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CHAPTER I

INTRODUCTION

Statistical Quality Control

The beginning of statistical gquality control, as re-
ported by Duncan (3) in his historical introduction, came
with the publication of Walter A. Shewhart's first work on
control charts in 1924. Throughout the 1920's and into the
1930's work continued at the Bell Telephone Laboratories on
sampling inspection, with H. Dodge and H. Romig, as well as
Shewhart, making important contributions. It was during
this period that Hotelling (8} developed the theory of the
T? distribution.

American industry as a whole did not adopt the new
statistical technigues as rapidly as one might have expected.
It took the federal government, principally the interest of
the armed services in statistical quality control generated
during the second world war, to spread the knowledge and
practice across the country. The government not only adopt-
ed statistical techniques in its procurement of war materiel,
but sponsored training programs for personnel involved in
production. In addition, further research into sampling
techniques was conducted, the results of which were at
times considered so important that they were classified for

the duration of the war,.



It became apparent during this time, with both gov-
ernment procurement agencies and industrial suppliers in-
volved in statistical gquality control, that two separate
aspects were involved. One, which included the control
chart techniques, involved the process control function of
industry. The second included the tools of the purchaser,
acceptance sampling and conformance analysis. The research
conducted for this thesis was principally concerned with the
first aspect, control chart analysis and process control.

In the last thirty years, the tools available have
grown from the initial Shewhart control charts and wartime
sampling plans to encompass design of experiments, analysis
of variance, and even more recently response surface analy-
sis.

‘ In their discussion of economic aspects of quality
decisions, Grant and Leavenworth (7) cite papers as early
‘as 1950 by one of them, E. L. Grant (5) (6), tying engineer-
ing economy to statistical gquality control. Duncan (2) and
Cowden (1) in the mid-1950's began to deal with economic
models to minimize the cost of sampling plans, whereas the
traditional approach to designing a control chart involved
using purely statistical considerations when choosing the
control chart parameters of sample size, critical region,
and interval between samples.

Knappenberger and Grandage (10) in 1969 developed a

cost model similar to those of Duncan (2) and Cowden (1),



and used it in developing a least cost sampling scheme for
controlling the mean of a normal process with an X chart.
The work of these earlier researchers produced greater in-
terest in the economic design of control charts. Klatt (9)
developed a technique, based on the Knappenberger and Gran-
dage model (10), for designing minimum cost sampling schemes
for two normal variates controlled by a T? chart. Montgom-
ery, Helikes and Mance (14) used this model for the multi-
state fraction defective control chart. The current re-

search was a direct outgrowth of these later papers.

Purpose and Scope of the Thesis

The purpose of this research was to develop a general
cost model for the Hotelling T? control chart, and a method
of solving this model for a least cost sampling plan given
various input pafameters. For complete generality it was
assumed that p > 2 guality characteristics were necessary
to describe the process output, and that there could be any
number s > 1 out-of-control states in which the process
could operate.

A computer program was developed which allowed
studies of the sensitivity of the mcdel to changes in the
parameters and which will in addition be useable for deter-
mining least cost sampling plans for real world processes.

we assume that there are a set of costs which tell

the decision maker the relative costs of sampling, of



investigating and correcting the process, and of producing
defective items. The program, using the model, will then
design a control chart and sampling plan by choosing the
sample size N, the interval between samples K, and the
control limit parameter T;, which minimize the cost per
unit of quality control (defined through the model as a
function of these three costs). The control chart design
is relative to a set of specifications imposed on the pro-

cess output which are expressed as a pair of limit vectors.

Survey of the Literature

The publication by "student” in 1908 of the "student's
t" distribution, involving the ratio of a mean to a standard
deviation where both are estimated from a sample taken from
a population, was followed over twenty years later by Hotel-
ling’'s (8) extensioh of £t to the multivariate case. Hotel-
ling developed both T and T? in his 1931 paper (8), but the

statistic T?, given by

is the statistic generally used as the measure of simulta-

neous deviation of the several variates xi of a process.
The use of the T? statistic where several variables

are to be considered requires considerable computation on

the part of the personnel conducting the sampling, so it is



not surprising that the T? statistic was not in widespread
use before the general availability of digital computers.

Cost is not always considered in developing quality
contrel charts and acceptance sampling plans. Tworof the
earliest models which incorporated cost into the design of
a control chart were those of Cowden (1) and Duncan (2).
Cowden's medel was very similar to that which was used here,
involving as it does costs of sampling, of correcting an
out-cf-control process, and of producing defectives. Cow~
den's assumptions about the process are rather different,
however, principally the assumption that once corrected the
process remains in control until the end of the day.

Duncan (2) employed a different cost model, although
still very similar to Cowden's and to that used in this re-
search. The principal contributions of Duncan to this re-
search were the implications of the assumption that shifts
out of control occur randomly and that the mean time to
shift is exponentially distributed.

The cost model introduced by Knappenberger and Gran-
dage (10), which was based on the models both of Cowden and
Duncan, was used here, as it was in Klatt {9) and in Mont-
gomery and Klatt (15), without modification. This model
breaks the cost of sampling inte a fixed cost per sample
plus an incremental cost per unit of sample size.

Klatt (9) used the cost model of Knappenberger and

Grandage (10) in developing an analysis of the two-variable



two-state model for control of a mean vector. In his work
he independently developed the non-central analogue to
Paulson's (19) approximation to the central F distribution.
This non-central approximation was earlier developed by
Severo and Zelen (21) and by Laubscher (11) as mentioned

in Mudholkar et al. (17). The results of Klatt's work were
published in a paper by Montgomery and Klatt (15).

Knappenberger and Grandage (10) dealt with a one-
variable multi-state case for control of a mean by an ¥
chart. In addition to contributing to the cost model,
their paper developed a method for assigning probabilities
to the transitions into and among the higher states which
has been used in this thesis.

Montgomery, Heikes and Mance (14) proposed a method
of condensing several out-of-control states into one in
their analysis of the multistate fraction defective con-
trol chart. This technigue was analyzed herein, as certain
of the results apply to the control of a multivariate normal
process.

An important aspect of the model developed in this
research was the use of a subroutine to evaluate certain
probabilities associated with the multivariate normal in~
tegral. Much of this work was based on a publication by
Milton (12). Milton based his work on the existence of a
general FORTRAN subroutine for error-controlled multi-

dimensional gquadrature. He developed some simplifications



of the expression for the iterated multidimensional normal
integral, which speed solution in this special case. The
internal integral is evaluated using a fast FORTRAN normal

approximation developed by Milton and Hotchkiss (13).



CHAPTER II
MULTIVARIATE QUALITY CONTROL

Although statistical quality control has been ac-
cepted by modern industry, tools for implementing quality
control in a multivariate situation are not yet as advanced
as those for the univariate situation. It is not generally
valid to apply univariate techniques to several variables
simultaneocusly since in many cases the variables being
measured are not independent. If we consider two indepen-
dent normally distributed variables, the criteria of

1 < x

< u
1 -

1 1

1l <x <u

2 2

lower control limit
upper control limit

where 1
u

vields a rectangular control region as depicted in Figure 1.

R

1

1 Yy
X, ~
Figure 1: A Rectangular Control Region For Two
Independently Distributed Variables



For two or more jeointly distributed variables, the
correct control technique as given by Hotelling (8) is the
T? statistic, which defines a multidimensional e;lipsoidal
control region. In the bivariate case this might appear
superimposed on the upper and lower independent limits as

shown in Figure 2.

/
—*:2—-under-controlled
region
1 7

1, v,
x, >
Figure 2. An Elliptical Control Region For Two

Jointly Distributed Variables.

When using the independent limits as opposed to the
correct elliptical region, there can obviously be areas of
under-control.

If both variables are independently monitored by X
charts based upon 3¢ control limits, the true probability

of rejecting the null hypothesis if u = B, is

1 - (1-a)% =1 - .9973%2 = .0054

and not the desired .0027 resulting from a univariate test

using an X chart with the same 3¢ control limits.
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Costs associated with quality control include both
those which penalize under-control, such as a customer's
rejection of a shipment, and those costs which penalize
over-control. Examples of these are the cost of items
tested to destruction and other types of excessive sampling
costs. In order to minimize the sum of these costs wvalid

multivariate technigues must be employed.

The T2 Control Chart

If we assume that the output of a process is described
by a vector x of p variables, each representing a particular
gquality characteristic, and we assume that the distribution

of x is given by the p-variate normal distribution, say

lzf—l/z
E(X) = — e~ 1/2(x~p) L7 (x-u)
- (2m)P/2

where U is the mean vector of the p characteristics and [
is their wvariance - covariance matrix, then the correct con-
trol procedure is due to Hotelling (8). This states that

the statistic

-1

H
N
1
5
%
|
=
-
i

(% - Eu)

is distributed as Hotelling's T2 with p and N_-p degrees of
freedom, i being the sample mean, u, the vector of individual

quality characteristic means corresponding to the in-control
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state, § the estimate of L, Ny the sample size used in com-
puting §, and n the sample size associated with X. The T2

variate with p and N,-p degrees of freedom is denoted by

2
T prNg-p.

It is obvious in the bivariate case that the quadratic

form

can be arranged into the conic equation of an ellipse, and,
in fact, the T? statistic describes ellipsoidal control
regions in any p~space. Thus a p-dimensional ellipsoid is
the correct general shape of the control region.

If we now define a number Té:PrNo'P as the upper

tail o percentage point of the T? distribution, where

P {T? > T? }=a

- ;P :No.'p

then if T? > T? we conclude that the process mean
a;p,Ng-p

has shifted. Implementation of this control procedure is
: : ‘ 2

fairly simple once the percentage point Ta;p,NU"p has been

determined. A T? chart similar in appearance to an ¥

chart for controlling only an increase in u is shown in

Figure 3. Note that the chart has only an upper control

limit. Furthermore, for p > 2, this form of the chart is

easier to implement in practice than the control ellipse.
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40
=
30
T2 .
.G-FPINO."P
20 . . .
ﬂ -
10

Figure 3. An Example T? Chart

The mean difference vector (¥-p,) is computed from current
sample data. (Typically, the mean vector u_and covariance
estimate § are known from historical data.) The T? statis-
tic is computed, which for p above 2 or 3 is best done
mechanically, and the statistic is plotted on the T? chart.
If T2>72 the process is assumed to be out of con-
a;p,N_ -P _
trol. It is not possible to tell which individual guality
characteristics are out of control from this chart, and this
may not even be immediately apparent from analysis of the
individual data points. The T? chart merely provides an in-
dication as to whether or not to interrupt the process. In
Figure 3 above, the process would be halted after the fifth
sample for investigation and possible correction.

It is possible to obtain the percentage points of

T;-p N _-p from the tables of the F distribution, since
110-



p(N_-1)
= 0 F
Ot:PrNG"P Ng-P O‘;prNo'_p

Therefore, it is not necessary to provide special tables ©
the cumulative distribution of T; N_~p°
r
g

The Cost Model

13

£

The general form of the economic model was developed

by Knappenberger and Grandage (10}. It has been used by
several authors, including Montgomery and Klatt (15) in
their previous study of the T? chart, and Montgomery,
Heikes and Mance (14) in an analysis of the fraction defec
tive or p chart. This model has the dual advantages of
simplicity and intuitive appeal. It is a general multi-
state formulation and totally independent of the number of
quality characteristics considered. For this reason, al-
though Knappenberger and Grandage (10) considered a multi-
state univariate case, and Montgomery and Klatt (15)
considered a two-variable two-state case, the models used
in those two papers and in this research are identical.
The expected value of the total cost of the gquality
control program per unit of product is represented as the

sum of three terms:
E(C) = E(Cl) + E(CZ) + E(Cs)

Here, C, is the cost per unit of testing, C, the cost per

1
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unit of investigation and possibly correcting the process
when an out-of-control situation is detected, and C, is
the cost per unit of producing defective product.

The cost C, was first represented by Cowden (1} and
Duncan (2) as consisting of two terms, one representing the
cost of taking a sample regardless of the sample size, and
the second representing the incremental cost per unit times

the sample size. Thus,

E(C,) = — + _- (2.1).
K K
where A, is the fixed cost per sample
A, is the cost per unit sampled
N is the sample size

K 1is the number of units produced between samples,
including the sample itself.

Knappenberger and Grandage (10), in analyzing the cost

C, of investigating and correcting the process when it appears

2
out of control, concluded that because of inaccurate informa-
tion and offsetting effects it was often unfeasible to con-
sider information more detailed than the long term values for
the frequency with which the process goes out of control, how
long the process remains inoperative while being corrected,
and the hourly cost of having the process inoperative. Then

if we define the cost A, as the expected value of the total

cost of investigating and correcting an out of control pro-
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cess, and consider the probability of failure to accept the
null hypothesis (where the cost of correction is zero when
Hy, is accepted) the expected cost per unit of investigation

and correction can be written

A,P{Fail to accept H_ |Sample}

E(C,) =
K

If we let s be the number of possible out-of-control states,

-

p" be the row vector of probabilities s =0 < such that

p; = P{Fail to accept H,|p = Ei}

and we let B be the column vector of steady-state probabili-

ties B8, that the process is in state "i", i.e.,
i

By = P{y = Ei}
then
A, s
E(C,) = — )} P{Fail to accept H |y = p_ }P{u = u !}
K i=0 - ~i - =i

AS A3
=— I8, = —2p°8 (2.2)
K K
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Now consider the cost A, of producing a defective

item. Let ¢° be the row vector of probabilities Py where

6.

i is the conditional probability of producing a defective

item given that the process is in state "i", and let y be
the vector of probabilities Y5 that the process is in state
"i" when a sample is taken. Then the expected cost per unit

of erroneously accepting the null hypothesis becomes

I

E(C,) A P{produce a defective[E?Ei}P{EéEilsample}

= A, 7Y (2.3)

Thus the total expected cost is represented as the sum of

the components in (2.1), (2.2), and (2.3) or

K K

Note that A, is really an expected cost, weighted over all
possible types of defective units. In general, some types
of defective units could produce costs much greater than

others, with costs of product recall and of suits for
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damages among the highest.

Mathematical Development

The four vectors of the cost model, p, B, ¢, and y
are all dependent on the three control chart parameters,
that is the sample size N, the sampling interval K, and
the critical region for the chart a. The vectors p, B,
and y depend on the interval between samples K, the sample
size N, and the critical region of the test. The vector %
depends upon the upper and lower specification limits im-
posed on product quality characteristics.

The assumption is made that the quality characteris-
tics X, which form the vector x are jointly distributed as
the p-variate normal. This assumption of normality is in-
tuitively appealing, and leads to the T? distribution with
p and Nc-p degrees of freedom as the basis of the control
procedura. In computing the values of the integral of
TErNg‘P an approximation due to Paulson (19) involving
E‘l/3 is used. As Paulson notes, we must have Nc—piB to in-
sure that P{F<0}n0. 1In the current research, N, was always
assumed sufficiently large so that this was not a problem.

The importance of this restriction was brought home
clearly in re-running the four examples from Klatt (9)
using his program where the sample size N and Nc are always

equal. There is a trap in his program to detect non-conver-

gent cases which, if invoked, still prints the results of
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the computations. This trap showed non-convergence in the
optimization routine only in those instances where N-p was
equal to 1 or 2. A similar trap has been incorporated into
the new program as situations causing model non-convergence
due to an attempt to detect too small 2 shift in the mean
have also been found.

The region of acceptable process output is defined
by two specification vectors 1l and u, such that each quality
characteristic x, . obeys the rule 1, <x,<u_.

J.3=1s2,...,P i— 31— 3

Trial values of the type I error o« are input to the econom-

ic model. These are mapped into appropriate values of

T2 and the optimal value of a is printed along with
CL,p,-NO,"'p
the optimal value of T for the control chart, to give
U-?plNc-_p

the prospective user of the program a fuller understanding of
the test criteria.

