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About This Document

This resource contains curriculum for the distance education version of a course offered at the Georgia Institute of Technology,
Math 1502, in Fall 2014. This distance education course explored linear algebra, infinite series, and differential equation concepts
during lectures and recitations. Recitations are synchronous sessions that offer students an opportunity to apply and review course
concepts, which they have been exposed to in lectures.

Contained in this curriculum are materials for 26 recitations, available in PDF and presentation slide formats. The slide format is
offered for teaching assistants to import directly into web-conferencing software. Slides contain activities that students would solve
during recitations. The associated notes contain solutions to corresponding activities and are available in PDF format.

This work is licensed under the Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.

An similar version of this work, that corresponds to activities conducted in the Fall 2013 semester, is available through SMARTech at
http://smartech.gatech.edu/handle/1853/51343

Copyright

This work is licensed under the Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License. To view a copy
of this license, visit http://creativecommons.org/licenses/by-nc-sa/4.0/



For Further Information

Questions regarding this document can be directed to Greg Mayer (gsmayer@gmail.com), who would be happy to hear your
suggestions on how to improve this document.

List of Topics

The following table presents a list of topics that were explored in the recitation activities. Numbers in brackets correspond to section
numbers in the course textbook (Lay, D., Linear Algebra and its Applications, Fourth Edition).

Week Recitation Topics
1 1 Introduction to Math 1502, logistical matters, icebreaker

2 Improper integrals, Numerical integration (8.7)
2 3 Improper integrals: comparison test, review of techniques of integration
4 Separable & Linear DEs
3 5 Test for Divergence
6 Infinite Series, Differential Equations
4 7 Quiz 1 Review
8 No Recitation - Quiz 1
5 9 Power Series, Radius/Interval of Convergence and Absolute Convergence
10 Taylor Polynomials and Series
6 11 I’'Hospital’s Rule
12 Lines, Planes, Dot Products
7 13 Quiz 2 Review
14 No Recitation - Quiz 2
8 15 Solving linear systems of equations
16 Span, Linear Dependence
9 17 No Recitation - Fall Break
18 Span, Linear Dependence, Linear Transforms
10 19 Quiz 3 Review



20

No Recitation - Quiz 3

11 21 Matrix Inverses, LU Decomposition
22 Column Space and Null Space, LU Decomposition
12 23 Column and Null Space
24 Determinants (3.1, 3.2), Diagonalization (5.3)
13 25 Quiz 4 Review
26 No Recitation - Quiz 4
14 27 Diagonalization (5.3), Orthogonality (6.1, 6.2)
28 Orthogonality (6.1, 6.2, 6.3)
15 29 Orthogonality (6.1 to 6.5)
30 No Recitation - Thanksgiving
16 31 QR Decomposition, Orthogonality Review (6.1 to 6.5)

32

Final Exam Review




Welcome to Your Distance Calculus Recitation!
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Adobe Connect
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Start My Webcam

Attendees (1)

@,ﬁ Active Speakers

¥ Hosts (1)
&J Greg Mayer

» Presenters (0)

» Participants (0)

Chat (Everyone)

Greg Mayer: if you like. i don't think it is graded. it's
probably a short homework.
- - (08/18/2014 09:12) ~-----n-----—

Greg Mayer: i better get going

Greg Mayer: see you guys tomorrow morning




Microphones, Webcams, Tablets

We can loan you a wacom bamboo tablet, if
you’d like to borrow one please send me an
email.

If you have a mic or a webcam, you are
welcome to use them.




The Whiteboard

You need to be a presenter to write on the
board

Only a host can chanage permission levels
All writing on the board is anonymous

Please respect other students taking this
course (and your TA): you are responsible
for your learning



Logging Into Adobe Connect for
Recitations

@00 Adobe Connect Login \
l | P> | 4 | &) hrps @ georgiatech.adobeconnect.com/math1502-08-19-14/ ¢ | Reader @

News ¥ Wimba Classroom

ADOBE" CONNECT"

math1502.08.19.14

(s)Enter as a Guest

Name “ I

Enter Room

(_)Enter with your login and password(Required for hosts, recommended
for registered users)

Thursday’s recitation is at
https://georgiatech.adobeconnect.com/math1502-08-19-14




Adobe Connect Technical Problems?

You can:

 reload your browser

* log in/out

» use a different web browser

* reboot

« get help from another student and/or your TA

| strongly recommend that, if possible, you use a
wired connection.



What are Recitations?

* QOur goal: help students understand course
material so that they can complete

assignments and prepare for quizzes and
exams.

» please bring questions about the homework
or lectures



Our Section in a Nutshell

e students in Math 1502 are divided into many
sections

e ours is the only section that
* doesn’t have on-campus students
» uses Connect for recitations
« Why Adobe Connect?
e it’s cheaper
e Yyou can interact with students at other schools



Tablets

Students in our section can borrow tablets.

If you already have a tablet you want to use,
that's ok

Equipment need to be returned to your
facilitator

If you don’t have a tablet and want to borrow
one, email me

Tablets (should) come with a CD, use it to
configure tablet settings



Course Websites

Recordings of recitations and lectures:

Discussion forum: piazza.com
Live lectures: gtcourses.gatech.edu

Textbook and homework:
www.mymathlab.com

First homework due




Grading Weights

Homework 10
Final 25
Quizzes 60
Pop Quizzes 5

Grades will be made available through T-Square




Your TA: Greg

 email: greg.mayer@gatech.edu

 Text me or call me at:

e« Canadian, eh

« Skype: greg.s.mayer
uﬂ-’?lg‘-g . .
"Q&:q‘. « alors mon francgais est tres mauvais
« 'L « moved to the US ~2 years ago

| ;‘ W « post-doctoral fellow at GT

rince

runswic

nnnnnnnnnnnnnn



lcebreaker

Everyone:

* type/say your name,

* one thing about
yourself,

» place a dot on the
map that
approximates your
current location.

v o~ & -~
=




Recitation 02
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While we $e WCIITlng to start, calculate:
a) the integral of 1/xA2 from 1 to infinity
b) the integral of e! from 1 to infinity

¢ -
. e




Improper Integrals
r 1

f —dx

;X

f e dx

1




HW1
send me questions: greg.mayer@goatech.edu, or skype

Chat Pod
 You can send private messages to students
« If we have a Q&A pod, do we need a chat pod?
« |'d like group discussion in chat pod to be:
I.  positive
ii. respectful of others

Are there any other conditions that you would like to add?




Example: Integrate 1/x from 1 to 2

a) What is the exact answer?

b) Set up but don’t evaluate an expression for the area using Simpson’s Rule.




Example: Integrate 1/x from 1 to 2

c) Find the number of subintervals required for four digit accuracy using
Simpson’s rule.




Today: Recitation 03

1. Improper integrals: comparison test
2. A few announcements
3. Improper integrals: fechniques of infegration

Use the comparison test to determine whether the
following integral converges.

j~ 1
1V1+X



Announcements

HW2
e due tomorrow
« send me questions:

Invitation to Participate in a Study
« you're receiving snail mail soon!
« please review forms with your parents and send them back

Online Survey
¢ anonymous!
« available at:
« please provide feedback on web cams, collaboration, the chat pod, etc

Chat Pod

« |'d like group discussion in chat pod to be:
I.  positive
ii. respectful of others



when you are in a breakout room: message TA

Attendees (3)-Breakmn\

B

Qo Active Speakers

v Hosts (1)

& Greg Mayer

v Presenters (2)

@ Greg Firefox @
BB Greg sofari

» Participants (0)

Send message to hosts

Chat 3 - Breakout 1 (Everyone) —

R

Share My Screen

Greg recommends:

1) one person volunteer to share whiteboard

2) discuss how to start question 4 & draw on board
3) solve question 4

4) proceed to question 5



when you are in a breakout room:

Whiteboard 11 - Breakout 1 @ | | stopsharing | B3 | = Attendees (1)-Brea
| ' T =
@ Active Speakers
Hosts (0)
v Presenters (1)
BB Greg Firefox
Participants (

Chat 3 - Breakout 1 (Everyone)

4 | 0

> 1 Everyone
A ——

Sreg recommends:

1) one person volunteer to share whiteboard

2) discuss how to start question 4 & draw on board
3) solve question 4

4) proceed to question 5




Group Work Questions

Evaluate the following integrals.

r 1 y 1
Y ‘{x2+25dx R ‘{x2+7x+6dx
144 1 00 Ax
S d 8 d
) {\/144—)6 i ) Z£(x2+B)12 ’

12
1 3
6) dx 9) | x’Inxdx
{ J144 - 5 )




Today: Recitation 04

1. 1st order linear DE
2. A few announcements
3. Group Work: Seperable & Linear DEs

Consider:
xy'-y=2xInx
a) Is the DE seperable?

o) Is the DE 15" order linear in y(t) 2
c) What is the integrating factore



Solve the differential equation:
xy'—-y=2xInx



when you are in a breakout room:

message TA

Attendees (3)-Breakmn\

B

Qo Active Speakers
v Hosts (1)

& Greg Mayer
v Presenters (2)
@ Greg Firefox g
BB Greg sofari

» Participants (0)

Send message to hosts
Chat 3 - Breakout 1 (Everyone) —
R
Share My Screen

Greg recommends:

1) saying hello :D

2) decide who will activate whiteboard/document
3) discuss which question you want to start on



Group Work Questions

For each of the following DE’s,

a) State whether the DE is seperable.

b) State whether the DE is 15t order linear in y.
c) Solve the DE.

1) xy'+3y=3—i
X

2) xy'+y=({+x)e"
3) ly' = yex2 + 2\/;€X2
X

4) (sint)y'+(cost)y=tant

5) cos(y)+(1+e " )(siny)y' =0




Group Work Questions

For each of the following DE’s,

a) State whether the DE is seperable.

b) State whether the DE is 15t order linear in y.
c) Solve the DE.

1) xy'+3y=3—f
X




Group Work Questions

For each of the following DE’s,

a) State whether the DE is seperable.

b) State whether the DE is 15t order linear in y.
c) Solve the DE.

2) xy'+y=(1+x)e’




Group Work Questions

For each of the following DE’s,

a) State whether the DE is seperable.

b) State whether the DE is 15t order linear in y.
c) Solve the DE.

3) ly' = ye’“2 + 2\/56’“2
X




Group Work Questions

For each of the following DE’s,

a) State whether the DE is seperable.

b) State whether the DE is 15t order linear in y.
c) Solve the DE.

4) (sint)y'+(cost)y=tant




Group Work Questions

For each of the following DE’s,

a) State whether the DE is seperable.

b) State whether the DE is 15t order linear in y.
c) Solve the DE.

5) cos(y)+(1+e " )(siny)y'=0




Today: Recitation 05

1. Geometric Series
2. Group Work: Infinite Series

. . . k-1
The sum of a geomertric series is: Ea” =
k=1

The geometric series is convergent iff

Express 1.7979797979 ... as a rational number.



Express 1.7979797979 ... as a rational number.



& WolframAlpha

| 1.79797979797979

computational..

knowledge engine

- O R == R/ 4

= Examples == Random

¢

Input interpretation:
1.79797979797979

Rational approximation:
178 79
99 99

y




Determine if the following series convergent or
divergent. If it is convergent, find its sum.




When you are in a breakout room: message TA
Recitation05.ppt (Coraw | [y] | [ stopshering | 53 | == [ video [

Group Work Questions

1) Express 1.1232323 .... as a ratio of integers.

2) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

. . Attendees (1)
3 +2
A) Z & QaAiiSpmkm
= [Lend sreskous ]
o0 v Main Meeting (1)
B) 2273 T 0
= . » Breakout 3 (0) (]
" (=5)
C) Z 4k+l
k=1
~ 1 Chat (Everyone)
D)
§(3k—2)(3k+1)
advance slides
[ (@]
«s | 55 | cveone |
—

Greg recommends:
1) saying hello :D I

2) advance to the next slide with arrows located bottom left | « » =




Group Work Questions

1) Express 0.301301301 .... as a ratio of integers.

2) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

P) E (3k - 2)(3k +1)

3) Express 1.1232323 .... as a ratio of integers.




Group Work Questions

1) Express 0.301301301 .... as a ratio of integers.




Group Work Questions

Determine if the following are convergent or diverent. If it is divergent, explain
why. If it is convergent, find its sum.




Group Work Questions

Determine if the following are convergent or diverent. If it is divergent, explain
why. If it is convergent, find its sum.

B) E 22k31—k
k=1




Group Work Questions

Determine if the following are convergent or diverent. If it is divergent, explain
why. If it is convergent, find its sum.




Group Work Questions

Determine if the following are convergent or diverent. If it is divergent, explain
why. If it is convergent, find its sum.

P) E / (3k - 2)(3k +1)




Group Work Questions

3) Express 1.1232323 .... as a ratio of integers.




Recitation 06
Today:

1. Test for Divergence
2. Group Work: Infinite Series, Differential Equations

The Test for Divergence (Theorem 7 from 10.2)

0

If lima, 18 not zero or does not exist, then Eak diverges.
k—>00
k=1

Note that:

If limaq, 1s equal to zero, then

k—>00

Use the test for divergence to determine whether these series converge.

<
A4) ;k+2

o k
5) ;k+2




When you are in a breakout room: message TA
Recitation05.ppt (Coraw | [y] | [ stopshering | 53 | == [ video [

Group Work Questions

1) Express 1.1232323 .... as a ratio of integers.

2) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

P P Attendees (1)
-3 +2
A) Z k & Aiesmakm
k=1 6 €nd Breakouts
o0 v Main Meeting (1)
B) Y 23 o 8
=1 » Breakout 2 (0) )
= . kout 3 (0) (]
)
C) Z 4k+l
k=1
- 1 Chat (Everyone)
D)
%(3k—2)(3k+1)
advance slides
[ (2]
«a » |z -IE ] |
—_—

Greg recommends:

1) Saying hello :D

2) Each student write & chat in their favourite color

3) Advance to the next slide with arrows located bottom left




Group Work Questions

1) Express 0.002100210021 .... as a ratio of integers.
2) Solve the following DE for x > 0: x’y'+(2-3x")y =x

3) Determine if the following are convergent or diverent. If it is divergent,
explain why If it is convergent, find its sum.

[ee]

H Yoo

k=1

C) i 3(0.4) =2(-=0.H)"" E) i arctan(k)

0

Ek<k+3> ?) Z(Sm(é)_sm(ﬁ))

k=1

4) Consider the DE y'+y =y’e"
a) Determine if the DE is seperable, and/or 15t order linear in y.
b) Solve the DE for x > 0. Hint: let z = 1/y.



Group Work Questions

1) Express 0.002100210021 .... as a ratio of integers.




Group Work Questions

2) Solve the following DE forx > 0: x’y'+(2-3x")y =x




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

A)
54715




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

[ee]

E (k+3)

k=1




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

C) 53(0.4% ~2(=0.1)*"




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

o 3ol -l




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

E) i arctan(k)




Group Work Questions

4) Consider the DE y'+y = y’e"
a) Determine if the DE is seperable, and/or 1st order linear in y.
b) Solve the DE for x > 0. Hint: let z = 1/y.




Recitation 07
Today:

1. Announcements
2. Quiz Review

For what values of x does the following converge? Why?¢

0

Exk‘l =l+x+X"+x +...
k=1
When the series converges, what is the series equal to?

Express the following as an infinite series.




How Quizzes Work

How Quizzes Work

1.

2.
3.
4

Facilitator gets a copy of quiz

You write quiz on Thursday, during recitation (8:05 — 8:55)
Quiz is proctored (perhaps by your facilitator)

Give your completed quiz to your proctor.

Format of Quiz

Are calculators allowed?
Are textbooks and notes allowed?

Quiz length: probably three pages, 1 question per page,
questions can have multiple parts

Don’t write on back of pages
Leave a 1 inch margin around edges of page
If run out of space, you can use extra pages



How Quizzes Work

If You Have Questions During the Quiz

1. If your proctor agrees, you can use to Adobe Connect to ask
your TA questions (you'd need to be closely proctored)

2. Oftherwise: call/text me at

Before The Quiz
Find your facilitator, and discuss
« where you are writing the quiz, and
« whether you are connecting via Adobe Connect.

What Happens After The Quiz
1. Your facilitator scans/emails your quiz to GT,
2. they get graded in about a week or two,
3. your TA enters grades in T-Square,
4. your graded quiz is returned via email to you.



When you are in a breakout room: message TA
Recitation05.ppt (Coraw | [y] | [ stopshering | 53 | == [ video [

Group Work Questions

1) Express 1.1232323 .... as a ratio of integers.

2) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

P P Attendees (1)
-3 +2
A) Z k & Aiesmakm
k=1 6 €nd Breakouts
o0 v Main Meeting (1)
B) Y 23 o 8
=1 » Breakout 2 (0) )
= . kout 3 (0) (]
)
C) Z 4k+l
k=1
- 1 Chat (Everyone)
D)
%(3k—2)(3k+1)
advance slides
[ (2]
«a » |z -IE ] |
—_—

Greg recommends:

1) Saying hello :D

2) Each student write & chat in their favourite color

3) Advance to the next slide with arrows located bottom left




1) Solve xy’ + 2y = cos(x) / x, with y(11) = 1.



