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CHAPTER I
INTRCDUCTION

Ergodic theorems are concerned with convergence of averages of
iterations of an operator acting on a function space or more generally
on a topological linear space.

The first result of ergodic theory was proved by J. Von Neumann
about 1930 and published in 1932, The von Neumann mean ergodic theorem
states that if T is a measure preserving transformation on a measure
space (X,A,u), then for every f € LQ(X,A,u) there is a function
f% ¢ L, such that

2

n
lim [ |£%(x) -% £(T%) | %ay = 0.

n k

0 r~11
-

0

At about the same time G. D. Birkhoff proved under additional
restrictiens in the transformation T and the space X that for £ e Ll the
sequence E-:éo f(Tkx) is pointwise convergent to f¥* for almost all x.
These supplementary restrictions were later shown to be superfluous.

The general theorem is known as the Birkhoff pointwise ergodic theorem.

Many generalizations of these theorems have followed, Specifi-
cally, S. Kakutani, K. Yosida and F. Riesz proved various assertions
concerning mean convergence of operator averages in an abstract Banach

space during the period 1935-1845,

Notable extensions of the Birkhoff theorem have been provided by




E. Hopf, N. Dunford and J. T. Schwartz, and K. V. Chacon and D. S.
Ornstein.

The theory of information originated in the work of C. E. Shannon
in 1948. In his fundamental paper, Shannon set up a mathematical scheme
in which the concepts of an information source and of information trans-
mission could te defined quantitatively. He then formulated and proved a
nunber of very general results which showed the importance and useful-
ness of these definiticons. 8Since 1948 a number of papers have been
published which simplify and extend Shannon's original work,

In particular, in 1953 McMillan proved a very general result
which states that for any stationary scurce, information may be trans-
mitted at any rate less than channel capacity with arbitrarily small
probability of error. This result is known as the McMillan theorem or
the Asymptotic Equi-partition Property (AEP).

In Chapter II of this paper, after developing the necessary
machinery from functicnal analysis, we prove an extension of the Von
Neumann mean ergodic theorem. This result is then used to arrive at the
Birkhoff pointwise ergodic theorem.

In Chapter III we turn our attention to information theory. The
object of study here is a "communication system.' This chapter is
devoted to develeping the theory of information to provide the back-
ground for Chapter IV.

In Chapter IV we use the Birkhoff theorem proved in Chapter II to
extend the results of Chapter III, Specifically, we prove the McMillan
theorem and hence establish a relationship between ergodic theory and

information theory.




CHAPTER 11
ERGODIC THEORY

In ergodic theory, one studies transformations that preserve the
structure of measure spaces. In this chapter we shall discuss some con-
cepts of ergodic theory and prove the Birkhoff point-wise ergodic the-
orem. This theorem will then be used in Chapter IV to prove the
McMillan theorem. TFirst, we need a few definitions.

In all that follows let (Q,F,P) be a probability space.

DEFINITION: Let T be a transformation of © into itself. Then T is

measurable if A ¢ F implies YA = {w: Tw e A} ¢ F.

DEFINITION: Let T be a measurable transformation. If T is one-to-one,
if TQ = @, and if A e F implies TA = {Tw: w ¢ A} e F, then T is

invertible.

DEFINITION: Let T be a measurable transformation. Then T is measure

preserving in case P(T"1A) = P(A) for every A e F.

Let us now turn to & specific probability space of the type with
which we will be concerned. Let X be a random variable with finite
range, p = {81’82""’sr}' Let p; = P[si] be the associated probability
measure. Let (Q,F,P) be the product of a doubly infinite sequence of
coples of the resulting measure space, Then the general element of Q

is a doubly infinite sequence




w={.v.,w sty 5 )
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of elements of p. Let X be the nth coordinate function; that is, X
is the mapping from & to p whose value xn(w) at the point w is the nth
coordinate W of w. We wish to characterize the probability measure,

P, on F. TFor this, we appeal to the Product Probability Theorem.

THEOREM 2.1. (PRODUCT PRCBABILITY THEQREM). Let (Qt,At,Pt), t e T, be

probability spaces. Let CT be the class of all measurable cylinders of

the form

Cyl [ X A ], A ¢ A

QT +eT t t t

That is, CT is the class of all measurable cylinders in QT based on the

Cartesian products X At for At € At‘ Define P

teTN

r on the class CT by

P.(Cyl X A )= w PA_.
T teTy t teT, vt

Then, the product probability, P cn CT is g-additive and determines

T1

its extension to a probability, P.,, on the product o-algebra AT'

T

Proof: GSee Loé&ve pg. 9l.

Hence, P is specified in our example by its values on what may be

called "thin' cylinders of the form

{w: XE(M) = iR’ n<f<n+k}




in the following manner
n+k-1

ngd<n+k} = 7 P; -

Plw: xg(w) = 1
£=n g

R”

Let T: Q-+ be the mapping that carries (... ..) into

W _q Wty s

(...,wo,wl,wz,...), that is, T is defined by

%1(Tw) = xn+l(w).

Note that xn(w) = xo(Tn(w)) and consequently any statement about the
random variables xn can be converted into a statement about x0 and T.

If A is any cylinder of the form

(w)) g B}

{ew: [xn(w),...,xn+k_l

with £ a subset of the Cartesian product pk of k copies of p, then T_lA
is also a cylinder and 7l ¢ F, and P(T-lA) = P(A). The following

theorem shows that T is both measurable and measure preserving.

THECREM 2.2. Let FO be a field generating F. If 714 ¢ F and P(T-lA) =

P(A) for every A e F then T is a measure preserving transformation.

O’

Proof: See Billingsley, pg. 4.

We turn now to the procf of the Birkhoff point-wise ergodic the-
orem, The theorem will be proved in three steps. We first prove a
slight generalization of the von Neumann mean ergodic theorem, then the
maximal ergodic theorem, and finally the Birkhoff theorem itself. In

the course of this development we shall need some results from the



theory of Hilbert spaces. TFor completeness and to Introduce notation,
we Include these results.

Let (X,A,u) be a v-finite measure space. Any measurable trans-
formation T on X into X, measure preserving or not, induces a trans-
formation V. on M (the space of complex measurable functions defined

T

a.e. on X) as follows: Letting [ e M, then for any x € X define
(V) (x) = £(Tx)

provided the right-hand side of this equation is defined., The next lemma
is central to the ergodic convergence theorems for measure preserving

transformations.

LEMMA 2.1, Let T be measure preserving on X, and let VT be the induced

transformation on M. Then Vo is linear and positive (i.e. 20 a.e.

implies that V. £20 a.e.). Moreover,

[ v fdu = [ fau (£ e L)

and

Hva”p = Hpr (f ¢ Lo 1spes )

that is, V. is a linear isometry on each Lp'

T

Proof: That VT is linear and positive i1s clear from its definition. To

prove (i) suppose first that f is an integrable simple function, say

f=%CI,
k Ak

then

(VfH(x) =2 ¢ I, (Tx)=15¢CI (%) (1)
T KA Y




and hence

-1
[ vpfdu = ] ¢ u(T7R) (2)

I cua) = [ fau.

Now let f be non-negative and integrable on X. We may choose a sequence
{fn} of non-negative integrable simple functions such that f <f and
fn(x)+f(x) a.e. It follows from (1) and (2) above that {VTfn} is a
sequence of non-negative integrable functions. Moreover, f VTfndu =

f fndu and
(VFf )(x) = £ (Tx) + £(Tx) = (V_F)(X) a.e,
T™n n T
Applying the monotone convergence theorem it follows that

[ fdu = lim [ £ du = lim [ Vof du = [ Vfd. (3)

That (1) holds for an arbitrary f ¢ L. may now be seen by writing

1
f=f -£ ¢ 1(f3—f4) where szo a.e., fj e L, (j=1,2,3,4) and apply-
ing (3) to each fj'

To prove (ii) we consider two cases,

(I) Assume T ¢ Lp for some p £ [1,*).

Then for x ¢ X

(v D) [P = [£(m) [P = v | €],

whereupon by (i) (|£]F ¢ Ll) we have




P Py, = Py, = Pq., = || £|P
lvasty = [veEPan = fug|£Faw = [ [£]7au = €],

dh v.Ell. = |||,
ana hence [|vgell =l
(II) Assume f ¢ L_. Then for any a>0
ul|vpflzal = W(TTY | £]2a1) = ul|£]2al;

and therefore

1]

[v£ll, = infla: wl|v f|zal = 0}

T

infla: ullf]zal = o} = ||£|_. O

We shall use the folleowlng notatien. The inner product of two elements
f and g of a Hilbert space will be denoted by (f,g). The adjoint of the
operator U will be denoted U% and is characterized by the equation

(Uf,g) = (f,U%g), for all f and g.

LEMMA 2.2. If U is an isometry, then a necessary and sufficient condi-

tion that Uf = £ is that U#f = f.
Procf. See Halmes [2], pg. 15.
We now come to the generalization of the von Neumann theorem.

THEOREM 2.3  (MEAN ERGODIC THEOREM). If U is an isometry on a complex

Hilbert space, H, and if P is the projection on the space of all invari-
n-1

ant elements of H under U, then %- z Ul converges to Pf for every
3=0

£ e H.




