -




- Figure 4.
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Multiplylng equation (74) by 52, subtracting the

result from equation (73) and rearranglings one obtalns
2 A | | 2 '
BV/akli =[Vi+s-(1-s avi- Vi_llI[S{1+SlARl+0{SAR } (75)

The second partial .derlvaflve of V is evaluatéd by
nultiptying equation (74) by S5 and adding fthe rasult to

equation (73). After rearrangings one obtalns

2% v/aR% ) =ty ~(14SIV 4SV, | 1/ESISHLIAR? /2140 (0R) (75)

—

Equations (75) and (76), with V replace by T , are

the speclat ftinite difference equations required for the

~apptication of the cbnducfion-equaflon at a node ad)acent fto

the moving boundary in the dry reglone

Het Reglon

In the wet region the fractlonal step SAR is shown in
Figure 5. Expanding V.,  and v, . Iln a Taylor®s serles

Vi, ® Y tARIVZ2R) +CaR% /2037 v/ ard 40 (aRY) (77)

V. = Vi =SaRIV/IR) (5% aRP 20 P vrarta r0(0R%) (70

where \t'i reprasents ¥ evaluated at the moving boundary,

Multlplying equation (77) by S2, subtracting eauation
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(78) and rearranging one obtains

IVAR, = [s®

Mul tipiying equation (72} DY S» adding equation (73} and

rearrangings one obtains

2 2. . . ' 2
3 YR ’1 = [SV1+1,(S+1)V1+V1 s]/lS(S*i)éR 721 .(301

When the tinite difterence forams of the governing

equations  are used at the node adjacent %0 the moving
boundary in the wet reglon, eguations (79) and (80) replace
equations (56) and (57)s respectively, with V replaced by t*
or X» as appropriate. |

1t thg' location of the front should coincide with a

node, then equations (80}, (76)s. (79),and (75) are still

used and the coefflcient 5 1s assigned the value of unity.

Intertace Conditions

The Inferface equation, (47), Is used to supply the
*

front .
tfinite ditference equations (75) and (79), as appropriate,

addltional equatlon required since T

are used to replace the first derlvatlvés appearing iIn the

egyations In this Instance, subscript 1 would refer to tne

location of the front.

Finally, eguation (46) is used to calculate the new

veloclty of the moving boundary.

V. =(S2ei)V.eV, 1/(S(S+1)AR] (79)
1+ i Ti~s

Is unknown. The

Al "“":?"




- calculated with the coefficlents unchanged. The symbol E

E L

CHAPTZR IX
RESULTS AND DISCUSSION

Numerical - slmulations were conducted wulfh the
nondinensjonalized forme of the govarning' equations to
determine the Influence of the various coeftlcientss The

sinutations, uhléh-nere-conducted tor fhe_.séndv and sandy

$11t solls, conslsted of two phases. First, the values of

silected-coettlclents nebe ‘reduced to -zerb Individuatlly,
Secondly, the ' coefflclents weres agald 'Indlvlduallvi
multipiied by a factor of ten. |

The numerical simulatlions were conducted for varlous

~inltlat molsfure contents and surface heat transfer_rates.

Typlical results are shown as_nércent'errpr'ln Tables & and 5

for sand and Tables 6 and 7 for the sandy siits The qubol

_ET is the percent error in calculated surtace teﬁperatare

for the condltlon stated relative fo fha temparatuhe'
- X
Is the percent error in calculated  moisture cpnfent. The
tables show that reduclng Ko)Lg to Zero had no significant

etfect on elther the molsture content distribution or the

temperature distripbution.  Llkewises reducing §/Le o~ Pn to

zero in the energy eauatlon or the coefficlent £ in the

conservation of mass equation had no significant effect'for

b
t
!
|
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Tabie %» Effect of Property Variations = Plainfleld Sand

Percent Error

X 20,14 X =0.2143 X, . =0.571i6
x1n1t 0.1429 init 0 init 9.571
for qQ*=D.4 W/cn Q*=21.5 W/cn qQ*=1.5 W/Cn»
Coefticlent ET EX ET Ex E[_ EK_.
§/7Lex0 .06 =0,11 0+23  =2.22 = 1.490 L P ¥
in Egqe (52) S S .
Pn=0 ol Y L 0eél2 =0.17 160 =1.10 013
in EQ.*(SZ’ . S . o :
Ko/Le=(0 O« i 1 0.. "D Qe De
In EqQ. (52) S o
E =0 =0,02 Delb ﬂa(ni 023 Qda [ P
in EqQe. (5%) ' ' :
All as “Be0%  0.17 0.03 8.05 0.08 8
aboves{ S ' :

