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SUMMARY

The purpose of fhi-s in_ﬁreééiéétion..is to study numerically the
dynamic "rés'pbnse_of a cla.':slss_of': 'ela'._sl;i;:: bodies at finite strain. More
apecif-ically,-'ne'w ﬁufnéﬁt’:al scheme & .a;r'e. developed for the analysis
of shbck and 'alccele_rat.i.on .w.éiv-ea and finite-amplitude_ os;:'illations of
thin highly elastic ‘membranes c.>f. a_r.bi_tr-a'ry s'ha-pe‘.- F_in'ite;-element .
.models of..th.i.n incbiﬁéréssiﬁlé .h).r.[;ér_e'last_it membranes are developed,
which involve la.rg.e s'yste-m‘s.l d£ se-ébn'c.l-,qi-ldefi-“h'o'h'lihe:'a'r..di_fferential
equations in nodal di_'splacémeﬁfé or;_l:;.f-"inciﬁa'll-.é_tr.'ef_:ches. One-

‘ dime.nsional..versions of these éqﬁa’t'_iéna ére'fii'st solve'd'num_er-ica'll'y
us_iﬁg a variety o_f _timé integration Béhet’ﬁé&. . Qdaii_t-ative_' -ar-g'uzﬁénts-
and studies of \fa_.ri;ou's. ca_‘éeé conflrm f,hat'-__sﬁpck' waves can develop, -
'eire.nl in cé.;é-;; in which émootﬁ -'ir'ri-t:.i'a,lE data.‘ ai’é'pre's_;:'ril;ed.. In the
‘p.res;a.n.c.e 61‘ :s_'h'o_fc_i;:s, éll.o'f ..tl.lel é.iand.aird'il_i’c'e.gra';tibn' a'cheme_é_ break
-down, and it is ne-cés sary to de.\;r.elop-'aﬁ--é.,xplicit scheme for sh;ack '
pr-'opa.ga;t.ion- S-tudiés. A riew__séhenie is -p?qpqs.ed Whiqlh' combines
features of the ~Lax-W-én;_1i?bff nie'f_;hqd ‘én‘_d fiziite-éiemen‘t_s- and wh_ich_”.'_'
is used succéséfull-y tb s’tud);" t‘helformai':io'n,'-' reflection, and prdpé.-
gafion of shock and acceleration waves in 'lﬁ_y*perelastic rods. A
'hurnber of z"'epre.sentative .c-aseé.a.-re studied t‘iﬁméric.'a.ll-y. I\').Io.tiva.a.ted.

by the absence of any convergence criteria or numerical stability




xix

criteria for finite-ele'rﬁéqt _a'p.p.r.ojj‘:flmafib:ns éf nonlingar hYp.erbél-ic
equ-atiﬁns, a study.of.tl;;e"s.é quésfi’oﬂs for _.the-'subject class of problems
is then initiat‘éd;- A 'rigoroﬁs?'anély_sié of numerical stability and

- convergence of -fin‘i_te-'elémeﬂnt“_;ppﬁo:ﬁim_ét{_ﬁns of noh-lineaf equations
is given.. .Prec'ise s\tability'--Crii:'éf.:i:'a ;nds.:e.r'ror e'_é;fimates are .'dérived.
It is shown' that. w.hil.e. lumped and CI'O_.';IS"i"Bfent n;a.ss f-in.i'te-e.lement.
modela.' have the same cor.l'v_ergen--c'e' r.ait'e‘._in'the n.a't'tural.en:ergy ndfﬁs,
the lumped rha:ss- model is numef.i-c_é.llj; rh_b_re_ 'sta-f)le. - The i:_w-e-s.ti-
gation then moves ;t.o two- :é.nd t".h:_:_'-e.g.-':d.i.l.';heln_g'ion.a.a.l proble'r‘r‘ls.. A
number of cases are_'cons.idel-'ed'épp;fént"ly -r'er.):l_:'e;s't:e-nting the first
sclution_s of any 'typ-e to problems of\ this kl.nd '

1



CHAPTER1
‘INTRGDUCTION

 The fmihd_ai:iénq of .tHe: g”«_é-n'éi-ai .t_'hét.:ry .of_ elasticity were laid

dbwh_'in;.'the ﬁiﬁe_teénth centu.:'r'jr'-.-in.'the_;ﬂofks,of C.auéh?, Green, and
St. Venant é,nd, 'th-eré_'aftéf;_\._t_il-lé bulkof tH_e .ivofk_ on the subject dealt
.with the impb.-rt'-a:n.t' l:.ilu't ré:si.iri't.:téid_’ th-eorf inﬁ;)_lving- linear cons_tii:utiv;'e
équatlions for strés_s_and infiﬁitésima.l st'rla'.ins_.- | Renewed 'Lntler.'est in
tht.a.geriefa.l fhedry began mthe early .p.os't-W'c'or.ld WarIIy'ear 5 ﬁr_ith'
the works of.Rivlin, -‘et al. [1, 2] 'and.."..l'..';'ue's.&e_ll' [ 3]',' ‘and :c\.thé'rs,
The fc.ur.mer work was 'moti-vai:e'd 'By p'r'é.ssing_prdblzéms c.af.'jtiiat pell'ib'élz_
.in' t-he phéﬁﬁ;aticl t'i.'r'e induéfry é.nd. i.nvolvied sq__lutiohs f:o St.a..t'!.-c prob-
lems of simple shear and exfénsi'o'n of cubes and prisms of iS'otfbpic,
incompressible rubbers,

Over two decades h‘a&e passed. since the modérn work on finite
elasticity began, ‘and in. no other period in history has there been a :
gl;:eé,t'er awareness of the heéd'fof the genefafl'. th_gory in applications
affecting onJ;r éirerydta:y:-l'-ife_. _ ﬁgéides .thé "'.o'l_&'.'- pr.o_b_lems- reiated to
finite 'défo-l'mations qf tire.s and in.nerfub_e:é," tl;e:re -haé beeﬁ_éons ider- .
_ .abl'e' interest in rebeht-_year's in the u’se"-.-c._uf both‘ inflatable .rheﬁlbféné _
.structu;res and highly flexible pﬁeumatic str-'l'ic.tureS' in aerb'spgbe and

3 -




and civil applica‘tioné.-' Sﬁ'me’c_if- "El_i.e_s;é structures may undefg_b f:i.nite
deformations both before and a_fteif acé]uiring their primary load-
carrying .ca‘pa;(:'ity. For éx'a.mple". ';-s a 'f.a.il-s.a.fe :c.or;tponen.t_, a
‘membrane is first inﬂ'aite:dli and then g#ﬁécted to sustain larg-e impact
loads--édmétimes to the point of .fai'l'-ﬁ-;"e'.- : .. |
Irohicaily,. while the b_ulk'.'_o_f'- {:hé'éhe#ﬁrﬁena mentiéhed is djrfna.mic

in né.t\ife, there are no genérél: _sdl;.ii:.i?bhs'_tﬁ tfa_.néi-ént dyné.-miﬁ prob-
. lems; in.fi_n'ite ela;sti_c'ii:y. (In 1_971.,: Shahinpodr én& NoWihski [4] .did,
ho“.relv'er. oBtain_ éa;plicit exact .s.olutic.m-s for the rgstrlir..;t'ed.l.slroblem

of det;armini'ng the one-dimens ‘Lci\:n,_:aﬁl'.(.ra;di'a.l) di'splacemént fi'e.ﬁld ina
thin-walled tﬁbé"o}f -iﬁgomﬁressible Mp.onéy'--ﬁivnﬁ '_m.ater'i-'a.l'.' _'-éubj'é_éted
to forced £ i'nl-t-.e_ rad".Le_L'I. 65&1;"11&;‘;{01:1'# .g'ene'r;a','f,_é':& byarbltrary t_iﬁe-
dep.en'.deht_pr_-'.e,séi.l-'z'-_e'-.s; ) ;_'I'l__l?qhuzqu_.uél-_ _:st-a.-te'" qf'.p;ffé,irs_ is due; of course,
-to the : dvéifivhéhn i_:hgl.._c omplexlty ofthe h1 ghlyﬁohlmear equa.tlons |
go'\i‘erni'n'gl d.ynamic £ inite _:ela_.s.,ti'e'i’l:'y'.- For example, when a thin
' 'e.l'a.a,sﬁc membrane is 'subj.e'c’t;d to :a- f;lni:efd.eg.)e:n'_ﬂént laterai pre's_"sure,.-
strains very mu‘c_h}‘_g_.r.eater than umtyare usuall_y .i'n_-curr'ed, and ,thg
as8s0¢ ia.t:éd -.f.ix_"l.itg.-_-a;r;‘lpl'itucl_'é fés.p-;?ﬁé;alﬁ}‘ave's may develop disconti-
" nuities, or 'shdck#, Mb-reove;‘, s.i;m'e':t_hé --loa&ing ;sui;f_a;é-es chang.é in -
area and ori'ent__a;tion during.-defofniaﬁo_n_“,' the directions :'é.nd.'nlﬂ__agni.-. '
tudes of the applied loads also ch.a.nges. and cia-ésical éﬁpe:rp.c;slii':_ion '

concepts are not valid,




Sin;:e the"solutioﬁ of g.enefhi'.ﬁf;)b_iéms of this type falls well
outsi.de. the realm c.)f-.c'.lassi.c:al ﬁ)éthds p_f niathem#tib'él analysis, it
is clear that the greatest 'htsp';e .fdr'bbiz:é.i.nit:xg_-(:iuan'titative sol_utiorls to
problems in dynamic f-iiiifé é..la-'s_i':ic_ity rests m the éffi'cient use of

modern numerical methods,

_ 1'..-1' Fiﬁitg.;Elgﬁﬁé‘nt Coné'.ept' and History

g '.R__fe:g._a_.rgi‘i‘gs_s oftheconcepts)employed in f.qrfﬁul'afing the non- -
line;r éla.'stilc;i.ty- problem: Lfnumerlcal méfhc;ds”a're: uéed to get
quantati.v-e;r.e.'slult'sj. thé c'émi:i.n-uu.m‘ hé.é', 'in_' ei'-'feét, bgen aépi‘bxirnated
by a discrete mo&g.:l m thesolutlonprocess _'A-lo_gi;cal ait'érna;tive to
- this classic ai:préa..é‘h "i'é ‘;6__.1"'¢p'.re.s.e'_-.n_'!: j_féllze""c'pr_ﬂ;iﬁﬁl.lir'r_lfby'a -c-on"s_istei;t |
discrete ﬁiodel 'alt' the onset. ..'].Z'h.is. _a'pl:;r'Oac.ﬁ i—_s- réfe;'re'd to as the
finite element inetl‘_iod. Ba#_ed- on_'eonce-ﬁé_s _pf piécewiéé apprbximaﬁons,
and spn_acifi‘call{y delsign'écllj for computei' app'lic'é.tiéns, thisl fnelihod frees__
the anally';st. from complications caused by irreguléf geometries and |
bounda.f_;r' con&ition-é, ~Alsos the ﬁnethod appeals to our physical-
intuition: v;re isolai%’e:-a 'sx_lln'a.ll physical element of the continuum,
approximate the .Idi_e.fspl-;:\let.ell.néntr telmi)éz;a..tur_e,_ or stress fields over
the elemeﬁt un-ique'ly m te.fﬁ;s (;f s.:'oin.e ‘géneralizetji.a.:f)ordihates
' (usﬁa_lly taken as nodal Qu.a.nt-it_ie.s pertaini'n-g' to the field), aﬁd-théﬁa |
-using all -of.dth; pr'i.n_c' ip‘lés q'f rhec-hainics axi_ci thermbdyné,mics at ou.r

disposal, describe the behavior of this typical element of the system,




This done, these elerhentsrar'é-,a.pi)ropl.-'.i_';ate'ly -fiti;ed togefhgr to con-
stitute fhe discreté model of th_elf;ontinuﬁxn.

Alth‘dugh C;_our-ant-’:s 1943 a,ﬁ_aiy'_s,'_ is [\S]IWas _c.ll.eaz;lly- in t.he spiri"cl-
of finite elefne'ﬂ_t's, t_h-e. .foi-mai_l '-apﬁ.l_ic.;i.ti_on :o'f the f'u-iit.é element method,
| together with f:lhe directl-istifﬁ-_le:s_s:ap'Pr'_'ozich for as"se.mﬁl_-ing- elements,
was pfesented in 1956 in tl'_ié:_"nc'ow‘ well-known paper of Turner, Clough, '
Martin, and Topp [ 6]. I_-Si_n&e'zd;hfé_.n,: a preponderance of literature
- relzzatec_l-to.th_e Subjéc_t has _apﬁ.g.a-.'réaj.'._:' ﬁ;x'{"';e'ns. ive references to pre-
vious works on appu;atians to linear problems can "be; found in the
books of '-.Z'ienki;ewi'c'z [7; 8] Prﬁémieniecki"[ 9], Martin flo],
: Przemlenteckl, et al. [11] , and Berke, et al, [12] ‘and -in I-t-he su.r'-'
vey articles of Argyns [13, 14], Smgha.l [15], and Fehppa and ’
Clough [16]_. As would be expected, appllca.tlons of the flmte element
méthod to noni_inealr pgobl,ems‘ hé&je z_lg_lotl é"njoyed the same frequency of
appea:t"ance'. A deta_i'led- .li's't of ref.e-:'t;'ee;lce 8 on fi:_;.ite element apﬁlica-
tions. in ngnlinéar._probl_ems- -c.ar.l be 'f_'ﬁuhd in th.é book by Ode_ﬁ [17]
‘and I;is_surv-ey'_arti.cle_ [18]. '..Ac.ldi_tion_al refer-.en.;:.'és may be found .'m '

the books edited by Gallagher, et al. [19] and Oden, et al. [20].

1.2 Dy?'nami{: Finité Elasticity--Vibrations

That only recently has there been any Lntere st in: the dynamlc -
theory of finite elastlc 11;1; is ev1denced by the first study of steady-' .

state motion in this cla’.sé of problems appea'rihg in'1960. In this




paper, Knowles [21] -c.on_s'idé'i'é'd."the p:oblétn of arbitrary amplitude

free os.c illations of 5. tube of -ihc;:.oi".n;;_r.es.s_'iblé material, Knowles
extended this iﬁvé-_st-‘ll'gatioﬁ_ to i_n;c:lllud-e féijc.gd_o'S';illations _[ 22], and |
then, with J akubi.[ 23]., : ei;.ca.m.in-ed' f.‘-ini't.e- défprlﬁa.tiqn-s_of an I'Lnfinit_e
elastic Ime.-d'iunl"with a s"p'he:ricai-_l c:avi-ty,. '(Tl‘ue'.sdéll.'[24] mentions
that Tadjbakhsh and Toupm have pmnted out that in [21] the formula-
tion was faulty due to a mlsuse of convected coordmates however,
the_basic d.iffer-eﬁtial -eéua;tion_._qf i’-not_icim- _us.ed thgr_ein‘ is correct, )

. Knowlesz's work served a-s. i:h;_; basis for' se\-rei'-alz suBs'eqttent i.nvestigai-
tions of both thick- and thin-waﬁéa bodies of symmetry [25-28]. In
fact, tﬁe pi'-eviously'ﬁientionéd- _wdr_k of Sh'aihinpoc-_gr.a.qc.lebWin.sk.i [4]

ihvoived a simpl.'if ied'. #er'é‘ion <.)f‘ Know-lézé's'- g"o'v;é.'rn_ing equation,’

Apparently, the onl;r éther type of £1n1te-,-arnp11tude v1'bra.t10n problem

| to recewe attentton ts that-o£= fmr.te sm'lple shear (e g s [29 32])

.U_s;ngt_he_t‘he_ofy of éma--ll elast1_c defo‘rmatlons-super;mposed on

: fi.r'xi_tel .ela.'sﬂti'i': déférmafions"'(é. g., [33, .34].), othe.r infeatigations into

d‘yﬁamiﬁ 'problerhé" of él-astir_: ity thh '_cons'tani:'fi.nite strains have been

made (e. g. » [35- 33]) Douglas | 39] studied the effect of initial’

finite deformatlon onh the subsequent natural small vibrations of some

simple elastic .étrm_:tur.es' of -ingompyessibi-é ﬁlaferial,- An inte'r.esstin.g
apﬁlicat.ion. of this theory was é"rnployg‘d_ by Fau'l'-kne'z; [ 4.0]' Wheréfn the -
small di.sipiacérn.e.nt r.efleths tﬁe small.a_rnou.-.ﬁt of c_t':ixlnpress.i'b'il:it):f |

introduced into the standard incompressible 'matheméticgl model,



1.3 Dynamic Finite Flasticity--Nonlinear Wave Motion

In conjunction vﬁth 'ﬂj?mr.écggt developments in the theory of
finite-a:\r_rnplil;ud_g.e_ VLbratlons, there haéalso .Beeh'a’_ groﬁiﬁg intere st
in the prdpagation of i"'ir_ll'i\té-i;ﬁ_’mpl.itﬁdé{'v;ra'ves in elﬂé'st'i'r;: materials,
Basically, the study of nonline’ar'\ﬁa-vé.mqtion is (;o_nc.e:'rne'd with
syste}ns' of hjrpérb'o_li;c partial di.ff'_e‘:"éhtial equations,. the rmathematical
foundation of wh'ich is wel'l'esfalil'ishéd, | €. g s see the books_' of Cburant
and Hilbert [41] and Jeffrey and Ta.mutl [42] Als;). an elehentary
account of the ba.sxc developments in the theory of finite elastic waves
is contained in the book by Bland [43] |

The early worlk of Bland [44] and Chu [45] sparked much of the
current tntere.st gn_the propagatl-on of shock and accelgratlon waves in
elastic 'h;lé.teria-ls'. -. Soi;.ltions _of':é imp‘-le:B&un’dar§ anci initial ir-alue
_ problems -for -an elastlc half- space subjected to a graduallylapphed
surface dlsturba,nce were obtamed 111 both [44] and [45] they also
studled th'e jt:'oru:hi:u::uns for shoc_k- for‘matloz_)-.and pr0pagatlon.' S-Lmllar_
elastic solid prbblemél\-vere'cdhsidefé& by Collins [ 4bj and Achenbach,
et al. [47, :43] , _with. a ﬁrﬁblén}'of a hét'ero.ge_neous elastic solid
recently inve st-ig.'a.téd' bly" 'I.*Ta'ir and Nemat-Nass.'_er [49],

" Nowinski [ 50] apparently was the flrst to quahtatwely studg,r the
propagatlon of fmtte waves in thln perfectly elastlc rods of rubber-

like materials, The propaga.tlon of simple waves whlch develop into



shocks'.was. initiaily’ studied by 'I"{é.d-‘_dy' and Achenbach [ 51] for the case
of a thin vsemi—in.finite' 'presfr_e'é'é-ed' '__Ie'l'astic rod. In recent months,
survey ar’ticle_s' on fshbcks -l'i"av"e'beelp cﬁic.)hi‘:ril.)_iﬂ.:é:cl by Lax [ 5.2] and Chen
[53]; additiciriél' referen.cl'es canbe _"foii:rli'd in these a'i't'i'.ni:les.

From thé foregoihg; it is"':cle;r- !:hat,.' while.'ﬁiaﬁjr noteworthy con-
tribﬁtions-ha‘ve' been made to*th; general dyhamica'l'- the’ory of finite
elasticity, acf:ual lcalcula,tidr_l_s---l-.iav.e- inﬂrariab_lj' involved rather i_deal
'geoméf:rieé, 'boun'_da.ry apd initi_a.i- ;:Iq;{c.liiions--, _a.nd-/ or material pi-0p-
_ertieé. The highly nprﬂin'e_af.éhar:actgr of the mormentum equations for
the most simple hyperelastic ﬁarater.ial.- does not account for all of the-
computational problems--by definition, the hyperélé._stic solid boa'seasea
no disai-pative. mechanism to provide sn’n’obthing or drémpin'g of higher
£requencieé. Canséquently, the computationally convenient features
of dampin_g encountered 1n nonlinear viscoe’lasticity an.d' thermovisco-
_elasfiéity ca:léulé.tions [17, 54, 55.] _are not présent. To complicate
matters, it is now generally recognized thai: shbck waveé can be easily
-produ;ed'-in such ma.t'ez_-i_als, even -when\gmodi_:h initial conditions are
pres:;c:ér:i:-bed. ‘. 'I_'_he"l'_r‘.écé;'t;ié%‘péfih:xg;ntal_-\_:r_.rork of Kolsky [56] gives
e;.ridt;ﬁce. to the.-pbséib'_i.lif_i:y__,a&f ebventenmle shock'. waves devel.opi‘_n-g in
certain stretched natgral IfﬁBbéii‘_Sj'. a phendﬁ;e_non alr.e-a;ciy «a-ntiéip'ated. ,
in the theoretical work of B_1apcj_-__ [_.4'4__.]‘ ‘and Chu [45]. In '-é:u_ch c'ala_é-'s,'_
pré.ctiCally'- all the ﬁdpula-f -numérica.i in'tég'rai_:i'.oﬁ --gbheﬁ‘xe s now 1'.1.a._éd in

structural dynamics are ineffective.



1.4 Finite gieﬁ{;e;ﬁf@;ﬁ;oxim_ations- :

Foftunate'ly, d:évelop;:ie;ifé in .n-.onlfmear theories of material
respons.g have been accpmf:’.a;niéd by é_i_gnificant dévellolaments in large-
scale digital computer.s. and :g'e:i'lera'ill_--rﬁgi;hé.ds of ﬁumérical aﬁalysis.
Us ing-thes-e toois; the. numerical sdlﬁtiOn of certain static problems -
in finite elasticity.has 'l:lyeen.' pgé.'s ﬁ)le during the last five years.

Thé'fi.nite element method ,-w'qs-_.s;ic::c‘:.é.s-s'fullyl applli.ed't'o the prob-
lem of finite de:fofmation of .thih‘giéz'éti-c ‘;nembranes' by Oden, et al.
[57—60-]. T.he_s'e stu&ies'werg primar ily éoﬁcerne&'with Mooney-type
materials (cbr'reéponding té‘a'nét.tur'-:’é;l-}rﬁhﬁgr'.like material) f_-pr
computati§m1 purposes," but also g.ive apecific forms of the nonlinear

- stiffnesls_ 're-Iafior;s' f'o;-- fg‘éﬁéral hyperlea.stl.c m_em‘b:f-ahes.__ Since, for
incompressible rnat'e'ria'.‘ls (e. g., the Mooney material), the défo.rma--
tioﬁ determines the stress only to withiﬁ an arbitrary '.hyd.rostatic
pres sure, the pressure hmst be i:reated as an additiona.l_d.tﬂtnoﬁn in
the general finite element problem formulation. I-For the membrane
formulation, however, this pfo‘blem is ﬁvoided by assuming a state
of plane stress in 'Elie.defo-fmed- eiér_he‘nt_ so that the hydrostatic
pressure for -eaqh‘ el"em..en't. is’ imxiié&:té;telv d.etermined ffom the con-
dition thé.f the 'tra.ﬁs{rer'se no-x__nié:-’.l' Qtr.e.ss. is zero.

In very recent times ,"_'there'-havg bégun,to afppea.; some ap_.pl.iéa- '
t‘ul:u'ns of the finite éle‘ﬁleﬁt method to_’pro'blems. in, nonliriéaxl'- st‘rﬁctural

dynamics. For example., Stricklin, et al. [61] considered large |



-rotatioﬁs b‘utl infiniteslma'll _gtr-:a,liﬁsr.-'c_)\f" dyna.mlcally '-1qaded shells of
revolution, whilé the .Idy:'zami'c r-e's'p:o.n_ée of ;géd’metrically and mater'i-; '
ally nonlmear shells was treated by Ma.rcal [62], Hartzman [63]

and Oden, Chung and Key [64], among others.. None._of these
mveshgat ions confronts the Inpnlme:_ar dynamu:_prdblerﬁ of finite
deformations in which 'exCééﬂihg-ISr 15.r'ge'_ ché;ngés in‘g.e.bmetry rha.y
occur; nor dd they._-acc-ounf for _iilie-“-'éoséibii_ﬁ:y Qf- flnitg-SErain-s;. o
_Moreoﬁglr, .the f'ev} att'émét_s-'}at:_ usmg f‘i'nite_élement models in 'noﬁ-
‘linear structural l.iynarn--ié.b'ﬁ;gﬁléms'.-s.:..a'énlz_i'tql‘.e..i_t:her. avoid the
.obv-lous' but dif.fi-'cult‘qtiés'ﬁon's ef .'cjbnvér'g'.enéé of the finite elernent

approxlmatton a.nd sta’blhty of the temporal mtegratwn schemes, or

to make i'ather vague convergence ‘and Stablll.tY argu.ments on the

-ba._sls 'of 'no’chmg more tha'n m:-.merlcal '-expe'rlr'nentatlon.

1 5 Sy‘nops is

So. as to prowde a. ba.s is for dlscusm‘on and to establish notation,

' _Chai)ter I c0ntams a br1e£ revulaw. of basmﬁoﬂons of flmte elastic lty

. re,levar;it t6 ‘the study ollf:ela;'gt.j,,c m;;nlgrane_-é.;_ Alsq_, spec-if_lc fq_rms. of
the stfaini energy }‘uﬁct-iibz; ;.rg gwenfor s.g_ve":.i'a.l hi_glﬂy. elastic
materiais. Attention is tﬁe'n.' temﬁbi’_a_r_ftly aireCtéd_'to qne-d—ifnéns ioﬁél
 problems, _ In‘Cha.pte'r' 111, weé .revli'éw ;:-er_{:ain features' of th«; physlicg' .

of the propagation of shock and acceleration waves in hpn_liﬁéé},r hyper-

elastic materials. Then, in Chapter IV, oln_e-d‘imené ional finite-element
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models é.ré developed and solved ﬁﬁnief'ic'ail'jf ‘u-sing' avvériéty of.time.-
integfétlon sch‘_é'nries. ._.Since' VLrtually all of the cor’-n:rﬁonly uéed expiicit
time-'integ;'éi;-ipn scheﬁeé .br-éa..k downm the p-ré_sehc'e of shocks, a ﬂew -
explicit integration schezﬁe’is d-;v-élopé'd and used succes sfﬁily in
_s_tudyiﬁg the formation, 'pirOp.a,._gé-..tiqg;,._,--'-;r-;:;i_::i_;-f.;fl‘ed-{;ion_ q_f:-;'shopk waves

in hyperelastic thin rod; Motwatedbythe a'.béliélncé- o.;'f' 'é.;ly convergence
and stability criteria fc'or'lf inite el'eme-nt a—p’i:fpximalﬁons of no_nli‘heaf
hypelrboii;c: eqﬁationé, .thesel_.qﬁesﬁ"oﬁs are s.tludied.'ii.l Chapté'r_ V for the
subject class 'ofl problems, A'Ir'ig-oroﬁs _a_na'ly.sis of .numé'ricéil stability
-and com'rer'g.e:n.ce' of .-fi.n'i!.;e' gle'rmlént "apﬁfdxiih#t'i'o;is ‘of nonlinear. hy—.pe-rbolic
equations is ..ﬁig.de .\'?vh.eré'in:i:ré.c ise sta.blll.ty criteria and _éirbf_ ;-;:sfimafés
are derived. It is shown that while lumped and consistent mass finite-
element models have t'h'e. same cl'ohvergehce rate in t-he..n.at‘liral enefgy
nofms, the lumped rria.ss.modhél is nm"ne:.'it.:;l.lly mdr-'e. sta_,ble.-- The
investigation returns to.twc.;)- and thréé-dimeh’é ional problems in
Chapter VI where; a.fter a 'diséﬁssidn of the general concept of finite
elements .o'f .membra.n.es , finite element models of thin incompféss.ible
hypefelastic membranes are developed. A number of cases are con-
sidered, ;al.p'pa\.rentl},ar repres-ent.ing the fi;rﬁt solutions of a;ny-tyﬁe "of_ |
problems of this ki.nd,.' -Chabter' VII suﬁnﬁérizeis -th_e_'work cllonej in .this
i.nv‘esﬁgation and the cqncltisions drawn the-refrorﬁ. ‘Recommendations

for future study and i.nvest'i.g_aticin are also presented,
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CHAPTER II
. MECHANICAL PRELIMINARIES -

.In thi'sl éhaffer, W.e"brieﬂy review certa..-'ijx;'.fuﬁ-damental principles’
of kinematics, 'meéhan'ics. é.nd t.he"rmo.dy'namic's néc:es.'s'a.ry to obtain
geﬁé:_t"al cquxs_'ti'tutive relat ions_anc'l_ équations of ﬁot-ién ﬁe r-tinent to the .
fheory of eIa.:.sticllmemb_ranés. More compl‘_ei:e‘ d'e'l-:ai\ls c;,n be .fou.'nd in
the books of Green and Zerna [65], Green and Adkins [34], and

Oden [17].