The elements ¢,

ft 113
i,i=0,1,...,s o] he probability vector ¢

are properly

u

N - oy ~U/2(x-p. ) TIT N (x-p.)
l‘flJ(ZTT) p/2|£ e Tt T T Thax,dx,...dx

L

Since the values of the elements of I are not known,
L is approximated by its unbiased estimator §, which is as-
sumed hased on a previous sample of size N . Then the
a

¢i,i=0,l, g are approximated by
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1=

~1/2(x~u;) "8 (x-u.)
. = 1-[1 (2w)“P/2|g'1|e * tdx,dx,...dx
i J = L P

|+

The value of the multivariate normal integral is de-
termined by use of a program developed by Milton (12) and
incorporated into the program utilized in this study with
minor modifications. This is discussed more fully in the

section on Milton's Normal Integral Evaluation in Chapter

IIT.
The vector p is defined such that
= pP{T2>T? = £(1?)d7?
Po t G:PrNO‘P} ITZ ( )
a;pP,Ns-P
nd the .
a ®i,i=1,2,....s
. = p{T2">T? I= £(T2")4m2"
°1 ;PN -p ITZ 19
a:pNg-P

where £(T?) is the distribution function of T? with p and
N,-p degrees of freedom given in Hotelling, and £F(T?")is
the distribution function of the non-central T? with p and

N;-P degrees of freedom and non-centrality parameter

Ty =N(py-ue) "2 ey -n,),1=0,1,2,...,s
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where N is the sample size associated with X. The matrix
Z is not known. Consequently, it must be approximated by
its unbiased estimator $, and the Ti's we must work with
are estimates of the true process Ti's. The Ti form a
vector 1 of dimension s+l, where t, is obviously zero,
allowing the non-central T2 distribution to degenerate to
the central T? when u = p . The integral [£(T?)dT? is es-
timated as mentioned above, the manner of estimation being
explained in the section on conduct of the validation steps
in Chapter III. Note that p, is a, the probability of type
I error for the control chart while Py for i>1 is the
power of the test, since p; is the probability of rejecting
the hypothesis of statistical control when the process is
in state "i".

In order to compute the vector 8 of probabilities
Bj that the process is in state "j" when a sample is taken,
the transition probability matrix B is required. Its ele-

ments represent the probabilities b. of the process

J,k
shifting from state "j" to state "k" during the interval
between samples. The mathematical development of equations
for computing the elements of the B matrix requires several
additional assumptions about the behavior of the pro-
cess.

It must first be assumed that the process is neither

self-correcting nor self-improving. This implies that all

transitions from a higher state to a lower state are for-
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bidden. The process never gets better, but it may get worse.
It is also assumed that the average interval between shifts
is the same for transitions between higher states as it is
for transitions out of state 0.

There are considerations involving definitions of
states which were not introduced into the current model.
In particular, when one characteristic x; can go cut of con-
trol either above or below the mean, it is unrealistic to
permit transitions from a state where X; < Bj to cne where
Xs > My Also, since a vector field is not well-ordered,

there is no natural hierarchy of states. For instance, of

the four states

RPN A e A

which state is state 2? For the current development, this
problem is passed over, but it is discussed again under "Rec-
commendations."

As a first step in developing g, we define the vector
g as the a priori vector of probabilities d5,9=1,2,...,s
that the process will shift from the in-control state 0 with
mean vector u,, to an out-of-control state "j" with mean
vector Ej' If we assume that the time the process remains
in control, given that it is now in control, is exponential-

ly distributed, then a known mean-time-to-shift AT gives a
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probability cof remaining in state 0 for a time of h hours of

h
-\ -A
1 -/ Je E oge = M0
0

If we also assume a known production rate of R units per
hour, then the probability of remaining in control while pro-
ducing K units of product is

. = e—AK/R

The remaining probabilities must be assigned such that

-AK
e /R

q. = 1 = (2.4)

e~

3
Knappenberger and Grandage (10) have proposed a bi-
nomial weighting scheme for assigning these probabilities.

If we assume a binomial distribution among the states, then

the weights wj are

5! . ;
W, o= 711 -m%T, 0<7w <1
I 5i(s-9)1

If wy is known then

]
Y wy=1-w,=1-(1~m5, (2.5)
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Combining (2.4) and (2.5) so that

we can set

(1 - e~AK/R, s! . .
g, = - e _wd@ - m=s73
J1-(@1-mS i1 (s=3)!

There is no real-world justification for this assign=
ment, but it is a reasonably simple solution, and choice of
T ¥ j/s can give a distribution favoring a known most likely
out of control state "j". (For a most probable state "s",

7 must equal some number close to but less than 1, e.g.,
T=1-1/s8%.) This techﬂique in fact gives an entire fam-
ily of distributions indexed by the parameter .

Having defined the qj, we proceed to develop the
matrix B. The elements bj,k of B are composed, in general,
of terms representing transfers into and out of state 0,
transfers from lower to higher states, and non-transfers
when the process remains in the same state. The matrix P
of probabilities Pj,k of transfers among states above state
0 must be defined. Knappenberger and Grandage (10) make
these probabilities Pj,k proportional to the binomially

weighted probabilities q of transfer into state "k" from
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state 0. Again, there is no real-world justification for
this, but it seems a reasonable assignment in the absence

of knowledge to the contrary. According to this technique,

the Pj,k are
Pj,k = 0 r 1>k
q

Pix = — r J=K

! m=1 1l-q,

q

Pj K = __Eh r J<Kk

! 1-q,
The elements bj X of B can now be written as follows:

L4

(1) For j = 0, bj,k = qk
(2) For j # 0, each element contains a term

P{Reject H, at time t}*P{Shift u + L
during production of K units}

= quk
This term represents the probakbilities of a shift out of
state 0 in the time between two successive samples, follow-
ing the correction of a previous shift.
(é) For j > k, this is the only term

(b) PFor j =k, k > 0 there is an additional term of
the form

p{Fail to reject H, at time t}*P{Remain in
state "j" during productlon of the next K units}!
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which is the probability of the process's remaining unde-
tected for an entire sampling period in the same out-of-
control state.

(¢) For 0< 3j<k there is an additiocnal term of
the form

P{Fail to reject H, at time t}*P{shift u.-u
during production of the next K units}

(1-p.) (1-p.) —3
= -0 . P, = -0 . —_—
773k A

which is the probability of an out-of-control process's
remaining undetected and going further out of control be-~

fore the next sample.

As an example, the matrix B for s=2 1s as follows:

qg ql qz ]
1
L 9n
m=1 g,
P14, SRR + (l_pl) Olqz + (l-pl)
1-q, 1-q,
2
! q
- m
quO pqu pzqz + (1‘92) o l
1-q,

It is easy to demonstrate that each row of such a
matrix B sums to 1. This, together with the assumption that

the process is never self-correcting, is given in many
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references (4) (18) as defining the transition matrix of an
irreducible aperiodic positive recurrent Markov chain.
Therefore, it can be shown that there exists a vector B of

elements Bj such that

e
A Y
I{es]
I
jon)
N
5
®
H
)
r~1
w0
I
l_.l

and that the vector g is the vector of steady~state probabil-
ities Bj of being in state "j".

s
It can be shown that, since [ g =1
m=0
-B-z = (garl)é*_l

where (0°,1) is an s + 1 dimensional row vector of s zercs

and a 1, and g* is the s + 1 dimensional square sub-matrix

o]

of the matrix

o

formed by eliminating any column of [B-I]. In this develop-~
ment, and the example given later, column s was arbitrarily
eliminated since when coded intc the computér program this
involves merely a replacement c¢f column s by ones.

The vector y is the vector of probabilities Yj of
being in the state "j" given the previous state of the pro-

cess. (The vector B was defined irrespective of the previous
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state of the process). Duncan (2) has shown that given a
shift between any two samples from p, to some other Hj' the
average fraction of the interval that elapses before the
shift occurs is

1 - (1+AK/R)e *E/R

*XK/R)

AR/R{l-e

Knappenberger and Grandage (10) make the assumption
that the fraction F is valid for shifts from By to Uy 5#o0r
as well as for those from u, to py

Then the value of y,, as given in Knappenberger and

Grandage (10) 1is
Yo = Bg?lo + FBO(]— - q{,),

the two terms representing the probability of being in and
remaining in state u,, and of being in but shifting out of
state y,.

The Yj,j#o include four terms -— the probability that
the process is in state j >0 at time t and remains there for
the production of K units, the probability that the process
is in state 0 at time t and shifts to state "i", the proba-
bility that the process is in state k < j at time t and
shifts to "j" (this probability is zero when j = 1) and the

probability that the process is in state "j" and shifts to

k > j (zero when j = s). Thus we have for j = 1,2,...,s



+

3-1
- o+
By (1 F)qJ mgl

~q,) (1-F)
3 (24/1-q,

28
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CHAPTER III
DEVELOPMENT AND VALIDATION OF THE COMPUTER PRCGRAM

Precursor Programs

Klatt's BRivariate Bistate Solution

The program presented in this thesis is based on
other programs presented in Klatt (9) and Milton (12)(13).
Klatt's work, which was also reported in a subsequent paper
(15), developed a computer program which solved the same
cost equation as used here for the two-variable, two-state
(i.e., one out-of-contrel state) case. From the point of
view of the potential user, however, this program is in-
convenient in that it requires a great deal of preparatory
work. This 1s largely attributable to a direct conversion
of the mathematical operations into FORTRAN without any
attempt at using efficient programming technigques or sim-
plifying input. A second cause was the need to use bi-
variate normal tables for the probabilities of producing
defectives, since an approximation or numerical evaluation
of the bivariate normal integral was not available.

As mentioned briefly in the Introduction, if the
program presented here is to be of use to professional
practitioners, it must be both correct and easy to use.
Therefore, the reguired input has been changed in many

cases. A comparison table of the inputs required by Klatt's
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program and the program presented here is to be found in
Appendix 7. Internally, Klatt's program in the parameter
optimization phase steps through various values of N, K
and T2. fThis is perfectly valid, but for a better intui~
tive meaning the variables in the new program have been
changed to N, K and a, with the value of T? computed from
a. The value of the optimal o is displayed in each case
with the optimal T2.

Milton's Normal Integral Evaluation

Milton has published several papers (12) (13) on nor-
mal integral evaluation. In his paper on the multivariate
integral (12),he presented a self-contained program which
would evaluate the multivariate integral with distribution
parameters as input. For the present purpose this was in-~
sufficient. Once again, ease of implementation to the po-
tential user had to be considered; and this consideration
ruled out taking output from one free-standing program and
using it as input to another. Even communication via files
was unreasonably complicated since file input and output in
FORTRAN varies from one compiler to another. The evaluation
program was therefore changed to give it the format of a
FORTRAN function subprogram. The multi-dimensional volume
within a set of limits can, via this technique, be deter-
mined by one use of the subprogram, with arguments of limit
vectors, covariance matrix, mean vector, and other items as

necessary to define the problem. A driving function was
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written which replaces Milton's main program and first level
subroutine and which fragments the outermost level of the
iterated integral into the desired number of parts.

In the course of modifying Milton's program, it was
necessary to change from a form where the entire program
was coded for a particular number of variables to one in
which the number of variables could be determined at run
time. This was done by deleting internally defined matrices
(the covariance matrix and its inverse) and passing both
them and their dimension, the number of wvariables, through
the subroutine or function argument list. To use this tech-
nigue throughout the program, the main program is very
short, serving merely to define the matrices in their larg-
est form (12 x 12) and inquire of the user what the problem
dimensions are. The matrices and dimensioning information
are then passed to a first level subroutine where all fur-
ther inputs are processed and where all the primary compu-

/
tation is done. Control never returns to the main program.

A General Matrix Inversion Routine

A subroutine called INVERT was included among the
routines received from Dr. Milton at the National Institute
of Health. This routine inverts symmetric matrices and pro-
vides their determinants, and is sufficient when dealing
with covariance matrices. The matrix B used in developing

the B vector is not symmetric, however, and consequently
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another routine, MTINV, was incorporated into the program.
MTINV, from the Honeywell Level 66 mathematics library (23),
inverts any non-singular matrix but returns no determinant.
Because of the need for the covariance matrix determinant,

both routines were retained and used where appropriate.

Program Validation

One of the most serious problems in the development
of programs for iterative solutions is their validation,
since if there were resources to check all the program's
steps thoroughly, the need for the program would be greatly
lessened. The validation therefore had to be less than
complete, and proceeded piecemeal.

Outline of Validation Steps

Validation of the program presented herein fell into
several phases:

(1) Checking of steps in the mathematical develop-
ment and the adherence of the programs and subroutines to
those steps.

(2) Hand checking of the development of Klatt's (9)
inputs (requiring some extended calculation as mentioned
above).

(3) Re~generation of Klatt's (9) output using his
program converted to run on the Honeywell 66/40.

(4) Comparing output from Milton's (13) univariate

normal routine against normal tables.
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(53) Re~running of the problems used by Milton (12)
to validate his multivariate normal integration program.

(6) Comparing output from Milton's (12) program
against NBS bivariate normal tables (22).

(7) Comparing output from the multivariate T? (a)
integral evaluation (using successive approximations of the
[T?(a) inverse function) against the bivariate evaluation
(a closed-form calculation).

(8) Checking intermediate results against hand com-
putation,

(9) TIterating to a solution using the example prob-
lem from Montgomery and Klatt (15).

(10) Running the new program to compute values at the
tabulated points in Montgomery and Klatt (15).

Conduct of Validation Steps

Mathematical Development. This was checked internal-

ly in Klatt (9} and Milton (12). In following Klatt's de-
velopment of the non-central F approximation and in modifying
the program to compute the multivariate T? integral, calcu-
lations were checked back to the original papers of Paulsen
(19) and Hotelling (8). Klatt's (9) development of the non-
central F was a duplication of the work of Laubscher (11)

and Severo and Zelen (21) as noted in Mudholkar et al. (17).
The accuracy of this approximation is studied in Mudholkar

et al. (17), who note that it is the least accurate of the

four approximations studied. However, at its worst case it



34

is accurate to 1.6 x 10”2, or about 10% of the true value

at that point. It is seldom worse than 1% of the true wvalue,
and with carefully chosen values of Ng, it can be held with-
in this range. When the uncertainty of some of the estimated
parameters is considered, this seems to be reasonable ac-
curacy, and the approximation was not changed to one of those
shown in Mudholkar et al. (17), nor to the approximation in
Searle (20).

Klatt's coding was checked line by line against his
development and was correct except for typographical errors.
Milton's coding was checked similarly up to the point where
the multidimensional quadrature routine was entered. Beyond
this, the agreement of numerical results with known values
seemed to justify acceptance. As well, the fact that Mil-~
ton's routines were loaded from a punched card deck, a re-
liable medium, argues for their correctness.

Re-computation of Klatt's Input. Klatt's program was

confirmed in regenerating the output values published in
Montgomery and Klatt (15). There were errors in preparation
of input parameters in Klatt (9), however, which are trace-
able to an incorrect definition of the domain of integration
of the bivariate normal distribution. Instead of intggratﬂ
ing over domain I, shown in Figure 4, integration was per-
formed over domain II. These errors in Klatt's original
work were deleted prior to publication in journal form, and

consequently the tables reported in Montgomery and Klatt
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Figure 4. Error In Definition 0Of Domain Of Integration Of
Bivariate Normal Distribution

(15) are wvalid. Ultimately, good agreement with this paper

was achieved.

Regeneration of Klatt's Output. Given the published

input, the program converted to the Honeywell machine gave
good agreement. In this phase of validation, the divergent
solutions showed up corresponding to N = N, < p+3.

Comparing Values of the Univariate Normal Integral.

The values produced by Milton's (12) subroutine were tabula-
ted and compared to published values. Results were good to
+5 x 107°. Detailed results are given in Appendix 2.

Re-running Milton's Checks. Values for the volumes

of infinite rectangles and hyper-rectangles and of the n-
dimensional orthants gave good agreement with known values.

Bivariate Integral Comparison. The bivariate tables

published by NBS (22) were re-generated for correlation
coefficients of 0, .45, and .5 corresponding to Klatt's

three trial covariance matrices. Results were good to
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approximately 5 x 10°°. Detailed results are shown in Ap-
pendix 3.

Closed Form for T® Compared to Approximation. In

the bivariate case, the formula from page 375 of Hotelling

(8)

1

n-1
T2 2
1+ —-
n

where n is the degrees of freedom, Ncnl, gives a c¢losed form

expression for T?, that is,

This formula was used by Klatt to convert the initial o
parameters intoc T?, but no such formula exists for problems
where the number of variables, p, 1s odd. To derive the
value of T?, successive approximations to the desired a
were made using Paulson's (19) approximation to the cumula-
tive F distribution function. The results yielded by this
technique agree very well with the closed form, except near
the limits of small No’ p and F. Detailed results are shown
in Appendix 4. As is shown in Mudholkar et al. (17), so

long as Nd is adjusted to keep F>3, the error remains <2%.
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Checking Intermediate Results

Manually checking the results of a full iterative
solution would involve considerable effort. Therefore, the
cost at only one point was manually computed andlcompared
to the program's derived cost. For this purpose, since the
subroutines had previously been checked, their results were
accepted as input to the manual computations whenever sub-
routines were encountered., Thus the manual computations
checked only the main program's results and did not further
validate the subroutines.

