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SUMMARY

A vertex coloring of a graph G, is an assignment of colors to all vertices in G, such
that no two adjacent vertices are of the same color. We say G is k-colorable if G has a
coloring using at most k colors. A subdivision of a graph G, also known as a topological
G and denoted by T'G, is a graph obtained from G by replacing certain edges of GG with in-
ternally vertex-disjoint paths. This dissertation studies a problem in structural graph theory
regarding the relationship between the chromatic number of a graph and subdivisions of a
complete graph in the graph.

The Four Color Theorem states that every planar graph is 4-colorable. Hajés con-
jectured that for any positive integer k, every graph containing no 7K, is k-colorable.
However, Catlin disproved Hajés conjecture for £ > 6. It is not hard to prove that the
conjecture is true for £ < 3. Hajos’ conjecture remains open for £ = 4 and k = 5.

One important step to understand graphs containing 7' K5 is to solve the following prob-
lem: Let H represent the tree on six vertices, two of which are adjacent and of degree 3.
Let G be a graph and uy, us, a1, as, as, a, be distinct vertices of G. When does GG contain a
T H (i.e. an H-subdivision) in which uy, uy are of degree 3, and a4, a9, as, a, are of degree
1? In this dissertation, we characterize graphs with no T'H. (This characterization is used
by He, Wang, and Yu to show that a graph containing no /5-subdivision is planar or has a
4-cut, establishing conjecture of Kelmans and Seymour.)

Besides the topological H problem, we also consider a minimal counterexample to
Hajos’ conjecture for £ = 4: a graph G, such that GG contains no 7' K5, G is not 4-colorable,
and |V (G)| is minimum. We use Hajds graph to denote such counterexample, and obtained

some stuctural information of Hajos graphs.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

1.1 Graph preliminaries

We follow the notation and terminology for graphs from [6]. We remind the reader that
only simple graphs are considered in this dissertation.

A graph G is an ordered pair (V, F), where V' is a finite set, and F is a set of 2-element
subsets of V. An element of V' is a vertex and an element of F is an edge. V' is called the
vertex set of G and often denoted by V(G), and E is called the edge set of G and often
denoted by E(G). For convenience, we use the shorter form wv to denote the edge {u, v}
where u, v € V. The edge uv is said to be incident to both u and v.

Let G = (V,E). We say the two vertices u,v € V are adjacent if uv € E. uis a
neighbor of v if w is adjacent to v. The neighborhood of a vertex u in G (denoted as N¢(u))
is the set of all neighbors of w in G. The degree of u in G (denoted as degg(u)) is the
cardinality of Ng(u). Let S C V. The neighborhood of S in G (denoted as N (5)) is the
set of vertices in V'\ S that are adjacent to some vertex in S, and let Ng[S] = V(S)UNg(S).
When understood, the reference to G may be dropped.

A complete graph on n vertices, denoted as K, is the graph of n vertices such that every
pair of vertices are adjacent. Moreover, K is the graph obtained from K, with a single
edge removed. A graph G is r-partite if there exists a partition of V' (G) into r classes
Vi, Va, ..., V., such that for any pair of vertices u,v in V;, 1 < ¢ < r, the two vertices u
and v are not adjacent in G. A graph G is a complete r-partite graph if G is r-partite, and
w € E(G)Vu € V;,v e V;,1 <i < j <r. Instead of 2-partite one usually says bipartite.
We use K, , to denote the complete bipartite graph, where m, n are the sizes of the two

partite sets.



We say a graph H is a subgraph of G (denoted as H C G) if V(H) C V(G) and
E(H) C E(G). Let S C V(G). The induced subgraph G[S] is the graph whose vertex set
is S and whose edge set consists of all of the edges in F/(G) that have both endpoints in S.
For H C G, we use G[H] to denote the subgraph of G induced by V' (H).

