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ABSTRACT

Dem;nd for light weight.aircraff ;truqtures :esulﬁs in ;he use of -
as small a safefy margin as is practicél; -Aéla cqnsequénée of'thg
small safety margin andvdther unéértainties,cfgcks.ot paftial damages
are likely to occur before the economical life of tﬁe aircraft is

expended. Fatigue is one of the_prinéipal causes for the cracks.

Fatigue loading and fatigue crack growth also contain uncertainties.

The susceptibility of the aircraft:struéture.to c;aék or'partial
damage during the useful life of'thé‘structure nimposesjthe.requireﬁent
that the structure should be cabable of'sup§0rtingvthé SerVicé loads
with ﬁhese cracks. .Furthermore,>it must‘bé béssible to”déteét'fhé;é"

cracks before they extend to critical sizes and cause catastrophic

_failure of the structure. Therefore, any fail safe design that can

achieve this objective)needs.a knowledge of the probability of the

presence of a crack of a certain length at a given location after

‘certain number of flight hours. A stochastic model has been developed'f_

to describe such a probability for fatigue process by aséuming a véryiﬁg
hazari;fate; 'This_stdchasticmﬁodéi"cén be used to obtain the desire&’\,

Tt 4 ; . s ' .
probability of a crack of certain length at a given location after certain!

number. of cycles or time. \

Quantitative estimation of the developed médel has élso beén
discussed. Application of the model to develop a procedure fbt_reliabiliﬁy—
based cost¥effective fail-safe structural design has been discuésed:  |
fhis design proce&ure iﬁcludes the reliability improvement‘due to

inspection and repair. Methods of obtaining optimum inspection and

maintenance schemes have also been discussed. -
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a.

Alternate methods of fatigue reliability impfovement by cold
working processes have been discussed. The associated stress corrosion
problem has been studied, Application of statistical decision theory

to select suitable test options and safety factors subject to a reli-’

A

.ability constraint have also been investigated.

Most of the investigations under this projéCt have either been

*

ublished in journals and conference proceedings or pending publi-

he]

cztion.
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INTRODUCTION - :

It is now generally accepted that all structural materials are not
"flaw-free". Sometimes, a maximum acceptable flaw-size can be specified

as & part of the structural specifications. Thus, an initial flaw size

_(ao) and the associated probability distribution characterize the

structure. Due to fatigue loading, these initial "micro-sized" flaws
grow to detectable sizes. Time or number of cycles required for this

growth to detectable size of crack'length is often called the “crack

“initiation time." In many cases, this growth time amounts to a

significant function of the total fatigué life of thevstructure. Due

to further fatigue loading, crack éizes indreése uﬁtil tﬁéy attain critical
sizes, These critical sizés.depend.upon the critical stress intensity
facfors and the extermal loads. Thus, the probability_distribution for
crack sizes is changing continuously with time or number of cycleé at’

all locations of the structure. Thefeforé, the probabilistic description -
of farigue process can be expressed as the probability that:for time t = T,
the crack size a = A. This is a shochastic process.

the varying:crack iengths Nagm

1-
In most of the reported works s

associated with the fatigue process are ignored. In these works,

stochastic process is mot considered. The entire fatigue process is

described by a single random variable "t'" which is the time for fatigue
failure. The quantitative description consists of the probability that

for time t<LTfatigue failure took place. Because of the simplicity of the




model, probability distributions such.as the Wéibull.Distribution have
been used to describe the time for fatigue faiiﬁre; - -

The usé of such a description that uses a siﬁgle random variable
is very limited because such a model neglects many important aspects of
fatigue process, For example, one queStion thaf\needs an answer is as
fcllowé. What is the Jlength of the Cfaék-that correspdnds to the defiﬁed‘
fzilure time? Is this length the iﬁitiaﬁion 1ength ér'éritical créck
iength or some arbitrarily chosen length? .Initiétiﬁnvlength can vary
depending on ﬁhe available non-destfucfiveiinsﬁectionvcapability.

Furthermore, such a model does mnok provide any information for optimizing

fepair threshold crack length, crack arresting devices, N.D.I. capabilities

and different loading process. Another arguement used by the users of a

single random variable is to assume that the effect of varying crack

“length is negligable and a stochastic process is not needed. In order

to verify if such a statement could be true fatigue data from specific

fleet of aircraftare analyzed as a first step of the investigation. As

" explained in later sections, these investigations demonstrated that a

stochastic model is necessary to describe fatigue of structure .

rrf

urther investigations during the project period is described as follows:

s

=3

‘Development of a simple stochastic model for fatigue by using !
BRI v K s . _ . 9210

the concept of a varying hazard rate and a birth process t

b) - Quantitative estimation of the parameters of the stochastic
model by using fracture mechanics cansiderationsg;

¢) Quantitative estimation of the parameters of the stochastic

1
model from available data’ ;,12’

2




d) Application of the stochastic model to develop a reliability-
based, cost effect fail-safe désign'procedure'g.
e) Development of procedures for devising optimum inspection and

R 11 2
maintenance schemes > 1 A

! o by App}icatiog‘of statistiéal decision théory to select appropfiateg

test options and safety factorsvsubject to feliability restréintsls.

z) ;investigatibn of alternate methods of impfoving fatigue life énd
fatigue reliability by using intetferenée fiﬁ*téchniques aﬁdkﬁhe

associated stress corrosion consideratioms

L]

h) .Applicgtion of the principles of analysis 0£§é£&éﬁ€é}fo étﬁdy
the significance of ?resent meth;ds of groﬁping'fatigué féilure
datglq

As ‘a bi;prodﬁct of the abdve investigations,an improyéd mathematicalv

technique has been developed. ThiS‘téchnique and its application-can be._

described as follows:

i} An improved numerical technique of multiple integration with respect:

to one independent variable 17 : ' -

i) Application of new technique of integration to develop a procedure

« for the study of some random vibration problemsls.




.Inrorder to investigate if fatigue provess can be described by a single

‘random variable "t" that denotes time for fatigue, fatigue

Analysis of Fatigue Failure Data

J

data from two

specific fieets were analyzed, A typical inspectibn record contained the

following information.

9.

- 10.
11.
12.

A two parameter weibull model was hypothesized for the fatigue failure time "t",

~Inspection date

Identification number of the airplane

Kumber of flight hours completed before the inspection.
Number of reinspection(s)

The command

The base

"Facility of inspection

‘Crack location by numbers of the critical regions as has been

previously identified

Nﬁmﬁer éf such cracks in a given region
Direction pf crack growth

Crack length

Information as to whether the crack has been repaired

Flt) = 1- .(2%/5 [f(f/@)oi] -

(1)

In the equation, ¢ and B are shape and scale parameters respectively. These

parameters were estimated from the data by using the method of maximum likelihoodlg.




The chi-square and Kolmogrovzgests were usedito verify the goodness of

fit of the estimated parameters. The following conclusions were reached.