T oo b Eam e ey

Table 5. Effect of Property Variatlons - Piainfield Sand -

" Percent Error X,

. =0e1429 X, . 02143 X _ =0e57L4
_ init . init - . init
for Q*=0el W/cnm Q°=1.5 W/cm q*=1.5 N/cm
ficient = E £ £ £ £
Coefficlien ET EX T X i X
é/Le-10 _ .37 0+98 =0,412 2457 =8.30 0,99
in Eqe (52) _ ' -
Pn- 10 0+36 =1.,18 La55 » 11417 =1+26
in EQ-*(SZI
Ko/Le 10 1 3P =,05 Cs =0s01 da I
In £Eqs (52) . : -
£E-10 _ -Del? i 55 Dell =2 476 Qe 0.
in Eg. (54)

¥Convergence difflcuifies with Lferafive sotlution

g5 i e Ju, BAPE U SR A )
- Co N

B R T
f g ne R Mgl

TadR

e LT o e F W - Dok

T I A,
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Table 6 Effect of Property varlatlions = Sandy Silt
E Percent ;rror _an1t=u.398% Xinit30.4942
] for q°20es5 W/cm Q*=1.2 W/cm
" Coefficient  E; £y £ S
5 8 /7Le=0 0020  «2.40 Do 2423
i in Eqs (52} . _ o o
£ Pna{ De M Da. Do
By in Eqe (52) o '
1- KosLe=0 0193 - 1430 0e = Oed2
e in Eq. (52) ' o _ - |
; - E=0 - Ba ' _n. j-nQUS__ 0923 : H
L in Eqe (54) - | R |
i | Al as 1010 =020 0445  «1e91
g abovesl : _
S
Table 7, Effect of Property varlatlons - Sandy SL1t
i
{j _ Percent Error Kinit=0.398h_ xi_nit=ﬂ.k9kz
- ' for ' q®°=0.5 Hsem  Q*=1,2 W/em
1 _ o Coefflcient ET Ex : : ET . Ex
¢ L §/Le-10 ‘=1422 11.50 D49 =2.23
] in Eq. (52) o
S Pn- 10 De - le O0e - e
in Egqe (52) - L S
L Ko/LE:10  =10.56 <1010 6403 =018
¥ In £q¢ (52) ) : Sl
. £-10 =0.13 “8e39 0426 wZelbl
in €qs (54)
: Al?! as ~8,22 . 3.66 =288  TWTh
; above-40
:'j |
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any conditions tested for eithar solle The maximum perceat

'error encountered with the coefficlents wultipiled by a

factor of ten was about ten percents Thils Is a quatltative

measure of the effect of an error in property measurements

"and iIs seen to have mlnlmal_effect on calculated tempehafure

and nmolsture content distributions for the condltlons
indicated. |
It should be noteds however, fhat_fhe calcutated

nolsture content distribution Is sensiftive to changes In the

values of the coefficients appearing In the conservation of

mass eqdéfion@ Numerical simutatlions ipdlcéte that fthe

reiative magnitudes of those two coerficlents “are gulte

lunortaqt. The Posnov number, the dimensioniess ratio of

thermal diffusivity to IJiquid dlftuélvlfv, is a direct

measure of the relative " magnitudes of the coeftlclentss

For the buried cablie environment, temperature grédlents are

generally 'larger' than gradients of molsture content, and 3

Posnov number near unity or larger results in net wigration
of moisture away from the cabies
On the strength of these rasults the energy equation

was simplilfied to the folloﬁlng form
* *
tc/co)ar 73Fo =v-tﬁx(xol ¥T 1

which is the conduction equaflon with an eftective

thermal conducflvlfy that depends upon the moisture content

o ey L S T?r_'_‘ T

e T = R
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of the solle Therefore, the energy equarlbn 15 essentlially
uncoupled from the conservation of mass equation. It should
be possibles then, fo model tﬁe'hgat transfer and molstﬁre
movement in soll with 3 numerlcal scheme which stens forward
the sofutions of the two governing equatloné alternately,
Assuming moderate'changes in fhe temperature distributlion
from one time sStep to  ths next, the nolsture.content
distributlon could be determined from a sofution of the
conservation of naés eﬁuatlon-and that distribution used to
calculate fhe propertlies néeded in the solution of the
energy éﬁuatlona | | _

Since the: temperature has been noruallzed. with
respect to the surface heat transfer rate, .a plot of t*
versus n Fo 1s a straight tine and represents a universal.
cﬁrve'for specified inltlal soil condltlons-an'the absence
of property variatlons.causeﬁ nv'ﬁolstuhe deemeﬂt.

