Ergodicity of Minimal Sets in Scalar Parabolic Equations

Wenxian Shen*
Department of Mathematics
Auburn University
Auburn University, AL 36849
and
Yingfei Yi **

School of Mathematics
Georgia Institute of Technology
Atlanta, GA 30332

* Partially supported by NSF grant DMS-9402945
** Partially supported by NSF grant DMS 9207069



1. Introduction
We shall study ergodic properties for a minimal set of the (local) skew product semiflow

generated by the following family of scalar parabolic equations:

U = Uge + f(y -tz u,uy), >0, 0<z<l, (1.1),
with Dirichlet
u(t,0) =0, w(t,1)=0, t>0, (1.2)p
or Neumann
ug(t,0) =0, wu,(t,1)=0, t>0, (1.2) N

boundary conditions, where y € Y, (Y,IR) is a minimal flow with compact metric phase
space Y, the function f(y,z,u, p) is Lipschitz in y, and for any y € Y, f(y-t, z,u,p) is C?
in t, x, u, and p.

To be more precise, let X be a fractional power space ([14]) associated with the
operator u +— —ug, : D — L?(0,1) that satisfies the imbedding X < C[0,1], where
D = {uju € H?0,1), u satisfies (1.2)p or (1.2)5}. Then equations (1.1),-(1.2)p or
(1.1),-(1.2) 5 generate a (local) skew-product semiflow ([31], [32], [33]) II; on X x Y

Ht(va) - (U(t,',U,’y),y-t), (1?’)

where u(t, z, U, y) is the solution of (1.1),-(1.2)p or (1.1),-(1.2) ; with u(0,2,U,y) = U(z),
y - t denotes the flow on Y.

Now, let (Up,yo) € X x Y be such that {II;(Up, yo)|t > 0} is bounded in its existence
interval. Then II;(Uy,yo) is globally defined ([14]) for all ¢ > 0 and for any 6 > 0,
{I1:(Up, yo)|t > d} is precompact ([14]). Moreover, the w-limit set w(Uy, yo) of I(Uo, yo)
(t > 0) is compact, connected, and invariant ([13]), that is, II; restricted to w(Uy, o)
defines a usual skew-product (two-sided) flow. We call an invariant set £ C X xY of (1.3)
a minimal set (or (F,IR) is a minimal subflow of (1.3)) if there is a (U, yo) € E such that
{I1;(Up, yo)|t > 0} is bounded and E = w(Uy, yp) is minimal in the usual sense.

It is proved in [33] that any minimal subflow (E,IR) of (1.3) is an almost 1-1 extension
(or E is an almost 1-cover) of (Y,IR), that is, Yy = {y € Y|cardE N P71(y) = 1} is

a residual subset of Y, here P : X XY — Y, (z,y) — y is the natural projection. Of



course, (E,IR) can be a 1-1 extension (1-cover) of (Y, IR) in many situations (see [32]). For
example, if (Y, IR) is a periodic minimal flow, then it has shown in [3], [5] that any minimal
subflow (E,R) of (1.3) is a 1-1 extension of (Y, IR) hence a periodic minimal set. However,
there are many examples, even in the case that (Y,IR) is almost periodic, that a minimal
subflow (E,1R) of (1.3) is not a 1-1 (almost periodic) extension of (Y, IR) (see [16], [33] and
examples in section 5 of the current paper). An almost 1-1 extension (F,IR) of an almost

periodic minimal flow (Y,IR) is usually referred to as an almost automorphic extension

of (Y,IR). Points (U,y) = P~'P(U,y) C E are almost automorphic points since each

such point (U,y) corresponds to an (Bochner) almost automorphic solution u(t, x, U, y) of

(1.1), — (1.2)p or (1.1),-(1.2) 5. In fact, as shown in [33], almost automorphy is quite
essential to the dynamics of scalar parabolic equations in one space dimension (which
particularly include scalar ODEs if one considers Neumann boundary conditions).

The current paper is devoted to study the almost automorphic phenomena from a
measure theoretical point of view. More precisely, we ask the following questions: 1)
When can a minimal set E (or minimal subflow (F,IR)) of (1.3) be uniquely ergodic? 2)
In the case of unique ergodicity, what can one say about the flow (E,IR)?

To partially answer the above questions, we obtain the following results.

1) A minimal set E of (1.3) is uniquely ergodic if and only if (Y, IR) is uniquely ergodic
and Yy = {y € Y|cardE N P71 (y) = 1} has full measure.

2) If a minimal set of (1.3) is uniquely ergodic, then the flow (F,IR) is topologically
conjugate to a skew-product subflow of (IR' x Y,IR).

The result 1) is a generalization of the work of Johnson ([15]) in almost periodic
linear scalar ODEs. It simply says that in order for a minimal set E of (1.3) to be uniquely
ergodic, the set Y| is not only a topologically large set, it needs to be large in measure as
well.

Result 2) indicates that in the case of unique ergodicity, dynamics on a minimal set
E is expected to be simple since the flow (F,IR) in this case is essentially a scalar skew

product flow. We refer to a minimal subflow (F,IR) of (1.3) as a minimal PDE flow if

(E,IR) is not topologically conjugate to any subflow of (IR1 x Y,IR) simply because that

the space variable x will play a role in such a flow. An immediate consequence of the above



result 2) is as follows. If (Y,IR) is almost periodic minimal, then any minimal PDE flow
of (1.3) is non-almost periodic almost automorphic since it is non-uniquely ergodic.

Ergodicity issue is important in studying dynamics of a minimal set of (1.3) in par-
ticular when (Y,IR) is almost periodic minimal. As shown in an example of section 5,
a non-unique ergodic almost automorphic minimal set E of (1.3) ((Y,IR) is almost peri-
odic minimal) may present certain complicated natures. This is certainly worthwhile for
a future study.

The paper is organized as follows. In section 2, we summarize some preliminary
materials such as zero number properties ([1], [4], [23]), Floquet theory ([8]), Sacker-Sell
spectrum ([6], [22], [26], [27]) and invariant manifold theory ([7], [9], [41]). We also review
invariant measure theory ([20], [24], [34]) and properties of almost automorphic functions
([37], [38], [39]). We characterize zero crossing numbers on invariant manifolds in section
3. Our main results are proved in section 4. In section 5, we discuss examples from [16],
[17], [40] which show that both uniquely ergodic and non-uniquely ergodic (non-almost
periodic) almost automorphic minimal sets exist in semiflow of type (1.3).