(1) For a given critical location or a_sélected,group of critical

(2

(3)

locations, no acceptable Weibull distribution was obtained

unless the data were censored in some way. In general,

.censoring of both high-level outliers and low level outliers

were needed.  Low-level outliers féfe; tdzthose fatigue failure
times that lie below a seiécted faiiure time for purposes of
cgnébripg. Similarly, high—levél’éutlief féférs to thoée
failure times that lie above a time c;agr;sg;gmgii.r{g’ thgh-r |

censoring level. Use of a low level outlier was not conservative.

Any model derived by the use of low level censoring can result in

serious erfors in decisions concerning designnand maintenance,
Similarly, modek derived by the use of high level censoring can
résult iﬁ increased weight and costl |

A three parameter weibuil distribution or a log-normal diétribﬁtion
did not improve the results. .

However, when the observed failure times at a given location

were reduced by regression techniques to correspond to the time

for initiation of crack of a given length acceptability of the

two-parameter weibull model improved in many cases. Probability

distributionvWas differéﬁE”forVdifferéhtscréck leﬁéth$;H;M1:  T:f]'

) . e . | .
Necessity for a stochastic model was evident.
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Development of A Stochastic Model'for Fatigue

It is assumed that a single crack is present in a fatigue critical
region, Multiple cracks can be treated by order statistics or other

procedures. Then, the variation of crack length with time is quali-

tatively of the type shown in Figure 1, This consists of a continuous

varizzion of crack lemgth with continuous variation of time or number

. of cycles., The corresponding model for the’étochastic process for

‘fztigue crack sizes involves the considsration of continuous state

(

.space of crack lengths and_continuous time, It is difficult to develop

such a model. The development of the model is simplified by considering

the state space of crack length to be discreté as shown 1in Figure 1.
Accuracy cén_be'increased by decreasing-the magnitude of 'Sif of
discrete crack length increments, Thié-processvof chsidering the B
state space of crack length can also accomodate consideraﬁion of crack
initiation i.e. probability of a crack of length éi initiatiﬁg‘at time t 

less than or equal to ti as shown in Figure 2, Even though the -crack

lengths are assumed to increase in discrete steps the mean crack growth

" rate can vary continuously as a function of time. Because the resulting

process is nonstationary, the probability that a crack of length k(at)

ize. }*% thmes AL, is present at a time t Sﬁk depends on the initial

value of time t . This is denoted by P(k, té, tk).
: o _ ,

‘By considering the different ways in which the event of the develop-

ment of a crack of 1ength>%(4£) can occur in time interval to to t‘+jrt””

the following equation can be written




FY%)ﬁ;f+Af) = 2; F’(é t/*}f)(é”(twé f+At) (%}

{=v

by assuming orderliness of crack growth i.e.,

Lim Sy (Et#AE) (3)
At—e T At o -
‘and :
L e w RV e >
whar= ﬂt f) P(O,fo,i') | (5)
si(t) ~ZP( Y Plofents S
ancé |

S, ) = Z

1(:1

,‘It can be shown that the follow:.no dlfferentlal equa.tlons are for k > l « : 

[/D(é t,t) ] = £l &)] P(# tﬂ) - &[a(f)] P 5, *) &

In,thls equation, E [a(t)] is the mean crack growth rate at t. For

k =1, the eQuatioﬁ (7) takes the following speciai form.,ﬁ o :' o
ﬁ:[/’(/;t;, €)] - Yfe{t) — E[G(8]] P, to, &) | - ®

where fé(t) is phe probability density forvcrack iﬁitiatién. These

equations can be solved by methods sﬁmiiar to those &iscussed in Reference

@), ‘H0wever, P(k, t£) can be obtainéd only if E [é(t)j_ aﬁd fe(t)

can be estimated if probability distribution for initial flaw sizes ark

knowﬁ,.-rhié pfoéedure will be dis¢us$ed in a sepérate noté;‘fihgrmethod\

T

R 6fJobtaiﬁiﬁg'E[é(t)] isvdiscusééd in the next section. IR

- Mean Crack Growth Rate
 Knowledge of the mean crack growth rate is essential to éétiﬁAte.“ '\

: . o 9
the crack length at a given time.  According to Forman t the rate of

crack growth is given by

(& mo,t) | — P(o to,t’) '—P(i To,tJ C)




-

e G @K
W-‘ (1—7_(‘)Ki(’.."‘,’—AK_'_" .

where C. and n are material constants,liK-is the range of stress intensity -

1

factors, Ko is the; critical-stress intensity factor,'r“is the ratio

of minimum stress inténsity factor to the-ﬁaximuﬁ strésé intensify factor
‘at is thé half crack length and 'W' is the number of.cy¢lesf Fbrba
stiffened panel the range AK is given bf .-. TR 2,- R
AK = AL (Ta _H“))g_ CR(Ct b) (10)
whe;ezﬁL is thé range.of applied loadS'at a given time, f(;j ié the |

finite width correction factor, CR-(a,3b) is-the'tip Sttessfrédﬁcfion '

factor, and b is half the stringer spacing. For a fixed Vallije of ‘a',

da

: is a function of the random load'péramefers AL and f:  Thuératnav
given craﬁk length say a - a;; the growtﬁ raté is a random Variagle. If
AL (M) and r(N) are assumed to be independent staﬁionary‘étochastic
processes with kﬁown_density functions, then the expec;ed value of the
growth rate is élven by | ‘
Elav
a=q,

wheze £(r) and g(AL) are the den51ty fucntions of the random varlables

r and AL respectively. %AL and Rr are the range spaces of AL and r

- respectively. Equation_(li), thus gives the mean crack growth rate at

any value of crack length under the random loading. This quantity

exprassed in terms of the discrete length units AL is required in the

' equation for P(k, t) of previous section |

da | S 5 ) l{f(’z) J60) an d(aL)  (n)




~The mean crack growth rate as given by Equatioﬁ (11) is'a éomplij
catéd'integral fo‘be.solved and. does not.have a closed form solutioni
Hence, numerical méthods have been.uéed ﬁo sblve the équatidn. However,
for a special cases where r and AL aré statioﬁa?y Gaussian processes;

Tavlor's series expansion has. been used to obtain approximation. Then

at any value of a,is given by the following equation;_‘ f

E{%%] - / { M:FjJAL}/ﬁ?O‘fM)+'9%é]

T _za i T /£Bo-/4n)fc/%d -
. ) 3 . k
s d < B [0+ C/AJ e

Alternate Method of Estlmatlon of Pardmeters j
An alternate method qf estimatioﬁ of parameters 1is to use the
fatigue failure data from the same fleet;‘similar fieetﬂér.from tests.
Such a method requires the foilowiﬁg'stéps."
(1) The first required step is the solution of eéﬁatioﬁ (7)Iand
(8) to obtain P(k; t); This‘could be left  in the form of
quadratures. e
(2) The nekt.stép needed 1is the normalization t§ a realistic maximum;

crack length N (AL).

s
(¥
S

if the parameters are to bé estimated by the meﬁhod of maximum
likelihood.it is necessafy to formulate the 1ikelihood function
from the results of steps (1) and (2).. |
»{é), The neit'step will be to maximize the 1likelfihood function to -
vobtain the pataméters.
| This work has been carried out as a part.oftthe pfoject‘ipyestigatibnf
?felimiﬁary results are published in referenﬁés'll and 12, Tﬁése papéﬁs‘

g

A
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iriclude the consideration of data from arspecific;fleet sﬁpplied.by NASA. A
detailed analysis including the model verification will be publishedlz.