2.. 1 Kinem;ficé of Ela.stlc Ménibr.anes

Consider a continuoﬁs elastic body ﬁhich -is in some reference
configuration C,. To describe the motion of this bbdy relative to C,,
a recténgular cartgsian cbo_rdina.t_e system X! with origin O.‘.'is _
established. -At time 1-=t (0 =+ =t), the motion o_f the body has
carried it to a:x'n'ew configlur'at.ionIC, and a representative‘ material -
pdint P, has ;ﬁoved to P. The point P in C is now refer..red .to a.;-hé_w
fixed rectangular coordinate system x;{r) with origi.ﬁ o, which is taken
'coinCident _wi.th 0 at T _=' 0. Thus, the c_:a,_;_:'te_élia.n coordin_ates_s_of a _
material point at any trme '_-r fa?é xl("r),a.nd ;.1:-1'1"" = 0 tl}j'e c’l'c;_;qfr.:clli.hate's "

x;i(t) and X! coincide, i, e, , x:(0) = XL - It will be convenient to refer




to the body as undeformed wheén it occupies the reference configuration

Co and as deformed in Oth:(.a:r' .;:'onfiglir_a.t‘ion?- :

Each .tri.ple of #eai ﬁuxﬁbers._X_i__ ma}be considered é.é- the intrinsic
"part_i.cle label (or the :ianie').a.s:s.-i:g'r';‘-eéi to the cor-respd‘:_ndihg m#terial
point in the bodj{. Thus thelséaﬁe:.ﬁp;ﬁerical values of the %1 which
define a ﬁia-'terial. poi'z;t-'l;ln C, define tﬁé' 'sax_;ne point. in any subseqﬁé'nt C.
(It is aésur_ﬁed that the rgq'iriilifed-- Ifuﬁt:ti;oﬁal dependency of the x; on the
X! and time exists, anc‘i vicc'-}vl"e:_.frs_a...)ﬁ-' Theéé lé.bels m'a]'r- be considered
to be r':oo—fdinates étched‘g'ri.i-m the body éo‘fha_.t thé'y: rriove continuvously
with the body as it pa’sseé .ffom ‘-é.ﬂ. to an-jr subsequent C.- Hen;;;-'-.., while

_ coofdi.nateé xi 'a?e- c.alri.:e_s.'i-a.'ﬁ-'in C.c',-, thef are_gene:r'_ally.' -;:uz;v:ili'néar in C,
M.oreove':__r_, s'fi':zf'a.igl:if l-i.n"é_.s: of rrjmat-_é"fia_'.lj‘ :po.i;r-_x'f:"s 'in.'._-C.o-: _becorr@ ¢urved lines
in C, _a.n'cll. c_bardinélté.ﬁléﬁ-éls_in Co become curved Isﬁr_faéeé-- in G, Such

' "'.cod;rd‘ma-te's are called'cdnv_eéted?r 'ihtrh;s ic i:oor'diﬁates.;. |

ﬁow cbnéicier mpartlcular :a.__t_h'_i;- sheet Df hQ@?géneq\us elastic |

" material, bounded by the surfaces X> = +'d,/2, whete the initial

thickness d, iss _in.g.en'eral; -a function of Xl_'a.nd XZ In the undeformed .

-

sheet, considered initially flat, an arbitrary material point P, is

located by the position vector

I =1,(x1, x%) + X368, @21

|
i




1.3
where ,1:0(5(1, Xz) is'th.u\a_ poéifio‘ﬁ vector of a point Qg in the Xl, X2 plane
and Qo is a unit'veétc;f nbr;n.a.ls.to'.th'e._uﬁde'forined middle surface (see '
| Fig. 1). | . |

The sheet is ﬁow’dééunli.e.d .i_:_o.. ungiérgo a general d_isplaceméﬁt
' which carries it from I.tS .ref'ej_rent_:e. cdﬁiguratibn- Co-.té another con-
figura.tioﬁ C. . (This'displacéHIeﬁt"carflies PO:-‘-:'O P and Q, to Q.) The
location of P relative to a f-i:#ed iéférénc'e f'raihe i:nl éo is given by the

position vector

\ R=g b xt Ml kA 23y -0 @

where R, is the position 'v'ectb?r' of Q-'I on the deformed middle surface

and M is the vector from Q to P, "'T_.hé'dis-plécéméht vector wof P is .

CwWsR-psu+M-Xn, (2.3)

where udenotes the d-'i'spla'.cem'eﬁt of a point on the middié.s'urface
1

u=uxl, X% t) = Rox! X% 1) - 1ox1, x2) (2. 4)

With (2. 2) we can now calculate the base vectors G, tangent to

the deformed coor_&izn‘éfé li_nesti_.' o




. Dé-formed
Middle Surface

B 'Undéformed'
Middle Surface

N

- Figure 1. Geometry of Defor_mat:ion of a Thin Sheet

14
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ga_a"d =Ro’a‘+M’a=Aa-+.M’a a=1,2
{2.5).
$3 =M,

where 'the'éa are I'tl.ae vec_-:‘t'p::'.s téﬁg‘éi_lt- to 'Ehe déforme_d m.iddle.- surface
' coofdinat-es Xl.
with respect to the X' (e.‘g'.l-, M, = .BIQII/IBXE). Bc;th Greek and- Latin
indices are used heremafterw,ith thé_: under st_a_ndi.ng. thal:.-Gre.ek indices
fanée‘ froﬁ; 1-tc;'l2. aild‘ll_..'.'a_tin\ii_'xt-ihl:'iéé'-g':i-_i:gii\r;ge fr%‘:fn 1to 3,

We now as sutn; tha.'l: a material 1if;e normal to the undeformed
middle surface remains straight and normal to t_he' deformed m.lddle" _
s.urface. However, these material lines ﬁay undergo finite extensional
strain'dt;xrix_lg the motion. Ti‘ms, if \ is the extension ratio of X°
. (1 e. s A= Id/do, the ratio of .d.e:l:'orn.ied. length to undeformed length),

we choose to write the vector M of (2_..2) in the form
M= MxL x5 x5, =% (2.6) -

where D is a unit vector normal to the deformed middle surface. Both

N and 1 .are functions of Xls XZ,- and t. Now, using (2, 6), (2.5) beéom_es

and X%, Here 'thé-;bomma déno‘_tes partial differentiation
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Go = 8+ X Oy

2.7

 ‘Noting that e A, =0 the _i:biﬁpoﬁ‘ef;tsﬁii of Green's deformation

tensor are
-G Gp = s - 2Ry 4 OOV g, 4 O PAghg

-'G3. . 93 =22

He-rg A Q'B andBQﬂ I_,a..'re; th‘e cofar;antcomponents Of -t-h;e"fifgf'aﬁd ‘second
fundamental fens_;lb.l.',s., _fle_s-pe}::lt.iv.el.y,._6£._tll1:';e'.€lefor:r.r.1§d rn.idt.ille surface'a.r_ld '

BE ai"_é the mixed cpmpoin'eﬁts of 'éheﬂec;o;";&-f\mdame'nta'l tensor
Ay .__A A : 5 ‘3 A "'./ﬁ';p s BE"?- AFBBB& (2.9)
In this last e_quaﬁ:i.‘on', acP are the clbi;itl_‘?war.iani: compon:é'nts of the first

fundamental tensor of the déformed middle surfa.c.e (i.e. AQ“A'};# = 6%

or A®P - A%, éﬂ. where A% + .Qp'z- 6%)



We are interested m'a;-'r'gdt_;tced'vers'ion of (2, 8) which corresponds
to a theory of thin membranes.  Therefore, we r(e’étri_ct'our_a.tte:riti.on-

to deformations of bodies sufftc iently thin that G.; is essentially uniform

1y
i_:hrough'out the thickness, The_ré.fbfe,. : msteéd of (2, 8), we have the

approximations

Gp fhap 3 Gasi0 5 Gy A @10

Substituting (2. 10) into the general’ form of the Lagrangian strain tensor,

Yij = _%_ fG‘i'j _;_ 5ij')’ -wh,éf_é 611 is thé,K;pnéc‘_l_&e: dgltg {e.g.. -.__C_rre'eh and

Adkins [35]), yields the éi_:’r_a_in components for a thin mémb‘fane '

3 Bop - Sept %3=0 3 v3°

gt 0. (211

ST

- In the analysis o.f aefO'rma‘.ble "h&e'r__nb'ra}nés, it is convenient to form
the prinéi-pﬂ invariants of Green's deformation tensor, -Gij = Z'Yij + 5'1j

‘These invariants are:

. .-I. 2 .- - . 2 . - .'
11 =A"+ All.'l' A22_=.k + AQ‘Q'

I=A+ Ao(ay, + Azz'_j .=.}.2A" (A Aﬁﬁ A,shg) (2.12)

1;=2%a = 3248 A

8p = AepApn)
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‘where

Differentiating (2. 4) and substituting the result in (2. 11) gives

the membrane 'strai:i-dis'pla;eeﬁu_é'nt- relations

Yap =20%,p ¥ 9.0 * ko B!

Y3 =0 (2. 14)
. I. 1 ’ B '.I .: -'. .I-' . - N N ) I
Yasz = E(xz Sy S

where a:ﬁ_:ll. . k =1,2,3, ,'an__d tHe'fuiicti_oné u, = ui(Xl, Xz, f) are the
components of displacement,
2.2 Stress

'Lét t denote the stFess veéctor in the déformed ;bddjr'fne'a siu'.e& per -

‘unit a‘i’-éa'.Ao"Bf l.i'ndefai'rhed.m-zzifécr-’i'a'l_’sdi'face area, Then,. 1f 01/.\1 .
= n};i\i"_is a unit vector normal to A, in the undeformed body,
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where t are the contré,vaifi'a_.nt comp_o'neﬁfs of the stress tensor
measured per unit area A'o referred to the tangent base vectors g’j -
in the deformed body, and from the balance of angular momentum,

tij =t‘]l

2.3 -EQ&&_ﬁbnjsf of Motion

The principles of conservation of mass and linear momentum

I

require that at each maféri_al point

pe =T o 2ae)

4

[t“'(ﬁ +w; 1.)] + oo F OJ' Py . (2.17)
where'po and p are the mass dens.ities of:the 'undeform'ed and défoi'med
: 'bodles, respectwely, G det(G ) = 13, F, ; are components of body
' force per unlt mass’ of undeformed body, and superposed dots mean

the tl.me rates of—change %R w111 be seen subsequentLy, to these

‘1 PR -‘-.I-_. # ﬁ - - . B .

equatlons must be addedgump constlons when wave phenomena are -

' considered.

2.4 Thermodynarmics

The first law of thermodynamics can be written in the form

K+U=0+Q | - '_"('2._'18)'
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Here K is the kinetic energf.” u I.S _th; internal energy, Q is 'i:he mech-
" anical power developed b'y. tlié extei'ha.‘_ll -f_._m.:ces. acting on the bédy, aﬁd
' Q is the heat input, 'Equé.ti_o-n {2, 18} is also 'r'g'ferred to as the global

form of the fi'r st. law because it -.d'e_a'.ls with finite volume of material, -

When no jumps-are -present,
(2.19) -
(2. 20)

(2 21}

(2. 22)

o i8 the-

In the'-s;e_éllt'i.ua_d:__iOn:ﬁ‘r ﬁo-ifs" {he{-"x'na",s_é_.d:e"_n__s':i'f)'v"-;\_--_;rd is the volume, A
sufi;cé area, .fv"v'-l'.ar.e velocity coﬁipc;henﬁ_s.. -'e.‘is the internal energy per
unit .rnla:ss-, F'o-i. a.f'é_ componénts 'of body force per unit mass, Soi aTe |
'conip'oﬁepﬁs. §£ -s‘-\-J_,rfa.Ce folrl'c",e ;:’efé-‘x"rfed"f.,b“fhe. X1 and measured per
Linit.area.-Ad'_ih C'os-llr 1s tl;_e faié tiaf-h.eat'._'-‘éupi)iy per unit mass, qfi‘.a:pe' '
thé_coinponeﬁts_of.lliea_t._flm-:_x;!‘ith ?é:épecf to the X! in_-Cé, ‘n,; are

com'pbﬁents'of' a unit vector normal to A, and any _qliahtitjr_' subscripted

o" is 'r_eflerre_d to the un'd-efor_mgd body.
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Assuming sufficiént Ednd--itians of smoothness, the divergence
theorem is used to obtain the local form of the first law that i-epre.sénts
the energy balén¢e at a pbint-'i.n a cq’ﬁtint_mrﬁ
(2. 23)

+ o,

e a e - ae
P =t (Gm..-l- w. LW o

j m,j‘ m,i rt+a

iy i

' Corresponding to the theory of ﬂiin- membranes, (2.23) can be written

in the form - :

oy

Pof =P+ wi g oot | (2.24)

Différentiating the strain tensor-[vij = % -IGij.- Gij)] it is easily shown

that

i e e Qje
t (SmJ +_ wmvj)wm:i.--tjyij ' (2. 25)

-Using (2. 25) in (2. 23), an alternate local form of the first law is
Vii ¥ pT+a - {2.26)
Integrating (2. 26) and substituting the result into (2, 18), the global form

of the first law of thermodynamics becomes -
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K+ S‘t injdvo‘ =Q (2. 27)
Yo . .
If the material is hyperelastic, there exists a potential function W(\’ij)'
measured per unit volume of the undeformed body, called the strain-
energy function, from 'Which-_'th’e- components of the symmetric

Kirchhoff stress tensor can be derived by the relationéc

9 = ;-W“ o (2. 28}
YI.J .
Hence, using (2.28) in (2. 27), .we &an express the global form of the

first law of thermodynamics for hy‘perela;stic materials as
K +§ oW Vijdve = 2 (2. 29)

a'YlJ
Vo

2.5 Constitutive Equations
Assuming the sheet to be composed of a hyperelastic material

with a strain-energy function W(y..) per unit lihdefo-rmed volume, then
. ij’ P

 *To avoid error, it should be ﬁndéfstbéa that in differehtiating W with
respect to iz all other components are held constant, including Y., ij*
Thus (2. 28) should actually be written t 2 _'“3W/3'Yu) + (BW/B'YJJ]
We avoid this combersome notation w1th the understanding that, in all
equ;,tions her'eina_.ftei'. by 8/8A;; we mean %[(B/BAij-) + (3/3Aji)]\.for.

anjr symrne-fric tensor Ajj.
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' 3W i
= — = i)y
lJ’ avJYJ Yy

W(Y
(2.30}-

s e
=ty g+ .Y33

and the components of the symmetric Kirchhoff stress tensor t' are

determined by

ta'p_ ' ta3=0 ’ t33 =33'Y_ ' (2. 31)
[3 : o _ '33 '
Assuming further that the sheet is a homogeneous _isotroﬁic hyper-
elastic material, the strain-energy function W can be expressed 'é.s
a function of the principal invariants of .'Yij" or Imo_r'e 'co:"weniently',
the principal invariants of Gij: W = W(Il, 12'. I}, where .11,- 12,. and
13 are definea in (2. 12) for the membrane, Therefore, we_ca.n expre'ss'

the constitutive relations of the membrane in the general form

L S AL z(8 \2 8, yaB

£ < (2.32)

I
o

33 oW
t 2 814 +23 8l, A + o ol ‘A ofpp - A ﬁAﬁa’

il
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where
VL =e %l liHA-ip_ o (2.33)

and 2, ep*‘_‘ = two-dimé'ﬁsional-permﬁtgtio_h symbols (.5_12 = +1,

-

521' -i, 511 = 522 = .0). _

In general, the normal étreé'sr"éorrx;pc;nént't33 '-‘;a;n be detéfn:::tinelc'l
from the Bt;undar'y condifi-ori_s_ on the &efolflsmed -micidle surface, For’
very thin membranes, however, :since the ma'ghitudes of the membrane

stresses P are usually much greater than 33, it is standard practice

to take £33 = 0 and to reduce the probiem to one of determihing only a

two-dimensional state of stress, 'T"his_ﬁpf)-rb'x-ﬁiléﬁion ‘will be incorpor-
ated hereinafter, .

In th;a case of '-i_néompres_s_ib'le f:né.ter-ié.'i‘sj'{ I3 =1, and W is a function

of onljr.ll and_iz. _ Thﬁs,_. ins_fead of (z 12), we will ﬁa.vp

I, =1=224
(2. 34)
Ca24A : LoeaZa sl |
L =rP4h, 5 L =MA S

and, as was rentioned p‘reviously, since the deformation of incompress-

ible materials only determines the components of the stress tensor to
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within a hydrostatic .preséqi-e,- the constitutive equations for incom-

pressible membranes are: - o : . : .

B (oW 28Wa[3(lawaﬁ
& _2811-”\ 812)6 +2h+x2312)A |

@3ioo - O 1)
33w L 3W5 A"ﬂ h

8y ZBI af™ Rz‘

where W = W{Il,- Iz) and h is the hydrostatic pressure, _ The hydrostatic

33

pressure h, determined by the condition that t”~ =0, becomes

& }\
A2 W

-h CLAPTY ,- ' (2. 36)
311 o P o o |

2

Substituting this into (2. 35) gives

' ta'ﬁ - Z(Bép - XZAlaﬁ’ g;’: [ Baﬁ ﬂ('l 8 AM’-)] 812 (2 3.7)

2. 6 Strain EnergyFunctlons s
In i:r-ylng to determine general forms of the: strain energy function - |

for compressible materials, it is common to assume that W is an’
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analytic function of the strains or’strain invariants. For example,

with the straihs

‘ .. . : -

. oijy 4 1 oijmn, 1 _ijmnrs,, -

)

Here 'Eij. Eljm. . are .arfa;}é 61‘ .‘.‘.‘el'ais_tici'ties." o:EJ'ord_éi- "ze:.ro, first,
second,.... If the bﬁd;r-is u.nstre_'s'sed in its Ireferen'ce state, EU = 0. |
Hooke's law is obtf;iﬁeé by r_etéining_-oﬂly -q\ua.dx"'atic terms.

A standard form fr;r W as a funct.idn of the str;in inva.riantsl is
___w = r§) Z :__20 C-_-'r-st(h. - 3)7(, - 3.).-(-13 - 3) (2.39)

withC = 0.

“ 000 | _

Most materials that behave élqié-tftcaiil_sr_at-finite. strain are
incompresgible, For any 'mbt_"i_on--.bf such materials, 13 =1, and W

determines the stress only to within an arbitrary scalar va'lﬁe.d‘fundtion '

" h called the hydrostatic pressure, Then, in place of (2, 28); we have

t = LLR + hg!

(.z.'40')-

where Cri"i = (C'z-ij.)'1 .
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A strain energ}".func-t'io_n for certain isdtropic, (_:ompre.ssible,"
elastic solids valid for relatively large strains was proposed by Blatz

and Ko [66]:

M L 2ia LB 2
w=blr -3+ S - e B, -3 +-_Q(J‘_§, -] (2.41)
where p and f are matéri'a.l'cohsta;nts,. y is Poissbn's ratio, o = 2v/('1 -Zv)

and Ty JZ' and T3 are the invaria.ﬁts

'J'I'_ =14 : '. "T_Z =-IZII3- 3 | ;3 = JI3 : - (2.42)
In the case of incompressible materials, W = W(Ila Iz) can
sometimes be represented as a power series in Iyandl, -

0
W=
r=0 s

("]
8

_ Y. . o
= Crslly - 3) (I2 - 3) » Cuo=0 (2. 43)
 Among materials of this type, the most widely used is the Mooney.
\ material [ 67], which follows from (2.43) by reta'ihin.g only linear

terms in I'l and IZ

W =Cy(1 - 3)4 Gyt - 3) | ST




28

where Cy =Cyq C, =Cpy are material constants, " 'Wh_en C, = o,

(2. 44) reduces to the strain energy function of neo-Hookean material

suggested by Treloar [68]
w=0caQ -3 | (2. 45)

Extensive experiments WLthdlfferent kinds of rubber led Rivlin
and Saunders [69] to 'Bug_gest.a_ more general form of strain energy

function
IW = cl,(I.1 - 3) .+ F(Iz-.. 3) : L (2. 46)

. where the form cof.IE‘('I'2 - 3} may vary from oﬁe ty.p'e: of fiﬁétei’{al to.
another,

Not all proposed forms 6f W for rublf-.i'e r-lil_éévrnat_efia.ils' have

- regarded the function F(Iz - 3)in (2. 46)'a.sl a polf;'momia.l in (I.2 - 3).

Using a nOn-'Gauss-ia-n molecular theory a’s._-a. guide, Gent and Thomas [70]
assumed that [aF(Iz- - 3)) 812]' = CI['IZ',. where C ig -a mafg_r-ial constant.

Hart-Smith [ 71] elaborated on this théofy -a.n'd'proposed the exponential-

hyperbolic law

ﬁ-'=c(5exp[k1(x_1 - 3)2]d11+k21n[—43%]) o (2.47) _'
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‘Similarly, Alexander [72] lproposéd_the forms

Ly - 34K -
—3-——-:—] (2. 48)

A A vl
W =Cylly - 3)4 Cpll; - 3)+ C31n[ .

.. 11 - 3+ k4 " -
W CIS‘exp [k(Il - 3) ]dll 4 CZ(I - 3) + C31n ——-k—l—- (2. 49)

where Cq, C-IZ.IIC 3 k%, and ky are'mater"_ial. édnsta’n‘ts\td be determined
e.i:périxnentally for a given sample of the material, Several other
forms for W have b'gén_propdséd. ‘so that {2, 43) to (2.49) are gi{fen

only to be representative,
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CHAPTERITI - - =«

' SHOCK AND ACCELERATION WAVES IN

NONLINEAR ELASTIC MATERIALS

3.1 J;i-'_s_i"c_jif'ik:"z_v.ti-dﬁ._

In or&er to _gai#.sl-omé mSLght into géhera'l ..n.c"nl 'u"le'a.r behavioral
cha.racte»i-i;s't'ic.s of elastic bod;es, whii_é still mai;_ag‘mg'-_not. to obscure
the pertinent géi&cébﬁ;aﬁénd-ﬁh?sical -d'é_{‘;ails; 'we-t-empc)ra.rily- confine
out attention to one-dimensional problems, .11_1 particular, we consider
' only longitudinal mc;tions of finite hémogeneous thin rods of i.sotfbpic,
incompressible, hyperelastic materials, We return to the membrane -

problem in Chapter VL.

3, 2 Physics of Waves in Nonlinear Elastic Materials

We now review certain features of the dynamical and thermo-
dynam.ical .t'heory of finite ‘e_l'a.éticilty that are .e.sse.nt'ial to our stﬁdy.
More completel}deta-il'sr can be f.ound in the b‘ddks- of Green and Zerna [65 1.
.Green and Adkins [34] , and Bland [43]; certain special features are
_discussed in the pa_lperé of Nowinski [50], Ames [73], and Reddy and
‘Achénbach [51]. Exten‘sir'vle references .céﬁ Ib“e'_f-ouricll in the lengthy |

survey article of Chen { 53],
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Motion of a Thin Rod

We begin by cons idéf'ifzug'-?ibﬁgitudinal motions of a thin rod of
isotropic, | inco'mp.ressiblé material, While at l;-est ina :-natl;iral
refer.ence_ coﬁfigura’tion CO, the _r’pd-ha_‘.-"s a uniform’ symmetric cross
section of area Ao'._' a lepgth L_o.'.__and_ a:-ni#ss denéiﬁr po.' To describe
the rno'tioﬁ of t].'-le___,-rod' relative fdl'..'i't"é reference c‘:onfi'gur:ation, we
egtablish a fixed _épatia.l'ffa;_rne_ of" refe-re’ncé x, with origin o_a‘.t. one
end of the bar, Which‘ is 'as'isu'm.ed to be-.re'str.’a.iheﬂ fr'on'i-rﬁot'ion. ' W‘Ie'

denote by X the labels of -rgé.teri_a.l' i:_ia;':i_':ti._cle-s -(_ma.fefia.l cdbrdinates) of

b4 e ly -
. ! .

the bar, and we select fhesd labels’ 'éfd;f-g;iéitt;.fnﬁr_ne;icakllly coincide with
the spatial ..coordinates X when_.'the ba.r-d;iéﬂpi'és its refe_r.ence con-
figura.tion.. The function x = x(X t) then gwes the spatlal p051t.10n of
the partlcle X at tlme t and defmes the 10ng1tud1na1 motlon of the bar,
while u(X, t) x(X. t) - X defines the dlsplacement of partlcle X at
_ tlm_e. t. |

" The .Matéfial g"ra.-d.ien:f:.ax/ 8§I§_'S-ervéé _.a.s_;.‘. a Conveﬁi.eﬁf-__'méast;-re of
the_deformatioh;-phy:s ically, it r_ia'p"resenté the lo.ng"iiz:.udi_'ix-lal -e'xte_nsi_dﬁ
.ratio A (also called the stretéh)'ivhich is. Iex;.‘j_]:'e.s;sij)ie in terms of the
displacement 'gra-ciiei;f uy acc:'ordin;g to |

8x Bu

NeoE=ltir=ltuy . (3.1)
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where for the oné-'ci.irnen’s iona._i p'i'oblenis we'ué-e the é'ubscript notation
.“X. = au/ax to denote ﬁari:i.ﬁll-di'ff(.e'rentiationl witl.'.zz i"éspect to X, 'fhe
extens.ional strain y is thensrrnply '(_)xz-_-. 1)/2.° o

Typically, as Nowinski [50] and Ames [ 73], W(.e.rnak'e' the following
assumptions: | |

(i) The orl.gmal uniform cros-g'_;séctlioﬁa-l area .is sufficiently
small so thS;t the radial ihért.ia.. aés}oc i,a.f:ed with th'e.la.te'ra.l contraction
may be néglec-téd. ' | |

(i) In clzé)nip,:'e_sSibn and-tens ioh zlbneé the- rod does not experience
material instability.

'(iii) The mateérial i-;s perfectly él’a_sti.c'_and incofl.r.lprés.s.i'.ble.