Procf. Let

Sl = {f ¢ H: Uf = f}.

be the set of all invariant elements of H. Then, for f ¢ Sl,

-1,
]oulE = ;11_ [E+UE+U F+, L 40" LE]

3|

=L [f+f+f+...+f] = -l-[nf] = f.
n Tl

Hence, if T € Sl, the theorem is true,

Let

S, ={f e H: £ = g - Ug for some g € H}.

Then, for f € S

1 . n-1

L E ulf = 1 E Uj(g—Ug) = l-[g-Ug+Ug-U2g+...+Un-lg-Ung]
n & n Lt n
3=0 =0
T
= = (g-U'g).
Therefore, for f ¢ 82,
n-1
1 j 1
1= vl = || = (g-t"g)|
3=0

A

1 1 n _ 2
=lell + = llugll = = lell

Hence, for f e 82,



1¢

ln—-l 5 5
uml[= } vt < 1im =gl = o.
n—eo j:O 10

We show next that if f is an element of the closure of 82 then

n-1 .
1im ||% youlg]| = o.

-+ :|=O

n-1 .

First we must establish a relation between ”%— Z U]fH and ||f| for any
n=0

feH., Let £ e . Consider

n-1 . n-1 . n-1
1 1 1
= Ujf”S; ) ||U]fl|=;; RS

j=0 =0 j=0

= I £1l.
Therefore, for every f ¢ H,
n-1 .
1
1= 1 vl < [£].

B

n-1 .
Now let An = %— Z U and let f be any element in the closure of
3=0
82. Then there is a sequence {fk} = 82 such that given e>0 there exists
M such that k>M implies ”fk—fH < %—. Also, since each fk £ 82, for each

k there exists Nk such that n>Nk implies ”Anfk" < %—. Let e>0 be given

and consider

[z

143

la (e-£ 0 + [la £, ]

{12

I£-£ 0+ la £, 0
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Fix k>M. Then ”f—ka < % . TFor this k choose n>Mk. Then ”Anfk“ < %—.

Hence given ¢>0 there exists N such that if n>N then ”Anf” < g or that

lim(|Aan = 0. Therefore lim||Anf\l= 0 for every f e §

< I

9"
We now establish the fact that the orthogonal complement of 82 is

the same as the orthogonal complement of S We shall denote the ortho-

o

gonal complement of a set S by st.

LEMMA 2.3. For any set S in a Hilbert space H

Proof. If f ¢ §i, then (f,g) = 0 for every g ¢ §. Hence since S c §

(f,g) = 0 for ever € S. Therefore f ¢ S~ and §* < &%,
g Y 8

Now let £ ¢ S*. Then (f,g) = 0 for every g £ S. Let g% ¢ S.

s

Then there is a sequence {gy} < 8 such that lim g, = 8% Hence,
< Teros

(f,g*) = (f,1im gk) = 1im (f,gk) =1lim ¢ = 0

koo J-roo Kk

=l L

using the continuity of the inner product, Therefore 5™ < S Combin-

. . . , . . =4
ing this with the previous inclusion we have the result 8" = 57,

L
2

h ¢ S5, Then (h,g-Ug) = 0 for all g ¢ H. Hence,

. . . = . . L
Using this fact let us determine S, by considering 82. Let

N

(h,g) - {h,Ug) = O
or
(h,g) - (U%h,g) = 0

or
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(h-U*h,g) = 0 for every g e H.

Therefore h - U%h = 0. Then h = U%h and by Lemma 2.2 h = Uh. Thus if

1

h e 82

{(hence h ¢ §;), then Uh = h,

Now let h be such that Uh = h. Then by reversing the previous

1

argument h e S2

and hence h ¢ §é. Therefore

o
N -
=

Now by the projection theorem every f £ H can be expressed as a

5

sum fl + f2 where fl e Sl and f2 € 5, ]

We need one definitlon and a lemma before moving to the Maximal

Ergodic Theorem.

DEFINITION., Suppose that {ai}, i=1,2,...,n is a finite sequence of real

numbers and that m is a positive integer, msn. A term ay, of the

sequence is an m-leader if there exlists a positive integer p, l<psm,

such that a + . +

>
b T Apn 2 0

LEMMA 2.4, The sum of the m-leaders is non-negative.

Proof. If there are no m-leaders, the assertion is true since an empty

sum is 0 by convention. Let a be the first m-leader and let p be the

smallest Integer such that p<€m and a, + ... *+

K 2 0. We shall show

ak+p-l

that a s k<hgk+p-1, is also an m-leader and that the sum a + ...t

Suppese noty i.e. suppose a, + < 0. Then

ak+p_l 2 0, h .. t ak+p_l

a +

. e ta g0 ¢. But this contradicts the choice of p. Now con-

sider the sequence a FLN If this sequence has no m-leaders, then

k+p’ "
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we have shown the theorem to be true. If there 1s at least one m-leader,

let Ay be the first one and let p' be the smallest integer such that

p'<m and a + ...

" =z 0. As before, we can show that each of

g

these terms is alsc an m-leader. We proceed in this manner until there
are no more m-leaders in the remaining sequence or we have exhausted the

sequence., Observe that at this point we have some number, say N, of

N~
p(a),' p( 1)

non-negative sums of length p,p'.p", Each of these sums

cey
is non-negative and the only elements in these sums are m-leaders. Con-
versely, each m-leader is included In exactly one of the sums. Hence,
the sum of the m-leaders is non-negative.

We now state and prove the Maximal Ergodic Theorem.

THECREM 2.4 (MAXIMAL ERGODIC THEOREM). Let f be real valued and f € Ll.

Let T he a measure~preserving transformation of a space X. Denote

£(TIx) by fj(x). If E is the set of points x such that fo(x) toa.. t

f (%) z G for some n, then f f{x)dp =z 0.
n-1 £

Proof. Let Em be the set of those points x for which at least one of
the sums fo(x) + ...t fp(x) is non-negative with p<m. Note that the
sequence {Em} is increasing and the union of the Em's is E. Hence it

will be sufficient to show that [ f(x)du 2 ¢ for each m.
Em
Let n be an arbitrary positive integer and consider for each

point x the m-leaders of the sequence f (x},...,f (x). Let s{x) be
o] n+m-1

their sum. Let D, be the set of those points x for which fk(x) is an

m-leader of the sequence fo(x),...,fn+m_l(x) and let Ik be its indicator

function. MNote that each fj(x) 1s a measurable function and hence each
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n+m~1

Dy is a measurable set. Note also that s(x) = Z fk(x)Ik(x). Hence
k=0

s(x) 1s both measurable and integrable. By the lemma

n+§-l
F(x)I (x) 20
=0 k k
and hence
n+m-1 n+m-1
[ D £ 0L Gadue = ] [ f (e = 0.
k=0 k=0 D
k
1 >
Observe that if Tx ¢ Dk—l then fk_l(Tx) + ..t fk-l+p-l(TX) =0
.. . S
for some psm. This implies that f{(x) + ... + fk+p—l(x) 2 0 for some
psm. This in turn means that x e Dk' Since each of these steps is
reversible, the four conditions are equivalent. Hence, Dk = T_l Dk—l
for k = 1,2,...,n-1, or D, = T_k D for k = 1,2,...,n-1. Therefore
k o

f £ )dn = / F(T %)y = [ fx)du.
Py T%p Bo
o
Hence
n-1
N £ (x)du = n [ £(x)du.
k=0 Dk . DO

Now, DO is the set of those points x such that fo(x) is an m-leader of

the segquence fo(x),...,f (x). That is, x ¢ DO if and only if there

n+m-1
is an integer p'" such that the sum fo(x) + ...+ f , 20, 1<p<m. But
n-1
this is exactly the set EZ . Therefore ] f,(x)du = n [ flx)du.
k=0 Dk Em

Note that
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[ £ x)dw < [ £ Golu = [ [£(x)|dn < [ |£(x)]dn.

D, K p, X k

k k T D
(o]

Hence,
n+m-1
7 £ (x)dy s m f [£(x)]dn.
k=n Dk

Therefore, we have

n+m-1

0= ] [ fGddpsaf £fxdn+m [ [£(x)]du
E

k=0 Dk n

and dividing by n

[ f(x)du + T [ [F(x)|dp = 0
E n

m

for every m and n., Now let n tend te infinity. This yields

f f(x)dp =2 0 for evepry m.

E
m

Thus, [ £(x)du 2 0, [
E

We come now to the major point of this chapter.

THEOREM 2.5 (BIRKHOFF POINTWISE ERGODIC THEOREM). Let (X,A,u) be a o-
finite measure space and T a measure-preserving transformation on X. If
n-1 .
f e Ll, then %- z f[Tj(x)) converges almost everywhere., The limit
3=0

function f* is integrable and invariant in the sense that £#(Tx) = £%(x)

almost everywhere, If in addition n(X)<e, then
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J £ (x0)du = [ £(x)du.