Applications of the'Developed Model

One of the applicatioms of the developed model is to develop a

reliability-based, cost-effective design procedure. This method has

beeﬁ,developed and reported by the investigators in reference 18.

. . _ _ o . )
Scme of the significant items and example problems are discussed here.

Probiem Setting

The profiem setting can be best éxpiained by coﬁéiﬁering an>exémple.
In this report, the deisgn-df a builf-uﬁ‘sffucture suchxas é sheet-  |
Stifféner combination is conéidered. Figufe 3 illustrétes thé stiffened
panel. The panel is.éf width w and thickness t.  The pahel is assumed.

to be made of a specific material and the particular structure is assumed

to be a sub-assembly of an aircraft structure. It is also assumed that

large number of aircraft will be produced as a result of this design.
Even though the discussed mefhodology épnsiders a spécific material, aﬁ
optimum chﬁice émong several caﬁdidate matérials can bé'm;de by following
a similar procedure aﬁd statistical decisiop theory. Ekfernal loading

cconsists of a sustained loading F and a random fatigue loading F

1’ 2°

It 45 assumed that the random fatigue loading has been quantified -

probabilistically. Thus, the total loading F is specified probabilistically.

For a particular choice of the thickness t, the Stringer Spacing' v

2b, and the choice of the material, the initial ultimate load carrying

~capacity Fu is known. If the initial microsized flaws or cracks are

10
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specified by a probabilistic distribution, the initial load carrying
capacity Fu is characterized by an appropriate probabilistic distribution

which depends on the initial flaw_éize.distributidn, the matetrial and the

dependence of the load’ carrying capacity of the structure on the flaw

size aﬁd other diménsions.'

‘ On the other hand, if it is assumed fhat fhe effect df initial
flaw size distribution can be described by a qraék initiation probability
&istribution, the load carrying capacity Fu Canvbe expressed as a determinis-
tic quantity if the material propertiégcare:also éssuﬁed to be deterministic.
The corresponding initial ﬁitimate stress is dgfinedvto Beckf " Similarly,
for ; given thickness, stress c'orrespondiﬁg to‘gxternav.l‘ivioading is cienoted _

. . . . /
by g - If:@ﬁ and oy are deterministic, the initial safety margin i.e.,
before fatigue effects are present, is given by the ratio of cd too,

As explained earlier, both o, and © ~ﬁ$§g;uucertainties and need probabilis-

L .
tic representation. Then the initial reliabilityvéan be considered as a
safety measure. 'ThiS can be represented by the probability that cu/ or,
is gfeater than 1. * Due to the presence of fatigue 1oading,'cracks-grqw
in size. <Crack growth rates and the crack sizes depend on the material’

roperties, stress and the number of cycles.  The presence of a crack
pror )

. Then the reli-

of size a; reduces the ultimate strength from o, too

ability which is defined by the probability that the'ratiouduito oy, is.

reat

[43]

r than 1 is also reduced. Conseqﬁently, the probability of failure

QQ

which is the probability of the ratio cufo L is less than 1 ‘/is increased.

The probability of failure increases as the crack lengths increase to

;'such anjéxtent (acr) that the strenghth is reduced below the externally

applied load. The»probaBility'of failure can be reduced by increasing‘

11
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. quency during the projected service life so as to minimize the total

l

the initial margin of safety or reliaﬁility. _Tﬁis.of course, increases
the weight of the strﬁcture. Another §ay of decfeasing the érobability
oflfailuré is to inSpect the structuré‘at selécﬁed times so that the
cracks can be detected and repaired before they reach théir critical
siées. In this process,allowable initial margiﬁ of safety can be small
beczuse cracks are not allowed to grow'to_their éritical.sizes. ’fhis

roesss however, increases the cost due to inspection. Increasing-

waight also increases the initial cost and the cost of operation. There-

fore, the required design procedure consists of selecting the design
variables such as the thickness, stiffener spacing,'and inspection fre-.
expected cost or weight. The cost and weight can be Considered as inter-
changeable functions that can be optimized. Many a time it is easy to

express the objective function to be optimized as an equivalent weight

function. This entire procedure, however, is subjected to the restraint

that the margin of safety or:reliability does not fall beldw an accept- .
able limit during thebprojected life of the structure.
Therefore, reliability-based fail-safe fatigue design procedure

consists of selecting specified design variables including inspection

- frequency, subject to constraints, so as to minimize the expected cost

or weight function while the probability,of failure is képt below

specified limits during the projected life of the structure. In order to

make the design procedure acceptable to a designer who is not familiar
with the statistical methods, the reliability or probability of failure

‘can be related to a 'variable' safety factor or safety margin.

12




Methodology
| The following are the steps thaf need to be foilowed in the method—.
ology for the reliability-based fail;s#fe fatigue desigﬁ'procedure dis-
cuséed in this papér. |
. The first step Consists of specifying éhe &esign variables and
constraints...ThiS'step identifies the design variables that can
. be selected by the designer to minimizé #he 6bjecﬁive-function

‘(wéight or cost).

. The éecond'step is to specify the pfobabiliétic diStribution'of-f N

' ingé_eg;e?nai‘Loading; Thié céﬁi?¢ a §£§qh§$£i;?§;§§ $§,}u”L”
. The third step is o formulate the cbjective fumction. This
can be a weight of cost functioﬁ.an& is reiéte& £§ the f?ébébgliﬁyi
of failure, the projecﬁéd life of the étrucéure, thévspecified
and ,,é,e_l.e¢'télé le des ign iv'ar’i_ab_l_éf_,_.;_ and externalloadmg ; . __ G
. Iﬁé fourth steb is to select trial:designvvafiable; ;n& obéain kf
the iﬁi_tial margin of.safety_orvreliébility.v |
. The next step is to obtain the variétion of crack size and crack
growﬁh'probabilities with ﬁimé.: A Stochastic~m§del‘for crack’ |
growth develoﬁed by‘thé authors is used inntﬁié fe?ort to 6btéiﬁ ..
the probabilistic déscription of crack sizes. This;prébability
depends on the material, load déscription and the numbef of cycles.
. From this kﬁowledge of the probability distribution of crack
sizes reduction in strength and probability of failure is estimated.
The inspection and repéir frequency during the projectédddésign

. life is included in this estimate of the probability of failure.

13




. The seventh step is to substitute all the information in to the

cost or weight that was formulated in the third step. This yields

the cost or weight due to the particul@r selectioh of the trial
design variables. |

. Steps two to seven are repeated_ﬁitﬂ diffefent tfial variables to
minimize the objective function by search method.

. The finai design variables are selecfed subject to restraints such
as ;eliability bounds, minimum spacing,rétc.