{iv) The rod is -s-ﬁb’jected t:o\_ si.rhple ﬁﬁ_idireéﬁonal 'sfrain m the
sense that the only identicallsr ﬁon%raniéhiﬂg stress component is the
IOngitudinél nﬁrmal strcfs"s_c'c_)mpoﬁelnt whu:h is unifo?mly distributed
over the cross\seéti'bn whlicli 're‘lnains.'plla}n_é. |

(v} The effect of strain ré.te on the constitutive equations is
neglected and the static _stres’s-stfa.in relations are extended to the
dynamic case, {
(vi) The stress is a continuous m.onst'onica.'lly J;.ncrea'si'n'g- function

of the stretch \, so that de/d\ > 0,
Now aﬁy d_isturbaﬁce supplied to the rod will travel with-finite

speed from one particle to another in the form of a surface (curve) of
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discontinuitsr S (a wave) i-.1'1'1.:he'. -X',..t. plane. If we dénote. by Y-(t) the
particle X reached b;r-a.. 'wa.;'e front at time t. then the set 6f points -
{(Y(r). ﬂ. v being a real parameter, défine-g' a curve in the X; t plane
across which jump _disconi:inuities- in véri.ous pa_rt.ia'l_d-er-i.va.tivesof
w(X, t) can occur, .Indeed, aﬁcéieratib_n' waves ’im'rolvé-.jm;nps in the
acceleration i (and the Bt:-'éss- .g:r'a'.':dient BO‘]BX);“aﬁd'shock waves
(shocks) involve "léhe. ﬁroPaga_tlon_of':sd-‘._t‘faces across which .ju.mp dis~
continqities in the first derivai,:i.i.res. ofthe displacement (i and Uy)are
experienced. Theﬁ '.i.ntrinai.c Wa.v.é-'s-pé.-éld'_fe_].‘at_ive to_thje mater'ial. :
denoted ¢, is then simply dY(t)/dt . However, the ‘gpatial position
y(t) of the wave is c_lea_'zl-lzyll._... |

and the absolute wave '-épé'e'd,',as--»_‘s_é:én. ’by a été.ti;qz_ifarir 6i:servérs_ is

oyl _ dx(¥()ne)

Todt T dt ©.3)

The Balance Laws

We assume, of coutse, that the response 6f_‘"”t!:1e'ba.1.- satisfies the
basic-cons'e_rva.tion*. laws of physics, For the prbblems at hand, these

assume the following global forms:

s
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Linear Momentuin

A S‘ (cr - pou)dX A |I0'+ pouc]Y =0 (3. 4)
Lg- Y(t)
Energy
Ad 51 (pouu+ e - o-Xu - o-ux qx)dX B ' (3.5)
'Y(tla :

+ .46[[% p'o-cﬁz +ce + ca +qlly = 0"

Cléu-sius-Duhem Inequalii-._t.-.y :

S[g ( ]dX+A |[c§+ J] 20 (3. 6)
Y(t) N Y : o
Here o(X,t) is the first Piola-Kirchhoff stress, e is the in;te'rna.l energy
per unit initial volume, q is the 'heé.t flux, € is the entropy per unit

initial voluine. and 6 is the absolute temperature, Quantities in brackets

denoté jumps suffered at the surface of diécontiﬁuity (Y(t),t); e. g, »
“Molly = ol¥(E)t) - o(¥(EN), 1) 5 C.7)

Mass is conserved if the rod and we .ha;j%e ignored body forces and

internal heat sources for simplicity.

-
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At particles X that do not fall on a surface of discontinuity, (3. 4)-

(3. 6) lead to the local f.orm_s ‘of fhé balance laws
S-oh-qpz0 - (3.8)

whereas at the surface of dlscontlﬂulty. we.obtain the jump conditions
pocEﬁHY + [[r.r]]Y'= 0
1 IS . | [ -. » : I .
-z—poc[[uz]]Y.-!-c[[e]]Y-l-.[[o'u]lY-!-[[q]]Y:O | (3.9}

| c[ €]y + H%]]Y'a 0 |

Equation (3. 9)'2' is the energy jump condition, We now assume that the
momentum jump_. (3. 9)1 is identically satisfied. The wave spéed can

be expressed as

i T2 O (6.10)




. 36
With this, the first term in (3 9)2' takes the form
1 .2 oy o
- E p CIIIJ. ]] = -IIO’]-U.‘ - (3. 11)
where we have defined the average materisl velocity § at the shock by
D R
u= > (u‘ + u )
and we have denoted 0¥ = &(Y(t"‘),_ t) and ﬁ; = u(Y(t"), t).. Substituting

(3.11) into (3. 9), . expressing the jumps using (3. 7) then multiplying

and regrouping terms, gives
cfe] + El['ﬁ']]' +f[q] =0 : L (3.12)

where & is the average stress at the shock defined by

Equation (3.12) will be called the local energy jump condition.
‘It' is often convenient to introduce the Helmholtz free energy

@(X,t) and the internal dissipation 5(X,t) defined for X # Y(t) by -

@p=e-£8 and 6§=0E-qx - (3.13)
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Then the last member of --(3.. 8) c:an Ibe rewritten in ;che altei-nate form
6+ ~= ok - p+ 80+ —= =0 (3. 14)

Als&l);. we 'c.a-n i;ﬁps;Sé Maxwell's theorem. whlchasser‘ts that for
anjr fupction-f(X.I,.t)..jointl-y conti’_nu;ous.- in X._'é_ﬂc.l._t, but whese f_ir.st partial
derivatives fy and £ sufi.'er. jump discoqtinﬁities...gt S.I, the jump across S
in the (fwo—_ﬁimgﬁsidnal) gr#dient of £ must be .pa_ra.llel to a vector (-1, c)
normal to S. Applyihg this idea to the motibn x(X, t) yle.lds.Had.amard'.s

compatibility condition
[ily + claDy =0 - | (3.15)

Waves in Hyperelastic Ma;-‘:e'ria.l_s_"_

We now aim our analysis toward waves in hyperelastic materials;
that is, we wish to consider materials for which there exists a

potential W which is a function of the current value of A\, and for which
: i

W=\ .and o= T . -l )

The question arises, however, as to whether or not a theory of hyper-

elasticity is reconcilable within the thermodynamic framework established
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thus far., This is a claS's'ic question, and standard aégume'nts.;:a.ri be
found in a 'numfer of places {e.g.» { 1'?, 7.4]).to the effect that hyper-
elasticity is intiéed poe;s_:ible Ln a "nunfber of 'ph'y.s.lica..lls.r meaning’ful
‘situations. The fact that these standard arguments afe’ not valid at
surfaces of ‘di.-sc'ont inuity is fﬁnc.laméhtal to the.' ph)?sics olf shock waves,
We mentlon two cases, First, conéider a-qlé._ss .of _pérfect
ma.teria.ls (cf. » .[7'4]: P 2'96_), the ﬁdnstitution_bf-'whlc'h is defined by
equations for e_; F é, | and q depi¢ted as £unc.ti.on'§-of the current values
of X and §, Wit]-.;z q.a.lls.o 'dependé_nt on BX(X.t').-_ For reversible procésseé
perfoi'méd on suéh materials, the disgipation .6 =.B§ - qX. = 0, and

(3. 8) gives
(u_r' - %%)x + (e - a_E)g + %qex .2_ 0 | (3. 1?)_

so long as X ¢ (L, - Y(t')). Secondly,  we consider a class of simple
materials (cf., [17], p. 202) whose constitution is defined by equations
for ¢ o» .«E.; and q in té’rms__ o'f currerit values of X and 8, with q also
dependent upbxi GX(X’t)-‘,__ For I;ew-rei'sible -p_rlplcessl (6 = 0), usingﬁ-(3. 13-)'-.

in (3, 8) gives us the iné'qu_alii:fy'_.' o

(U-?ﬁ)i;; (gu,.a__‘ﬂ)-_é.q-_-—qexa-o o _. I(3.18)

D m e . = .
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for all X ¢ (L, - Y(t)). If these two inequalities, (3.17) and (3.18)
are to be maintained for: arbitz_'aryra.tes. it necessarily follows (cf, ,

[17], p. 214) that in the absénce of a shock, a th‘eofy of hyperieasticity

n

is appropriate for reveréi.ble. .i._s:t_ént'.rcjpic processes (§ =0, E'. 0)
performed on the é,bove class of ﬁeﬁe_ct_-ma.i:lefi-als Iand for reversible
"isothermal processes (6 = 0, é: .(J.')"perforr.ne.d on the.'a'.bove class of
simpie materials, In thé_'fbrmé:_'ééée', the strain energy is associated
with the intern‘a.lz energy., m thé _la.-tfe:;‘ case it is lalsspciatedIWith- the
free energy. However, .s'jlnce". e shock is characterized by discontinuities
in the disﬂacenient-gradieﬁt: 1-:ﬁe neéessarv derivati.ves. of e in (3. 17)»
or of ¢ m (3. 1I8 }» do not e.x'i.st for X = Y(t). Therefore, we must have
energy dissipation a.f: X = Y(t). 1 e., 5= of - qx > 0s --a;nd we lose the
notion of reversibility. | |
Due to the cons idérgbie difficulties 1n§91véf1 in solving the nonlinear
thermo-mechanical equations gt_iwerning i.rrevefsible thermodyﬁamic
processes, the only exact sﬁlﬁtioﬁs a.va.ila.bie (cf, s [ 44, 46]) é.re for
shocks with uniform conditions on both sideé of the dis-céntinuity. - Hence,’
_"fo:r addifibnal solutions, we need to 'siznplify.the governing equations so
“that they become .tr'act.ablle. One possibility, suggested by the exact
discontinuous | sOlu-i:ions themselves, is the well known fact that _“w'e_'a.k :
shocks" are nearly iseni:rbpic (e. 2., [43], [75], or [76] fol_r detailéci

discussions), This is, taking the proportional change in magnitude
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across the s-hoc-'k"of éome state par'ameter, Bay Uiy as a mea.sﬁré of
shock "‘strength".;_-the chaﬁge in'entropyat:.’rbas the shock is pnlv of
third order in the 'sht-)ék strength for small c.;hanggs of uX Therefore,
for _we‘ak sho;:ks. ive can neglect the e.nt-rOpy-c‘h'ange a'.nd. _comsld_er £ as
constant for all X and f, i. e, s the defo_x;mation t'ake'.s plé.ce i-senfropicaily.
: It is of spec ial -i'nterést td. consider this "iée#tro'pi.c approﬁ:irnaf:ion" when
_the .'ﬁ':Lit_ia..l,'.' or feference cbnﬁgu:atio'n is the natrual stress-free state
where. X(_X: 0) = 1, B(X,"O)'-'= T, = constant.  Then the’ isent:_t"'o'pic appqui-
Ima;t.ida:llf.'bec_:b__i_nqs.' € = 0 everywhere for all 'l:iln":é. Moreover, for this.
case, the iseﬁtrqpic approximations render the m'echanicafl.equat_ibﬁs
independent of the thermal equations, and theé mechanical jump conditions .
(the first of (3. 9) and (3. 15)) alone are sufficient to determine the shock
process. (Na’tura-lly the energy jump condition rémz-nt'msj; valid, but here
it would only bé. used to check the energy 'bala_gice' é,ftér solving th‘e_
problem, } Also, we caz";__' r?'e._adilyh clle'f;,'_.\_né.'thé.vsfr.afin'enéfgy? function W of
(3.16) in terms of the internal ené-rg*y W(h): ‘e{\, £) |é=0 » 80 that {ve
have the constitufive relation for the stress o = 9e/9\, in agreement
with (3.16).
We remirk'that'tile local balance 'laws.__(3'. 8) suggest another
3implificétidn: the édia.batic approximation, wherein we as sume the
heat _g:onduct.ion smé.ll 'endugh- to take q = 0., Outé i.de the shock region,

the adiabatic process is reversible (6 = 0); and then from (3,13) we get
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.the. reversible adiabatic _pro;:ias-‘s;' to .'bé'an isent_r-pp-ic process, Hence,
in regions of thé rod where X # Y(t), a_tﬁeoﬁr of hyperel.as_t'icit-.y,. in
‘the sense o.f:(3.'17'), is. _-pos_‘s_ib'-lt%; ' At_i':h_é_. shock, the adiabatic process

is not'i‘e\%é'rsible: el_it-ro'py is pfﬁ_dnéed. Then,.'by iﬁtégrating the
inequality of (-3T '8)'with.-.q =0, we gg-t..'-‘_.‘, = §(X).I Therefore the entroPSr
at each material point has a cdﬁsta‘nt ;ré.lue unless a sﬁaék-passes over
the poin;:,' at which time t_:he value __oi' “the ent'rdpy. is .changed to a new
constant, C.onéequ_ently; u.'.m_:il:the: fin’le at which a 'sh_o.ck-. forms, the
: ad_ia‘ba.tj.c proceés is isi_ant'ifo_}_jic. for é,véry X e (0, Lo); after this-t.ime,
the adiaba’gic préfée.ss 15, i.n "genéré_il,' piegewiéﬁé_ l'isenfroi:ic, ‘i.e., itis
._iseiﬂ:ropic Ifor. every X e ‘{(t_'j-,Y(t"')] ,'_ [Y(t"'), L;)}.

- B’6ﬂ1 of fhese asaﬁ:nptioz;é- can, of course, be -éirnhlté.né_ousl& '
incorp‘dra.ted if we consider the proﬁag_aﬁ'on- of weak é.dia’b’atic shocks,
in this case, again folloﬁving (3. 17). the material will be everywhere

hyperelastic at all times,

3.3 Evolution and Propagation of Discontinuities

We now look at the physical conditions which are generally reqﬁired
for the formation and propagation of discgnt}nuitie's--both shock waves
and acc el.t.eration (simplé} \ira_y_éé in rubber-hkematerlals . We a_l'sp
briefly consider methods for d.e.t'e_‘r.min.ing the -tizﬁé"réqaifé& for dis-

continu_it"ies to evolve during the solution process.
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Prdpaga.fion of Shock and At.:-celc_alr;ati_.o;n Wave.s.

In the absence of shbc;'ké,' Wé ﬁfeﬁous’ly obtained the first member
of (3. 8) as the local 'forrh of the law "pf\co:is'e#vé.tion of linear momentum.
In view of th.e' con—st.ittitivt.a re'lla;t.ioh (3.16) for h“ypei‘elé;sfic materials,
we have ¢ = 0‘(?&),. so that the lo_ca;1 "I'nqmentﬁm'equation for such materials

can be written in the form .
u_ CZ(“X)“XX =0 | R . ..(3;1,9)
whére th§ sﬁua.:‘éd .i.]:ll.t_::l'i.'ﬂs_-ic. Wave _Spé.'e.t.i.'_ cz(uX). is 'g_ivenl by
(“x ';‘-* pTy AL (3.20)

We a.lso note that: smce X = uX, we ca.n recast the loca.l momenturn

equa.tmn (3. 19) in terms of A accordmg to . o
K=leonglx = (3.21)

where, _ clea;rly, the forms of cz(k) and cz(ux) w111 be dlfferent

As noted earlier, for hyperelastlc solids the stress is der Lva'ble
from a potential function W which represents the strain ené-rgy per umit.
For isotropic _inco.mpres'sibl'e

undeformed (reference) VOlume Vo-
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bodies, W is generally defined in terms of the first two principal
invariants, Iy and I,, of Gréen'é defa'rmé.tioh tex‘js'or; the third _
principal i’nvﬁria_nt 'bei_hg unity, In the pres'ent_ CEIL-Se, il =21 422,
1, = 2\ + A"2, and elimination of tilé hydrostatic p.ressure_}rvi.th the
condition that transverse normal 'stres_ses are zero, Iea.d;to the
gene 1;_3.1 .cons.tituﬁi.-v"e :la;W

cEAWA WL - (3. 22)

where W, = 8W/8l ,» @ = 1,2, Substituting (3. 22) into (3. 2-‘6),' we
 observe that the square of the wave speed in mé.téfials-'def'ihed by
(3. 22) is of the form

2 _

2 = Pi 1+ 23wy ¢ 4w, (3.23)
- | |

-3.2, 2, y
+ 2{1 - 2" (Wll}_ +2W o+ sz)]

If we eliminate, on physical ‘gr_Ounds. the possibility of complex
wave speeds; we, in turn, impose c'onldii;ig_iﬁsjop the form of ‘W and its
derivatives Wd’ Waf:‘: In this reggr&; ﬁ_ve' -a,-s"__s\ui_ne t_l;é.t theﬂ stress ¢ is,
a continuous mo’notpnicé.lly increasing fusiction of the strefchl.: so that

for all X ¢ (0,m), we have 0< psc2(A) = do/d\ < ®, This important
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property allows us to interpret qualitatively a m'm.nbe.r of _ inter.e sting
nonlinear wave phenomena. .-F.or __e:xarh]_a.le. suppose that a tim'e-.
dependént surface tractién is a‘p’piied ét the .'free_ end of the rod, During
each infinitesimal increment in'.ti.me.-the cof-;esPOndiﬁg 'iﬁq-rement in
load produces a '"wavelet, " g i:hat , iréfing -Ncrw.vi;iski's. termiﬁology [50],
the net effé;:t of the lc')a.di"'ng."ié."i':'o.- p-fod-.ﬁcé; an "'..i.nf'inii.:e manifold" of wave-
lets i:vl.'_opa.fgath.)_g a.lo__:,ig_- fhe-i'od_. 'O'Ervi.oﬁ's'ly-', ea_ch.-succe,ssive wwa\.relet
propagates at a speed deterr’ninétfl by fzhg.'insta',nt.anéous .S-l.op'e-of the’

" ¢ versus A curve for the material. Thus if consecutive wavelets are
propagated with dec-re_asiiig '.s_pé'e'd.s;_.,-. | thé 's._l.ope gf the wave 'fronf: will
gradually decrease (cpﬁtras'fing markedly vﬁi':h.'l.tllne ustial. é.ha.rp dis- -
continﬁii_:y at the wé.:ve _fzfpnt-_';n ma_-ltgria_.'l's with 'jme:ér o - X'_éuriré.s);' |

‘and the response will be prqpa.fg"_a_'.ted‘ as a 3.11_'hpie;_w_a.v¢. . I-I_awever, if

the distance between successive wavelets decreases during propagation -

(they are generated with ‘L_nc_{rea.si.ﬁg__speedsﬁ)_;.ﬁ"'ﬁh'e-éwa,ve profile steepens
until the discontinuity is transformed into g'.éhbgk wave _
To be more Speéifié, consider, --for:.e':"f:arhple',- the following special

forms of the strain energy function:

The Neo-Hookean Form

W e C(I-l"; 3) S | : (3. 24)
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The Modne'y' Form
W = Cq{ly~ 3) # C,p(1, - 3) (3.25)
The Bidermaﬁl F-'orm.
W = By(ly - 3) + Bplly - 3)% +.B3(ly - 3)° + B,(1, - 3)  (3.26)

1

. ) }

; : e . . i
: T

Here C, Gy, Cp;...» By are Inla.-te.l-:f:i_.a;-l constants, Examples of a variety
of other forms of W pr.c;posed for 'r'e__a'.l materials W'e're summarized

earlier in Section 2, 6. _.'Note thaﬁf '_folr Mooﬁ_ey métérialg. o
o -_-';EI[Ci(I. . -z;u'?’.'):} .3'027\.'.4_.]“ - o (3. 27)
~ T Po . s _ _ -
whereas in 'I:he.c_'.;asel' tﬁf.:-]?;'ifierima_n._.m;;_lt'féi'.ia.ls
_c2.=_ ;—;:{[.314, 2B, (2a1 4 22 ) B | (3.28)

C# 3B 4 n% L 321+ Ry 4 3Bt

+[4B, + 2Byt 42 L 3))00 - 0B
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The function cZ f?r n;e'o.'-H_ookea-n -.ma;t.er_ials' follows from (3.27) by
setting Cz =0, Equatiti;‘;s '(3.24 )‘-(_3. 26) with'_(.':'. 22) _and'(3'; é?)'and
(3.28) describe ¢ - X and ¢ - X.c.u_r._v_{e-s of the type éiic’iwn in Figs, 2
- and 3. Clearly, the -ty'pe of wa.vé gq_é.:-n.e.r.a..t.écll by an initial disturbance

depends upon both the initial state (i, e. the initial value of 1} and

whether \ is subsequently inc_feéée'd ‘_o_-i decreased, A discontinuity

is propagated as a simple wave if, and only if, the intrinsic wave speed -

of the material if front of 'thé"&'iscoﬁtinuity is greater than that of the
material Behiﬂd tﬁe diéc.dnltinuilty: (c_f.'n...’ I[ 75], _p;.l 24_3); .'I;I'.é.nc_e_, | Fig. 3
suggests that for both the Ilv-l-c':qpné?y‘."'é-i.n'd-" néd-ﬁbok'eaﬁ fnaférialé, only
compression shﬁck Wﬁire.s can b.e., develoPed However. fq.:_r". certain -

: Biderman;typé matér._ial.l_s. (étﬁré 2 LnFig 3), ' 1t1.s ﬁ.o's's'_i..l'_j'.le.to.'pi_'oduc.e'
- a tens i_.le.:'élj_m;:k wave .i_f"_th'e 'fn#t'_er-ia.zl is ‘prelét'zjet_-c:"héd"sﬁ_.fficigntly. Thé
deVelopmént' of is-'uc'ﬁ téﬁﬁilﬁe 5- sﬁqék;-f:has;._ in fé.gts bgen o_bserveci
experimentally byKalsky- [56] It is also iﬁtér:esfing_'fb--f:on.s i&er-_fhe

| cage in which an applied téﬁs ion 'loa.d'_l'is--_'sudderilﬁ- femofred.- From

Fig. 3 we can see that this discontinuity cannot be propagated by a

simple wave sinc_e'the wave speed is smaller before the load is r'elea.s:ed '

than after. Thus, it follows that the instant the stress at the end of the
rod begins to decrease {after having increased) is also the time at which
the first wavelet emanates from the end with: a:propa.ga.twn 'égbéeﬂ faster

than the preceding wavelets, Therefore, at some titae sub sequent to
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Figure 2. Si_:fea's versus Stretch for-Some Rubber-like Materials
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the moment when the unloading starts, the propagated influence of t'his'
release, or unloading, is__"eJ.:p_el'cted- to-develop into a shock wave,

Evolution of Discontinuities.

The formation of dis co::ﬁ;iuitig-é in s_olutie_n_é of :;’;onl‘inear' hy"pler-
bolic equa,.tiens.ha.s been a tdp'_ie of .i;:lﬁerest"for man'y years, The
research on this topic faﬂs":inf.o' t\.:;'e"llprhi..c'ipalleé.t'egor-ieé: discontinuities
Whieh evolve from L'Lles'chi.tz__ c-e_r;f:ieﬁou,s iﬁitié.l data and those which
ev'olve from smooth iﬁiﬁal'deta. ._ .Iﬁ tﬂe fbf-‘me_f case, t—hefe is a cl_ea'rly" _
defined wave front and a cha.’r-é,_ci__:&f{gt;é_ a'l_ong which the initial ﬁisc_on-f
tinuity (even when starting w;.th a.na.lytlc: initial data, a.'LiII:.ve;ch'itz dis-
continuity can subsequently develop) propagates until it tends to, 2 jump
discontinuity at some ent:ca.l time, say tCR' ThlS Jump d1scontmu1ty
then propagates 1n a completely dlfferent manner from the LlpSChltZ
dlscontmulty As thls is chscussed in deta.:.l in [43] I 75] , and. [41] s We
will rnentr,on onl‘y the _e_s_'_slentla_.l_ J:'eau_;.m_-e-siif

In gen'e'.z.-al, the-Cheracgz‘ezl'ieti-es of the np_nline"a.r'wax're equatioh e.re .
curved lines in'the X, t -plei;eg‘ ,_ However,Lf a ceﬁs;:'a_.ﬁt_."i.‘?xi{:ial "'g;‘liate is
prescribed for the rod, the é'ha.-ra.cteri.sﬁi.c's- Ief'ﬁeeit'ive' siepe are a
family of streighf lines and j:he corresponding wave is. a sirnpl.e (a.cc.eler-.-
ation) wave, If the excitatieﬁ at_f;he end of the rod is such that succeseive
wa\rel_ets are generated with decreasing wave speeds, these straight '

characteristics divefge in the X, t plane. But, if the wave speed 'et
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~ the end of the rod iﬁcr_éa;sés (e. g » due to comprlessior.L or, sometimes,
tens iop with an "S-shaped'' ¢ - 7\. curve), _the characteristics of posltive
slope will no long'er“d‘_wex--gé, In_stea'._d,' .t_héy'- convé'rgé a:_;_d fofm an
"envelope" as shown in Fig. 4. It is on this eiﬁreloﬁé that the values
of velocity and stress, carfied' by the 'c-hal.ra,_c'téristi.cs-.l co\i-:;ﬂict .so that
the curve C,is aﬁ'afiproxima'.t-'ion'of'a shock wave proggéatiﬁg with
{rariable speed and ca.rrying'é,'v'ar.ia;.bllle'.s'l'tre'sé-." The earliest time that
such an e‘nveIOpt_e-'ap[iga'r'ss i. -e;l,. .wh'en t}ie._ firét two characteristics
‘converge, a ICuSP is forﬁied"at. soﬁv.e-po.int Xcogre At t.his point (XCR.
tcr) @ uniﬁue solution of the wave motion, '.characteriz‘edlas é._sim'ﬁle
wave, is -r:rla.i_:_l:uma'a.tica.llﬁF Iixnpos.s”iiale... it is the ,jufnp eopd'ifibnswhicfh |
enable us to co:;tinue pasf (XCR’ tCR) with a i;niejt'ie solution for the
shock. | | |
The s'érlilond ‘category; the e\foj;utiqpi'_ of 'éli#édntliz;ﬁltii'es from smooth
'_initia.l da.ta;, .i_-'é-tliie. :tIOp'i'.c Wthh .sg'em; té 1;_3"'c;f current 'lntéfpst (e. g.
[73], 1 77] ’ '-[78'] , [79] ). | .W-'hlen- Ié:.lsf;lic;abl.e, t.-hé method pre'sente&'by
A'me.s' [73,.- 77] is.the éi'.ih_pliest arjd most a'c_c.ur-.até. This method results
| from-obse-rvir'lg'_that classe.s_ of .qﬁasi'-l-i.n.ea_r equations can be obtained
by différéﬁtiai:licm of 'first-ofder nonlinear eqﬁaﬁibns; The first order
equ#tioi;s ai'e- tl._;.en used fo'-éalcqlate t-hé-'til.'n.e:' .t'CI.{f.-_ | |
~ For the one-_di.rheﬁs 1ona1 rod co"li;sf idered her'eii_l.. we: find f'.ro'm [73]

that the critical time is given by
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'Figure 4. Characteristic Field for Simple Wave with a Shock Formation
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_tCR_::mu; ﬁ _ ' __ (3.29)

where primes mean di,fferéﬁﬁati'oh of the q_i;aﬁti.ty with respect to the
ar-gume.nt,f and the forms of h and ¢ depend upon which form of the
wave equation we are ¢onsidering: (3.19) or (3. 21), For the displace-
‘ment form of the equation of "mo'-trion, (3.19), we have
 uy. = hIX + $lug )] . {3.30)
¢ = cluy) . (3.31)

with e(uy) Being the material shift rate defined in (33. 20). If we consider

(3._21) on the other hand, .w.'e h'a'(_re
CXSHEHGOR] . (3.32)
$=clh)

Wh_ere the form of c().)ls g'iv"én-l in [323)

3.4 Mathematical Théory -

To complement the .pr'_éce_d'ih'g pﬁjﬁS'ical discussion. of shock and’

acceleration wave proﬁagation, we briefly look at the mathematical side



52

' .of. the theory, - The mathei‘x{iatic_:all th’gory of hyperbol'ic' éygtems' of )
conserva.fion_la.ws and the theoryof shock waves \#as rece'nt-’ljr published
by Lax [52]. A brief outline of -a'polrtitm of this cqg:ent--work follows.