2) Find the sum of the following series.

i (_2)k+2
e 5k—1




3) Find the number of intervals, N, needed to ensure an accuracy of at least
0.01 using Simpson’s Rule for the following integral.

]lnxdx
1



4) Determine whether the following converge. Do not evaluate these
integrals.

A)f

B) }cos(x) sin(x)e " dx

xlnx



5) Express as an infinite series. Assume |x| < 1.

X

1+ x°



6) Find the sum of the following series.

C 5
;(k+1)(k+5)



7) Determine whether the following series converges.




Recitation 09

Today: 10.7 (Power Series, Radius/Interval of Convergence and Absolute
Convergence)

A) The interval of convergence is

B) If aninfinite series 2a,, is called absolutely convergent if

C) |If aseries is absolutely convergent, then it is

D) A seriesis called conditionally convergent if it is

Given the series below, determine

1) the radius and interval of convergence

2) values of x where series is absolutely convergent

3) values of x where the series is conditionally convergent

(-1
>

Quiz 1 will be graded on Tuesday afternoon, grades entered Wednesday.




How can recitations be improved fo better prepare you for quizzese



Given the series below, determine

1) the radius and interval of convergence

2) values of x where series is absolutely convergent
values of x where the series is conditionally convergent

(=D'x
D




Given the series below, determine

1) the radius and interval of convergence

2) values of x where series is absolutely convergent
values of x where the series is conditionally convergent

(=D'x
D




Given the series below, determine

1) the radius and interval of convergence

2) values of x where series is absolutely convergent
values of x where the series is conditionally convergent

(=D'x
D




1) Find the radius and interval of convergence.



2) Find the radius and interval of convergence.

i (—k)4k x4k
k=1



3) Determine whether the series is absolutely convergent, conditionally
convergent, or divergent.

—1

b) E cosl(;rk)



4) Find the radius and interval of convergence. Then find the values of x for
which series is

a) absolutely convergent
b) conditionally convergent
c) divergent.




Recitation 10
Today: 10.8, 10.9 (Taylor Polynomials and Series)

Complete the Following Forumlas

The N™ order Taylor Polynomial about x = a is:

P

N

(k)
(x)=zw(x

The Taylor Series about x = ais:

(k)
fo=3L

k=0

The phrase "about x = a” means that

n+l

|x—a
(n+1)!

Remainder formula for expansion about x = a: |Rn (x)| < (Ig(z)lx]‘f(””)(t)‘)
t WX

Quiz 1 has been graded, grades are in T-Square, you'll receive your graded quizzes this week via
email, please make sure they were graded correctly and let me know if you have questions.



Example
a) Plot a rough sketch of f(x) = 1/(1 - x)? for x between -1 and + 1.
b) Use the Taylor expansion for 1/(1 — x) to find Py(x), P,(x), and P,(x) of f(x) about x = 0.

1

2 3
Hint: the Taylor expansion of 1/ (1 —x) aboutx =0 is m =l+x+x"+x"+...



Example
a) Plot a rough sketch of f(x) = 1/(1 - x)? for x between -1 and + 1.
b) Use the Taylor expansion for 1/(1 — x) to find Py(x), P,(x), and P,(x) of f(x) about x = 0.

1

2 3
Hint: the Taylor expansion of 1/ (1 —x) aboutx =0 is m =l+x+x"+x"+...



Group Work Suggestions

« everyone pick a color to write in, and match it with their text
« uUse mics if you have them
« before moving to the next question:
« qask if everyone agrees with answer
« ask if everyone understands how to get the answer
*  message me if your group gets stuck

Make sure you can solve Question #4 before the next quiz.



2x
2

1) Find the Taylor expansion aboutx =0 of  f(x)= "
+X

Hint: write the Taylor expansion for 1/(1-x) at x = 0, and then apply suitable modifications
to the expansion.



2) Fill in the blank: the Maclaurin series is just the Taylor series about the point

The Maclaurin series for exis

© , xy (k) 2
Y= ) (O)xk=1+x+x—+x—+...
~ k! 2! 3!

Use this expansion to find the Maclaurin series for f(x), and P,(x) about x = 0, where:

f)=e™ =exp(-x")

e




3) Estimate the following integral to within 0.01 using series.
Hint: use the Alternating Series Remainder Theorem.

1

4 _y2
fxexdx
0



4) Estimate e%/2 to within 104,
Note: this is a question from a Math 1502 quiz from 2012.
Hint: use the Taylor Series Remainder Theorem, and approximate e3/2 with 5.



5) Letf(x) = (exp(2x?) =1 -x2) / x4. Note: exp(x) = eAx = eX

a) Find P,(x) about x=0
b) Use the result from part a) to evaluate the limit of f(x) as x goes to zero.



Recitation 11
Today: 4.5 (I"'Hospital's Rule)

Describe how you would evaluate the following limifs.

e g(x)

is of the form 0/0 or «/«~, then we can:

lxiil}f(x)_g(x) is of the form « — «, then we can:

lim £(x)*™ s of the form 0°, 1=, or «°, then we can:

X—da

Quiz 1 has been graded, grades are in T-Square, you'll receive your graded quizzes this week via
email, please make sure they were graded correctly and let me know if you have questions.



POP QUIZ #1

« Start time: 8:10¢
« Ends at: 8:25
« Pop quiz grading
« 5 points: correct
« 4 points: something correct
« 3 points: name on the page
« 0 points: did not take pop quiz

« To submit your work, choose any of the following:

A. work on whiteboard in breakout room

. type A in text chat so | know you want to work in breakout room

. submit work by letting me know when done, and/or email me a screen

capture of your work

B. work on paper and give work to facilitator

. type B in text chat so | know you're doing this

. leave 2 inch margin on paper

. write your name and QH8 at the top

. facilitator is receiving instructions today on how to submit your work
C. work on paper and email a photo of your work to me

. type C in text chat so | know you are emailing your work to me

. email your photo to me before 8:40



Find the Taylor series, centered at a = 0, of sin(5 x*2).



. 1Y
Evaluate: hm(cos—)

X—>0 x



Group Work Suggestions

« everyone pick a color to write in, and match it with their text
« uUse mics if you have them
« before moving to the next question:
« qask if everyone agrees with answer
« ask if everyone understands how to get the answer
*  message me if your group gets stuck



1) Evaluate the following limit by using I'Hospital’s rule, if possible.

Note: this limit is a well-known definition for an important number.

llm xl/(x—l)

x—1



2) Evaluate the following limit by using I'Hospital’s rule, if possible.

. . (T
lim x sin (—)

X—>00 x



3) Evaluate the following limit by using I'Hospital’s rule, if possible.

lim x(In x)*

x—0"



4) Evaluate the following limit by using I'Hospital’s rule, if possible. Hint: only one of these
limits exists.

a) limlfet2 dt

x—>00
X

b) lim 1
=0\In(l+x) x



—~ 12
S a)y-y = HVH , is the of vector v.

b) Arhombus is a parallelogram with four sides of equal length. Show that the
diagonals of a rhrombus are perpendicular.



Recitation 12
Today: Lines, Planes, Dot Products

Suppose we have the points P(1,2,3), Q(1,3.,4), R(2,2,2).
a) Find a vector that is normal to the plane that contains the three points.
b) Find an equation of the plane.

2) The equation Ax + By + Cz =D is a plane. A vector perpendicular to the plane is:



Find a parametrization of the line that is the intersection of the planes
P. x-2y+z=3
Q: 2X+y+z=1

Note: this is a question from a 2012 Math 1502 quiz.



Group Work Suggestions
« everyone pick a color to write in, and match it with their text
« uUse mics if you have them
« before moving to the next question:
« ask if everyone agrees with answer

« ask if everyone understands how to get the answer

* message me if your group gets stuck



1) Find the equation for the line that is perpendicular to the yz-plane, and also passes
through P(1,4,3).



2) Do these lines intersect each othere Why/why not?
x =1+t X, =1-u
y,=—1-t v, =143u

z, =—4+2t Z, =—2u



3) a) Ifaxb =0 and a*b =0, what can we conclude about vectors a and b? Explain
your reasoning.

b) Which of the following make sense? Explain why/why not.

i. ax(bec)

ii. ae(bec)

iii. ax(bxc)

iv. ae (bxc)



4) Vectors that are co-planar are in the same plane. Determine whether the vectors are
co-planar:



—~ 12
S a)y-y = HVH , is the of vector v.

b) Arhombus is a parallelogram with four sides of equal length. Show that the
diagonals of a rhrombus are perpendicular.



Recitation 13

Today: Quiz 2 Review

Estimate to within 0.0001 with a Taylor Polynomial.

f ln(l +X)

Office hours: Tuesday and Wednesday 7:30 to 8:30 pm
https://georgiatech.adobeconnect.com/distancecalculusofficehours



Group Work Suggestions
« before moving to the next question:
« ask if everyone agrees with answer
« ask if everyone understands how to get the answer
« everyone pick a color to write in, and match it with their text

« uUse mics if you have them

* message me if your group gets stuck



1) Evaluate by a) using power series, and b) I'Hopital’s rule.

. cos(x) -1

=0 xsinx




2) Find the inferval of convergence.

E%<x+l)k

k=1



3) Find the distance between planes P1 and P2.

Pl: x+2y+z=3
P2: x+2y+z=9



4) Theline Lis determined from P, and P,. The plane Q is determined by Q,, Q,, Qs.

Does L intfersect Q¢ If so, where?



5) From 2012 Quiz 1

Tyler Hamilton would like you to find

a) Aseries for ['sin(nt?/2) dt



6) From 2012 Quiz 1

Greg Lemond wants you to use series and error bounds

toestimate e’/? towithin 10°.Youmust use (an) error

bound. You do not have to actually sum, just say howmany terms,
(or the highest power of 7 /2). (YoumayuseeA (7/2) = 35).



/) Vectors that are co-planar are in the same plane. Determine whether the vectors are
co-planar:

P: i+j-k
Q: 2i-j

R: 3i-j-k



8) Find a parametrization of the line that is the intersection of the planes

P:. x+y+z+1=0
Q: x-y+z+2=0

Note: this is a modified version of a question from a 2012 Math 1502 quiz.



—~ 12
’V a) yey = HVH , is the of vector v.

b) Arhombus is a parallelogram with four sides of equal length. Show that the
diagonals of a rhrombus are perpendicular.



Recitation 15

Today: Solving linear systems of equations

The following was a 2013 pop quiz question.
For what values of a does the following system have a solution?

Ix+2y-3z2=25
y+ 3z=5
Jy+az = 3

Please take a few minutes to fill out the technical issues survey.
There are 30 recitations in the semester: we're ~50% through Math 1502!



A Few Definitions

a) A system of linear equations is consistent if it has

b) A system of linear equations is inconsistent if it has

c) A system of linear equations that is overdetermined has

d) Can asystem of linear equations be overdetermined and consistent? If yes,
provide an example with at least 3 equations.



3) Find h and k such that the system has
a) nosol'n
b) aunique sol'n
c) infinitely many solutions

X, +hx,=2
4x, +8x, =k



4) A 3 x 4 coefficient matrix has three pivot columns. Is the system
consistente Why/why not?

5) Find the general solution to the system whose augmented matrix is
given below.



6) True or false.
a) The reduced echelon form of a matrix is unique.
b) If asystem has free variables, the solution set has many solutions.

c) If arow in an echelon form of an augmented matrixis [0 00 3 0], then the
linear system is inconsistent.



Recitation 16

Today: Span, Linear Dependence

Definitions

Assume that v, and v, are arbitrary vectors.

a) The sum c,v, + C,V,is @ combination of vectors v, and v.,.
b) The set of all possible combinations of v, and v, is the of v, and v,.
c) Any vectorin the of v, and v, can be written as a

of vectors v, and v.,.

Question 1

If you haven't already, please take a few minutes fo fill out the fechnical issues survey.
No lectures/recitations next Monday/Tuesday.



1) This is similar to the first question on your next HW.



Linear Dependence

Vectors v,,v,,V,...,v, are linearly dependent (LD) if 3 ¢,,c,,c;,...,c,

not all , such that

CV,+CV, +CV +....cy vy =0

If the vectors are not LD, they are

Example:

To determine whether a set of vectors are , we solve:
cV,+CV, +ev,+...+c vy =0

which has the same solution as the linear system whose

—_

augmented matrix 18 [\71 V, Vs . Vy O].



2) Determine whether the following vectors are LI.

HiginiG



Group Work Suggestions
« before moving to the next question:
« ask if everyone agrees with answer
« ask if everyone understands how to get the answer
« everyone pick a color to write in, and match it with their text

« uUse mics if you have them

* message me if your group gets stuck



3) This is similar to the second question on your next HW.

Determine whether vector b is in the set spanned by the columns of matrix A.

I 0 5 2
A=| -2 1 -6 [,b=| -1
0 2 8 6

Hint: lef the columns of A be a,, a,, a,. If b is in the set spanned by these 3 vectors,
there is a linear combination of a;, a,, a;that equals b.



4) This is similar to the third question on your next HW.

Determine whether vector b can be written as a linear combination of vectors a, and
a,. In other words, determine whether x; and x, exist such that x,a, + x,a, = b. If
possible, find x; and x,.

- [ ] [ 7
5 p=| 4
_5 6 3

Rl
|
I
[\
&
(V)
I




5) Determine whether the following vectors are LI.

s {o]]-7
3]0l 2




6) Find values of h so that the following vectors are LD.




Recitation 18

Today: Span, Linear Dependence, Linear Transforms

Quiz 3 Next Thursday
Make sure you can solve these questions from old quizzes:
2012: Quiz 2 #2 and #3
2012: Quiz 3 #1 and #2
2013: Quiz 3 #1 and #3
We'll solve some of these in Tuesday'’s recitation.

QH8 Office Hours Next Week
Tuesday and Wednesday 7:30 to 8:30 pm
At the same place as last fime:

Online Drop-in Tutoring
Wednesdays, 5:30 to 7:00 pm
For all ~450 distance calculus students
Facilitated by Greg, who will answer questions and review problems from QH8 recitations

If you haven't already, please take a few minutes fo fill out the technical issues survey.



1) This is similar to the second and third questions on the transforms HW.

a2 -

that maps u, onto v,, and u, onto v,. Find T and the image of [ (3) ] under 7.

-1 ], and T be a linear transformation



2) Plotu and v, theirimages under T, and provide a geometric interpretation of what T
does to vectors in R2,

i
el 12




3) From 2012 Quiz 2

ns (3] o (23] i

. Compute the image of the house under

r

(1 -1}
10 1)
the transformation ABC . Show the intermediate steps.




4) Fill in the elements of the 3x3 matrix.
Hint: the elements can be identified by inspection.

| 2x,—6x,
X, —1x,

—-X, — X,




5) Find values of h so that the vectors are LD,
and values of h so that the vectors are L.

3 -6 9
-6 |, 4 |, | h
1 -3 3

If , Then the vectors are LD.

|f , then the vectors are LI.




Recitation 19
Today: Quiz 3 Review

Quiz 3 Next Thursday
Make sure you can solve these questions from old quizzes:
2012: Quiz 2 #2 and #3
2012: Quiz 3 #2
2013: Quiz 3 #1 and #3
Review recent HWs on Span, Lin Transforms, Gauss Jordan
Review sections 1.1, 1.2,1.3,1.7, 1.8, 1.9

QH8 Office Hours Next Week
Tuesday and Wednesday 7:30 to 8:30 pm

Adobe 9.3: What's New?

new Adobe Connect Add-in
(not needed, | hope)

fewer technical issues?

new drawing tools
participants can be given
drawing powers

writing on board is still
anonymous

We'll solve practice quiz problems & go over specific areas you'd like to review.

At the same place as last fime:

Online Drop-in Tutoring
Wednesdays, 5:30 to 7:00 pm
For all ~450 distance calculus students

Facilitated by Greg, who will answer questions and review problems from QH8 recitations
https://georgiatech.adobeconnect.com/dcp-online-drop-in-tutor-center-2014-falll



1) From 2013, Quiz 3, #3

If Tis a linear trasformation consisting of rotating counterclockwise by /3 radians
followed by a reflection about the line x =y, find the matrix such that T(x) = Ax.



2) From 2012, Quiz 2, #2

For what values of b is y a linear combination of u and v?

-1
y=| 1
3
4 1
u=| 2 [,v=| 1
3 b
If , theny is alinear combination of u and v.

If , then y is not a linear combination of u and v.




3) From 2013, Quiz 3, #1

If Tis a linear trasformation, and:

i s

find the matrix, A, such that T(x) = Ax.

1

1
1 2




4) From 2012, Quiz 3, #2

For what values of a are the following vectors LI2

1] [ 2 p
Of 1| 41| 2
2 3 a
|f , then the vectors are LD.

|f , then the vectors are LI.




5) State whether the following statements are true or false and explain your reasoning.
a) The columns of matrix A are LI if the equation Ax = 0 has the trivial solution.

The statement is because:

b) If Sis aset of LI vectors, then each vectorin Sis a linear combination of the other
vectors in S.

The statement is because:

c) If aset of vectors contains fewer vectors than there are entries in the vectors, the set is
LI.