For simplicity, we only prove our main results for the case of Dirichlet boundary
conditions. The case of Neumann boundary conditions can be proved similarly.

2. Preliminary

2.1. Invariant Measures

Let (E,IR) be a flow with compact metric phase space E. An invariant measure on E

is a probability measure p on F such that pu(A-t) = p(A) for all Borel sets A C E and all
t € R, here A-t = {w-t|lw € A}. An invariant measure u on E is ergodic if u(AAA-t) =0
for all ¢ € IR implies that pu(A) = 0 or 1, where AAA-t = (A\A-t)U(A-t\ A). Itis
a consequence of Krylov-Bogoliubov theorem that invariant measures on E always exist

([24]). If E has only one invariant measure, that is, F is uniquely ergodic, then the unique

invariant measure on F is an ergodic measure.

Let C(E,IR") be the space of continuous functions f : E — IR'. By Riesz Represen-
tation theorem, there is an isomorphism between bounded positive linear functionals [ on
C(E,TR') satisfying I(1) = 1 with the (regular, positive, Borel, probability) measures on
E which is given by

105) = [ f@ntds), Vf e CEBRY), (21)



Now, a measure g on F is invariant if and only if I(f,) = I(f) for all f € C(E,R")
and all t € IR, where f,(w) = f(w-t). Also p is ergodic if and only if for f € L'(E,R")
one has

fi=f for all teIR < [ = constant.

(See [20], [34])).
2.2. Almost Automorphic Minimal Set

Definition 2.1. 1) Let E be a complete metric space. A continuous function f : R'— E
is almost automorphic if given a sequence {t,} C R', there is a subsequence {t,} C {t,}

and a function g : R' — E such that f(t, +t) — g(t), g(t — t,) — f(t) pointwise as

n — oo.
2) A flow (E,IR) with compact metric phase space FE is said to be

almost automorphic minimal if it contains a dense almost automorphic motion {xq - t}.

The point xq is referred to as an almost automorphic point.

3) Consider a homomorphism of minimal flows p : (E,IR) — (Y,IR), where
(Y,IR) is (Bohr) almost periodic minimal. (E,IR) is said to be an almost automorphic
(almost periodic) extension of (Y,IR) if (E,IR) is an almost 1-1 (a 1-1) extension of
(Y,R).

Remark 2.1. 1) The notion of almost automorphic function was first introduced by

Bochner ([2]) in his work in differential geometry. Subsequent studies were made by Veech
([37], [38], [39]). Flor ([12]), Reich ([25]), and Terras ([35], [36]) etc. Applications to differ-
ential equations were considered in works of Fink [11], Johnson [18], Veech [37], Shen and Yi
[31], [32], [33] and others. An almost automorphic function can be viewed as a generalized
almost periodic function since an (Bohr) almost periodic function is necessary an almost
automorphic function but the converse is not true (see [38] for an example of non-almost
periodic almost automorphic function and [16], [33] for examples of non-almost periodic
almost automorphic solutions in almost periodic scalar ordinary and parabolic equations).

2) The connection between the almost automorphy and the almost periodicity was
indicated in [37] as follows: a function is (Bohr) almost periodic if and only if its compact
hull consists of almost automorphic functions, while the hull of an (non-almost periodic)

almost automorphic function contains only residually many almost automorphic functions.



3) If (E,IR) contains a dense almost automorphic motion, then it is point distal ([40]),
hence is necessary minimal (see [40] or [33] for discussions).

4) Let p : (E,IR) — (Y,IR) be homomorphism of minimal flows, where (Y,IR) is
(Bohr) almost periodic minimal. If (E,IR) is an almost automorphic extension of (Y,IR),
then (E,IR) is almost automorphic minimal, moreover, almost automorphic points on E
are precisely those x = ENp~!(pz). In the case that (Y,IR) in (1.3) is almost periodic
minimal, it follows from Shen and Yi ([33]) that any minimal set £ C X x Y of (1.3) is
an almost automorphic extension of Y, hence an almost automorphic minimal set.

2.3. Zero Number Properties

For a given O function v : [0, 1] — IR', the zero number of v is defined as

Z(v(-)) = #{z € (0, )]v(z) = 0}.

The following lemma can be found originally in [1], [23], and is improved in a recent work
[4].
Lemma 2.1. Consider the scalar linear parabolic equation:
vy = a(t, x)vge + b(t, x)vy + c(t,z)v, t>0, z€(0,1),
(2.2)
v(t,0) =0, o(t,1)=0, t>0,
where a, a;, a;, b, and c are bounded continuous functions, a > § > 0. Let v(t,z) be a
classical nontrivial solution of (2.2). Then, the following holds:
1) Z(v(t,-)) is finite for t > 0 and is nonincreasing as t increases;
2) Z(v(t,-)) can drop only at ty such that v(to,-) has a multiple zero in [0, 1];
3) Z(v(t,-)) can drop only finite times, and there exists a t* > 0 such that v(t,-) has only
simple zeros in [0,1] as t > t* (hence Z(v(t,-)) = constant as t > t*).
2.4. Floquet Theory

Consider the following linear parabolic equation:

W = Wey + b(z,w-t)w, t>0, 0<z<l,
(2.3)
w(t,0) =0, w(t,1)=0, ¢>0,
where w € , w-t is a flow on a compact metric space Q, b:[0,1] x Q — IR! is continuous.
Suppose that for any wo € L?(0, 1), the solution w(t, z, wo, w) of (2.3) with w(0, 2, wg, w) =

wo(z) exists. The following results are due to [8].
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Theorem 2.2. 1) There is a sequence {w, o2, wy, : [0,1] x @ — R (n = 1,2,---)
such that w,(-,w) € C170,1] for any v with 0 < v < 1, w,(0,w) = w,(1,w) = 0, and
Jwn (s w)|l22(0,1) = 1 for any w € Q. {wy(-,w)}52, forms a (Floguet) basis of L*(0,1)
and Z(w,(-,w)) = n—1 for all w € Q. Let Wy(w) = span{w,(-,w)}, n = 1,2

Then @2, Wi(w) = {wo € L*(0,1)|w(t,-, wo,w) is exponentially bounded in L*(0,1),
and ny —1 < Z(w(t, -, we,w)) < ng — 1 for all t € R'}U{0} for any ny, ny with ny < ny.