It is well known that so"Iqt;'.onsl to initial value pr.oblems for some
quasi-li'ne:a..r p#rtia.i dif-_ferenﬁ'_ai--éqt;a_.ti-on cannot be continued for all-
time as .'reg-u.la-,r. (.diffe:féntié.bie)" ;piuti"dnﬂs , Betause'th:e-y de{relop dis-

. contiim,itieé' ;fter a'f;lni'te 'f:i.mé*--'noz'l;nat‘l';?e-rlhow s_fnooth 'fhe- iﬁ.‘itia'l data,
Siﬁcé a c.onsierva.tion._ la.w is aﬁ'iﬁtegral r--e-lation., the solutions may be
continued, however, by fun_t.:i_:io;'_x.-g which are not differ.ent-i.a-b_le or

continuous, but merely measurable and bounded.. We t_-'efe'r to these

4

i

solutions as weak, or ggnéra.liz.éd_soluti‘on-_s-.' ‘The breakdown of a
regular solufion may merely _meéi_i tl{_ia:t..'althoug-h' a generalized solution
exists for all time, the'regular solution ceases to be differentiable after

a finite ti:_ﬁ'e. All avaii&-hle. eﬁdeﬁce indicates that fhi's is so. Itis

]

poss ibl-e.. that mp"rg thé.ﬁ .t)_ﬁél-gle:nef;,}i:zéd .él'.blﬁt.i'or@ may _sa:tig'fy t’he same’

' iniﬁ'a.l.c;)ﬁditio_n_é_, '#ﬁd-l.’l\e;r._m.e tﬁe-sé- élﬂ.l'utio;i.s dt:lo..'no't..pdssesis the important
property of uniqueness possessed by r-e.'_gular' Soluﬁﬁns. However, if our
mat.hemé.i.:icajl' '-n.mdel' .de'sérfbés' some .-_a..-'s.-:p'ect of the physical world, then
tiﬁere. 'ié ﬁdegd a umque generall.zed’solutlon fii'i' thna:'-g;;fen initial co:_tditions:

| pa;meljr. the onethatoccursmnatureLaxpresents a'.'cl_ass'-of criteria

which ensures uniqueness of the generalized solutions,

e

‘
fi’
i
i
i
(
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Quasi-linear Hyperbolic Equations

A first order system of quasi-linear eQuatlbns in two indepen’cie‘nt

variables is of the form
'ﬁ{AEx-=o S (3. 34)

where u isl a'--v-é'ct'or function of X and ty A b‘eiﬁé a matru: function of u
as well as of X and t. Such a system is,.cali'ed strictly hyperbolic if
for éac};_x. t., and u the matrix é':é(){.s y..g.')l has real and distinct
eigenvalues 1-J '=-'-rj(X,t,L1) s j=1, 2.-... Lol |

. The initial value pro'biem for (3.34) is:to" find a.\so-luti'én g‘(x;i-)

with prescribed values at t = 0,
X0 =uux)y - (3.35)

Conservation Laws

A conservation law asserts that the ;é.t_e of-.c-hange of the toﬁl
amount of subéféncé contained in a fi.xeci domain G is equal to the flux
of that'subsfance across the boundall.ry_df G Denoting the dens'ﬂ:y 'of thé.t
subétance by u and th;e fluxlb:y:".f',.t.hg. gl'ob:all fc'n_z:m'--of ‘the conservation law

is
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Q-Ip_.

S gf.nds o (3.36)
where n denotes the '.c.mtwa}_rd norrnalto G aﬁd dS is th;e'su_'rface element

- of 8G, the bdqndafy of G. .'A;p'p.ly.in'g'.thel divergence theorem and taking
d/dt under the integral 'sig_x_i w.e obtain, in tﬁe_lirpit" as G shrinks to a
rn,at:e'ri_al ..I.)oint where 'ai_ll.'.pa.rf_ia;l-'dg;i.\.rat.i{;es of uand f are conf_inuous,

the differential (local) form of the c'ﬁnsei'va.tion law -
At divE=0 - L (3.37)
If we have a system of conse fvatio:i- laws, we write

drawd=o. (3.38)

~where each £ is some nonlinear-function of u,..%.su".’ "In vector .
. notation, using subscripts to denote partial differentiation, we can

write .(3. 38) as

0 - (3.39)

. 2o

Differentiating, W_e. have iy '= g}}-x., ‘plus ﬁbs-éiiﬂy’ a v.é.c_tqr valued

function B of (X, t:'}_l);-hélrle Al_] = B_fi/'ali‘] . Hence we cah write (3;:39) as
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(3. 40)

-
+
(3o
1c
"
B 2
1o
n
t {

uis called a genefali.zed solution of the system of conservation
laws (3. 39) if it satisfies the integral form of these laws, i e., if
g u dv

ty otz o
'+S ‘S"{-g_det=0 (3. 41)
G :

t]. tq G

y hoi&s 'fof every smoothly bounded domain :é.nd for évery tim{e_ interval
_ “1-"‘2)- This. is equivélent to requiring that (3. 39) helds in. the sense
of distribution the_bfy. |

Let S(t) be a smooth surface (a cu:é‘\:re for on\ie_ spé.c_e dimens io'n).
moving with t, and v a cont'inut-)us'lyf&iﬁ'erehﬁa’blé: ‘égglﬁt-io'n of (3. 39) on
either side of S which is discontinuou's.a..c-i'oss S. The condition which

must be satisfied at each point of S if u is a generalized, or weak,

solution across S is
allu] + [f]-n=0" . (3.42)

where [[.‘3‘]] and [['{]]'denote the difference bef'Ween the values -of 3 and f,
respectively in either Sidé of 5. n is the vector normal to 5. and a is
the speed with which S propagates in t_he direction of 3_1.' Equation (3. 42).

is called the R'-a;nkine-Hugoniot jump condition.
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Single Cbnservatioh Laws

A single conéervat.ion law is an equation of the form
1'1+fx=0_ ' (3.43)

where f is some nonlinear function of u. If we denote df/du = a(;i), we

can rewrité {3.43) as‘
i+ a{u)uy = 0 | L (3.44)

which asserts that u is constant along trajectories X = X(t) which

propagate with speed a
dX/dt =a - - (3. 45)

Hence a is called the signal speed; the trajectories. satisfying (3. 45),
are called character istics, Note that if fis a nonliﬁear function of u
both the signai speed a;ﬁd the: C'hafactei-istics depend on the solution u |
F..ollow'ihg\ this, it is shown, by both analytic and g.eor:netric argu-
ments, that if a(ub(_'k)) is not an -iﬁc_réa.sing functi.on of X, theﬁ no
functiqn w(X, t) exist's for allt = 0 With initial value u  which solves

(3.44) in the ordinary sense. Attention is then directed to the study
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of distribution so1ui:ion's, ét‘artin_.g wit-h th;é" _simpiiest kind--those
satisfylng (3.'43).11'1_ the ordina.ry s.ense on.ea.c.;li s‘[c.l'e of a s.mooth curve
X = Yl(t) across '\x:rhich uis discoﬁtinuous‘. Integratih'g the solution
across the--discontiﬁu_ity-apd envoking the assertion of the conservation

law, the jump condition

sLul = [£] | . (3.46)

is then dedu.ce_cl, \;vhere [[u.]] =u, -y the c.l*-i.:_fferle'nce of the value of u
on the right and left, respectively, of s, and similarly, [f] = £, - £,
and 5 = dY/dt denotés th;a: speed with which .the discontinuity propagates.
| U's.ing the examiple when a(u)..= u in (3. 44), the following criterion '
is stated:
The characteristics 'sta'._rting.on'either side of the disgontinuity
curve when coﬁtinued in the di.‘recti.on of increasing t intersect the line

of discontinuity. This will be the ca.sé if
afuy) > s> afu,) ‘ (3.47)
If all discontinuities of ‘a generalized solution-sé,ti,sfy this con-

dition, no characteristic drawn in the direction of decreasing t intersects

a line of disconti.nuity._ ‘This shows t-hfa';t' for such solutions every point
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“

can bé connected by a backward drav;rﬁ."‘éiﬁi"al.'é.cterislti.c to a point on the
initial line; therein lies the significance of this' condition. When Japplied
to the equations of compressible flow, this ig'enef.ali-z'atiqn amounts to
reqﬁiring that 'm?,te'rial which crosses i-:lhle dis'.c.o.n.finuity- should suffer
an increase of entropy, For this reason,._ c-o.ndition' (3. 47) is called the
entropy conditioﬁ. : |

A &is"cohtingit% sa.ti’sfyiﬂg the jumplrelé,t‘i'dn (3. 46) and the entropy
_ condition (3. 47) is called a shock. |

Lax thep gclbes on to show that every initial value problem fo-!.f
(3.43) has exactly one generalized (weak) solution, for all t = 0, .which _
has only shocks as discontinuities, Specifically, it is shown that fc;r a
function to qué.‘lify as a unique solution, fﬁur requirements must be met:
{1) the function is a solution in a generalized Sensé'l.' (2) it satifies the
initial conditions, (3) it satisfies the jump condition, and (4} it satisfies

the entropy condition,

In Chapter IV, rather than attémpt to model all four of the required

equations mentioned above, we choose an integration scheme which
autormatically satisfies two of the four requirements. This scheme
contains 5 builtl—in',dissipativq- me‘chénism._ tﬁat can increase the-‘éntr_of:y
across a shock and we obtain sélﬁtiohs of conservat-iﬁn laws 'aé limits of
solutions of p_arabolic equations ('fhey- have steep'gradie:ni:s. but no

shdcks)’ as the coefficient of the dissipative term goes to zero,




59

CHAPTER IV
ONE-DIMENSIONAL APPROXIMATIONS

'_ 4.1 Finite Elenient'.ApproxMatio'nls

We are ready._ to -dex}eIOp discrete models of the eriuations govern-
ing nonllnéar waves by using thé fini.te-'-e_iemenf'concel.:t. Towa-rd this
end, we begin byu-pértitiioni:;g the. rod. into 'la fihité. n'urr.;be.r E of Se._gfnents
connected togethei' af nodal points at tl;ae-ir ends. }I‘he E+1 ﬁodes‘ are
labeled 0= X} <x2< ... <xEHl o, and the mesh length hy = X1+
- XN N=1,2,...:E) is assumed to be uniform, i e. ’I.EN = h, 'fhe'
exact spliﬂ:idn of the variational problein beIongs. fb:_r each time t, in
a space we shall term the energy spgcé_ £,.whi_§h is suggested naturally
- by the variational .form'ﬁl'at'io:_l of _i:he ‘pr.(JbIE_ni:. _ (In 1;sh-e'-'.1'i'1_1éar'ized theory,
£(0, Lo) is the Soboiev space #1(0, Lo.)" Y In ;:he finite-elemént method,
we seék ‘approximate solutions for either the E[l'splaéement field u, the
‘solution to {3, 19), or the extension ratio (stretch) \, the soluti;.)n to
(3. 21), in a finite dimens ional subspace of £(0, L ) containing the exact
variational solution to the_'probiem. W'é_ could introduce an approximation

for u of the form

(X, t) 2 mylthng(X) " @)
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where uN(t) are'fhe nodal values of the di'sp-lac;éme'n.t, .nN(X)- are basis
functions, and the réfuéatgd index N is ._ summed f;qm.l..to_,_ E+1

Similarly, we could introduce an‘é.p"'prlj'_.c_}xl'lim&tion for \ of the form
MK t) S anlteglx) 4. 2)

where ?\N(t)'é,re the nodal valﬁes of the extension ratio and qofN(X) are
basis functions,

In the finlté-‘elérﬁént method, it is 'c'onv_-enieﬁt to first describe
the behavior of each element indepelndently in terms of the nbdal vé.lues;
the entire set of e'l_ements is then-connected together by establishing the
nodal connectivity, Hence we now take advantage of this fundamental
property of fipite-_element models and temporarily fo;)cus our attention
on a. typical element frq’m the assemblage repr'es.enting the c'o.n-tinuous
rod.

To construct the finite model of an elemeﬁta.l field quantity. éay
£{X,t), we introduce the approximating fuﬁcticms for each element which

are locallll'y of the form -

£(X,t) & fa(f)q:a(x) o | (4. 3)
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For simplicity, we cénsider'bnlyl first-order represeﬂﬁti-ons, so i:hat
the repeated index @ is a nodal index -which ranges f:om 1_ to 2 for the
6ne-dimensibnal_ rod element. Here. fa(f) is the value of (X, t) at node
a of the eléméht at time t, and Yo(X) are the usual local (elemental)
interpelation functions whiléh have the following .p-rop-ei-tie..s

xPy=68 . Dyt

o oe=1 _

In general, the.ée'lo(:é..li inter-polaflion_ functmns centain complete poly-
nomials of degree p, &here p + llié th}; order -of the 'higlhleat niaf:erial
derivati\}e' that appears in the energy equation for the element, in this
case, we have P = 1 {cf., [17]). Théréfore. the particular elemental
field quantity £(X,t) is si:ﬁply a Iinea_.r'l function of the local coordinates

of the elements; i, e. »

A

£(Xot) £ U (R () = (ag + DXy {t) (4. 4)
© where, for any element

ag~lagag] =[0,1] . bew~[byb,]=2[-1,1]  @s5)

" Then, from (4.4), we have the well-known linear intefpolation expression
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CEX,t) = (ag + boX)E () + (2, + bX)E (1)
(4. 6)

= £1(8) + (X/B)E, () - £ (£))

4,2 Géle_'i’-l'v.:iﬁ Mbd'e,ls. fo-rl- Nonl inea.zf_ W_aﬁ:.r.'e' 'Pfl._ép;zla.__ga.tiOn _

Usiﬁg‘ f:fie locé.l e'llpproxima.tipn (4. 3)» we can construct finite
élement_mod_-els for (3 19} and .(3. 21) usiﬁg..whai: is soinet’imes referred
to as the.conce'pt of variational solutions. This natufa.l,ly resulfs
in Galerkin-type models, Inifiglly, consfde.r:(_.3._ 19). We seek solu-
tions which are weaker than the exdct solution o:f (3. 19) by oﬁly

requiring that

= g

S' (@ - cluyy )B(X)dX = 0 | (4.7
A o

for any a.rbitfary function B(X) which has a continuous first derivative
and vanishes outs ide the element. In a similar manner, we can seek

weaker solutions of (3, 21) by requiring that
- (@ gm0 @8

where ¢(X) is an arbitrary function which has.a continuous first deri-

vative and which vanishes outside the ¢lement,
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There is an inté._rééfi'ngi-éréiatiﬁh.éﬁ'iﬁ. ;bet“w'een.(-;ll:. 7) é.nd (4. 8) If

we integrate (4.. 8) by parfs and let B =7'-¢}'c_, we have {recall that

M =1+ uy so that A =.'_l'1x)_ .

h _ . h E .
S & - (csz)X)gﬁd—X: Sé%{-(u -'_c-zuxx)dadx
5 .

o .
~ h -
= -_S'(ﬁ - cluyy)ydX (4.9)
o |
j
Q

=\ (ii chuxﬂsdx
This re suit és;s'éntia;iiy; implies T:ha.t 1f ')gf's,é.t_:i-'sf i_e_:_.; _(I41.':.8')',:. and if B = ~ Gy
“then u satisﬁeé (4.7). Clearly the conve"i'.se al'.éb'.hol-_t.is.. _ |

In Section 4, 3, \;ve Wa-nt t;) i-eiamiﬁé pr'ope'rtl_i.és. o.f,.t'he.f inite-
element models developed fro'rﬁ (4. 7) and (4. 8) using ;::-erté.in funda-.
mental ideas of finite elements concerned with energy. Clearly,
under éertain conditions, finite element models developed from (4. 8)
are equivalent to those from (4. 7).

Local Form of the Equations of Motion

We now develop finite element models from. (4, 8) by the following

procedure: -_intégrating {4. 8) by parts gives
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1 h

Po UX%{ . [Po' X ¢]o o (4.10)

.O‘.‘-"" p =

h

g AodX +

o - :
where, from (3, Zb), ac'/BX :'(30‘/"8)\)?\.}: = P'Ocz-)\x.' If by is constant,

(4. 10) becomes '

S res '%E%['mlb =ledbgell 7wy

| Té,kih_g a pieceWiSe'linear -a.pprdxifna.tion (43) f.df X: we have
M t) = Y (XN,(t) = .(aa, + ba,XjNa o O (4.12)

where aa"and b, are 'dé'f_ined in {4. 5); hence, with (4, 5) in (4, 12); we

have

_ 1
Mx = @, XM = Pare = Ay - Aq)
(4. 13)

g x= [bg] = L-1,1]

Taking ‘$(3%) = Ll-!d(X) in \(4.I 11) and inéorp’drat‘ing {4.12), we obtain

the éqtiation 6f motion for a typical rod element
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mg kg + 5aAo[cr]‘; =P | BCERY
whefe niBa is the cons'is.t'ent mass matrix défined‘ By
m(ﬁa : Map '= 9vo. E 'qlﬁipa_dx- ' . o ._ . (4 13)
p_é i.S- fhe'gene'lfé.liz'éd force at.n'dde a
Pa :='PoA9..[""a°:2"x1§ S e

Equation (4, 15) can be integi-ateﬂ to get the usual consistent 'm_ass
matrix in the form
(4.17)

Ba T %m(l + 5’9;)

where m = p A h is the méss of a typl.ca.lelement and .afia is the
‘ Kronecker delta. However, if the ma.as is cons idered to be lumped at
the nodes, m will be of Ithe- diag:onaﬁl £orm;' m 5[3«.%/ 2. ﬁe prefer the.
iumped mass mo‘del- in this étudy; not only for simplicity and increased
computational speed, but for cormfete theoretical reasons to be

mentioned later,
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We now turn to the displacement form of the:eq-iz.a;tion of motion
(3.19). We develop finite element models from (4, 7) using the same
procedure used for (4.'8-); that is, we approximate the local displace-

ment field by

D ulX,t) = b (X, lt) = (ag + b X)u, (4. 18)
ﬁvith a, and b'.a"de,fiﬁed in (4, 5) and here u, = _u(X&,tJ.. Accordingly.
faking B(X) = ¥,(X) in (4. 7), we cbtain as the eq&afioh of motion for
a typical rod element,

mﬁaﬁﬁ-l- b, A he = Py o R 4.19)
.In this case, since Uy = boligi both?\artd ¢ = ¢(X) are constant for each

element, The mass matrix is as previously defined, but the generalized

nodal force Po is now

Pa = Agal¥lh . (4. 20)

Global Form of the Eq.uatiéhs of Motion - -
To facilitate bookkeeping, we use superscripts as'the element

index and subscripts as the nodal index, If we define PN_as' the net
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generalized force applied 'at"nod'g.‘N.. _so that PN = pN'l + pN, then the

global equation of motion for node N is-obtained from (4. 15) as

- A . .
13 O ) ) . . .
where, from (4. 5').'1511:}'1 = -I;h']' andbﬂ:— h--l-, and we have used the - )

lumped mass model, At -'tlf'e' endS“ Ofthe rod, -é‘f édl;‘l.lfs-é: the ‘forrn of
(4. 21) changes according to t'-l:i-e__ type (;_f. S;ﬁhdary cc’mditions_.- _ -Equa'_tions
(4. 21) represent tfle globé.l .Sja.rst'em of n_oéla.l éqqé.tion__s’ of motion for.th'_e. '. -
ﬂnite-elément model of the:‘rod.l Since the sélu_tiozi of théser equafioz_ié .
will be in térms of the displaceﬁent gr#dié'zﬂ:s (k.. 1 '='Bu?-3.}~':i)_; ‘the
nodal displacements, if dgsii‘ed, are obtained .b.y spa'tial'integration..
The displacements can be obtained _dire'c‘tl-y' if the globél equations |

of motion are formed as above, but using (4. 19) rather than (4, 14):

Py = miyg + A T - o) (4.22)

4.3 J ustification of the Fii:_-ite-El’ement M’-eft'hbd for the |

Analysis of Wave Proggationl?robiems

In order to justify the finite-element models iatroduced in
Section 4, 1, we show that in the neighborhood of surfaces of discon- '
tinuity, .such as shock waves in hyperelastic bodies, the jump

conditions are satisfied in an average sense,



68
The global é;ner’gy\balaiicé for a typical élement is of the form
. ; _ |
A, 5 (po 4 - u‘xu)dX + 3P0 Oc[[u ]]Y : (4. 23)

h-Y

+ Ao.j[ cully - AF[aly = 0

where we have uée}d (3.5) 'é_lé'ssi._i-nied the Idcalzenergy' relations (3, 8.)2.
and (3, 12) are id.entically satisfied, "an'd' e-liihinated the internal energy
terms, Now, the second term i:i_f_'the infegra.l in {4, 23) can be infegrated

by parts
A, ‘S‘ oyudX = -A g ouydX + AO[.o-u_]b +.A0|I o_-u]]_Y (4. 24)
h-Y - ‘h-Y S ' '
so that, with (424): _(4.-23")_'6'_3'..11 be 'r'ewritten_.a.é. -
A SI (pouu + O'uX)dX A [cru] + = p c[[u ]Y - - (4. 25)
h-Y '
-AFl6]y =0

Introducing the local finite-element approxifnatioh (4, 3) for the dis-

placement' u and its dérivatives in {4.25), wé have




A § looblpiip + obe, )X - Afodelt  (a26)
h-Y . ] ) . . : -

lpo oclIl!l l]JB]Yup A o'ﬂl[la.]I } =0

where,' at t.hi_-s. p.o_ir;t-. we.n-e.ed'n.ot' spec1fy the precis:e form of thg ‘]Ja,;
except that here, m general, we i.n.te_n'&._ that the {, be chosen from a
very generall"class of functions, 'i‘:-hi"s-"c_laéé '_is rﬁade up of Ithe union of
the class 'pf fuﬁdtiohs _C.('O, h)'Whi'c-'h‘a_réf';‘?_g_ﬁtinuqq_s_everfrwhére m the
element and the classoffunctmns: J(o,h)whlch havea flnlte jﬁmé,at '
the sufface-of diséoﬁtipuity 5 II-:s_ui': are; .:c_d.ﬁ.t'iﬁimus everywhere else in

the element, Of Course, if the interpolation f@étioﬁs are continuous
eve_-ry'wher.e,: the j.u..t'nl:.;s in the. ‘l'a in (4. 26) vaniéh and other means must
be ﬁsed for handling ti_le shocks, But if ;the Y, are ciisc_ontinuohs. a ..
finite-element shock fitting séhén‘ie would be obtained. (For reasons
discussed in the next section, we choose the former, ) Equation (4, 26)

can be written more compactly as-

(maﬁ B+A S oy, xdX - pa,-l-R ap B-S&)ﬁQ,:O (4. 27}
h-Y '

whe:re we have defined

Mep = Pofo S. "”a‘qJﬂdX o Pa = A'o[ “q’a]o
the¥ : :
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Since (4. 27) must be valid for arb iﬁrei’y_ mot:lb'ﬁs of the element, it must
‘also hold for arbitrary values of the nodal velocities ©,. In particular,
if (4, 27) is to hold for arb itra_rfr__ U, the term in the parentheses must

vanish for all values of @," Thus,

maﬁﬁﬁ + A ‘gc v, x3X - pa,+ R ﬂuﬁ .S =0 ' (4. 28)
h-Y :

This eqﬁation represents the g_eneral'fi:riite--elem_eht.“e.quetien of motion
.with shock terms., Thus, as x.n.ight be -exp'e'cted-. a consistent finite- |
element momentum eq-uati.on. for nonlinear wave '-p'rIOp-aga.,tioln prbbleins
contains the proper jump conditions at the _s.h.ock-.j
Based on the above develdpment, we now exe.mine'the finite-‘

_elerhent models (4, 14) and (4. 19) which were dev_eloped fr.om' (4 8) and
(4. 7) respectwely We will show that {4, 14) and {4. 19) can be
developed from global balance laws, that us mg global energy balanees |
and the abg_ve modelmg procedure insures that the jump conditions
(3.9) are satisfied in an-average sense, aﬁd that this implies i.:h'a.t. (4, 14)
and (4. 19) satisfy the jump c’ondit-i;:)ns in an average sense,

_ If the func.t_'iene -lIJa(X) m 4. 28) are a.s.su.tne'd to be c.qhtinuous', then
Ra[i =S8Sg=10 (t]}'..ﬁ = i. 2). ' We 'exe.mipe two cases. Fi;'st_, if the Yo (X)

are linear over the element, the finite-element scheme (4. 19) is
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obtained, Thus .th'e finite_-_éllément.-model (4. 19), ca:;i be derived ffom

the global energy balanée (3. 5). S'e.cbndly, sup"pos.é:' the $,(X) are |
constant ovér fhg element and .the.ip_'f(;X'). int'.rod'l.‘lced in (4. 8) are now
related to the ¥,(X) by taking §(X) = £o(X) and $,(X) = 8£4{X)/0X.

Then the E,.a.('X') are liﬁear f'unctioi::-:s?'.-_ 'I_‘hi.s-implle"; that -.n.1.od‘e'ls of the
form (4, 14) can b‘-a _'d-e‘r'i._véd 'fro_ﬁ_n'e':.lérg'y priné iplé.s._ To sée. thié, sim-
ply set ¢ = £4(X) and B = ~a(X) in (4, 9). Thus both models of the-.fo\_r“rn -

(4. 14) and (4. 19) can be dexiiréci 'f'r'or_n.- 'ehergy balances of the form (3. 5).

Satisfaction of J,u'mp' Conditior_;s : -

No“‘r an.impo:_;'t'a'pt qu;s.tic')n.-\‘::ha.j;'ariée's%.i'._s ;&heth.e.i: of not the jump
conditic’_ms' (3. 9‘.)_-5.1-1..'_3 '.sati'sfi’.e.d :m an ajrefag_e._‘ ée-née m the elemént when
the global en;erg'y b'a;lanc-eg'i '.deq-é'ri..-l;ed.-al,:re'us-'egll'tl-b' H;'rive -ﬁnite -élé:lne':ni:
.models.c_ “By "‘a;i. a_vera.ge ééﬁse".,_ of Course' | w-_.e-_. ﬁ"éaﬁ :|.n a sense at
least as weak as -L 1'(@.,._ 15‘,0_):]'_. Th1s 15certa1n1y t'jri.ti,e' o_f:l':(_sl.. 9), -s;;ice' it
wa s obta-iné-d frﬁm a glol:.;a;l_éner'é.f'b;a"lance (3; 5.).' .Albﬁ;' in our .&éri'va—
tion-'we 'assum_eci that (3. 12) ._waé identically satisfied at -th_é 'shoélk.' Now
if (5. 12) is sé,tisfi.ed'lexacﬂy while (3..9)2 is s_at_i-sfied in an average
sense, then (3. 9), is 'satisf-ied:'ih an av’e_’rége: s.-ens'-e (see'i.:h.e: de ri%}ation
of (3 12)). .Moreover. the Clau‘sius-Duhem inequality (3 9)-3 is satis-
fied because of the constitutive é,s s.umpfiions 'intréduced in the last
portion of Séétioﬁ- 3, 2 Thu;s,. the't_isé, of the élob‘al‘ etierg‘y 'bélanCe.
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(3.5) and the procedures introduced above insures that the local

jump conditions i3.'.9}'a.-re ‘satisfied in a;n average 'sénse_ across the
elé.rnent; To com_pl_ete_._ the -alrgunient. we _cpt_{(:lu_dé that becauée (4.14)
and (4. 19) can be deriveld from 'glqbél"et;g'.;'é}"_]_:a;l-a.l:’;i‘:'e}E’,. they satisfy

the local jump conditions in an average s-é'n'se in the element..