The central point in the table of Optimal Test Param-
eters from Montgomery and Klatt (15) (their Table 1) was
selected as the point to use, Machine differences, the
publishing of the value of K only within =50, and the use
of the subroutine for evaluating the multivariate nérmal
cumulative distribution function instead of interpolating
from bivariate tables, prevented complete agreement with the
results of Montgomery and Klatt (15). But having their
cost as an approximation of the desired result kept errors
in the mathematical development from remaining uncorrected
through this step. In this way it was discovered that in

the computation of B, where

*e

g7 = (0", LB

and where 2* is the s+l dimensional sgquare sub-matrix of the

matrix
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[ B-I|1 1,

the subtraction Ba,o'In,o was not being made, resulting in
negative probabilities in 8. This was corrected, and re-
sults agreed well with Montgomery and Klatt (15). Their
estimated cost was $.08711, while the cost produced here
was $.0834.

In order to compare results against those of Mont-
gomery and Klatt (15), where T? but not o is printed, the
ability to define T® rather than o and to disable the itera-
tion was incorporated into the program. This ability was

also important in the last validation step.

Comparing Minimal Solutions. Once it was established

that the costs derived by Montgomery and Klatt could be
reproduced, the program was allowed to solve for the minimal
cost. Surprisingly, while the minimal cost was close to
that of Montgomery and Klatt, the operating point was quite
different. In fact, the minimal operating point was always
found at the minimal N (N=5) and a(a=.001). This seemed
unlikely, so all total costs were printed - 27 per iteration -
which showed that the minimum was being correctly determined.
A recheck of the program reproduced in Klatt (9) showed that
his search scheme involved only one reduction in step size.
The final search was conducted with a step of 1/10 K. This
meant, for this problem, a size for K in the neighborhood

of 70. To this degree of refinement the surface seemed
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convex. The program used in this study will reduce step
size to 1 in both N and X in all cases, at which time non-
convexity in the surface is revealed. The iterative scheme
was thus proven, though not by its agreement with prior
work.

Comparison with Tabulated Values. Comparison with

the results in Montgomery and Klatt (15) was, for the rea-
sons given above, made using the non-iterative technique.
Agreement was good, except that for A,=A,=.001, all results
given in Montgomery and Klatt (15) are forbidden by Paul-
sen's rule that N be >p+3. A comparison of estimated costs
derived by the two programs is given in Appendix 5. In-
terestingly, in those situations where N was equal to three
or four in Montgomery and Klatt, for an N of 5 the value of

o is obviously divergent, as shown in Appendix 5.

Language Standardization

If any computer program is intended to be run on a
number of machines, standardization of language must be a
consideration. Most major computer manufacturers provide
a close approximation to ANSI standard FORTRAN, or an ex-
tended standard FORTRAN. To insure compatibility among
machines, it is necessary to understand what constitutes
such extensions and where compatibility problems will arise

in non-standard areas.
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In writing this program, any depsendence on the Honey-
well Level 66 computer or its software was avoided. In
particular, no executive functions such as a system clock
interface are invoked, and, while a line-numbered program is
used, the format of each line is such that it is left in
standard fixed-field FORTRAN format if the line numbers are
removed. No line is longer than 72 characters, to permit
standard teletype listing. Also, since different systems
have different input and output device numbers, all input
and output statements reference variables containing logical
unit numbers, rather than referencing constants.

Avoidance of extensions amounts to limiting the FOR-
TRAN repertoire to a fairly common subset. In this program,
no ENTRY statements were used and no CHARACTER variables
were defined, the one alphabetic input being read into an
integer word. All DIMENSION and TYPE statements are located
at the head of programs and subroutines. No null arguments
have been passed. No logical variables have been used, al-
though some logicai IF statements exist. In short, to move
from the Honeywell Level 66 to another machine which sup-
ports six character variable names and logical IF statements,
the only consideration should be the format or existence of
free-field input. Free-field input is such a convenience to
the user that it was incorporated despite this compatibility
drawback. (A listing of the program can be found in Appendix

7.)
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Search Procedure

The search procedure is a multi-step grid search pat-
terned directly after Klatt (9). However, where Klatt used
a two-stage grid search, the program presented here uses as
many step reductions as necessary for convergence. The grid
in question is defined by the limits on the parameters N, K,
and a. In all, 27 points are evaluated at each iteration,
corresponding to the center point (N, Ko,aﬂ)rand all combi-
nations of (N +AN, K +4K,o +Aa). These points lie at the
center, corners, centers of edges and centers of faces of a
solid rectangle in N, K, o space. This rectangle is loosely
called a cube here for convenience.

Klatt's sole convergence criterion was that the mini-
mum of the 27 costs computed within the N, K, o cube occur
at the cube's center point. Here, this criterion is suffi-
cient to declare convergence only if all step sizes are also
minimal. Before this condition is met, Klatt's convergence
criterion merely triggers a reduction in step size. The
step size is never increased.

To optimize the search, some experimentation with the
step reduction factor was done. A factor of 1/8 was settled
upon, since it was optimal in one case and held the number
of iterations (27 points of evaluation per iteration) to
about 12 in most others. As a comparison, a step reduction
factor of 1/2 seems to cause convergence in about twice this

number of iterations.
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The user is required to enter search limits for N,
K, and a. These are in reality the boundaries of the first
cube to be searched, not true limits. Whenever a minimum
is found on the cube's surface, the limits are adjusted to
place that point at the center of a new cube of the same
size. Thus after each iteration, either the step size is
reduced or the cube is shifted toward the minimum.

There are certain limits imposed on the N, K, and o

parameters as listed in Table 1.

Table 1. Limits on N, K, and a

1. N
2. N
3. o
4. AN
5. AK
6. Aa

iV v Ivivia v
o
o
I_-J

The first of these, for reasonably well-behaved dis-
tributions, assures that the distribution of the sample mean
is close to normal via the central limit theorem. The .001
limit on o and on Aa is arbitrary. The other limits are
obvious conditions, the important point being that all these
limits are enforced by the program. When a limit is violated,
the particular parameter is set to the value of the limit.

The 27 point cube in such case will have one or more sides
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collapsed onto the center, and the cube can he moved along

the limiting value while seeking a minimum on another axis.

In most cases of interest, the lower limits in both N and o

were reached and a minimum was found by moving in the K

direction.

where
limit
posed
limit
error

above

Occasional instabilities were encountered, generally
the shift to be detected was too small. An arbitrary
of fifty shifts without a step size reduction was im-
to detect these points, Tyéical values of K when the
was reached were between 10,000 and 80,000. Type I
¢ also typically would grow to large figures near or

50%.
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CHAPTER IV

A NUMERICAL STUDY CF THE COST MODEL

General Approach

The number of parameters in the model, from the
point of view of a researcher, is too great to permit any
attempt at an exhaustive study of all possible combinations
within even a small region. Several operating points, de-
fined by fixing all 13 parameters (No’ $, pr 8, %, A, R, 1,
A

u, A A, A“),were therefore chosen and tests on the

1’ 27

sensitivity of the model to changes in the values of indi~
vidual parameters were made in the vicinity of these points.
In all, five separate operating points were chosen. Three
of them use the § matrix from the example problem in Mont-

gomery and Klatt (15}, that is

s - 2 1
= - 1 2.5

The other two use the three-dimensional identity matrix.

Results in the vicinity of the two sets of points were not
directly compared, but the behavior of the model was gen-
erally the same. The switch to the identity matrix was made
because of the greater ease in redefining the process con-
trol limits and the out-of-control mean vectors in terms of

the wvariances.
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In all, over 225 examples were run manually, and a
set of runs was automatically initiated to generate the 625

points of the cost tables found in Table 11.

The Effect of Number of Variables p and
Allowed Error on Compute Time

The multi-dimensional quadrature subroutine used in
evaluating the multivariate normal integral controls the
allowable error in each integration step. A total allow-
able error is provided this routine as an argument, and
this error is apportioned to the intervals of integration,
ultimately defining the step size for the inner integrations.
Increasing the allowed error, therefore, increases the step
size and allows faster evaluation at a cost in accuracy.

While the main program has provisions for up to 12
guality characteristics, no test cases involving more than
four variables were studied, as the multivariate normal CDF
routine used a great deal of computer time when the number
of variables p was greater than three. This computing time
could be lessened somewhat by reducing the allowed error in
the quadrature routine as mentioned previocusly, but to re-
duce the allowed error below 10~ % renders the probabilities
in the tail regions meaningless. Table 2 gives the times
spent in this routine for various combinations of p and al-

lowed error.
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Table 2. Effect of p and Error on Time (Sec)

P 3 4 5
Error
.001 5 69 1200"
.0009 73
.0008 77
.0007 83
.0006 98
.0005 110
:0004 140
.0003 182
.0002 265
.0001 10 365
.00001 - 28 360%

*Run terminated without solution

Effects of m and State Condensation on Cost

The effect of the binomial weighting parameter 7 on
cost can be seen from runs made about operating point 2.
The operating points are listed in Appendix 10 for compari-
son, but are set out in the text as well. Operating point

2 is defined as the point where

p =2
s =6
N, = 13
2 1
s = |1 2.5
m = not applicable
A= 1
R = 10000
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1l- (=3.50,, =-3.50,)

H EJ 2inl, Banl, B
Bi,4=0,1,..., » [2.20,), |2.40,], {2.60,],
2.8‘02 . |30,

ie
]

Table 3 shows the relationship of m to cost. Pi obviously
has a significant effect, with the cost increasing almost as

fast as the numerator in .

Table 3. Effect of ™ on Cost

T 1/6 2/6 3/6 4/6 5/6 .97

c .0585 .0973 -137 .176 .216 .251

At the same time that these runs were made, the sug-
gestion in Montgomery, Heikes and Mance (14), that the
several states might be condensed into one, was tested. 1In
their study of the fraction defective control chart, they
suggest that a condensed fraction defective state be defined

as

Q, lpl
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where P, ; are the same probabilities Py defined by Knap-
penberger and Grandage (10), q; in this development. This
formula should be directly transferrable to mean vectors,

so that one could set

]
qiHj, 5
. i=1 ]
',J R =
] s

_Z 9i

i=1
where My 3 is the jth element of the mean vector u;. If this

, 1

were to be done before the optimal K was determined, it would
imply some a priori knowledge of the probabilities 95 involv~

ing the parameter K. The factor (l-e *¥/R

) can be taken ocut-
side the summation in the numerator, however, whereupon it
cancels with the denominator, and we are left with an expres-

sion in only the binomial weights Wi,

w.l. . = () T
LI in Y a-aems  ?

=
L)
*
I
li t~1t

i=1
These probabilities can be assigned, since the mean vectors
and m value are known, and the program was made to compute
the vector E* using this formula in all runs where s>2.
Table 4 shows the walue of E* in each case tried. The costs
given are as follows:

C, = The same C as in Table 3, the minimum C with
six out-of-control states.
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C, - The value of the cost function with all three
variables frozen, letting s=1 and using p .

C, - The minimal cost with one out-of-control state
and using E*'

C, - The value of the cost function used to define
C,, with all three variables frozen, letting
s=6 and using the original By

si=1,...,6

Table 4. Effect of State Condensation on Cost

T 1/6 2/6 3/6 4/6 5/6 .97
~ B8 Bal Bl B B G
CD .0585 .0973 137 .176 216 .251
C1 .0l84 .0191 .0200 .0211 .0223 .0233
C2 .01l66 L0176 .0188 .0201 .0214 .0225
C .0626 .0999 .138 177 .217 .253

The match between C, and C, is almost exact for m>1/2, and
within 10% at its worst. The interpretation of this is that
if a sampling scheme is selected using H*' the cost computed
will be incorrect, but the values of the other parameters,
N, o and K, when used to evaluate the cost function on the
surface defined by the true situation of six out-of-control
states, will give a value very close to the true minimum.
Thus the state-condensation idea of Montgomery, Heikes and
Mance seems to be valid in the case of the T? chart model

also.
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Effects of N and o on Cost

The effect of all model parameters and problem val-
ues on the optimal size of N was negligible. 2ll test
problems produced cost minima at the minimum allowable N,
the value p+3, except for the six out-of-control state
case with m=1/6 and w=2/6, where N was p+5 and p+4 respec-
tively. Even divergent cases gave a minimal N. The effect
of N on cost near operating point 5 can be seen in Table 5

below. Operating point 5 is defined as the point where

p = 3

s = 3

N, = 25

s = I

T = 1/3

A =1

R = 10000

1” = (-3.5,-3.5,-3.5)
u’ = (3.5,3.5,3.5)

P
li
|

WP
]
[
o
(=]

o
]
[
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Table 5. Effect of N on Cost

N 6 8 10 15 25 50 100

c .l08 .109 .110 .112 .116 .127 .149

With R, the rate of production, set at 10,000 items per hour,
an increase of N from é to 10 costs an additional $20. per
hour, or about a 2% increase, An increase to 15, still a
reasonable value, doubles this increase. The behavior that
leads to a minimal N in almost all cases can be seen, but
the effect of sampling using a slightly larger value for N
would probably be tolerable.

The optimal value of o was always minimal (i.e.,
.001) except in a few divergent cases. Again working from
operating point 5, the effect of & on cost, given by non-

iterative runs, can be seen in Table 6.

Table 6. Effect of a on Cost

o .001 .005 .01 .05

C .108 .109 112 .129

Selection of too large an a merely because it is an often-
used figure, such as .05, can be costly. Selecting o0=.05

adds 20% toc the cost.
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Effect of K on Cost

The effect of the interval between samples K on cost
was studied around the previously defined operating point 5,
where p=3, s=3, §=1,, and all other parameters are as pre-
viously specified. The results of the study can be seen in
Table 7. K, unlike N and o, gave a minimal cost at some
value between the smallest and largest allowable values in
all convergent cases. As is obvious from the table, the

cost surface is very nearly flat in the K direction.

Tapble 7. Effect of X on Cost

K 50 229 300 1000 5000

C .129 .108 .108 .125 .203

Effect of Ng on Cost and on T?

The effect of Ny was checked at various values around
that used at operating point 2 for the studies of w, which
was N,=13, and also around that used at operating point 3
for all later studies, which was N;=25. The value of N_,
the preliminary sample size used to derive S, the estimator
of L, had almost no effect on cost. The principal effect
of increasing Nc was to lower the T? tolerance as shown in
Table 8. This says, in effect, that the more we know about
the variance, the smaller a change in the sample mean need
be to be significant. Again, the table was prepared by

searching in the neighborhood of operating point 5, where
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p=3, s=3, and S=I,.

Table 8. Effect of N, on Cost and on T2

N 13 20 25 30
C .108 .108 .108 .108
o .001 .001 .001 .001
T2 46.6 29.6 25.8 23.7

Effect of § on Cost

Like A,, the cost of producing a defective, § is
very difficult to estimate. Even if the variances are well
known, the covariances often are not. An indication that
the model is insensitive to changes in § would be very im-
portant. As it turns out, the cost is almost totally in-
sensitive to variations in S because of the flatness of the
cost surface in the K direction. The four examples shown
in Table 9 were run with p=3 about operating point 5 (p=3,

s=3, §=I1,) and with covariance matrices of 8,=L,, 8,=-51,,

=2 =3

3=2£3, and 1l .5 .
S, =|.5 1 0
.5 0 1l

The values shown are the minimal K and cost using the vari-

it

ous matrices as if they were incorrect estimates (C,), and
the true cost using the minimal K and the I, matrix in a

single point evaluation (C,).



Table 9. Effect of § on Optimal Cost

s S, s, S, S,
K 229 347 184 247
c, .108 L0697 176 .0949
c, .109 .108 .108

Effect of the Model Parameters on Cost

The model parameters A;, A,, A; and A, were varied
individually by *10%, and again by *50%, giving, with the

central point, a total of 17 points on four axes through
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the central point of A,=1, A,=.1, A,=100 and A,=1. The op-

timal costs for the values of the A's were evaluated at
operating point 5, where p=3, s=3, §=1,, and other param-
eters as well remain unchanged. The resulting Table 10
gives a brief idea of the behavior of the cost surface in
response to changes in the A's. A much more comprehensive
study was conducted involving the computation of the opti-
mal costs at all 625 points on the four dimensional grid
defined by successively multiplying all model parameters
by the five factors .5, 1., 1.5, 2. and 5. The results
appear in Table 11.

The abbreviated data in Table 10 show the cost to
be fairly robust to changes in A,;, A, and A,, but changes
in cost are almost equal in proportion to changes in A, .

This is unfortunate, since A, 1is probably the hardest of



Table 10. Effect of Model Parameters on Cost

vary/By -50% ~-10% 0 +10% +50%
A, .105 .107 .108 .108 .110
A, .106 .108 .108 .108 . .109
A, .103 .107 .108 .109 L113
A, .0618 . 0987 .108 <117 .153

the four costs to estimate in many cases. Good values could
probably be derived in other situations, however, such as
that of a customer who performs sampling inspection of re-
ceived items, with specified contractual penalties for lot
nonconformance to standard. In any case, though, the esti-
mation of A, is an important matter.