Typical numerical slmulations for sand are shown In
Figure 6« The slope of the stralghte=iine poé;lon of the
'éurve is a measure of the thermal reslsfivltf (reclprocal of
‘thermal conductivity) of the soll evaluated at the initiat
conditlonss As the soll begins to dry out next to the heat
source, fthe curve deviates froa this stralght ilne. When
thé soll ad]acent to the heat source 1§ completely -drv a
second stralght=1lne portion with a steeper slope i$
achieved. This steeper siope Is a measufe ot the. thermal

resistivity of the dry soile In both Instances, the thermnal
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reslstlvity can be calculated by applylng the sSimple probde
solutlon, equation (0=5)., Thls is discussed ~turther In
tater paragraphs. |

Figure & shows that slgnlflcant' drﬁlng occurs at
saall§r values of the Fourier number as the surtace heat
transter rate 1s Increaseds The curves of Figure 6 ﬁave

bean extrapolated from the polnt of compiefe drying at the

" surface of the heat source since the numerical solutlon

‘inltlally glves unreatistically Iarge temperature Increasas

uhen the ndnerlcal schene for the moving boundarv is uéed.
The large nrédlctlons for temperature are céused elther by
thé mathod wused to startltha schemes or by the formulation
ot the boundary conditions at the noﬁlng boundary, 5r by the
rapid changes in property values inathe range-.of' udisturg
confents near emin' | |

From the | standpolnt of  dhy1ng ot fhe mediume
examlnation of the varlation In  the rate of molsfure
movenment at the surtace of the beat source reveals some
distingulshing characteristlcs. ffplcal results for fhe
sand anq sandy silt ulth ditferent lnlflal moisture contents
are shown In. Figures 7 throJdgh i0. The flgures show that
there'l# a distlnct ﬁlnlmum'rafe of 'noisture movement for
each value of fﬁe surface heat fransfer rate, The magnltﬁde
of this minimum value decreases with decreasing surface heat
transfer rate, but the minimum value occurs at essentlally

the same surface molsture content regardless of the heat
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transfer rates  Furthermore, the value of the moisture
contents X . .. at._uhlch the mlnlnum. rate of wmolsture
novement occurs decreases as the Initial moisture content of
the medium decreases.

| These results aﬁe shown magre clearly In Figures 11

through 1%, The varlation ot with the tnitlat

xcrit
molsture contenf.'ﬁnitr ls shoun in Filgure 14,

. Flgures 11 and 12 display the vatlue of the Fourier
nﬁnbar-based on the radius of  the héai source af uhich xcrit
occurs for-variqus.sufface heat transter rates énd Initia)

-olsturé contents, Thls Fourler number Increases as the

surface heat transfer rate is decreased. There appears to

Ibe 3 Jlieitlng value of the surfaée.heat.fransfer.rate for
each Initlal moisture content for uhlch fhe..flmo ~to reach
xcrit becomes very 1Jargee This vatue witll be éal!ed the
critical heat transfef rate, qzrit e and ls a function of
the in;tlal molsture content tor a-given'soll of specitied
porositys Flgure 13 shows the value of Foc' for the _sandv |
siit at which complete drying occurs In the soll adjlacent to

the heat source.

When the surface heat transfer rate is mailntained

above the value for q° the rate of molsture movement .

crit

contlnuatly decreases until ‘crit is reached., Thereatter,

the rate of moisture moyvement generally increases

continuousliy untlt the soil adjacent +to the source is

- completely dried out, provided that a constant surface heat
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transfer rate 1s malntaineds If the surface heat transfer
rate Is malntained below the critical value, q 1t' the rate
of moflsture movement decreases gonflhuouslv and compleate
drvlng_ of the solt Is not expected to occur for a very 1029
tima. |
| Kith these results It appears to be possible to
pradict when significant drvlné-ﬂill.comnenca If-fha surface
heat transfer rate is specifieds Ors alternately, for glven
solt inlitlal conditions one could presﬁribe the surtace heat
transfer; rafe} qarit' nelowr'ihlch 'the soll witd remaln.
thermally stanle, |
Cable surface teuneratures calcdlated based on the
.aolsture content xcrit nould therefore predict conservative
values which would not be exceeded during operation 1|t the
surtace heat transter rate ls maintained below qcrit
The results opresented for sand are based’ ' upon
hvdraullé and thermal propertias of Plainfletd sand measuréd
by Jury (73], No experimental verification of the numerical
slmul;tlons for the Plainfield sand was perfdrmed._ but fthe
trends of the numerical results are meaningftul in that tﬁev
closely resemble those of the sandy siit, Furthgrmdra. sone
prellmlnafv experlmental veritication for the moded
predictions based on the sandy siit have been made with two
very dlfterent experimentse. |
In the first experiment, Bush [14a) wused a 1,83 m

tength of heated cable (2454 cm outside radius) burled in a
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plexiglas tank (.91 m by .91 m by 1.83 ) contalnlng the
sandy Slit. The sandy sitt had a dry density of 1.28 gmsca’
(80 1bstt®) and an Initial molsture content of about 21
percent by dry welght (x=.531; Tub experiments nare
condﬁctéd with this solla. In the tirst, the surface heat

transfer rate was malntained at approximately 04433 W/cm.