Proof. Let a and b be real numbers with a<k. Define the set

1 n-1 1 n-1

Y(a,b) = {x: lim inf = ) £.(x)<a<b<lim sup = )}
n .t 7] n L&

N> J=0 el j=0

&
By the definitions of lim inf and 1im sup Y{(a,b) is measurable and
invariant under T in the sense that Y(a,b) = T_lY(a,b). We shall show
first that u[Y(a,b)J is finite and then that u[Y(a,b)) = 0,

We first assume that b>0. Let C be any subset of Y(a,b) such
that € is measurable and p{C)<=, Let 1, be the indicator function of
C. Then the Maximal Ergodic Theorem applies to f-bIC since p(C)<w

implies bIC € Ll and hence f - bl & Ll. Let E be the set as described

C

in the Maximal Ergodic Theorem but for £ - bIC rather than f. Then we

have
[ (£-bI_)(x)dy 2 0.
c
E
1 n-1
Now if x ¢ Y(a,b), then b < lim sup = E fj(x). But this means that at
n-1 j=0

least one of the averages %- Z F.{x) must be greater then b. Hence
n-1 j=0
1 Z fj(x) - b >0 for at least one n. Thus, we have the following

n .
1=0
inequalities
n-1
0<2 § £(x)-b
j=o0
n-1

1A

=N

p

f.{x) - bl (x)
j=0 ¢




17

n-1
< -z fj(x) - bIC(x).
J=0
n-1
Therefore, for x € Y(a,b) at least one of the sums 2 (fj(x)—blc(x)] >
j=0

0. But this means that x ¢ E. Hence YcE. Now by the Maximal Ergodic

Theorem

i [f(x)—blc(x)]du z 0.
E

Therefore,

[ lgGolaw =z [ [£G)|aw = [ bI(x)dr = bu(c).
E E

We have shown thus far that if ¢ < Y(a,b) is measurable and has finite

measure then
1
w(e) = = f [£Go]an,

Now, since X is of o-finite measure, there is a decomposition of X, call

it {Ci}, such that

The sequence of sets {CinY} then forms a decomposition of Y. Since for
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each i Ci nYcY(a,b), the u[CinY] < %-f |f{x)|du. Note now that
r r

the sequence of sets {[ u Ci]nY} ={u [CinY]} is monotone increasing
i=1 i=1

and that for every r

had
Lv C,lnY ey,
. 1
1=1
s
Since ul v Ci] < = for every r, then
i=1

r 1
u{[_u C,In¥} < E—f | £(x)[du

i=]
for every r.
Therefore
T
. 1
lim wi{l[ v Ci]nY} < E—f [£(x)|du
1roo i=1
But
r
1im p{l v C.]JnY} =
\ i
e 1=1
T
p lim {[ v C.]In¥} =
. i
e i=1
r
ullim v C.nY] =
. i
e 1=]
ulxnY] = ulY]
Hence

WYY € £ [£00]dy < =,
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Now consider the space Y and the function f-b, Since
[ 1fbjdu < [ |flap < [ |flap < »
Y Y

f-b is an integrable function.

Let Ef—b be the set defined in the Maximal Ergodic Theorem, Then

Ecp = {x: fo(x) - b+ fl(x) -b+ ...+ fn_l(x) - b 2 0 for some nl.
n-1
Ef—b = {x: _Z fj(x) -nb 2 0 for scme n}
1=0
1 n-1
E = {x: = I f.(x) ~b =2 0 for some nl.
f-b n j=o0 |

Note that if x € Y then x ¢ & Hence Y < E Alsc, since we are

f-b* f-b*

treating Y as the whole space (it is iInvariant), < Y., Therefore

Ef—b

Ef-b = Y and hence

J (f(x)-b)du = [/ (f(x)-bjdn = 0

Y Ef—b

Applying the maximal ergodic theorem to a-f in a similar fashion we have

f [a-f(x))du > 0.
Y

Combining these two inequalities we have




20

[ (a-blap 2 0
Y

(a-b)pl(Y) 2 0.

But a<b and hence u(Y) = 0, Hence for every pair of rational numbers

and such that a<b, the measure of the set Y such that

n-1 n-1
lim inf § f.(x)<a<b<lim sup ) f£.(x)
j=o0 j=0
is zero. Therefore
n-1 n-1
1im inf § f.(x) = lim sup [ f.(x)
j=o0 SE

Hence, the limit function f* does exist almost everywhere.
In our argument we have relied heavily on the assumptien that b>0.

If this were not the case, then a would have to be negative and the same

argument could be carried through with -f and -a in place of f and b,

respectively. Hence no generality has been lost. Note now that

1 n-1 1 n~-1
/ |E‘ Y fj(x)}dp < E’f ) [fj(x)|du
j=0 =0
1 n-1
:I'T Z f |f.(X)|dU
j=0 =
1 n-1
=;Z I ) If(X)‘dU
1=0 773(x%)



Therefore

n-1
RS
j=0 X

5

= [ |f(x)|du < =.

7 n-1
f ]E- ) fj(x)ldp < = for every n,
320

New by Fatou's Lemma we have

[ l£5(x) |du

Therefore,

I

1 n-1
[ lim inf[n— Z fj(x)[du
3=0
1 n-1
Lim inf [ |= ] £fAx)|du < =
b9} 520 ]

[ lesto]du < o

and hence f#(x) is finite almost everywhere.

We now wish to show that f% is invariant.

£5(Tx)

1im
-

1
n

nr~—1d

+
d

("
n .
]

=1

)

£(TI(Tx))
f(zj)

1 .
F(TI%) + = £(TM%) - £ F(x)]
0 n n

21
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= lim 2 E(T™%) - Lim & £(x) + £%(x)
-+ n n-+o n

Now since f [f(x)|du < ®, then

f(x) < » almost everywhere

and hence

lim %-f(x) = 0 almost everywhere.

hete o

Also

n
1im f-g-r’f—-}fl-= 0 almest everywhere,
e ?
1 n-1 .
slnce - 2 £(1%) converges almost everywhere,
3=0
Hence

£#(Tx) = £%(x) almost everywhere

and hence f* is invariant.

We must now show that iIf p(X) < =, then

[ fdu = [ frap.

Suppose that f* is such that f%(x) 2z a for all x. Then at least one of
n-1

the sums } (fj(x)—a+e] must be non-negative for each . Then by the
j=0

maximal ergodic theorem



f f(x)du > (a-g)u(X) for each £>0.
Hence

f f(x)du

v

au(x).

748

In a similar manner if £#(x) s b for every x, then

[ £(x)du < bu(x).
Filx n and let
X(k,m) = {x: 25 < mrix) < KLy
ot 2B

Each X(k,n} is Invariant ané s¢ the above inequalities apply, so that

in p(x(k,m)) = f f(x)du = Hﬁl— u(®(x,n))
2 X(k,n) 2
and
X oxtom) < [ #Ean = 2L ().
of X(k,n) 2"

Thus, combining these two inequalities, we have

Loufxem) <] fGodu - [ feGoaw s &

2 X{k,n) X(k,n) Z

Or,

| f F(x)du - f 4 (x)du| < #%-u(x(k,n))
¥{k,n) X{k,n) 2

23
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Now, summing over k, we have

L

21'1.

| [ £0ap - [ £ (x)dp] = = w(x)

and since n is arbitrary

[ f(x)au = [ £4(x)du. 00

This completes the proof of the Birkhoff Theorem.

The results obtained In this chapter have been generalized to
large classes of operators on large classes cof abstract vector spaces.
For other wversions of the Von Neumann theorem see Dunford and Schwartz
[2], Yosida, or Xakutani and Yosida. Generalizations of the Birkhoff
Theorem may be found in Dunford and Schwartz [2] and Chacon and

Ornstein.
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CHAPTER III
INFORMATION AND UNCERTAINTY

Information thecry is concerned with the analysis of a "communi-
cation system,'" which may be described as follows: A person or machine,
called a source, produces a message to be communicated. An encoder then
associates with each message an "object" called a code word which is
suitable for transmission. The code word is presented to a channel,
the medium over which the coded message is transmitted. A decoder then
receives the output from the channel and attempts to reconstruct the
original message for delivery to the destination., In general, the de-
coder cannot function with complete reliability because of noise, which
is a general term for anything which tends to produce transmission
errors.

It will be the purpose of this chapter to give meaning to the
various terms "uncertainty,” "information," "channel," 'noisy," "code
word," "rate," and "capacity." The development here will follew ASH.
However, it will be our intent to illumine the concepts of uncertainty
and information rather than to detail the mathematics Involved. For
this reason we will include many results without proof. For a different
development of these concepts see Pinsker. We proceed by taking an
Intuitive view of

Let X be a random variable which takes on the values Xp5X5 005X,

with probabilities PyaPgsssesPos respectively. We will require that
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M
pi>0 for each i=1,2,...,M, and, of course, that z P = 1, Then we say
i=1
that we have a finite scheme
Xl X2 v XM
X = .

Every finite scheme describes a state of uncertainty. It appears obvi-
ous that the "uncertainty” is different in different schemes. Consider

the three schemes below

% X *y % %5

0.5 0.5 0.9 0.1 0.7 0.3

In the second case it is almost certain that X will have the
value X In the first case the chances are equal that the value of X
will be X, Or X,. The third case represents an amount of uncertainty
between the other iwo.