The statement is because:




Recitation 21
Today: Matrix Inverses, LU Decomposition

1a) State the formula for the inverse of the matrix

M=ab M-
c d |

1b) Use the formula in (1a) to find a 2x2 matrix P such that: P




2) Solve the equation Ax = b, using the LU decomposition of A, where

3 -7 =2 I 0 O 3 -7 =2 =7
A= -3 5 1 |=| -1 1 O 0 -2 -1 |[,b=]| 5
6 -4 O 2 -5 1 0O 0 -1 2



3) Find the LU decompaosition of A.
-5 0 4

A= 10 2 -5
10 10 16



4) State whether the following statements are true or false and explain your reasoning.
a) A can be row reduced to the identity matrix iff A is invertible.

The statement is because:

b) If matrix B is the inverse of matrix A, the equations AB =1 and BA = | must both be
true.
The statement is because:

c) If Aand B are both NxN and invertible, then the product A-'B-! is the inverse of AB.

The statement is because:

d) If an NxN maftrix A is invertible, then the columns of AT are LI.

The statement is because:




Recitation 22

Today: Column Space and Null Space, LU Decomposition

From quiz 3:

b) (3 points) The two vectors

HRd

span a plane passing through the origin. Find a vector that is normal to this plane.



POP QUIZ #2

« Start time: 8:10¢
 Ends at: start time + 15 minutes.
« Pop quiz grading
« 5 points: correct
« 4 points: something correct
« 3 points: name on the page
« 0 points: did not take pop quiz

« To submit your work, choose any of the following:

A. work on whiteboard in breakout room

. type A in text chat so | know you want to work in breakout room

. submit work by letting me know when done, and/or email me a screen

capture of your work

B. work on paper and give work to facilitator

. type B in text chat so | know you're doing this

. leave 2 inch margin on paper

. write your name and QH8 at the top

. facilitator is receiving instructions today on how to submit your work
C. work on paper and email a photo of your work to me

. type C in text chat so | know you are emailing your work to me

. email your photo to me before: end time



Find a basis for the column space of:

1 2 3 4 5 6
0 001 2 3
0 00 3 6 9

\ 4



2) Fillin the blanks:

a) Coll A'is the set of all inear combinations of the of
matrix A.

b) Nul Ais the set of all solutions to

c) The columns of matrix A form a basis for the column
space of A.

d) The rank of matrix A is the

e) The nullity of matrix A is the




3)

Find i) a basis for Col A, and ii) a basis for Nul A.

3

3
0
6

-1
1
3
3

-3
3
9
9

-1 8
0 2
-1 -4
-2 6

3 -1

-3 0
6 O
0 -1
0 O

6




Recitation 23

Today: Column and Null Space

From 2012 Quiz 3: Find a basis for the nullspace of A. Also find its rank and nullity.

3 11 -1 2|

|
A= 3 2 4
3 2 4

0 1
0 1



Starting This Week:

Evidence of inappropriate behavior will be forwarded to the course instructors, and
possibly also to the chair of the School of Mathematics and High school facilitators.
Evidence will be reviewed to determine if further action is required. Such action
could either result in

1) the Georgia Tech's Office of Undergraduate Admissions being made aware of
student behavior, and/or

2) all students from a particular school moved to another section where
interactions between students from different schools is not possible.

Behavior is inappropriate if it can interpreted as hurtful or disrespectful.
Students can request to be moved to another section at any time.

Questions can be directed to the students teaching assistant and/or the course
instructors at any time.



2) A 2013 pop quiz question: find the coordinates of b with respect to v, and v,.

b= V) =

1
4



3) IsA =2 an eigenvalue of matrix A? Why/why not?

A| 32
H




4) Find a basis for the eigenspace of A, for the eigenvalue A = -5.

-4 1 1
A=| 2 -3 2
3 3 -2



5) Find the characteristic polynomial and eigenvalues of:

a)X=27
7 2
(0 0 0
by Y=| 0 3 4
0




6) Find the LU decomposition of the following matrix (/likely not enough time for this).

Hints: start by finding U with row operations, eliminating one element at a time.



Recitation 24

Today: Determinants (3.1, 3.2), Diagonalization (5.3)

Suppose A and B are square matrices.

1) If a multiple of one row of A is added to another row to produce B,
then det(B) =

2) If two rows of A are interchanged to produce B, then det(B) =

3) If one row of A is multiplied by K to produce B, then det(B) =

4) If Ais a trianglular matrix, then det(A) =

Compute det(A)

I -4 2
A=l -2 8 -9
-1 7 0




Theorems from Section 3.2

Suppose A and B are square matrices.
1) A'is not invertible iff det(A) =
2) det(AB) =
3) det(A+B)=
4) det(AT) =

Determine whether the following vectors are LI.
- 5 i 0 1 -1 -
I || =3 || -2
0 5 3




Section 5.3: Diagonalization
A matrix A is diagonalizable if it can be written in the form:

A =

where

Pis

Dis

Suppose A is NxN. To diagonalize A:

1. find all of A to construct D

2. findN eigenvectors of A to construct P
3. find P1 (we don’t yet have a method for finding inverse of 3x3 matrix)

4, write A =




Group Work

Writing on board disappears when | enter room (sometimes). So lets try this:
* None of the breakout rooms have the questions.
* Every breakout room has a whiteboard.
* Write the following down, and write it on the whiteboard when you get into

the breakout room.

Diagonalize the following matricies, if possible.

I3 g |3 2] o where A's of C are 2,2,5
4 2 0 3

A

—_— )
Q) =

— ()




Recitation 25

Today: Quiz Review

Quiz 4 on Thursday
Review recent HWs on span, determinants, and eigenvalues
Review sections 2.8, 2.9, 3.1, 3.2, 5.1, 5.2

QHB8 Office Hours
Tuesday and Wednesday 7:30 to 8:30 pm
We'll solve practice quiz problems & go over specific areas you'd like to review.

At the same place

Online Drop-in Tutoring
Wednesdays, 5:30 to 7:00 pm
For all ~450 distance calculus students
Facilitated by Greg, who will answer questions and review problems from QH8 recitations

Question 1 (from 2013 Quiz 4) _

a) Determine whether 12 is an eigenvalue (hint: there is a faster
method than finding the characteristic polynomial) A=| 2

b) Find as many LI eigenvectors for this eigenvalue as possible. -2




Group Work
Writing on board disappears when | enter room (sometimes). So lets try this:

 None of the breakout rooms have the questions.
e Every breakout room has a whiteboard.
 Write Question on the whiteboard when you get into the breakout room, solve it,

then move to Question 2.
* You've got about 15 minutes.

Question 1 (from 2013 Quiz 4)

a) Determine whether 12 is an eigenvalue (hint: there is a faster [ 10 3 -1 '
method than finding the characteristic polynomial) A=l 2 9 1
b) Find as many LI eigenvectors for this eigenvalue as possible. 00311
Question 2

Compute det(B) by using row reduction.

(1 5 3]
B=| 3 -3 3
2 13 -7




Question 1 (from 2013 Quiz 4)

a)

b)

Determine whether 12 is an eigenvalue (hint: there is a faster
method than finding the characteristic polynomial)

Find as many LI eigenvectors for this eigenvalue as possible.

A=




Question 2 -1 5 -3 -

Compute det(B) by using row reduction. B=|3 -3 3
2 13 -7




3) State whether the following statements are true or false and explain your reasoning.
a) The dimension of Col A is the number of pivot columns of A.

The statement is because:

b) The dimension of Nul A is the number of variables in equation Ax = 0.

The statement is because:

c) IfAisasquare matrix, and det(A*) = 0, then A is not invertible.

The statement is because:



4) Find all values of h so that the eigenspace for D, for A = 4, is two dimensional.

4 2 3 3
H_| 0 2 h 3
00 4 14
000 2




Recitation 27
Today: Diagonalization (5.3), Orthogonality (6.1, 6.2)

-1 1 1
Letv; = 0],V2= -2),V3= 1
1 v 1, 1
Show that these are (pairwise) orthogonal. If
9
3| =avy + aavy + azvs,
.5,

where the v; ' s are as above and the a; ' s are scalars, FIND a;



Question 2: Group Work

Writing on board disappears when | enter room (sometimes). So lets try this:

 None of the breakout rooms have the questions.
* Every breakout room has a whiteboard.

e Write Question on the whiteboard when you get into the breakout room

* You’ve got about 10 minutes.

Question 2 (parts a and b are from 2014 Quiz 4)

a) Find all eigenvalues

b) Find a eigenbasis for each eigenvalue. A=
c) Isit possible to diagonalize A? Why/why not?

S O =

el \)

W = W




Question | (parts a and b are from 2014 Quiz 4, Question 3)
a) Find all eigenvalues

b) Find a eigenbasis for each eigenvalue.

c) Isit possible to diagonalize A? Why/why not?

S O =

_ N

W = W




Recitation 28
Today: Orthogonality (6.1, 6.2, 6.3)

True or False:
a) Eigenvalues must be nonzero scalars.

This is , because
b) Eigenvectors must be nonzero vectors.

This is , because



Quiz 4, Question 1b
Solutions were emailed to students yesterday.

Question
1 2 3 4
b| Find a basis for thenull spaceof A. A = 0 0 2 3
0 0 4 6
An Answer . _
-2 -1
. : 1 0
A basis for Nul(A) is the set: 1 , .
0 -3
0 2

Is this correct? How can we check to see if this answer is correct?

The basis vectors must , and




Orthogonality (6.2)

a) Compute the orthogonal projection (OP) of y onto the line, L, that passes through
the origin and is parallel to u.

b) Sketchy, u, L, and the OP.

SHEH



Orthogonality (6.2)
c) Calculate the distance between y and its OP.

d) Writey as a sum of a vector in Span(u) and a vector orthogonal to u.

SHEH



Orthogonality and Linear Independence

a) Are the columns of A LI?
b) Do the columns of A form a basis for R*?
c) Are the columns of A mutually orthogonal?




Orthogonality and Linear Independence

Find an orthogonal basis for the column space of A.

A




If time permits (from 2014 Quiz 4):

Extra Credit : (5 points)

Find a 2 x2 matrix such that the column space is the linex; + 2x; =0,
and the null space is the linex; = X,



If time permits (from 2012 Quiz 4):

Find the eigenvalues and eigenvectors of A and use them to find a formula for Ak.

Al 5 2
o




Recitation 29
Today: Orthogonality (6.1 to 6.5)
Orthogonality and Linear Independence
a) Arethe columns of A LI?

b) Do the columns of A form a basis for R*?
c) Arethe columns of A mutually orthogonal?




Orthogonality and Linear Independence

Find an orthogonal basis for the column space of A.

A




Orthogonality and Linear Independence

Find an orthogonal basis for the column space of A.

A




2) Least Squares (slide 1/3)

Consider the system Ax = b, where A=

i Does A have LI columns?

ii. Do the columns of A form a basis for R3?

iii. Isbin Col(A)?

iv. Isthere asolutionto Ax=Db?

_O A

—_— N O

11




2) Least Squares (slide 2/3) 4 0 2
Consider the system Ax = b, where A= 0 2 |,b=| O
11 11

Our best solution to this system: the vector (i, such that | |[b—AG|]| < ||b—-A_|].
What does this mean?

Is b in Col(A)?

o) 4 Is Al in Col(A)?
Is (b — All) perpendicular to all vectors in Col(A)?
Thus, ATe(b — Al) =

y Solving for U gives us:



2) Least Squares (slide 3/3)

A —
Consider the system Ax = b, where

_—O A

Find the least squares solution to this system.

ATA =
ATb =

(ATA)* =

>
I

The vector we found, (i, has the property that:

— N O

11




Least Squares (slide 3/3)

A —
Consider the system Ax = b, where

_—O A

Find the least squares solution to this system.

ATA =
ATb =

(ATA)* =

The vector we found, x, has the property that:

— N O

11




Least Squares: A Special Case
Find a least squares sol’n to Ax=b, where:

A

W =

~ = W




Recitation 31
Today: QR Decomposition, Orthogonality Review (6.1 to 6.5)

QR Factorization 5 9 5/6 -1/6
A=QR, and R is an upper triangular matrix. A=l 1 7 oo V6 S/6
-3 -6 -3/6 1/6

1 5| | 1/6 3/6

a) If we weren’t given Q, we could find it by using

b) The columns of Q are

c) The columns of Q form a basis for




QR Factorization 5 9 5/6

A=QR, and R is an upper triangular matrix. a=| 1 7 | o] /6
-3 -6 -3/6
15 | 1/6

d) The dimensions of R have to be , because

e) Find R.

f) Show that your answer for part (e) is correct.

-1/6
5/6
1/6
3/6




Least Squares (LS) Formulas
For each case, state a formula for the LS solution of Ax = b.

1) Ais asquare matrix and ATA is invertible.

2) Ais square and has orthogonal columns.

3) Aissquare and has orthonormal columns.



Least Squares Solutions

If Ais square, and ATA is not invertible, can we find a LS solution to Ax = b?
Why/why not?



Least Squares Solutions
Describe all LS solutions to the system:

X, +X,=2
X;+X,=4



Recitation 32

Today: Final Exam Review

Quiz grades “locked” today.

Part I: Mon, Dec 8
Part Il: Tue, Dec 9
Work with your facilitator to find a time/place to write.

Sat Dec 6, Sun Dec 7
Please use text chat when you are free with “I’'m free Sat __and Sun __” so that we
can try to find times that work, for most of you.

Group work: 3 groups, we may return to main room if/when groups are getting stuck



1) Section 4.6: Row and Col Space of AT (Slide 1 of 2)

Row(A) is the set of all possible linear combinations of the rows of A.

Theorem (from Section 4.6)

If two matrices A and B are row equivalent, then their row spaces are

If B is in echelon form, the nonzero rows of B form a basis for

as well as

A proof of this theorem uses the fact: if B is obtained from row operations on A, the

rows of B are of the rows of A.




1) Section 4.6: Row and Col Space of AT (Slide 2 of 2)
Matrix A and its row echelon form are given. Find a basis for
1) Col(A)

2) Row(A)

3) Row(AT)

4) Col(AT)

Hint: the answers for all of the above do not require any calculation.
1 -4 9 -7 O -1 5

1
A=l -1 2 -4 1 |~ 0 -2 5 -6
5 -6 10 7 0O 0 0 O




2) From 2012 Quiz 4:
Find the eigenvalues and eigenvectors of A and use them to find a formula for Ak.

Hint: one of the eigenvalues is 3.

5 2
4 7

A=



3) QR Factorization [ 2 3 | [ 2/7 5/7 |

A=QR, and R is an upper triangular matrix. A=l S T | g=| T 217
2 =2 217 =417

4 6| | 417 217

a) The dimensions of R have to be
b) Calculate matrix R. Hint: save time byfactor/ng 1/7 out of matrix Q first.
c) Compute a few elements of the product QR to check your answer for part (b)




4) Fill in the Blanks

Matrix A is invertible and has dimensions NxN.
a) The columns of A form a basis for

b) rank(A)=__
¢) Nul(A)=

d) dim(Nul(A)=___
e) dim(Nul(AT)=__

f) dim(Row(AT)) =

g) dim(Col(AT)=__

h) dim(Col(A)) + dim(Nul(A)) = ¥

i) dim(Row(A)) + dim(Nul(A)) = +




5) A modified version of a 2014 Quiz 2 Question
Compute the integral, using a Taylor polynomial, to an accuracy of at least 0.01.
Hint: N is bigger than 30.

I 4
foexdx



6) True or False
A) The LS solution of Ax = b is the point in Col(A) closest to b.

B) If x is in subspace W, then x — proj,,x # 0



7) True or False

A) If {v;,v,,v5} is an orthogonal basis and c is a constant, then {v,,v,,cv,} is
another, different orthogonal basis.

B) If G is a LS solution to Au = b, then i = (ATA)1Ab.



8) Eigenvalues and Orthogonality

1) What can we say about the eigenvalues of an orthonormal matrix?
Hint: look at [ |Av] [?, where A is orthonormal, and v is an e-vector of A.

2) What can we say about the eigenvalues of a matrix that has LD columns?

3) What can we say about the eigenvalues of a matrix that is upper triangular?



Welcome to Your Distance Calculus Recitation!

We'll get started at 8:05.

While we are waiting, see if you can use the chat
window (boftom right) to join the discussion.

Today: o Y

Introduction ’ro:’%&%}agé?lglonnec’r
Whatare Récitations?e |
lcebreaker

Numericgl infegration (8.7)

If you can’t hear the TA, click the speaker icon

A Meeting { -~ >y -

Adobe




Adobe Connect

® 00 math1502.08.19.14 (Sharing)

{2 https://georgiatech.adobeconnect.com/math1502-08-19-14/?launcher=false

A::l Meeting  Layouts Pods  Audio f) ~ & - o - &~

Whiteboard 7 @ | v Stop Sharing | B4
AL o T m

Start My Webcam

Collabo..

Attendees (1)

@5\ Active Speakers

¥ Hosts (1)
& Greg Mayer

» Presenters (0)

» Participants (0)

Chat (Everyone)

Greg Mayer: if you like. i don't think it is graded. it's
probably a short homework.

Greg Mayer: i better get going

Greg Mayer: see you guys tomorrow morning




Microphones, Webcams, Tablets

We can loan you a wacom bamboo tablet, if
you’d like to borrow one please send me an
email.

If you have a mic or a webcam, you are
welcome to use them.