No difference in moisture content was discernable atter 400

hours (Fo_= 1000) of operation. Figure 12 Indlcates that

thls heat transfer rate is well: below for the

_ qErit'
prevailing Initlal molsture content, so that slgniflcant

_differeﬁées in the surface moisture content should not be

expacted,

~The surface heat transtfer rate for the second test

tika) was selected such that slignificant molsture movement

would occure. Therefores. 1.77 W/cm was used and was

maintained constant for about 20 hours at uﬁlch time it
Increased to an average value of 1.95 W/cm. Flgure 12 shous
that for 8 heat transfer rate of, 1495 W/cms Q.. 1S
exceeded and xcritio.urs (19 percent moisture by dry welght)
shouid be reached at a ?ourler 5Umber' 6! about 95 (37
nours). The moisture conteat near the cable surface
measured by Bush [16¢al was 13.9 perceﬁt by dry weight at 33
hours and 18+3 percent at 53 hourse. .The measured .moisture

content distribution [14a) at the end of 78 hours, when the

test was termlnated, is shown in Figure 15 along wlith the

distribution predicted with the numerical model, The
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molsture content at the sur face agrees well with

experimental observations but model predictions ot.molstdre

content further away are  higher than observed -

experimentaliy.

In a second experimental check of the asodel,

Handgraat {62a] measured the thermal conductivity of the
sandy sitt under consideration using the probe method

1330834929310 The results_of several tests on the sandy
_ . .

‘sitt: with a dry denslity of 1.28 g/cm tan-lblttsi are shown -

.in Flgures 16 through 18. Power inputs to the probe were

sele:te& such that drying would oCCUrs: The figures Indicate

the extent of dryilng andy In facty drying of the specinen

was visibly evident In each cases The predictions of the

mathematlical - wmodel are - lonerr than  observed  oprooe
temperaturas ln each case.  This ls due to the fact that the
thernocounle used i{n the probe is located nof at the probe
surface but at a SOcatlon equal to approxlmafelv one-half of
the probe radluss Although nolsture content measurements
were not made during the perlod of the fesj; it 1s ctlear
that the point at which the nodél predlicts deviations from

the stralght-line portion due to ﬂolsfure content changes

'agrees very well with the exoerlmental curves.: As discussed

previousiys sSuch deviaflons are a measure of the 1nfluence-

of molsture movement. These curves also show the secondary
straight 1lne which is Indicative of the thernmat

conductlivity of the dry soils The modeil generaliy opredicts
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that drying occurs somewhat sooner than actually observed

experimentatily.

From a single needle probe- test, therefore, it Iis

possible to

(a) Determine the tharmal conductlvity of the moist
ol .

(b) Oeteraine the 1heEnal conductivity of the dry
solly _ :
| fc! Oetermine the approximate time fdr the onset of
drying adjacent to the surface of the sources and
{(d}  Deteraine when drying 1# complete in the solt

ad]acenf'to the source.

The {latter two ftactors have been discussedy an

example of the first two is nou-_glﬁen. Figure 19 shows
experimental results of. thermal conductlﬁlfv neasurements
made by BSush [14a) with a needle probe on :the sandy siit
over a ilde range of molsture contents: The solid tlne Is a
fourth-or&er least~squaras curve tit of the'expeblmental
data. Fligure 17 shows the .results of independent
needle-probe measurements on a sample of the.Sandv silt with

the same dry density and an initial moisture content of 15.9

. percent by dry welght (X=3,3984), For this test the heat

dissipation rate of the probe¢ was selected such that drying
of the sail would occur. The thermal conductiiitv of the

aoist soil from the -Drlmarv Straight-ilne porfion was

calculated to be 0.01077 W/cm=C wusing. equatlion (D=5},

Using the secondary stralght fine, which is Indicative of

T
gy, T
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complete drving ad]acent .to the source, the thermal
conductivity of the dry soil was calculated to be 0.,00%22
W/cm=°Ce The corresponding values tron.the Ieast-souéres'
f1* of the data of Figure 19 are D.01076 H/cm=°C and 0.004%56
N/cm=°C, respecflve!v. The tharmal conductivity of a dry
sampie of this sol!l 1s reported by Bush [14a]) to be 0.00425
H/cu-°¢- | |

As a practical applicatlion of these results one could
survey the soll In a proposed cable route u§1n9 3 needle
brobe.. 8y examining the teaperature=tine response of the

prode !6} glven - heat dissipation rates, the time, F ,

p
required for the onset of significant drying in the sol!

adjacent to the nrobe can be determlned. The résponse of 3
caolie buried In the same soll with the same heat dissipation
rates would be related to the probe response through the
Fourler number. Thatl is, slgnificant drying at the cable
noqld be expected to occur at the flme fc=f

(rc/r )2. where

p P

the subscripts ¢ and p refer to the cable and probe,

respectively.