4.4 Tempoi"al A-pprbxir_natioﬁs,- '-

Upon aés'_ei;nbli'ng eiémeﬁts and.applyiﬁg'.'boun.dla'ry édﬁditions,,
either (4.21) or (4. 22) .1;3_ads-. to a 1a.fg_e-.'s.y-sfém'.o£ highly nonlinear
second-c.:r.c.l'er ordinary diffe rentiél gqﬁatidns in the unkb;wﬁ‘ ﬁc;dal
- displacements upor di'splac'eme“nt- gradiénts Ay+ Our only hope for
e’xtracting data from such systems is to-é.tl:empt to solve them numer-
ically, Toward this end, we may choose between the two classes of
direct numerical time-integration methods for systems 'of_ho'nlinear
equations: the condifioﬁ'ally stable explicit échemes, anc_i implicit
schemes, \%Vhi;:h are often unconditionally ;tablg for linearized problems.
Obvioﬁslly,' thé basis for our éelection.ia the optimization of both _
economy and accurac y;. ' |

Hére, thé principal advantage 'of_ iinpli(-:ilt' schemes (unconditionally
stable for large time steps) is overshadowed by.the necessity of sblving
a set of simultaneous nonlineé..r_ -equ'a.,ti.ons.at each tim.-e...step. Moreover,

gince we are also interested in nonlinear wave phenomena, the high-

frequéncy response ig very importanta'-eépecialljr in the re‘gio:ﬁ of the

1
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propagated disc;.)ntinﬁities.__ i—ie__:nce,._'ev'en if a.n'ir'nﬁl_iéit scheme ig used
for this type‘\ problem, expg._riénﬁ.e. wii:h l'iﬁéar problemS"suggesfs that
‘the associated time step ré’ﬁ;uili'ecl to. retain higher frequencies of the
model is héually just as sl'ma.l.l: -'aé that .r'eql;_lired. for.n_umerical stability
of expliqit schemgs-.- | | |

All time in;‘:egfatioi.i.s-chémes"hﬁla;;; involﬁ th«-e_'. :‘L-nvér'éion of the
mass mat.rix“. If the consiétéﬁ? frﬁa.éé matrix i; used,  the ihv"era.e is a
full. matrix which is comﬁqtg'tiqnéiiy"tiﬂie ;oﬁéuﬁiﬁ-g.. Howe ire;, if a

diagonal mass matrix is used,’ qbtaiﬁip'g 1_:he- inverse is trivial, and -
the explicit solution p.;roacé_s'sl 1sextremely fast .E:t‘t'id_,s_impl:e._ﬁ, (‘Implicit
schemes involve 1nvertmgawe1ghtedsum u:;fthet \ﬁlla"svél-.an}é stiffness
matrices (cf.,[80]) éo tha.t a diag’"él‘_lél._h':t\;,s.-_s 'rn'at_r?x ‘a.ffcsr;l.s little advan-
tage in tﬁ-e -nonlinegr case -i,f implicif Iéch.eﬁle'é are :u's‘_‘-'_d‘ ) Kr1eg

and Key [81] have shown that for a nurﬁfaer of représent—at—i_ve linear
elastodynamic probléms the dila,goiial_'ma.ss matf-ix' and thé éxﬁlicit’
central difference time -integration s;'chéme provide the ﬁa'ost-praqtical

" means of. c.omputin'g a transient respo'nse.

An examinatioﬁ-of the order of th.c;- de rivﬁtiire. .of the dependeﬁt
variable which suffers a 'discoﬁtinuity'during shoclk formation ahows.
that any of several well-known exl.:vlici.t.- schemes might be used effec-
tively if only the évolution of Ithe d-isp’lacémeﬁt field in tifne ie desired.

Moreover, certain of these explicit schemes could be used as devices
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for deté rmining the poae‘ni;s atwhlchtheshocks develop1n (‘:_.'"'r"de‘r that
the appropriate jump cp;ditiohn:s; canbe apphed ééh‘e;nea.s such as
these azle referred to as éhotc.'.k 'fitfirié -Iéchemesf _:In the pr.jesent.study,
we shall nbf consider such .I;s_c'hén'tl_e_s _:fdr-_shock anélyéié B'ince they are
extremely tedious and t’ii;n'e- _t_:}onsqin_i.n.g.' '-'i.n that théy' r_féquizle .monitoring
- the solution prt;cess -at 'ea.-,c'h f;ime sfép'aﬁd. applyinfg‘.the_ jump conditions
at the current location of the shock, .Rather-, . we inves.tigate_'a number-
of simple explicit scheme_s for pi:ed_ic’fiﬁ-é tl'-ae e_vo-i_utioﬁ of the diépla.ce-
ment ﬁélﬁ in time, and we dévé_-l.r::p_a new e:’;pﬁi_:it scheme to study the
fo_r'matia-:m.and-pr@paga_tion-bf shock waves As will .Be seen, this new
scheme c'ombiriea\fea_.-t_t_ire.s o_f'-th'é-\.ve-ll-kr.mwh.La_.x-W_end-roff_difféfenqe
.s'c:hefrig wij:h the finitg 4é1¢me_nt concept, |
| '.f'['_.he'foilowin:g éxp'.lzi..cit.inte’-gration s-cherﬁés were investigated
duriﬁg the cqufse of this study_:
. 'Rung'e-Ku'tta_(fourt.h ordér) fs2]

¢ Numerov's method [.83]

® .Standa.r_d. central dilffe-rénc'és- [82-84]

:0 Vel;:)city for,_mullate.d. central differences [80.]

' Prediétor '-corr_ector (f"ifth order) [84]

. I.;.p.x'.-ew'énd.z.-off [85-871.

| Tﬁe finite elgnﬁent géluations §f fnotion', either (4. 21) or .(4. 22),' are b_f

the form i = Ftu,_t) where, for time .d'isci'etization, we denote t = nAt,
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and typically, u(t) = u(nAt) — _ These inte-greati-on 'st_:.};'e'mes are
briefly explained below for. application to _th‘e above form of the equation

of motion, unle'a_é otherwisé noted.

Runge-Kutta (fourth.order). Firat; denoting nAt = tn-, ‘we have
Ky = At F(u, t1)

At n At At
AtF(u+z +8k1,t+z

W
n

at, o, At
> k,,t +

~
n

At F(un + atu” +
and

| : au” = atld" + %-(kl + 2k}

Aﬁn = % (ky + 4k + ka)

t

Then, for the new displacements and velocities, we have

e
1]

w tAau

=
n
=
o+
P
=
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. Numerov's method. This method avoids artificially iﬁtrqducing the

velocities, d, into the dis.p'la;cement_:computat'ion' by using the form -

un+l - Zun ~ -un-l i f_';l; _(F_n+l + IOIFn +_Fn-.1)_ _

This is a special form of a-prediqtbfr_;--f:’bi’:_tfecto-r' schej_m'e. éhov&n below,

wherein the predictor and corrector have been c'omibiné&.' It has the

error estimate
8% 8%y

R = o

Standard Ceﬁtral"differeﬁéés,, ~The e_:_ec;jo_'nd firxﬁé-der'ivatives_' are approxi-~

mated by‘

Ve‘lbc'ity'_fof_mulated central differences. We ‘obtain two first order

equations from 4 = F(u,t) by_ir_;tfoducing the velocity, v =

Flu,tf

: : \2
1B

v



These equat'ions are now appfdximafed by the difference equations
41 pd haDy
VITZE = vII72 + At F(u™ tH)-
un'l'i =u? + At vn']'%

These 'fw‘o"- Iecjuatidns are mathemé;tf-i_cally -equivslenf_-‘tc;-' the standard
central differghces._- as  cz.;.n bg seeﬁ by di"re.'ct suﬁs_tifuti‘on, ﬁoWéve'r',
this formulation i, in practice, more accura't.é. due to the finite word
lengths of compu£er:-s‘ (i.e., a signiﬁcant.deeglree:'ilh_ _roﬁnd-tz;ff.efror
associated with central differences can bé real.li'zed using'this' approach).

Predictor-Correcior (:fi'fthg,order) :

For the predictor we used’

oBtl = Zun'l - 'u_n-3 + %AtZ(Fn + ﬁ.nfl + Fn_.z)

i

and for the corrector

_ 2 :
i Zun'- w1 + ——-Alt-z (Fn+'1 +'IOF?1.+ 'Fn'l)




Lax-Wendr.off _

For the equation form
U+ Ex(@=0
the Lax-Wendroff equations start ffom a Taylor's series in t:
Atz

' Un"l-g +Atg el i

"The t-derivatives indicated :ar-'e i'ép;laic'ed' by X_-dé-r_-i\rat:ive's_by'méans

of the original‘;e"qua.ﬁon, e,

ES %% BE A0 -265)

The X- derivatwes are then a.pproxlmated by dlfference quotlents, to

 give the Lax—Wendroﬁ system.

g}l+1=g?;%3é'( TS EJ-I ( )l J+'z.'.( J+1 Fp) |

. . - _ _
where A]-I--l- denotes A(ZUJ'I'; + 2UJ) and the subscrlpt denotes the

spatlal dlscretlzatlon, y(X) = LT(JAX) = LJJ

78
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In order t—o.-"ha.v.e' a basis for .clol.'t_‘:.ipalr ing-_the' ';;-'Bo've."in{eg'r.at'ion
schemes, we cﬁoose"a;n: e#az_ﬁplé wherein the indut':.e:d éxfgns'ioﬁai_ ‘s;raiﬁ
is small enough so that the eJ':.a,a_:“t._.so-'luti_on'of thé linea;_r théory can be
used for a com;pa"._r.is'dn.. I:i _pari:icular... we apply.a small force of -
constant magnitude ‘at 'tﬁé f’fee e:nd of'.i.:la.'e:‘.'-ro&‘%fgrclaf "’ﬁhort time and then
rembved it. For the lmea.r theory to be a.ppllcable, we wz;nt N\ = 1 05,
which corresponds to the extensional stram Y= ()\. - 1)/2 0. 05125 in, /m.
We choose a thip’ rod o‘f Mc?)_qney material (Cl = 24, 0 psi é_ﬁd' GZ_- = 1 5 psi)
with th.e folldwing undeformed:- ch'ar-acteris'ti(_:j_s': length =301n . c'r§-ss- .
sectional area = 0.. 0314 in2, and mass densify = 0, -OOOi IE'-'se.cz./'L".t#.

For the finite element model, we take 6'0‘unifdrm' eleinghfs‘, .‘I_s.o that
h=005in and E = 60. Since the applied load, Q(t), can be expressed
as Q = oA, we have, 'u__si:ig._ (3.25) in (3. 22) with X = 1. 05, Q(t) = 0, 228 1b,
and we choo se the duration of thé loading to be 0 .002 3econd'§. T:hé |
typical streés-wa-‘ve 'r'espOiiSe.tc; this hl:laad.i_ng is..-'sh.o_\im ‘iﬁ'F_'-i.g. -5 with the
exact linear solut.io'ﬂ. Bup'erﬁoseé fqi' cOrnpa.:r"_is'Oﬁ.. The response shown

in Fig, 5 is :'repr.e_s'entat.i'v'e of all the ihtegration schemes mentioned -
earlier, excépt the Lax-Wgndroﬂl si:;‘nemé.'- sinc;e 'théré wasg no disceriza.bie
difference betﬁveen the res.p_onses. obtained by each scheme,

A compa.rison'b‘etWeéh‘ﬁhe veloé'ity-'fofmulated central difference
schemé and the .'Lax'-'Wen.drbff ‘scheme c#_;ﬁ be seeﬁ in Fig, 6 ..w'h_er;. the

stress wave re'épbnse to a 2. 0 Ib applied end load {(about 86 percent
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Figure 5. Time History of Linear Stress Wave for Different
" ' Integration Schemes
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Figure 6. Effects of Mass Dist ribution and Temporal Operator on Stress Wave Response in a Thin
' Rod ' ' ' ' :
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stra.'m)' iz shown, Also d'_ei)ic;“:e'c'l_ mFlg 6 are the differences between
the responses of thé lumpled_aﬁd_."ébhél-ié.teﬂt mass modeléll. Hefe it can
be seen that the lumped mass méd‘el-e-lliminatés the spurious .o's'clll.atibns
(or "ringing") in front of the si:f-ésé- -\i&é:ve of t‘ﬁe_ consistent mass model,
Also, the computé.tiona.l effic Lency _o-f' the lﬁﬁipgd' ;:fn_a_.lg;s'-'r.nodeil was |
demonstrated in that only 26 secwererequlredby i:hl;a'-_ UNI'V'AC 1 108 to
compti_te 3000 in-’cegré.t\ion._step.s-‘ for .1:':his: mode.l,-"w_iﬁle 35 sec were
required to icom'pute only-.23-0fli. inte'gra'tiqﬁ sfep_s for the coﬁsistent mass

model,

4,5 Finite Element/Differénce Equations -

The re_n‘ia‘ini.ng step in.diécr-e’ti.@ixi_g the In_'o'n_lin-eé.r ééjuat'ions of .n;oti.on
is choosing a i:i.ﬁie iﬁtegr.é,\t_'i'é;n slsé'hi;rﬁé'_to; aﬁfﬁrt:;xi:nate .thelir temporal
‘behavior. _Sc...lvhfiné i:-he nonlinear ecjt@afiqhs 'o-f"‘_ﬁ‘.;ot'io_n by:r stepwi-ée nuineri-
cal methods can be severély complicated by tﬁg ﬁresénce_ of shocks.
Therefore, we choose 'an'gxplic'if fiﬁite'diffeirence'sc:hen':re which can
accoinmodaté shock v;'aves, if tﬁe'y -occ.ur,' withouf; fh'e tedioﬁs apﬁl'ication
of the jump condifio;s\a.;i_éaclh {;.iine step of the solu’i_:iioh\proc.'ess.. 'fhis
method is the well-known Lax-Wendroff difference scheme [85-87], |
which is- generally classified as an artificial '_dissip-'a.tive ﬁnethod (cf., [88] .
where the basic fundam,entals.of.th.is class of integration schemes was
first presented) by ‘vi'z-tl.-le -of the'pé.rtic*;t_liar'wa'y the equa.fio_ns are

differenced, - The stuccess of this particular method comes from applying
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finite difference appfdsﬁhnaf ions _to'the_ governing e_q-uet'i'o-'ns:- .e,xpressed

as conserve‘b’ioﬁ- laws. - _Th-; ﬁev‘el aspect of t._he' following teﬁipor_al :
discretization lB that, by re'wmin'g (3. '1"9)-;3_(3. '2'1,,'@- obtain the -

' governing equation i:h the form of a censerv:atidn lla.w' which, with only

a linear. fihit.e-.-element-!ajpprdicidda;tio:i. enables us to de_velop the d.esii-ed
Lax-Wendroff type‘int'egre't'idn ‘scheme, |

;ax--Wendroff-'F inite - E'léme'nt Scheme :

" The temporal dxscretlzatlon is a.ccompll.shed in the S‘pl.rlt of the
Lax-Wendroff equa.tr.ons (cf . [37] p 302) We first denote qN = RN

and expand qN(t + AT) into a Taylor series up to second order terms
qplt + At) = () + Atdy + —(At)ZqN + O(At > (4. 29)
The t- derwatwes in. (4 29) are now replaced by X- derwa.twes (except

for the nodal force P )b‘y means of (4 21) where

A, o |
N =_1i1_ﬁ(“Nf1 -Zogtoneilt Py (4. 30)

8 .

Since ¢ = o(\), ¢ = pbezq, so that (4. 31) '_Deco"'m-e-s"
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qn = h_z- (eN-19N-1 - 2°N9N * ng19N41) '|' oFN (4. 32)

Note that since the quant.itie.s PN are 'pi'ésérib.é-d} so also are the PN
le.g.s Py =sint, then"f'Ne'cqs t). . Substituting (4,30) and (4. 32)

- into (4, 29). we 6bta.'i_n the fi.nite-_.elem"e_nt/ d‘ifferehc'e équafion for the. t

interior nodes of the discrete model: . -

Sy

¥

.n'-:‘l
z+
iy
—
- r:
"'h-'
d—'—\
l\-"I

20 - |
qN+1+[(At) ( ]qN W)

+5 (1) aR. 1} At‘: (Rt - 2o+ o)
1 L [2atPE + (a0)2ER |

where t = nAt, and q(t) = q(nAt) = 'q“ ,» etc, Similarly, the finite~element/

difference equations for the end nodes are

g§tl = (Aht) [(cle)zq’z‘ + [.(A—ht)-z - (c.‘{)zlq-‘”..-- ' (4.34?

AtA .

O

2 ( 0-111 +-—’2AtPn ¥ (At)ZPnl

and
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B "'(_Ath)[(‘%) 9 + [(&) - ("%—u) 'Iqlén} | (&.28)
+2 %("E - ,,E_l_l) IZAtp’E'H + (At)2 E+1|

To compute the extension ratios. we simply repeat the foregoing

'procec'lu.re.” We first.expand )\II:T+1 :

atl o xN + Atqy + (A ) ay +0(At3 o (4.36)

and so. using (4. 30), we get

. 2
n+1 n 1 (At\*/ n (At}

SRS LN L Zpo(h) («N_l-zaN+¢N+1)+ PR

Ao+l -—ﬁ"‘-+ At n-|--1-(-£-&—1':)2( 2 ) ('M)ZP | {4.37)
1. "™ 17 p,\h 2° % 1 ‘

| o
n-l-l At n - (At)" _n
Mer1 ® "E+1 * Ath+1 * O(h) (o8 - oBiy) * “m TE+

where a'ﬁ"_and (cﬁ )2 a-_ré deté-fmji‘f;éd f,rom(3 ZZ)a.nd (3. 20),
respectlvely |
Equatlons (4. 33) (4. 35) a.nd (4. 37) are the Z(E + 1) fml.te element/

d1fference equatlons used herein for the study of shock waves,
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Velocity Formulated Central Di_.f_f:é_-rehce'Scﬁemé- o

To illustrate the effectiv'enless of the Lax-;Wendroff -_m'etho'd w-e
will compare the results w1th th'e.f't-ﬁife;'_élemeﬁt[ d_iffeferice equafloné
which are obtained .us ing the di;3pl'a-c-emcnt éguéitions (4.22). The
tempor.ai discrétizat'ion'. i's. accémpl‘isil-iéd"fof these eqil;at{oﬂs by 'u_s'uig._
the v‘el-o.city. formulated. central diffe_reﬁce sch'er'zl'l'e [80] y in which the
geperalf nodal é'qua_.'tion,. u.N(t) = F(t). i-.'s-'a".pprm;:lmated by.intr'oduc ing |

 the nodal vélocity YN =u.N and -the'réby geﬁerat-ing‘tﬁo equ'w'alenf first

order equations, which aré then differenced to.obtain’

(4.36)

4.6 Numemal Results o
| I_h thls '_sé:cti.c'm:'_ we c’tf.é' numertcal résﬁlf; ob:tai':ied_'from appli-
cation of ‘-thé'pi'eic::,édi.n-g':'_thédllisr to f-epfgégnt;é.i:ivé .probléms. “For our
'n.un.le.rit-:'a.-l '_é:;alﬁple:s,- we édﬁéi&e@ a thin rod of Md;)ngjr ma.t;'eri-al
- (Cy=24.0 p's.i..- C, = 1. 5 psi) with "the'fdllofw’iﬁg undeformed charac-
teristics: length = 3...- 0 in, ., cross'-.ser.:fibna;l area = 0, 031.4 in2, ii:as's '
density = 1 0-4 lb;séczfin4.l_ " For the finite 'elemént model, we take .

60 evenly 'spa'ceﬂ elements._' so that h = 0. 05 Iin. and E = 60,
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Tensile. Loaciing (s'qua_ré wa;vé)

We conside;‘ a force of constant magnitude a:pp_l'iéd_ at 'the free end
of the rod as a stép- funclt:iqn att = d. fhe_n similarly removed at a .later
time t = t*, i.e., a square wave, For thisl 'exa'r_hp"l'e, i_:* = 0. 002 seconds.

Figure 6 sho'wé the stress wave response to a 2-1b step loading (this

| corré-sponds._to' 86 percent strain stal_:iqiallY) for both-mass distributions

and: both time integ-rafién _'é-cheni';.s- ﬁréviou-sly d’iscﬁssed. Several
importz’a.nit ife_rns me'ntio_péd e;a.:_ri‘ier can be observed _i‘fn']:'T‘.ig;.'. 6.

° 'II"hellul_cnped_ ‘mass, 'rlnode_ll d"b'e.-s_ not produce the T inging in front

of thg wavé' that the'céhs:i\s_t-ent. mass mt;del-l.' dpes,'.' | .I
@ The acé.élélratio.n -w-a',_v-e_‘_ _f'rdnt ‘dd.es -tend*':i;g':fla:tt%e}} ;azith time.

e The wave is pfdpagé.i:%l_ :ii’-ﬁ:o the undtstufr‘be:iportlonofthe rod
as a simple wave. Recall that folr.al. s'implé ﬁrl'a',ve.., -_";'-(t) is cdnstanf, S0
that by multiplylng,'Y(O. 001) by 2. 0--the -ra.t-io-lof the elapsed time
increments--we obtain Y(0. 0.0'2), excepf, of course; for that po'rl:io@
of the wave affected by the fixgd_bounda.ry.

® The " Lax-Wendroff scher’ﬁe- is clearly s'ﬁperior to the central

difference scheme, 'p‘arﬁcular_ly in the presence of shocks. Not only

does it produce no ringing in front of the wave; but the unloading shock

‘wave is depicted without the large oscillations behinq the shock,

_(The-se'o_scillat'LOn's‘" have been interpreted by some. as numerical

instability. of the integ'ra.tio—h scheme.  This is not so: the amplitude




of these oscillations does notg{rowwlth in;:‘_r.,e_ais_ing':.ti{zhe nOr'ﬁit-h- -
decrea_s.ing'At." As po 'Lntéd outm { 87-] .. tf'zezse'a‘re_ 'lumi)ed mass
oscilllatio_ns re"sulting.frohi di’sci-et_fziat.ibnl error, a.ndl Ehey :'r'ep:;eséﬁt
the internal eﬁer_gy' v:rhich r.r'l_u'st' a.pééar 'in. the '*-.shqcked“ re?gion accdrd-
ing to thg jump t_:oﬁditioﬁs._ II: 13 C"dnj.éq;ﬁred that the ﬁ'ax-Wgnflroff
scheme co-ﬁvg-rtfs "thié.pscillat‘c)i'y -g‘i_lle'_:fg;y into true iﬁt_e-:;nal" energy, |
pe:.fhaps with the provision that; asmay 'b:e I.seen m the in{restigatlbh
by Hicksjf‘a‘hd.lP'elzl [ .89]., . l_:l_lé s:tigngth bf‘_tﬁé ‘shock "is-_n_ot. too strong. )
E"igure 7 shows in s_ozfd:é' t;*_leta_ll the response of the rlod to this
2-1b é_te,p load. - The re-sulté conﬂrm fh_e_'féd_ that ﬁéﬁk--s;hocks-' propagate
in a manner similar tl_o s;iﬁl_ﬁle- wé;rgs-%';tﬁ; sﬁ_re?s'té _:i'n(g:-»eésé'_s at thé wall
almost by a factor of twoand i':.he':"st__;-i;a-ss';'.-_w'avle'_isj -r'efl:éctéd'frorﬁ the wall
Wi,th'c;ut alipp:re..ci.able .éhaLn_ge mshape Qr._ma‘.g.ﬁ-if;ﬁde.-

Sinusoidal Fo'rcing Function

This example dramatically ili;iét-fates that the cent_rz;l (I':l'i.ffe.r.enc'é '
éc-heme, wi!:houi:;-mc;-)di'fication, c_é.’r_mot hé,ﬁdle -shécks. "Here, a con-
centré.téd I:i.n;e-depéndent load which varies sinusoidally with an é,mpl;L-

.tude of 1,7 Ib is-applied at thé fre.e end; a complete loading cycle
o.ccurs in 0. 002 seconds, Unlike the response for the tensile step-'loaﬂ
wheré- the unlbading wave .is produced bY. simply removing th'el. load, the
sinusoidal load actually "pushes” the end of th'e. rod, The instant thé

load starts to decrease is the moment when the first wavelet is
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genera;ted which -pro:pa'g-at't;_'s fasterthan:theprecedmg o"r.le.‘ ' Thus; at
some time subsle'qluent_to 'whgn the compression éyﬁile starts, a com-
pression shock forms in f.he- rod,

A com'parisoﬁ between the two inte.gra%‘i'oﬁ; 'sc-h;emes is shown in
Fig. 8 for.the sinusoidal Ioa;&ing. In this case it is clear thé.t the
"shocked iﬁterﬁal energy" behind Ithe cdnipressioh shock renders the
centra.l diflfe-rent.:e s_t;heme uﬁaﬁc-éptable‘. It _is Linteré_Stiﬁg to ndte,
‘however, that the ten:'sioh cycle evideﬁtl‘y "a.bsbrbs‘f _tﬁe large-oscilla-'
tions precéding it a.#;d again proc‘lu.ces-a smo;)th_' v.vav.e..frqnt. 'Ifhe
&etailed reSpohse to this lﬁadin_g is shown in .Fig. 9. From tﬁe response
shown, we notice several interesting featu:_res of ﬁon—linear wa\_ré motion:

e The compressiv;e shock wé._fe i's.rle\ﬂéci::ed fr.o_m the wall as r;_
compressive shock wave by almost doubling the comprgss'ive stress;
but the tension part of the stress wavé is reflected with only a small
increase in stress,

e Att =4 6 msec, two compression shocks are about to collide,
The numerical results shoﬁ here indicate that when two shocks;coll.ide
in a solid material, they-p_e_net_rate- oné anoth:er with little or no
deterioration, This .is- apparently contrary to thé collision of shocks
in gases [75]. |

. Bsr..co.r'nparing'the reSponse- at t. = 'o:’_-'m's-ec with that at t = 5 msec,

we note that the r'esp'onse tends to répeat itself (with some variaﬁon
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e

dué to the i;eflecti‘oﬁ) with .e.ss'gnt'ially the same p_e-ribﬂ as fhat' of the
forcing function,

® As in the g.lev'elc)pment. of shocks 'fr.ox..n Lipschitz continuous
data (cf. . Section .3. 3) :the shock form.s .subs_e'q;.iént to init=i#f'ion of the
cbmpressive cycle,; Thu_s we .-a're led to e:;a.m.inje' thg'poéit'ive slope
éharacterist_ics in.the X-t plane to see if theSr p;‘edict tog for this type
of loading. ' F"tgure-s'._lo and 11 'shci.w_tha_t if we assume straight com-
prgssi_on 'char_ac'te:_jiéﬁcé. of i:osi_tive slo.p.e; _the_ _c':usplci:f the correspoﬁd-
ing envelope in _the Xt pflane does., in.fa;ct,. give a goqd est.ima.te of the

tog observed in the stressati’rﬁe'pl'ots'.
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. CHAPTERV

STABILITY AND CONVERGENCE

5 .1._ General Discussion - |
| This _t-\:ha'.pte.r,. _1I:h'e majbri_ty of whic_'h is 'tai;éh virtual-_ly- intact f'rb._m
the fécent paper by Oden a'n_& Fost [90], is 'concgrnec:l with the estimation
of both the 'f'ate-d_f'-_coﬁiréfgence of finite elél;lgnt-lépéro#imtldn's and
the stability of t_‘ur;e i.nteg'ratioﬁ- schemes for tlr-ans_ient'sohitj.-oﬁs of a
rather large clasé of.nonli.near hyperboli;cz partial diffe':.fentia..l'equations.'
The equations of motion of most homogeneous hyperelgétic b'odielsf ’
including both physically no‘nline'a.r materials and 'finit.e amplitude motions,
fail within the géneral clas.s of equa.tioné co.nsid‘e'fed;- but, . for éiinplicity.
we still limit our aftén’ti.on to one-dihftensiq:{al bodies, \‘fe assume that
the initial data a',nd'the' golution are smooth enol_lgh-fu.nctionsl of both X
and t so that wé may rule out the poasibility of shock discontinuities,
Thus, in the absence of shocks, the results obtained -é.re valid for rﬁoét
tra;nsieﬁt nonlinear vibration problems,
Apparently, the_r:e a.fe_no general metizpds for the s'tudy' 6f s?abi.lity
and convérgehce for finite element a.'pprok.i.rn'atibns of ndnliﬁear'hy'per-
bolic eqﬁati‘on_s. ] Only within the past year have answers.to'these

qﬁestlbns been obtained for even the linear case, Fix and Nassif [91]

e il
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inv;estiga-te'd._ finita.e..é}ehjx:exit a;pp_roxin'.ia.'ti_onsf of lilriéaf f_i'.rSt."oi;der. hyper-..
bolic equations, .a.vnc.llKiku'chi and Ando [ 92] studied properties of finite
element'apéroximations of a c_lass -of li_-r_n‘eaf -.a.nd nﬁnli_hea_.r- initia.l value
problems. _Fujii.[ 93] .-'éxanll-_i:ned both the cqn\'_'r't..arg_lence of finite element
approximatioﬁs and t'hé"numeric_al stability of _sn;q'o'th solutions of linear
second-order h'jrpérbolic e’quatioﬁs 'ﬁith the N_éwmai.rk B-'rhfe*thbd used é,s |

the temporal operator. Likeé Fujii, we also examine the stability in

certain natural energy norms and obtain the stability criterion for non-

linear difference scheim_es. - The nﬁnline_ar slt;.a_bi].iity critérion_ redu-c.e'é: to
that obtained by Fﬁjii for, ;.inear 'diffef'é-nc”e "‘a;i:_pn.os;i.matio‘n;s.. (A pertur-
bation stability analysis" of anexpllcit s&hém‘e 1spre§ente'd1n the Appen-
dix for compar'ison.j Also, .no-nlin'.éazi- erroreshmal:es are bbt_ained
which éséential-lir agréé with tho'é‘_e Fuajii obtéiﬁed’ lfo.r -theilingar case, but

are arrived at by an approa.ch which is necessarily quite different.