2) Suppose wo(z) = > o, Cw, (z,w) (Vs are called Fourier coefficients). Then

n=1"n
w(t, x, wy,w ch wp(z,w - 1), (2.4)
n=1
where
= pn(w - t)en, (2.5)
cn(0) =Y, pp(w-t) fo T, w-)wn(z,w- 1) — wpe(z,w-t)*|dr, n =1,2---. Moreover,

for each n > 1, there are T, > 0, k, > 0 which are independent of w € § such that

t+T, t+Tn
/ fnt1(w - s)ds — / pn(w - 8)ds < —Kup, (2.6)
t t

forallwe Q andt € R,
3) Define ¥(-) : Q — L(L*0,1),1?) by ¥(w)wy = {2},
S Qwy(z,w). Then ¥(w - t)w(t, z, wo,w) = {cn(t)}, here c,(t)’s are given in (2.5).

n=1"n

where wo(x) =

Moreover, U is continuous, V(w) is an isomorphsim for each w € €, and there are positive

constants K1, Ko which are independent of w such that

I¥W)ll < K1 and @7 (w)] < Ka.

2.5. Exponential Dichotomy (ED) and Sacker-Sell (S-S) Spectrum

Consider

UVt = Vgp +a(z,w-t)v, +b(z,w-t)v, t>0, 0<z<l
(2.7)
0(t,0) =0, v(t,1)=0, t>0,

where w € Q, w -t is a flow on compact metric space 2, a(z,w) and b(z,w) are continuous

in z,w, and for any given w € Q, a(z,w - t) is C! in x,t. Let X be a fractional power
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space associated to the operator u — —u,, : HZ(0,1) — L?*(0,1) and ®(t,w) : X — X be
the evolution operator generated by (2.7), that is, the evolution operator of the following
equation:

’

v =Aw-thy, t>0, weN, wveX, (2.8)

where A(w)v = vgy + a(z,w)v; + b(x,w)v, w -t is as in (2.7).

Definition 2.2. Fquation (2.7) (or (2.8)) is said to have an exponential dichotomy on §2

if there exist B > 0, K > 0 and continuous projections P(w) : X — X such that for any
w €, the following holds:
1) ®(t,w)P(w) = P(w-t)®(t,w), teRT;
2) ®(t,w)|r(pw)) @ R(P(w)) — R(P(w-t)) is an isomorphism for t € R* (hence
O(—t,w) := ¢ (t,w- —t) : R(P(w)) — R(P(w-—t)) is well defined for t € R );

3)
|®(t,w)(I — P(w))]| < Ke P, teRY, 2.9
2.9
|®(t,w)P(w)|| < KePt, teIR™.
Remark 2.2. 1) (2.9) is equivalent to
|®(t—s,w-8)(I —Plw-s))|| < KePt3) t>5 tseR,
(2.10)

|®(t —s,w-s)P(w-s)|| < KePt%) t<s, tseR!
for any w € Q.
2)
R(P(w)) = {v e X|®(t,w)v exists for teIRY,
O(t,w)v — 0 exponentially as t— —oo}
={ve X|®(t,w)v exists for tcR', ®(tww—0 as t— —oo},

and
R(I — P(w)) ={v e X|®(t,w)v — 0 exponentially as t— oo}

={veX|P(t,wv—0 as t— oco}.
Now, for any given A € IR!, consider

’

v =(Aw-t)—Av, t>0, weQ, wvelX, (2.11)



where A(w) and w - t are as in (2.8).

Definition 2.3. %(Q) = {\ € RY(2.11)x has no ED on Q} is called the
(Sacker-Sell) spectrum of (2.7) (or (2.8)).

Remark 2.3. 3((?) is of the following form: ¥(Q2) = U2, I, where I}, = [ag, bg] and {I}

is ordered from right to left, that is, -+ < a,, < b, < ap_1 <bp_1 < ---<ags <by<a; <

Suppose that X(Q) = U2, I (I = [ak, bg]) is the spectrum of (2.7). For any given
0 < ng <ng < oo, if ng # oo, let
Vrenz () = {v € X|||®(t,w)v| = o(e® *) as t— —oo,
|9t w)ol = o(e"™") as t— oo},
where a—,b" are such that \; < a™ < an, < b,, < b < g for any \; € Ug‘;nﬁllk and
Ay € UZ;Ilfk. If ny = o0, let

vmenz(w) = {v e X|||®(t,w)v|| = o(eb+t) as t— oo},

where b" is such that b,, < bt < X for any \ € U;“:Illk.
Definition 2.4. V""" (w) is called the invariant subspace of (2.7) (or (2.8)) associated

to the spectrum set Up2, I at w € Q.
Remark 2.4. For given w € Q, let w(t,z) = exp(% Jy a(s,w - t)ds)v(t,z). Then (2.7)

becomes
Wy = Wy + 0" (z,w-Hw, t>0, 0<z<l1, /
(2.7)
w(t,0)=0, ,wt,1)=0, t>0,
for some continuous function b* : [0,1] x © — R', where w -t is as in (2.7). Moreover, one
has

1) (2.7) has ED on Q if and only if (2.7) has ED on Q. It follows that if () and
>’ (Q) are the spectrum of (2.7) and (2.7)" respectively, then %(Q) = ¥ ().

2) Suppose that %(Q) = U, I, and {w,(-,w)} is the Floquet basis of (2.7)".
Then for any given 0 < n; < ng, V"™ (w) = exp(— 2f0 s,w)ds) V”l’”Z‘(w) (i.e.
vren(w) = {v(-)|v(z) = exp(—3 fo s,w)ds)w(x), w(-) € V ”1’”2), where V ”1’”2(w) =
@Z;:n,l span{wn,(-,w)}, n; = dimV "~ Y(w) + 1, ny = dimV " (w). Therefore, by The-
orem 2.2, Ny < Z(v(:)) < Ny + Ny —1 and Ny < Z(w(-)) < Ny + Ny — 1 for any
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voe Vi) \ {0}, w e V'mmz(w) \ {0}, where Ny = n) — 1 = dimVim—1(w),
Ny = ny — ny = dimV™m2 (w).

3) Suppose that 0 € X(Q) and ng is such that 0 € I,, C 3(). Then
Vo(w) = VMorbe(w), Ve(w) = VIoX(w), Vi(w) = Viom(w), Vi (w) = Vi (w),

and V¥(w) = VE™~1(w) are referred to as stable, center stable, center, center unstable,

and unstable subspaces of (2.7) (or (2.8)) at w € € respectively.