It q° 1is fixed by cable design énd the thermal
response of fhe native -soll proved -unacceptable, rhe.
response of the soll at higher denslfies could »pe
Investlgateds One could thus deteéﬁine it proper compaction’
ot the backtill would enhance the fhermal_;resbonse of the

solls Ofherwise, speclal tacktills or soll addltives should

be gonsidered,
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The nuserical schame presented_inZCHapter VvII 1s not

~ capable of siautating the effect of surlaée.evaporatlon or
intittratlon, daily temperature variations, the influence of.

the presence of a water table, or gravity etfects.  In order

to study such phenﬁmena the nuuerlcal'_scheue mist be
extended to the two-dimensional, franslent_formulaflén. _

Since a constant heat flux was used iIn all-numerical

slaulationses the results apply to actual cyclical laad_":
operatlion only 1n the sens2 0! an average heat flux.at.q._
10ad factor of about '1uﬂf-oércent. . To determine the

quall?afive ef fect of a change in 11oad factor, one

x1n1_t=.5255’

Figure 8) at q*s1.8 #W/cm Initlallye ~When  the moisture

content was within 10 percent of X
o crit

1ok W/cme The rate of molsture movement decreased rapidly

and thereafter followed approximately the Same X curve as 1f.

the heat flux were inltlallv' 3T lebh H/cm. The time to

reach xcrit was 60 percent {fonger than 1If q* had peen

malntalned at the iInltlal value. Further'uork_musi be dones

however, before any general concluslons cén'be made.

Finallys it should be noted that substantlial scafter

in the data can occur I1f a very small dlaneter_prooe is used

in a3 very porous (low densify} soll. At'high'pordsifles the

alr spaces befween the soil particles can abproach the same

siZze as the diameter of the probes and use of a larger prodve

diameter may ellminate some of the scatter In the data.
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CHAPTER X
CONCLUSIONS

- This analvtlcal_-sfudv _of the heat fransfer and
moisture movement In the soll surrounding a.cvyindélcal heéf
source has shown that |

(1) - The coupled equations wused *to descride the
temperature and moisture content distribdutlons In the soil
can be slmpilfisd somewhat by determlning ihé .lnfluence of
the dimensiontess coefflclents.l The conduction equation
with molsture-dependent thermal conductlvitv.ls adequate to
determine the temperature dlsthlbuflon; | o

(2) The drying of the soll ad)jacent to the heat

- soyrce occurs in ftwo distinct siages. - Burlng jhe tirst

stage the rate of noisture movement decresses. This

decrease continues until a asolsture content, X is

crit’

reached after which the rate generally Increases untit

complete drying of the soll adjacent tb the heat source has
occurred, | _

(3)  The value of the .molsturel content Xepit 1S
esséntlally indesendent of the surface heat transfer rate,
and Is a function of the Initlal moisture confent of the

soll tor 3 given porosifty. The magnltude of X decreasas

crit
as the initlal moisture content decreasese




122

(4) The atralnment of X_ .. and the point of drylng
out predicted by the numerical model agree favorably wifth
%.' preliminary experlmental observations fof one soil. '

3 {5) For a given soil tspeqlfled porosity and lnltial
molsture content) the model indicates that there 1Is a
o surface heat transfer rate below which signiflcant drying
will be delayed conslderably, possibly indefinitetly. If the
.sufface- heat transfer rate is sufficlentty high a
needle=probe test of a-soil sample can provide Information
concerning the fhermél.conduﬁtlvlfy-ot the moist soll, the
thermal conductlvity of the dry soils the onset of drying at
the surfécé of the probe, and'the time when drylng at the
i éurface of the probe is complete. Froa this information, 1t

should be possibie to predict the behavior of the same soll

In the viclnity of a | arger buried source.  The

correspondlng times, b»eing related through the Fourier
nusbers are 1n Inverse proportion to _fhe square of the

dlaneters, Thus the needie-probe test could also be a test

for the thermal stability of the soile.

(6) Accurate descriptlons of the thermal  and
hydraullc properties of the soil over the entire range of

nolsfure confents are necessary for the analytical model.
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CHAPTER X1
RECOMMENDATIONS

The temperature and moisture content distrilbutions in
the sol! surrounding a buried heat source can be pradicted

with the model 1f a complate set of property measureménts

are avaitable for the soll of Interest, The predictions of

the attalnment of xcrit could be used to select the 1lnit

for  fthe surtace heat ftranster rafe or to seiect the proper

- denslty and molsture content fo be USed with cable backfll)

materlals. | |
Before thls can be done. however, tﬁé results of this
study shoutd be extended fto 'lnclude. the eflect'of the
porosity tor dry density). Further effdrts mlght also
Include determination of the effect of sur.faée phenomena, or-.

the presence of a water fabie. With further experimental

-verltication of the _predlctlons.' the simpiest and most

economical method of providing a profile of the thermat

Stabilltv of a soll may be nlfh a comprehensive program of

‘needie-probe tests. The eftfort involved with such tests is

much less than would be expanded In developlng the therm3l
and hydraulic properties needed for the analytical model.