5.2 Ehergy Formulation of the Problem

We 'p'r.efe“r to describe the problem in physical terms. Recall the ’
thin ho.r‘nog"eneous rod of ﬁﬁ:erélaéﬁc material described in Chapﬁer III.
We wish to study the longitudinal motion of the rod relative to the _
referénée cdnfigufation in which thé r_tSd is.at_rest-p'rior to t = 0
Respﬁnse of the rod is :i_nitiat'e'd' l:;y sorme p’réécribed_‘ initial véloc-ity
volX) or 'initig.l_ displé.cefnéht-uo(X); for the moment, no body forces

or end tractions are prescribed.
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The total energy E(t) of the rod at time-t is given by

E:K + H ' .. - ' . (5. 1)

where K is the kinetic .é'ne_z_vgy.' and H _ié the internal 'enér?g'y:
K = Poto glax  ; wH=a,l wax 5
0 0o - |

Recall u-= au/8£ '_ila the partic-lé velocity field and W is .1.':he_- 'straiﬁ e‘ne;-g'y
per umt uﬁdefornﬁed ;olurﬁe. | The strain eneréy function W -depép&s ..
upon du(X,t)/ éX = ux and is a.Bs.-.lnhte.d.to 'haifré:_-the.-fb'llowing properties: -

| (i) 'W(ux) has continuous.llaounded positive .s-econ‘d derivatives
with respect to the cii.s'placem-ent' _gfadﬁeﬁts Uy Indeed, dZW/du}Z{ is
proportional to the square of the natural wave speed of the-.material.

a pogitivé function always < 4w,
dW(uy)

. - duy .

Property (i) is directly akin to material stability and is a constitutive

(ii) = T(uy) = first Picla-Kirchhoff stress (5. 3)
assumption; property (ii) is merely a d_efinition.

Since the system is conservative and the mechanical power of the
external forces is zero, _ti1e'-‘ ﬁriﬁtlipl.é' bf.—'g_:qhsefv_a.ti'r..)h:.bf énérg'y asserts

3
i

that for every t
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- E(t) = 0 (5.4)

Denoting the inner-.'produt.:t- of ﬁny

@y th wpte sty = {ugmpax sy

'l:wo_-d' islplac:e'r'neni': 'f ields | ul('X. t),

Lo

0

we find, upon introducing (5, 2) and {5, 3) into (5.4), that

| _p'vo("i'_'i'.’”ii)_' +AD(T(ux}.uX)=o e | G 6)

This result is the g_qver;fiing:.e;jﬁaﬁibﬁ for g.ene'r_afi'z'ed- maotions of the

rod; it is preciselj’r the variation'ﬁl'f'offm of the nonlinear hyperbolic

momentum equation

o2 o f(dTxNo2 |
: ot '. Uy X4
Obvi 1 . 1 2,52 .. : _ -
viously, ;— dT Idux = ';— d W/du.x is the square of the natural wave
O o . -

speed of the rod material, We must, of course, add to (5;. 6) appropriate

boundary a:_id. initial conditions of the fype. {u(+,0) - '1.10, vie '0)) =0,

(85 0) = v v(i , 0)) = 0, Tluy)é )

1,
° = 0’ e'l:c.'
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5.3 Finite Element[ﬁifference Approximations’
To appr.okim-ate (5.6), we partition the rod as in Chapter IV, but

without requiring hyy to be uni_-fdrm;" into a. 'finit'e number E of connected

ségments. We assume the exact 3011§'ti6t1 of {5. 6) during a time interval .

0=t =< T is an element of _'tﬂ'e spé(j;e';gj'(-ﬁv.' Lo) X -03[ 0,TI, where £(0, L.}
is an appropriate energy sphb_é .é'é'soe'-iai;ed with the pfoblem and C3[ 0,T]
is the space of functioua' whése -fi'ré’i:_-thfee deriva;ti.v.es are cont.'inuous on
[0,T]. Inthe fini\;;éeélén‘iént method, \Ive- seek an approximate: solution
in a finite difn_ensicm_al -subaﬁagé, F; of £(0,Lo) containing the .gxill_ci;

variational solution to the pi_'bbl'em. --_'I’lie- elements of F are of the form

'U(x;i):'ﬁﬁ(ti)_'ipN(x)_ o o (s 8) -

where the r'ebeéted-: nodal index N'is su;trunedfrom 0 toE+ 1, Here
UN(t) is the value of U(X, t) at node N ait;fﬁi;ne.i'and l-]-ngx) arje-bz'-xzs'-'is"', |

functions designed so as to have the usual fi'ni‘té-elemént properties;

i,e.,

q‘N’(xM)zﬁﬁl H M’.N=1’2:...J.:E+ 1 .
_' | | (5. 9)
=0 i x¢ Nl XV

=
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In general, the._f‘u;:mction-é tl-lN(X] ar'é.-gqne-rafed frt';':.rh'_'loc.al. (eiemep-t)
basis functions Whibh cdntaiﬁ"cbﬁiplete' pqunomié.-isiof dégrée ps where _'
p+ 1is the ordér'oil' the thhest -épatiﬁl __dg'ri‘v;tixie tha‘f .app'e.ar:s in the
functional (5. 6) (¢f.,[17]). In our Ela.'se.. p=1. "- |

In the present study, wé’ sha:.lj-_l-'_a'l_;si-é fol;_lqw the customa‘.rjpf_oc’e’duxf.e
and approximate t_'he_be.haﬁ-.dl:: of fJ(I}I{I,t)_ in tiﬁ'te by finite -d.if'ferences, .
We divide the time intervallo;'f]' i_r'ﬂ:é‘f"Rj':équal' .tii_‘ne. iﬁfe'rvals At, and
describe fh-e variation of UN(f.) in t in férnis’i o_f its values at times 'i.At.

i=0,1,,..,R. 'Thﬁs (5. 8) is:w:ift_en '
vauiAn = UREx) . (5.10)

‘where UIlq = UpliAt).  To represent time-rates, we employ the difference

quc")'tients

SNSRI ROy i+1'_.-i-1- | | :
80" = 3 (RU'+ AU = (U - y2at (5. 11)

'agui - vtAtUi = ! auly uitlj7ael
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By direct substitution of (5. 10) and (5, 11) for u and its various
 time rates in (5, 6), we arrive at the finite-element/difference scheme

governing our discrete model_::'. |
. o(zs 2yt, 6U)+A (T(UX), 6tUX)_ o G 12)

~ Here U = 8U'/0X = UﬁdulaN(X)-fdx and 8,Uy = (8 )iy (X)/ax .

Phy_sxcal Interpretatton of Eq_atton (5. 12)

It is enhghtem.ng to l.nterpret the terms of (5 12) physmally For
instance, consuier the fl.rst term” in (5 12), and denote by K and K the
kinetic energy of the dlsc:'ete model computed us mg forwa.rd and ba.ckwa.rd

L

difference approximatlons of the veloc 1t1es, resPect_wely.' Then -

P01 -
K, = 3 myMViUnViOm
| (5. 13)
i1 S |

where N, M =1,2,,.., E+ 1;i=1,2,..., R - 1 and my, is the con-

sistent mass matrix,

o T o _
Mg = Pohy Sxquﬁdx | (5. 14)
| . |
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It can now be shown that the first term in (5. 12 ) is, as should be
expected, p'ret-:isely a difference analogue of the time rate-of~-change

of the kinetic energy of the finite-element mode"l. In fact,

P S P 2 b
Pofo 6LUN 8UT) = pA, (gt ) 8, Un 8 Uy

1

= 7t "M {ViUNY Uy = 0 UNA Uy} (5.15)

= (K} - K!)/at

Note also that if [|ul| denotes the norm associated with ‘the inner product

(5.5) (i.e., || ullz = (u,u)), then (5. 13) can also be writtenl

Cea e |
Ky =19 012 5 ko =-52la0l® (516

The second term in (5. 12.) is clearly analogous to the time rate-

| of-change of the total internal energy of the model:
H=A (W.1) =& (W | 5 Y=~ A _(T(UL), 5,0L) (5. 17)
= A r = Odux:ux } Ao x i Ve . .

This term contains the stiffness relations for the finite-element model,

In fact, in the linear theory T(U]i{') = EU;( = 'Ull\lfipN, X’ E being the
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elastic modulus, so that H A;EUIN&tU_‘LI (q"N. X’ "IJNI,Xx the array-

K

= A oF ¢4, X-. b, %) s the 'g1§b51 s?l.ffnéss mat_rix"for -fche' model,
In the present study. of course, _fhg stiffness r.ela;tioné may be highly
| nonlinear.,

Relations (5, 15) and (5. 17) indicate the man:lm.n.'l' in which (5, 12)
approximat-eés_.'-(S. 6). Equ-a.tion_-:(S; 12;).':ﬂ_e_sc.rib.es a -discret.e model of
the conservation pr.inciple_ (5 4), ] Sir_ac'e':th.e_ qua.:it;lties Gtﬁ; _

(i =1,2, '. R - I;N=1, 2,". i E +:..1).z~ii’e linearly independent, it

is clear that (5.1 2') a.l.so impli'e-s i_:he.'discrete_momenturn' equation,

ST+ Ag(TUL e ) e, ) =0 (5.18)

‘However, we prefer to retain the energy_forni.(S;_-lZ_) for'-reasoné vf’hi’ch

will become -apparent subséquentiy.

' 5.4 Numerical Stability
We nov\nr invéstﬂiga'.te the'sta‘bility. in an énefgy getting, of the non-
linear fini.te-element/differénce.sche-me (5 12). To interpret ene:igy-
criteI;i‘a in p-hjrsi.c_al terms, we observe fh’at foi' the continuous system,

(5. 4) implies that

T . : __
gE'dt = E(T) - E(0) = 0 ‘ : (5.19)
0 - .. . ) .. - - : : .
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While we cannot expect.fhé_ disc r.el:e model t.o .a'lsa IIZ:IIehave. in this ideal -
fashion owing to round-off errors _ilnherent in o.ur' ‘method, we can expect
that errc.;'rs. in the energy do not become unbounded during the time
intervgl [0. T]. In other wordé, if Eh(t) is our finite element approxi-
mation of the total _energf at tifne t, we shall consider our ﬂumerital

- scheme to be. stable ip eﬁérgy’, if there exists a constant C > 0 such that
| Epliat) = C'-Eh(_o) ., fori=12.....R
‘Equivalently, stability in energy is a'slsu;red. if
Ep(iAt) = ClEp (1 - _1)&) | (5. 20)

for alli =0,1,2,,..,R.
Out stability analys'is is based on the following aésumptibn’s:
™ W(ux) has 'p_ropp‘_i‘ty (_i..)_ qf..(l5. 3) ' -
| ] Thé finite?elgmént': iﬁterpé'l'atid,y_f&;r-;bi;ipﬁé-*trllN'(.}:C) satisfy the -
usual convergence and completeness c’riteliiz;_ for linear elliptic problems;
i.e, , the famils;' of functions UNLIJN(X).contains complete polynorhials
of degree p = 1, and the finite element approxirhation UNI.IJN(X) is

continuous across interelement boundaries. In particular, lPN(X) may




110

be taken to be the co'nmmn-pie'cew'iaf-e linear pyramid functions

o - Cox g XN, ,N+1]'_ |
delX) = Dby + X - XN))/my .+ X L N (s 2 i
L™ o xyng,, xe [xN, X

We next cite the 'fdllow,i_ng lemmas:
Lemma 1. Let (5. 21)-hold. and denote by h the minimum element

length

-'=mm I - (5, 22) .
...lEhN : . - '

Then, for every finite element approxirﬁation U= UNtl-lN
8U | = ¥1 |
< ) (5. 23
IIBX h "U" ( )

where |u ||2 = (U, I..T)'and. vy is the conétant 243 .

IInequa,lity (5. 23) is a fairly well Rno‘wn result and can be found
elsewhere (e, g. [9_3, 94]). It can be proved directly by merely sub-
stit;uting (5. 21} into (5. 23) and carrying out the iﬁtegra-tion. We omit

the details here, o , ;
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Lemma 2. Let the strain energy function W(UX.) satiéfy'property
(5.3). Then.

i i mel_ogi-l A 1 i oo
Ao (T(Uy). 8,U5) = o v (T'(UX) (U;{ -_U;{fﬁ) (5. 24)

A, |
* g2 (T (ﬁ‘ ) (U - Uiy

where

=i i, =i+l i =

(5. 25)
Ai i i-1
UX'= x'e(Ux'U'X) ’ 0=0=<1

Proof: If (5. 3) holds, we may expand the strain energy function
_in a finite Taylor series about wi = W(U;{) (this is an implicit expansion

in time):

wi*l owhe rl pultt - uly e Lot )(U‘“ Su 526
wi-l = W' T(Ul N -.UX T'(ﬁ )(U uisty? (5. 27)
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where T(ux) = dW/&ux and T‘(ux) = éIZW'/du;',"r = ':lT/du.X . S.'ubtra.t:tin'g
(5. 27) from (5. 2'6); mult-iplying the res'ﬁlt by AOII'ZAt'_, and integrating
over the' length of fhé bar gives the desirgd_relétioh, . o

Our -numef-iéé.l s‘ta‘.bi.lity criterion ie given in

Thebrem; 1, Let Lemmas 1 an;i 2_hold..' Tﬁen a éufficieni c_o:i-
ditien fc#' the finite;element/diffel.:'ence. scheme defined byl(f;. 12) to be

stable in energy in th'e sense of (5.-_20’) is that

where vy = 2¢y3 and cllnax is the maximum wave speed éxﬁerienéed in

the rod for all X at time t = iAt:

C:'ﬂax =Im)?x[T'(UX)/Po]§ _ (5. 29) -

Proof: According to (5. 15) and (5. 24), we have

AtEp =K, - K +H_-H - f (T"(Ty) (.U;'1 - U;{)z) (5. 30)

i-1 2)

- Ag 1\1 P
—_ 1 -
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R S TR R |

where I-I..l - H.1 = ';:[(H ' 'l‘ H) - (Hl +H - )] = l(HH_I - Hi-'l)-.'

1 A4
- .U "

Observing tha.t T'(u.x) is always posltwe, that ||U"+
= At "V gt il /hz, and using (5 16). wé find, after rearra.ngmg

termé » that

At 2y " 2 |

i 1 i

K'(1.—2-¢ + 5K +H (5.31)
+( 2he ) + §

Now K + H = K,:, 1 + H_}_ 1 'M.p_-rfébv'ei'ﬁ if there exists a pd.s itive

constant o such that 0 <ag=1 and such that

(1 TR Cma )aa' >0 U (5.32)

2
_then obviously a (K} +H+)_K‘(1 . At2y 12C /zh2)+H -=K‘ 1+H}r 1

Our stability criterion comes from the fact that (5. 32) is satisfiéd if

Atzvlz i.
- < § o o
3 Cmax_l a<l1 (5. 33)
2h |
which leads directly to the desired result, (5. 28).
This stability estimate, as should be expected, is cgﬁsisteﬁt
with the w_ell--lﬁmﬁén von Neumann linear sta.b'ility_ criteria [95] which
requires the discrete system to propagate information at'a rate greater

than or equal to the speed of 'p'ropagation of the actual system, The
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si;abilit'y czl-iterion-.(S. 28) for the_iiﬁnlinear_;:sjrﬁtetn (5.'.-12) sixﬁlﬁly-:_reqﬁires
the approximate W-ave speéci to exceed the acfﬁal _w"énrei sijeed timéls a
constanf_:. (v/v2) = 1, for all X'e (0, L). The consfta’nt viyz deﬁends
upon pr.opertle's of the discrete model: by Lemmé. 1, tvq/ V2) = ﬁ g
a consistent mass approximation, and. as -dis’cus__sed; ln-.tl'ie follo{wing
remarks (vlﬁ) = ﬁ for the.llimped mass approxii_ria.tf_tom
Remark 1: I a'IuInped;-mass fini_te—elemént 'f-t:;rﬁaulatibn ts used
rather than a consistent-mass fclvrmulaftion (i.e., if mNM 18 _c.liagOnal)...
then the. constant ‘.’1 in (5. 23) must be replaéed by v, = 2." All other
steps in the a‘na;lfsis are the sénﬁe. -Coh’s"ethenfly. ' instéad of (5, 28.).."
we obtain stabi.lity-for the lumped mass model if- |
il_;,‘é méx'rcl : (534]
Remark 2: Our -s.ta_b.ility criterion (.E';. 28) is not altered if we
consider, ins.t.ead of (5. 6), the nonhomogeneous wavé equation,
.po ol vy + A (T(uyx) vyx) = A (f,v) provided || f( )| < o for all t..
The inclusion of such a nonhornogeneous term merely adds to (5. 19)
a term on the rlght side of the form c S‘ "f(o t) ||zdt

Remark 3 The stab rllty cnter:on 8. eas Lly adapted to va,rla.ble

step time integration schemes. since lt hgl_d_s '_'_ step-wr-ae"; Le s itis -
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developed for a.typical t'irhe_'_'sjtep ﬁ't.- Thus, a possibly'm’ore. useful

criterion is obtained by replacing At in (5. 28) by {At)i,

5.5 Er-i?;n_- Es_tih‘;été;s a.nd C.oﬁvex;gencé'

E.Our error estinfiai:e'_ and con.s'_eque'ntly.dur. convergenlce p.'r-oof
depend étr'ongly oﬁ the-smootﬁnéﬂs proﬁért_ies that w(X, t} and W(u'x)
are assumec_.l.to have, The st_r-a;h;;.énqrg'y functio'n W(uX) is a.s_sun%ed to
have the bOunded positive chﬁ:aqte_‘r_ reﬂeéted in (5. 3). 'Indeed,f we
. nott;d earlier that .dZW/-du.Xz -=.T'(-ux)- i; a c'oﬁsta.n.t' times the squaréd
speed of propagation of simple waves for the material, It is ..customa'ry
to a.ésum&, for _re,alll.\n;.a.ve,' spéeds," tha:t thi's‘fﬁncﬁoﬁ is I_'a'lways positive
and, bé;rr'ing-such' excépﬁiﬁnﬁi cases as 'ﬁe‘ffectly cbnStraiﬁed incom-
pressnble rnaterla.ls, is also funte. If T(uX) = dW/duX is continuous
in Uyr then., for any two dlsplacement gra.dlents ux and WX’ T(uX)
..T( ):l: T‘(w +B (u.x WX))(u.X- X)’ -61.62, 0*:91.9 =1,

Hence

Co (U.X - WX’ Vx>£ (T(ux) - T(Wx)le> = Cl(uX - Wxavx> (5. 35)

=inf fT'uy)| i eq = sup |Tuy)] (5.36)
Moreover, at points {X,t) which do not lie --o_i1~ihe surfaces of discon-

tinuity corresponding to acceleration waves, the exact solution u(X,t)
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can be assumed t‘é- havé third '&erivatives with-_res"pec’:t to time,
Therefore,
2 L 8%u(X, iAt) co '
8%ul{X, iAt) = ————— + WX, t)At - (5,37)
where wl(X,t) = [G(X,i(1 + B)At) - WX, i(1 - 8)At)] /3!, with 0 < o,
8=<1and " w]' ” < w, These observations and a'ssumptions set the
stage for our donvé_rgence st_udfr.
We consider now the nonhomogeneous forrn of (5. 12); i, e, , if

u{X,t) is the exact (generalized) solution and Ul = U(X, iAt) is the

finite-element solution approximating u(X, t).. then
P (6Zut, V) + (T(ugcj.vx) = €V + p, (WAL, V) (5.38)
and
é@(a%pi.vﬂ-(‘Tcﬁx).vg) = (£, V) - _(s.';?)
Here [[ff| <o and V = V(i is _an&rbitrarfe‘_lément of the.fl'nite-—eleml.ant

' ‘ Ai A Aj
subspace .  Moreover, if U' = U(X, iAt) = UlN\I_JN(X) is another arbitrary

function in F, a little algebra leads to the relation
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po (500 - UL V) ¢ (7@l - TR vy (5. 40)
200 iy AL i _ | i

Now, as is customary in qoﬁvergeﬁée 3tudié.s.-6f '1iﬁear-'élliptic
problems, we shall identify ﬁi in {5, 40)-__3.5- the finite-element inter-
polant ?Il qf.the exact solution ui.' That '1'_3._ if u(.X.t_) is given, .ﬁ(X,t)
is that elément of the finitg-elément subsp;aceff thaf coincides with
u(X,t) at each r'mc'lal p_oi;'rt xN for every iAt, i=0,...5R. It is well
known (e. g.,» [17], PPp. 111-116) that if ki is a linear combination of _

the functions Y(X) of (5. 21), then
IEH =poh®  and | EY) = psh  (5.41)
. T PV S R IR
Here Mo and juq are positive cc__n:‘lsta.nts,”E = U' = u', and EX = é_f(U - u'),
The quantity E! is the _intei'polation error.att = iAt, whereas the actual

error inherent in the finite-element solution is

el=yul -ul=gl.gl | (5. 42)
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where
£=7 - vt R . (5. 43)

The stage is now set for the fb'ildeng lermma, -

' Lemma 3. - Let (5, 35) - (5. 40) hold, Then
0o (SEELEY +aglE )% = p (82E' £ ¥ agh +aylat)?  (5.44)
and !
. 2 - . Y ) - i . I 2 . ’
po (Bie£') = B Ex]l % + Bql€5 1% + B,(at) . (5.45) ?
. _ !
. N . . 1
where o Br’ r = 0, 1, 2, are positive constants., :
Proof: While somewhat lengthy; the proof is straightforward, b

We shall only outline the essential steps, Out proof makes use of the

inequality
_' "(-u,v) = 4%" u'||2_+ & ||v][2 K € > 0 . | {5.. 46)

which follows from the Schwarz mequall.tyand the elementary inequality
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|ab| =(1/4¢ ')az. +¢b%, and .!:._he fact that there exists a constant k > 0

such that
lol <xlogl O san

 Inequality (5.47) is the well-known Friedrichs inequality and its

'-validitjr,is -profed ina numbé:-r 'Qf texts (e, g.» .['96'] y PN :29.0).- To

obtain (5 4.4),. set 'V _=':£-i in (5. 40),_. 'rlepla;cé .t.he__..s.fst_:dnd term on the left

side by Cy "‘-‘-’2{ ||2-'us:.i.'ﬁg (5. 35), and apply (5. 46).and (5. 35) simultane-

ously to the second_and-'th_ird terms .o_n. the rlght Slde __ 'i'hen‘ 'rh'aking | _

use 6£-(5.'_41) and (5. 47) and collecting te_rn'is'glives:_tl;é deéife&.r-esgllt. _

Equation (5, 45) is obtained by-subt_ra_ctin_g (5. 38) from (5, 39), using

(5. -35)'. appiying .iné.qu'alities (5.46) and (5.47). a’ﬁ& *I;hen usmg the'

. identity (5. 42). This coﬁpletes the -praﬁf.- We now have |
Theorem 2, _L'et'(é-; 35) through (5.40) hoid; Then, as h and

At + 0, el in the fii_zite-elemei;t apﬁro::im#t_iori -éat.i‘sfies

at (5.48)

ekl =M_h+ M,

where M and M'i are constants. indef:éhde’ﬁt of .h_'anc'l At,

Chd o T e Rl e e
LI T ¢ e
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Proof: We know from the triangle inequality that
loxl = By -£x ] = Exl + &l (549
The term || E;C" is O(J;'l) in accordance with (5. 4.1':). “To estimate ||£;(|| ,
we observe that (5. 44) implies that _ '

el l? = oy (BHE S £Y.ED 4o h? +aylan’

Since IEi - £'i = ei. we may introduce (5..45) to oBt;.in _.
i i2 2 2
I€3 1% = v I EX % + vqh2 + valat)”

where Y, yq» and yz' are constants, Substituting this resu_‘]:t.a-l'-ong.
with (5. 41) into (5. 49) gives (5. 48).

Equation (5. 48) proves that the finite-element é.pproximation
U}ic converges in.the mean 1:6 the gradient of. the exact solﬁtion u% fdr
each i. We assume, of course, that in taking the limit h, At = 0, the
stability criterion (5. 28) is satisfied, Since " ei_” =C " e;c” » conver- '
gence of Ul to ul is also #gSured, ﬁut we do ,ﬁpt attempt to assess its
rate of convergence here, ...S‘ince the So'bo‘l-;r.'-inéqua.l:ity sup| e"|
=C (" ei" + | e%ll) holds,_.-we ob'servel as did Fujii [93 1. ;:ha.t ut

-
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converges 'unif_ormly toul, We also remark that the _' I.i'&e of lumped or
consistent masses has no bearing on the final error estimate, other
than possibly altering the co:__:s.t'-'a“hts.M.o_lan& 'Mi in (5.48): the lumped
mass and consistent mass appfdxima.ti-ons have the same rate-of-

convergence,
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CHAPTER VI
' DYNAMICS OF ELASTIC MEMBRANES

We now return to thg-pr‘ob'l-éxltll. of .éiéstic membrares. ';Having
reviewed the.'fu.tic.lam.ént_al princ iplles 'n:'é;e.séa.ry to obtaiﬁ ge.néra'l con-
.stitu-tive relat‘_i‘bné and équations of t;ldti;slrl-'i:e'rtinej;t to the theory of
elastic membranes in Chgpt'er 1. we are '.reé,dy-fdlj the spatiotemporal

discretization of the continuous :systém. :

6.1 Finite Elements of Elastlc Meﬁﬂi"iﬁ_"af'r;e;-s-.

Kinenia.ticis of a Finite Element

Consider again the membrane whicﬁ,.'{n'thé.réf.ertlanc'é c-on.'figi;ratfon-
C,» occupies a region R 1n thiee_-dimen's_i_o:nalje.ﬁpli_d.?_an spacte, To |
describe the r;wtion (ij th:e ngle'mb%rane:, we e\.st.a.bli‘_é‘h-e-(.i intr'm-s ic global
coordinates Xi- which, for simplicity, are taken to be rectangular -
ca_rteéian in Co’ T'he_ré'cta'ngu:la.r cartésia.nlcoordinates of a particle P
ina subse(;t_le:nt cohfi’gurét'ibn C at somé time t > 0, which was initially
at P, located at the poiﬁt X = §(X1) inC, are dénoted x5 and the

1

functions

Umexmx 0 (e
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are said to define the 'motioﬁ of the bod.Y.