All tests were run with the costs defined as at oper-

ating point 5, i.e.,

A, =1
A, = .1
A, = 1
A, = 100

In varying the Ai to test the model’'s sensitivity, these
values were varied by no more than a factor of five. To
see 1f the model was still well-behaved in more distant
regions of the domain, one run was made at operating point

5, but with the costs as follows:

. = 500
Ay = 1
Ag = 25
A, = 2500



Table 11. Effect of Estimated Process Costs on
Total Cost and Sample Spacing
COST A1 0.5
COSTS

ad: ¢ 0.5 f1.0 ! 1.5 1 2.0 P50 !

42 A3 ! K COST ! X COST! X COST ! K COST ! £ COST !
50 1 229 .053 ! 162 .098 ! 135 142 1 113 .186 ! 3 !

100 ! 238 .053 ! 168 .104 ! 135 .148 f H§( .191 ! ?zg 333 !

.05 150 ! 247 064 ! 175 .109 ' 141 .153 1 120 .197 !¢ 75 .u55 !
200 ! 258 .069 ! 173 L1141 141 158 ! 125 .202 ' 76 .460 !

500 ! 309 .099 ! 206 .145 ! 168 .190 ! 141 .234 1t 35 .49y !

50 1 270 .055 ! 191 .100 ! 153 144 v 135 188 1 85 447 !

100 ¢ 276 .060 ' 194 ,105 I 156 ,150 | 135 194 ! 85 .453 !

10 150 1 282 065 1 198 L111 ! 15G L1585 1 137 .199 | 85 458 !
200 1 293 .070 ! 202 .116 ! 162 .160 1 143 .204 | 85 .4GL 1

500 ! 3UY L1071 ! 229 147 1 139 192 1 159 ,236 ! 100 .497 !

50 t 303 .056 ! 212 .102 ! 175 .146 ! 150 .160 ' g4 451 !

100 ! 309 .0HY ! 216 .107 Y 178 .152 ) 153 .196 ! 34 .ugé !

15 150 ) 321 ,066 ) 223 .112 1 181 .157 ! 153 .201 ! 98 462 !
200 ! 327 .07V 0 225 117 ! 184 162 1 156 .206 ! 100 .L6T !

500 ! 377 .102 ¢ 250 .148 1 202 .1G3 ! 175 .238 ! 110 .500 !

50 ! 334 ,057 ! 233 ,103 ! 197 148 1 162 .192 ! 103 454 !

100 Y 340 .062 ! 238 .108 ' 194 ,153 ! 168 .138 ! 13% .ugg !

.20 150 ! 351 067 ! 242 .113 t 196 .158 ! 168 .203 ! 103 .465 !
200 ! 356 .072 ! 246 .118 ' 199 154 1 175 .208 1 110 470 !

500 ! 409 .102 1 272 .149 t 216 .195 ! 184 ,239 ¢ 115 .503 !

50 ! 482 .061 1 338,109 ! 272 .156 ! 236 .201 ! 147 468 !

100 ' 4G1 066 ! 337 114 1 273 161 2%8 .207 ! 155 .u?g !

.50 150 ! 497 Q71 ' 3WY ,120 ! 276 .166 1 238 .212 ! 150 479 !
200 !t 505 .OT76 ! 347 125 F 282 .171 ! 242 217 1 150 .u4BY !

500 ! 555 .106 ! 370 .155 t 296 .202 ! 254 243 ! 156 .516 !




Table 11. (Continued)
COST A1 = 1.C
COSTS

Abd: I 0.5 ! 1.0 ! 1.5 ! 2.0 ! 5.0 !

A2 A3 ! KX COST ! K COSTt X COSTt+ K COST ! K COST !
50 ! 291 .05 ) 202 101 ! 168 .146 ' 141 130 ! G2 U450 !

100 ! 299 .060 ! 210 106 ¢ 168 .151 ' 147 195 t+ Gy 455 !

05 150 ! 308 .066 ! 212 ,112 ) 175 .156 1 150 .200 ! 34 .461 !
200 ! 315 .071 ' 216 117 V176 L1614 153 206 1 Q4 U465 !

500 ! 368 .101 ! 246 148 ! 196 .193 ! 168 .237 t 103 .499 !

50 ! 323 .0506 ! 225 ,103 ! 184 147 ! 159 .192 ! 102 .453 1

100 ! 330 .061 1 229 ,108 ! 184 ,1583 ! 162 .197 ! 103 .458 !

10 150 f 340 .066 1 236 L1131 191 L1853 ! 162 .202 ! 103 .464 !
200 ! 347 072 ¢ 238 .118 ! 194 ,163 ! 168 .208 ' 103 .469 !

500 't 393 .102 ! 264 189 t 212 164 1 184 .239 ! 113 .502 !

50 ! 353 .057 ! 247 104 ' 199 .49 1 175 L1941 110 .456 !

100 ! 360 .C62 ! 250 .109 1 202 .158 1 178 .199 ! 113 461 |

.15 150 ! 368 067 ! 254 114 1 206 .159 I 173 204 ' 113 .466 !
' 200 ' 377 .072 ' 253 .119 ¢ 210 .165 ! 181 .209 ! 113 .472 1
500 ! 426 103 1 282 .180 F 229 196 ! 196 .24t ' 121 504 !

S0 ! 380 .058 ! 264 ,105 ' 216 .15C ' 189 ,195 ' 117 458 |

100 ! 388 063 ! 270 110 ! 216 186 ! 191 ,200 ! 118 .ubh4 !

20 150 Y 395 0638 ! 273 L1151 223 161 ! 191 206 ! 118 ,46gG !
200 ! U402 Q73 ! 276 120 ! 223 166 ) 194 211 1 120 474 )

500 ! M54 104 ' 303 L1571 ! 242 197 ! 206 .2u2 ¢ 128 ,507 !

50 ! 516 .062 ! 353 .111 ' 291 .158 t 250 .203 ! 156 .471 !

100 ! 523 .067 ! 360 .116 ! 293 163 ! 254 ,209 ! 159 477 !

.50 150 ! 533 ,072 ! 368 ,121 ' 296 .168 ¢ 254 214 ' 159 432 1
200 ! 541 .077 ! 370 .126 1 298 .173 ! 258 .219 ' 159 .u8T !

500 ! 591 .107 ! 391 .156 ! 315 .203 ! 270 .250 ! 168 .519 !
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Table 11. (Continued)

COST &A1 = 1.5

COSTS

A4: 1 0.5 ! 1.0 ! 1.5 ! 2.0 ' 5.0 !

A2 A3V K COST ! K COST ! X COSTt K COST ! K COST !
50 ! 344 ,057 ! 238 ,103 f 194 148 ! 168 .193 ! 103 .u55 !

100 ! 351 .062 ! 244 .109 t 198 .154 ! 168 .198 ! 103 .460 !

.05 130 f 360 .067 ! 247 .114 t 201 .159 ! 175 .203 ! 110 .466 !
200 ! 363 .072 ! 252 .119 t 206 .14 ! 178 .209 ! 113 471 !

500 t 416 .103 ! 276 .15C ! 223 .195 ! 191 .240 ! 113 .503 !

50 ! 372 .058 ! 258 .105 ! 210 .150 ! 181 .195 ! 113 457 !

10C ! 379 .063 ! 264 .110 ! 212 .155 ! 184 ,200 | 115 .463 !

210 150 ! 388 068 ! 268 .115 ! 216 .160 ! 134 .205 ! 117 .468 !
200 ! 395 .073 ! 272 .120 ! 223 .166 ! 191 .210 | 118 474 1

500 ! L4y 103 ! 296 .151 ! 238 .196 ! 202 .242 ! 128 .506 !

50 ! kOO .059 ! 276 .106 ! 225 .151 ! 194 .136 ! 121 .460 !

100 1 405 .064 ! 282 ,111 1 229 .157 ! 196 .201 ! 125 .465 1!

15 150t 412 ,069 ! 282 116 1 229 .162 ! 199 ,207 t 125 471 !
200 ! 420 .074 ! 291 .121 1 233 167 ! 201 .212 } 125 .475 !

500 ! 468 .104 ! 315 .152 ! 250 .198 ! 216 .243 ! 135 .508 !

50 ! 422 .059 ! 293 .107 ! 238 .153 ! 206 .198 ! 128 .462 !

100 1 430 .064 ! 298 .112 f 242 ,158 ! 210 .203 ! 128 .463 !

.20 150 ! U436 ,069 ! 303 .117 ! 244 163 1 210 .203 ! 135 473 !
200 ! 444 074 ! 306 122 t 247 168 t 212 213 ! 135 473 !

500 ! 494 105 ! 330 .153 ! 264 .199 t 225 .284 | 141 .510 !

50 ! S47 ,063 f 382 ,112 ! 308 .159 ! 264 ,205 ! 168 .475 !

100 ! 555 .068 ! 385 .117 ! 309 .164 ! 268 .211 ! 163 .480 !

.50 150 ! s64 Q73 t 388 122 ! 315 .169 ! 270 .216 | 163 485 !
200 ! 574 .078 ! 391 127 ! 315 174 1 272 .221 ! 168 .490 !

500 ! 627 .108 ! 416 157 ! 334 .205 ! 282 .251 ! 178 .522 !




Tahle 11. (Continued)

COST A1 = 2.0

COSTS
A4: V0.5 ! 1.0 ! 1.5 2.0 ! 5.0 !
A2 A3 ! X COST ! K COST ! K COST ! K COST ! £ CQsT !
50 ! 388 .0%8 ! 270 .105 ! 223 .151 ! 191 .16 ! 118 .us9
100 1 398 .063 ! 275 .111 | 223 .156 ! 194 ,201 ! 120 U464
.05 150 ! 405 .068 ! 280 116 t 225 (161 ! 194 206 ! 121 470
200 ! 412 .073 ! 282 .121 1 229 ,166 ! 198 .211 ! 125 (475
500 ! 461 104 ! 308 151 ! 247 197 ! 210 .242 ! 135 .507
50 ! 412 ,059 ! 291 107 ! 234 .152 ! 202 .197 ! 128 462
100 ! 422 .064 ! 291 .112 ! 238 .157 ! 202 .202 ! 125 467
.10 150 ! 430 .069 ! 296 (117 ! 238 .163 ! 206 .208 ! 128 .472 !
200 ! 436 .074 t 299 122 ! 242 168 1 210 .213 ! 128 478 !
500 ! 487 .104 ¢ 323 .152 ! 261 .198 ! 223 .244 ! 137 .510 !
50 ! 436 .060 ! 305 .108 ! 247 .153 ! 212 .199 1 135 .464 !
100 ! 444 ,065 t 308 .113 ! 250 .159 ' 216 204 t 135 .469 !
15 150 ! 454 070 t 313 118 ! 254 164 ! 216 .209 ! 135 475 ¢
200 ! 461 ,075 ' 315 ,123 ! 254 ,16G 1 223 .214 ! 137 .480 !
500 ! 51t .105 ! 340 .153 ! 272 .200 ! 233 .245 ! 147 .512 !
50 ! 461 .060 ! 321 108 ! 251 .155 | 223 .200 ! 147 ,u66 !
100 ! 468 .065 ! 323 .114 1 261 .160 ¢ 225 .205 ! 141 L4710
.20 150 1 476 070 ! 327 119 1 264 165 1 226 .210 ! 1471 477 !
200 ! 482 .075 f 330 .124 1 268 170 1 229 .216 | 143 .482 !
500 ! 533 .106 ! 355 154 1 282 201 ! 244 246 ! 150 .514 !
50 1 578 .064 ! 40O .113 ! 323 .161 1 282 207 ! 178 477 !
100 ! 589 ,069 ! d405 118 ! 327 .166 ! 282 .212 ! 178 .483 ¢
.50 150 ! 597 .074 ! 409 .124 1 330 .171 1 282 ,217 t 178 .L88 !
200 Y 504 .079 Y 412 ,129 ! 334 176 1 287 .223 ! 181 493 !
500 ! 653 .109 ! 436 .159 ! 347 .206 ' 298 .253 ! 184 .524 !




Table 11. (Continued)
COST A1 = 5.0
COSTS

ad: ! 0.5 ! 1.0 ! 1.5 ! 2.0 ! 5.0 !

A2 A3 ! X COST! X COST! K COST ' X COST ! K COST !
50 1 5G7 064 1 416 L1141 334 .1h2 1 2971 .208 1 181 479 !

100 ! 604 .069 ! 418 .119 ! 337 167 ! 291 .213 ! 181 484 !

05 150 ! 615 .OT4 ! 422 .124 ) 340 172 ! 293 ,218 1 184 ,4g0 !
200 ! 5322 .079 ! W26 .129 1 3W4 177 ' 295 224 ! 134 4G5 !

500 ! 878 .109 ! 447 159 1 388 .207 ! 306 .254 ! 191 .526 !

S0 ! 516 ,065 ! Uz26 .115 ' 344 153 1 208 ,209 ¢ 189 L4817 !

100 1 624 ,070 !t L30 .120 ! 347 .168 1 299 .214 ¢ 184 486 1

.10 150 ' 631 .075 ! 433 125 ! 3%1 173t 301 .219 ! 191 ,4g1 1
200 ! 639 .080 ! 436 .130 ! 352 L1781 303 .225 1 167 L4961

500 ! 0698 .110 ! 461 .16C ! 368 .208 ! 315 255 ! 1G94 528

50 ! 631 .065 ! 436 .116 ! 353 .163 ! 306 ,210 ! 191 432 !

100 ! 539 .070 ! 441 ,121 ! 356 .169 ! 306 .215 ! 1G4 488 !

.15 150 Y 851 .OT75 ! 444 126 ! 360 174 !} 309 .220 ' 194 ,4g3 1
200 ! 658 .080 ! L4T .131 !t 360 .179 ! 309 .226 ! 194 .4g3 !

500 ! 714 .110 ! 472 .161 ) 377 .209 ! 323 .25%6 ! 199 .529 !

50 ! 651 066 ! 451 116 ! 364 .164 ! 315 .211 ! 196 ,u84 !

100 ! 653 .071 % 454 121 1 368 .169 ! 315 .216 ! 196 489 !

.20 150 ! 666 076 ! 458 126 1 368 174 ! 315 .221 ! 168 4g4 !
200 ! 674 .031 ! 481 131 ! 372 L1791 321 .226 ! 169 ,4Qg 1

500 ! 733 .110 ! 482 .161 ! 385 .210 ! 330 .25T7 ! 204 .531 !

50 ! 742 068 ¢ 513 .120 ! 416 .169 t 356 217 ! 223 .u4g2 !

100 ¢ 751 073 ! 516 .125 ! 416 174 1 388 222 ' 223 .498 !

.50 150 ' 760 078 ' 521 .13C ! W18 179 1 3B0 .227 ) 225 .503 !
200 ! 765 .083 ! 523 .135 ! 422 184 ! 360 .232 1 225 ,508 !

500 1 833 113 ! 547 165 ! 436 214 1 373 .2062 ' 229 ,53G !

60



This resulted in a minimal cost of $220.00 per unit, an
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associated N of 6 (still minimal), and an o of .006 which,

while finally non-minimal in a convergent case, still is

very small.
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CHAPTER V

SUMMARY OF RESULTS AND RECOMMENDATIONS

Summary of Results

A computer program was developed which can serve both
as a tool to study the multivariate multistate model and
its behavior, and as a means for practitioners to find a
least~cost solution to their real world problems in con-
trolling the mean vector of a multivariate normal process.
The program has been used to make numerical studies of the
objective function and of the sensitivity of its wvalue to
most of the parameters of the system.

These numerical studies have revealed an objective
function of very gentle curvature and slope within the re-
gion studied. The wvalue of the cost function is not
strongly sensitive to anything except the cost A, , the cost

of producing a defective,

Recommendations

Recommendations for further work have generally been
mentioned as they occurred in the text. They are repeated
here with some amplification.

State Definition

The problem of defining an ordered succession of

states, particularly when variations both above and below
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one or more of the mean values can be expected, should be
studied more fully. The development of the B vector de-
pends upcon the assumption of no spontaneous correction, and
one approach might be to study the sensitivity of B to this
assumption. Purther study might also define a condensed
state formula that would yield the same minimum pcoint, cr a
point close to the same minimal point, as would be given by
the full state complement. Alternatively, a rigorous defi-
nition of state and a technique of state definition or
state grouping which can be explained to users or, better,
incorporated into the program, would be helpful.

Dependence on N and o

An analysis of the mathematical model ought to be made
to see if it is indeed monotonically increasing with N and a
within a portion of the domain of convergence. Such a study
might point up errors in the model, or ways to improve it.
The idea of a minimal N in all cases does nct have much in-
tuitive appeal.