Even though the nrone' tests do not lend themselves to

- determination of detajted temperature and mdisture content
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distributlons, they do appear to be able to provide

essentlal Information, i.e. the time required for
slgnitlcant drying to occur, as well as the tlnme requ@red
for complete dryings Accurate prediction of those times for
a2 cable=soll system whose Inifial and operating conditlons
are known 1s. after all, the objective as ftar as thernal
stability Is conceﬁned. Tests should also be conducted with
cvcllcéllv varying surface heat transfer rates in order fo
simulate actual cable operating conditlons. = Finally, the
infiuence of soll additives and special backfills should be

studled'hslng the same nrocedures.

T T T
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APPZNOIX A
CORRELATION OF MOISTURE RETENTION DATA

The soll nolsturé charac?erlsflc shown In Figuyre A-i
dlsptays several traits which are common to most solist |

ta) ¥ +» « as se'+ 0

() ¥>0 as S, + 1

tc) A region of -relatiﬁelv constant stope at

Interaedlate values of the elteéf!ie saturatlon

Se® (S=S.)/{1=5.)s where S, Is called  the resldual

r
saturatlon (13)s The residual saturation 1ls that value of $

at which effectively goes to infinitity.
) One functlon whlch 1s able to repﬁodhce this typlcal

shapes and which ls proposed far the carrelatlon of molsture

refantlon data, is
¥ = asbaa-s )CtCothtas 130 (A1)

The flrét step necessary In the correjation procedure
used to determine fhe constants asbeceds énd Sr is fo plot
Y¢S} trom molsture retention data as shown in Figure A-l;

from this curve, estinate the value of S at nhlch
approaches a vertical asymptote., This value of S Is the

approximate value of the resldual saturatlion S.e (Whlle
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¥

Soil Moisture Potential,

Saturation, S

ngure'A-l. Typical Soil Moisture Characteristic Curve
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this step requires a visual estimate of sr,'fhe ac tual ialue

of S, Is not -critical to the procedure. An approximate
value Is all that Is necessaryle Thls flrst step |is

ldentical to that used by Brooks and Corey (131,

Next, with S_ thus determineds calculate the

effective saturation vatues. The rtv.sel déta palirs thus

obtalned are used In a leasf—squares curve filt.
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APPENDIX B
CALCULATION OF HYDRAULIC CONDUCTIVITY

The modifled Miitlngton-Quirk method (701  of
catculating hydraulic conductivity from ;oll moslfﬁre
fetenflon data was selected far use in this studye.

The geheral equatlion used to calculate the hydrautlc

conductivity is [51,57,701

-

p

K10} = (K /K 113072 7tpann?1 1l t(2)+1=2100721 (B-1)
5 sC J:l _ J :

'for 1=L¢2reseen

where _ _ _
K@), - Is the calculated hydraullc conductivity

tea/aln) tor a specitied mofsture contehf 8.

. i
1 denotes the last molsture content class on the wet

end, ﬁfor exahp]e 1=1 ldentifles the opore ctass
corresponding to the uolstdre confeﬁt at saturation.
and 12n identifies the pore class corresponding to.fhe
towest moisture contant for -Iuhich ~ hydraullc
cohducflvltv is calculéted [51], |

Kg/K . Is the matching factor (ratio of measured
hydraulic conductivity 3t saturation to calcutated

hydraul lc conductivity at saturationd,
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Y, P and n are -tne surface fenslon;- density and
viscosity, respectively, of water,
e ls the porosity of the soils and
h Is the soli moisture potentiale.

In the Miltlngton=Quirk method p=4/3 and n Ls the

‘number of pore classes between 8=0 and saturation. . The

- gonstant ternm 30?2/pgn has a value of 1.884'cm-mb2/m1n at

27°Ce ﬁhen h is given In units of miitibars, then K(O)i nas
units of ca/mine |

The computer program used fo calcufated K(8) values
Is a stlghtly modifled torm of the one used bf Relsenaur
(1293, | |

The vaiues of K(8) calculated using the modiftied
Hllllngton-aulrk method were used, together with (y,8) data
to fit the hydraulic conductivity curvé to the form |

b

K ='Ks/tty/a) +11 _ {(B«2)

proposed by Gardner {501.