2.6. Invariant Manifolds

Consider

/7

v =Aw-thv+ Flo,w-t), t>0, wel, wvelX, (2.12)

where w -t and A(w - t) are as in (2.8), F(-,w) € CY(X, Xy), F(v,-) € C%(Y, Xy) (v € X),

F(v,y) = o(||v]]) (Xo = L?(0,1)). It is well known that the solution operator A;(-,w) of

(2.12) exists in usual sense (that is, for any v € X, Ag(v,w) = v, At(v,w) € D(A(w - t))

A¢(v,w) is differentiable in ¢ with respect to X norm and satisfies (2.12) for ¢t > 0) ([14]).
Now suppose that ¥(2) = U2, ) is the spectrum of (2.8). The following theorem

can be proved using arguments of [7], [9], [21], [30].

Theorem 2.3. There is a 69 > 0 such that for any 0 < §* < g and 0 < n; < ng < 00,

(2.12) possess for each w € Q a local invariant manifold W™ ™2 (w, §*) which satisfies the
following properties:

1) There are M > 0, and bounded continuous function h™ ™ : U,ecq (V”l’”2 (w) x
{w})) = Usea(Vmh(w)@Vi™m—t(w)) with h™"2(Lw) @ V'm(w) —
yretleo () @ VEm—(w) being Ot for each fized w € Q, and h™ "2 (v,w) = of||v]]),

[ (o )l < M for allw €9, v e Vma(w) such that

thnz(w,é*) — {Ugl’nz + hﬂhnz(vghnz,w)wghnz c Vn1,n2<w) N {v c X’HUH < 5*}}

Moreover, W™"2(w,6*) are diffeomorphic to V"™ (w) N {v € Xl|||v]| < §*}, and
Wnmer2(w, §%) are tangent to V™" (w) at 0 € X for each w € §Q.

2) Wnem2(w, §%) is locally invariant in the sense that for any v € W™"2(w, %), there
is a T > 0 such that Ay(v,w) € W2 (w - t,6%) for any t € R' with 0 <t < 7.

Remark 2.5. 1) The existence of 4y in the above theorem which is independent of ny and

no is due to the increasing of the gaps between the spectrum intervals I,, and I,,11 as n

increases (see [7], [8]).

10



2) Note that as usual W™ "2(w, §*) is constructed in terms of appropriate rate con-
ditions for the solutions of (2.12) by replacing F by a cut-off function F' (see [7]). It then
follows that for any n; < ng < nsz < oo and w € Q, W2 (w,§*) C W3 (w, §*), and
for any u € W™ (w, §*), there are u,, € W™ (w,0*) (n1 < n < oo) such that u,, — u
as n — 0o.

3) For any 0 < ny; < ng < oo and w € €, there are 67 < dp, 7 > 0 such that
AW (W 67) C WM™ (w - t,60%) for any ¢ with [t] < 7.

Definition 2.5. Suppose that 0 € X(2) and 0 € I,, = [an,,bn,] C 2(). Then
We(w,d%) = Wnotheo(y §*) Wes(w,§*) = W (w,§%), Wé(w,§*) = Wnono(w, §*),
Wt (w, §*) = Whno(w, §%), and W% (w, §*) = Whmo=L(w, §*) are referred to as local stable,

center stable, center, center unstable, and unstable manifolds of (2.12) at w € Q respec-

tively.
Remark 2.6. 1) W#(w, §*) and W*(w, 6*) are overflowing invariant in the sense that if 6*

is sufficiently small, then
AW (w,0),w) C Wi (w-t,6%) for t>1,

and

AW w,d6),w) C W w-t,0%) for t<—1.
Moreover, one has
A(v,w) =0 as t—o00, for any veW¥(w,0"),
and
A(v,w) -0 as t— —oo, for any veW*w,d").

2) By the invariant foliation theory ([7], [9]), one has that for any w € €,
wes (w7 6*) = UuCGWC(w,é*)V_Vs (Uw w, 6*)7

where W, (u.,w,d*) is the so called stable leaf of (2.12) at u., and it is invariant in the
sense that if 7 > 0 is such that Ay (u.,w) € We(w - t,6*) and Ay(u,w) € We(w, 6*) for all
0 <t <7, where u € W,(ue,w,d*), then As(u,w) C Wy(Ag(ue,w),w-t,8%) for 0 <t < 7.
Moreover, if dimV¢(w) = 1, then by the constructions of [7], [9], there are M,p > 0
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such that for any u € Wi (ue,w,6*) (ue # 0) and 7 > 0 with Ay(u,w) € W(w - t,6%),
At(ue,w) € We(w-t,0%) for 0 <t < 7, one has that

Ay (u,w) — Ay (ue,w)| < Mo [ — uel|

1A (ue, W) el

for0<t<r.
3. Zero Numbers on Invariant Manifolds

Let @ = E C X xY be a compact invariant set of (1.3). For any w = (U,y) € ,
denote w -t = II;(U,y). Let v = u —wu(t,-,U,y) in (1.1), — (1.2)p. Then v satisfies the
following equation

Ve = Uge + a(x,w, v, + b(z,w - t)v+ f(v, 0,2, w-1),t>0,0<x <1,
(3.1)
0(t,0)=0, v(t,1)=0, t>0,

where f(v, Vg, T, w) = fy,x,v+U, v, +U)— f(y,x, U, Uy) —a(z,w)v, —b(x,w)v, a(z,w) =

fp(y»vav Uw)a b(wi) = f’u(y7x7 U7 Um)
2 -
Denote A(w) = % +a(-,w)% +b(-,w), F(v,w) = f(v,vy,,w). Then (3.1) can be

written as

v = Alw-t)v+ F(v,w - t). (3.2)

Suppose that X(2) = U2, I, ({Ix} is ordered from right to the left) is the Sacker-Sell

spectrum of the linear equation associated to (3.2):

v =Aw-th, t>0, we, wveX. (3.3)

For any given 0 < n; < ng < oo, let V""2(w) be the invariant subspace of (3.3)
associated to the spectrum set Up2 i at w € Q.
Lemma 3.1. For given 0 < n; < ny < oo, Ny < Z(v(:)) < Ny + No — 1 for any v €
Vrunz () where Ny = dimV5Vb™ =Y w), Ny = dimV"™"2 (w).
Proof. It directly follows from Remark 2.4 2).