Using the current model, tests with larger expected
costs might be run to observe the behavior of the minimum
cost a. It would be of value to determine what sorts of
costs give rise to more reasonable values of &, in the
neighborhood of a=.01 to a=.10

Search Technique

It is quite likely that in a real-world implementa-

tion of this model it will be used in slower machines than
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the Honeywell 66/40. The step size algorithm might be a
candidate for improvement, particularly with regard to in-
creases in step size under certain conditions. The search
algorithm itself might be altered, but gradiént search
techniques will probably not prove too useful because of
the impossibility of normalizing the units of measure of
N, K, and «o.

Program Size

Program size depends on the machine being used. O©On
the 66/40 this program used about 16K words, or 64K bytes.
The best possiblity of reducing storage requirements is to
study the MDQUAD routine supplied with Milton's program (12)
to determine whether the size of the 5000-word work vector
defined within it can be reduced or made dependent on p.

Further Analysis of the Cost A,

Further studies of the sensitivity of the model to
changes in the ratio of A, to the other costs might prove
fruitful. Modificaticns of the model to provide for dif-
ferent A type costs for different out-of-~control variables
might also be reasonable. As an instance, in testing pack-
aged foods, the mean weight and mean Salmonella content
surely would involve A, costs out of all proportion to each
other.

Real-World Examples

The strongest recommendation to be made is that this

model be utilized and studied with real-world examples.
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Choosing operating points and costs in this study had no
basis in experience., They were defined arbitrarily, simply
be selecting peoints which it was felt were reasonable, and
which produced convergent results. A real-world applica-
tion would lend great authority to this analysis and sensi~

tivity study.



APPENDICES
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Appendix 1. Example Run

¥RUN

sNTER NUMBER OF VARIABLES AND NUMBER OF OUT-OF-CONTROL STATES
=2,

ZNTER T4dE LIMITING VALUES CF
SAMPLE SIZE 'W!

=5,25
NUMBER BETWEEN SAMPLES 'K
=5,500
TYPE 1 ERROR 'ALPHA'
=,001, .1
ENTER 2 DIMENSIONAL L AND U SPECIFICATION VECTORS
=4, -4
=4,4

ENTER 2 DIMENSIONAL IN-CCHTROL MEAN VECTOR
=0,3

FOr THE 1 STATES, ENTER THE 2 DIMENSIONAL MEAR VECTORS
STATE 1
=5,5

ARE YOU ENTERING THE S (S) OR S INVERSE (SI) “ATRIX??
=5

ENTER THE 3AMPLE 3IZe USED IN ESTIMATING
THE COVARIANCE MATRIX



Appendix 1. (Continued)

ENTER THE TRIAL COST VALUES
=.001,.0001,.01,1

ENTER THE MEAN TIME TO SHIFT (IN HOURS),

AND UNITS PER HCUR PRODUCED
=1, 10000

ESTIMATED COSTS AFTER 7 ITERATIONS:

FIXED COST PER SAMPLE 3 0.001
LNSPECTION COST PER UNIT b 0.CC0
AVERAGE COST OF REPAIR ) 0.010
COST PER UNIT OF DEFECTIVES $ 1.000
MINIMA:

FOR TESTING $ 0.250E-03

FOR CCRRECTING $ 0.267E-05

FOR BAD PRODUCT $ 0.159E-01
CCST PER UNIT $ 0.1612-01
SAMPLE SIZE 5
SAMPLE INTERVAL 6
TYPE I “RROR 0.10Q0 %

T-SQUARED VALUZ 30.504



Appendix

2. Comparison

of Univariate Normal CDF Values
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Z 2 1 2 3 Yy 5 5 T 3 9
-3,0 0013 0010 o007 0005 0003 Q002 0002 0CO0C1 ©001 Q0co
-2.3 0019 0013 0018 0017 0016 0016 0QC15 0015 0014 0014
-2.3 0026 0025 0024 0023 0023 0022 0021 0021 Q020 Q019
-2.7 0035 0034 0033 0022 0031 €030 002% 0028 0027 0026
-2.6 0047 0045 0044 Q043 Q041 O0CHO Q039 0038 0037 0036
-2.5 0062 0060 0059 0057 92055 0054 Q052 902051 Q049 0043
-2.4 0082 0080 0078 0075 0073 0C71 Q063 Q068 Q066 Q064
-2.3 0107 0104 Q102 0099 0Q0G6 (OGS4 0091 Q039 (037 Q034
-2.2 0139 Q0136 0132 0129 0125- ¢122 0119 0116 0113 0110
-2.1 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143
-2.0 0228 0222 0217 0212 0207 0202 0197 0192 0188 0183
-1.9 0287 0281 0274 0268 0262 0255 0250 0244 0239+ 0233
-1.8 0359 0351- 0344 0336 0329 0322 0314 0307 0301+ 0294
-1.7 0Quds 0Qu36 0Quz7 Ou18 O0UCY QU401 0362 0384 0375 0367
-1.6 0548 0537 0526 0516 0505 Q495 QU85S Q475 CH65 0455
-1.5 0663 0655 0643 0630 0618 0606 0594 0582 0571+ 0559
-1.4 0808 0793 0778 0764 OQTU9 Q735 Q721- Q708 0694 0681
-1.3 0963 0951 Q934 0918 0901 0885 0869 0853 0838 0823
-1.2 1151 1131 1112 1093 1075 1056 1038 1020 1003 Q985
-1.1 1357 1335 1314 1292 1271 1251 1230 1210 1190 1170
-1.0 1587 1562 1539 1515 1492 146G 1446 1423 1401 1379
-0.9 1841 1814 1783 1762 1736 1711 1685 1660 1635 1611
-0.8 2113 2090 2061 2033 2005 1977 1949 1922 1894 1867
-0.7 2420 2389 2388 2327 2296~ 2266 2236 2206 2177 2148
~C.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
-0.5 3085 3050 3015 2981 2946 2912 2877 2343 2810 2775
-0.4 3446 3409 3372 3330 3300 3264 3223 3192 3156 3121
-0.3 3821 3783 3745 3707 3659 3632 3594 3857 3520 3UE3
-0.2 4207 4168 L4129 4090 U052 4C13 3974 3936 3897 3859
=0.1 4602 U562 4522 4UB3 LU43 LUQL 434 4325 4286 U247

0. 5000 4960 4320 UBBC 4340 4801 4751 U721 ubB1 4641
Note: 1. Computed value is shown. This, where shown, is

greater than published values by 107* (+) or
lesser by 107% (-).

2. z = =-3.9(.1)-3.0(.01L)+3.0(.1)+3.9
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2
5080
5478
5871
6255
5628
6985
7324
7642
7939
8212
8461
8686
5883
9065
9222
9357
9474
9573
9656
9726
9783
9830
5863
9898
9922
3941
3956
9967
9976
9982
9993

3
5120
5517
5910
6293
6651
7019
7357
7673
7967
3238
8485
3708
8907
9082
9236
9370
9igY
3582
9664
9732
9788
G834
9871
9901
3925
5943
9957
9968
3977
9983
3995

4
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8700
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3925
9099
9251
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3495
9591
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9733
9733
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3969
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9954
9997

5
5199
5596
5987
6363
6736
7086
7422
7734
8023
8289
8531
3749
8944
9115
9265
9394
9505
9599
9673
9Th4
9798
9842
9878
9906
9929
99L6
9960
9570
9978
9964
9998
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5
5239
5636
6026
65L06
6772
7123
Tusy
7764
8051
3315
8554
8770
8962
9131
9279+
Q406
8515
9608
9686
9750
9803
9846
9881
9909
9931
9548
G961
9971
9979
G685
99593

5279
5675
60t4
6443
6808
7157
T486
7794
8073
8340
8577
8790
5980
9147
9292
9413
5525
9615
9693
9756
9308
9650
9884
3911
9932
9949
9962
9972
9973
9985
9999

3
5319
5714
6103
6480
B84L
7150
7517
7823
8106
3365
3593
8810
8997
9162
9306
9429~
9535
9625
9699~
9761~
9812
9854
9887
9913
9934
9951
9963
9973
9980
9986
9939

9
5359
5753
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Appendix 3. Comparison of Bivariate Normal CDF Values
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Appendix 3.

NBS Table
r = 0.06

j\Ql 1.6 1.7 3.8 3.9 4.0

k ——
0.0 ©0000BG 000054 000036 000024 000016
0.l 000073 0Q0J05¢ 000033 000022 00001S
0.2 Q0CO67 000045 0UO03G 000020 000013
0,3 000061 000041 000028 000018 000012
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Appendix 3.

(Continued)

Computed
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6.1 303974 285438 266295 244755 227033 207375 121987 169091 150884
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Appendix 3.

NBS Table
r = 0445
‘E\: 0.9 1.0 lel 1.2 1.3 led a8 1.6 1.7
0.0 140020 122653 106532 091729 078294 066235 055531 046138 037081
D4l 133540 117207 101999 087998 075255 043766 053579 044596 O0I6779
0.2 126615 111262 097116 083961 071951 061110 051435 062897 035447
0.3 119312 105172 001921 070645 068403 058223 049111 041046 033989
0.4 111704 098693 086459 075087 064637 055145 046621 030053 03241t
D5 103870 091992 080785 070330 060690 051903 043986 036934 (30725
Dsd 09540) 085148 Q74962 065426 058601 048529 041230 034708 028943
Q.7 087889 018236 065056 060429 052616 045060 038384 032397 027043
0.8 079%32 07134] 063139 055401 048186 041536 035480 030027 025114
.9 072120 Q564543 057280 050400 043959 Q38009 032551 027627 023229
1.0 064543 057922 051549 045486 039787 (034494 O©29634 Q25225 021212
141 ©57280 051549 048008 040715 035719 031059 026763 022850 019327
1.2 050400 045486 Q{40715 036139 031798 0277134 023971 020529 OL741A
1.3 443959 Q39787 035719 031790 020066 024554 021289 Q018290 015588
1.4  ©3BGDO0 034454 031059 027734 024554 021549 018743 016154 013795
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17 023229 Q21272 019327 017418 015568 O01379% 012116 OI0547 Q09097
1.8 C19347 017789 016193 014636 013126 011669 010283 008981 007773
1.9 015960 014700 Q13438 012185 010961 009776 00B&44 Q07576 006579
2+0 013038 012C45 011043 010045 009065 008112 007197 006329 005515
2.1 010548 009772 008987 008201 007424 006645 005933 005235 004570
242 008450 Q07821 0Q7241 004628 006019 005422 0048463 Q04288 003783
243 006702 0048245 QO5T7T 005304 ©Q&832 Q04367 003913 0034771 003062
2sh 005263 004917 004562 004202 003840 003482 003131 002791 Q02467
245 004091 003833 003567 003295 003021 007748 002479 002210 001987
28 003149 002958 002761 002558 0©02352 002147 001943 001744 001553
e L0239% Q022680 QO0Z11% 001965 Q01813 Q01660 001507 Q01358 001213
2B 001809 CO1709 0QGC1604 001495 001383 001270 001157 001048 000938
2.9 CcOL350 001279 001253 001125 001044 0009482 000879 000797 000717
3.0 000998 O00LS47 Q00894 000038 COC7BO0 000721 000648)1 O00602 GQOO0S54)
341 000730 {00695 Q006537 Q00618 GO057T7T ©00535% 000492 000849 000407
3.2 0094528 ©00504 00478 O0Q45) 000422 000392 000362 C©O03I32 000301
343 000378 QL0362 000344 000325 000305 000285 0Q0026% Q00242 000221
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3.7 00C090 COCOBT 000083 00COBG ©GOGT6 000071 000067 000062 00D0ST
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3.9 000041 000040 ©C0033 000037 O000LIS 000033 000011 000029 000027
440 000027 000027 000028 000025 000024 000023 000021 Q00020 000019

=
-

h

.t . -t s - o000 O COCOoC
voo. . « % 4 o Py . Py .
L = QO WO =W - O

EwN=0 0 EN0 Fwih=0 oo

& Lt Lad Lt ) Lad [FYRVT R PRIV RN AR PR

(=3 D o=y O N

(Continued)

Computed

R = 0,45
o T 2 13 1
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Appendix 3. {Continued)

NBS Table Computed
T Q.45 o= 0.5
- \E b 1.8 149 2.0 2.1 2.2 2.3 2.4 2.5 2.6 \1\1 1.8 1.9 2.0 2.1 22 2.3 24 25 2.6
F
0-‘1? g;gg;g ggigg: giggg; 312833 g;g*% 0609714 00;4“ gg‘ﬂlg 03232; 0.0 030961 025016 020023 015875 012067 009696 0QTH69 005697 OGY303
0s 15494 191 008500 007332 005005 00424 .1 030041 024375 019496 015483 012180 00948 1 005594 0042
D42 029019 0235334 ¢1a906 015044 O11B56 (09255 007155 005478 004153 g 2 gggggﬁ 82322? 81gggg 012033 Orepaug 8032113 gg;}i gggﬁgq 001;13(2)
0«3 027882 022658 O01B218 014540 011481 006978 006953 005322 006050 : j
A 026646 021701 017505 013985 011065 8670 006727 005169 003933 0.3 027869 022645 018225 Q14527 0168 008965 006940 G05320 COUD L
Qe ! ! 008670 00672 ! 0.4 026630 021684 017468 013969 011049 00B6SH 006711 005153 00397
0 0 020667 ©16709 01337
i3 e pleser cienn Qi oleen oneve soeuny sousar sove: 0.5 G2 cao6ss 01698 013368 010598 008319 COSHSS 0OKTTS CUTT
0a7 022436 016406 014955 012033 009588 007564 005909 004570 003500 0.6 023898 019553 015844 012714 010102 007Y4S 0C6TYY CONTTH OOIELR
0.8 020909 017200 Q314312 011304 009031 007143 005504 004338 003330 0.7 022424 018304 OHIBN2 012021 009575 007552 009597 004553 003487
040 010347 015960 013038 010548 008450 004702 005263 00409)1 003149 0.8 020393 017184 013996 011289 009015 007127 005578 0CL322 003314
0.9 019337 015950 013028 010538 008440 006692 005253 CO4OSY 003139
140 017769 014700 D12045 009772 007851 006245 004917 003833 062958
$ed 016193 033438 011043 O00BOBT GOT24f 005711 004562 003567 002761 1.0 017756 OT46H8 012013 009760 OOTBIY 006232 CULONS 003821 002946
$02 014639 012185 010046 008201 Q066208 005304 004202 003295 002558 1.1 016182 013427 011032 00BYT6 007230 005T6E 004552 003550 002750
123 013126 010961 005065 007424 006010 004832 003840 003021 002352 1.2 014635 012182 010002 0OB197 006624 D0SI0R QUNTGL 003291 DO255H
Yed 011669 009776 0O0B112' 006655 005422 004367 003482 002748 002147 .3 013124 010959 009063 007422 00G01T OO4E30 003338 G03019 002350
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127 QDT773 006575 0C5515 004578 003763 003062 002467 001967 001553 1.5 010282 0UB6NJ 007145 005932 QOUSA2 003gt2 003130 0024TS 001942
1.6 006685 O005661 0CHT63 003068 003273 002673 002161 001729 001370 1.6 008981 007575 006326 005234 QOAZBT 0VO3I4TE QU2790 002217 DOITU
1.9 005661 ©Q04B26 004074 Q03406 002820 002312 001878 0015067 001198 1.7 007772 006579 005515 004576 003762 003062 002ub6 001966 0015952
2.0 004763 004074 003452 002897 002407 001980 oaiou 01300 091038 1D C06LEY OOSe00 OrhTe2 Q03367 Q03272 02672 00260 Q01129 001360
* 3 . 1 004 03 B1 11 001875 001 1
t+1  003y68 DO3a06 002897 002440 002035 0031680 001374 00lil2 000890 1.9 005661 004325 004073 003406 002815 002317 001875 001506 001197
242 003273 002820 DOZ4UT 002035 0CI703 001412 001159 030941 000157 . i .
2:3 002673 002312 001980 001680 GO1412 001175 000GEA 000IDI 000837 2.0 004762 0D4OT3 003UST 002836 Q02406 001979 03612 L1506 C01037
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3.0  00G4aBa 000431 000379 000330 000285 000244 000206 000173 000344 g g gggg;g ggg?;g ggggﬂg ggg;gg gggﬁgﬁ gggﬁgg gggg;? 83332? g%;{
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NBS Table
T mQaks
:?{; 241 2.8 2.9 3.0 31 3.2 3.3 Iuh 3.5
0«0 003235 00239¢ 001762 001282 000923 000659 O0O04GS DOO3IZ&E 000226
0.1 003181 002362 001737 001265 000912 000651 000441 000323 000224
0.2 003118 002318 001707 001245 000899 000642 000455 000319 000221
€3 003045 002268 001672 001221 000883 000632 000448 000314 000218
Ok 002967 DO221C 001632 001194 000864 000619 000440 000309 DOG215
0s5 002870 002144 001587 001162 000043 000605 0CO430 000303 000211
G.86 002766 002071 001536 001127 000819 000589 000519 000296 000206
0.7 002653 001991 001479 001088 000792 000571 000437 000288 000201
0.8 (07530 001903 001417 001045 000T62 GOOSS0 000393 000278 000195
0.9 002399 001BOY 001350 000998 000730 000528 000374 000268 00OlAE
1+0 002260 001709 001279 000947 000695 Q00504 000362 000257 00011
tel 0023115 O0CIS04 001203 000894 000657 000478 000344 000245 000173
1s2 001965 00149% 001125 000838 000618 000451 000325 000232 000164
1.3 001813 001383 001044 000780 GDOSTT 000422 000305 GOG2LS 000155
124 001660 001270 000962 000721 000535 000392 000285 000205 000146
1s5 001507 001157 000879 000661 000492 000362 000264 00OIS0 000136
1s6 0C1358 001048 000797 000602 000449 000332 000242 000175 000125
1.7 001213 000938 000717 008543 CO0407 0003G1 000221 000160 OOGLLS
Va8 00L0TA 000833 000640 006486 GO00D365 000272 000200 O0CLI&S Q00105
1.9 000942 000734 000565 000431 000325 000243 000179 000131 000095
2.0 000819 OC-340 000495 000379 000237 000215 000159 000117 000085
241 DOOT06 000554 000430 000330 00025F 0©001BS 000140 000103 0000TS
242 000502 000474 000370 000285 000218 000164 000123 00091 QQOGEE
243 000509 000402 000315 000244 OCDIBT 00Cl4] 000106 QOGDT9 GODOGSS
2.4 000426 O©0033F CO00266 000206 Q00159 000121 000091 OQ0006E 000050
2.5 000353 0002061 000222 000173 O00CL34 ODCI02 0000I7 OGGOO5B 0ODOH3
2.8 000289 000232 000183 0C00l44 000111 000085 000065 000049 000036
2+ 000235 000189 000DISC OOD11B 000092 O00GO7) 000054 000041 000030
2.8 000189 000152 000122 000096 O000075 000058 00004% 00003& 000025
2.6 000150 000122 ©00097 000077 000061 000047 000036 000026 000021
3,0 0O0DI1E 000096 000077 000062 O00049 000038 000029 000022 00007
3.1 000092 GO00T5 000061 000049 000038 000030 000023 0O0CCIB 000014
3.2 000071 O©CO0S8 000047 000038 000030 000024 000018 000014 000011
3.3 000054 000044 000DG36 000029 ©0G023 O0OGO1IE D00G0I4 000CLl 000009
3.4 000041 000034 000028 000022 000018 000014 000011 000009 0000QT
345 000030 000025 000021 000017 000014 000011 000009 GOGOOT 000005
3.6 000022 000019 000015 000013 0000l0 000008 000006 000005 00G00A
3+7 0CO016 000014 00001} 00000¢ 000008 000006 000005 000004 000003
3.8 000012 ©0O010 000008 000007 000006 000004 000004 Q00003 000002
3.9 000008 000007 000006 0000CS 00000 000003 000003 000002 000002
440  DOOODS 0DDOOS Q00004 Q00004 00OCD3 000002 000002 040002 00000
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2.7 2.8