We now attempt to arrive at a number that will measure the un-
certainty assoclated with X. We shall do this by imposing certain
reasonable requirements on the uncertainty associated with X and then
showing that this leads us to an essentially unique function., For each
M we define a function HM of the M variables PpaPyseecaby: The function
HM(pl’pQ""’pM) will be interpreted as the average uncertainty associ-
ated with the events {X=Xi}' We will write HM(pl,...,pM) as H(pl,...,

pM) or as H(X).

We now proceed to impose requirements on H. First suppose that



27

all values of X are equally likely. We denote by f(M) the average un-
certainty associated with M equally prcbable ocutcomes, that is, f(M)} =

H(Y ..»1/M). TFor example, f(2) would be the uncertainty asscciated

Mo
with the toss of a fair coin, and f(6) wculd be the uncertainty associ-
ated with the roll of an unbiased die. It seems reasonable that there
should be a greater amount of uncertainty asscciated with rolling the

die than with tossing the coln, Hence we arrive at our first require-

ment on the uncertainty function.

CONDITION I: f£{(M) = H(1/M,...,1/M) is a monotonically increasing

function of M.

Now consider an experiment involving two Independent random
variables X and Y. Let X = {xl,...,xM}, Y = {yl,...,yN} and suppose
that both X and Y have equally likely outcomes. Let Z = X x Y be the
Cartesian product space. Then Z has equal probabilities at each of the
MN points. Hence, the uncertainty associated with the Jjoint experiment
is f(MN). If the value of X is revealed, the uncertainty about Y should
not be changed since X and Y are independent. Therefore, we expect
that the uncertainty associated with Z minus the uncertainty asscclated
with X should equal the uncertainty associated with Y. Now the uncer-

tainty associated with X is just f(M). Hence, we have the second re-

quirement on the uncertainty function H.

MN * VN M N

CONDITION II: H(—l— . l] = HH + H[i] or £(MN) = f(M) + £(N}.

We now drop the requirement of equally likely outcomes and turn
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to the general case. Let the random variable X take on the values
Ky sXpse Ky with probabilities PysPgps« - sPys respectively. We divide
the outcomes into two groups, A and B, where A = {Xl""’xr} and

B ={

Xr+l""’XM}' Now consider the compound experiment which consists
of first choosing one of the groups, A or B, and then picking one of
the elements, s from that group. The probability of choosing group A
is exactly PtPyTe st s and the probability of choosing group B is
pr+l+"'+pM' Letting p = P[A] and 1-p = p[B] we have

plLAl

o
il

Py

1
IR aes Lo

i=1

M
I op..

plB1] i
i=r+l

1l

~
1

el
il

Then, if group A is selected, the probability that i i=1,2,...,7,
will be chosen is P[xi/A]. Now, for 1=1,2,...,r,

P[xinAJ P[xiJ i

plx;/A) = — 5T *BmGT T T

Similarly, if group B is chosen, then the probability that X i=r+l,

vo. M, Wwill be picked is

Pi

P[xi/B] T3

The compound experiment described is equivalent to the original experi-
ment of picking one of the elements X, i=1,2,...,M. To establish this

let Y be the ocutcome of the compound experiment. Then, 1if X; € A,
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PLY=x;] = P[AIP[x,/A]
I
=P p pi.
ir X, € B, then
PLY=x,] = P[BIP[x,/B]
I
=P P - pi'

Hence P[Y=xi] =p; T P[X:xi] for i=1,2,...,M. Before the compound
experiment is performed, the uncertainty associated with the outcome is
H(pl,...,pM). Revealing which group is selected removes on the average
an amount of uncertainty H(p,l-p). If group A is chosen, the uncer-

P1 P Py

tainty remaining is H-Er Y If group B is chosen, the

Pre1  Prep Py ] )
. Now, since group A

uncertainty remaining is H[l_:_ﬁ ) m gy 'l—--p—

is chosen with probability, p, and B 1s chosen with probability, 1l-p,

the average uncertainty remaining after specifying the group is

P P P p P Py
o2, 22, 2y epin| k22 ——]
p l-p " 1-p 1-p

Since the original experiment and the compound experiment are equivalent,
we expect that the average uncertainty of the compound experiment minus
the average uncertainty remcved by specifying the group equals the
average uncertainty remaining after the group is specified. Hence, we
have the third requirement that we will impose on the uncertainty func-

tion.
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Pl Pr
CONDITION III: H(pl,pz,...,pM) = H(p,l-p) + pH T T

P
P P
r+1 M
+ (l-p)H[—i—_—E 5 ,l—p]
where
) i
p = P:> l-p= joa
i=1 1 i=pt+l T

Finally, we expect that a small change in probabilities should
cause only a small change in uncertainty and hence we require as our

fourth condition:

CONDITION IV: H(p,l-p} is a continucus function of p.

We now recapitulate the four requirements which we impose on the
uncertainty function:

I. f(M) = H(1/M,...,1/M) is a monotonically increasing function

of M.
1 1) . oafy L, ouft ]
11, H[W ye s 'MIT] = H[MJ + H[N} or £(MN) = £(M)} + £(N).
Py P.
III. H(Pls-'-spM) - H(P!l_P) + ph "p_ LI ?
Prel Py
+ (l-p)H[l_p se vy .]-_:-I:T
where

IV. H(p,l-p) is a continuous function of p.

We now state and outline the proof of the following theorem which

yields the uncertainty function.



31

THEOREM 1. The only function which satisfies the four conditions given
above is

y
H(pysPyse-spy) = -C ] b, log py,

i=1
where C 1s an arbitrary positive number and the logarithm base is any

number greater than 1.
Proof. (Sketch). It is easily verified that the fumction

M
H(P1=P2s---sPM) = -C z pl log Pl

1=1

satisfies the four conditions imposed on the uncertainty function. In
order to show that any function which satisfies the four conditions is
of the specified form, we proceed as follows. First, using induction

ky _ . . . . -
we show that f(M") = kf(M). Again using induction, we show that f(M) =
C log M. We next establish that for any rational number p such that
0<p<l, then H(p,l-p) = -clp log p + (1-p) log (1-p)l. Using this

result and the condition of continuity, we have
H(p,1-p) = -clp log p + (1-p) log (l-p)]

for all real p ¢ (0,1). Using this result and Condition III, we proceed

by induction to prove the theorem.

Having arrived at a measure of the uncertainty associated with a

random variable, we will now note some of the Important properties of
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the uncertainty function., Although we shall state the properties as
lemmas, theorems, and corollaries, we shall give only a few comments

on the proofs. The details of these proofs may be found in any standard
text on information theory such as Pinsker, Ash, or Khinchine.

We note first that since P; log Ps 2 0 for all i then H(X) 2 0,

LEMMA 1. Let P1sPgser Py and Qy5Qp 5+« -9y be arbitrary numbers such

that
P, > 0, i=1,2,...,M
9 > 0, 1=1,2,...,M
? M
P. = Z q. =1
i=1 * =1 ‘'
Then
M M
- lpylogp, = - ) p, logq,
i=1 i=]1

with equality if and only if

P; = 45> i=1,2,...,M.

Proof. The proof of this lemma is based on the convexity of the
function f(x) = log X.

THEOREM 2. H(pl’pQ""’PM) < log M with equality if and only if p; =

/M, i=1,2,...,M.

Proof. Apply Lemma 1 with g; = 1/M,
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Thus far, we have been concerned only with the uncertainty asso-
clated with a single random variable. We turn now to the case of two
random variables and thelr Jjoint and conditional uncertainty. The
results here generalize to any finite number of random variables but we
shall not discuss these generalizations. We first include some results
from probability theory. Although familiarity with these results is
assumed, we include them for completeness.

Suppose we have a space Z with a probability PZ defined. Let

each point of Z be expressed as an ordered pair (x,y) and write

PZ[{(x,y)}] = p(x,y).

Note that the spaces X and Y are projections of Z. If we define

P [a) = p [AxY] for A © X

and

n

P,[B] = P, [XxB] for B < Y,

then it is easily verified that PX and PY are probability measures on X

and Y, respectively. In particular,

Po(x) = P [{x}x¥] = ] p,(x,y).
ye¥

The measures Py and Py are called marginal probability measures. Let

C0 c Z be such that PZ[COJ > 0 and define
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C pLCnC. ]
p O[C] = L o % , for C ¢ Z,
Pat*o
CO
Again it is easily verified that PZ is a probability measure on the
C
sets of Z. In the same manner as before PZO induces marginal precbabili-
ties on the sets of X and Y. In particular, let CO = A x Y and consider
the marginal measure on the sets of Y Induced by P;xY We shall write
AxY
PZ [XxB] as PY/X[B/A]
Then
P L{AXY)n{XxB)]
_ oAXY _ 4z
PY/X[B/A] = PZ LXxB] = PZ[AXY]
PZ[AXB]
T FLIAT

The measure Py/x we shall call the conditional probability of Y given

X. In particular, we write

PZ[{(x,y)}]
PY/X(Y/X) = PY/X[{Y}/{X}] = "—'P;'ETW‘
P (X,y)
= “EGFS:T-
and
Py {X,y)
pX/Y(X/y) = —E;TgT—

We say that the random vectors X and Y are independent in case
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PZ(Xsy) = pX(X)pY(y), for all (x,y) € Z
or

p,[AxB] = (P, IAI)(P,[B]),

for all A« X, B « Y and such that A x B <« Z,

DEFINITION. Let PZ = PX y be a probability measure on the sets of Z =
L]

X x Y. We define the joint uncertainty of X and Y by

H(X,Y) = - ) po(x,¥) log p, (x,y).
(x,y)E
Z
THEOREM 3, H(X,Y) € H(X) + H(Y) with equality if and only if X and Y

are independent.