For given 0 < ny < ny < oo and w = (U,y) € Q, by Theorem 2.3, there is a well
defined local invariant manifold W2 (w, §*) of (3.2) (or (3.1)). Let

M™™(w,6*) ={ue Xju—U € W™ (w,d*)}. (3.4)
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M"™"2(w, 0%) is referred to as a local invariant manifold of (1.1),-(1.2)p (or (1.3)) at (U, y).
Suppose that 0 € ¥(Q2) and ng is such that I,,, = [ag, bo] C ¥ with ag < 0 < by. For

given w = (U,y) € Q, §* > 0, let

Then M?*(w,d*), M (w,6*), M°(w,6*), M““(w,d*), and M"(w,d*) are continuous in

w € () and are referred to as local stable, center stable, center, center unstable, and

unstable manifolds of (1.1) (or (1.3)) at w = (U, y) € Q respectively.
Remark 3.1. By Remark 2.6 2), for any w = (U, y) € €, one has that

M (wv 5*> - UuCGMC(w,(S*)MS(uc, w, 5*>7

where M, (ue,w,d*) = {u € X|u—U € W*(u. — U,w, §*) and M,(U,w,d*) = M*(w,5*).
Moreover, if dimV¢(w) = 1, then there are M, p > 0 such that for any u* € M(u.,w,5*),
ue. # U, and 7 > 0 with u(t,-,u*,y) € M (w - t,6%), u(t,,uc,y) € M°(w,d*) for any
0 <t < 7, one has that

||U(t, -,u*,y> - U(ty ° uc7y>” < Me_pt ||u* _ ’LLCH
||u(t7'7u07y> —U(t,',U, y)“ o ||UC—U||

for0<t<r.

Theorem 3.2. Let dg be as in Theorem 2.3 and is sufficiently small. For any given

0<ng <ng <oo, let Ny and Ny be as in Lemma 3.1. Then the following holds.
1) If ng < oo, then there is a < 6o such that Ny < Z(u(-)—U(:)) < N1+ Ny —1

ni,n2

for any uw € M™"(w, o) , Y\{U} (w=(U,y) € Q).

? Y ny,ng
2) If ny > 0 is such that I,, C R~ = {\ € R'|\ < 0}, then for any 0 < 6* < &,
ny <ng <00, u€ M™ ™ (w, 0)\{U} (W= (Uy) €Q), Z(u(-) - U()) = N1.
3) If ny > 0 is such that 0 € I,,;, and dimV"™ ™ (w) =1, then there is a 0 < 0, - < dg

ny,00

such that Z(u(-) —U(-)) > Ny for any uw € M">®(w,d) . )\{U} (w= (U,y) € Q).

» ¥Ynq,00
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Proof. 1) Suppose that the theorem is not true for some 0 < n; < ng < co. Then
there are 8 — 0, w, = (Un,yn) € Q, and u, € W""2(w,,0}) \ {U,} such that
Z(un() — Un()) < Ny or Z(un() — Un()) = Ny + Na. Let vn(-) = %
Since u, — U, € W™ (w,, ), ng < oo and 2 is compact, {v, ()} is relatively com-
pact. Without loss of generality, we assume that v,(-) — v* and w, = (Un,yn) —
w* = (U*,y*) as n — oo. Then v* € V™™ (w*). Moreover, by Remark 2.5 3),
v*(t,-) = limpo U(t,~,un,’f‘y£2:7,(;(;5|,’~,Un,yn) satisfies (3.3) with w = w* for |t| <
1. Now by Lemma 3.1, N7 < Z(v(t,:)) < Ny + Ny — 1 for |[t| < 1. Suppose
that t; > 0, to2 < 0 (|t1],[t2] < 1) are such that v(¢1,-), v(te,-) have only sim-
ple zeros in [0,1]. Then Z(u(t1, -, tun,Yn) — u(ts,-,Un,yn)) = Z(v(t1,-)) > N; and
Z(u(ta, s Un, Yn) — u(ta, s Unyyn)) = Z(v(ta,-)) < Ny + Ny —1 as n > 1. By Lemma

2.1, Ny < Z(un(-) = Un(-)) < N1 4+ N2 — 1, a contradiction.

2) Suppose that n; is such that I,,, C IR™. We first prove that 2) is true for any
ng < oo. In fact, by Remark 2.6 1), when §y is sufficiently small, for any n; < ny < oo,
0 < §* < dg, and u* € M"0"2(w, 6" )\{U}, u(t, -, u*,y) € M™ "2 (w 1,5, ) \{u(t, U, y)}
as t > 1. Then by 1), one has that Z(u(t,-,u*,y) — u(t,-,U,y)) > Ny for t > 1. It then
follows from Lemma 2.1 that Z(u*(-) — U(-)) > Nj.

Next we prove that 2) also holds when ny = co. Let u* € M"*(w,§*) \ {U}. By
Remark 2.5 2), there are u,, € M™"™(w, 0*)\{U} (n1 < n < oo) such that u,, — u* asn —
oo. Now suppose that 0 < ty < 1 is such that u(to, -, u*,y) — u(to, -, U, y) has only simple
zeros in [0, 1]. Then Z(u(to, -, u*,y) — u(to,-,U,y)) = Z(u(to, -, un,y) — ulto, -, U,y)) > Ny
as n > 1. This implies that Z(u*(-) — U(-)) > Ny.

3) Suppose that n, is such that 0 € I,,, and dimV"""™ (w) = 1.

First, we note that by 1), Z(u(-) — U(-)) = N1, and by Theorem 2.3 1),

u—U =uvy""™ + A" ™M (vy"™ W) (3.5)
for any u € M™ "™ (w, 0y, . )\ {U} , where 0 # vy""" € V"™ (w), k0™ (v, w) = o(||v]]).

Next, by Theorem 2.2, V""" (w) = span{wn, (-,w)}. Since wy, (-,w) has only simple
zeros in [0, 1] and Q) is compact, there is a §. > 0 such that for any v € X with ||v]| < 4.,

and w € €,
wN1('7w)

Z(wy, (W) = Z (e

+v(+)) = Ny, (3.6)
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and for any u € M™ " (w, 6% . )\ {U},

?Yng,ni

[A" " (v ™ W)l Ge
< = 3.7
e 2 >0
when 65, is sufficiently small, where vy is as in (3.5).