003214 002382
003170 002351
003105 002305
003033 002255
GOz947 Q02134

002359 002134
002753 002058
002640 001978
002514 DO1EEY
002339 001799

002248 001697
002104 001593
001561 001491
007811 001381
007658 601269

091506 001156
001357 001045
061212 000337
001973 000332
Q00942 000733

000319 CO0640
DUGTLS 0L0H53
000502 0O04TY
000508 000402
000425 000337

000352 000281
000239 000231
000234 000138
D0GIED 000152
000150 0oOI2Y

000118 009095
0003991 000075
00070 GICRs8
000053 0600uY
000040 000033

Computed

2.9

001744 001264
001726 001254
001694 001231
001659 001208
001016 001476

001576 001151
001522 0Ot114
001467 001075
0DU0T 001029
001340 0009L8

001267 000935
001193 000283
001121 000334
001042 000773
000461 0OOTZ0

000878 000660
000797 000601
000716 000542
0004639 000485
000565 Q00430

000495 060378
000429 00U330
009369 000284
00034 000243
000265 000206

000221 0UD172
000163 000143
000150 000118
00G121 000095
GOOG9T 000UTT

0000TT 000061
000060 (00048
0C00AT COCO37
000036 000029
000027 000022

3.0

R = 0.45
3.1 3.2

000906 000643
060901 00OEYT
000685 000630
000870 000619
DOGELS 000603

000832 000594
000506 000575
000779 000558
000746 000535
050720 000518

000683 000492
000646 000467
000614 000UYT
000575 000420
000533 000391

000491 GO036T
000448 000331
000406 000301
000365 000271
0060325 000242

000286 000214
000250 000188
000217 000164
000186 00041
000158 000120

000733 oou102
000111 Q0O0BS
006091 000Q70
000075 Q00053
000060 000047

000048 000037
000038 000030
060030 006023
000023 000018
000017 GOOO14

000030 00GG25 000020 0G0016 000013 000010
000022 0GO018 0GO0S 000012 000010 000008
000016 000013 000G1T 0G0D09 000007 GOOO06
000011 (00009 Q00008 QOO0D6 0OQ00S 000004

000008 00CO0T DO0GO5 000004 00000
000005 000005 Q00004 000003 DOOOG2

3.3

000448
0QouS T
000443
000435
00GHZY

000419
000406
000395
000378
000368

005350
000333
000321
000304
000284

000263
000242
000220
000199
000179

Qo019
000140
000122
00005
000090

00u0T77
000064
000053
000044
000U36

000029
00002
00001
00COMY
000011

000008
000006
000004
00000l

3.4 3.5

000309 Q00210
Q00313 000214
Q00306 000209
006303 0600207
oo02494 0002

000294 000201
000283 000194
000275 G0O190
000263 000179 -
000258 000179

000265 000169
000234 000162
000229 000160
000217 000153
000203 00014y

000189 000135
000174 000125
000160 000114
000145 000104
000130 000094

000116 000UBY
000103 DOVUTS
000090 00Q06G
€00078 000057
000007 0)00U

000057 QULOk2
000048 000036
000040 000030
000033 000025
000027 000020

006022 000016
000G 17 GOO013
000014 000010
000011 000008
000008 000006

000006 000005
000005 000003
000003 000003
000062 000002

000003 000002 000002 000001
000002 000001 G00007 000001
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Appendix 3. (Continued)
NBS Table Computed
r = 0.hs it = 0.45
N 3.4 3.7 1.8 3.9 4.0 \H 3.6 3.7 3.8 3.9 4.0
K\
0.0 000155 000105 00071 000047 000031
041 000154 000104 0Q0070 ©€00D&T 00003} 0.0 000138 0Q00B8 000053 000030 OC00TY
0.1 000143 000095 000060 GOOO36 000020
042 000152 000103 GOO07C 000047 00003
0.3 000150 000102 002069 (00046 030030 0.2 (0140 COO09Y D00OST OOOO3Y ODOOIA
G.4  00014B 000101 000063 000046 0QOD3Q 0.3 DOD138 GOOVYO 0DOST OGGLIN 000018
0.4 000133 GOV03H ODDOY3 DOOG30 QODDIA
0.5 000146 002099 QCOGET 000045 000030
0.6 000143 000097 000086 000044 ©ODD29 0.5 000135 600089 000057 000035 00G019
0.7 000139 000095 O0CO065 000043 000029 0.6 000131 000035 000053 GO003I2 00GO16
0.8 ©00135 002093 ©00063 000042 000028 0.7 000127 DOOO8YH 000053 000031 000017
0.9 000131 000030 QOODE) 000041 ©OQO2P 0.8 000120 000078 000O4B 000027 00DO1I
1.0 000126 000087 Q00056 000040 COQO27 0.9 000122 000031 000052 000032 000018
1:1 600121 000063 {03057 000039 0000268 -
1+2 000115 QCOQB0 000355 Coo03t 000025 :(,} o014 002075 000048 000028 00GGTS
1.3 000109 0000T6 ©CO0052 GCOD3IS 0000ZA »1 000110 000073 OOOOMT 0O0G2B 000GIS
1.4 000J0? 000071 000049 000033 000023 1.2 000ttt 000077 O000SY 000033 00OOZY
1.3 000107 0UOOTY 000051 000034 Q00022
1¢5 000D98 000067 000046 QOC031 000021 1.4 060161 000070 000D4S 000033 0O0UR22
1,6 000089 000062 000043 030029 C00020 . )
1s7 0000BZ 000057 000043 000027 000619 1.5  QoOot i 1 0w
1.8 000075 000053 000037 C00025 002017 ,_é 000033 33832? gggg;,g gg%gg gggggé
1.2 000368 000048 000033 000023 . 000016 1.7 000041 000057 000039 0000ZT OUOGIB
1.8 000GT4 000052 0CO036 GOD0Z5 D0JCIT
2:0 000061 000043 (QQO030 000021 0000.4
2.1 00034 000033 000027 000019 000013 1.9 000067 0OOO4T 000033 000023 0OGHS
242 000C4B 0QQD34 000024 00Q0LT 000OI2
2.3 000042 0C0J30 000021 00Q0l5 000010 2.0 Q00060 0GO043 Q00030 Q00020 QOUGTL
2.4 000036 000026 000GI9 00C013 000009 2.1 000054 000038 000027 000018 QUUGI2
2.2 000DNT 00003h 00002E 000016 0AGHIT
245  000C31 goooza 000016 002011 Q00008 2.3 000041 000029 Q00021 QODOM DOGG1D
2.6 000027 000CI9 006014 0D3010 000007 W00
247  00OC22 DOODLI6 00DGLZ QOTOCE 000008 2.4 000036 000026 000018 002013 0000
248 000019 000CL4 0000I0 0OQCOT 0Q0005 ;
h 2.5 000031 000022 GO0GI6 00DO1Y OOUCOT
+9 000015 ©ODGIL 00GODS 00Q004 000004
2 2,6 000026 000019 000013 GOO00G DOCGOO6
3.0 000013 0QGO009 QOJ0GT 000005 000004 2.7 000022 CDO0tH 000Gt 0000OD8 00CO0S
3,1  000CI0 0Q00Q0E 000006 000004 000003 2.8 000018 000013 000009 OO000CT 000005
3.2 000078 000006 0000C4 000003 Q00002 2.9 000015 000011 000008 000005 COUOGY4
1.3 000C06 000005 003004 OCCO03 OCO0G2
EFY ) 000005 000004 000003 000002 000002 3.0 0600012 000009 QD006 0000CY 000003
3.5 000COA 000003 000002 000002 000001 %; 888383 83888; 338382 33838‘; 333385
3.6 000003 000002 000042 000001 000001
34,7 000502 000002 000001 000001 000001 3.3 000006 0OOOOH 000003 000002 000001
3,0 000002 00UODL 000001 0000J1 00000) 3.4 000005 000003 000602 000002 00001
3,9 000CC1 0CO0C) ©OOCOOGL ©00000Y 0OCOOO
3.5 000003 000003 00CC02 00000 PO00OI
4.0 000001 0G00C1I 0QO0000) 000000 000000 3.6 000003 00GO02 000001 GO0BAt 000000
3.7 000002 000001 000001 GOOGDT 000000
3.8 000001 000001 Q000G COODOD OOGCON
3.9 0000GY 000001 QOO00D 0G0000 000000
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Appendix 3.

NBS Table

_ ra0.50

\bqi 0.0 [ 1 § Oas2 [+ | Ded 0% Ded Oe? 0.8
0.0 333333 312961 201886 270344 248589 226878 205468 164605 164512
0.1 312961 294422 275161 255392 235345 215260 105377 175927 157126
0.2 291886 275161 257709 239718 221397 202965 1848644 186650 149199
0.3 270344 255392 239718 223488 206848 190114 173370 156858 14G75%
Ok 2LE589 235345 2211391 206888 191979 176847 161676 148649 131948
04d 226878 215260 202965 190114 176847 1632320 149694 1368139 122814
0.6 205468 195377 184644 173370 1651576 140694 V3TST0 125651 11346
0.7 184505 175927 166650 156858 146453 136139 125451 114718 104071
0.8 1645])2 157126 149190 140749 131546 122816 113486 104071 094688
0.9 145388 13¢148 132448 125281 1177353 309882 101819 093640 085448
1.0 121398 122215 116536 110550 1041%9 097477 090578 083548 0764565
1sl 1106T) 166395 101733 096104 091350 ©85722 079882 073696 067839
1.2 095297 ©09%1B1l4 OBTI90 0P3IB44 079407 OT4T18 069825 064784 059658
1.3 0B1329 OTH522 075421 072042 068404 064539 060485 056284 0519688
16 068185 0&65LE 064L08] 961337 058388 055237 051913 048451 044891
1a5 257646 055082 053912 051740 049377 046836 04%142 041320 038401
lad 047067 046493 044950 043238 041355 039340 037180 034905 03253¢
1.7 039375 038321 037126 035793 034325 032729 031018 029204 Q21307
1.8 032095 031200 030375 029348 028211 026968 025627 024198 022695
1.9 025912 025307 024615 023834 022963 022006 0209588 019854 Q18677
20 020124 C2NZT4 Q19156 019169 018510 017782 Q014987 016130 Q15218
2al C16417 016CBT 015704 015260 014776 014228 Q13527 012974 0122746
FAYA 012882 012642 012303 012043 011679 011272 010823 Q10332 009804
2.3 C10011 ©C9840 (09638 009406 033141 O0BR&42 O©0BS5I0 OQOBI45 007750
2eh LO7T06 007585 QO0T44l 0GO0T275 O0OTSS83 CO6B6T 006624 006357 006065
2% 045873 O0Q57%0 005689 005571 005435 D0S5280 005105 004911 004698
246 DOL&AS  0O043TT OQO430T 004225 004129 004019 003894 003755 003602
27 003317 003217 003229 003172 003105 003029 002941 002842 002733
2.8 002457 002430 002397 002358 402212 002259 002198 002130 002053
2.9 001802 001784 001162 001736 Q01705 001689 001627 001579 001528
3.0 C01309 001297 (01283 ©01265 @Q124a4 (01220 001192 ¢@QLl159 001123
3.1 C0Q942 CO093& 000925 000913 000899 000BA3 000864 00Q842 004817
3,2 000671 CC2666 OQCQ660 0005652 OCO644 0Q0C633 000620 QQ0606 0005689
3.3 000473 COO0&4T0 QULO4ES 000462 000456 000449 000441 000431 QOCH20
1.4 000331 000329 Q00326 ©€00323 000320 000315 000316 000304 000297
3.5 00C229 000228 (QOOZ226 GCOO224 000222 000219 000216 (00212 o0020T
1.6 008157 002156 GOOL55 Q00154 Q00153 00051 000149 OQ0D1&RS 000143
37 Q00107 000106 ©00106 ©QO105 000104 OOO0103 060102 000100 000098
3.8 Q00072 ©003CT1 0COO071 00001 O00GOTE Q00060 0DO0DD6S OGOOGSEE Q00086
3.9 000048 QU0048 Q00047 Q00047 000047 000046 000046 000045 QOCO4S
&0 000031 Q00031 000031 000031 000031 000030 000030 000030
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0.0