These are the general steps that are necessary in the design proce-

- dure developed in this report. This needs the description of a stocﬁastiéby'

o modgi‘fof>faﬁiéue crack growtﬁ ahd ér%ék‘éizes;;ﬁeﬁﬁgdé éf‘égﬁiﬁéﬁidﬁf?wn‘b
of the probability of failure, methods of including the' effects of in-
spectioh and repair frequency during the prpjected deSign life in the
probability of failure, and an objective fﬁnction'in tefms_of cost or
weight. The stochastic'modél and ﬁﬁé\éstiﬁétioh'df fhé ﬁafaﬁétéfgﬂéf théf
model are already discussed in previous sections."Thé estimation of the

) S .
probability of failure, reliability improvement due to inépection and

repair, formulation of the objective function and its minimization are

discussed in the following sections.

Probability of Failure

in this section, method of estimating ﬁrobability of failure is
- discussed. The improvement in reliability due to inspection, repair and
consequent renewal and therestimation of tﬁis reliability impfovement'
’ aré ﬁot’discﬁssed>in this Sectioﬁ. These are discussed in the next
section. |

14




‘possible. If the event.of fatigue failure is denoted by E
‘of sudden over stress by ES and the event of buékling failﬁfe'by E

‘Tde—probability of failure P

The first step in estimation of probability of failure is to
o T . N

identify the possible failure modes. 1In addition to the fatigue failure
mode, other failure modes such as the sudden over stress or buckling are

£ the event

b
£ is given by the union of the all the

7

possible events_ofvfailure. ‘ o : , v : -
P _ P couE ] G3)
/?—-_'/[é[//-—s(/#é : o .
" Probability of occurrence of each of these events depends on the
strength of the structure to resist:that particﬁlar type of failure and |

the probability of occurrence ot the load that can result in that parti- -

~cular type of failure. = Because the discussions of the paper are primarily

restricted to fatigue failure, it will be assumed that only fatigue

failure are possible. This means that only failure mode.possibie is

~due to the growth of fatigue cracks and consequent reduction in stréngth..

- Before discussing the probability of failure under conditions of

uncertainty, a deterministic design procedure is briefly reviewed here.

This review is useful in identifying the different probabilistic fatigﬁe

failure modes. Consider the stiffened panel shown in Figure 3. Let it

be assumad that a central crack is likely to develop in this structure

due to fatigue. For given w and assumed length between stiffeners 2b,

the wvariation of the residual strength guﬁwith half the length of the ;|
4 29-31 . . . : s

central crack is shown in Figure 4. The value of the maximum

external load L is precisely known in deterministic design. Then, for

a‘particular’choice of the initial safety margin S, the thickness t and

15
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the corresponding stress GL’ critical crack length.ac can be obtained.
These are shown in Figure.4. As the fatigue craéks.iﬁitiate and grow,
failure is not possible until the crack attainé'a length of ac; The
length of a_  can also be obtained analytically f?om-fhg following

formula in the case of a stiffened panel; S R
KC"';VWaclﬁ/%) R_/b R |

In this equation f(ac/w) is the width corréction factorzz, CR is the

tip stress reduction factor23, K.c is the fracture toughness of.the
material. | ‘

Because the ﬁaximum'load L is known pfécisely in A deterministiéaﬁ
casej the.stresses due to external load never éxcee&vthé fééiduél streﬁgth.‘.
for crack lengths a<a_. Alterhately,‘iﬁ can be;stated that probability
of failure is zero for érack leﬁgthéﬁ-é<<aé and the probasility of.failure
is one for a> a, | .

In feality, the extermnal load is not precisely known. The load is
usually characterized by a random variable. This is the case in which
reliébility based design procedﬁres are needed. 1In this paper,.external

loading is assumed to be characterized by a stationary stochastic process.

e}

ven in this case, a value of a, can be selected in the Figure 4. This
curve is assumed to Be known deterministically.  This means that for a
given width of the panel w and a choice of stiffgner spacinngb, a value
of c:itical cr;ck length a; is chosen. This value of a, corregpbndg tdl
a dafinite Vaiue of a: onbfhe curve in Figure 4. But, the extefnal 1oéd—?

L

ing is not known precisely as in the deterministic case. Therefore, the

value of a, and 0. cannot be related to initial safety margin and choice

L
16
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 This is defined as the critical crack size fatigue failure P

' of thickness t. However, the probabilistic description of the external

loading L is known. As will be shown later, the choice 2., oy, and
thickness t can be related to reliability or probability of failure.
From a knowledge of the specified bounds on reliability, ac and t can

be chosen.

Alternately, the following procedure can be used instead of starting

with a choice, éc. A value of g~ is selectéd such that

wher%}&(%) is the mean value of external load divided by the choice of

A
thickness t andszz) is the  corresponding variance. The quantltyci is
constant which is similar to safety margin in a deterministic design.

o

However, L is not arbitrary. - 'The quantities d, t and a_ are related to

.reliability. They can be selected on the basis of the prescribed reli-

- ability bounds. As can be seen in the figﬁre, a selected value of’

corresponds to a value of | which corr§5poﬁds to a Qélue of a.-

| Unlike the case of deterministié loading, failﬁfe may take place‘
even for.values of.crack_sizes smal}er éhan aé. Sgch a féilufe is
possible beqéuse the externally indﬁcéd stress (L/t) h#s‘a probability

distribution and_doés not. represent the absolute maximum possible

stress., For values of a<a_, fatigue failure is possible if the externally

"induced stress exceeds the residual strength at any time during

_the service life of the aircraft. This failure is defined as static

fatigﬁe failure PS In order to define absolute safety }imits, the

£
structure is assumed to fail definitely when crack length exceeds ac;

fo Then, 

 the total fatigue fallure at any time t is due to union of these two

events.

17
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It is to be noted that P

/2 : P(qaacjf) —;‘—-/?f'ﬁ - //6/

fc is given by C L
Pb"c = P(azac, t). : . (/7/
For a givenwa:, a_, can be obtained from_equation (14) by replacing
% ovfg:and using the appropriate value for fracture toughness k for the

matarial,

The.ﬁrobability of critical crack size fatigue failure needed in

| Equation (20) can be obtained from thevdeveloped'stochastic model. In

terms of discrete crack sizes a, corresponds to kc(AL) where kc is an

integer and AL is the size of discrete crack sizes. Then N _
Pazac, €)= plkat) 2 ka0, ¢ ] C’S’/
The probablllty of static fatigue fallure PS£ can be obtalned by a

method discussed in the Aopendix.

Reliability Improvement Due to IﬁsPectioﬁ and Repair

If no inSpectiohszarexdone during the projected design life, the
probablllty of critical crack size fatlgue is glven by
<'
,D(cc a, 1’)— P[é éc,»g 7 P(éAQ 'fp) (/‘/')
Lk,

In ihiS'equation TD is the projected design of the structure. The

{;G

. probability of critical crack size fatigue failure Pfc_can be improved

due to inspections. This change in probability of failure and hence in
reliability can be obtained in the following way.

The projected designblife is still assumed to be TD number of hours

or cycles. It is assumed that one inspection is done at TO number of -

18




hours or cycles. If only_periodic'inspections'afe considered ZTO = TD.