Now, note that M™*°(w, §*) = M“*(w,0*) and M"™"™ (w,0*) = M°(w,§*). Fix a 6*
with 0 < 6* < dp. By Remark 3.1, M"+*°(w, ") = Uy_enme(w, 5*)]\_4 (Ue,w, 0%), and there is
)\ {uc} and u. € M¢(w,d; ) \{U},

» ¥my,00

aok > 0 such that for any u* € M, (u.,w

ni,o0

the following holds.
i) If 7 > 0 is such that u(t, -, ue,y) € M(w - t,6;,, ,,) \ {u(t,-,U,y)} for 0 <t <7, then

U(t, '7U*7y) S Mnl,oo(w . t,5*> for 0 < t<T.
ii) If 7 > 0 is such that u(t, -, ue,y) € M(w-t,0) ,..)\{u(t,-,U,y)} for 0 <t < 7 and

) ny,ny

u<7—7 *y Uey y) ¢ Mc(w T, 6;;1 nl) \ {u(Ta 5 U, y)}> then

HU(T,~,u*,y) —U(Tv'aumy)ﬂ 0

7nloo

Falrs e y) =l Tl = 2 (38
iii) If for any ¢ > 0, u(t, -, ue,y) € M(w - 1,6, ., ) \ {u(t, -, U,y)}, then
t, -, u* —ul(t, -, ue, ¢
T e <3 (39)
when ¢t > 1.
Now let u* € M™ > (w, 65 )\ {U}. Ifue M TH>(w,6; )\ {U}, then by 2),
Z(u*(-) = U()) > Ny +1> Np. Ifu e M™2(w, 8% )\ M™+bo0(w, 6% ), then by

Remark 3.1, there is a u, € M™ " (w, 8% )\ {U} such that u* € M (uc,w, 0y, o) \{U}-
Therefore, by (3.5),

u<t7 '7U*7y) - u(ta ) U; y)

= u<t7 '7uC7y) - U(t, ) U7 y) + U(t, '7U*7y) - u(t; '7uc7y)

= c(t)wn, (-, w - t) + A" (e(t)wn, (w - t),w - t) +ult, - u”,y) —ult, - ue, y)
:C(t)Hle(‘,w't)H[ 1( ) h™ (C(t)le(-,w-t),w-t)

[wn, (@ - )] c(®)lwn, (w-1)]]
U(, y U 7y) (a 7“07y>}
c(O)wn, (- w - 1]
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for some non-zero scalar function ¢(t). By (3.7) and (3.8) or (3.9),

ip™ " (c(Qwn, (w - ), w -t fJult, - u”yy) —ult, - ue gl
()] - [lwn, (w0 - 1) @] wn, Cw- B~ °

for some t > 0. Hence, by (3.6), one has that
Z(u(tv '7U*7y> - u(t7 5 U, y)) - Z(le('7w ) t)) =N

for some ¢ > 0. This implies that Z(u*(-) — U(-)) > N;y. 3) is proved. W
Corollary 3.3. Suppose that 0 € X(Q) and ng is such that 0 € I,,, dimV°¢(w)(=
dimVmomo(w)) = 1. Let N, = dimV*w)(= dimV1m~Yw)). Then for 6* sufficiently

small, one has

Z(u()~U()) = Ny+ 1 for uwe M*w,d8)\ {U},

Z(u(-) =U()) 2 Ny for uwe M(w,6")\{U},
Z(u(-) =U()) = Ny for ue M(w,0")\{U},
Z(u(-) =U()) < Nu  for uwe M™(w,6)\{U},

and

Z()=U() SNy —1 for ueM"(w,d)\{U},

where w = (U, y) € Q.
4. Ergodicity of Minimal Sets
Lemma 4.1. Let E be a minimal set of (1.3). Then one has
1) E is an almost 1-cover of Y, that is, Yo = {y € Yl|card(E N P~ (y)) = 1} is a
residual subset of Y ;
2) If E is hyperbolic, that is, the linearized equation
UV = Vgy +a(z,w-t)v, +b(z,w-t)v, t>0, 0<z<l1
(4.1)
o(t,0)=0, v(t,1)=0, t>0
has an exponential dichotomy on E, where w = (U,y) € E, a(x,w) = fp(y,z,U(z), Us(x)),
b(z,w) = fuly,z,U(x),Uy(x)), then E is a 1-cover of Y.
Proof. See [32], [33]. W
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Let E be a minimal invariant set of (1.3), and X(E) be the S-S spectrum of (4.1).
Lemma 4.2. Suppose that 0 € X(E). Then for any (U1,y), (Us,y) € E with |[Uy — Us|| <
1, one has V*(Ur,y) V4 (Us,y) = X, and Vs (Ur,y) P V*(Us,y) = X. Consequently,
(U1 +V*(Ur,y)) N (Uz + V(Uz,y)) # 0, and (Ur + V= (U, y)) N (U2 + V*(Uz,y)) # 0,
where V*(Uy,y), VS(Us,y), V(Ui y), and V¥ (U;,y) are the stable, center stable, center
unstable, and unstable subspaces of (4.1) at (U;,y) € E (i = 1,2) respectively.

Proof. It follows from the same arguments as in Lemma 4.1 of [32]. |l

Lemma 4.3. Let E be a minimal set of (1.3) and suppose that 0 € X(E). Then for any
(Uy,y), (Ua,y) € E with ||U; — Us|| < 1, one has that M*(Uy,y,0*) N M (Us,y,6*) # 0,
and M (Uy,y,0*)NM"(Us, y,6*) # 0, where M*(U;,y,0*), M (U;,y,6*), M (U;,y,5*),
and M™(U;,y,0%) are the local stable, center stable, center unstable, and unstable manifolds
of (1.3) at w = (U;,y)(i = 1,2) respectively.

Proof. It follows from the above Lemma 4.2 and the arguments in Lemma 4.2 of [32]. i
Lemma 4.4. Let E be a minimal set of (1.3) and assume that E is not a precise 1-cover
of Y. If dimV¢(w) = 1, then Z(U1(-) — Us(+)) = Ny for any (Ur,y), (Us2,y) € E with
U, # Usy, where N, are as in Corollary 3.3.