The Whiteboard

* You need to be a presenter to write on the
board

* Only a host can chanage permission levels
« All writing on the board is anonymous

* Please respect other students taking this
course (and your TA): you are responsible
for your learning



Logging Into Adobe Connect for
Recitations

@00 Adobe Connect Login
| P> 4 | &) hrps @ georgiatech.adobeconnect.com/math1502-08-19-14/ ¢ | Reader @

Wimba Llassroom

ADOBE" CONNECT"

math1502.08.19.14

(s)Enter as a Guest

Name Il I

Enter Room

(_)Enter with your login and password(Required for hosts, recommended
for registered users)

Thursday’s recitation is at
https://georgiatech.adobeconnect.com/math1502-08-19-14




Adobe Connect Technical Problems?

You can:

 reload your browser

log in/out

use a different web browser

reboot

get help from another student and/or your TA

| strongly recommend that, if possible, you use a
wired connection.



What are Recitations?

* QOur goal: help students understand course
material so that they can complete

assignments and prepare for quizzes and
exams.

» please bring questions about the homework
or lectures



Our Section in a Nutshell

e students in Math 1502 are divided into many
sections

e ours is the only section that
* doesn’t have on-campus students
» uses Connect for recitations
« Why Adobe Connect?
e it’s cheaper
e Yyou can interact with students at other schools



Tablets

Students in our section can borrow tablets.

If you already have a tablet you want to use,
that's ok

Equipment need to be returned to your
facilitator

If you don’t have a tablet and want to borrow
one, email me

Tablets (should) come with a CD, use it to
configure tablet settings



Course Websites

Recordings of recitations and lectures:

Discussion forum: piazza.com
Live lectures: gtcourses.gatech.edu

Textbook and homework:
www.mymathlab.com

First homework due




Grading Weights

Homework 10
Final 25
Quizzes 60
Pop Quizzes 5

Grades will be made available through T-Square




Recitation 02

Recitations run from 8:05 — 8:55.

Today:
Improper integrals
Recitation logistics
Numerical m’regr_qhdn (8 /)

Questions obou’rThe c&urse homeworke L

While we gre waifing fo starf, calculate:
a) the infegral of 1/xA2 from 1 to infinity
b) the integral of e! from 1 to infinity



B Improper Integrals '

™ \ b B A '1""‘
—dx = |, X . o

%3

) (b
j erdx = i\)@’ = e g

L Yo




Example: Integrate 1/x from 1 to 2

a) What is the exact @Dﬂ_S.,Wer? o
—

Jy\x&\?' /EH?Z\ O,ECI'}W:ng,- -

b) Set up but don’t evaluate an expression for the area using Simpson’s Rule.

[et n=ts A | \ L
(= "i - -I—U( FZ,"" 1+ + (+7% t (.Lﬂ/q/) ; AKX~ - - T -r

= 2 |
M ————— e —

S S AT Ses 1 Y G q,/ ) /
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3(12@'*/54‘1’24 /7‘#1;) = e

L0, 61525%65

)WTE : V> L}. i"f“e‘ S ‘cb'\(:(;a- €VQ(Ud+[MS




Example: Integrate 1/x from 1 to 2

c) Find the number of subintervals required for four dlglt accuracy using

Slmpsocs rule. ), ¢ / ‘an’ X (w)( 3) {-7_ (_?
- < - (ax)]
CS N Y qul€ { 5\ ’ X
(el 1) ' — T
= ot % =
- wox Yalyo " of
- L -5
Lok (gah"f L? \< occl/('}' d,+
£for "fol;gfi“ acclracyy, WM‘P’\ x>,

i "> ((’+ i ({ M( wf/
441072 2¢

s
> N«t . ,.,%.w N=B ' —
o . ﬂﬂlv_g__—- comees, N “7\“‘7;:5\\




Today: Recitation 03

1. Improper integrals: comparison test
2. A few announcements
- 3. Improper integrals: tfechniques of intfegration

Use the comparison test to determine whether the
following integral converges.

W o< ok ‘\rl:‘_' S \A_X on,)(f())”\)
dx
[V1+x2 {

| |
So * T 2 T3 M 7‘6‘01«))

> g N Uy O()( >% -l-:; - /?'LHXE\ l.-‘l
"(Q(+) \\+°3ra( Au\v@l’)eg

= L\ﬁ Cm?ﬂ‘g""



when you are in a breakout room:

message TA

Greg recommends:

1) one person volunteer to share whiteboard

2) discuss how to start question 4 & draw on board
3) solve question 4

4) proceed to question 5

5




when you are in a breakout room:

Whiteboard 11 - Breskout 1 i & { stopsharing | S5 | m- |} Attendees (1)-8restouts

AL 2T Ee G =1

&a Active Speakers

» Hosts (0]

v Presenters (1)
“ Greg Firefox
& Participants (0)

Chat 3 - Breskout 1 (Everyone)

change slides

N

eg recommends:
1) one person volunteer to share whiteboard
2) discuss how to start question 4 & draw on board

3) solve question 4 < fﬁ

4) proceed to question 5




Group Work Questions

Evaluate the following integrals.

y 1
4 dx
) ‘[ x* +25"”
144

o f J144 x

144

6
)f\/144 e

Y 1
7 dx
) ‘{x2+7x+6

5) J

—o0 (x +B)

2) fx31nxdx

YA
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Today: Recitation 04

1. 1st order linear DE
2. A few announcements

3. Group Work: Seperable & Linear DEs
Consider: aping0 TRI ‘3:_, L = 2x ?m;é

xy'—-y=2xlnx

a) Is the DE seperablee w°
b) Is the DE 15t order linear in y(t)e V&S

c) What is the infegrating factore
s :-lf 0(75 - Jﬁ\)f ﬂh '/}

e = € :l?<

TF s €



1y'=y =2xlnx V&Y _ procduts

S‘lEﬂ\ Sh,ml.dnoﬁ Loem:
x/ﬁ 7. Inx
cTEPLs TF % c
D lnu-,f]?\I Lnj 1r jw
£y =x Ty =TTx
L ]

this 1s » ,{&AM‘HVC«

I
== J [X-l‘j) :,2_7}- LU\] e

=
o

x"'\g :'ZSE\%O{’X

=2,@h7< -

Y= 'Zx@nx)i + C/‘



B Announcements

Invitation to Participate in a Study
« you’re receiving snail mail soon!

~« please review forms with your parents and send them back

|
Online Survey
* anonymous!

« available at:
- please provide feedback on web cams, collaboration, the chat pod, etc

Quiz 1
« Sep 11 (two weeks from today)




when you are in a breakout room: message TA

Greg recommends:

1) saying hello

2) decide who will activate whiteboard

3) discuss which question you want to start on




Group Work Questions

For each of the following DE’s,

a) State whether the DE is seperable.

b) State whether the DE is 1%t order linear in y.
c) Solve the DE.

1) xy'+3y=3—f1—
X

2) ly' = yexz + 2\/§€x2
%
3) xy'+y=>1+x)e’
4) (sint)y'+(cost)y = tant

5) cos(y)+(1+e 7 )(siny)y'=0




(s o
S%’cd’t - 1»;13 - 3
IFf s € = e = X
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Xa*ﬁ’*-f)xﬁj =3 YR
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W Fy' w3y = 13-V : C Stawrp Framt ol ¥ X3

= -2 *C
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Today: Recitation 05

1. Geometric Series
2. Group Work: Infinite Series

= a
L) L ] L ) k—l
The sum of a geometric series Is: S,‘"’ = \-r
k=1

The geometric series is convergent iff \r\ < |
Express 1.7979797979 ... as a rational number.

—_— - -4
3G = I+‘7‘7'/07' +390 " F+ ....

=)+ 9 (107" 100+

&) 1
o I _ i b K"'(
oo —A‘l 4‘*” f { \\é = 72. "T.C:f ?_'___ .I_,_C,":‘_‘.I.I!
Je 32—
- [ " To6 |- Yoo
— =2
Please complete Start-of-Term Survey at: = /4‘1

https://www.surveymonkey.com/s/Math15013tartOfTerm2014



M WolframAlpha s,

= Examples =2 Random —

ﬁ?g797979797979

- @EB-8-8-7

Input interpretation:

1.79797979797979

Ratlonal approximation:
178 79
99 99




Determine if the following series convergent or
divergent. If it is convergent, find its sum.

® gkt k=) \ =]
45kk1 ) Y ‘;}' ;flm — __é_ i {%‘)
k=1

CONVERGENT  BECAUSE’ Coma RTo

1d i“sj;: < |



when you are in a breakout room: message TA

Greg recommends:
1) saying hello :D
2) click the arrow that points right, located bottom left of screen




Group Work Questions
€. 301 30|. ...

1) Express 4:4232323-.... as a ratio of integers.

/‘\\

2) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

£ (3k - 2)(3k +1)

| \) (. 1232322
|




\‘j (.171”? = /| +23 (/O'3+/o-f +)

=/, /+ 7’5‘ (/O"L +—/O_(’L+---~)

(o [CO /
-, 23 .
- (O [Ow /-[{ab
B LL L_g /oo
- [ ooo 9
Lo 7%56
— - —



z».}







| Recitation 06
Today:

1. Test for Divergence
2. Group Work: Infinite Series, Differential EQuations

The Test for Divergence (Theorem 7 from 10.2)

o0

If lima, is not zero or does not exist, then Eak diverges.

k—>0

k=1
Note that:

. . , ) ’ ¢
If lima, is equal to zero, then _4e dvoneuc st G facemelysive

k—>00

Use the test for divergence to determine whether these series converge.

N \ -
15N T:;'L G

NI fest for dumgonte ‘nemelushe Lot ause koo
N2 | i
k=1

b £ oW — 2l 20

- e TR

.k =
B) 2— diverqes, L’e’cd“s{ k-0 =7 <



When you are in a breakout room: message TA
Recitationds ppt - [Lorew | [ Qo] | [ sipshorns | B8] == | video - b 8

Group Work Questions

1) Express 1.1232323 .... as a ratio of integers.

2) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

© Ak k ?m :
A_) 3 4-‘2 ;;A(M!:—v:km
= O Lowoen] (I
B) Y 23+ = 5
k=1 e -
w _5 k .
C) Z( k+)l
k=1 4 o
= 1 Chat. (twrnonel
D
) §(3k—2)(3k+1)
advance slides
j = | =]
| § £rensone | ! .

Greg recommends:

1) Saying hello :D

2) Each student write & chat in their favourite color |
3) Advance to the next slide with arrows located bottom left | ¢ * &




Group Work Questions

1) Express 0.002100210021 .... as a ratio of integers.
2) Solve the following DE for x > 0: x°y'+(2-3x")y=x"

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

A) i K C) 53(0.4)" ~2(=0.1) E) iarctan(k)
= 1 o . [1 . 1
B) 2 k+3) D) z(sm (;) —sin (m))

4) Consider the DE y'+y=y’e"
a) Determine if the DE is seperable, and/or 1%t order linear in y.
b) Solve the DE for x > 0. Hint: let z = 1/y.




Group Work Questions

1) Express 0.002100210021 ....

=20 (ot 0+

24 { :é 10"

,Z\g(

'\
hd

l

as a ratio of integers.
™

S )

.“1_,

\ 0O

\\ k

{OO&O/

GOI/ \lc\




Group Work Questions

2) Solve the following DE forx > 0: x’y'+(2-3x%)y=x
STANPARD f‘”}_ﬁ"_l

g B e
17 s en( (3 &) 2o (-] < B9

né }gcw£9‘o
£ !'rf}__:}_i,_\] =
(\3 rl_&{ + (FW X3 \j F
« -1y
= € -1
F\A,IZSFO{X ‘"i"?’;ﬁo(x 16 Afo
3 3 N




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

A)
“ 5k +5

> c)\'} L > T
e diegice o




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.
" fé \/2 /3 | = A{H';) “'B(k)
- T - +R =0

B 25 <k+3> - L Ten 3

k=1 IA =

i1
\_.
,.-.\— \
T
i
A‘-
T~
v
{
\—
Mo
T4
K"’\
wi—
{
A
e\
\
-0\
}
[

e
h é(%* gcil/é)
s




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

C) 53(0.4)" ~2(=0.D*!

k=1
00
0.% e+
';3 ( - o4 ‘%a 'O'\\
\1‘_ / =
o k-\
2] — 7 fon(od) & o)
k=
{
- ) - 0.0 (o)
5, 0 /e Q°E 00081948 -
O, 0 })U-Tﬂ ) — = i .
2. = = 11
LT y
-~ 1

22981418,

il —

~N
|
2|
)




|
Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

2 Slon{i)-so(zs)

= ' \ 77 4 3
(st sl e(Qh g mgmd ) b

:S;z/\ \




Group Work Questions

3) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

E) i arctan(k)
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Recitation 07
Today:

1. Announcements
2. Quiz Review

For what values of x does the following converge¢ Whye

Exk"l =14+ X+X° 4% +... lxl <) ﬂemh;c secies
Y
k=1

When the series converges, what is the series equal to?
l

——

- |I—=X
Express the following as an infinite series.
1 .9 _ . u
_ . A = X
1_ x4 e | = & J



How Quizzes Work

How Quizzes Work

1.

2.
3.
4

Facilitator gets a copy of quiz

You write quiz on Thursday, during recitation (8:05 — 8:55)
Quiz is proctored (perhaps by your facilitator)

Give your completed quiz to your proctor.

Format of Quiz

Are calculators allowed?
Are textbooks and notes allowed?

Quiz length: probably three pages, 1 question per page,
questions can have multiple parts

Don’'t write on back of pages
Leave a 1 inch margin around edges of page
If run out of space, you can use exira pages



How Quizzes Work

If You Have Questions During the Quiz

1. If your proctor agrees, you can use to Adobe Connect fo ask
your TA questions (you'd need to be closely proctored)

2. Otherwise: call/text me oD

Before The Quiz
Find your facilitator, and discuss
« where you are writing the quiz, and
« whether you are connecting via Adobe Connect.

What Happens After The Quiz
1. Your facilitator scans/emails your quiz to G,
2. they get graded in about a week or two,
3. Yyour TA enters grades in T-Square,
4, your graded quiz is returned via email to you.



When you are in a breakout room: message TA

Recitationdsppt a [ oow [ ] sop o | SB[ me JVideo

Group Work Questions

1) Express 1.1232323 .... as a ratio of integers.

2) Determine if the following are convergent or diverent. If it is divergent,
explain why. If it is convergent, find its sum.

= 3k 4ok
4) 2=
k=1 6

B) i22k3l—k

k=1

v Main Meeting (1)

i Gray Mayer

» Breakout 1 (0) o

»_Breakout 2 (0) =}
o

#- Breshout 3 {3}

[y pym—

~(3k—2)(3k+1)

—. advance slides
R‘ _

Greg recommends:
1) Saying hello :D

2) Each student write & chat in their favourite color

3) Advance to the next slide with arrows located bottom left || € ® &




e — = ——__——e?——— ——

1) Solve Xy’ + 2y cos(x)/ X, W|th y(1T) = 1.

il*-’i‘i"“b Yorn'
_2<__
‘ﬁ + X 1* 5
I.V° of 0’7.9»\34 = %
/

OE. BECOMES !

p—

Y‘L‘Q - Rcﬁlx dx + C
= +‘§'m7< + C

\J: .‘.‘:}"_(’1‘_’-_--%%(\'

'1’17)(‘1_




2) Find the sum of the following series.

Q (—2)" 2z (-2
E k-1 = C;“"" |
- O e=1
5 k=)
7 () (-9
= 1 k-1
ke 5 g
2‘ . k-1
1 ;_,_%
- Tg FJQ ,g
.
-5 +7K
a3 A
= 38 +
-22



3) Find the number of intervals, N, needed to ensure an accuracy of at least

0.01 using Simpson’s Rule for the following integral.
€ s AKX \e= N \
flnxdx g M= et \ w7
1 Y A -G
< Qb O‘J M a(x j"\)ﬁ - XH'

§ \ 30 ‘\\* L) we W= 6




4) Determine whether the following converge. Do not evaluate these
integrals.

b L b
A) f o \" X oy -E"*'* Mj(.\y\( DNE.

xnx ’L>ODQ 0

can V& WL IU‘QQ“"}\A-&% wt‘H« nh= 40‘\)

(BNE = Re63 NeT extﬂ)

B) }cos(x) sin(x)e " dx

X . - X - €| om
| cux chxe \\< e he X A

qMA (‘\e:’l.-x OQX ekfs“{f/ Jo ‘H'b 9{% ;A+ej(m(
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§€) Express as an infinite series

7 SR S 9
1+x2 - &) - lma
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6) Find the sum of the following series.

o0
. 5 4y el Lencdion
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7) Determine whether the following series converges.