At the time of inspection, if cracks of length k(AL.),E:kr(AL) are ob-

served, the cracks are repairéd. - The quantity kr(Al) is the repair /

~ threshold crack length. It is further assumed.thét structure is as good

as new after repair. This means any further crack initiation and growth

‘are to be calculated as though the structure is put into service at

t~=110_and not at t = o. It is also to be noted that only structures

with kf<:k<<kc are repaired because the structures with k(Al)E&kc(Al)

~ have failed due to critical size fatigue failure. It is'implicit that

the cracks of k(Al) < kr(Al) are not'fepaired.
There is still another quantity to be considered. This is the

probability of detecting a crack by nondestructive inspection techniques

-1f a crack exists. In the first step of the derivation, it will be

. assumed that the repair threshold cfackvlength kr(ﬁLﬂ) is chosen that

the detection probability is one. Then, the probability of critical
size fatigue failure in the two intervals can be obtained as follows.
The probability of failure P(1l) in the first interval corresponding

to G<t<T is given by A,
A

IR e e N CO R

] k"kc .
3y referring to Figure 4, the.probablllty of survival in O<:t<'P0

is 1 - P(l) because there is the probability P(l) that strubtureé fail

an<L<T. RmtéT,v

,z:;k<éﬁ;,0]+f>[éﬂ\£< c)"j,}..?fé?éc)Toj =1 (2})

~and the probability of’repair P

R is given by

R
19
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Then the total ﬁrobability of eritical craek,size fatigue failure
in 0 <t SZTO = Tb can be written as tollows. ,-. |

Be = PO+ Popo) + FilPe)— P('ﬂ /U*PM
were  F1o= PLA<ko, ] g

(23)

and . pP) = _P[kaéc , 270 ]

_Equartion (23), for the probability of failure under one inspection is

obtained by considering the three mutually exclusive and exhaustive

events F

Bt ER and P(l),[see_Equation (213};'The quantity in the parén; '

" thesis of the 1ast'term of Equation (30) is the conditional probability

. that the structures will fail in T < t<12T 'ﬁiven'that they survived

=0 <t$TO. This expression for P satlsfles all the ll.m:Ltlng conditions.

fc

=0, P reducestto P(2), as'expected.-

R fc

. When PR = 1 and hence P(l) = 0,'Pfc becomes zero. Similariy, the'

For example, when P

probability of failure under any number of inspectionse can be obtained.
If the crack detection probability due to nondestructive inspection

techniques is considered, the'probability of repairfP changes. The

R
repair is now possible only if a’ crack of size k (AL)<:k(AL)<:k (AL)
ex1sts and is detected by the NDI capablllty, w1th a probablllty D(k).

Here, D(k) is the probability of ‘detecting a crack of size k( 1).

Then, the unconditional probability of detecting and repairing cracks

.Of'Slz Qm) <k(AL)<<k (AL) at T is given by

B- Z o] o G
k= kn o

Then, of the repalrable alrcraft given by P k k kc, To , only ﬁR are = -

repaired and the others are not repaired. Now, equations similar to (30)

~can be written with detection probability for cracks included.

20




Total Weight Function

Every optimization problem involves the so-called objective function

which is a function @f the design variables appropriate to.the problem

nd24--28

at ha . The optimum values of the design variables are obtained

by finding the statioﬁary locations of the objective function subject
to the design constraint324-28.

FTor alrcraft structures "weight'" is thé most cfucial consideration
in design. In the present context, thé weight of the stiffened panel is
considered to be minimized. The design yariablés ;revfhe thickness of
the éheet'and the width of the stringer séécing;: fhé t0tai ”wéight
function" compr;'ises. of the determiniStic weight of thé panel and the :
expected loss of weight due to the probability of failﬁré. The expectéd
loss §f weight is given by ﬁhe product of the probability of failure
undef a given number of inspeétioqs and the determinisﬁic weight of the

panel. The deterministic weight of the panel consists of the weight of

the panel consists of the weight of the sheet and the stringers. ' Ex-

pressed mathematically, the total weight function is given by

W t) = (145 )[BT 4+ poe e ]

where ‘w = total width of the sheet

thickness of the sheet -

rr .
il

h = breadth of the sheet
P n’density of the sheet material
Nst = numbér of stringers

21
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I

2b = stringer spacing . . o . N

1

Wst weight of one stringer

Equation (26) is the proper ijective;fﬁnétion fﬁf thé minimization of
the weight. The effect of increasing the thickﬁesS isvt6-reduce to
expected loss of ﬁeight because of the'reduction'in the probability of
failure. On the other hand, the detérminiétic Weightvis increased by
increasing the thickness. Thus, a balance hés io”bé found beﬁween:the
two. FStringer spaciﬁg has the opposite‘effect onvﬁhé;ﬂifferent weights.
| The minimiiatibn isvcafried buf-By-fHé_seéfch'ﬁethéd;fiihéZ;otaii )

weight function is calculated for a set of thicknesses and stringer

‘spacings. It is then plotted versus thickness with stringer spacing a

the parameter. Then, the lowest weight is selected. The thickness and

the stringer spacing corresponding to the minimumVWeight are the optimum .

values if the reliability constraint is satisfied at these values. The

g

weight can be expressed in terms of equivalent costs.

Total Cost Function:

" If the problem at hand is the determination of the optimum number

0
[}
rt

[ng
=g
[

e proper objective function. Then the total cost function concept

o

w

123 to be introduced. The total cost function comprises of the expected

fos

cost of failure and the deterministic cost of the periodic inspections.

The’expected cost of failure is given by the product of the'probability

»of’failure under the given number of inspections and the deterministic

(

22
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cost of strﬁcture. The deterministic cost of inspections is proportional
to the number of inspectionms. The’matheﬁafical ex?ression for the total
cost function is given as follows:
Ci(j) = PLs G
where Pf is the pfobability of failure qnder j iﬁspections
k CS is the cost of new structure

CI is the cost of one inspection

J is the mumber of inspections"
Equation (34) gives the proper objectivé fﬁnction because as the numbef_
of inspections increases, the expected cost of failure decreasés'while

the cost of inspections increases., The minimum value of the total cost

function is found by the search method. The minimization is subject to

' the reliability constraint.

Illustrative Example

In order to illustrate the developed method, two examples have been

considered. The first problem is that of a minimum weight design‘of._

-.7075—T6 alloy. The problem has been deliberately kept simple for pﬁrposeé

of illustration. A more detailed problem is discussed in the Appendix II.
The desigﬁ life is supposed to be 15,000 cycles with two periodic

inspéctions made during the design life. The reliability is to be

99.57%. The design variables to be selected are'the thickness t and the

spacing of the stringers 2b. The following data is assumed to be known.

23
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As outlined in the preceding sections, the solutioh pfocedure is
carried out.. As a first step,.the residual strength-critical crack
length diagrams are bbtaingd fér a>choice of numbertbfvsﬁringers, e. g.
3,5, 7,9, 11, etc._(Fig. 6). As'ﬁhe ﬁumber increaseé the stringer
spacing decreases. As one:might expé;t;:the rate“of growth decreéées
with the number of stfingers. The tip_gtrésé reéuction féctor-CR(a/b).h
whiéh is required iﬁ.the expression‘for‘tﬁe residual étrength is obtained

from references (29-30) as shown in Figure 6.

The variation of the static reliability with residual strength and;f,m~ﬂw

thickness is shown in Figure 7. For a given loading, in order to maintain
kthe same static reliability, the thickneés has to increase as the design
residuélystrength'decreases and vice vérsé.