In ordez; to reduce the c-o.ntiriu.ous s.ystém to a discrete one;_ the
membrane is approxin'laafed..-l;y .a"d.'_ts?:'-ri.ete model which consists of a
finite nu}nber E of flat finitet el.e-ments-'connec'ted'appftSpr‘-iateiy at.their
nodes. Within éat::h finite e-le__;fnént é_of-: the membrane, intringic local
coordinates.X%e) are'esta.bliis_hed' which, _ft.;or-s.impli_city, are taken to be
rectanéﬁlar-cartesian in the :éf._e.i_‘e’nce-'C'dnfiguratidn Co(e) of. element e.
The rectanguiar ca'rte_sia‘n c'c.)ord.i-r!lé;te'é_ of a ﬁarrticle, P .in an arbitrary
co:ﬁ'i’guraticn-c(é) qf elemeént u.e._a_t sorne tim_e t_l>l'0-, wﬁiéh Wa's. initially
at the point ‘_}‘(('e] = x(é,(x}e))in c

) .a.re denoted x

:i-(e)_' 'a.nd'the functions

ofe
%ile) = Xige)Fept (6. 2)

are said to .défi'n'e the motlonoftheelemente -

In the finite element method, it is convenient tt.{: fir-s.'l'...describe the.
behavior of each element iﬁdeﬁéndently m terms of the 'd'iépl’aiégmerits
of its nodes; the entire set of _el_em_enf:s is t”he’n"::Onnected tog'eth;er_by
establishing the nodat connectivity, ..For' fﬁrther- simplicity,- it is assumed
that the middle surface of each element lies in the X, y X{(,) Plane of
its local coordinate system. Also, it is assumed that the reférence

configuration Co is such that the local coordinates X(-le) for each element
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can be taken para_;llel to E_he l‘::b;.).:;r:e_ispondin.g g-_lobal.l coordinﬁtes Xl “(If
C, will not aliow-'this coc.;ard.iha_te alignment, it is a simple ma’.tfér to
dete rfnine the ciir ettio:q co#inés.- Wthh w.ill.pe.rfo'rfn the.de'sired oﬂ:hog-
onal transformation of coordinatgs.‘._.)'

We r"ao.w take_ ad\lran'taég.' of'_the_fuﬁfi:'a;mehtal‘ﬁ -pi;‘opertlyl‘pf f'mité
element models: the elements éa‘n.._b_e gans-i_dgi'ed'--d@-sjbif;t- and,c';isé'on-
nected for the purpose of des-&:;"ﬁs‘i’gg.'-lb-g&l'apg'p;:'ox.-iﬁtation-s--‘ éife;- each
element, Heﬁce' at_tention"_ can -be'.' pla;e‘d' o-n'a.':'t.jpical glement e of the
assembla.gé fépr-esenting_ the conf'in;;bﬁ-s'- membrané. In ¢0nsldefi§g e
to be isolated from the sys_.telrfll,, the el:.t-am.é'n't label (e) can be neglected
for simplicity and. con\-rén'iénée'-réxc'ept m '_c-af,-si_es__whgre _i‘ts:._orf-i.-i‘.s.si'on
may lead to confusion. For simpli-c'itsr, .dhri)'r:‘"'.fi;'sf'-.orde_z:‘ aibi)fOximatlons

"are considered and thﬁs the local diéplaéerﬁe’nt fleld of the micid'le
surfacle of the membrane I.is 'r_ep:rl-e's"é-ﬁte'd'. 1nterm8 b.f._-’t!__iq-,nddal displace-

ments by
g = hexLx2ee) 0 (6.3)

Here Yy are the local interpolation functions for the element and; as

before, have the following properties:
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'M'. :M Ne Lo
&) =g -.kN = 1

the u, are the .Coi‘ﬁpqneﬁts of displacement of a rﬁétéri_a‘l p_di_.nt (Xl, Xz)
‘on the middle surface, uI;I are components of '.di‘_s'p'lla.-'c:enient' at node N,
N=1,2,...,N_ Né"represent's- the number of nodes., .and i=1,2,3

Then according to (2.'14) the strain compornents ?,'re .

Wm?%mp+%p *%a%ﬁ%%f7
24y =0 | ' - - _ ” _(6.4)

22 -1

2¥33

For compressible materials, A% can be approximated over the

element by
2o g txd, k2N o (6.5)

where p. = ()\2) ~is the value of A2

it node N. For incompressible .
materials, by introducing (2. 11)¢ into (2, 34j1, a2 is obiained in terms

of the membrane strains

R R
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2 _[1+ 2V, + 2;5“‘38“‘?“,\\*',3“,]'1 B

. (6. 6)
=[1+2v,,+ 2(¥qa¥pp = Yop¥pall
With (6.4) in (6. 6), A% is expressed in terms of the nodal displacement

by

=[1+ k(z k+ q:M R _(6.7)_I

+ E eﬂhe ﬁu(leaau‘l;I + q‘N’ pua' + q‘N! a'qu Buﬁuy)(qh’ kuﬁ

-1
+ ll"R p.u). ll"R XqJP p.u )]

Here l..pjsk = 19.2’ 3; o ﬁ:k,p. =1, 2; N.M,FP, R = 1: 2s... :Ne.

Equations of Motion of a Membrane Element

According to (6. 3), the displacement, velocity, ‘and acceleration

fields for the middle surface of this typical-elem_ent are of the form
up = dg(X )] (€)
= IR {6.8)

H = ¢N(x1 )
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Then all of the k.inema.tic' .rel'ations.for the é'lei"nent can be computéd in |
terms of thé nodal displacement co-nifqﬁénts .a.r_ld their time derivatives.
Note that all of the previously 'rhéntibned thé'rnj;bdynamic .c'oncep‘i:'s for
any represe.ml:.ative 'matérial. point P'\%rith_di.ép_l.é._ceme-nt.w. .' will, in
-. particular, hold for mate:fiél_ points on the friiddie é-uffa;ce of the niem-_
brane Q with displacement u, |

Introdu:cl inf‘r, (6. 4) and (6 8) into (2. 27) ahd‘s'i.rnp.iifyin-g'. we obtain
the. general energy bal#nce fbr a typical m-éx}lbré.né finite element in
fh.é forni - |

.N

e [ePuy (o0 + g, pelav, - oy lit = 0 %.9)

Lyt

Vo

where Mo is the symmetric N, X N consistent mass matrix, defined

here by

™NM = § PO(E.C)‘PN(,%»!‘M(;S)'&V(-, (6. 10)

.Vo(e)

‘and PNi are the components of the total geﬁe_ralized force at node N

Pui= | PoFoitdvot § Soidd,  (6.11)

Vo(e) AO(q)
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If is irﬁpoftant to néfé t’hazi._:.the actual surfﬁce forces §,(X}) are
available to us only in the deformed élem_éi‘zt.. Thus, tfxe forces S,(X)
" are, in general, d-epende;.n'i: on the deformation and, consequently, a.-re
functions of the nodal disPiapementé EN, thé.t is to say, the nodal forces
Py 2Te génerally noncoﬁserfé.tixfeé

Since (6. 9-)‘mu.st be va_l.l'id.'fc;r, a.’rbitra.ry'fnofiopé of the element,
it inust .also hoid for arbitrar'sr _valu’e.s' of the nodal ve'lo-c ities, uI;I This
being the.ba_se. '_th_e ekp:éési‘on 'ins.'it_ie the bracketé of (6.'-9) maust vanish
for all values of Nand i. Thus w_#e. have

PNi = ml\,Mul:’I + | _t“ﬁ-l:N,a;(am + w’ﬁuli‘d}dvd (6.12)

Vote)

Equatio:nl (6.12) represehts the,ééne:ral equations of motion of a finite

- element of a membrane. Note that no .re-stricl.‘liions have been placed

on fhe order of magnitude of the strains or di'spl!a'cemehts. To appl'y;

these results to specific materials, constitutive equations must be

intrcl;duce.d'_so that the étress_tgns.o.r can be eiimin’ated from the equations

of motion of the discrete 'model.-

Assuming that the initial thlcfnéss d, is constant over the unde-
formed elémept and dén’oting the undeforxhed—_-middle_ surface area by

Ai. '(6'; 12) becomes
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= B+ dg S* “ﬁq,N a(sﬁle P )d.A - e
o(e)
where now o *“ Lo
mNM = d, fpoqﬁqwd% o - (6. 14)

Specific.form-s of the eq'uations- _O_f. motion for membrane elements
‘of isotropic compressible materials are obtained by introducing (2. 32)

and (6. 5) into (6. 13)

mNM'M”Zd i "‘RHR?,TW)'GCE‘B L (6.15)

o(e) _ 2 | _
3W’

(5 + e O )6ty ol + g, pidtiant

where, using (6. 4),

.fap. = AAaﬁ =¢ am,e ﬁHAf?Lp. = 5“'3‘ {6. 16).

AL AR v pufuf)

The N, values p. ()\ ) are determined from reéuir'.ing t_33"£o vanish
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in an average sense over the élement. So, from (2. 32), at each node N

we have

_ oW . BW . .ap ' 5.
0= -S;(Ml ¥ o1, Ga,ﬁf + )\I:NdA - (6.17)
Ao(e) ‘ S

The 3N;3 equationé (6. 15) with ihe N;'equa.fic;ﬁs (6; 17) constitute 4Ne
equations in the.' 4Ne unk:nowns ul:r and N | |

In the case of isotr'dp'ic-'iﬁ.éo__if.r_i::[.ares:s:_i.blée materials, By using (2.37)
in (6. 13), the equations of motion 'f.or;_ﬁmmbfra'he elements are of the

form

X =mN-M{ilfl+ Zdo 5 [*ﬁ"?’ EN f"p)az‘;:' [,\z “B © (6.18)
o(e) C : - |

RERCEE SR I%J e, al0p; + Y, pudhat

where f%P is defined in (6. 16) and 2 is given by’ (6 7)

The Slmplex Finite Element

i
-

When dealing: with finite _de'fofma-tibns of membranes with general
- material properties, numerical -.integi'a'.'tion of the equations 6f motion
can involve. inordinate Cofnplications.' Seeking' to facilitate'this process,
it is natural to consider tlhe inqoi'poi'ation of thé-s.imple.st finite element

approxima.tioﬁ available, The s'imp.léét' of all finite elements are the
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so-called simplex eléménts-l;-ones' in which the_l' local fiélds can Be
described liﬁearlf in 'i-:erms of thé nodal values c;f the local field and
nodal coordinates, Fdr the case of a thin niemean-e, .the.z simplex
model is a 't'rianguiér_' shap_ed_ element with nﬁdes at the three vertices,
It'hés bet;.-ri ‘showi; flbr-éhg: static. ziqnlinéar a.na.ll'ys:is_i. f:gf membranes
(e.g. s [5_7- 6d])- that this model is a..d-ed-ua-té in ﬁbiain_in'g quite accurate
results, That this shoﬁ_ld be so is '.easily. seen from the physical
problerh: if contentratedlforc_és‘_ {or _i)oint 1Qéds)-are applied to a thin'
membrane, the r.nate;#i.a.-lz sﬁ{fac'és l:;é_'t'\'#éi-é:ﬁ t_hes'.e loads phy's.i.ca,lly tend
to take on the 'appé-;ara.nc?}..o'f .'the finite g;éﬁ&eﬁt deé.criptioﬁ. Moreover,

the simplex model -affords'- us the 'c':_on\févnienc'e of constant ‘strain fields

over the element, thereby elimiﬁatihg the '1Fé{n'gthy-and' tedious integrations
incurred for varying strain fi_elds. Also, if desired, various compbsite
elements can be obtai'ned"fr;)m the appropriate grouping of the tria:igulé.r
elements,

In addition to the ﬁ.bove. for the simplex element, the compl‘ete'nes.s.
and continuity reéuifement"s for convergence are- satiﬁfied. A linear
function is uniciuely det'ermined by afr'y two of its'va_lues. Since the'loca.l
functions ut}ﬂg) a,re.line'a.r along ea.(_:ii boﬁﬁdary.of the eleﬁient_. fitj:ing two |
of these eleﬁ'eMS togétﬁer amounts to prescribing the same nodal values

of adjacent local approximations at the two nodes on their interelement
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boundary, Thus the lcical-__f ields coincide at all interelement boundary
points in the connected model, and the finite element model is every-
where cbntinu_ous.

Triangular (Simplex) 'I\i{efnbrane : E__l'en'i'ént )

A gene ral inotion of the membrane Wh1ch j'ca;i"fr_ie s\_.'_t__he__ system f rom
its iliiigi;a,l, or -refér’éncg.' conflguratlonCoto a deformed '¢'oﬁfigur;t10n C
is aga.i‘n considered, In ggneral, ‘straight iines in Co will become
curved liné's.."'ml C. However, if node points in C'b'a;r-e chosen suffi.cienfly
close, node lines l.n C may be .ade'qu'ajtely 'a'p]?:r;:'dxir.nated by straight line
segments, and plane elements before defIOr'ma;t"ion will remain- plane
' after deformation. This is equliva.l_ent to assuming the elemeéntal dis-

placement fields to be linear functions of ‘the local coordinates of the

eiernents
u: = di + a: Xa’ (6. 19)

where u, are displacement components, d; are cbxhponents of rigid-body

translations of the element, "a.ia are undetermined constants, i = 1,2,3,

o = 1,2, and again the element label (e) has been discarded for

convenience, Also, the dependence of u, 4, and a; , on time is"

understood,

r~
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Evaluating (6. 19)'af'-ea"¢h' node point,; noting tﬁat each component
of rig_id—body displacement is the same for all nodes (1 e.» dN-'l'z d;),

gives
u' = d'i_ +a; XN o - (6.20)

Here u{q'(N. =1, .27..3)_'-are'.di.s_p.1ac.exli1e-_':_r'.1t-' chnpohents of node N, and X%I
are iocal' coordinates of node N. Agai_:i5 ,I it is ﬁnde’rsto'od that indices
N=1,2,3 arg. to be éssoci._a,.ﬁeci with t'l._:té-.tbrée ;l-.@des of elemient e. Now,
(6.20) repr.esen‘l_:s._"_n_ig'ne .s'imﬁlté.élequ‘s 'l'i_-neé.-l_'_ equations: for the three
comp(ments. d; and the é'ix 'pa.ramefsg_r-s _'a.-l o If...:(ﬁ.‘Z_D')l ig e'kpa.nded by
first lettihg the index i take on values 1,2, 3.a.nd théh expanding on N,

the resulting form of the coefficient matrix is particularly easy to invert,

The solutions are found to be
d; = kyquly , - (6.21)
and

3y = CNoUi ' (6. 22)
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where
k =(x%x§ - xix2y 2Aq
- (xlx - x!x?)2a . ez
Ky = (xixg - xzxgw'm;,f
and

oy ek xh i -xh (X1 - xz) | |
€ 3 = — ' e (6. 24)
aN = 24 1 1 T 1 - 1 -
o - : - -
(e - Xp) Xy - X3) (% - Xy)

Here AO is the a.:r'e;a;.': oi?_t.llrie undeforrned Zti‘ﬁiaﬁ;gle. The qj.iantities 'ch: are
called the displacement coefficients, Note that they are independent of
the deformation of the membrane ..and_ are computedi directly from the
geometry of the undeformed element, Also, °Ng = (c aN)T .

With (6. 21) and (6. 22), {6.19) becomes
u = kNul:I + cNauquX“ = (kN + CN:aXa )uli\T (6. 25)

Thus, with {6. 2'5),'-.the derivatives of thm_e_ di’sp'lace.ine-‘ht'cb'fl.‘;ponents are
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wooseu T (6.26)

Comparingl (6.25) and (6 3_)'.-\:vlé see that, for 1_':'he.: S'hnﬁlek'tfiangular

element, the local inte-rpola,t'io.n fliiic'tibna'héré are.

1 z:'_'" Y
U= kg b e XY | (6. 27)
And so,

. le’a:‘:Na -_( | .\_(6..'28)
With (6. 23)', | the _$f'r§ii1 components of (6;:4) wi:ll".be'comé
2Y¥ep = ON é ulg '-I-"cl\'lg_[giig + cNacMBuEuﬁ[
2Yq43 = 0 (6. 29)
2v33 = A2 - 1
Also, (6.16) and (ﬁ. 7) aré now e;cpreg-sed in the 'fo'r.n? |
falé' = 5P + eé’xg ﬂp(;quﬁI -I-‘. ch;qu'_-l- 'cNkcmpuEulh:) ('6; .3;0)
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M) ;ea’)\ Bp {

N N N

" NM\/ _R.. _R R -1
T NaMpUk Yk )(-C-Rk“p Feppty t °Rx°1=>p J Y )]

wherein i.j,k;1 2, .3- @B hop=1,2; N M, P. £1,2,3

It should be noted that, s:hm;:e (6 29) gwes the strains in .terms- of
a specified dLSplacement field; the compat_lbl‘hty equations ar.e a.uto-
ma.tica.liy satisfied with'i‘ri'ealéh Ifi'ni'te -eieﬂaeni;.-' | |

To obtain the appropriate form of the cons isfeﬁt ‘mass matrix,

(6.27) is introduced into (6, 14) where, if po is assumed to be consgtant

in the undeformed element, it can be s'hdwn:'(_e.lg. ’ [7] y P. .173) that
ERRR S (14 600) L (6'-32)
MNM = 12 ™o NM? e :

wherem =p dg A* is the total mass of element e,
For compressible materials
2 e N S
A= gy e X {6.33)
Introducing (6. 32), | (6. 33), and (6. 27) into (6. 15) and sirﬁplifyiﬁg, the

équations of motion for a simplex membrané element of isotropic

compressible material are
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1T | aw _
PNi = 1z Mol + Sl + 2v, | o - (6. 34)

¢ R B [ 5 o
+°Rax HRg:vlfaﬂI Na(aﬁ -I-cM[3u )
wheré

ORY A}“ S. X dA* S c (6. 35)
: § | |
: Ao(e)
- the centroidal coordinates of A¥ with

respect to thé local X?e-). akes,

and £P is given by (6.30), and v, = d &%
Flna.lly. mtroducmg {6. 28}, (6. 29). and (6, 32) into (6. 18) ylelds
the nonlinear equations of motion for the simplex membrane element

of isotropic incompressible material

A\ oW
At )BI]_

1 wM | . @
PNi = T2™o(1 + MUy + Zvo((f’ .

1

-zt - 2aade Ry ('Sp.k 3 Pp,uk)“k g;”)c (6[;1 + CMﬁuliM)

Sy .

A 5“‘3 + f"""’h (6.36)
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and £% and A% are given in terms of the nodal displacements in (6, 30)
and '(6. 31); or by using (6 4}, in the coﬁden’sed _fofm '
. ) K .
1B = 6% 4 2.7 ep“mx
: . (6. 37)
_ . M. N N _— --]—_’-1
A= [1 + 2ey,{Bag + Cpatp Jup + 2¢ PPy Yee) )
Also, for simplicity, and for the ‘sound thébret'ical reasons mentioned
 earlier, we want to use the 1ﬁmped mass apprc;xi'nia;tion.. Hence, in

(6. 10}, we take "["N(}.S) = G(J_QN - }S),- 6()_9 being the Dirac delta function, -

and obtain the lumped mass matrix -

MMN-= 3 Povo(e)aMN. - {6.38)
With (6. 38)s the first term on the right-hand-side of (6.36) becomes

-.M 1 . - "M - h r | ‘
mMNui- = ? POVO(C)GMNui (6 39)

" 6. 2" Temporal -Approxinﬁa.tions-
Upon as-s-embling elements and ‘applying the ‘b’du-ncl_é,ry.i:bnditions.
(6.37) leads to a large system of highly“no'nlinea.r second-order ordinary

differential eﬁuations 'in the unknown nodal displacements u{q. The
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argumen!:s _presenfed in S'ei;';tion'4'. 4arest111appllcab1e here: :Théréfore,
as for the one-'difnen'sional- case, the velc;c 1ty .‘f:d-fi.n:'ml'ate.d central
difference scheme is used (rerdembl_eriﬁg. of coﬁrsg, its inadequacy in
the preseﬁce.of shocks), together with a .lu.mpeci fnas:s representation

for the nmﬁerical éxamples pfesénted at the _end-.'of this chapte'f. Here;

the gen-eral sécond_-order. nodal equations of motion .béi.n_g of the form
@ = Fieten (6. 40)
result in difference equationsl of the form

- | | :- - (6. 41)
ulixl(n+1)'= o) 4 At_vl.:““*%-)' o
N(n).

where we have denoted the time discrétiﬁation by uN(i:) = uN(nAt) = uj

6.3 Stability and Convergence

Although at the present time we do not have any stability criteria
for the two-dimensional nonlinear wave equation_, we conjecture that-
our work in Chapter V on one-dimensional nonlinear problems furnishes

some insight into at least the order of magnitude expected of the’
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two-dimensional estinlaa,t'es.. The p_la.u;ibilityl of this conjécture" can be
argpéd by no_tiﬁg.tl_iat. for the -.'i_i..near Ical.se,' the tlme ét‘ep a,s’soctafed ' N
with stability estimates of 'Richtmfer. and Morton [87] {pp. 304, 361)
decreases by only thifty Izjen;:ent‘_in'f gomg from one to two'dih_lensidﬁs. '
Also, the two-dimens ioﬁal 'st'ablility' .estimét'eg_lof f‘-iijii ['93] seem to
reqﬁire a time step twice as s.x"na."lf as that ﬁééded for dn.é.'-d.ime'lns ional
stability, | .\ |

The one-~dimens iﬁnal e'r:_t:'o.:l.' --e:'_sj!;iﬁi_a.teé"ﬁnd.convérgéncé __r_a.tes
derived in Chapter V have recently Béén.geﬁe'?a_liggd byi Oden [97] to .
“include thre'e-dini'e_ns i'onai dﬂrha.mic fin'li:e- élast'icity- prc}blems.-. T’h-eréln.
he proves the .gen'era.I convergence theorem: B

For eachi=1,2,...,n, the fihite-eierheﬁt .a_pproximation error

eg), m=1,23, is such that

I wim) £ voat™ + vl S wl(s) (6.42)

where Yo and Yy are positive ‘constants, 'Eg) is the interpolation

error, r= 1, and W%(B] denotes the Sbbofl’gv_ space of functions

r

u(X,t) which, along with their first derivatives with respect to |

X', are square integrable.
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6.4 Numerical Results
In this sectidﬁ, .we- ”p:'resent numérical resv..:lt"s- o'bt'hi-:ned by a'ppi'ying
the procedures deszc_ribeld ‘earlier to tﬁ_e" probl-e'm of a beam with a.I
central loac:i, a sq-ua're.éheef,iniith a fi'ansv'ez."se\ioé(li'-5pﬁliéd éudde'n.;l.yr at.
~ the center and l:.hen_remc')jved,- a.l}d'- flie-"_dfrn-an‘.tiéI.in..ﬂ_atiOn of a__fhin fﬁBbér
membrane. a .- _ _' Lo - L

Highly Elastic (Rubber-like) Beam with Central Load -

As the first exaﬁmple_,. a :bearii w'i;th'- fixed ends is. subjec_i:éd to a
central i'.iﬁpulse. load and é.llc;wed'fd-defdrrﬁ as a fur;.ction of tnne ’fhe
undeformed beam is 18 in. lbr-;g,' 04 in. dgeé.._.:-x.rlld 0. 65 in, thick, and
is co_nstru_ctgd of an isotr’o,pic.; ihc‘bn%p"xies;.g 1b1ematerlal o'f'th.t;e Mo_oiiey
type (i. €., w = IC 1.(1-.-1 . 3) + C,(I, ..3))w1th matenal :cdnstar_;ts of
Cy = 24 psi, Cz .= -1._5_'3;5{-._' ”T.hé massdensltyofthe material is
0..0001 lb-sec’ /in", o . 5

| _ Sin;:é the .lq'a'_.-c'l.iln'.g-:i's_' symmetrlc. :_\'a_i-'-'-'Ifi-.ﬁ_itef"éle.l“né;nt modeltwas gener-— -
ated for .o'nly one-half :of_ the B_ear.n... The mlod_.e.l.'c."c__:o_n'é_i_s.-ted oi 30 bays along
the length and 4 bays throu.g.h the'-deéth of the beam, 'és's'hd.w;; iﬁ:. Fig. 12#.
This resulted in a model Witil;xj105 nodés_.an'd'._i%ﬁ- tnia_ngular elements.
Upon applying boﬁndz_.try cdndit.i.ci.in;i' alndrestrmtmg 15degrees of freedom,
the number of unkr_mvén displacements reduce.éi'_t'ojll95. Imi)ulse loads of
1.0, 0.9, a.nd 0.25 lbs wére a-p'plied_ for 0. 001 sec to the nodé. representing .

the center, the node 0.25 in. from l:.he.-c_énter and 0. 6 in. from the center,
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Note: Not to scale. B : % ;

DNy

18 in' ] :
' _(a)- "The Beam

————— 20 1n'-""'—"""

/////////Ir)//'/'//j)f- (b} . The' Membrane

20 in,

O A LA R S A

Loaded Nodes T

Figure 12. Finite-element Models of a Highly Elastic Beam and a |

Square Membrane
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respectively, to avoid 3tre_-_s’}fs singularities 'é.t' the ri;eni:er.." Figure 13 shows
, the deformed ‘shape _of‘ half the._ -beéfn computed at .ﬁr_ari.lous times.

It is erhpﬁasized 'tﬁat -the deformation .i.-S plotfed" to Iscale._. He'nce..
very 1a.rge--a'mplitu'de mot'ions are ciea_.rly developed,  Figure 13a shows
the undeformed beam,- Figure .131‘5_ shows the be.a.m.ju_.st prior to fefmina_
.tion of the irﬁpulse Ioaii, anﬂ_ .Figs._'_ 13¢ and 134 show thé_ pr’opa_gati_on of
the wave toward the fixed édgé. "~ At this point in time there are two
significant nﬁotions; o_ne.-.' i-s"a-'geﬁerﬁ-l- vertical {flexural) motion of the
who;e beam and the otljiei- is a.lgr:r'x:gi_tuq_ii..ﬁal wave -traveliﬁg alOng' the
deformed axis of .the-béam._ In th "1.3e, the wave fra.v'el‘mg along the
- beam is reflected off the bo.undary an.d. Jsi;.zi.'i'ts moving toward the center,
“In Fig. 131, the vertical motion is resiste& by‘_b'énding at the fixed edge,
and the wave trdvgling along the beam is reflec‘i:ed from the center, ‘The
reméining frames of the figure show the interaction of the slow. bending
“wave and the faster mov'_mg_ wave é.long the béam at various times. The
12 frame.s .presented here were selected from a 16mm movie film <-:on-
taining a.ppréximately 1200 frames. It was evident from the movie fhat
longitudinal waves (i. e, , waves a;'long. the'.defon-r.le.d Xl-a#is) résﬁlted
in very fast oscillations ahead pf the much _élo'wer flexural "I:ypé motions,

Approximately 12, 000 i'ntegra.tic'on. stéps we‘re required to solve -
this problérn. Tlﬁs was a.chi.e:ved on the U-'N_IVAC 1108 in 35 minutes.