Proof. Use the defining equations to compute H(X) + H(Y) and then apply

Lemma 1.

PEFINITION. We define the conditional uncertainty of Y given x by

H(Y/x) = - ) pY/X(y/x) log pY/X(y/x).
yeY

Furthermore, the average conditional uncertainty of Y given X is defined

as the weighted averages of H(Y/x) taken over all x ¢ X. That is,

HOY/X) = ] py GOH(Y/%).
xeX
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THEOREM 4. H(X,Y) = H(X) + H(Y?X) = H(Y) + H(X/Y).

Proof. This may be verified by direct calculation using the defining

egquations.

This last theorem Jjustifies the intuitive idea that if the two
random variables are observed but only the value of X is revealed, then
the remaining uncertainty sbout Y shculd be the conditional uncertainty

H(Y/X).

THEOREM 5. H(X) = H(X/Y) with equality if and only if X and Y are

independent.

Proof. This follows directly from Thecrems 3 and 4.

We are now ready to define a measure of informaticn.

DEFINITION., The information about X conveyed by Y is given by

I(x/Y) = H(X) - H(X/Y).

Note that I(X/Y) is always non-negative, and ls zerc if and only if X

and Y are independent.

We have shown that

H(X/Y) = H{X,Y) - H(Y);

hence

I(x/Y) = E(X) + B(Y) - H(X,Y).




37

But H(X,Y) = H(Y,X) and hence
I(X/Y) = I(Y/X).
Therefore,
H(X) - HIX/Y) = L(X/Y) = I(Y/X) = H(Y) - H(Y/X)

and the information may be computed by either formula depending on the
problem posed.

The fundamental significance of the information measure comes
from its application to the reliable transmission of messages through
noisy ceommunications channels. We shall discuss this topic later. At
this point however we turn our attention to describing the noiseless
coding problem, that is, the problem of efficient coding of messages to
be sent over a channel which allows perfect transmission. Any channel
with this property will be called noiseless. We shall formally define
an informaticn channel later; but for now an intuitive idea will suffice.

Let X = {Xl’XQ""’XM} be a space with a probabllity measure
defined on the points of X. We may think of the points, X;, as words of
a language. A message is constructed by sampling X. Thus KR KX Xy
would be a message. The channel is a device which accepts input from a
code alphabet {al,a2,...,aD]. Since the channel is assumed to be noise-
less, the letters of the code alphabet are transmitted without error. A
"word" X; € X will be represented by a finite sequence of letters of the
alphabet. This representation will be called the code word for X The

collection of all the code words will be called a code. The noiseless

coding problem is then to minimize the average code word length, n, by
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using different coding techniques. We define n by the following equa-

tion:

where
= plx,),
n, = the length of the codeword associated with X; -
We note immediately that there are some restrictions to be placed
on the code words. For example, suppose that the alphabet is the set

{0,1}, X = {Xl’xz’XB} and code words were assigned as follows:

Word Code Word
x1 0
x2 1
x3 01

If the sequence 01 were recelved, we would be unable to determine whether

X, was sent or the sequence x We wish to avoid such problems and are

3 172"

led to the following definitiocn.

DEFINITION., A code is uniquely decipherable if every finite sequence of

code characters corresponds to at most one message.

We now state another definition and note a theorem showing the

relation of the two.

DEFINITION. A code is instantaneous 1f no code word has a prefix which

is also a code word. By a prefix here we mean some initial string of

letters from the code alphabet.
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For clarification we give an example of a non-instantaneous code.

Word Code Word

xl 0

x2 0l
Note that although this code 1s uniquely decipherable, it is not instan-

taneous since the cede word for x, is a prefix of the code word for x

1 2°

This leads us to the following theorem.

THEQREM 6. If a code is instantaneous, then it is uniquely deciperable.

The converse is false.

Proof. Given a finite sequence of code letters of an instantaneous
code, proceed from left to right until a code word is formed. Since the
code is instantaneous, this code word cannot be just the prefix of a
larger code word and hence must represent the first word of the message.
This process may be repeated until the sequence of code letters is
exhausted. Hence every instantaneous code is unigquely decipherable,

The previous example shows that the converse is not true.

Later in this chapter we shall state a result which guarantees
that, for the purpose of solving the noiseless coding problem, we may
restrict our attention to instantanecus codes. For this reason we now
investigate the properties of such a code. First, we pose the following
problem. Suppose we have a language X 3%p o sXy, an alphabet @p58550 005

ays and a set of positive integers Dysligsee syl Under what conditions

M
is it possible to construct an instantaneous code such that n, is the

length of the code word associated with Xy for i=1,2,...,M. The follow-

ing theorem provides the answer.
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THEOREM 7. An instantaneous code with code word lengths n_,n.,...,0

172 M

exists if and only if

where

D = the size of the code alphabet,

Proof. The proof rests on the construction of a probabllity tree of
order D and size Ty i.e., the Cartesian product of the alphabet space

with itself Ny times, and noting that a code word of length n, excludes
ny=n n, -n
D paths through the tree or D points or vectors in the Carte-

sian product space.

Theorem 7 may be strengthened to include not only instantaneous
codes but also the class of uniquely decipherable codes. We will not
prove this result but we will use it later.

We proceed now to solve the noiseless coding problem; that is,
to find a uniquely decipherable code which minimizes the average ccde-
word length n. There are three steps in the solution. First, we estab-
lish a lower bound on nj; then we find ocut how close we can come to this
lower bound. The third step is to construct the 'best" code. We shall
not pursue the third step of the problem in this work. To establish the
lower bound on n, we appeal to the following thecrem.

M
THEOREM 8 (NOISELESS CODING THEOREM). If n = _Z p;n; is the average

i=1
code-word length of a uniquely decipherable code for the randem variable
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-1,
X, then n 2 H(X) with equality if and only if p, = D l, i=1,2,...,M.
log D i
. - H(X) .
Proof. The condition n 2 may be rewpitten as
—_— log D
M M
.Z pini log D 2 - 'Z P; log P;
i=1 i=1
or
M -n. M
i
- ) p. log D 2~ ) p, log p,
. i . i i
i=1 i=1

Hence all we must do is establish this last inequality. Recall that if

M M
z p:.L = 1 and Z q; = 1, then
i=1 i=1
M M
-1 p; logp; <-1 p; logog
i=1 i=1
-n.
p &
by Lemma 1. Define G = o
: p
J=1
Hence
M M ™y
-1 », logp, <-] b, log|l4
LooFl i | M -n,
i=1 i=1 z p 3
371
M M -n M M I
- I P; log P < -.E 1 log D + Z p:|log z D

i=1 i=1 i=1 j
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M M -, M -n,
- Z p. log p, £ - z p. log D + log Z D 3.

. i i . 1 .

i=1 i=1 j=1

But, since the code is uniquely decipherable,

M -n,
7 o Js<1,
3=1
Hence
M -n
log J D J<o.
j=1
Therefore,
M M -,
-_E Pi lcg P; = -'Z pi log D .
i=1l i=1
This last inequality guarantees that
-n,
- _ H(X) . _ i
n = Tog D if p; = D .
Conversely, suppose
M M Ny
-1 p;logp, = -] p; logd .
i=1 i=1l
-n,

We wish to show that this implies p; = D l, 1=1,24...,M.

Rewriting the above equality we have




- 1 p; log p,
i=1 * *

v

It

But we have already shown that

M

- Z p. log p.
=1 * +

Therefore,

M
-1 op

%
- p. log p.
i = + i=1

i=1

M
Hence z
j:

-Nl.
p J=1.
1

Then

. p; 1og p;

1=

i

Hence, applving Lemma 1 again,

L3

-n,
pi log D + 0
-1, M -n.
]
p. log D + leg Z D
i .
j=1
D
P tog M -n.
] o’
J=1
M i
< - )opy leg|
i=1 Z o J
j=1
-0, M D-ni
log D = ~.Z P; log T e
i=1 Z p 3
j=1
M M
= - z log 2
Lo Py M -n.l’
1=1 z D |
i=1
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In general, we will not be akle to construct a code for a given
set of probabilities which will achieve this minimum, since if we choose

-n. -log D.
i i . .
. . =D , T — teger.
n; so that 12 , ‘then n. Tog D and this may not be an integ
The next theorem shows that although we may not achieve this minimum,

we can come close,

THEOREM 9. Given a random variable X with uncertainty H(X), there
exists a base D instantaneous code for X whose average code-word length

satisfies

H{X) - _ H{X)
<
log D n log D * Ll
Proof. Choose ni such that
log p; log p,

- ——%<n, < ——+ 1.
leg D n3 log D 1
We wish to show that an instantaneous code can be constructed with code-

word lengths n defined agbove. Since

log Py

— —— 1
Tog D ni for all 1

then

- <
log p; =Ny log D
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or
leg P; =z log D .
Hence
>
pi 2 D .