R I L & SRR B L e et e
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APPENDIX C
THERMAL CONOUCTIVITY OF MOIST SOIL

The thermal conductivity ot the moist soily, ir,s can

be cafculated from the Van Rooven formula l1h51
1n, = w0A-Bm o 5 Cocash (C-1)

where m 1s the molsture content as a fraction of the voids

fliled with waters B and S are iinear. functions aof the

- denslty bt the dry soll, no. and & is a quadrlc'functlon of

L
. fhe Quantlty m is related to the volumetric moisture

contents 8, and the porositys, e, by
= /e | | {C=2)

The dry denslity can be calculated from the porosity

and the denslfv'of the solld materliats op

solidi uslng the

relation

Po% (17€1Peo144

For exXamples the dry denslty of sand whose solld

component is gquartz Co 22,66 grem°) 1s

olid
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P, = 2066(1=c) g/ce?
The quantity S is related to the dry dansity. P, OV

where S, and S, are functions of the type of materials For
sand $,=47.5 and §5,2113.3,

-Thae quantity 8 ls calculated fron
B = bl ‘Ibzpo

where b; and b, are functions of the soil composition and
granulometry. V¥an Rooyen found that b,%5.5 for alt solls
tested and b, is about 15-20 for sand.

The quanity A is calculated fronm
A = a +a_ pea 92
1792R%93P,

V¥an Rooyen found that 3250 and as=-0.h§ tdr all materiatls

tested. For sand, the value of a Is about 3.6

1
Therefore, the thermal conductivity of a sand can be
calculated as (uslng' b1=18.?13 8 functlion of molsture

content and porosity using

: 2 _
1/, = 10{3_6-,“#p0-3(13.71 5.500)/€}f113.3-b7.590
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shers p°=2.66(1-cl for sand,

To account for the varlation of $;¢S3» 3; and b; with

ditferent materials and solls, additional parameters used

are . the percent quartz, q, percent clays Ccy and the surface
area per unlt volume of material larger than clay slze, r.

Thus for so0lis other than sand the following

‘relations apply:

ta) For quartz pecentage g » 75%
Sz=-k?.59 and SI=ZBH-B e 94q
For quartz percentage 20% < q < 75%

§,= 2a=200, and S,4354,07q

-0'9 .
o) A =1erT a3.8.1070 008C

.04

(c) b;35.6.10" #9458

L=




“where a
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APPENDIX O
PROBE SOLUTION

The exact solution ltor the oproblem. Involving a
cylindrical heat source embedded In an infinite medlim
having constant thermal properties 1s glven by Ingersoti, et

al {66] as
. a2
- TeT, = AT = (d72m0) [“te~B /p1ds  (D=1)
: x .

where x=r/Yhat = L/ZZ&. L=2r/R'y Z = t/Rg » and R' IS some
characteristic dimensions

It we let u = 52 then du/u = 2d8/8 and
Aata = (sem [ote™ 20 au = €, %) /tn (D=2}
% _

where Ellle iIs the exgonential integrale.
For values of 05:&1. noranoultz and_stegun (L] glve

the following series expansion for Ellx)a

.y — 2 3 4 5 N o
E,(x) + In x T3, 43, X+, X" +a, X" +3, X +3. X +e (X)) (0=3)

letx)]ez-10"7

o T =0457721566 az = +0.,05519968

U R T T
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3 = +0.99999193 3, = =0.00976004
a, = =0.24991055 ag = +0.001087857

For values of x>, the serles expansion Is (1)

. 2 2 o
e x Eltx) = (x +aleazlljx +b, X¢b,} + e (Xx)

[e(x)]|<5.10"°

shere a; = +233L733 b, +3.330657

a, = #0.250621 b, = +1.681534

‘Equatlon (D-2) may be writfen in teras of the

variables which appear in Chapter VI by making the follouing'

daefinitlons.

For Z=at/R2. et Rzr{nf the “unaffected” radius.

Then
Zstatsr2)Ca 70 ) = o®Fo
- o o

Then LSr/R'sr/r =Re and L274Z=R2/7¢4a*Fod .

Since T* = 243 aT/q'equation (D-2) becomes
T = GAJE W = wzpE wWiaz) (0w

Equation (D=4) represents the sojutlion for the

constant property probleme In the actual case, property

'varlaflons'occur'as the ftemperature and nolstuﬁe contant of

gl e o e e e R ERE e et
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i _ the medlum changee. However, Lf the properflgs ot the medlium

are 'eVaiuafed at the Inlktlal moisture content and inltial
temperature, and used In equation (0=4) the results . can be

compared to those of the variable property case to deternmlne

the rélaf!ve importance of property varlations.