For S C V(G), we use G — S to denote the graph obtained from G by deleting all
vertices in S and all edges incident to some vertices in S. For v € V(G), we use the
shorter form G — v to denote G — {v}. Let S C E(G). We use G — S to denote the graph
obtained from G by deleting all edges in S. For e € F(G), we use the shorter form G — e
to denote G — {e}.

Let H C G, S C V(G), and T be a collection of 2-element subsets of V' (H) U S; then
H + (S UT) denotes the graph with vertex set V' (H) U S and edge set F(H) U T, and if
S=0and T = {{z,y}} we write H 4+ uv instead of H + {{u, v}}.

Let G; = (W4, E1) and Gy = (V4, Es) be two subgraphs of G. G U G5 is the graph
with vertex set V7 U V5 and edge set £; U Es, and G; N G is the graph with vertex set
Vi NV, and edge set Ey N Es.

Let ¢ = uv be an edge in F(G). By GG/e we denote the graph obtained from G by
contracting the edge e into a new vertex v., where v, is adjacent to all the vertices in
N({u,v}). For a subgraph H of GG, we use G/ H to denote the graph obtained from G by
contracting H into a new vertex vy, where vy is adjacent to all the vertices in N (H ).

A walk W in G of length k is an alternating sequence of vertices and edges vy, €1, vy, €,
V9, ..., Vk_1, €k, Ug, such that vg, vy, ..., v € V(G), e1,...,ex € E(G), and ¢; = v;_1v;
for 1 < i < k. A walk is closed if vg = vy,.

A walk is a path if the vertices vy, . . ., v; are distinct. A path is an induced path if it is
a induced subgraph of GG. Given a path P in a graph and x,y € V(P), x Py denotes the
subpath of P between x and y (inclusive). We may view paths as sequences of vertices;
thus if P is a path between x and y, @ is a path between y and z, and V(P N Q) = {y},

then Py() denotes the path P U (). The ends of the path P are the vertices of the minimum



degree in P, and all other vertices of P (if any) are its internal vertices. A path P with ends
u and v (or an u-v path) is also said to be from u to v or between u and v.

Let GG be a graph. A collection of paths in G are said to be independent if no vertex of
any path in this collection is an internal vertex of any other path in the collection. A path
P in G is said to be internally disjoint from a subgraph H of G if no internal vertex of P
belongs to H.

A graph G is connected if for any pair of vertices u, v € V(G), there is a path from u
to v. We say G is k-connected if |V (G)| > k+ 1 and G — S is connected for all S C V(G)
and |S| < k. Aset S C V(G) is a k-cut (or a cut of size k) in G, where k is a positive
integer, if |S| = k and G — S is not connected. If v € V(&) and {v} is a cut of G, then v
is said to be a cut vertex of G.

A walk vy, e1,v1, €9, Vo, ..., V1, €k, Uk 1S a cycle if it’s closed (vg = vg), and the
vertices vy, . . . , U1 are distinct. A cycle is an induced cycle if it is a induced subgraph of
G. A graph G is acyclic if it contains no cycles. A forest is an acyclic graph. A tree is a
connected acyclic graph.

A subdivision of a graph G or a G-subdivision, also known as a fopological G and
denoted by T'G, is a graph obtained from G by replacing certain edges of G with internally
vertex-disjoint paths.

A (vertex) coloring of a graph GG is an assignment of colors to all vertices in G, such
that no two adjacent vertices are of the same color. A k-coloring of a graph is a coloring
using at most &k colors. We say G is k-colorable if G has a k-coloring. The chromatic
number x(G) of G is the smallest integer & such that G has a k-coloring.

A separation in a graph G consists of a pair of subgraphs G, G, denoted as (G4, Gs),
such that G = G U Go, E(G1 N G) = 0 and, for i = 1,2, V(G;) — V(Gs—;) # 0
or E(G;) # 0. (Thus, we allow V(G;) — V(G5_;) = 0, but if this happens we require
E(G;) # 0.) Hence, if G has a separation (G, G2) and V(G; — S) # 0 fori € {1,2},
then V(G; N G,) is a cut of G. The order of this separation is |V (G N Gy)l, and (G1, G»)



is said to be a k-separation if its order is k.