A) 2k2+3

L 3k
ULE Lkt TET

o k) 3 _\_5_3,_“_
o kT3 (3

=7 converges ‘43 atle +e A \



Recitation 09

Today: 10.7 (Power Series, Radius/Interval of Convergence and Absolute
Convergence)

A) The interval of convergenceis _Set of all volues of x st. o secies convtiges

B) If aninfinite series Za, is called absolutely convergent if £ [“a ‘ “"""‘74’1

C) |If aseries is absolutely convergent, then it is mmz&if‘

D) A series is called conditionally convergent if it is CN““«?MJ-F bt abec "Wﬁjﬂ"

Given the series below, determine

1} the radius and interval of convergence

2) values of x where series is absolutely convergent

3) values of x where the series is conditionally convergent

(-1)*x
E K2k \5




Given the series below, determine

1) the radius and interval of convergence

2) values of x where series is absolutely convergent

3) values of x where the series is conditionally convergent




Given the series below, determine

1) the radius and interval of convergence

2) values of x where series is absolutely convergent
values of x where the series is conditionally convergent

3)
i(—l)kxk
&~ k2
A
A, & X ..
?ea‘e-s S aLt. CMMM‘ L’L“ M‘}%/
catio tect aby, Couv-‘tjw(' £ (-7-/+2.)

+ xX= 7 - Ji‘w

> he. fn xEEH)

L
'L"]

K C.L. at 7{:-{—2_
Qecausa at W"L, fecies S C"“Vn‘ﬁ QLd'
V\.d«? A.C.anvecag,ﬁ\’



1) Find the radius and interval of convergence.
k
X

el
k=1 k
W \{’L ak ((

» Retio e
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2) Find the radius and interval of convergence.

i (—k)4k x4k
k=1

Y ’R}:};\%X b . (k) \
UW\ k— 4 o
e ™




3) Determine whether the series is absolutely convergent, conditionally
convergent, or divergent. | '

—~—— AWe ‘:ﬁ+
% ok 'igt aLS Cowet‘,m"f' i.,;" P ,Z:'k[:‘—‘ Tkt (r-—s:?-\e.s)
) 2D Erl fut W Lo = (), sp He series

k=1 ka 0 \g +_\ So |
s ol tged by the aft.sects
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amm——

Ak
© . k Cos (‘t"k):’(i 0
b) Ecos(nk) <t <) because

k=1

= t«o{' q_\oS QWVM?M+
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Jberndtig  tedes  Tesd
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4) Find the radius and interval of convergence. Then find the values of x for
which series is

a) absolutely convergent

b) conditionally convergent

c) divergent.

: | E
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Recitation 10
Today: 10.8, 10.9 (Taylor Polynomials and Series)

Complete the Following Forumlas
The N order Taylor Polynomial about x = a is:

N @) k
PN(?C)= ﬁﬂ

k=0 \“ fr

-

(%~

B

The Taylor Series about x = ais:

GO £ (k) (Y .
G

fx=>Y

k=0 €.

N

< D ()

!

]
- U _
The phrase “about x = a"” means that Mo eXpomsm. S C&&m:( at K=&

n+l

x-a
(n+1)!

Remainder formula for expansion about x = aQ:

R,(x)|= (max | f ("”1)(1‘)‘)

t€[0,x]

Quiz 1 has been graded, grades are in T-Square, you'll receive your graded quizzes this week via
email, please make sure they were graded correctly and let me know if you have questions.



Example
a) Plot a rough sketch of f(x) = 1/(1 - x)? for x between -1 and + 1.
b) Use the Taylor expansion for 1/(1 — x) to find Py(x), P4(x), and P,(x) of f(x) about x = 0.

<\ Sketch %, Pt 1

2 3
Hint: the Taylor expansion of 1 /(1 —x) aboutx =0 is (1——x—) =l+x+x"+x +...

\ ) = = L (s ax+xy X o) = By
b (\'—Tz ) Az( 7 ol Pois bst
Y, a (et
=P ‘1+7.x,\?;\+1x+3x "
coaTe NP ROKCHES . L - F2x + 0,
WW”JLX N b
)O‘fﬁp‘b?‘ ['3':;}% - =k ("X
caLeT T ? _;(o) (o\ x-o) £—-(—)- (X O\ 4’?6 - l +2'X €+



Group Work Suggestions

« everyone pick a color to write in, and match it with their text
e use mics if you have them
+ before moving to the next question:
- ask if everyone agrees with answer
 ask if everyone understands how to get the answer
« message me if your group gets stuck

Make sure you can solve Question #4 before the next quiz.



2x
1+x2

1) Find the Taylor expansion about x=0of f(x)=

Hint: write the Taylor expansion for 1/(1-x) at x =0, and then apply suitable modifications
fo the expansion.

o ._-_( *’X"'XL{'"-"

|\ =X
1\ P)
pyore \+(—-ﬂ R CY S
&
4
- ’Lx(\"xt P +'—--> = 4 (X)
=



2) Fill in the blank: the Maclaurin series is just the Taylor series about the point X;O .

The Maclaurin series for exis

©  x\(k) 2 3
e"=2(€) (O)xk=1+x+x—+x—+...

L gl @ 203

Use this expansion to find the Maclaurin series for f(x), where:

f(x)=e™ =exp(-x*) .

ALSo F\@%ﬁw "
0 A P R



i

3) Estimate the following integral to within 0.01 using series.
Hint: use the Alternating Series Remainder Theorem.

1
4_2
fxexdx
0
A

—_— - g o
é k! = (“)( +Xé" -é";-)—__\_

8 7]

~ S _ X %
S e o ;( s — 3 U172 s ---

’ \ |+'ﬁ_’l +__|___
= 5 ~ F & L6 285 -t~

—

THE ALT, SELES ASmAnDeE ~“THEGRE M 1§ \Y\ﬂ\<ta'~+‘ \ - '
' ¢ = L
A= I’Es 7 0.0, QAg= 3 < O0f . THUS %‘a xe M7¥ g

iQ: ﬁ(f’f ‘(d“h "’e,cm_; /\-‘U\—Opédl



4) Estimate e%2 to within 104,
Note: this is a question from a Math 1502 quiz from 2012.
Hint: use the Taylor Series Remainder Theorem, and approximate e3/2 with 5.

ReblzPaa-Tufo | = 2SS0/ sl Celo7).
\.“ (

, n,
WHAT Do WE USE C‘a& sz ‘F(N”(_Cv] ‘{ US& Sj (()e,cauﬂ@ "'(l'oqg,
Kl \ C. (}/‘)NH/!N*”',

Y\ .5
-2 Z. 15
RN
05 216 ...
8 Coe -¢ - p-000]|

q

- X
Y P
T e a P k)=t T

q \ 6. 00008 < Lo

x=%

—

DO NE ; (N“TE \* You EVALUME THIS X¥% Gel ‘(-,\-SIC?...n)



5) Letf(x) = (exp(2x?) -1 —x?) / x4, Note: exp(x) = eAx = X

a) Find P,(x) aboutx=0
b) Use the result from part a) to evaluate the limit of f(x) as x goes to zero

ot Z
%
eY ‘—I' "'/"’ + .}i/- + -)—;’,’ 4+ /’ .
Substitte x with 'LXL)' ( £)3
(s (1 | 20, EXs
e - l_)l_ l,’ 7 + 3'/ '{‘ c--

£ il does it oxist.
\0 im £ (x] = ;(.)O (0+ ot 13X +> which does T oxist
) o foy > as X720,

_ _ N TS
(Tﬁﬂmzv o ANDREW DUMIN  Fe& Coﬁﬂt-'tfﬁnq Nl’;\f‘;ﬁﬁ}:‘ )



Recitation 11
Today: 4.5 (I'Hospital's Rule)

Describe how you would evaluate the following limits.

lim ——~= J(x) is of the form 0/0 or /=, then We-ece#r

x—a g(x) l ‘Le’ (iw\‘ ﬂk—‘ 2 (jh .( (X @
we valua X=>d "/:I(x) X P00 .-.-«j'(x/) Q.Y

—

lim f(x)-g(x) is of the form = — =, then we can:

a({,\o( Comig oL Aenom ;/\a‘(o)’ , use (‘E
b

lim £(x)*™  is of the form 09, 1, or =9, then we-can:

o W (e
use -3 = xo>q / N

X2 A

Quiz I"has been graded, grqde M—Square you ﬂx recefve\your gr ded du:zzes this, w}eek/wo
\/mcul png;e moke hey aded correcﬂy and let me; kno ff you@ove Uesh,onsl\



POP QUIZ #1

« Start time: 8:10¢
« Ends at: 8:25
« Pop quiz grading
« 5 points: correct
e 4 points: something correct
« 3 points: name on the page
« 0 points: did not take pop quiz

« To submit your work, choose any of the following:

A. work on whiteboard in breakout room

. type A in text chat so | know you want to work in breakout room

. submit work by letting me know when done, and/or email me a screen

capture of your work

B. work on paper and give work to facilitator

. type’'B in text chat so | know you're doing this

. leave 2 inch margin on paper

. write your name and QH8 at the top

. facilitator is receiving instructions today on how to submit your work
C. work on paper and email a photo of your work to me

. type C in text chat so | know you are emailing your work to me

. email your photo to me before 8:40



Find the Taylor series, centered at a = 0, of sin(5 x*2).

\w\ ge/hef q‘\' a=0 of AN IS
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(...l
= va\(5q 2’ Qrzk)



1Y O
Evaluate: ]jm(cos—) = \

X V)

Limn In. cos (l/x)*
= -

x>
X D cox V¥

- L im o
\' (Jhwﬁ\/)s (VX
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in 7 |
EL )f[%rx ( ))
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1) Evaluate the following limit by using I'Hospital’s rule, if possible.

Note: this limit is a well-known definition for an important number.

lim VD
! \/x=1
b ﬂV\ *

_ i T‘J:‘_ 4

x| €
®. %
ll\'v\ Ax C’(”')
= x> =
\x

Ty & = 79,




2) Evaluate the following limit by using I'Hospital’s rule, if possible.

&%}gsin(%) ’ Ry ‘(’\3\96 Q- 00 (I_F, = redetorminate %YW‘B
i SV e %
X2 0o { &
- -
H_/\ im  CoS (1}} &L_x_ﬁ_\
= >0 -x"
toe cos ‘Lx')_ - (X )



3) Evaluate the following limit by using I'Hospital’s rule, if possible.

Lim x(inx})*




4) Evaluate the following limit by using I'Hospital’s rule, if possible.

a)

b)

hm~fedtc>hM e -

00y S x>0 —

lm{ : ~% St Xl
x=0 X)o X ﬂ«('ﬂ()

Inl+x) x
@ U [ —(lae]”!

Vo - X .
ﬂull+x) + e

LF,

s

o\



—~ - |12
Sa) yey = ”V” , Is the \QVZ\JVL! of vector v.

b) A rhombus is a parallelogram with four sides of equal length. Show that the
diagonals of a rhombus are perpendicular.

folddim et fecidatia



Recitation 12

Today: Lines, Planes, Dot Products

Suppose we have the points P(1,2,3), Q(1.3.4), R(2,2,2).
o) Find a vector that is normal to the plane that contains the three poinfs.

Find an equo’non of the plane.

Cyﬁ (’i‘ ) TR : (-1\ R, ?i akre \ectors (‘“""uﬂ(“b “&r(n‘
E‘r\?ﬂx—i \0 "\—A\:. +3 ks‘g 1 +, tlo v‘m: (DG\QE‘(

Lo a VQC“‘M‘ i "HJ ?(M.

? =(§) b o P gl S0 TP
‘D\\_e-‘r , i. x}:& @ - X-\ W/\C/?%\
T\—luSo Q= N ° (‘1‘-'7—} \) o (‘1"1 —)( +ﬂ iy

g \e3) =
%) S (e

2) The equation Ax + By + Cz=D is a plane. A vector perpendicular to the plane is:

A Y h
A Ao +3) +Ck



Find a parametrization of the line that is the intersection of the planes

P: x-2y+z= 3 wve,MuLa lm o Gem {
Q: 2X+y+z= =V {-‘\r netmals e p‘ane,
7 g
J
Note: this is a question from a 2012 Math 1502 quiz. (' \ &/(LT
|
o \)eo'swr; _l——- 'L ? & Q GYQ’ M |

1-2..[ | A
VQC‘O“ ’L -t o ;\a\'hﬂa\._s s a il (—- "3‘ + + 5-4 ’\/—

4 " iv!+akfec+loh can be Lound l’u‘\ M“D an3
+ M (atufreg La'H\ eaua'hm’,

let 2=0 -Ha. X le =3 x="
2 Y = o j-—-l

'

¢ a'aom
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‘-3 (-[ lO) 14 a {fwu'f‘ e /47le}fec7[,k

- \ .*""3"‘

D (e V|14 (€
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e =

el = A e et g =) e
o L TR N ' . . =F ar wlem

1) Find the equation for the line that is perpendicular to the yz-plane, and also passes
through P(1,4.,3).

0 Y S AT
L*OJ“’O& o

l
a \;e,c%r _L_ +o t\%rﬁ)lan& 'lS (C’) ok _
{ |
= |we _YA=(1*')+ (z)%, DONE .

3
~

<
/

~o S&¢ whY <THE EC ok (3‘) s \ <0 “HE Y%'?LANEJ

CoNSIDER. “THAT| % ) r
e Yz -tne s The @t [2=0f
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&

¢ The Vect, o& A vecra L Te e PLANE ({

™E C(EFFicie\Tg¢ ofF XY, %. e CoEFFICIENTS
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2) Do these lines intersect each othere Why/why note

x =1+t x,=1-u
n=-1-1 Y, =1+3u

3t ‘\""‘“\ ]a‘\‘e\z(ec:\’) -3 ‘(C)(A an

| = *t=-u
@ [+€= (- = -
O A=+ D X0 t«+3(—el;7:|

"“f+7.:6‘ =L $6 W= +| LU(D‘

? @ murt Le J‘a‘ﬁrﬁe.{ lan 42! and a=+. (s ;'-fw?

Eﬁyd‘hm
2 —2Lin
-4 +L&®
¢ +LEY) = 26'“)

NOT  SATUTLED. o
s OwEs pay'T WTearecT (fe- oy are SRew



3) a) If axb =6ond asb = 0, what can we conclude about vectors a and b2 Explain
your reasoning. -

S NN Jk - B A
&;xtﬁo pmeenn ( a \\ L _or a‘(' [fa.f"' dhe of &(azu. 0_0_;
-\ T =T ic

qut =0 Mmedang a1l ,of at leﬂ e of a,

4> Q+ “eqﬂl ;he D.F -Z_‘JJL’ ;S ZE00 Vefﬁ?}

b) Which of the following make sense¢ Explain why/why not.

i. ax(bec) NN“SEI\)S‘E" B QO‘Q :,( a _{cald,,/ 'ﬁ\x(gmlaa /S :1(276(
- \
iii. ax(bxc) 0 t ‘ ax \J€cC *Dy ¥ (&jd i

— {
iv. as(bxc) o<+  A° vecte U {Qﬁa!



4) Vectors that are co-planar are in the same plane. Determine whether the vectors are

co-planar: o o R \a

Poj-k & (B¥Q)eR =0, #hen complavar,
- - -

Q: 3i-j+ 2k L (PxQye R ED, ﬁ;i Co—?(amr

R:

3i—2j + 3k
A

_ T +3) -3k

v o

-\

T
¢ -



Recitation 13

Today: Quiz 2 Review

Estimate to within 0.0001 by using series.

- Ryt o e o
0 X )Yl"wre' 2 41 4
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o 2."&31.‘2\:

Office hours: Tuesday and Wednesday 7:30 to 8:30 pm
https://georgiatech.adobeconnect.com/distancecalculusofficehours



Group Work Suggestions
« before moving to the next question:
« ask if everyone agrees with answer
« ask if everyone understands how to get the answer
« everyone pick a color to write in, and match it with their text

« use mics if you have them

« message me if your group gets stuck



1) Evaluate by a) using power series, and b) I'Hopital’s rule. "A

-~ cos(x)-1

=0  xsinx e ) .
b oo T a4t

X
i (1 —F4_t o = x>0 =7/
CT\ )2-‘)0 \/\C/j 1‘/( ‘\'x/’ .-4) \ "x%f oo, =
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2) Find the interval of convergence. —| <X+ <+
LA AXLD

= Ink
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3) Find the distance between planes P1 and P2.

Pl: x+2y+z=3

_ gw ¥ Al
P2: x+2y+ Z=4yﬂ’ JE cf‘i JALUES '\z: ’I»)"""’-s 10
£\ GeL€e~ U_(]}JG
? . e 2 iy HEN
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x +2 9 + = =
(6+£) * (0 +24)+ (3+0) =9
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4) The line Lis determined from P, and P,. The plane Q is determined by Q;, Q,, Q.

Does L intersect Q¢ If so, where?¢

, =3
P,(1.-1,2) ‘ -1 + j’x
P (-2,3.1 )% Lo &"‘X N ‘
Q (2,0,-4) -
Q2(1 2,3) 18 Q kag Aot hna | Us
LQ3( 1,2,1)
) Q {Aaj ec‘/ua‘hon
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5) From 2012 Quiz 1
Tyler Hamilton would like you to find

a) Aseries for ['sin(n2/2) dt

- o -

_ _‘_‘"Cq—
= X~ e




6) From 2012 Quiz 1

Greg Lemond wants you to use series and error bounds

toestimate e’/2 towithin 10~3.You must use (an) error

bound. You do not have to actually sum, just say howmany terms,
(or the highest power of 7 /2). (Youmayuse ea (7/2) = 35).
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7) Vectors that are co-planar are in the same plane. Determine whether the vectors are
co-planar:

Q

P.: i+j-k
L -~

Q: 2i—j

—

-—'/..:_; R N

R 3i-]-k
Mg Thop 4. \l/ 3 e \ y
R¢Q 2 \2t ol ~

Go-p‘a 'w* '\‘F{'

"5‘,6\= 2\ 7)) —uete VECTa@g ARE NoT Scamr = N6T  Co-PLAVAL
MUCTIPLES OF EACH OTHER , AND <
PR - :t* 6 ARE NET PALaLLELY

AL-’[E(LQ BTE T THD &



8) Find a parametrization of the line that is the intersection of the planes

Note: this is a modified version of a question from a 2012 Math 1502 quiz.
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Recitation 15

Today: Solving linear systems of equations

The following was a 2013 pop quiz question.