333324
312930
2q1dz2
270333
242578

226368
205455
184546
164501
145378

127391
110662
095233
081326
068731

057544
047366
033378
032054

025911

020723
016116
012831
010010
007705

005574
004E 5
003316
002i56
001801

001308
GOO341
000670
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0.1

312352
274411
215147
255384
235335

215250
195363
175918
157115
139157

122208
1063930
031306
073513
0h6543

055330
046492
033320
031289
025306

020273
016086

012649

003839
007584

005789

0.2

291877
273150
257595
2337W
221147

202955
184631
166642
149179
132438

116578
101725
081902
075418
064058

053911
044949
037125
030374
02461y

013755
015704
012362

(03638
0074

005686

Q04376 00306

003276

001228

002429 002396
001783 001761

0901250 001252
000333 000324
000665 006659
COO4T3 QBOUTO 000466
GOU330 00Q3eB 00326

000228 000227 000226
000156 DONISS DHNIGG
VUG0S GLOI0Y 000104
000071 0000TY 000070 000OTO
COGONT 000047 QOOQUT

006031 000031 00003

Computed

0.3

270335
255381
239704
223480
206478

190104
173357
1565849
10758
125271

110542
090695
083836
0720338
061333

051739
043237
0357952
023347
023813

019168
015267
012042
005405
007274

005570
0Jk2zy
203171
002357
001735

001264
000912
000652
00046 1
0ugIz3

0060224

00153
VU104

000046

R = 0.50

0.4

248580
235334
221343
206380
111963

176837
161663
146641
131935
nyrez

104151
091341
079359
064101
053385

049375
041364
034324
028210
022462

018510
014775
011673
009140
007083

005434
004128
003135
002312
001704

0012hA
000899
000643
000455
000319

oooz21
0N 152
0u0 103
000069

0.5

226869
215249
20351
190106
176837

163309
149681
136130
122805
169872

01470
085714
[ LYALY
064536
055234

046635
039339
032729
0265617
022004

o778
014227
oz
goBaut
006566

005214
004018
003028
002259
001668

001219
000842
000632
000448
00u35

006218

006150 000148 0NMIUb
0000 QUo0YY
000068 000067

00102
000069

0.6

205459
195366
184630
173362
161666

149684
137556
125442
113476
101408

0U0LTY
0749873
069817
060481
051910

OU4{140
037179
031017
0zu6206
020967

016986
013626
010822

008509
006623

005104
003894
No2940
0G2198
001626

Gei1

00n863 000342

000620

00044 0O0h30
000309 000303

000215

0.7

184596
175916
166636
156850
146639

136128
125438
114709
104060
093630

083538
073608
064776
056280
0uA4LE

01318
034504
025203
024197

015453

016129
012973

010331
0081k

00636

004910
003754

002342

002129
001579

001159
000605

000211

0.8

164503
157115
149176
140761
131936

122806
13473
104062
094675 -

085837
070458

067830
059648
051914
044887

38400
032538
027306
uz2694
018676

01527
012295
0us8n3
007750
DUEDOY

o0le9T
003601
02132
002052
001525

001122
000817
000568
000419
000296

000207
000143
000047
000066

0Q0046 0D00HE CO00US 00004S OODOUY

000030 000030 000030 000030 00002¢ 000029
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Appendix 3. {(Continued)

NBS Table Computed
r o~ 0450 R 2 0.50
N 0.9 1.0 101 1.2 103 1ea 1.5 1.8 1e7 ;*\* 0.9 1.0 1Y 2 LI L4 L5 L6 LT
Ga0 145388 127398 110671 093297 081329 06BT8S 057646 047867 039379 0.0 145379 127389 110662 095288 081321 068776 057637 047858 039374
'y 139168 122215 106398 001814 078522 066546 055882 048493 038321 0.1 139157 122204 106337 091303 078511 066535 055071 QUGUB2 038310
042 132448 116566 101733 087990 075421 064061 053912 064950 037126 0.2 132434 11571 101719 037976 075407 D640MT 053898 044936 037112
0e3 125281 110550 09GT704 O083B4s 072042 061337 051740 043238 035793 0.3 125273 110541 096695 083336 072033 061328 051732 043230 035785
Qo 117733 104159 0091350 079407 068404 058388 049377 0412365 034325 0.8 MI7723 108148 031339 079337 068394 058377 049366 041354 034315
0.% 109862 097477 085722 074718 064539 055237 046836 039340 032729 0.5 103872 097467 035712 074708 064529 055227 046826 039330 032119
0.6 101819 090578 079882 069825 060485 051913 044142 O03ITI8C 031016 : LNl A P
0.6 101305 093565 073568 069512 060471 051900 044129 037167 031004
0.7 093640 083546 073866 064784 056286 048451 041320 034905 029204 07 09331 0BT oraadT of niars RN G131 OSAA0E 0301
0.8 085448 076465 067339 059656 051988 04BI] 038401 032539 027307 ST 093031 08537 073347 COUTTS 050275 OWINN2 011311 034896 029195
0.9 077384 069426 061786 054504 047649 041275 035421 030110 025349 0.4 0aSH3T O76654 067320 059645 051977 CU4BEQ 038390 032528 027296
0.9 077333 C69415 0c1775 054493 047639 041265 035411 030099 025339
1.0 069426 062514 055812 093G 043323 037651 032419 027648 023353
11 061786 085812 049991 044388 039062 034063 029428 025184 021345 1.0 069419 062507 055405 OB9I8E QH3I315 O3TLEN QNG 0TGN0 02346
152 054504 049394 046388 039545 034520 030555 026490 022749 019349 1,1 06777 055404 ON33E2 GUI3T9 039054 Q34055 023420 025179 621336
1.3 047649 043323 039062 034920 030942 027170 023639 020373 017391 1.2 054496 045336 CH4330 039533 034912 030544 026482 022741 01934t
1ad 041275 037651 034963 030556 927170 023944 020907 O0)B0BS 015494 1.3 04164b RELD] 033059 0343e 030933 027167 023635 020370 01’387
1.5 035621 032418 029428 0264390 023639 020607 018323 015008 013681 B4 041272 037043 034060 030553 02716] 023941 DIYON DIEDS2 015491
1.6 030110 027648 025184 022749 0620373 018085 015900 Q13864 011969 ) I ; .
1.7 025349 023353 021345 019349 017391 015404 013681 011969 010372 1.5 035420 032416 023427 026439 023633 020906 016322 015907 013680
1.8  ¢21134 019534 017925 016297 014701 0131448 011652 010233 008902 1.6 030109 027347 025182 022748 020372 015084 015907 (13863 011968
1.9 017447 016178 014883 ©13591 012304 011044 009826 008663 007566 LT 025383 023432 021344 019348 017390 015494 013680 011968 010374
2.0 014260 013266 012249 011221 010195 009188 008204 007261 006367 18021133 019533 011914 016296 014700 013145 011651 010232 008901
N 6 0 . 205
2,1 011533 010769 009977 009171 008363 007563 OG6780 006024 005304 1.9 01746 016173 014537 013590 012303 011043 039825 008662 007565
242 009242 006654 ©00B0O4Y 007420 DOSTU0 006163 005546 004947 004373 i . N .
243 007328 006883 006419 005941 005657 004971 004450 004021 003558 29 g:‘:i?g gﬁ;‘?g g;ga’;g B 83,‘?;23 3‘52;’33 gggggg gggggg
Lo Uil "
244 005751 005418 005069 004708 004339 003I96H 003598 003234 002882 512 003332 00305 00303 DO7U19 DOGTSY 006IE2 003545 00UING ODAIT?
2.5 004468 (04222 003962 003592 003415 003134 002852 002576 0G230% 2.3 007327 0C&122 006418 005340 005456 004970 004NEG GOLO20 003568
246 003435 003255 003065 002365 002659 002449 002237 002027 001820 2.4 005757 DOS4VT 005008 O2HTOT 004339 0039ET 003597 003233 002881
247 002613 002484 002346 002200 0C2049 001504 001736 ©GO1579 001424
2.8 001968 001876 Q0177 001672 001562 (01449 001323 Q01217 001102 2.5 004467 004221 0036 0G3IEJ1 GOIAY 00133 002851 Q02573 002302
2.9 001487 001402 001232 001257 001178 001097 001013 ©£00928 0008432 2.6 003434 Q03254 0G3064 002365 002658 002448 002237 002026 (01820
. 5261 J2i 2
3.0 001082 001037 000968 000935 000879 000821 000761 000700 000439 2.7 002613 022133 002345 002200 002048 001893 001736 001578 001423
3,1 00078% 000759 ©G0725 Q00688 000649 0006CA 000566 000522 000478 2.8 D0gcT QONEYS Q0TT6 001671 00"—"“& 00”‘"2 001333 001214 00'501
3.2 000570 0D0S4Y 000526 000501 000474 000446 000416 000305 000354 2.9 001465 001401 001331 001256 001178 001096 GO1012 000927 000BH3
3.3 000408 000394 ODCI?8 Q00361 000343 000323 000303 000201 000260 )
3.4 000288 000279 000269 000257 000245 000232 0CO218 000203 000168 3.0 001331 001036 000957 000934 000879 000820 QUOTGD 000693 000638
3.1 000739 000758 000724 000637 OO0AUY 000608 000565 000522 QOQNTT
3.5 000202 000195 OGOOIB9 000181 000173 0DOl&s 000155 000145 000135 3.2 000370 00054) 003325 CUU500 00GHTI UCOLES 00015 00035 000354
3.8 000140 000138 Q00132 000127 400121 000115 00OI09 00GI02 000098 3.3 00547 060333 000377 000360 000342 (30322 000302 000281 000259
3.7 000096 000003 000091 0QOOBT 000084 000080 000075 0006072 000087 3.4 0233 030278 GO02(0 QDO2ST 000244 000231 0GO21T (00202 Q00T
3.8 ©00085 000084 O©O00CE&Z 000040 0O000ST 000055 000052 O0C04S 0O0004S
3.2 000044 000043 000042 000040 COOOAg 000031 000036 O0O0003A 000032 3.5 000201 000195 GOO188 000181 Q0G173 000164 000154 000ILY 000V3Y
3.6 000139 000135 G013 000126 000121 000115 000108 000102 000095
4.0 000029 000028 000028 000027 000026 Q00025 000024 Q00023 000022 3.7 00075 000093 000090 QO00BT 000083 GOO0TI OUDOTS 000CT) DODBE
3.4 000064 000063 QOOO6T QUOISG DOLOST 0OAO5Y4 000052 0000HY 0COOLE
3.9 000043 Q0C042 00JU41 QUOO4O 000033 0O003T 000035 000033 00003
4.0 000023 000023 GQOAZT 000026 000025 CGUOG24 000023 000022 DOD021
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Appendix 3,

NBS Table
r s 050
\;Ql 1.8 1.9 2.0 241 2.2 2.3 244 2.3 2.6
0.0 032095 025912 020724 016417 012882 010011 007706 005875 004438
0.1 031290 025307 020274 016087 01262 0C9B4O OQ7585 005190 0OAITT
042 030375 024615 019756 015704 012363 009538 007441 005689 004307
0.3 029348 023834 019169 015268 012043 009406 007275 00557) 004228
0.4 028211 022963 018510 014776 011673 009141 0070827 005435 004129
0.5 026068 022006 017782 016228 011272 008842 Q06867 005280 004019
0.6 026627 020068 Q16987 013627 010823 008510 006624 DGS105 CO38TA
0.7 024198 010854 016130 012974 010332 005145 006357 004611 003758
0.8 022695 018677 015218 012276 009804 007750 Q05065 004698 003602
049 DZ113% 017447 014260 DI1539 009262 007378 005751 004468 003435
1.0 010534 016176 013266 010769 008656 006883 005418 006222 003255
1el  CLT915 014886 012249 0099TT 00803 QOG4LS 005080 003962 003085
1.2 D15207 013591 QL1221 009171 007420 005941 004708 003892 0028613
143 014701 012304 010196 008363 006790 005457 004339 003415 002659
1a 013146 011064 Q00186 007563 006163 004971 0032968 003134 002649
1.5 011652 009826 008204 006780 0055456 004450 (003598 002852 002237
1.6 L0233 008663 0DT261 006024 004347 004021 003234 002574 002027
147 003902 007566 006367 005306 006373 003568 002882 002303 001820
1.8 007671 006546 005531 004626 003830 003138 DD2544 00206% 001820
1-9 006546 005608 004758 003996 003322 002733 002225 001793 001429
240 Q05531 004758 004053 003418 002853 002358 001928 001560 001249
241 004826 003996 003418 002895 002427 002014 001654 O0013ké 001081
2.2 003830 003322 002853 002427 002043 001703 001405 001146 000324
2.3 003138 002733 (02358 002014 001703 DOL426 G6011B1 000968 000785
2.4 002544 ©02225 001928 001654 0O0L405 OO118) 000983 0DOBOS 0O045Y
2.5 00204} 001792 001560 001344 001146 000368 0DOBAS 000669 000SAS
2,6 001820 001429 001249 001081 003926 QODTBS 000658 000548 0A04SL
2,7 001273 001127 000069 00CA5S 0007T4G 000430 000532 000444 000357
2.8 000383 O0O0OBIY 000775 O00OSTE 00084 000500 Q00424 000355 000293
2.9 000760 Q0G67B 0OGO600 000526 O0004ST 000393 Q00334 000282 000233
3.0 000578 O0OC5IS 000450 000405 Q00353 Q00305 000261 000221 O0DO1L8S
3.1  C0C434 003391 O0CG349 000308 000270 000236 000201 00GLT1 00OLA&
3.2 CCC323 Q00292 006262 000232 000204 000178 000L54 000131 00OL1I
3.3 000238 000216 0G0194 000173 000153 000134 000116 QDGOY 0ODOBA
3.4  ©ODI?3 000157 000142 000127 000113 000099 000086 Q00075 Q000&4
3.5 000124 000L14 000103 000093 000283 000073 000064 0O0D5S 000QK?
3.6 000C88 O00COA1 O0COOTA DOGOAT 500360 000053 000047 000040 00003
3.7 000062 00CG57 000052 000048 000C43 000038 Q00034 000029 000025
3.8 000043 000040 000037 000033 000030 000027 Q00624 000021 0Q001E
3.9 000030 000028 000025 000023 000021 0000L9 000017 0O0COLS 000043
4.0 000020 000019 000017 ODOOLA 00001S Q00013 000012 000010 000009
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b
by
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1.8

032086
031273
g30361
029340
025201

626958
025614
pzi3g
022634
021124

a19527
017306
016243
014537
013143

011650
010231
008301
007670
0654

D55 30
004625
0063329
003137
002543

00201
Q01620
G272
{ooyha
0007593

00577
Q0UL 34
000322
000237
000172

00024
000038
000062

1.9 2.0

(25904 020715
(23296 020261
024601 019742
023825 019161
022953 016500

021996 017772
02095% 016974
019846 015121
012666 015207
017436 014249

016171 013299
01879 012211
013593 o213
012301 010192
011041 009183

0034924 009202
005662 007259
007505 006366
006545 005539
005608 004757

004757 004052
003795 003417
003321 002353
002732 002357
002225 001927

00192 001559
001428 001248
001126 000768
000279 Q20774
000673 000600

000517 002459
060390 092348
Q00231 000261
GCO215 000193
008157 000142

000113 003102
600031 000073
0CO057 000052

Computed

2.1 2.2 2.3 2.4 2.5 2.6

016408 012673 010003 007697 (05866 OOYUZT
016076 612631 009829 007574 QCSTTY 004366
015690 012349 003624 007427 00SATS 004293
015260 012034 009398 007266 005563 QOU216
0766 011669 009130 Q07073 005k25 004119

01218 011262 008832 006857 DOS2T0 Q04009
013614 010809 008497 .QDEE 1Y 005092 003881
012966 010323 008137 006348 004902 GOITLT

012265 009793 007740 006054 OCUEST 003591

011528 009232 007318 005741 DONHST 003H2Y

Q752 008GH6 GUOBTH 005411 00U214 UD3248
009968 008035 0DEHI0 005061 003954 DO3056
009104 007412 005933 OOLTO0 003685 002058
008360 006787 005453 00LII6 DO3U11 002656
007560 006160 GOUGEB 003965 003131 OnR4LE

006779 005545 004aE9 003596 002851 (02236
D0A023 DOUQAE 004020 003233 002573 002026
005303 004372 003568 002081 002302 001820
004625 003829 003137 002543 002040 001620
003395 003321 002732 002225 0017¥2 001428

003417 002853 002357 001927 001559 Q01248
002494 002426 002013 001653 001343 001080
002426 002043 001702 00T404 001146 000925
002013 001702 001425 001180 000967 000765
001653 041104 001180 000482 000808 CO0AS9

001343 COIYLE QOD9LT NODOB LO0B6I BOUSHT
001080 000925 000785 00CAS9 COOSHT 00450
000853 000739 000629 OGUS3 0DOYAT 000306
0UGATS QGOSEY O0GYHO0 D0OH23 000355 000294
000526 000LS6 000392 000334 000281 000234

000404 000353 000304 000260 000220 D0018H
000308 000269 000234 000201 000170 000143
000232 000204 006177 000153 000131 OO0
000172 000152 000133 000115 000099 Q00084
000127 000112 Q00099 000086 000074 000063

000092 000082 000072 000063 000055 QOCONT
000066 000059 000052 000045 000040 0O00I4
000047 000042 000037 000033 000029 000025

000043 GO003% 000036 000033 DO0030 000026 ©O0023 000020 000018
000329 0Q002T 000025 000023 000020 000018 GOOMI6 0000 000012

000020 000018 000017 00005 000OTH C0GOTI CQOCTT 000010 000009
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Appendix 3.