Therefore,

M -ni M

] D < ] p.=1

i=1 i=1l

Hence by Theorem 6, an instantanecus code with code-word lengths n, does

exist. We must show now that for this code

H(X) - H(X)
log D =n = log D * L
We had
log p. log p.
——-—-—-—l-sn.s-—----l—+l.
log D i log D

If we multiply each term in this inequality by Py and sum over all i

we have

We have thus completed the first two steps in solving the noise-
less coding prcblem, The only remaining step is to construct the

required code. Most texts on information theory discuss this topic. In
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particular, a celebrated construction is given in Huffman. Although we
shall not pursue this issue, we include one theorem (without proof)
which will allow us to restrict our search for such a code to the realm

of Instantanecus codes. Tirst we need a definition.

DEFINITION, A code C, relative to a probability space, is optimal in

a class of codes in case

Ny < ngy,

where c¢' is any other code in the class.

THEQREM 10, If C is an optimal code within the class of instantaneous
codes, then C is optimal within the class of uniquely decipherable
codes.

Thus far, we have considered a channel as that portion of a com-
munications system which carries the coded message from the sender to
the receiver. We now attempt to present a mathematical model of a

channel and define several types of channels.

DEFINITION. A triple [X,Y,p(y/x)] is called a channel. X 1is the space
of "sendable" symbols and Y is the space of '"receivable" symbols.
We define the information content of a channel in the same manner

as before. That is,
I(X/Y) = H(X) - H(X/Y).

DEFINITION. If H(X/Y) = 0, then we say that the channel is lossless.

Let AX be a partition of Y such that P[AX /xj] = 1 for i=j and
i i
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P[Ax /xj] = 0 for i#j. Then, if in addition to being lossless, the

i
channel has the property that for each i Ax is a singleton set, then
1
we say that the channel is noiseless.

Define

c(p) = H(X) - H(X/Y)

where p = {pl,pz,...,pM} is a probability measure on X so that c(p) is

defined on the simplex

We define the channel capacity C by

C = max c(p).
P

We remark here that this is a true maximum since
C(p) = I(X/Y)

is a continuous function on a compact set.

In general, we wish to transmit several successive elements, L
through a channel rather than just one. Although it is not a mathe-
matical necessity, it may help the intuitive feeling to view the xi's as
being sent sequentially in time. This leads us to the definition of

the extended channel.
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DEFINITION, Given (X,Y,p(y/x)), we define the triple (U,V,p(V/u))

where

u = {(xl,xz,...,x7): x; € X}

vV o= {(yl,yz,...,yn): yj e Y}

plv/u) = p ((Yl’YQ”"’yn)/(xl’XQ""’xn)]

as an extension of length n of the channel [X,Y,p(y/x)). We say that

the extended channel is memoryless in case

p((yl,yz,...,yn)/(xl,x2,...,xn)] = p(yl/xl)p(yz/xg) “ee p(yn/xn).

That is, the extended channel is memoryless in case the signal trans-
mitted at time i is dependent only on the signal received at time i,

i.e. independent of signals sent or received before time 1.

THEOREM 11. Let [X,Y,p(y/x)) be a discrete channel witheut memory,
having capacity C. Then the capacity of its extension of length n is

nC.

Proof. Show first that if

Plw) = p(x sx5,0000x ) = P(x )Pk )L uplx ),

then
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I(u/v) = H(u) - H(U/V) = n[H(X)-H(X/Y)].

Next show that H{u) - H(u/v) for any probability distribution is
bounded above by H(U) - H(U/V) in the special case where p(xl,x2,...,

Xn) = p(xl)p(xz)...p(xn). For details of the proof, see Feinstein.

We twrn now to the problem of defining the "decoder.'" The
purpose of the deccder is to translate the output of the channel into
cne of the possible input symbols. The decoder makes use of a decision
scheme to perform this function. A decision scheme 1s nothing more
than a partiticn of the space Y into M subsets Al’AQ""’AM and a rule
which assumes that ®; was transmitted if Ai was observed. Tec put the
definition in negative terms, we say that if Xy is sent and the output

y falls into Aj, j#i, then we have an error. Hence the probzbility of

an error is

ple) = z p(y)[(l—p(x /y)]
Y y
where p(xy/y) is used to denote the probability that xy was sent given

that y was received. We now define one type of decision scheme.

DEFINITION. Let [X,Y,p(y,x)) be a given channel. Then the partition of
Y3 into the sets {Al,A2,...,AM} is called a uniform error bounding deci-

sion scheme with bound e in case

p(Ai/xi) 21 -4, 1=1,2,...,M.
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It should be nected that it is not always possible to construct
such a decision scheme for a given channel. In particular, Feinstein
shows that in the case of a non-lossless channel such a construction is
impossible,

We come now to a most important result in information theory.
This theorem, known as the coding theorem for discrete memoryless chan-
nels and as the fundamental theorem of information theory, was first

stated by C. E. Shannon in 19u48.

THEOREM 12. Let X,Y,p(/x) be a discrete memoryless channel with
capacity C. Let H and e be given, with 0<H<C and e>0: then there
exists a positive integer n(e,H) such that in every extension of the
channel [X,Y,p(/x)] of length n2n(e,H), there exists a set uss
i=l,2,...,N, NEQHH, to each of which is assoclated a v-set Ai, i=1,2,
...,N, such that the sets {Ai} are disjoint and p(Ai/ui) 21 -e.

Since this theorem is not directly pertinent to the main investi-
gations of this work, we shall omit the proof. The proof is presented
in great detail in both Ash and Feinstein. We shall, however, discuss
the importance of the result. Note, first, that an immediate result is
the existence of a uniform error bounding decision scheme with bound
e for all e>0.

Another important result is that by coding the messages to be
sent with codes of sufficient length, we may transmit the coded messages
at any rate less than channel capacity with arbitrarily small probabil-
ity of error.

As previously noted, the development of the first part of this
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chapter follows Ash. The portion on the discrete memoryless channel
follows Feinstein. It should be noted that the four conditions imposed
on the uncertainty function may be replaced by three. These somewhat
weaker conditions are given in Feinstein. Lee presents a development
based on an even weaker set of conditions. Developments and results in
the area of coding theory are discussed in Feinstein, Abamson, and Fano.
The problem of determining the capacity of a given channel is dealt

with in Muroga, Fano, and Ash.
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CHAPTER IV
THE McMILLAN THEOREM

In the previous chapters we have discussed some aspects of
ergodic theory and information theory. It will be the aim of this
chapter to use the Birkhoff ergodic theorem to prove one of the major
results in information theory, the McMillan theorem, and so tie the
two concepts together. The concept of a source is central to the study
of information and hence to the McMillan theorem. We begin by formu-
lating this concept.

A source is that portion of an information system which creates
the output or signal to be transmitted. Underlying the definition of
a source is the set A of symbols used by it. We shall call A the
alphabet of the source and refer to individuval elements of A as letters.
The alphabet A will be assumed to be finite. We shall denote by AI the
set of all doubly infinite sequences of the form x = (...,x_l,xo,xl,
xz,...). We define a set Z c Al to be a eylinder set, or briefly a

cylinder, if it may be expressed in the form
Z = {x: x_ = @, n<i<n+k}.
Let F be the minimal Borel field over all the cylinders of the alphabet

A. Then, as we have shown in Chapter II, the probability of any set

S ¢ F is uniquely determined by knowing the probabilities on all
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N

cylinder sets. Hence we can completely describe a source by specifying
its alphabet A and the probability measure P on each of the cylinders of
A. Hence we shall denote a source by [A,P]. Note that (AI,F,P) is a

probability space.

DEFINITION. The transformation T which carries the sequence x = (...,
x_l,xo,xl,...) into the sequence Tx = (...,xll,x',xi,...) where x =
%y .1 Will be called the shift operator. (Notice that this operator is

measurable}.

DEFINITION. If P(TS) = P(S) for every set S ¢ F, then the source is
called stationary. Recalling the definition of a measure-preserving
transformation we see that a source is staticnary if and only if the
shift operator is measure-preserving.

In the study of information, the prime characteristic of a source
is the rate at which it emits information, i.e., the average amount of
information given by each symbol produced. In the following we shall
formulate an exact definition of this quantity. Let C = {xt,x

s
xt+n—l} be a sequence of length n of letters of A, If A consists of a
letters, then there are exactly &% such sequences., Lach C so defined is
a cylinder in AI and hence has a definite probability F(C). Therefore
we have a finite probability space consisting of a® elements C. 1In

Chapter III we arrived at the following measure of. the information con-

tained in this space

H = - ] P(C) log P(C).
n c
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Since we are assuming stationarity, the probabilities P(C) are uniquely
determined by the nature of the source and by the number n. The same is
cbviously true for the entropy Hn. Therefore, the average amount of
information per symbol emitted by the source is Hn/n. We would like to
define the source entropy as the limit of Hn/n if this limit exists.