For what values of a does t em have a solution?
R, 7x+2y-3z=25 -.-_-rL, ga\{; Q-";",c?
f{ y+ 3223 How wt hove Q=17
3 — - , .y
TF tou SrX:ra;g, e Chv WATE #UT AUSMENTED MATRICE
! F 0 -1 % [ 6 =Y IS/#
F2-3,25 2;32’- o I 3 5 |~ o/ 3 5
0 ; i :‘ ; Rz O © of ~i2 o o | -lifss
S =
\

D S as R )-l‘/\.vM Xy —>+x ,/7Aq; a#‘zl
Bt F a #9, A3 fug o solutim , ar oty e fyf’l"/m.
(792?;7([5*97‘3)7 2= 5= 3% 7‘3"%2)

There are 30 recitations in the semester (including quizzes). We're ~50% through the course.



A Few Definitions

a) A system of linear equations is consistent if it has at leait wa f.@‘,;,,., i

b) A system of linear equations is inconsistent if it has __4¢ fduffﬂf

c) A system of linear equations that is overdetermined has _uee equaff% Yhon uaéwm;
/

d) Can a system of linear equations be overdetermined and consistent? If yes,
provide an example with at least 3 equations.
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" T e
s = L A, - 2; |
HYE NN NS B I S —

a) nosol'n
b) aunique sol'n
c) infinitely many solutions

X, +hx,=2
4x1+8x2 =k
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, {4 2 |
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R .: :%:,;-Lé'é;;r_s e ! . = = .
4) A 3 x4 coefficient matrix has three pivot columns. Is the system

consistente Why/why not¢

[F‘ 6 o [§ A COEFF, mATRIX, WHICH Vrecos AW INE, #-oF
cwswoERY | O 1 o
‘\ 6 SoeuTiONS, s0 YES,
’%ém kwof‘gm [Paij

(fe - #, fg%‘naiﬁff’x Ean : =iy

ution to the system whose augmented matrix is
given below.
3 -2 ¢ 0 [3-2Y o[
R -6 O [ \ |
€~ 8 O | |

‘_‘wl

5) Find the general so

> %= 5(2n-ty)
’X'zj 7(‘3 are 7(;‘6'6



@ True or false.
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v 1 e a,% rom-26r0 0losst

th Ceo /aan

T
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a) The réducedec

b) If asystem has free variables, the solution set has many soluﬁonR\

1%

of a matrix is unique.

c) If arow in an echelon form of an augmented matrixis [0003 0], ’rﬁ@n the
linear system is inconsistent. | 1)
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: { 2 | | 2 INCONIISTENT
L:.) FP‘LSE'/ “ i [C) c o 0 5]%2 = V.
.

c) FASE! four JusT roys
nolr Mo J?ﬂah A Ya- Notad P



Recitation 16

Today: Span, Linear Dependence

gsthpce EXNMPLE ¢ Tho Xy-PLANE (N m,?_ ’1?1656’7\
’ s \
g ALL G [ ;]40[ :] SPaN THE XY PLAME, \

\
\ €¢- [ 7 becrse C=2, G2 |
Assume that v, and v, are arbitrary vectors. [o:( ts N Twe SPAV 1= 9 |

[+ 1s noT w 7w S0 uE
a) The sum c,v; + C,V,is a [inecty combination of vecfors v; and vzfc&{:ffw
(
b) The set of all possible [M-sz. combinations of v; and v, is the S l’iN of v, and v.,.
c) Any vectorin the _S? N\) of v, and v, can be written asa ___ (LI Vel CDMB’WM)

Definitions

of vectors v, and v,

Question 1
1 -6 4
Letaj=| 4 |,a,=| —17 [,andb=| 2 | For what value(s) of h is b in the plane spanned by a,
=1 2 h
and a,?

If you haven't already, please take a few minutes to fill out the technical issues survey.



1) This is similar to the first question on your next HW.

-1 2 h

and a,?

1 -6 4
Lctaﬁ{ 4 },ay{ -17 ],andb=[ 2 }.Forwhatvalue(s) of h is b in the plane spanned by a,

r
AN
oY - _ i -\’L,_, m‘l’x
r i@ \
ek L -6 Y
Auoy « (X Il_ NS \\ A_ | O

Lermed Lemn O,

6 & OC+ ‘L:'“l+
F -7 Tk
—4 et

l'Fd%é,_g

—)
CU"‘P/dMqr uz‘/{ a,/a.l_



Linear Dependence

Vectors V,,¥,,V;...,v, are linearly dependent (LD) if 3 ¢,,¢;,¢;,-..,Cy
not all_ZeEN O | such that
CV, 4 CyV, +CV5 +...Cy Yy = 0
If the vectors are not LD, they are __ (N Ry NDE{’ ENEN T
Example: vectors [:] anel [11 are @ " because. | [:1*’&)&}{
veckors [:} X [ 123“/\ oce L1 , G m H‘{;&; 5
- cr\(vd who, €= C4=0.

To determine whether a set of vectors are -1 , we solve:

CV +CV, +CV + .+ Cy Yy = 0

which has the same solution as the linear system whose

augmented matrix is [171 U, Vg . Vy 6]. "i Ct g"k\vq” zewo, LD
T &= ¢y LT,

5
D




2) Determine whether the following vectors are LI.

5 2 1 -1

L8| 3] 7

Tf (’13 a < Sy, G, Gy €.
- < = ~ o
C\V\ + C. Vo + C3v3+ C’l‘v‘f = 01

7 :Quﬂ\o’}\}sj u g Un {CAMK,
=> al leasT 2 fov.

= it all G G,6.% ace Teco

= LD,



r =
e rm M e——

3) This is similar to the second question on your next HW.

Determine whether vector b is in the set spanned by the columns of matrix A.
(

1 0o 5 ) (2
= _02 ; _86 o _61 " ol 20
\ )\ 7 A ‘6
~ - = < % -
! o Q' C £ ‘
\*C \0 fgo'”hﬂﬂ‘( (43 al) b= 3‘/Q O/CL/ -3
> = ;F
B4 Gy f G314 > b
Cl (\ 7 O g "7/\ ( o g 1_,\
e 2 ) |
(\OEG\" ,\/(Q | +Y 3)”" N 3/
\ &c‘) N g\'e E\O 2. 8 £ ;; oco o

M +L\9- $e+ loeﬁa S
> C{ =3- L'-G CLZ‘S(’S)C_?%& = ‘3 ! Q(l‘..rﬁqc,( WQO L

A /i g
C}Mo a‘.a‘u,q,}, QreLD) leoase ¢1,GC3 qu’f‘ ard ace ,@L al g>



4) This is similar to the third question on your next HW.

Determine whether vector b can be written as a linear combination of vectors a; and
a,. In other words, determine whether x, and x, exist such that x,a, + x,a, = b. If
possible, find x; and X,.

S p- ry
- _ - _ - r a of [” | a
1 2 7 16 L a U c'm,o'\, IS
a=~2 |a,=| 5 b=| 4| . A y Xy st witha, “:EA,
-5 L6 -3
miX, ¢ So %)t O3
Cocm aucl, . = rl o 3’\ | 7
\ +R2”
“’;11"\«/{"“? Sl A S e
-1, 2 o |6 32_ IS ‘ oY, ¥Ox =
- B IO
= \Xi‘:‘\—a__ 37(_7_‘j }’ R S R



=R =
=" > bim-

5) De_’?ﬁine v_(%her the foﬂowing vectors are L.
- VU - 2. . VY3

R N
=+ (3 Hhen A 4 3 not all 2es st

C:7¢+ ¢t Qb 7 {}1
Mdke Q‘tﬁm‘w‘@( M"""/’z:

TR, C, = ¢ Cy
g o -t @ (_\Z)_.:go ‘
36 T ol Al Q ’

| o © -3 0

e 3 ~ /
=> C s ekff‘f? mi m/ ZECD
Y..éf C{T/-\/ 7 LZ_(/'L +C?‘{] -

> ([, et (T,

5 0 7 |
3010l | 2
1110 4

o
~

Sl



6) Find values of h so that the following veciors are LD.

2 4 -2

21, =6 |, 2

4 7 h

n

/ _ \ gl/:gz /1 2~ O\ ( & =t O
/[ T % L \ ST
[ 2« 20| A|OACQC O o, o 5
Lt F ok J g2l O - k¢ © o I ¢ 5

[

o

0
¥ /L="?L, Cy; =0. Pt &G =0 ool C, =Cs .
o (T /{:,4 €, =C,=Cq =0, Vectory ake L T



Recitation 19

Today: Span, Linear Dependence, Linear Transforms

Quiz 3 Next Thursday
Make sure you can solve these questions from old quizzes:
2012: Quiz 2 #2 and #3
2012: Quiz 3 #1 and #2
2013: Quiz 3 #1 and #3
We'll solve some of these in Tuesday’s recitation.

QH8 Office Hours Next Week
Tuesday and Wednesday 7:30 to 8:30 pm
At the same place as last time:
https.//georgiatech.adobeconnect.com/distancecalculusofficehours

Online Drop-in Tutoring
Wednesdays, 5:30 to 7:00 pm
For all ~450 distance calculus students
Facilitated by Greg, who will answer questions and review problems from QHS8 recitations
https://georgiatech.adobeconnect.com/dcp-online-drop-in-tutor-center-2014-fall

If you haven't already, please take a few minufes to fill out the fechnical issues survey.



1) This is similar to the second and third questions on the transforms HW.

" s ' s 4 | - — . .
Let u, = . U, = ) V, = V, = ! , and 7" be a linear transformation
4 3 1 3

that maps u, onto v,, and u, onto v,. Find 7" and the image ot 3P under 7.

OAR
B N O-H O‘I'J.. /K -
Lﬁ,\l‘ T(K) :A"’}(_ J<q"}_,{ ﬁq.‘])\ Y\,L\ |
A, {2]1\ 3\ :(T 5 0 56{[]4_%&['],':% @
O'm Q’L'Z—J 4_/ : 30\’“ + L"Dtﬂ__:' | @




2) Plotu and v, their images under T, and provide a geometric interpretation of what T
does to vectors in R?.
S -2
u= A=
2 4

,-r-:_—lA y. <
ool oo = 1 fTbi\r."f
vl ] L ke
N 7 B [ ., \}r——-}_‘; Al
\(M\:VEA ) | ("\I‘)_ _L_[:L/ [(V‘) hMb}:?(




3) From 2012 Quiz 2 ' COS(_"""-%') -~ {/1

0 1 Cos | — Sin|— - 3 G g
LetA | s B ' : , = : . I~ —
C = | 8. =k . Compute the 1mage of the house under
01 transformation under C
the transformation ABC . Show the 1ntermediate steps. o,
| ~ ) ( r) _ D) /
i & z |
L -\ 1\-05-2, u'g' (‘) WMLMLC, . {9 | -
] .

[ole s temc )(*[(u \

sformation under ABC

' the yellow dot never moved.



4) Fill in the elements of the 3x3 mafrix.
Hint: the elements can be identified by inspection.

L0 —6 || X 2x, —0x,
-+ 0 |

=
.
|

0 -1 -5 X, -X, — X,



5) Find values of h so that the vectors are LD,
and values of h so that the vectors are L.

3
-6
1

__6_

4

-3

If b “—:_\f, then the vectors are LD.

If \I\AF — ‘8 then the vectors are LI.

_9_

h

3

Bk ¥, =0, o (Rr%O

TE hox-1%y 1350, 0
\rulwrs e |- »
hor gty € yl ':*W(q::'x;




Recitation 20

Today: Quiz 3 Review

Quiz 3 Next Thursday
Make sure you can solve these questions from old quizzes:
2012: Quiz 2 #2 and #3
2012: Quiz 3 #2
2013: Quiz 3 #1 and #3

Review recent HWs on Span, Lin Transforms, Gauss Jordan
Review sections 1.1, 1.2, 1.3, 1.7, 1.8, 1.9

QH8 Office Hours Next Week
Tuesday and Wednesday 7:30 to 8:30 pm
At the same place as last fime:

https://georgiatech.adobeconnect.com/distancecalculusofficehours

Online Drop-in Tutoring
Wednesdays, 5:30 to 7:00 pm
For all ~450 distance calculus students

Facilitated by Greg, who will answer questions and review problems from QHS8 recitations
https://georgiatech.adobeconnect.com/dcp-online-drop-in-tutor-center-2014-tall

If you haven't already, please take a few minufes to fill out the fechnical issues survey.



1) From 2013, Quiz 3, #3

f Tis a linear frasformation consisting of rotafting counterclockwise by x /3 radians
followed by a reflection about the line x =y, find the matrix such that T(x) =

S
Let T(X) = AX. Then matrix A is a 2x2 matrix, and X 1s a column vector with two elements.

—_—r A cot™fs -
\(XWT‘P‘)‘:(?J\( 5'ﬂ-;g E:w;,}(xl-\
_ sfh'qu cus'{r/; \ l \/ ﬂﬂ'w’
~ K

) (ﬂ - N W\ ~
T - — _ - rrs";;_ _sinﬁ’?\ (G l\(?(rj
A oML~ M\S-R_QL& UM&L‘J‘ [Dﬁ'" J\_ﬁ" W €1 {-ﬂ_ | = El-l.-ﬁﬁ C'Fﬁj . I i ¥



2) From 2012, Quiz 2, #2

For what values of b is y a linear combination of u and ve

_ ~1 | T4 hLS 0 o L.C, o—&— [h ‘MWL _‘f'fH‘w"" AC\.}C}
v=| 1 ek Hhat Ur GV =T L Fron aredtel ke
_3 _ TR (0 -1 -3\ [0 3 °;’.?\\
: . 2 : tI:IM11In—-’10‘1wlblt
4 1 3|,|3 \| h/a'/ lhjg,‘J 'fﬁl:l/
0T i g N 119 F-’rd‘ ﬂhﬂl Q.DFWS 3”3 l!"s CI:—l') CL:'Y5 ¢
S S The 37 row 15¢ Cﬁ‘%ﬂl":\
__\ + \3/3(3}:‘
b =72.

’I.g LT}LQ_) -\-L{M He ngsjrem y hl}"\_ CWG]S‘}‘Q{J( & rs’ hﬁkr
(- L C. t::'é" O"ﬂl.v-

E :'"—1- , then y is a linear combination of u and v.

1’) "?E 7\/ , then y is not a linear combination of u and v.




3) From 2013, Quiz 3, #1

If Tis alinear tfrasformation, and:

(HEBEHE

find the matrix, A, such that T

.
3 -

(X) = AX.

let A= o0 Then

vy Q9o

() =AU )1

() A L) A

et rovs 5T equating () MO

l'-"-u r'.’l-"l 0”10.} £1|—,_':"|

281 +j_ulb” g (L‘j '"SPQ-C-‘\'IdT")
Sumo‘ Fows o€ e wu—hmg b, ,.,J.@

qz_l “+ GJ_LH q'l-'l- 3 cln_,._ _3

Qy +10737= 0 (ls" by "“-'f"d—'““')



4) From 2012, Quiz 3, #2

For what values of a are the following vectors LI¢

12112
O, 4| 2
2 3 a

— 5

r-l't-,,'\?'.,,J:-c-ﬁV;-o Can mlj Lz_ Satirfied wl\.lh\_ Cl""C;_-“-C3= o}
0 2 % O 2 2 0
1’_'::)'\_:(0 2 | ol O O 1a-F 08
| O -l a-4 Q O | %-a g
T\U_ Se_cmﬁ( oW {3 Oc + O, +('}_d.-7—)ca-_:o: oY ('1!1"7)%""0.

T4 La-F#0, Hhon S5 mut he 2erp, B (4 =0, Hon fem Ho Mo

r‘urws? C, =G =0, -TT'WSJ r+ 7a-T ?50) Cl:'_Cg_'-'—C;'_-o ﬂ-hol VE-E\-"'Y'S M“S'\-L\Ef L—I

TL vedtors ave ur LB +lwb, are LD, and yice wverso .

15 LT et ”L"‘“Jﬁ':"‘ .
F,Hul ﬂhanln'\-ﬁpl "‘ldf'l‘r';'x: (ﬂ 1

-
f A= /'J- , then the vectors are LD.

f Q& %q—/’)— , Then the vectors are LI.