NBS Table
r= 0.50

SP 2.7 248 2.9 3.0 3.1 3.2 3.3 ETS 3.5
0.0 003317 002457 001802 001309 000942 000A7L 000473 000331 Q00229
0.0 003277 002430 001784 001297 000934 000666 000470 000329 000228
0.2 003229 002397 001762 001283 000925 000660 000466 000326 Q00226
6.3 003172 002358 001736 001263 0QG313 000652 000462 000323 000224
0.4 003105 002312 001735 001244 0600899 000644 000456 000320 000222
045 003029 002259 001660 001220 00D8S3 000633 000448 000318 000219
0.6 002941 002198 001627 001192 000864 000620 000441 000310 000216
0.7 002842 002130 001579 001159 000842 000606 00043] 000304 00022
6.8 002733 002353 0OL526 001123 000817 000559 000420 000297 DOO207
040 002613 001968 001467 001082 000769 000510 000408 000288 000202
1,0 002464 001876 001422 001037 CO0759 000549 000394 DO0279 000196
141 002346 001777 001332 000988 000725 000526 000378 000269 000189
1,2 007200 001672 0CL257 000935 DODSHA 000501 0O03SI 0G02Z57 0HOO1EL
143 002049 001562 001178 000879 O00GG49 000474 000343 000245 000173
1.4  00lavé 001449 001097 000821 000608 000446 (00323 000232 000166
1¢5 001736 001333 001013 000761 000566 000416 000303 000218 000155
1.6 001579 001217 000928 000700 400522 000385 000281 000203 Q00145
1s7 001424 001102 C00B43 000639 QOG4TB 000354 000260 000108 00013S
1.4 00127 000989 000750 000578 000434 000323 000238 000173 000124
1+9 001127 000879 000678 000518 000391 000292 000216 Q00157 000114
2.0 000989 000775 00C6J0 00CGSO 000349 000262 000194 000142 000103
2,1 000859 000676 00526 000405 000398 000232 000172 000127 000093
2a2 000745 OOOSB4 000457 000353 000270 000204 000153 000113 000083
2.3 000630 000500 000393 Q00325 000234 QOGLIA 000134 000092 000GT?
2.4 003532 000424 000334 000261 00201 000154 000116 DOOOBS 00ODGE
245 000444 000355 00282 000221 000171 000131 000099 000075 000055
2.6 000387 000295 000235 GOOIBS 000144 000111 000084 000064 00004T
2.7 00030C 000242 000194 000LSI 000120 000993 000071 000054 000040
2.8 0DC242 000197 000158 000125 ODDLG9 DAOGTT O0O0OS5I 0O00LS 000034
2.9 000194 00015 000128 00010z 00COSL 00063 000049 000037 000028
3.0 Q00153 000126 000102 Q00082 000065 000051 000040 000030 000023
3.1 000120 C€00C99 00008l 000665 000052 ©0O004) 000032 000OZ5 000012
3,2 000093 00077 ODOCO63 000051 CO0O41 0032 000025 000020 000015
3,3 000071 C€OJ059 0CO943 000040 000032 0000z5 000020 Q00016 000012
1.4 000054 0000A5 000937 Q00030 000025 0OOOZO 000018 000012 000009
345 000040 000034 000028 000623 0DOCL9 000015 000012 000009 000007
3.6 000030 000025 0COO21 000017 000014 Q00GI1 000009 000007 00G00S
3.7 000022 000018 000015 Q00013 000011 000009 000007 000005 000004
3.8 000016 000DL3 00UD))L 000009 000008 000006 000005 000004 000003
3.0 000011 O0O00I0 00OCOE QO0GOT 00CO0E 000005 000004 000003 000002
440 000008 000007 000008 O0DCOS QOCOO0OA 0000U3 000003 000002 000002

(Continued)
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003015 D02249
C02323 002130
002334 co2v2
0C2122 Qu2a42
002603 001953

002477 001469
052333 061763
002193 Cateuh
002046 001559
001831 004k

GO1735 Co1332
004573 001215
001423 pa o
001272 C02938
001126 00CI79

063335 000774
000359 S0uo15
000739 000354
00CE29 BlS330
000531 000423

000443 030355
000360 0J0234 000234
000239 000242 000193 000153
060242 000136 000158
000193 000158 000127

2.9

001895

001659
0O16
0a15M
0U1¥515
001456

0601395
001323
09 1hy
CoNTs
001094

api2
002927
003343
000759
000673

000600
000526
COous6
0Q0392
000334

ooo231

000153 200125 000101
009119 0000yd 000080
0Ud3g2 BuduTé 000662
00JJTY 060059 000048
000053 00CaLy 000037

0003040 000033 000028
000029 Q0G325 000020
00002y Q0318 0015
00C21% 000313 00001
0200 Q0IIY QUOGUS

00307 G000D6 (D005

Computed

3.0

003257
001234

001210
001179
001159
0Q11y2
001071

001030
000973
027
0003876
000618

QUUTE0
060699
000638
000577
000517

Couus9
0004OY
00153
0o0304
000260

000220
000184

000125
Q00101

000081
000064
000050
000039
000030

006023
000017
000012
060009
MESNRIA

0G0o004

R = 0.50

30

003308 002448 001793 001300 000935
003266 002ut9 001773 001286 000923
003215 002333 0017h8 001269
Q0364 002350 001728
003035 002302

00091
000905
000389

0006713
00VEs1
000834
000807
000779

000752
000716
00630
000646
000605

000565
000524
000uT Y
000434
060390

o048
060308
000269
000234
00020

000170
000143
000119
000098
000030

000064
0000451
[NV
000031
00uo2Y

000016
000014
320010
000007
000005

000004

3.2 3.3 34

1.5

000663 000466 000323 000221
0G0656 000460 000319 000219

000648 000453 00034
000645 Q0OY4SH 000116
00G633 00044T 000310

G00623 000439 000306
000607 000428 000298
000597 000423 000296
QU573 000409 000286
000560 000397 000278

000542 000347 000272
000518 000370 0DOZ60
QO04Y3 000353 000250
000471 000339 000242
Q00443 000320 000229
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NBS Table
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Appendix 4
Comparison of Bivariate T? Values
a; 2,N-2
N o« 0.0010 0.0025 0.0050 0.0100 0.0250 0.0500
5 TZ* 396.00 213.15 132.80 82.18 42.78 25.47
T2%|3685.17 595.25 237.66 113.13 48.67 26.90
6 T>,| 153.11 95.00 65.71 45.00 26.62 17.36
2 276.72 131.47 80.11 50.43 27.91 17.69
7 T? 89.09 59.91 43.95 31.86 20.24 13.89
2% 114.71 69.26 48.10 33.56 20.66 13.99
8 Tz* 63.00 44 .58 33,94 25.49 16.94 12.00
T2 71.90 48.15 35.61 26.20 17.10 12.02
9 TZ* 49,57 36.31 28.35 21.82 14.95 10.83
T2 53.62 38.03 29.17 22.16 15.01 10.82
10 TZ* 41.61 31.25 24.85 19.46 13.63 10.03
T2 43,80 32.21 25.30 19.64 13.65 10.00
11 Tz* 36.42 27.86 22.46 17.83 12.70 9.46
T2 37.76 28.46 22.74 17.93 12.69 9.42
12 T2 32.79 25.46 20.74 16.63 12.00 9.03
T2 33.70 25.87 20.93 16.69 11.98 8.98
13 T2, 30.13 23.67 19.44 15.72 11.47 8.69
T? 30.80 23.97 19.58 15.75 11.43 8.64
14 TZ* 28.11 22.29 18.44 15.01 11.04 8.42
T2 28.64  22.52 18.54 15.02 11.00 8.37
15 TZ* 26.52 21.19 17.63 14.43 10.69 8.20
T? 26.96 21.39 17.71 14.44 10.65 8.15
16 TZ* 25.24  20.30 16.97 13.96 10.41 8.01
2 25.62 20.48 17.04 13.96 10.36 7.96
17 2 24,19 19.57 16.43 13.57 10.17 7.86
T2%|  24.53 19.72 16.49 13.56 10.12 7.80
18 72 23.31 18.95 15.97 13.23 9.96 7.72
T2*| 23,63 19.10 16.02 13.23 9.91 7.67
19 TZ* 22.57 18.42 15.57 12.94 9.78 7.61
T2 22.87 18.56 15.62 12.94 9.73 7.55
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N s 0.0010 0.0025 0.0050 0.0100 0.0250 0.0500
20 TZ* 21.93 17.97 15.23 12.¢69 9.63 7.50

T2 22.22 18.10 15.28 12.69 9.58 7.45
Note: T2 Exact Closed Form Value

Approximate value

=
™
*
N



Appendix 5
Comparison of Derived Costs Using Problems From Table 1,
Montgomery & Klatt (15)

Upper Figure is M&K, Lower Figure is Harris.

Y =
I
Al
A A
2 3 .0001 .00L .01
ool .0356 L0611 1500
.0357 .0598 .138
0459 .0709 1600
-00001 -010 .0458 .0691 146
100 .1381 .1637 .2571
.136 .157 .231
001 .0558 .0729 .1543
.0546 .0707 .142
0001 010 .0715 0871 .1660
.0689 .08341 .152
100 .1691 .1840 .2655
162 .178 .237
.1076 .1091 .1761
-001 111 2 119 3 165 4
001 010 .1429 .1498 .2022
.131 .138 .208
.2609 .2671 .3173
-100 .232 .238 .298
A

lExample Case at Operating Point 1

2

3

4Divergent, N<p+3, o =

Divergent, N<p+3, o =

Divergent, N<p+3, o =

44%

2

<

2

=l
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11.
12,

13.

14.

15.
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17.

Appendix 6
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Comparison of Required Program Input -

Harris

Harris vs. Klatt

Klatt
(p=2)

(s=1)

not applicable

(N =N)

a,=A;/A,
a2=A2/A4

a_.=A_/A

Description

number of wvariables

number of out-of-
control states

binomial weighting
factor

sample size

sample size for £
estimate

Sample spacing
mean-time-to-shift
Units/hdur produced

Function of 6-8
above

Probability of type
I error

FPixed cost/sample

Cost/unit of
sampling

Cost of checking
and correcting

Cost of producing
a defective

Function of 11-14
above

Function of 11-14
ahove

Function of 11-14
above



18.

19,

20.

21.

22.

23.

24.

Appendix 6 (Continued)

Harris Klatt
Eo
Byreeerbg
S
u
1
fD
bid

where £, fl,

(2m) "¢ 5T e

[1 rz 1/2 ~1/2 (x-u, )87 (x=ity)

90

Description

In-control mean
vector

Qut-of~control
mean vectors

Variance-covariance
matrix

Upper specification
limit vector

Lower specification
limit wvector

Probability of pro-
ducing a defective
when in state 0

Probability of pro-
ducing a defective
when in state 1

functions of 18-22 above, are defined as

dx,dx,

u

- =1 (e
J (2ﬁ)-1/“|é'1|1/2e—1/2(§ El)é (x E1)dx1dx2
1

and are derived using bivariate normal tables.
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Symbol Cross-Reference List

Source code: Harris

Appendix 8

(H) , Harris' program (HP), Klatt (K},

Klatt's program (KP), Montgomery and Klatt

(MK) , Knappenberger and Grandage (KG)
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Source
Description H HP K KP MK |KG
No. variables P P P p
No. out-of~control
states S 5 s
Covariance matrix S Ss v S
Covariance™' matrix s-'| ssinv | ¥v!
mean vector B MU Iy ¥ B
Transition matrix B BB B G |B
P{higher state P PP )
transition}
mean difference [ DELTA | § 9
vector
lower specification 1 LSL [ 1
limit
upper specification u USsL ] u
limit
cost A, Al a; a; |a;
cost A, A2 a, a, |a,
cost A, | A3 a, a, |a,
cost A, A4 a, ay |ay
1/(mean time to A LAMDA | A LAMBDA |A |A
shift)
degrees of freedom v,y vl v, vl
#1
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Source

Description H HP K KP MK (KG
degrees of freedom Vv, | V2 vy, V2
#2
Sample size N NVEC N SN n N
No. between samples K KVEC k SK k |k
Type I error ol ALPHA
Sample size for I Ny SGMAN
estimation
Units/hour produced R R R R R
Binomial weighting m PI T
factor
Non-centrality x TAU A m=£ (1) T
parameter
P{producing de- % PHI £ FO, 1 ¢ £
fective}l
P{remain in state} q PR P PO,1 e
TP ,n—p 72 | T80 TSQ
P{T?>T? } [} RHO q Q0,1 e g

a;p,n-p
P{in state i ,
(steady state)!} B BETA o ALPHAQ,1 B 2
P{in state i|sample}| X GAMMA | Y GAMAO, 1 Y |y
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Appendix 9
Listing of the Five Operating Points

13

e

10000
[~3.50 ]

"3.502

" 3.50,

3.50,

3
13

i,

1/4

1

10000

25

[[=

60T



Parameter

ltn o.p.

[

5

|

from O0.P.

Appendix 9

{Continued)

31

o]
o

Tro ro

'U'|U'|U'|l

01T



Parameter

10

100

Appendix 9

100

(Continued)

100

TTT



BIBLIOGRAPHY



10.

11.

12,

113

BIBLIOGRAPHY

Cowden, D.J., Statistical Methods in Quality Control,
Prentice-Hall, Inc., Englewood Cliffs, N.J., 1957.

Duncan, A.J., "The Economic Design of X Charts Used to
Maintain Current Contrcl of a Process," Journal of the
American Statistical Association, v. 51, 1856.

Duncan, A.J., Quality Control and Industrial Statistics,
Richard D. Irwin, Inc., Homewood, Ill., 1965.

Feller, W., An Introduction to Probability Theory and
Its Applications, v. 1, 2nd Ed., John Wiley & Sons, Inc.,
New York, 1957.

Grant, E.L., "The Economic Relationship Between Design
and Acceptance Specifications," Special Technical Pub-
lication No. 103, Symposium on Application of Statistics,
American Society for Testing and Materials, Philadelphia,
Pa., 1950.

Grant, E.L., "Some Possible Contributions of Statistical
Quality Control t¢ Engineering Economy," Paper No. 1,
Fourth Annual Convention ASQC, ASQC, New York, 1950.

Grant, E.L., and Leavenworth, R.S., Statistical Quality
Contreol, McGraw-Hill, Inc., 1972.

Hotelling, Harold, "The Generalization of Students’
Ratio," Annals of Mathematical Statistics, wv. 2, 1931.

Klatt, Phillip J., Design of Control Charts for the
Mean Vector of a Multivariate Normal Process, M.S. The-
sls, Georgia Institute of Technology, 1971.

Knappenberger, H.A., and Grandage, A.H., "Minimum Cost
Quality Control Tests," AIIE Transactions, v. 1, No. 1,
1969.

Laubscher, N.H., "Normalizing the Noncentral + and F
Distributicns,"” Annals of Mathematical Statistics,
v. 31, 1960, 1105-1112.

Milton, R.C., "Computer Evaluation of the Multivariate
Normal Integral," Technometrics, v. 14, No. 4, 1972.




13‘

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

114

BIBLIOGRAPHY (Continued)

Milton, R.C., and Hotchkiss, R., "Computer Evaluation
0of the Normal and Inverse Normal Distribution Functions,”
Technometrics, v. 11, No. 4, 1969.

Montgomery, D.C., Heikes, R.G., and Mance, J.F., "Economic
Design of Fraction Defective Control Charts," Management
Science, v. 21, No. 11, 1975.

Montgomerv, D.C., and Klatt, P.J., "Economic Design of
T? Control Charts to Maintain Current Control of a Pro-
cess," Management Science, v. 19, No. 1, 1972.

Morriseon, D.F., Multivariate Statistical Methods, McGraw-~
Hill Inc., New York, 1967.

Mudholkar, G.S., Chaubey, ¥.P., and Lin, Ching-Chuong,
"Some Approximations for the Noncentral-F Distribution,”
Technometrics, v. 18, No. 3, 1976.

Parzen, S., Stochastic Processes, Holden-Day, Inc., San
Francisco, Cal., 1962.

Paulson, E., "An Approximate Normalization of the Analy-
sis of Varilance Distribution," Annals of Mathematical
Statistics, No. 13, 1942.

Searle, S.R., Linear Models, Wiley, New York, 1971.

Severo, N.C., and Zelen, M., "Normal Approximations to
the Chi-Sgquare and Non-Central F Probability Functions,”
Biometrika, v. 47, 411-416.

Tables of the Bivariate Normal Distribution Function
and Related Functions, Compiled and Edited by the Na-
tional Bureau of Standards - Applied Mathematics Series
50, Issued June 1959,

Time Sharing Applications Library Guide: Volume 1 -
Mathematics, Honeywell Information Systems, Inc.