Hence we are led to the following theorem.
THEOREM 4.1. If [A,P] is a stationary source, then

H
lim —= exists and is finite.
ne
Proof. Let An+m be the space of sequences of length nt+m, As was noted

in Chapter III, An+m can be regarded as the product of the two spaces

An and Am. By the results of that chapter we have

H(A

n+m) = H(An) + Hy (Am)

n
and
HAn(Am) < H(Am).

Combining these two results and using our new notation we have

n n+m n m

for all integers m and n. Letting m=1l in the first of these inequali-

ties we have
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n Hn+l'

By induction the second inequality may be extended to yield

H <
n.+tn.+...+n n n n

Then, taking n =0T . .50 T,

k

H < k Hn for all integer K and n.

In particular set n=1i, then for any integer k=1

<
Hk < k Hl
Therefore
Hk
_— >
o = Hl for every kzl.
Hence
H
1im inf — < ®
-+ n
H H
Let a = lim inf — . We now show that lim —- exists and is a.
o n ne O
Let >0 be given. Since a = lim inf H_/n, there is an index g
N n
such that
H

- <a+e.
q
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Note that for any n>q, there 1s an integer k>1 such that
(k-1)g < n < ka.

Since we have shown that Hn is a monotonically nondecreasing function,

we have, for n, k, and g as above,

Then, since (k-1)q < n,

H H

=S ey -

H
But H, < kHg and S <a+e. Hence,
kq q

Hn Hkq kH

I g k
n (k-1)g < (k-1)q “k -1

{ate) < a + =.

Let n' be chosen such that n>n' implies

Then we have

H

11
a-e<—<a-+ e,

n

or
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Hn
lim — = a. [
noe O
Consider now the random variable
1
o log P(C)

where C is the cylinder x Obviously, fn(x) has the

%417 P een-1e
same value for all x belonging to the cylinder C. Hence, the mathe-
matic expectation of fn(x) can be computed by elementary means. There-

fore, letting M[f(x)) dencte the expectation of the random variable

f(x), we have

M[~ L 10g P(c)] = - 5—2 P(C) log P(C).
n nc

Reczll that

- § P(C) log P(C)
C

is the entropy of n~term sequences from the given source which we
dencted by Hn. Since we are assuming the source to be stationary, we

set t=0, so that C denotes the sequence XgaXpaeeasX Then the ran-

n-1°

dom variable - %—log P(C) is a function of x and n, which we denote by
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fn(x); thus
H

ME (x) = =,
n 14

H
We have shown that lim ??-= H, the entropy of the source. Hence for any
>
stationary source

lim Mf (x) = H,
nre O
We now introduce the concept of a martingale which will facili-
tate the proof of the McMillan theorem. Since we need only one theorem,
due to Doob, we will pursue the theory only as far as is required for

the statement and later use of this theorem.

DEFINITION. Let {ﬁm}, m=1,2,..., be a sequence of random variables de-
fined on the space of elementary events X € AI. We shall denote the
conditicnal expectation of Em given that El = ajs 52 = a2,...,£m_l =

a__q» by Malaz"’am—l(gm). The sequence {f } is called a martingale if

for any m>1

We shall deal only with bounded martingales, i.e., martingales,

{Em}, such that ]Eml < C for every X e AT ana every index m.

THEOREM 4,2 (DOOB'S THEOREM). Every bounded martingale converges almost

everywhere on AI.
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Proof. GSee Loéve,

In order to prove the McMillan theorem we need to prove a few
preliminary lemmas. We begin by establishing the notation tec be used.
We have already noted that every quantity which can be uniquely deter-

mined by the sequence x o X of letters of the alphabet A can

2 ¥ n-1

be regarded as a random variable on the space AI. If C is the sequence
XgsRyse ook 15 then the function

fn(x) = - %-log P(C)

is such a random variable. Let Cn be the sequence X_qoereoX_q and

c + X the sequence K_poeres®_1r¥ge Each of these sequences is alsc

. I .
a cylinder of the space A", as 1s the sequence
c + o =X R SRRl

where o is any letter of the alphabet A. Now define the two random

variagbles pn(x) and pn(x,a) by

P(Cn+xO)

p,(x) = P(cnj

P(C_+a)
n

pn(x,u) = -ﬂqr .

We shall agree that po(x) = P(xo). These two random variables represent

the conditional probability that x. will appear after the seguence Cn

0
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and the conditional probability that o will appear after the sequence

Cn’ respectively.
LEMMA 4.1. The sequence pn(x,a), n=0,1,2,... 1s a martingale.

Proof. We shall write pn(x,u) as £ . Let a_1ae 8 (101) be any

sequence of n-1 letters of A and denote by Bn—l the cylinder X_; T algs
i=1,2,...,0-1., Then Bn-l c AI. Let FB be the cylinder X_ = B, B £ A.
Now I r = AI. Hence
BeA B
J egar = ) f £ dP.
Bn—l Beh Bn_lnFB

If xe B nr
n—

£ -1 B
n P(Bn_lnFB)
Therefore
P(B nl _+a)
178
[ e = 1 5 dp
n P(B _nT, )
Bn—l BeA Bn_lnl“B n-1 "R
F(B _nl +a)
n-1 R
= P(B  .nl.)
8o P(BnnlanT' n-1 8
= X P(B Nl +a)
Beh n-1 8
= P(Bn_l+a)
Therefore
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é g dP = P(B__ +a).

n-1

-1

Denote by [gn_l] the value of the random variable £, a3t ¢ =

Bn—l 1 n-1
Bn—l' Then
P(B _+a)
e, .1 = —2t
n-1-B F(E )
-1 n-1
Hence

[ gdp=1lg 1, P8

Now, let knnl be the set of all x for which gl,...,gn_l take on
the given values £, = Ty (i=i=n-1). The numbers T, 1<i<n-1, are

uniquely determined by specifying the cylinder Bn Hence the set kn

~1° -1
is the union of several cylinders Bn-l and [Ei]B = [&i]k = T
n-1 n-1
1<iz=n-1, for all B in k .  Therefore
n-1 n-1
= dp = P(B
{ g_dP ; Ek é £ ] Zk Ean_l]Bn_l (3__)
n-1 n-1 n-1 n-1l n-1 n-1
= z ﬂiP(Bn—l)
ck
n-1 n-1
- ﬂiP(kn—l)
Hence,
1
m, = [ £dp=H (£.)
i Plk -l) i n M TyneeT o B
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Therefore the sequence {pn(x,a)} is a martingale. [
LEMMA 4.2. The seguence {pn(x)}, n=0,1,... converges almost everywhere.

Proof. Let x ¢ AI be fixed. Then there exists o € A such that

pn(x) = pn(x,a) for n=0,1,...
For o chosen in this manner

|pn(x)-pm(x)| = |pn(x,a)—pm(x,a)l < ) |pn(x,a)-pm(x,a)
ach
Now {pn(x,a)} is a martingale and is obviously bounded by 1. Hence by
Lemma 4,1 {pn(x,a)} converges almost everywhere. Hence given e>0, there
exists N such that n,m>N implies Z |pn(x,a)-pm(x,a)| <e¢. Forn and m

ach
chosen this way then

|pn(x)-pm(x)| < e,

But this means that {pn(x)} is a Cauchy sequence of real numbers and
hence, converges. We, seemingly, have proved that the sequence {pn(x)}
converges everywhere; however, recall that pn(x) is defined only for
those x such that P(Cn)>0. The set of x such that P(Cn) = 0 is obvi-

cusly of measure 0 and hence we have the conclusion almost everywhere. [l

LEMMA 4.3, Let gn(x) = -log pn(x), n=1,2,... and let E nz¢, k20 be

n,k*

defined by
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Bn,k = {x: kSgn(x)<k+l}.

Then,

[ g (x)ap = N(kr1)27N,
En,k

where N is the number of letters in A.

Proof, Let Bn be defined as in Lemma 4.1, and let Za be the cylinder

x = o, for v e A, TorxeB_nZ,
0 n o

P(B +a) P(B nZ )
a

L (%) = -log e = -log s .
4 P(8_) P(E)

Hence the value of gn(x) is determined uniquely by specifying Bn and o.

Clearly,

o=}
2
1
1
ve)
>
[a]

where A% is the set

A* = {oeA: kSgn(x)<k+ls xeB nZ}.

Therefore

(x)dp = (x)dP. (1)
é nE *n aé f gn
n n,k

In each of the integrals on the right
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log P(B nZ )
k = gn(x) = - 578 ? ¢ <k + 1.
n

Recalling that the logarithm base is 2, we have

P(B nZu)

e}
log ——P—(']g;T-— < -k

P(B nZ )
n_o o,
PZBn)

or

A

-k
P(BnnZu) < 2 P(Bn)

and substituting in (1)

1A
0~
——

é g (x)aP (k1)@ = ] (k+1)P(B nZ )

nE acA® B nZ QEA®
n n,k n

A

X
N(k+1)2 (B ).

Now summing over all cylinders Bn yields

~k
(x)dP =< N(k+1)2 .
é grl

n,k

LEMMA 4.4, Given L>0, let An L be the set

- I
An,L = {xeA™: gn(x)ZL}.