In Figure 8, the relation between fhe prébﬁbility of static
fii_ure, fatigue failuré,.and.total‘failure is deligeated. |

The total weight functionsvare calculated in the manner explained

previously for fixed R.-_O.9996 ahd N = 3, 5,V7, 9, Figure 9

stringer
depicts the minimizatibn curves. Fromvthése curves, the minimum W for
eacﬁ curve canIBe obtained;'and then compared with 6ther-minima of other
Curves. The bverall minum»in Figure 10 oc;urs for a thickness. of -

0,106 incﬁes; N B = 7

stringer
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Figure 10 represents the minimization curves for RS = 0.9997.  As
expected, the minimum values are now changed, and occur at different

thicknesses. The minimum now occurs for N . . = 7 and thickaess
stringer . .

t = 0.1044 inches. From Figure 11, for R - 0.9998,,the overall minimum

decreases to 3.554 and at N . = 7 and t - 0.1052.
stringer -

' Then the static reliability Rs’is.increased further to RS = -,9999

the overall minimum is higher than béfore, i;e. wﬁinv= 3.630 and occur

, = 7 and thickness t - 0.1052; Figure 12.
stringer o

for N
Thus comparimg all the miﬁﬁma‘o#er the various variables, the -

minimum most is W_. = 3.554 for R_ = 0.9997, t - 0.1044 inches and

. = 7. This correspondskto‘an.overall feliability of 0.99765
strlnger( ) : :

and a design residual strength = 15,500 psi. The reliabiliﬁy constraint .

is satisfied since 0.99765 R, = 0.995.

Check on the Initial Factbr of Safetyf

The mean and standard deviation of the maximum load LmaXf are
obtained. Then, considering different numbers Qf standard deviations
above the mean-maximum load L, the initial factors of gafeﬁy are obtained.
For example, for one standérd deviation above L, the initial factor‘of

safery of the optimum design, based on yield strength is found to .be

- 3.067. When two and three standard deviations are employed, the corres-

ponding factors of safety are 2:60 and 2.32 respectively. This is
indizative of the adquency of the optimum design obtained above for

an aquivalent deterministic design.

::Cost Optimization:

. To demonstrate cost optimization, the designed stiffened panel is
considered. Theionly variable now, is the number of periodic inspections
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or the 1nspectlon interval. Since the panel is of a given configuration,

its weight is fixed. Hence the total cost function CT Equation (34)

is the proper objective function to be considered in the present con-
text. |

As a first step, the probability‘of‘fatigeerfailure under j
inspections, j - O, 1, 2, 3, 4,’. . .efc. is calculated. These values
are'graphically>depicted in Eigure 13. -Corresﬁopding eo each of these
ﬁnmbers of inspections ;he total coet fenetion Ci isvcalculated from |
Equation (34)0,'Figure 15. This is repeated for various:values of the
ratio of the cost of‘one inspection Ci tb-the cost ef_ghevstrecture CS,v
Wheﬁ‘CI/Cs ='0.1, the minimgm occurs for ene inspeéﬁiene. Decreaeing o

CI/_CS to 0.01, 0.005; 0.001 renders the minimum to occur at two

- inspections, . three inspections and four inspections respectively as

delineated in Figure 14,
Alternate Methods of Improv1ng Fatlgue Life
Fatigue Rellablllty , o !

The models for fatigue discussed in the preceding sections do not

i

':'apply to cases for which residual stresses are present near fastner holes *

dﬁe,go a cold working process such as stress coining. ' The purpose of

- stress coining is to improve the fatigue life of the structure. A simple

method of stress coining in aluminum alloy is to expand the fastner hole‘
of the structural member by drawing an oversized mardrel hydraﬁlically
through the fastner hole. Many similar processes are available for

cold working fastner holes.
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~ Such cold working processes result in a radial flow of the material.

B

This results in residual stresses. Residual compressive stresses surround-!

ing the hole provide protéction against the fatigue damage by opposing

"the applied tensile stresses, However, as shown in the investigation,

there is a zone of sustained residual tensile stresses located at a short °
distance from the hole. The maximum tensile stress usually occurs at

the =zlastic-plastic boundary. Although the tensile stresses are not

critical in the point of view of fatigue life of the structure, they can

cause stress corrosion under certain conditionms.
Therefore, the reliability of a stress coined structure needs the
onsideration of both the fatigue improvement and stress corrosion sus- .

tibility. The first step in such a study is to assess the residual

H

‘stresses and stress coining susceptibility in such structures]/ The

investigations carried out in‘the‘pfojéCt have been publiShedyih references !

14 and ].5 .

Bi—Products From the Project
As a bi—product of the invéstigafions, the foliowing have Eeen
developed, An improved numerical technique was neededrin quantitative
estimation of the parameters ofvthe stochastic model. This has_beeﬁ'
discussed in Appendix IIT. An application of the technique has been
done t£o random vibration problems.v The purpose of the application was
to verify the accﬁracy of the technique.

Another bi-product is the application of the principles of 3nalys£s

- of variance to study the significance of the present methods of grouping

fatigue failure data. Preliminary work in the field has been discussed
in Appendix IV.
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Conclusions_and Recommendations
It has been demonstrated that an accufate deécfiptioh of fatigue is
possible by heaﬁs of stochastic model:_'A:simpie model héé been developed
This model can be quantifatively éstimated. Ihe model hés been applied
to devalop a procedure for a reliability-bgééd cést-effective fail-safe
design fbr aircraft strﬁctures. ‘Inbparticular, reliability bmprﬁvementz
.duefto:inspectidn'and maintenance hasrbeén“COnsidered.- “¢4

Deterministic design procedures that do not consider the involved

uncertainties usually result in an over design. This results in an

increased weight that affects both cost and performance. Furthermore,
risks invol\fed in a &eteministic design are not known. On the other
. ;

hand, the reliability-based design that uses a stochastic model considers

the uncertainties that are consistent with the model. 'Risks in'é'design

~can be assessed. consistent with the model considered. Such a procedure

‘'usually results in lower wéight than deterministic designs. This results

iﬁ low operating cost and better performance of the aircraft,._.A very
cos&ly itém in'owﬁing and opérating anfairéraft is the inspection and
maintenance duriﬁg the life of the aircraft. Asvhas been demonstrated

in the ﬁrojeét‘an optimum schemes can be deyeloped by using a [
stochastic model for fatigﬁe and considering the reiiabiliﬁy hnprove-
menﬁ &ue:to inspeétion and repair. Methods of including sﬁch reliability
improvament at the désign stage has aiso beén discussed.

The following further investigations are suggested in the point

.of view of the practical abplication of the developed procedures. ‘:: \‘
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'Development of différent typeé of gﬁochaétic ﬁode1s so that

the user has a choice'dependiﬁg oﬁrfhe particuiar.a?pliéation.

It is nécessary that all uncertainties be properly included

in the mbdei. Differeﬁt and more éccurate methodé of quanti-
tative estimaﬁion and verification of the model are needed.