We say that G is planar if G has a plane drawing, i.e. a drawing in the plane with no
edges crossing. Otherwise, G is said to be nonplanar. Let S C V(G). A disc representa-
tion of a graph G is a drawing of G in a closed disc in which no two edges cross. We say
that (G, S) is planar if S are vertices in G such that G has a disc representation with .S on
the boundary of the disc.

Let G; = (V4, E1) and G2 = (Va, Es) be two graphs. An isomorphism between graphs
(G, and G4, is a bijection f between V| and V5 such that any two vertices u and v of GG; are
adjacent if and only if f(u) and f(v) are adjacent in G5. In this case, G, Gy are called

isomorphic and denoted as G; = Gb.

1.2 Main results

The Four Color Theorem [3, 4, 2, 24] states that every planar graph is 4-colorable. By Kura-
towski’s theorem [19], a graph is planar if and only if it contains no K’5-subdivision or K3 3-
subdivision. The structure and the chromatic number of graphs with no K3 3-subdivision
have been studied. Wagner [28] and Kelmans [16] gave a characterization of all nonplanar
graphs with no K3 3-subdivision, which is K5, or admits a cut of size < 2. Consequently,
the chromatic number of a graph with no K3 3-subdivision is at most 5. This upper bound
is tight since K5 contains no K3 3-subdivision and is not 4-colorable.

Thus it is natural to consider the chromatic number of graphs with no K5-subdivision.
This problem could also be considered as a special case of a conjecture of Hajés. Hajos [27]
conjectured that for any positive integer k, every graph containing no K {-subdivision is
k-colorable. Catlin [5] disproved Hajos’ conjecture for £ > 6. Subsequently, Erd6s and
Fajtlowicz [8] showed that Hajos’ conjecture fails for almost all graphs. It’s not hard to
prove that the conjecture is true for £ < 3. However, Hajos’ conjecture remains open for
k=4and k = 5.

We consider a minimal counterexample to Hajos’ conjecture for k£ = 4: a graph G, such



that G contains no K-subdivision, G is not 4-colorable, and |V (G)| is minimum. We use
Hajos graph to denote such counterexample. To characterize Hajos graph, we first study
the connectivity of Hajés graph to derive some structural information.

A related problem is Kelmans-Seymour conjecture. Seymour [25] and, independently,
Kelmans [15] conjectured that every 5-connected nonplanar graph contains a topological
K5 (i.e., subdivision of Kj5). One approach to understand graphs containing /5-subdivision
is to solve the following problem: Let H represent the tree on six vertices two of which are
adjacent and of degree 3. Let G be a graph and wuy, us, ay, as, as, a, be distinct vertices of
(G. When does G contain a topological H in which uy, uy are of degree 3 and ay, as, as, a4

are of degree 1?7 We say that such a topological H is rooted at uy, us, {ai, as, as, as}.

al as
¢ ® -
Uq (5
o—o -

Fig. 1.1: The H graph.

For convenience, we use quadruple to denote (G, uy,uy, A) where uy, uy are distinct
vertices of a graph G, A C V(G) — {uy,us}, and |A| = 4. We say that (G, u1, ug, A) is
feasible if GG has a topological H rooted at uy, us, A. In chapter II of this dissertation we

prove the following theorem:
Theorem 2.2.1. Let (G, uy,us, A) be a quadruple. Then one of the following holds:
e (G has a topological H rooted at uy,us, A.

e G has a separation (K, L) such that |V (K N L)| < 2 and for some i € {1,2},
u; € V(K) =V (L)and AU {uz_;} C V(L).

5



e G has a separation (K, L) such that |V (K N L)| <4, uy,us € V(K) — V(L), and
AeV(L).

o (G,uy,uq, A) is an obstruction of type I, II, I1I, or IV as described in the figure below.