It is interesting to note that an additional 40 min of computer time
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Figure 13. Deformed Shapes of Centré.lly Loaded Beam (Sheet 1 of 2)
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Figure 13, Deformed Shapes of Cén’traliy Loaded Beam (Sheet 2 of 2)
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was required to generate the 1_'6_mmlfi1nl containing 1200 frames which
can be shown in 40 secbn_ds.

Square Sheet with Normal Load

As a second example. the s?uaﬁe sheet with clamped -edges' shqwn.
in Fig. 12b is subjected to a centr#l‘ "ijﬁpl.il'Se lo.ad,\ normal-to the pia.ne
of sheét, .and glloWed to défo’rm as 'a. i_'unéti"oh df time. The membrane
is 2 20 in, square with a t.h'i.c_ii.u-zgs'é- of 0. 05 in, , and the material |
properties\are.‘the' same aa.-.the first e##mpie. Here it Wa-s necé.ssary
to model -only one—eig’hth of the r.xzaei';iﬁra.ﬁé-' siﬁce.-s‘ymmetr.y was 'a_.séu.thed.
-'i'he finite eleme'nf _moﬁel of _fh_e. membran'e. cqntains’40b eillement‘sht and
231 nodes. .The Isu.pported -modéi 1;e'su1f.e'd m 590 ﬁhkﬁown'diSp'la'cements.
'A. uniformly distributed impulse load of 3 ﬁouné's pe'r--elié;:tﬁe;_;t' ngs applied
to the four elements closest to the node réprég'enting_ the center Of'thé
sheet. The duration of the impulse load was 0, 001 seconds.

Figure 14a shows the lnitia’l.f_lnite eleni_eht model of the sheet;
Fig. 14b shows the sheet jﬁst_é.fterfhe_. removal of.'tl.le .load. The energy
imparted to the memﬁrané c-qntinue.s the veﬁical m'qﬁement of the center
in Fig. 14c, In f‘i.g. 144 i;he internal forces oi.rercome the inertia effects,
and the center-of the sheet 'c-bllaps.es ‘and forms a ét-ahding wave which
propagates tow'a.rd.the fixed édge in Figs, 14¢ through 14i. The wave
which travels v;fith .a circular front strikes'.fhe .neareéf edg'.e and starts

to rebound, while the wave is still fi'aveling toward the extreme edge .
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Fig'ure-.14. Deformed Shapes of Centrally Loaded Sheet
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in Fig. 141. The rebound wave le.onf:-inues to propagate in F iés. | i4‘j' _
through 141, Aga.in-. a close’r' ekam'matibn of the response -.'mdicated
that "membra.ne" waves propagating along the deformed sheet are
developed whlch tra.veled much fa.ster than the "rlpple” obvmus in the
figures; |

Thirty_rﬁinut’ee on the UNIVAC 1 108 We.re'lx.-equi.’r-ed' to eempljete-
4200 integration steps. A 1émm film cbh@a_tﬁing 1300 frames were

made and the 12 frames pre'_senfed he'r'e'--'were selected from the film,

Dynamic Inflation of = Memb;-age .

In this 'fiﬁal_exaxﬁple. we present eQme .results of the finite-
element-e.naIYs.is of aﬁ interesting eless of .-pro'blema- the dynamic
inflation of thin rubber membranes,’ We cons Lder a'thin,. mmally fla.t
circular membrane of Mooney xﬁa’te_ri—al’ (o = 24’, 0 psi'.'Cz_ = 1.5 psi)
with an 'ﬁndeforfned- ra._dius. of 4.0 in, and an 'inif_i;e.,l_ ﬁhic}mes 8 o-f.

0. 05 inches, Hei-e. as in the'previoﬁs exemiale. it was only necessary
to model an oceant of the circular membrane due to the symmetry of the
proble_m. The. finite element Ihode_l of :the m.eﬁibfaj'le,_" sh_oﬁvn in Fig. 15,
has 400 elements and 231 nodes, Applying the boﬁ.ﬁdary conditions and
restricting the'. sym'.;metric' degrees of freedom e'eduees the number of
unknown diSplacem..'ents- to 590, . The rhembra.n_e was sﬁbj'ected to a--u.ni.fbfm

T

transverse pressure p{t) applied as indicated below. |
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" Figure 15, Finite-element Model of a Circular Merhbrane_
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825t psi.  OSts 0,002 sec

~

Case 1: .p(t')'

1

1,65 psi "~ 0.002=t= 0,006 sec -
0  £2Z 0,006 sec

. | s25tpsi, OSts0, 002 sec
Case 2: pit) ' ' ' ' '

1.65psi t2 0,002 sec .

‘825t psi - 0t 0,002 sec

{ 1. 65psi . 0,0025t50.004 sec

J——

.Case 3 p(t)

1. 65 + Qﬁé;in@t otz '004_-§ec'__
whgre Q=1. 6_p5i. al-:_ld_ w '=.'100_(.).‘Il': r'ad)s-ec.'
Rather th.an. -try_ fé.c§p3§-..with7 the nbﬁconservative né.ture'of the
generalized nodal forces, PNi’ as defined in {6."11), wé tﬁrh to thé
- simplified method, which is fi:_lly.e:lcplaine_d in [ 1.7]..' p.I 245, for a.pproxi-
mating these fqrca_#. "I'Ihe eséenée of this method is calculating the
instantaneous configuration of each element, applying the current
pressure t§ the defor.rned area, €0 t&at the associated gen.era.lizec.l nodal
forces are ob’taihéd by simply distributing the resulting applied forcé
_ eq\iall.y at each node. | |
Case 1. Profiles of the membrane, calculated at variou's-fimes,
are shown in Fig. 16. - Hei-e. we notice tha;t_ thé.'cenf-ral por-tion of the
membrane initially ‘tends to fémain flat dﬁe tol_tl.;é .ce;nt:él elements
responding .primar.ily in fi"gid body verticai tr.s'.nsl.atidn (with some in-
plg.ne stret(':'hin-'g.) 'I.lll'lti].\' the e:ffe.ct _of the -f.ixed'jbé)'_i..t'.ti'c'lary reat?hgs_ _them. o

Cd e F




_:t=_7.66'n_‘lset\:' T

static deﬂ.ection‘.
'~ central node [58]

Vertical Displacement ~ in,

Figure 16, Deformed Profiles of Circular Membrane.

Case 1
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Then, even t.h.o'ugh the_'pre‘ﬁ{ éﬁre., is removed at t .=_0'.- 006 gec . the fnem-—
brane 'corixtinues to expandﬁ_nil:if t =: 7.66 ms__e?;gl and then rel:;_bunds n.ir_xtil
it wrinklles'a..s .s_hovc.rn in'Fig; 16. _‘.Figure' 17 éhows pei'-sll)éci:ive views
of the deforméd _fin.it'e-elemeni:' xﬁeah C'aléulated at about év;ry
milliseéond.

Sin.c'e fhe statilc': '-v'ertica_,l diﬁplacehﬁéﬁt,of' the centér of the mérnbrane
was found in [ 57) to be 6.8 in. di;-e'..tlo a uniform transirefse pressure of
1. 65 pei, we can define a d'y-nzim_'ir_: xﬁagni’ficat_ioh factor -of sorts for this

problem.

u; (dynamic) uj (dynamic) o -
n= — = — (6.43)
' u; {static) 6.8 :

where u; is the vertical displacemént of node 1,_ ‘the cgnt’gr node. For
tl_ﬁs case then, we have p = 1.21,

C'asé 2 The 'membral'ne profile at various timé‘a ig shown in _
Figs. 18 and 19. As before, the memBrané initially expands with a
flat central par-t, but in thi s. case, the central portion "sﬁaps" pas.t the
peaked configuration shown at t __= 7. 66 mgec int_o' a. rour;d balloon—liké
shape shown é.t t = 8.;17 n;m_il.lisecon.d. This -"'-snap-th.ro'u'g'h”' motion is

also indicated in Fig. 20 where the vertical deflection time history of
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Figure 18, 'De'fbrmed Profiles of Circular Membrane. Case 2

154

i



155 -

30 | t=15.82 msec

25 t=17.86
) | t=11.74
4 20 b |
Fd
E |
£ | t=20091
E 15 b _ .
=¥
'2
a
3 )
2 t=8.17
® 10
>
t= 7. 66
5 |
t=29.08
4

Figure 19.. Deformed Profiles of Circular Mernbrane. Case 2
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the central node is éhqw_n.' __F'"rom'f"ig_.._.l‘?-i-we can see that the membrane
continues to inﬂé.te, ba.llooln.-;lik.e,_,:ﬁnt.il t=15, 82'm'§ec- and then rebounds
past the in.it.i-a.l_.positior; as shown ét t =  29 0.8'.n1111.'-iset.:onda. At |
t=15, 82 fnsec' the. vé:t.‘ti.:ca_l'.__;:l.is_p'la.-c':erhéht of 1;he central node is ae#n
to be 29.6 in. ; thus for casge .2, _.the' d,j_niarhic .ma'gnifi_ca'.-tion factor (6.43)
isp=4.35" o |

'C:aae 3 The 1-c.)a'.ding:':t.5_liff§re.i: from case 2 jn'thaf a sinusocidally
Varyi_ng. pressure '.is appli_éi:l atj;:%-_ 0'..d04'_sec0nd_s. The effect of this
sup'erpos.ed pres'sﬁre varia.ﬁén cala__"bé -l's_een in the .vertical déﬂectipn
time Hiétory of the central node, shown in F1g 21. Here it c.a_ﬁ" be seen
that, although the prless_urei_ b'é__g.i__llis tovarya.t t= 4 msec, the "é-na.p--
through' into a round bai\losﬁ B"fill.l_}'i'éﬁi:{én_sf-. a.f.:.abo'ut'f = 8 msec as it
did for case 2. Also, the maximum déﬂgction occurs at alﬁ;ost' the
'qame time as it did in case 2, but it_.i.Sf-.OV.el.I_‘ 4 in. less--'t'h;a dyn-é.mic
magr;ification fé.qtd_r' for this case is p _=I' 3.73. Membrane profiles at
various times are shows in Fig. Zz.f.c'ar this case. Figure 23 shows
perspective views of the deformed fiﬁitéaelement mesh calculated at
various tiﬁn_a_s for the casé 3 loading. _..Suc_:cessive views showr; in
Fig. 23 were caléulated.levery millisecond for 22 milliseconds.

Thirty minutes on"thé UNIVAC 1108 were reqﬁire‘d to complete
2200 time integration steps. A lomm ﬁlni was 'ma&e an& the fra.mes_- '

presénted in Fig. 23 are from that film.
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Figure 23. Perspective Views of Deformed Finite-element Mesh.
Case 3 (Sheet 2 of 2)
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CHAPTER VII
SUMMARY AND CONC LUSIONS

7.1 Summary

The objective of this -feﬁéé#rdh was to _de'vél-op approximail:e methods
for the 'quantitatiﬁi;'e analysis of th'e dyné.mic -.res'po_nse ofl'é,-rbitrary
elastic bodies at finite strain. Finite element models of thin incom-
pressible hyperelastic m_emﬁ:_r_a.n‘e,s are deiréloped', whit_:h involve large
syétems of second-orfier nonll.inear differential equations _i.x-x noda.l :
displa'cern-ents._ _

One dimensional versions of these equations are first solved
using a variety of time integration schemes in 'ciénjﬁnci:ion with th'e.
successful extension of the finite -element method to one-dimegsional
elastodynamic problefn's with finite strain, Qualitafive-arguments é,nd'
studies of varioué cases confirm that 'shﬁck waves-c;n develop, even
in cases in which smooth initial data are prescribed., TUsing the one-
dimensiolnal _ﬁnite_elemeﬁt equations, it was possible' to :ﬁferify numer-
" ically the theoretical estimate Xegre tCR’ for evolution of a shock wave
from Lipschitz continuous initial dafa.-- In the pre-éence of shocks, the
standard'integr.ation.__ ;’chemés are inéf'f;e".'.:f-i\;e, and i.t____is ne;c_:'es sary to

seek an int.egratidn scheme-adequate'fdi' shock pfdpa"gaﬁOn studies,

Bl
s
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A new explicit integration -'sc-iiéme, .which combin.e.s feaé-ures‘ of the
Lax-Wendroff method and f'in-i_té elefnclenis,' is‘déve-lopedfanl.'d used
successfully to study the fc.afmat.ion,- | Irefl'ectibn,_ and-prépagat-{qn of
shock and acceleratioﬁ wavés iﬁ -hypéreiast‘i’c r-ocl.e;. A ..number .of
cases are .studiéc_i numetrically,

.Motiv#ted by the Ia.bse'n;é' of- ény édﬁvergence criteria or numeri-
cal stability criteria for' finit‘éJ"eieméﬁt é,pproximé,tioﬁs of nonlinear
hyperbdlic eguations ; a study of these e.qua',.'tions for the subject class
of problems is initiated. 'I'.her.ein. a f_ig'é:g-oqs_- analysis of numerical
stability and con?ergencé of finite element apﬁrbxirhé.tiona of nonlinear
'hy'perbolic equations is given, 'Pre_g:ise‘.s_t'aﬁility 'c'r'iteria; a.nd error
estimates are -deri'véci. It-_i_s. show:n that .ﬂ:\j;vhile ‘ll'lrnpe:d.l and _:c.:o_ngisten'l: I
mass finii_:e_-elémen-t‘rric;'éiels have the sa.me ,c"ohx}e-'rg-enc-e rate in natural
energ.y norms, ._ the 1urnped mass model 'l\_é. ﬁﬁrhﬁérlcailf niq're; -sfé.f)'l'é.

The inirestiéétion then returns to tﬁ_ale' ahd_three'-;d:im\éns-i.onal B
membrane problems. A number of cases are considered wiii'le appaf-

ently represent the first solution of any type to problems of this kind.

7.2 '_ Conc'l_us ions

From the work done in this research and e:;amining -the results
of the numerical examples, the fqllowmg:_conc'lu'si_on_s were reached;
1, The finite-element method can be successfully used to solve

elastodynamic problems with finite strain..

ed

g T Y LI R i R -
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2. The lfi‘.hite-'él.erﬁent method can be succa_s.sful-l'y uéed- for the
study of the formation and pijb.ﬁa,g.a'tilﬁn of shock and acceleration waves.

3. The ekplic.i't'integration s_che'me'develo'ped. in Chapter IV can
be used to study-- the formation apd ‘propagation of weak shoclf: and
acceleration w!aves. ‘-The succeé_s of vt_h.i.s ‘scheme, .as presented herein,
stems from the nature of the LQEQWend'fo_ff elq'uati;ns {ci. . [86], p. 302)
being such that they cdﬁtain abmlt-mdlssxpatwe mechanism and hence
can sometimes be u.s"é'&' m unmodlﬁedform go;'-_shdcks;' ‘However, the
order of the éffécti\}g dis'slpatio:_ri_;ils __1_:!3el same as fhé or‘_deli' of -the trun-
cation error, so we obtain solutions of sysi_:erns' of conservaﬁon laws
as limits of solutions of pé.ra.bolic equé.tiﬁns _Ia.s'fhe_coefficiéht of the
dissipative term goes to 2er_o. Since the so'.l:ut_iozi cdﬁVei‘ges everywhere
outside the shock, it is our e:’:pectatipn that it will converge at the
shock,

4. An essential feature of our integration scheme is that the
spatial derivative in the conserva.tioii law is replaced by a difference
quotient involving nodal values, By rewriting (3.16) as (3. 18) and

using only a linear fini"te_-_-elemeﬁt- ap.pro:.':i'mation. we are.- able to rep-
resent ;all the req_uir-ed. qt'axa_jntit_i.ea with nédal valu’e;. If we use (3. 16)-
‘with a linear fini;ce'-él'e'ment apprOxiniation. the qﬁa.ntite; i‘equired by
the Lax-Wendrpff eqﬁa..tions.(the stress and wave spee&] are dcoluble-

valued at the nodes., 'so"tha_t nothing is gained with this particular model,
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5, The stability of the finite-element/f inite'-differ‘er.lcé scheme
is assured of (h/At) > ‘f_ac;nakf_‘_;x)-/--ﬁ’ where h is-.'the m‘inimmn.'mesh
length for the _fini'te-element'rr'mdél.'- Vo (@ = 1,2) are constants, vy '
corresponding to a consistent mass fuori-nul'atiqn and "vz to a lumped
mass formulatiop; and Crlhak(u*) is th-é_.ma;;i_mum-s;:e.ed of propagation
" of acceleration waves relative to the fnate‘r_ial for all X at time t = iAt.
Obviously, ‘this result reduces 'to's‘imi-l'ar'éritfe’rlioh qbtainéd for linear
difference approximations when Ci__ ="'.¢-__-.'d:ista;nt. '

max.

6. To maintain sfabilii-:y for a gtven finite.-.glement/differeﬁce
scheme with fixed h. 11: is necessary to use a _snialler time step for the
consistent maisé forfnulatién thanfor 'th.é- ilﬁ;npe.d_ n-.la'.ss forﬁulation
since vy > v, ! |

7. Uﬁdel; the assumptions stated iin Chapter V; the sjqruz'iré. of the
Lz'-nofm, "je; || 2. of the gfadieht of error of the finite-element approxi-
mation at each time step i is O(hz + (At)z).. {Similar accuracies are
obtained after R -t'u'ne' steps in the liﬁear case,) Uniform convergence
of the error e is also obtained, |

8. The same fates-of-éonve_rgenée for 1I:he consistent mass formu-
lation are obtained for.t'he lumped mass f.orrhulé.tion.

9. The #Bové" sfgijw‘ise' a't'ia'_bility estimate was-' incorporated in the
velocity for:mula.té‘d. difference scheme discussed in Chapter IV, It. was

found that in this case, there was no increase in accuracy, stability, or
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computational effici.e_néy. It'.clloes_‘__ séerfl-. ‘however, that a variaBl_e time-
step integration scheme would be advantageous in solving problems with

more than one spatial dimension, -

7.3 Recommendations

.The'follovﬁng topics are ..su_gge'ateld' are_'a's rlaf iﬁf;rélst-'which would
extend this. inv.es.tig_at'i.on.

1. Use hig-h_er prder-_fin-it”e4e-léinent models, .Apﬁroximating the
dtsplace:ﬁent gradients _ﬁitﬁ_Imeai_'_ﬁhité-elgment models is ioughlf
equivalent to usiné a qu'adr-ai:ic.“fin:i{:e¢_'eiement approxﬁhation for the
displac-emenf. It v'v.ould“. be e_xp_ﬁci:e;d: -.th_'é_,:t' l_ﬂ'ghle'r .6 raer f_-inite-éieme.nt
appro;tim;e.lt.iom.i Iwé'u'ld'_result.-iri Bdth increased a-'cc_.:ura,cy and stability
of the solution. .

R

2. Cons-'id'er-ééfripre ssible-materials

S

3. ]*f.‘xfend 'th.e éﬁaiyéis 1;6' thr-ééf;-d_-i'_méns i:.t'ma.].l-.fboti-;l.e;a. a

4. Obtain general hmnérical stability estimates for finite-
element approximations of nbnlineaf hyperbolic equations,

5. Investigate the merits of diffefent forms of integration schemes,
where a pur‘ely-r artificial dissipative mechanism is introduced into the
difference éc.;ua.tion.'S( as b:‘-.igina.ily sugg.est'ed' By von Neumann and
Richtmye-r'[SS_]_ and later Héveloped for. cc;nservation laws by Lax and

Wendroff [86]), used in conjunction with finite-element approximations.
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6. Check the practicality of using a variable time step integration

scheme, particularly for of:'h:er'!:h'é,:ibne.-.dimensional_"problems. to take

advantage of the-stepﬁvise st'é,bilil;yj' estimate,

7. Investigate the pos s‘_ibility_.. of using eii.:.hé:r'_'i:lie_.two-f.ldinien.sio.:.:al
Lax-Wendrbff-i-zxtegfation sghéxfne _d'egc.i'ibed in I[98}']‘ or the two-
dimensional tﬁvo-étel;. Lalx-Wen&_'rd'f\_f _niethod de‘sc.r:ibed in [.87] for the
study of shock waves' in elastic bodies, As repdrtéd in [98‘]._ the two-
dimensional Lax-Wéﬁ_droff‘ s(:hgn':u-e: h__és been used by S. _Burnsteih in a
series of highly successful c.al‘dulati,cms .of-s-hoc.k_ed' flc;ws in a narrowing

channel, a portibn_: of which are described in [99].
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 APPENDIX

!

PERTURBATION STABILITY ANALYSIS

As an .interé's't‘mg-_.s,il"c.lél_i:-g"ht.-.'w; study the stability of the nonlinear
wave equa'tti.'on (3. 19) usiﬂg standard central difféi'ence_s to approximate
all dér.ivatives. To this end, we -,tu_r:_él'td -the thén used Eéuri-sti'c |
procedure wherein :t'he actual .-:ISO.I-!:J_,_l';.'LO‘l_i to (3, 19); u(‘X. t), is 'pertu_rb-ed
a srﬁall ar‘r;oui:t e.(X,t').l incﬁri;orat'ihg- the perturbed s'olutiOn', u=u -I- €
subtracting (3. 19).' f.hen Iiﬂéafi;{ﬁg _;:-_'he result with respect to the
perturbation €. we seek 'c:onditi_qﬁé-' fciii_ the :"alf'a.fbil':ift'y' of the lin'eériz_ed'
equation. .Hence, i-ﬁetlting"'"ﬁ = v;-l- ¢, we get the perturBed. extension

ratio

XN=l4ugtey=Atey - (A1)

and from (3, 22)_

Ty = 2[C4(1 + 2X73) 4 36,X Hlagy (A. 2)

"Now, for ¢ sm_ail énough. i.e., fore 2 << 1, we can say .
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3= "25)-"3 R N - (A, 3)
- _ _'_.".;4_._'_, . _e E .
A= rey) Bty (a.4)

[

Then, us ing (A, 1), (A, 3): and (A4), (AZ)can now be written, correct

to Ofe 3?'{), as
Ty = 0y * Ziyyexl-6C A TH I 120,05 (AL 5)
+ 26, [Co1% 273) 4 3C Y]
SRR IV T SR LE T

Finally, after some algebra, we obtain the Hﬁ'eai-f_ified.peri;ﬁrba.fioh;

equation in the form .

where
Alug, uyy) = _i €t 260 Ny (A7)

and cz(uX) is defined in (3. 27). As su-;@hi-ng a smooth solution to (3, 19).
we can consider the pr'oduc“'t ey Uy to be of sec cmd order so that

i
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(A. 6) becofneé

CFicleyys0 e (. 8)

If the two derivatives in (A, 8) are both 'a.ppfo'x';iméi':qd by divided
second central d-ifféreiices. c_:'ehféz‘éd;f th'-e._ point (Xm. tn). for the
purpose of a step—by-'stepnﬁizx{ei—'i:ca'l_so'lutions the resultant simulation

can be written in the form

Em,nt1 = 2Em,n t Em—_-. n-1 =& :(E_:m-g]_,i}i Em, n --*"E-‘tm—l,n') {A.9)

where

a2 - (ALY

AX {A. 10)

¥

To investigate the stability of .'(A. 9').-. we seek solutions of the form

Epn, g = BRel®® (A. 11)

'vghei-e « and P are c_onstants,‘ with a real. Slibs'tituting (A. 11) info (A, 9)

yields the equation
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p2-2(1- 2d25in2 2 +1- 0o | (A. 12)

The question of_'sta'l:iill'ifty l‘lé's' i;i;._détéfm.i:.'xiﬁg'under_'wha.f conditions
the @@itude of [3 does not ex#eéél_ unity for ,ali _fea.i va.l'ues'bf ¢, Thus,
to prevent solutions of the type (A. 11) f_rom_growi:’ng e'prnentially in
magnitude as n increases, we requ.i.re that thé d"ts;cr.im'm.ant of (A, 12) be
less than or equal to 'z.ero_- |

(1 - zdzéinz-%)z “r=o0 (A. 13)

and 'hez.xce w;_e must have.
(A, 14)

for all real values of @, From this v.t follows that the ¢ondition for

stability is
At_ .
d = cluy) AX =1 | | - (A, 15)
' F‘r_om (A. 15) we see that, a_é was exp.ec't'e_d, from cho.osi._ng an -

explicit tempo-ral.,"int-égra.tign scheme to get (A, 9), we have Icon&itio_nal-

numerical sta.l':'llli.ty. However, it ié_ of interest to note that for the
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nonlinear one-dimens ional-pﬁoblem." the critical time step is depéndent
_upon the longitudinal extension ratio, ., In other words, for a fixed

AX, the critical time step required fornu.merlca.l stability is dependent

o

on the current state of strain, Thlszresult .:ié_Glea'r.lié“ shiown in Fig. 24
for-a Mooney-Rivlin material, .-vlvhe_'r'é we first substituted (3. 27) into

(A. 15) to get .

STz f—Cq(1+2) + —CoH\ - {A.16

and then calculated .tht'_a' #rtificia;i Qév'e s'peé'd,'. AX/A"-' for._v.a.r.i(.)u:s'.ﬂ
values of A véith Cy=24 pé'i a,:rid C,=1 5 psi. Figﬁre 24'sh.0v}fs that
for the ﬁﬁoré realistic values of. the--'.artiﬁbia.l. Wﬁve speed (sa..Y..

AX /At a-_lZQO- in/ s-ec.) _.th-e.fe are si:é.tgs C_’f; strain__a_t which the 'r;uinéficé.l
éoluti_dn is not stable.. , Cor.,we_'r:se'ly, "-Ifo_-r a given étraiﬁ .sta.l':e {i. e., for
any \) c-one can find a stable signal speed for thg difference schefne.'_
(For compa'.r‘aﬁve pﬁ'rpose.s. the st_i-;l:iility curve for the more figorous
stability estimate (5. 28) is also shown.iﬁ Fig. 24. )

The plausibility of this result can be arguet;'l on the following
.physical basis: for the linear problém,-the cri.ﬁéa_.l_ time s_tep is related
to the shortest transit tirne'betv&een_ ahy two podél points in the f.tn_lte;'
elemént m_esh andl it is a fixed critical value. But oﬁg‘. fhing .tha.tt- makes

a linear problem linear is being restricted t6 _in.finitesimal.strains.' In
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other words, iﬁ fhe liﬂeaj'r. p#_"'c':ibl:éxr.!.i tﬁe r.elati-\'re digﬁlacefn‘ent b.etween
any two nodal points .i's_versrl srnall Now, in going to the nonlinear
problem, one might still expect fhe_ --i:lr_i.tical timé step' to be related to
the finite element _niesh size; but here ._t:_here-r.n'ay 'bé an 'a.ppr'éc iable
deformatioﬁ in'tl_'xe-nie__sh.-'-'héﬁce a va.rymg vaiue of the_critica-.i'tixne step.
This can be seen in Fig. - 24, -wh._e-i-é for,"inCréa,_sing vah::g'-s'of A
(increasing d'istance betw.één_:l_;'ode.'éj. _.th\.e;e fs a co;r.espd_!idifng- increase
in the critical .ti.me step. 'reqﬁifea -for_ the numerical stability of the

integration scheme,
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