It is also necessary to develop Simple obtimizétipn techniques to
include the combination of.discrete inspeéﬁion éosts with other’
costs. 'This is necessary to avoid the difficulty with local
minimuﬁs.and.érovide a simple:practical progédure-

The developed p?ocedures'shbuld be mddifiedvﬁé include mﬁlﬁiple'1

locations, and multiple cracks.

It appears as though cold working process will be used to

improve the fatigue life of most existing and future metal

aircraft. Probabilistic model for failure of such structures

that includes both the 1ife improvement and the stress éorroéion

-

5

susceptibility has not yet been deveIOped. VSu¢h'models_ : y
aré essential to fuily take adyaﬁtage éf theipost and weight
s#vings potential offeféd'by the cold working processes.

In the point of view of incréasing fuel costs, present levels

of perforﬁance can-bé maintained oﬁly by uSihg a material that
has a higher strength to weight ratio than that offered by‘
present aircraft structural materials. 'AdVancéd‘composites'

have such a potential. Mechanical behavior and failure modes

- . of these advanced composites are different from that of metals.

Instead of developing a deterministic design procedure and

then modifying the procedures to develop probabilistic procedures;‘
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reliability-based design proeedure should be developed from
the very beginning. By such a procéés the weight saving
potential of aavanced composites caﬁ.berexplored completely.
This needs modificatioﬁ of the project to adébt to failure
modes. of composites. o

Development of more accurate cumulative damage e§tﬁnation

techniques are essential for both metal and composite aircraft.
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\A_ppén;:lix- 1
In this aﬁpendix, a method of estimation of the static fatigue
failﬁre Pfs has been discussed. This fa;igue failure is possible when
fhe.extgrnal_loading exceeds the residual stfength.éf the stfucture and
[ 7

the crack size a is less than a,- By defining a quantity s in the

foliowing way

The probability of static fatigue tailure can be defined as the proba-

bility of s being less than or equal to 1. ‘Alternately, reliability

against the static fatigue failure can be defined as R

- pLszi] = PLorjo> 4] ()

- This probability can be evaluated from the folléwing;integral if
the marginal probablllty ‘density functions or(" andcr” are given.
j j Z/slf #Zz) ;(2/5) dz ds (3)

In this equation, f and g are the mar01na1 probability density functions

of(ﬁi andCT' respectively,_z is an auxiliary variable and RZ is the range

space of Z. The 1ntegral given in Equation (3) is difficult to evaluate.

Instead of evaluating the 1ntegra1 of Equation (3), the follow1ng

alrernate procedure can be adopted to evaluate the static-fatigue
9-33

: 2! : L : - ~ S
relizbility Rs. . The generalized Chebychev inequality is employed to

determine the reliability R . For any shape of density function h(s),
: s

the probability that the random variable s lies within a range (d -&)

<sg(d +8) is given by the following 1nequa11ty 34:

P[(d—S) s's = (ou—c?);[ Z ELS” CQ G‘)‘
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in this equation E L".]_ denotes the eXpectation-dperation, 26 is the
width of the strip and d 1is any particuiar_ value of s. The lower
limit of s namely, d- 8) is unlty, i.e. 8 d - 1 Substituting these

limits in Equation (4),

. ,_.‘)d[:(“) d (5)
pPl1<ss 2d~i_] z 17 a 1) [E(S} i J

Now, tecognizing that

b

{(S) = g, the mean value of S, and
. 2 -2
E(s) = 05 + 5§

"1= equation(5) reduces to the following form after u31ng Equatlon (2):

/?s =z (d"l)}[g-; +(5 d’) J
For R to be a maximum it is necessary thatz9 32 : L
OKs 3 Ps o A7
5TI~'—-() 2 3d” ,‘<; Q . o (7) :
From the first of Equation (7), _ S
A — 2/, S
A = S+ 93/(-5”‘_’) . (8)
.Frcm the second of Equa.tion. (7) and (8) - ‘ o
ER —- 4 - 2 2 SR
o S _ __2.(5—-.1) /[(5-/) '#03:) ((7)

which is negative for all S and Uﬁ

Substituting for d . from Equation'C/S) in Equation (6) it follows that

A\

R, = (5-Y 3. | E v(/‘O)‘

o5 +(5-1]
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Appendix II

Numerical Example: |

The pfoblem.is to design a'stiffenéd panél subjected to a given
 random loading. The panel can have a‘central crack.extending through
the thickness. Also, the panel will be subjécted to pe;iodic ﬁaiu-
tenance ingpections with atténdant ?epairs.of the craék when possiﬁle; |
Thus, the design variables ihﬁolved.éan be catégoriée& as follows:

(1)_ Material parameters‘

(2). Geometrical parameters and

(3) Maintenance parameters.

 The design problem thefefofe cbﬁéists of (l) éeiéctiﬁg the«optimum
material ffom a given sét of different materiais,v(Z) éeietting fhe
optimum stringer spécing‘and thickness,'and 3 sélecting the optimum ;
number of.periodic inspections. |
The following are assumed to be given‘and‘the.desigﬁervhaé no..choice

“in these wvariables

il

20.0"
= 15.0

7.5

Il

= 48,000 cycles

Il

6.0 x 105 cycles

u\\ksa?\ 3

/’<1= 99.95%

. 4
In the above set &5

¢ ' N L
and A« ‘are the overall dimensions of /the panel .
The quantity a(and/g characterize the Weibull model for crack initiation

of 0.005 inches. The design life‘z;is to be 6.0 x 105 cycles. The
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reliability restriant Rb should be 0.9995.. The material properties

- are as follows:

For 7075T6 Aluminum Alloy

A K, - 68,000 Nb/in >/
le : _
c-5x10"13

n=3
- For 2024-T3 Aluminum Alloy

K, = 83,000 1b/in>’?

le
c=3x101 n=3
A computer program has been written‘to:obtaiﬁ the érobability of failuré
fo“r each selec.ted thickness, stringer spac'ivng‘, materié.lx arvr.dt.the number ‘
~of periodic inspections N.durihg the design life. VThis-infofmationvis ,
‘later used i# another computer program to obtaiq thevexéected cost or
weight function. The desigﬁ variables.that nmeet thé minimum expeéted
cost or weight function sﬁbject to‘reliabiiity constrainté are selected;
The following tébles illustrate repfesentétive reéults and’the selected.
design variables and the material.
.For the first maﬁeriél, i.e.; ZOZ§—T3 the dﬁefall minimﬁﬁ occurs for
6 periodic inspections, 3.3" stringer épacing and sheet thickness of -
Q.iGS”, ?or 7075-T6, the overail minimum océurs for 6 peribdic inspec-.
* . tioms, 3.3" stringer spacing and 0-103" thickness when both minimums
were compared, 7075-T6 has the 1oﬁer minimum weight at 6 inséedtions,‘
3.3" stringer spacing and 0.103" sheet thickness. -Hence, 7075-T6
'ﬁould be thé=Sele¢ted matefial. All the details of the calculations
will be pﬁblished in the»Pb;D. thesis- of Mr. B. Uppaluri aﬁd in a
j(FDu’rnal.b' » R | | |
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Appendix III
Multiple integrdtion'with réspect td onerindependent variable was
needed in integrating the equatiéné'(7) and.(8) of the main text to
obtain P(kal, t). Such a technique is also neede& in'many other