Recitation 21

Today: Matrix Inverses, LU Decomposition

1a) State the formula for the inverse of the matrix

a b -1
M=[C d],M = d,€+M -C Qj

1b) Use the formula in (1a) to find a 2x2 matrix P such that: P

At

3 —
4
E gmf‘f‘ruc‘l’?m"

V\ n ¥
[“" ‘f3 The muerse of b s 55w [

;|
\ l}
3 It B C -
| ~ _ L{, | \ ‘l‘l:.-
ppg =13 = %K‘%-u b 'J
=T - o

'-'-Kﬂ \/




2) Solve the equation Ax = b, using the LU decomposition of A, where

3 7 2] [1 0 0]3 7 = 7 L = lven teionoular mty
305 1 |=[-1 1 0]l0 =2 -1|b=
6 -4 0 2 510 0 -1
| C e
S

u;u”a +i. M'b(
%: Lz . Thow L_\ﬁ':-b:

(\ 5 B ?{ x (ﬂ >_V\\+V\1+OL\3 C %Z'__ Sbs

25 L > | Ty "o 3= 2y Yo T G

%UC[— ul( ,__-% o \ﬂk(mv

(3 1 ‘7_ /} (-:7\, | "1?(1.‘2(3:—7‘ XK= L" s

| -1 )
| O 6 —|{ '3)<l‘~q-)( L;xj":f‘ 7[| 3 \

. J
=§



TP E) i v e e Lo -ﬁ" e _
Ell = e\?n..'ndnh Mu+h7c thet Q(,‘..,ymh; Apye
3) Find the LU decomposition of A.

5 0 4 5 © G
A=| 10 2 5| ~_ o 1 3 |=6A =
10 10 16 _Ese © e Ig
E‘L\ —(.éoJ
S 0
/_\-/ p = } — 63(€2|A
o = [ooo O (0 7-7"
31'(913”
¢ o % -
7N 6z 3| < (:37_€;,62‘A- C/L—
bas o?oo oo
-L €127 0-91\



0 4 ————— —

| 10 10 16 ?\EF
()'C?_uu\c& 6'( Yot/ QS to &*@h l : “-ﬁg— i )

JUADR S | . A g |
lez\ —- R 7—, o 1 3 = (A
Qa2 O ‘ A A =

F‘ND Ly

[A m (D S

D f

- T X4
= 63 : B #q y | AC“( W\s PAC‘\'H"U S THE SAME
— \
-\ 0 | X5 =€ oTl'lcﬂ wé AusT |
| Lo 0 = l_/ \ wkeTe ouT FEWER STERS
2 5 | \




lf N State whether the following statements are true or false and explain your reasoning.

a) A can be row reduced to the identity matrix iff A is invertible.

The statementis ’Y' because: "‘r\\f (< M wl ‘(:d lM/Q'fe/
("H{,lkﬂb\ q‘ q— 2 )

[

b) If matrix B is the inverse of matrix A, the equations AB = and BA = | must both be true.
-
The statement is \

because: Lyj J\Q‘? )V\ of QV\VQ\‘JY;L(Q/

c) If A and B are both NxN and invertible, then the product A1B! is the inverse of AB.

\ .
The statement is \F becausg; Q\gy

d) If an NxN matrix A is invertible, then the columns of AT are L.

1 ) T
The statement is \ because: ‘.-§ A WS ,meff. ) Yoo A

‘s also a'ﬂvﬁ\'fa) anpl

Q“ﬂ \V\Veﬁ'a e W+()( (ga\rwrz) Lﬂf (:Y co(S,
Sec; (We\(‘{'a!oe Ma-ﬁr\)( %neu_. recﬁo»\ 1.3



Recitation 22

Today: Column Space and Null Space, LU Decomposition

From quiz 3:

b) (3 points) The two vectors
1 2
3| .1
1 1
span a plane passing through the origin. Find a vector that is normal to this plane.

o 3{\&« sectors  ave both in He pla. |
N vector WT?(.';M({W 5 Mo (1 ?we«. by’

f’ﬂ
3 -
\ (2 | 3 f -
| -l-1=)! = | t \
(s:\xa ‘a“‘ o } == 1); [——S DN,
L -] { "‘6_3

wht DO€S(\Q'\ ' Aﬂma( _ko “’U Nc+m: N -M\l& (\)(W\SL'

{ _ \

. - (el a0 ¢ c,0 =0

- [\. Wl



POP QUIZ #2

Start time: 8:10¢
Ends at: 8:25
Pop quiz grading
« 5 points: correct
« 4 points: something correct
« 3 points: name on the page
« 0O points: did not take pop quiz

To submit your work, choose any of the following:

A. work on whiteboard in breakout room

. type A in text chat so | know you want to work in breakout room

. submit work by letting me know when done, and/or email me a screen

capture of your work

B. work on paper and give work to facilitator

. type B in text chat so | know you're doing this

. leave 2 inch margin on paper

. write your name and QHS8 at the top

. facilitator is receiving instructions today on how to submit your work
C. work on paper and email a photo of your work to me

. type C in text chat so | know you are emailing your work to me

. email your photo to me before 8:40



Find a basis for the column space of: )

123456 L+ 3
000123 oo o & |
© 0

00036 9

o O

Puet Columag ave In -{Ea(umg‘ |l t 5o
\ h\
(Z\ Q'\A (1‘5) ’ed&; o \aom'f for the
COLW”\ fpace of \I‘L@ 3”*0"&
p\u\-" H’)(, o /

C,k;,ek C° u (‘g S € —4\ / S;m{ay qucu(a-*m\,f ﬁr)
(} : 3}__ 0_3 Q f?'“’VI- Ca(um5




2) Fillin the blanks:

a) Coll Ais the set of all inear combinations of the Cawﬁ of
matrix A. (er ({id"’Co(uMh.rJ

a—

b) Nul A is the set of all solutions to }\‘X =Q

c) The 2= columns of matrix A form a basis for the column
space of A. N or Ha fival o lumng

/
d) The rank of matrix A is the _avmser of LT Cols

e) The nullity of matrix Ais the {L‘&L&- ;‘f col:)"m[c p

= num of colc = Y““t‘*hUII;+j



- o EE—— e ——— s = — -

i =
="z T e e R, L . e e

3) Find i) a basis for Col A, and ii) a basis for Nul A.

3 -1 -3 -1 8 3 -1 -3 0 6
31 3 0 2 0 2 6 0 —4
03 9 -1 4||00 0 -1 2
6 3 9 2 6|00 0 0 0|

e - He TW"* ce aw\;
xAs L A are free.

| o o o GLA bt R FARCAL
)

H,0 Ds-?‘a‘“?\ % r%’\
T v\ T xs\ \
| \’“"5 = \ o L)

k| -7 gl g O
N Foews b £ob Nl A)
Liest o 9{\@ o 3K~k 3Kt Ox 16 20
| (2% 3%) -3, +6%5 =0 3 J3 5% +Ox

-



Recitation 23

Today: Column and Null Space, Eigenvalues, LU Decomposition

From 2012 Quiz 3: Find a basis for the nullspace of A. Also find its_rank and nullity.

‘ t
3 -1 1 -1 2[Rt (3 o ¢ 16 |°
A=l 0 1 3 2 4| ol 2 .;7;\\@

0 1 3 2 4 |2;%y \ cc \ d |

L | ) J ]

5 2 gt ol D rak X g 3 T ?‘iﬂ:{iq)
Nt = (6 cok) = (rark) =5 =2 =3 N

Ak null fv\l / _ ) | 2

£

- ‘Fo\‘ Muaf?a('ﬁ . ’W\‘Yte 4((€¢ vqr‘q‘a(es . ,)(3/ 7(*/ 7(5' -

Rew 't D% 0 P e et 6t = O D 1= By 2 “2%s
Ax kA 4 Lx, *37(%‘1’%7(5 =0 = ;glr-’ll(s's'l(‘t -¥7(5 )

o OX
Q\ov’ ‘N | C /3 A
_y -3 - TV
e (J’\ - () Vedos 9,07,
AR S P AR A P DA

\

L Xs - L—-_ﬁ .._‘. ]‘--0’\7“‘ \':._l.__". hu“.i?u(d— 2
v = Ua



2) A 2013 pop quiz question: find the coordinates of b with respect to v, and v,.

t
l‘¥5 COW‘O{\a S &

<‘W\¥L\ Ow\ wc(‘(m\ tjue(olS

e\ij g *%\ 'u/\
¢ - 3]

'a
|
f

)
g/ % ‘\-‘«as (ao)"o(ll\qfe} are (’57

Cr= 2y



—

= - i . - = -y - = =

3) Is A = 2 an eigenvalue of matrix A? Why/why not? ("ﬁ'M SEC“EW\ 9*‘)

3 2
3 8
1f 7\:.2_ i on e-'veC“OT‘, 'H\m.. it murt Ia'“,f'f:)':
Ao =%, or (A- ") 720 . (by ]

Sloaiabes Fin. Mkno*w» quentities”

A=

g :(A-n1)® | - commetalSiol anetr
( o ""w ::_\ \f He tolumng of A AL were
Cl (' l :'[—'\r K’ — q/ La:) ‘\td' M'v( N Lav?' 4o
= L S0 -

Ace  co (umn s o‘F A 5\1 L:L? NVo. A/ ’U‘ u)ou,o,l L\owt“° La(-)‘
é 3 Mu} Sb[ hg (\_v_x'(mrk__,_g Mdh%) | A lr‘u"l ho'} LQ- an Q‘W[u,a

L-Lcau.(e Q"UQC“‘OU hltf(‘ L{_
ROR-2RY 0,

= A=/ S an e:fjeuva(uc.



4) Find a basis for the eigenspace of A, for the eigenvalue A = -5.

4 1 1
A=| 2 -3 2
3 3 =2

/T(/\Q., Ca(‘(‘e}Qw\Jrﬂ e,-\refc‘(“o)-s ’*0 7‘.""[3- are fo(uﬁouS '{’6‘-

o 2f releo, P gacl

— -
o = L,X
Tt 120, %7, Hew 1,27
- i
2]

=
;\_f)l , Vo dce LY ef\}ec{o)'!

‘)({f&j( ‘GHH \agic ’(o\' e- fpoce of
A 'Ft;k A==




5) Find the characteristic polynomial and eigenvalues of:

W X=| 7 ] 0= det (A-2T)
b 2 SIRE
- d 5
s Gas 221,78
0 0 0 -
b) Y= 0 3 4 O= 0(9"' A2
0 0 -2 :(1"3) (7\ -—{-L) A




£\# Find the LU decomposition of the following matrix
(if its before 8:40 am, in group work).

3 1 2 -
S ) A
B=| -9 0 -4 o3 & | — T2
9 9 14 r\—/[o 6 Q9 4 (Y4 |
E‘Z-': 30 \o?)
/3 L \ _
| o 32| = = 3 62, A
ﬁo 0 \”-.\_ o € 9
3| -?'o?)
T L\
:ZL;Cg -g.ﬂ 0ot S N
\ ~ = = { 90 ‘(00(((02 /(;?O



=Ll fa=amtet L0 S
[[pS= =

BRI e e TR e

<
4 } Find the LU decomposition of the f_oIloyving__mca’rrix {if its before 8:40 am, in group work).

[243] | AT e

2 (-
Rt 2 y L2 \o 3 = (A
' o O L\_

e N (,: L2 UG
0\ . 5[© be
0
Col 3 Ff; ";'U( (0’\ ]
- \ 4 AN



Recitation 24

Today: Determinants (3.1, 3.2), Diagonalization (5.3)

Suppose A and B are square matrices.

1) If a multiple of one row of A is added to another row to produce B,

then det(B) = dd" A .

2) If two rows of A are interchanged to produce B, then det(B) = — a‘e‘f m .

3) If one row of A is multiplied by K to produce B, then det(B) = Ko(e{ A

4) If Ais a trianglular matrix, then det(A) = o reduct ~f A{ajowf element s,
\

ﬂ

Lgre ops
Compute det(A) . ( ’I LCQ;L;LL
) i \ / \
A=| -2 8 -9 o 0’5)"’\-’%6’51}
1 7 0 \O ? B \ ¢ ¢ -5 |




Theorems from Section 3.2
Suppose A and B are square matrices.

1) If Ais not invertible, det(A) = O
2) det(AB) = dotp -derB

3) det(A+B)= det(A48) . le-
4) det(AT)=_dot A

det(ats) F deth +oloth

-3
S
o

f g & =1 R-Sl 059 -3 A
-\ -3 -1 | =% -2 \~Au( 0 3
& s 2 e 5 3 o o

Determine whether the following vectors are LI. N et IS 1eYo
—5--0-“—1-‘ >\r9,d‘a?‘)‘a)‘e. LD,
1| -3 | -2 A
0 5 3 \
: 5 B
I—f L ’{J'OK 0&1{'\\% :';' 32' W"‘L& &)@ o - BEYO .
——\_,_,_,—«-"’- —
CoFﬁC'[otl i Y
592 = 5 (a9 -0 -0 Go) o5 -0)
oS>

-—
——

6 -5

PP

—
— —

5(—-‘?+
55

L

O 47 “u‘(d's are LD




Section 5.3: Diagonalization

A matrix A is diagonalizable if it can be written in the form:

a- PDP™

where

Pis & va{"ll'-’(‘;‘x (?(: Q—VCC%VS <Co[UMnj pce e.-\r(’.(:"akj)

Dis ﬂo‘tk\"lx _g‘(:‘ Q.-Ua(ues diaalc-m_; olosils ace Q:'M(u,e!/ )

of ¥ ¢ fwjmxg ate O
Suppose A is NxN. To diagonalize A:

1. findall e-values  ofA

2. findN LT eigenvectors of A
3.  construct P from eigenvectors

4. construct D from eigenvalues

5. find P‘l



2) Diagonalize the following matricies, if possible.

5| 3 2| ¢
0 3

A) o der(r B) 0= (-3 -0

1 3
4 2

where A's of C are 2,2,5

—_— = )
—_ ) =
L) = =

1 1
1

@ wagre we(i]
> e [E\XJ?":['J '

—

- \'7“3) = A :+3- _
-dei( i Lt N ’;, (£ 235" Aos‘1=(.’.‘.’b ',7_
— F P -
= (1A (2A) =1 % f%'*f""; ‘o 'L)(T\)_(") ' (z = —aJ (1-, iy
i = | “\lo ~\N 0 - S t =
:.7\2'-'371-!0 A O.I\T SRS [1 Q g-.-g:? g o o)
\ ‘%or s / — !
D 2= =A 5 => Jgha €igenvec i o \»> N 5 ______(' j
% | e clt B g b
\§ Az-% = tnomactors S P does e B RELY &> -
7 ZX?.‘*) OHA ‘B:,I M*— A;ﬂjma'l'zﬂL‘e' —> C— (,T -'0 I‘)( 2’ 5) P

L tY 1oe ) \¢o 2 ! o
ot 1 610 | A~ loy -lo-lo
|

o twol

p-! JeYWOING  INVELSE oFf 3x3 tWN'T
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Recitation 25

Today: Quiz Review

Quiz 4 Next Thursday

Review recent HWs on span, determinants, and eigenvalues
Review sections 2.8, 2.9, 3.1, 3.2, 5.1, 5.2

QHS8 Office Hours
Tuesday and Wednesday 7:30 to 8:30 pm

We'll solve practice quiz problems & go over specific areas you'd like to review.
At the same place as last time:

https://georgiatech.adobeconnect.com/distancecalculusofficehours

Online Drop-in Tutoring
Wednesdays, 5:30 to 7:00 pm
For all ~450 distance calculus students

Facilitated by Greg, who will answer questions and review problems from QH8 recitations

https://georgiatech.adobeconnect.com/dcp-online-drop-in-tutor-center-2014-fall

Question 1 (from 2013 Quiz 4)

a) Determine whether 12 is an eigenvalue (hint: there is a faster

method than finding the characteristic polynomial) A=

b) Find as many LI eigenvectors for this eigenvalue as possible.




Group Work
Writing on board disappears when | enter room (sometimes). So lets try this:

* None of the breakout rooms have the questions.

e Every breakout room has a whiteboard.

« Write Question on the whiteboard when you get into the breakout room, solve it,
then move to Question 2.

* You've got about 15 minutes.

Question 1 (from 2013 Quiz 4)

a) Determine whether 12 is an eigenvalue (hint: there is a faster 10 3 -] |
method than finding the characteristic polynomial) A=l 2 9 1
b) Find as many LI eigenvectors for this eigenvalue as possible. 20311
Question 2

Compute det(B) by using row reduction.




Question 1 (from 2013 Quiz 4)

a) Determine whether 12 is an eigenvalue (hint: there is a faster I 10 3 -1 |
method than finding the characteristic polynomial) A=l 2 9 1
b) Find as many LI eigenvectors for this eigenvalue as possible. 23 11
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2 3 -1 OO 0 O | S\OM'“SEAX[
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Question 2 (15 -3 |
Compute det(B) by using row reduction. B=| 3 -3 3

: 2 13 -7
: \ : L 2
L 5 -3 \\ 6 73,
13 .32\ = |o-8r2 mm‘"ﬂ |
| I:“ =8 + 5‘/7-143'%5
. £ =3 :-IQ‘F\S:} _\36
— | 0 % =-\Q
lo 3 |
— Q\l 5=-3 |
le =3 %
\ o © \ 1
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4) Find all values of h so that the eigenspace for D, for A = 4, is two dimensional.