Proof. Since E is not a precise 1-cover of Y, 0 € X(F). Recall N,, = dimV*(w), where
V*(w) is the unstable subspace of (4.1) at w = (U, y) € E. Now for given w; = (U3, y), w2 =
(Us,y) € E with Uy # Us, by Lemma 4.1 1), one easily sees that U; - t,, — Uy - t,, — 0 and
Ui-sp, —Us-s, — 0asn— oo for some sequences t,, — oo and s,, — —oo. Without loss
of generality, we assume that Uj(-) — Uz(-) has only simple zeros in [0,1]. Then there is

€ > 0 such that for any v € X with ||v|| <,
Z(Ur(-) = U2() +v()) = Z(Ur(-) = Ua()). (4.2)

Now, by Lemma 4.3, for n > 1, W (wq - t,, %) N W% (ws - t,,0%) # 0 and W*(w; -
Sp, 0F) N W (wg + t,,0%) # 0. Let wh € W(wy - t,,0%) N W¥(ws - t,,0%) and w,, €
W (w1+8p, 6*)NW 4 (wa-ty,, 6*). Then u(t, -, w,", y,-t,) exists for t < 0 and u(t, -, w,, , Yn-Sn)

exists for t > 0. Moreover ||[u(—tp, -, w5, yn-tn) —u(—tn, -, wa-tn)|| = [|[u(—tn, -, Wi, yp-tn)—
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Us ()| — 0 as n — oo and |[u(—58n, -, W, s Yn - Sn) — u(—Sn, -, w1 - $p)|| = |[u(=5n, -, w,, , Yn -

$n) — Ui(+)]| = 0 as n — oo. Therefore, by (4.2) and Corollary 3.3, when n > 1,

I
N

Z(Ur(-) = U2(-)) = Z(U1(-) = u(~tn, - wy Y - tn))
(u(—tn, w1 - tn) — u(—tn, W Yp - tn))

(u(tn, -, Ur,y) —wy ()

vV v
QZNN

Y

and

Z(Ur(-) = U2()) = Z(u(=sn, s wy,, yn - 5n) — Ua("))

I
N

(u(_STw Yy wgv Yn Sn) - u(_STM sy W e Sn))

(wrj(> - U(STM ) U27 yn))

VANVAN
5N

This proves the lemma. i
Lemma 4.5. Let E be a minimal set of (1.3). If E is uniquely ergodic, then the S-
S spectrum X(E) of (4.1) consists of pure points, that is, X(E) = {A1,Aa, -}, and
dimV"™"™(U,y) =1 for any n ((U,y) € E).
Proof. First of all, for any given w = (U, y) € E, let w(t,x) = ea;p(% Jy a(s,w-t)ds)v(t, z).
Then (4.1) becomes
Wt = Wey + 0" (z,w-t)w, t>0, 0<x<]1,
(4.3)
w(t,0) =0, w(t,1)=0, t>0
for some continuous function b* : [0,1] x E — IR*.
Now, by Floquet theory (Theorem 2.2), (4.3) can be decomposed into infinitely many
scalar ODEs:

cln = pn(w - t)Cp, (4.4),
where p,(w-t) = fol b (2, w - )wy (T, w - 1)? — Wpe (2, w - 1)?]ds, (n =1,2,3,--). Suppose
that X, (F) is the S-S spectrum of (4.4),,. Then o(F) = U2, %, (F) ([8]).

Next, by the unique ergodicity of F and the relation between Lyapunov expo-
nents of (4.4), and its S-S spectrum ([20]), we have ¥, (F) = {\,}, where A\, =

lim_, o0 % fg pn(w - t)dt for v— a.e. w € E, v is the unique ergodic measure of E. Hence,

Y(E) ={)\1, 2, Az, -+ -}
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Finally, by the relative dichotomy relation (2.6), we have A\; > Ag > A3 > -+, and
An — —o0 as n — oo. Therefore, for any given n, dimV™"(w) = 1. This proves the
lemma. i

Lemma 4.6. Let E be a minimal set of (1.3). Define

E = {(U.(0),y)|(U,y) € B} (4.5)

If for any (Uv,y), (Us,y) € E with Uy # Us, Z(ul(t,-,Us,y) — u(t,-,Us,y)) is a constant
for all t € RY, then the following holds:
1) h: E— E, (Uy) — (Us(0),y) is a homomorphism, and

ﬂth(Uv y) = (um (tv 07 U? y)? y- t) = h(u(tv ) U7 y)? Y- t) (46)

defines a flow on E;
2) If (Ui,y), (Ua,y) are such that hyU; > hyUs, then hy.u(t,0,Ur,y) > hyu(t,0,Us, y)

for all t € R', where h,U = U,(0).
proof. 1) h is clearly onto and continuous. Now let (Uy,y), (Us2,y) € E be such that
Uy # Us. By our condition and Lemma 2.1, Uy (-) — Ux(+) has only simple zeros in [0, 1].
In particular, h,U; # hyUs. It can be easily verified that II, defines a flow on E.

2) We only note that II, on F is a scalar skew-product subflow. |l

The following is our main result 2) stated in section 1.

Corollary 4.7. Let E be a uniquely ergodic minimal set of (1.3). The flow on E is

topologically conjugated to the scalar skew-product flow (4.6). Consequently, if flow on
E is not topologically conjugate to any scalar skew-product flow, then E s non-almost
periodic almost automorphic.
Proof. The corollary obviously holds if E is a 1-cover of Y. The purely almost 1-cover
case of F/ is an immediate consequence of Lemma 4.4, Lemma 4.5, and Lemma 4.6.

We note that in the case of Neumann boundary conditions, £ in (4.5), (4.6) should
be defined as

E={(U(0).ylU.y) € E} A

We now prove our main result 1) stated in section 1. Many arguments of our proof

follows from [15].
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Theorem 4.8. Let E be a minimal set of (1.3) and denote Yy = {y € Y|cardENP~1(y) =
1}. Then E is uniquely ergodic if and only if (Y,IR) is uniquely ergodic and v(Yy) = 1,
where v is the ergodic measure on'Y .

Proof. We note that if E is precisely a 1-cover of Y, then the theorem holds automatically.
Thus, without loss of generality, we shall assume that E is not a 1-cover of Y. It then
follows from Lemma 4.1 2) that E is not hyperbolic.

First, we prove the ‘only if’ part. It is clear that ¥ must be uniquely ergodic since
the projection P : E — Y defines a flow homomorphism. Let v be the ergodic measure
on Y and let Yy = {y € Y|cardE N P~!(y) = 1}. By Lemma 4.1 1), Y C Y is residual
and invariant. Now if v(Yy) # 1, then v(Yy) = 0, that is, Y = Y \ Y} is invariant and
v(Yy) = 1. Define for each y € Y,

Aly) ={U:(0)|(U,y) € EN P~ (y)}, (4.7)

and

a1(y) = max A(y), az(y) = min A(y). (4.8)

It is easy to see that a1 : ¥ — IR} is upper semi-continuous and as : Y — IR is lower semi-
continuous. It follows from Corollary 4.7 that ay(y) > as(y) for y € Y and Iy (a;(y), y) =
(ai(y-t),y-t) (i =1,2),t € R', where II, is defined in (4.6). Now consider linear functional
l;: C(E,IR') - R,

WP = [ PO ). p)(dy). (1.9

i =1,2, where h is as in Lemma 4.6. It is clear that I; (i = 1,2) define invariant measures
on E (see section 2). Assume that [ = l,. Take F € C(E,R"): F(U,y) = U,(0) for
(U,y) € E. Tt is clear by (4.9) that a1(y) = az2(y) for v— a. e. y € Y, a contradiction.
Thus, [1, l5 defines distinct invariant measures on E. This contradicts with the unique
ergodicity of E. Therefore, v(Yy) = 1.