For nearly all conditions of practical interest for

H the buried cable problem, the parameter x=r//ag? Is Iasé
than unity. Furthermore, the author has found that using .
only two terms of equation (D=3) gives sufflclient accuracy

tor most cafcufatlons. - Therefore, equatlon (D=4) may be

approximated by

T* = (17200 1n(ka*FosR?) = 8.5772) (D=5)

I T S O S| et i
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APPENDIX E

PROPERTY DATA CURVE FITS

Property data tor water taken ' from the sources :
indicated were curve fitted using the feaste=squares method 1r

- for use In the computer program. : _ - 1:
(a) Surface tension ot water {70a] |

o3 72EXD(0.796494=0.002657T) dynes/cm for 273K<T<373K .

where the temperature Coetflctanf of the surfaée tenslon iIs

Y=(1/0)do/dT==~0,002657 ! o h
(b) Density of sgturated water vaporsl?éé]
pg= EXp12.430038-4834.12174/T1  kasm® for 273K<T<373K
(c) Heat of vaporization of nater.t?éal

h,,=2896784.15-712.526093T~2,285782167° = Jrkg for 273K<T<373K

(d) Viscoslty of water (703]




e
mimld]

i | -24 | -%_2
. U= 5.,5869369 x 10 Expl=1.2103154 % 10 T + 0.13222348T

5% + 7.3816066 x 10°/T) centlpoise for 273K<T<373K

I (e) Saturation pressure for water [75a) E»
P = =438.469849 + 4u6I6TIE51T=040202296871T7 L
-5_3 -84 i
* 4,38335472 X 10 - T = 4.7823917% x 10 T ;
. xas ea=11.5 : on
¢ 2.10382906 x 10 T psla for T In °R

- ii:

i

i
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APPENDIX F
LIST QF SYMBOLS:

general'cqeftlclents

volumetric air content.qucu 3
general coefflicients

volumetric heat.capacﬁtv» calsemi=0C

speclific heat, cat/g

diffusion coefflcient of water ‘vapor in air.cn?/ss

thermal moisture dltfuslvlty, cmzls-°c

1sothermal moisture diffusivityscm’/s

rate of evaporatlon, s °

Fourler number, dimensioniesss Fo*uot/rzg FOo =a f/rz
h -« Lo} 0 C

pore geometry factor, dlmensionless

acceleration of gravity, cnm lsz

'relatlve humldlty, disensloniess

enthalpy{nlth subscrlpt)., cal/qg
rate of conversion, gfcéLs

2
mass flux, g/cae~s

unsaturated hydraulic conductivity, cm/s

Kossovich number, dimensionless
Lewls numbers, dimensioniess
molecular welghts g/sgmol

numnber of flnite difference nodes, dimenslonless

M F e o mmd we emmre RIS -
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P absolute pressure, atm
p (sAFo/aR%), dimensioniess
Pn Posnov nuaber, dlmensioniess
Q (=qQ* /7272 ) » °c
q° heat transfgr rate per unit fength, W/cm
q* heaf.flux; cal/cﬁLs
R - universal gas constant, cal/zgmol=K
R | .ttrlrinfl radial positions, dlmensionless
r radial posltion, ca
S .(30133. saturation, dimensionless
1 4 ‘absolute temperature, K
™ teaperature, dimensionless
t tine, s |
v ‘Internal energy per unit volume, calzcm®
u speclific internatl énergy, cal/qg
v volumey ca® or veloclity cn/s
W ditferentiat heat of wetting, cal/g
X molsture content, dimensionless
.z vertical coordlnéte. noslfive Jpward, cm

Greek Symbols

d ) tortuositys dimensionl 2ss or fher-al

diffusivity, cm?/s
8 (=dp_ 7dT)s 9/cm’SC
% temperature coefficlent of surface tension, o1
8 unnamed parameter, dimensloniess
€ porosity, cn’scn’

e — e e e
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tenperature gradient factor, dimensionless

4
n unnamed parameter, dlsensionless
0 volumetrlc molsture content, cm’/cm’
thermal conductivity, cal/ca~-s~°C
u viscosity, centipoise
v £3P/L(P=P1)4P1 M) /H31}, dimenslontess.
3 unnamed parametero dimsensionless
P density, g/ca’
4 surface tension, dvnQSJcm-
9 tofal-éoi{-molsture potential, cm
4 “soll molsture potential, ca
v del ‘operator, 1/c»:
v del operator, dlasensionlass
Subscripts
afe atmospheric
b bubbiing pressure
< cable
] effectlive
front moving boundary tocatlion
9 gravitational |
| specles
=0 sol) in dry state
=1 water vapor :
=2 liquid water
=3 alr
node location In finlte difference grid
Int Intinity




s ot

bt

Init Initlal value

K denotes value of molsture content below uhlch _
1iquld continuity 1s not malntained _
§ tiguid
m matrlc, anisture, or mlnerals
0 osmotic, organlc..or reference state
p pneumatic
R reference state
r reslduall
s saturatlbn
r .,jenperature
v ‘vapor
8 molsture
. excluding vapor movement
Superscripts
n | time level

16kl
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