engineering problems. Hunter35 developed a method of numerical multiple

- integration and called it "the integrating matrix method". He applied

thevtaChﬁique-to forced vibration problem of helicopter rotor blades. - In

Bunter's method, the derivation of the integrating matrix consisted of

'dividing the range of integratiom into N intervals of equal size and

N+1 points, At each of the MN+1 points, -the values of the integraﬁd were

obtalned and represented in a column matrlxifg The functlonal varla—'

t
tion of the integrand in each interval was rep*esented by an r b degree

polynomial. In order to obtain the values of thg'integral, an th

degree integrating-matrix{?gzwas(conétructed b using Newton's inter-

. polation formula. By multiplying the integration’matrix and the

integrand column matrix, the values of the integral were obtained. For
multiple integration, the integrand matrix fr'was repeatedly multiplied

by the 1ntegrat1ng matrlx[?] For example,

F I (o e e mpE o

Improvement
The mathematical motivation for the improvement is the fact that
., _th, : : . .. S th, '
when: an 'r degree polynomial is integrated an '¢ + 1) ~degree
polynomial is obtained. Thus, the improvement suggested is that the
degree of the integrating matrix be increased by one after each inte-

gration is a multiple integral. For example,
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- f f j( b dx dF 4R = [i_w;] [Iﬁ;][i‘a:] @

The iﬁproved method was applied for the follbwing'problems:
(1) Multiple Integration.of an algebraic funqtiqn 0<x<20
(ii) PForced Vibration response of a Canilever beam
{iii) Free vibratiom of Gagilever beams

Tha results were compared with the éxact-solﬁtions.

In the first example, a constant function f(x) = 1.0 was successively

integrated four times using a second degree integrating matrix and number

of divisions N = 20.. The peréent,errbt ranged from 200.0 igﬁmkféfittGL\
0:5 ﬁ%,#=2Qj. ‘The improved method Qas employed with the same N = 20, |
but with iﬁtegrating matriceé of dégreé 2, 3, 4; and 5 successively.

The perCeﬁt error was zero.all thfough'the rangé'ofviﬁtegration.

~ For the forced vibration problem the span was divided into five

equal intervals (N = 6) and a secondﬁdegree integrating matrix is

_employed four times consecutively. The percent error ranged from 6.4

at 1/5 span to 0.3 at 5/5 span. The improved technique with the same

N = 6 but increasing degree of integrating matrix from two resulted in

a2 maximum percent error of only 0.03.
For the free vibration problem less than | percent error in
: , v
narural frequency and/or less mean square error in mode shape was °
obtzined at a lower number of spanwise divisions than in the case when
the integrating matrix was not altered. ~Also, the mean square error in

the modeshape compared to the exact mode shape for any mode was less

in the improved method than in the method of Hunter.
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The difference between the two methodsrdecreased as: the degree of

. the starting integrating matrix is increased.- All the results will be

published. At present the manuséript’is being prepared,

40




Appendix v

.Introduction

Analysis of variance is a means of déterminimg the homogeneity of

a large collection of data that have been formed by lumping togethér

. several small groups of data. The smail_groups are denoted as '"'sub

groups" and the variation between them as 'variation between subgroups®.
The name,analysis of variance itself stems from an analysis in which

the total variation in the entire data is partitioned into component

parts. These components are used to develop a test statisties.

The total variation is expressed by the total corrected sqm'of
squares, i.e.’

ss; - 7, = K- w0

In this eﬁuation
a is_the number 6f ﬁreatmenté
Jﬁ&is the data point
T..1is the total sum of data points
N is the total number of data points, and

1, is the number of data points in 'i'th treatment. -

i
The total variation SST.can be split up into two components as follows:
SS,, = SS, + SS - . (2
> r A E’ : . ().
The term SSA is variation between subgroups and SSE is variation within

subgroups. Then, the following table is constructed to facilitate the

. analysis of varianse.
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Source of Sum of Degrees of : Mean Sum

Ul

Variation - . Squares Freedom - of Squares
Between sub- _ o o
groups SSA' | a-1 S SSA{(a—l) SSA/(a-l)
SSE/(N-a)
Within sub- _ -
groups ' 85, N-a ., SSE/(N—a)
Tat: : N-1
Total _ SST _ . ‘N 1‘

The value in the last column is ccmpared with the critical F

value at-a given percent of significancé and degrees of freedom of (a*l) -

and (N-a) respectively. The data is homogeﬁéqusvifithevF value‘iéﬁl“'

less thén the critical F yalue3§j

-

"1f the above analysis of variance indicates that the data is_ﬁon-

.homogeneous, then it is desirable to find out which of the subgroupé

. form a homogeneous set of data. For this purpose,'Duncén's multiple

37 . . : L i
range test can be employed. It consists of comparing the modified

difference between the various means '(mi - mj)' with the corresponding

critical value R'P. The modified means are calculated from the following

expressions _ o .
@ -m)' = (@ - A ™
‘Zrirj . }@Lv v '
ag = ~ (%)
Mole, o+, -
1 J

where ri, r, are the number of replications in each group. The critical

values can be calculated from Table II of l‘)unof:a.n'sly37 papef. Then akl

42




the possible groups are subjected to Duncan's tést and those groups
N ‘. B -
whose modified mean does not exceed the critical value of R'p belong to

one homogeneous set of data.

Application
“The'procedure that has been discussed in the preceding paragraph

is used to analyze the fatigue failure data from a specific fleet of

‘aircraft. @ The objective is to investigate if the fatigue failure data

from several critical regions can be lumped together. If it is possible

‘to-lump the data together a small number of probability distributions

can be used to describe the fatigue failure of the entire structure.

It is also possible to use the system of lumpiﬁg,to qd large number of
inspec;idns at a few.repfesentative_locations.

The particular aircraft under‘éonsiderationvhasv92:fatigué critical
regibns.. Investigations show that the‘statioﬁ gfoupv(i to 15), (33 tb_BQ),
(41 to 46) and (89 to 92) can Ee Lumped together.'vAnalysis of variance |

tests indicate that these subgroups form a homogeneous set of fatigue

. data. The station groups (1-92),'(61?70) and (?1-80)véannot be lumped

‘together because the test results show that their data varies signifi-

cantly. These results are quantitatively presented in the following

tablia,
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an O30

Group | Variance Result
i ' Within Groups Between Groups
v - (2-15) 0.9490 0.7785  No Significant
- Variation
(33-38) 0.2680 0.5972 No Significant
T - Variation
(41-46) 0.5229 0.4460 No Significant
: Variation
(41-46, . N ,
89-92) 10.8026 0.3890 No Significant
: : Variation
(89-92) 0.8457 - 0.4224 | - No Significant
- ' : ' ~Variation '
(61-70) 0.6846 ©3.7367 ' Data Varies
: Significantly
(71-80) 0.6753 1.8720 Data Varies
' - . Significantly
- (33-38,
41-46,
61-72, o . : | , /
89-92) 0.7488 3.8284 Data Varies
Significantly
1-92 ' 0.7651 1.4761 Data Varies
Significantly

Complete details will be published in

a Journal.
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