(4 2 3 3
H_| 02 R 3
0O 0 4 14
\_0 0O 0 2 _
Tve BAss Vo €-space  SEaNS  soLuTenS Tol
(D 4T \"a"-o' ){w,al\uc&"‘l
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o0 oy °© 0o O 4 Hwe € \
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Recitation 27
Today: Diagonalization (5.3), Orthogonality (6.1, 6.2, 6.3, 6.4)

—’1 ‘ {1 1
e {3 o )
1l 1 1

2
[3] =8V + 82+ &V,

5
where the v; ' s are as above and the a; ' s are scalars, FIND a;
\Mz_ (=) (“) H+0+i=0 Veckor g
R ~() vt =0 ¢l

'ﬁ.ﬁ-{—ﬂ.ﬁ) - l-ua' o or*hojmﬂ
‘ _ﬂ&'ﬁwg*{aa‘\: FwdD az, )

B o (52 (
AHE TEDOUS MEfron - selve (;\ '(z ) Q;

Tue Fkr‘. ME'{HOD = /\Tzc(g) :'.’\I;.(a.\ﬁ +O,v, 3 03\/3)



Question | (parts a and b are from 2014 Quiz 4, Question 3) - 1 2 3 [
a) Find all eigenvalues A= 0 1 1
b) Find a eigenbasis for each eigenvalue. 0O -1 3

c) ls it possible to diagonalize A? Why/why not?

w 032 oe‘f( ) (\ )}[ L)" .:77\\"‘15 7\7./512/.

A
fast yeur: 042X, +0 =0 D7,
/6"'3 ¢zo Second yYow: O +6+%320 Hop g

K A""f“\ii;td o | ~ | 2 ¢ ‘)«,.s{ue Cherse 2,
\O A=l L o -l ¥ &

Ar—

P o A .
w-[oo]‘
o -~ t3 =105 X fFre
b N A AALJ"” O =L M e t=l 1> 05 S
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Recitation 28
Today: Orthogonality (6.1, 6.2, 6.3)

True or False:
a) Eigenvalues must be nonzero scalars.

This is_SA“S€_, because eig%va(uc; Con Le zeéle, WA% 44 4 Ace
ve Lo tiut Ha gl watsid hos

igenvectors must be nonzero vmé D cobmns (lacance AT 2@ =67 e/

Al Y IG/HVZ.:@-,
This is_YRUE _, because wure wwﬂL pave ron ~Triviel Y )

to £ Aw*ﬁ/w'q/ fo/f‘ﬁ”"') %
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Quiz 4, Question 1b
Solutions were emailed to students yesterday.

Question
1 2 3 4
b| Find abasisa for thenull spaceofa. A = |0 0 2 3
0 0 4 6
An Answer -
-2 -1
. ) 1 0
A basis for Nul(A) is the set: 1 o Il -3 .
0 )

Is this correct? How can we check to see if this answer is correct?

The basis vectors must_be. =, and __be is %g[é, ull space o A
21 (0 T " Hey *
AE:&- ST‘U Ltd‘ A(‘i‘x # L}._} , o \1 _c;\ 0wl i
; | 2|
Nul(#) yanl 1o camot bo a basis VC.('AP,

[ =



1 s oc*w q\r"jet{n'w ey Comes From 'Fﬂdrg
Orthogonality W « sk. ][ 3- cx:uf/ i .,,,ﬁ,;d,wi.ré occuks wha.. uJ_(twu}

a) Compute the orthogonal projection ofy onto the line, L, that passes through the
origin and is parallel to v

b) Sketch—\‘/, U, and the orthogonal projection] and L,
c) Calculate the distance between’y\ and L.

d) Write Vas a sum of a vector in Span(ﬁ) and a vector orthogonal to u.

( X?G)QC‘(L% %—‘z—; (/(/ /d,e’ﬂm{’\(/\n\)
[ 2.8
47+

a—
mpm—




Question 3 g 3 s

a) Are the columns of A LI? A= 1 1 1
b) Do the columns of A form a basis for R*? -1 1 2
c) Are the columns of A mutually orthogonal? 3 -7 8

s 31 v? u( \\ f// b '15 (\
d II\ /\/ I‘-.:II c 2 ,‘ | i H:al l " “"/1, | ,‘> YES ) COL C(M '\/j

o

\\ o 2% | 0 o | .f} ARE (T
) VO, Ve ra b Sussmer of RY,

. Y "DT = 1§ =+!-1 =2 #o —7
C) QQ 1 /
A, -4 ~
= : or i
-)Clz,f 013 = do&sh + M‘#e’y OOWa{



Recitation 29
Today: Orthogonality (6.1 to 6.5)

Orthogonality and Linear Independence | 3 -5 1
1 1 1

a) Are the columns of A LI? A=

b) Do the columns of A form a basis for R4? -1 1 -2

c) Are the columns of A mutually orthogonal? 3 -7 8

Tl columny ‘F /\ oo @ Lo '61 a Ju[:/ne&F /ff
s+ T [J) =36 #O

2 ‘l

//Ao/u,g,( '('o C"ﬂé‘: JHQ, ‘sz det m‘wb’

P4



2 3 s

Find an orthogonal basis for the column space of A. A=
< A ) -1 1

Let <ol lumng ot A L’@ Q“ag_,mg . A
et Losis for (G‘() ‘Lle W']*;'\Vq,J'V} .

2
r“\
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Least Squares (slide 1/3) 40
Consider the system Ax = b, where A= 0 2 |,b=| O
1 1 11

1)

2)

3)

4)

5)

Are the columns of matrix A linearly independent?

’\\/’E;g\"f (TLO@J G0 p_-.x,;-f co - 4%)

Do the columns of A form a basis for R3? "
| (we il 1e0d D colouns
O
¥
s b in Col(AY f. ‘
NO\,E' TI€ 4 Wau oo #:&»ﬁ (st fpf e;nd‘ ;t, Xy,
a4 K _ 6:2— [o) 04— 2z
A(“Ll' L‘ . ‘\t&f:!:’J ~et o "'> [NCOMS/ITJNT,
/

] 0 ¢ t.
Is there a solution to Ax = b? Note - AH*’H;’

A
Therefore, we will:

N
FIND X |

M r "f\()v ”Q(ojeﬁﬁ// fo/u‘lfm Ts
Axsb




H\\ q a’ A .'":Ij - -
Least Squares (slide 2/3) 40 2
Consider the system Ax =b, where A= 0 2 [,b=| O
1 1 11

IR " |
Our best solution to this system: the vectorQ suchthat || b—Ax || H L' A K(: ;
What does this mean?

I
1) IsbinCol A? NO,

2) Is AXin Col A? YES Aﬁ 'S (a-f(anm w"ﬂ\_

a, ool - ,

3) Is(b- A’)z) perpendicular to all vectors in Col(A)?

Yes ! .1

f‘
*7/“‘ (b- az) =0 = Lo
5% - AT




i : ]
4 0 2
Least Squares (slide 3/3)
i A=l 0 2 [,b=]| O
Consider the system Ax = b, where {1 i1

Find the least squares solution to this system.
-

TA= | b ’ " o B I S

A'A= [dt' C: } 1) s \

X tq |
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Recitation 31
Today: QR Decomposition, Orthogonality Review (6.1 to 6.5)

S - Ry G 9. 9~ -
QR Factorization 5 9 576 -1/6
A=QR, and R is an upper triangular matrix. a=| 1 7 |g-| 16 5/6
-3 -6 -3/6 1/6

1 5| | 1/6 3/6 |

a) If we weren’t given Q, we could find it by using GeaM f&mm

—UE G Somunyr  ALGORTHN HRIBACES  an ORTHOGENAL BAfs FoR Coc(#).

b) The columns of Q are _oRTHoNogmAL ! so %-1)—_1,%—.;,0\!.1;0'

c) The columns of Q form an or oo maf basis for col (4)

pote; o o vulfigle o G

| f | | , ﬂ
a mn_!{i“’%:f{@ d( a X‘QP ﬂ:b:ql °‘_ ‘q (1“
» (“*?- i

& q %‘ ,1 q'p " *4;1'%1 5

¥ F

1

has the welght'mgs for fmal exam exemption policy been announced?




O\ - .
QR Factorization \5 9)\ 5/6 -1/6
~ A=QR, and R is an upper triangular matrix. Azl 17T\l p=| 16 5/6
o i -3 —6“5Q -3/6 1/6
1 5 |\ | 1/6 3/6 |
d) The dimensions of R have to be __ 2% ,because A=@K 1
e) Find R. R R \
f) Show that your answer for part (e) is correct. G XL
) y part (e) @_“&':—T
ofm of A \

) A= QR Q}M&z\) »
QA < @RR (melfiply by &)

C?TA = I R‘) L)QCG“S& 6\) lS Qh o"t‘f’(aaf\ﬁmﬂ malr Y
: Al &I 36 22
Thes e r}’ ‘3 |2 L [
g _ o \
7RQAC\“5 ‘3?.3—5{ 034: ° ¢

; - LA (\L
S 4 rC 12 7] 1 /30 S‘f 1

I ’ = ' L e e A &
! ‘P) &R St\otbu C‘}U((( ;3\ ‘ Ci‘““C{( < lrlsf | | c £ =¢| gol_xl_opf“ |
| L‘ 5-‘; g ALLWJ*A"'&)
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Least Squares (LS) Formulas
For each case, state a formula for the LS solution of Ax = b.

1) Ais a square matrix and ATA is invertible.
N A AT
% = ()QTTP" 13\ &D

2) Aissquare, ATA is invertible, and A has orthogonal columns.

: -~ B A ¢ """' ( -~
{n XL ( Q%\W)M ’((wﬂ[% bl C"(/A) TREANE i,.c;, d a,
n \ \ )
PR (1 b 7,
| \ A \ avd i~ «'t*ﬁWMQ e A =
s AR AT . gl
{;um%’\ | @) "

A
(f\ Y 'f%3) A is square, ATA is invertible, and A has orthonormal columns.

(mc«. A hos 01“'[\09}'&41‘ La(‘um-; A=, 5o

‘l)\(_:;,_lT!Al: - )AlD (O [)
~ | L xS ( \ “’LW"‘_%’ILM

T Can dife USe




Least Squares Solutions

If A is square, and ATA is not invertible, can we find a LS solution to Ax = b?
Why/why not?

fhe LS et to ATEb 16 4 sl b0 AT7AL,

Fp i gme xS Lo LD eolumng

S |
¢ )[\A\\D & Sove At

_,7 Gnt. O SD‘\Hr\ f\g&@w\ \tJH\ am M‘(\\’Lp
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5 YeS, o comfd & L5 crluitio, ol tos
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\
Xty =2
Describe all LS solutions to the system:

x+i=4

2 | a [
£ DRsb Hen A [E(\ 2NE

“he LS ;o(mtf‘m; of A?‘/L <slve,

A% =Ab
2 - Y a S&!"‘“m WF}A M
But AA= (_ ] % K l?c (f{bk#a.fm/u{%ﬂ
A lo [ } :_X* 7‘-" (; |
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Recitation 32

Today: Final Exam Review

Quiz Grades
* Quiz grades “locked” today.
* Please check your graded quizzes to see if they were graded correctly.

If You are Writing Math 1502 Final Exam

* Part!l: Mon, Dec 8

* Partll: Tue, Dec9

* Work with your facilitator to find a time/place to write.

QH8 Office Hours

Sat Dec 6, Sun Dec 7

Please use text chat when you are free with “l am free on Sat ____and Sun _” so that
we can try to find times that work for most of you.

Today
Group work: 3 groups, we may return to main room if/when groups are getting stuck



1) Section 4.6: Row and Col Space of AT (Slide 1 of 2)

Row(A) is the set of all possible linear combinations of the rows of A.

Theorem (from Section 4.6)

If two matrices A and B are row equivalent, then their row spaces are qu \

Ei
If B is in echelon form, the nonzero rows of B form a basis for ROW(A‘) ;

Qow( R
aswellas ___ Kowl S

A proof of this theorem uses the fact: if B is obtained from row operations on A, the
rows of Bare o lhem wim+fm of the rows of A.




1) Section 4.6: Row and Col Space of AT (Slide 2 of 2)

Matrix A and its row echelon form are given. Find a basis for

1) Col(A)

2) Row(A)

3) Row(AT)

4) Col(AT)

Hint: the answers for all of the above do not require any calculation.

q a\.— q} e /) > A
1 -4 9 -57@ 10\ -1 5|7,

)

A,=—12—41~0—25—6E,
5 -6 10 7 00 0 0 |7,

'- out 4
(. ) § Yous
¥ o ? AT: ‘1‘}‘}, 3.‘“\1 ! ol v a[iw[‘w LM’U‘ "l%nj/mﬁﬂ-m
() A, Q‘L/ 1 4 p| f AT areo lmsen c,mii‘i{;‘a,

::\’\ ol wﬂu"'rwc— 1P LD.H;S ,) i
7‘7 E 1y ”g (H Gl 4o W: ;uutan, Losis is
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L 2
'QUW it ’ )from 2012 Quiz 4):

Find the eigenvalues and eigenvectors of A and use them to find a formula for AX.

P E 2]
4 7 3
3 A AL - . xlt
= A-20 :\S‘D\}(?*ﬂ)'g CI) -l7-,7t+2:l-"‘(7"‘5)(7‘ 7)/ %z‘ﬁ
”'LZ-\ i } "(:"k
AZS AT et 2 L
.9 A-1T= g Ll
)\L A _\ \ ' l"L> !(;’*‘L‘\‘]
it ) - | - o - —
34 = | o, P ‘dfP()l AU
> Di ao[qﬁP L=t | / . ’ ;{b /
kL -~ ‘ ’?F ok Vi -3 |
p = potpt =Ll s



3) QR Factorization |5 3 | [ _2/7
A=QR, and R is an upper triangular matrix. A=| 2 T | o=| 27
2 2 217

4 6 | 477

a) The dimensions of Rhavetobe Z x| .
b) Calculate matrix R. Hint: save time by factoring 1/7 out of matrix Q first.
c) Compute a few elements of the product QR to check your answer for part (b)

1_::\5 R: Q' A

| s\ (3T (T
=

s F 1 -
% | =
¢ 4 -
| v
\ - - ) 1 g F? e i —\l N r-....‘z, +3 T
> = s 71| o* | =
C Q K F . ow - d | iuiﬁjm
{ it |
2 ﬁ er (we

~ e {Wf _r—‘_‘

5/7 |

217
—4/7

2/7 |




&Fi" in the Blanks
Matrix A has dimensions NxN and is invertible.

W

a) The columns of A form a basis for

b) rank(A) = \\) , becase A s FW"'"""L(e) < las N CT cotumn_g

c) Nul(A)= EO%
d) dim(NuI(A)):_o_

b o hog ]\) LY Tot/S €2
e) dlm(NU'(AT))— éc((yuf& A S[M/O\,‘H 0

' has N (3 cohuiny
) dim(Row(AT)) = M({A}) -
g) dim(CQl(AT))=_M&"“’(A)) =N
h) dim(Col(A) +dim(Nul(A)=_N _+_0 = M
i) dim(Row(A)) +dim(Nul(A)=_AJ) +_ /7 = L/




5) A modified version of a 2014 Quiz 2 Question

Compute the integral, using a Taylor polynomial, to an accuracy of at least 0.01.

fOZe_x4dx \'-. ALT, ggglgfl ggM. ;]3:“,\‘;
T [ g %
3 'y |
([t g T ok
& . /E:, 4L < i)
2)%\)1:{\8 * e naoA N=31 !
- : | 2 N
Bl VIV AR { ST R W
% ) K G +! )
= g ‘., )P 7 -
k=o (c, z‘,L,F,



True or False

A) If {v,,v,,v3} is an orthogonal basis and c is a constant, then {v,,v,,cv;} is another,
different orthogonal basis.

This statement is , because @ haric 1§ ¢ rfet oL al / /JumZ/&

(Aweh (%Liid‘ffﬂ,f oF pecters.

B) The LS solution of Ax = b is the point in Col(A) closest to b.
X 18 e LS cdutim y @l

A : , . A
This statement is__1— _ because A)( 14 ‘H& clotef gewt 1 b ) net X-

C) If x is in subspace W, then x — proj,x # 0

t PR ‘ZQ:‘ = Dro\wX
This statementis I because ~ f A if " (’\// X % e

:’e,- “ﬂ\;. Pko-je(ifm. a"( A VQc][fﬁ owA ﬂ\,f-/
f(wu ¥ fr';re/-,f:




" True or False

D) If {v,,v,,v5} is an orthogonal basis and c is a constant, then {v,,v,,cv,} is another,
different orthogonal basis.

This statement is because

E) If G is a LS solution to Au = b, then @ = (ATA)1ATb.

This statement is ) because AA N\d’] "'7(' {KJL f Au@fl‘\ue/




| Eigenvalues and Orthogonality 0
. on
O)What can we say about the eigenvalues of an orthogena+ matrix?

: m AK;"—?\'\?/ A s nﬂx«im_‘j&
s ozl = el b (gl (3 o &

) — ) 15 o fhenanm,
l (= ) .Z'
| St | ar i (M &i
- = X AA X

= . - I‘ |2 .
@ ' A ks W C°"U"‘M/ nT f -'-7(&\7‘(5! .
I ONE €-VAL 1S 2200, .\.. 5o {{AXU' (\ /I
Q IF A UNREA WMCEMM EVALC Apg |\ (1% M?{:: ; a(‘"”"f)
T e pigovhe € Lbyle“Af‘J oF A, - A - L
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