To prove the ‘if” part of the theorem, we consider the set Fy = {(U,y) € E|(U,y) =
EN P71(y)}. Then the natural projection P defines a flow isomorphism between Eq and
Yy. Now let v be the unique ergodic measure on Y and let 1 be an invariant measure on
E. One has that P(u) = v, that is, u(D) = v(P(D)) for all Borel sets D C Ey C E. Note
that pu(Fop) = v(Yp) = 1. Therefore, E is uniquely ergodic. |l
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5. Examples

We discuss examples of almost automorphic minimal sets of skew-product flows which
are generated from certain scalar almost periodic ODEs (note that solutions of a scalar
ODE are spatial homogeneous solutions of a scalar parabolic equation with the Neumann
boundary conditions).

5.1. Uniquely Ergodic Minimal Set

A linear almost periodic scalar ODE

= A(t)z + B(t) (5.1)
is constructed by Johnson in [16] satisfying following properties:
a) A(t), B(t) are uniform limits of 2"-periodic functions A,,(t), B, (t) respectively;
b) fg A(s)ds — oo as t — oc;
c) If xo(t) is the solution of (5.1) satisfying xo(0) = 0, then |z(¢)| < 1, and

%, n>4, n odd
20(2") = (5.2)
0, n even.

The solution z(t) can not be almost periodic. If not, the frequence module of z((+)
must be contained in that of A(-) and B(-). Note that lim, . A(2") and lim,,_,~, B(2")
exist. It follows that lim,, . xo(2") also exists (see [11]), which contradicts to (5.2).

Let Y = Hull(A, B). One can define functions a,b: Y — IR' such that if yo = (A, B),

then a(yo - t) = A(t), b(yo - t) = B(t) (see [15], [42]). Thus, equations
g =aly-t)z+bly-t) (5.3)y

generate a skew product flow II, : R' x Y — R x Y,

Ht(x*ay*> = (x(t7$*7y*>7y* 't>7 (54)

where z(t, z,, y«) is the solution of (5.3),, with initial value z,.

Since lim;_, o f(f A(s)ds = oo, all nontrivial solution of

= Alt)z (5.5)



are unbounded. It follows that xo(t) is the only bounded solution of (5.1), that is E =
w(0,yo) is the only minimal set of II;, and moreover, E is a non-almost periodic almost
automorphic minimal set. It is shown in Johnson [15] that this minimal set E is uniquely
ergodic.

5.2 Non-uniquely Ergodic Minimal Set

An idea of constructing such an example is given by Johnson ([17], [18]) as follows.
Consider linear ODE system

’

z = Ay t)z, (5.6)

where z € IR?, y € Y, Y is an almost periodic minimal set. Let § = Argz. Then 6 satisfies

a scalar equation
0 = f(0,y-1), (5.7)

where f is periodic in 6 with period w. Thus, (5.7) induces a skew-product flow I,
on P! x Y, where P! is the real project 1-space. By S-S spectrum theory ([26], [27]),
the spectrum of (5.6) is either a single point, two single points, or a nondegenerate closed
interval. Now, suppose that the S-S spectrum ¥ of (5.7) is a nondegenerate closed interval.
It is shown in [19], [26] that II, contains a unique minimal set E, and in [18] that there
are exactly two ergodic measures on E. We then lift the flow fIt to II; on R! x Y, that is,
I1; is generated by

’

z = f(z,y-t), zelR. (5.8)

It follows that II; has a minimal set with exactly two ergodic measures (it therefore can
not be almost periodic).

A typical such system is the equation constructed by Vinograd ([41]) as follows.

Consider

where y € T2, y -t = (y1 +t,y2 + at), « is irrational.
Let 6 = argx. Then 6 satisfies

’

0 = —a(y-t)+ cos26. (5.10)

The equation (5.9) has the following properties.
1) a(y) is the limit of a nondecreasing sequence {a,(y)} and a,(y) > 0.
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2) For yo = (0,0) € T?, the equation

/7

6 = —an(yo - t) + cos26 (5.11),,

has for each n two solutions {07 (¢)}, {05 (¢)} such that

™

-7 < 07 (t) < O7TH(t) < 05T () < 05 (t) < (n>1), (5.12)

I

0< irtlf(Q’f(t), 05(t)) = v, — 0. (5.13)

3) The equation

a 0 1+an(y-t)
r = (1—an(y~t) 0 )x (5.14),,

has two Lyapunov exponents 3,, —f3, with 3, > %
We now review some properties of (5.9), (5.10) studied in Johnson [17].

1) The S-S spectrum of (5.14),, is ¥,, = {—f,, n} and the S-S spectrum ¥ of (5.9) is a
nondegenerate interval containing [—3, 1].

2) Sets ET = cl{07(t),yo-t)}, BT = cl{(05(t),yo-t)} are disjoint almost periodic minimal
sets of the flow II7? on P! xT? which is generated by (5.11),,, that is E7, E} are 1-cover
of T2

3) Let Ef = {(9n(y),y)ly € T?}, EY = {(hn(y),y)ly € T?}. Then

T v
1 < 9n(Y) < gnt1(y) < hng1(y) < ha(y) < R

4) Let g(y) = limy—c0 gn(y), h(y) = limp o0 hn(y). Then Yo = {y € T?|g(y) = h(y)} is
a residual subset of T2. Let E = clg(yo -t), yo € Y and E = {(0,y) € P* x T?|g(y) <
0 < h(y)}. Then E C E is the unique almost automorphic minimal set of II, which
has exactly two ergodic measures.

5) E is an isolated invariant set. E has the following complicated nature: a) F is
connected; b) E is locally connected at all points where g(y) = h(y); ¢) E is not
locally connected at all points.

This example simply shows that in the case of scalar almost periodic ODE (thus in
scalar parabolic PDE in one space dimension with the Neumann boundary conditions) if

minimal set E of the generated skew product flow is almost automorphic but not uniquely

ergodic, then one may expect a complicated topological and dynamical nature on E or in
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vincinity of E (using theory of [28], one can obtain more information about E and E, e.g.,

points g(y) and h(y) are ‘expansion points’).
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