Then, given e>0, there exists L0 such that, for L2LO and all n=1,2,...
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f g, (x}dP < e,
A

n,L

Proof. Note first that for every n and L,

and that En n En . = ¢ for j#k.

Therefore

N(k+1)27F,
L

"et~18
It~ 8

(x)dP = f (x)dP <
£ gn k=L E gn k

n,L n,k

Now lim Z (k+l)2_k < =, Hence there is an LO such that Lz2L
ke k=L

0 implies

J (kt1)2™® <

€
KL N

Therefore, for L>LO

[ g (x}dP <e. I
A n
n,L

LEMMA 4.5, Given £>0, there is a 6>0 such that if E ¢ F and P(E) < 6,

then

f g (x)AP < 6, n=1,2,...
E

Proof. By Lemma 4.4 given ¢>0 there is an L such that
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[ g (0 < %—, n=1,2,...
A

n,L

Set § = 5%—and let P(E) < &, Then

[ g (x) = | g (x)ap + f )cgn(x)dP

E
EnAn,L (EnAn,L

o]
Now for x ¢ (EnAn,L) . gn(x)<L.

Therefore,

f g (x)d < [ g (x)dP + LP(E)
E A 0

n,L
£

+ L T = €. 1}

r|m
N

. I .
Notice that gn(x) < = glmost everywhere on A~ as a result of this lemma.

LEMMA 4.6. Let g(x) = lim g (x). Then this limit exists almost every-

1 e
where on A~ and

f g{x)dP < =,

AI

Proof. That g{x) exists almost everywhere, allowing the value +», is an

immediate consequence of Lemma 4.2. For L>0 set
L .
gn(X) = mln{L,gn(x)}.

Then, since gn(x)+g(x) almost everywhere, gi(x)+gL(x). Recall that the




functions gi(x) are uniformly bounded for all n. Using this fact,

Lemma 4.3, and the Lebesque Dominated Convergence Theorem, we have

f gL(x)dP f 1lim gﬁ(x)dP

AI AI e

lim f gﬁ(x)dP
n+e I

A

1A

1im sup [ gn(x)dP

n-o AI

"

lim sup f g (x)dP
n*e k=0 En,k

A

v k
NOJ o (krl)27.
k=0

Therefore

; ghod <N T (a2
AI k=0

for every L>0. Hence

[ gx)dp <N ) (k+1)27% < .
o k=0

g(x) is finite almost everywhere, since

[ gx)dP <=, 1

AI

67
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LEMMA 4.7,

lim f |gn(x)—g(x)HP =0

n-re AI
Proof. Let >0 be given. Let En be defined by

E = {xeA: |g (x)-g(x)|>e}.

Then

il g, (x)-g(x)|P g g, (x)-g(x)|dP + éc g (x)-g(x)|dP
n iy}

{4}

[ g (@ + g + e P(ED).

E E
n n

By Lemma 4.4 there Is a §»0 such that if P(En)<6, then

f gn(x)dP < .

E
n

Since gn(x)+g(x) almost everywhere there i1s an n' such that n>n' implies
P(En) < §. Note zlsoc that by Lemma 4.6 g(x)} is summable over AI and

hence there exists a §'>0 such that if P(En)<6'

[ gGx)dp < e.

E
n

Let 6% = min{é,5'} and let n* be such that P(En)<6* for n>n*, Then for

any such n
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f gn(x)dP < g

and

[ g(x)dP < e.

E
n

Also note that since P(.) is a preobability measure P(Eg)sl for every set

ES ¢ F. Hence
n

f |gn(x)-g(x)|dP < 3e, for n>n®.
I
A

Therefore

lim Ign(x)—g(x)|dP =0. 1{
> AI

We are almeost ready to move to the McMillan Theorem. However, in

that theorem we will be concermed with the function
f(x) =~ i-log P(C)
n n :

where C is the cylinder = In order to use the results of

geXys e aX 1

the lemmas we have proved we must relate the functions fn(x) to the

functions gn(x) we have been studying.

LEMMA 4,8, TFor all X ¢ AI and n=z1

l-n 1
n

fn(x) = y

£, (T%)

He~11

0
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where T is the shift operator.

Proof. We shall use the following notation. The probability of the

sequence Xr, oee X

ts will be denoted by P[xr,...,x 1. Using this

r+s

notation we have

_ 1
fn(x) = - o log P[xo,...,xn_l]
and
P[X_n,...,xo].
pn(x) = .
P[x_n,...,x_l]
For k20 it is obvious that
N e
Pn(T x) = s

PLxy _seees¥y ;]

and for n=k

PIx, yee.,x ]
Pk(Tkx) 0 *K .

P[xo,...,xk_l]

This equality holds for all kz1l. Recall that pO(x) = P[xO] by defini-

tiontion. Hence

po(17%) = p,(x) = PIx 1.

Therefore

nil , (Tkx) Cbraq - P[xo,xl] . P[xo,xl,x2] . P[xo,xl
k=0 k 0 P[xo] P[xo,xl] P[xo,xl,...,

,...,an

]

n-2
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= P[xo,xl,...,xn_l].

Taking logarithms yields

n-1 X
Z log pk(T x) = log PEXO’xl""’ n—l]
k=0

Recalling now that g (x) = -log p_(x) and that f (x) =
1
~ = log P[xo,...,xn_l], we have
n-1 X
! g (Tx) =af (). 0
k=0
We have defined a set S to be Invariant under a transformation
T if TS = 5. In our present work we shall let T be the shift operator.

The set AI is always invariant as is the set {...,T-lx,x,Tx,sz,...}.

DEFINITION. The source [A,P] is called ergodie if the probability P(S)

of every invariant set S ¢ F is either 0 or 1.

THEOREM 4.3 (McMILLAN'S THEOREM). For any stationary source [A,P]
the sequence fn(x) converges in Ll-mean to some invariant function h{x).
In the case of an ergodic source, h{x) coincides almost everywhere in al

with the entropy H of the source.

Proof. The function g(x) which we have defined is summable over AI,
i.e., glx) ¢ Ll, by Lemma 7.6. Hence the Birkhoff ergodic theorem may

be applied to g(x) and we have the result that
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n-1
2] e
k=0

converges in Ll-mean to some invariant function h(x). (We have noted
previously that the shift operator T is measure-preserving if [A,P]

is stationary.) By Lemma 4.8

1 ot k
[ 1E o = [ 2] g (T%)-h(x)|ap
I gty
A A
n-1
< f |%- ) [gk(Tkx)-g(TkX)]ldP
1™ k=0
A
n-1
+ 12 T sTo-nfe
1™ k=0
A
n-1 n-1
<2 ] [ lgT-g(Tx[@ + [ [ ] a(Tx)-nGx)|ar
020 A WL k=0

Now by stationarity
[ e (Tf)-g(T'x) |dp = [ |g, (x)-g(x)|cP.
K K
i R

Since gk(x)+g(x) as k-, |gk(x)—g(x)|+0 and hence

1
f |gk(x)—g(x)]dP = 0.
AI

Therefore, given €>0 there is an index n' such that n>n' implies
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n-1

£

= 7 g 0mg|a < £ .
A

1Nr—~11

k=0 1 2

By the definition of h{x), given >0 there is an index n" such that

n>n" implies

105tk
f 1= 7 e(T"x)-h(x)|dP < = .
I" k=0 2
A
Let €>0 be given and choose n' and n'' as above. Let n%* = max{n',n"}.

Then for n>n® we have

1 n-1
[ £ 0)-h(x)[ap < = ] [ [g ()-glx)|ap
1 k=0 I
A A
n-~1
+ [ )= 7 e(0-no|e
I k=0

Hence fn(x) converges in L} -mean to h(x) and the first part of the
theorem is proved.

In the case of an ergodic source, the corollary to the Birkhoff
theorem states that the function h(x) is almost everywhere a constant h.
Thus, to prove the second part of the theorem, we must show that h=H,

The fact that fn(X) converges in L*-mean to h implies that

lim [ £ GoOdP = [ hdp = he(a®) = n
n—-e AI n AI




74

Now

/ fn(x)dP

AI

is just the mathematical expectation of the random variable fn(x)

which we have shown has limit H, Hence

This theorem, also called the asymptotic equipartition property
(AEP) allows us to draw the following conclusion about the encoding of
information produced by an ergodic source with uncertainty H. Suppose
that the information produced by such a source is to be transmitted
through a discrete memoryless channel with capacity C. Suppose H<C,
and choose R such that H<R<C. Then, for sufficiently large n we can
divide the sequences of length n into two classes Sl and 52 such that Sl

n(H~68) n(H+§)

has at least 2 and at most 2 sequences for any 6>0, In par-

ticular then, we may choose n so that Sl has fewer than 2nR sequences.
Since the total probability of the sequences in 82 can be made <e/2, we
can find a code with 2nR input sequences of length n whose maximum
probability of error is £ /2 by assigning a code word of this code to

each sequence in S. and assigning an arbitrary input sequence of length

1

n to each sequence of S Hence a source with uncertainty H can be

5°
handled by a channel with capacity C provided H<C,
For additional results In this area see Ash. Ash, Feinstein and

Billingsley offer other developments of the toplcs treated in this




chapter. Billingsley also discusses additional connections between

the thecries of ergodicity and information.
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