Fig. 1.2: Obstructions of 4 Types.

We refer the reader to chapter II for a precise description of these four types. The
Kelmans-Seymour conjecture has been proved recently by He, Wang, and Yu [10, 11, 12,
13], and they used Theorem 2.2.1 in their proof. This conjecture implies that a Hajés graph
is not 5-connected, since we know that Hajds graph is nonplanar by Four Color Theorem.
Yu and Zickfeld [30] proved that Hajos graphs must be 4-connected. Thus a Hajés graph
must have a 4-cut. Furthermore, Sun and Yu [26] proved that for any 4-cut 7" of a Hajos
graph GG, G — T has exactly 2 components.

In chapter III of this dissertation we derive further structural information of Hajds

graphs. Specifically, we recently prove of the following theorem.

Theorem 3.1.2. No Hajés graph has a 4-separation (G1, G) such that (G1,V (G1 N G3))
is planar and |V (G1)| > 6.



Moreover we believe that Theorem 3.1.2 is very likely to lead to the proof of the fol-

lowing conjecture.

Conjecture 1.2.1. No Hajos graph contains a K, as a subgraph.



CHAPTER 2
GRAPHS CONTAINING TOPOLOGICAL H

Let H denote the tree with six vertices two of which are adjacent and of degree three. Let
GG be a graph and u;, us, a1, as, as, ay be distinct vertices of G. We characterize those G
that contain a topological H in which uy, us are of degree three and ay, as, as, as are of
degree one. As a consequence, if GG is 5-connected, then GG has a topological G rooted at

U, Uz, {a17 as, as, (l4}.

2.1 Introduction

This work was motivated by the well known conjecture of Kelmans [15] and Seymour
[25]: Every 5-connected nonplanar graph contains a topological K (i.e., subdivision of
K5). Earlier, Dirac [7] conjectured an extremal function for the existence of a topological
K5: If G is a simple graph with n > 3 vertices and at least 3n — 5 edges then GG contains
a topological K5. This conjecture was established by Mader [22]. Kézdy and McGuiness
[17] showed that the Kelmans-Seymour conjecture, if true, implies Mader’s result.

As mentioned in Chapter 1, the Kelmans-Seymour conjecture is also related to the
k = 4 case of the Hajos conjecture (see [5]) that every graph containing no topological
K11 1s k-colorable. Hajés’ conjecture is false for £ > 6 [5, 8] and true for £ = 1,2, 3, and
remains open for k = 4 and k£ = 5.

An approach to the Kelmans-Seymour conjecture is to study the so called rooted K4
problem. Given a graph G and four distinct vertices 1, x5, 3, x4 of G, when does GG
contain a topological K, in which x, z9, x5, x4 are the vertices of degree three? This
problem was solved for planar graphs (see [29]), and the result was used by Aigner-Horev
[1] to prove the Kelmans-Seymour conjecture for apex graphs. A different and shorter

proof for the apex case was found independently by Kawarabayashi [14] and Ma, Thomas



and Yu [21].

One important step in [29] is to solve the following problem for planar graphs: Let
H represent the tree on six vertices two of which are adjacent and of degree 3. (See Fig-
ure 2.1.) Let G be a graph and uy, us, a1, as, as, ay be distinct vertices of G. When does
G contain a topological H in which wuy, us are of degree 3 and ay, as, as, a4 are of degree
1? We say that such a topological H is rooted at uy, us, {a, as, as, a,}. For convenience,
we use quadruple to denote (G, uy, us, A) where uq, ug are distinct vertices of a graph G,
A C V(GQ) — {uy,us}, and |A| = 4. We say that (G, uq,uy, A) is feasible if G has a

topological H rooted at uy, us, A.

a1 a-
¢ ® -
U1 U9
o—o -

Fig. 2.1: The H graph.

The main result of this chapter is a characterization of feasible quadruples, which im-
plies the following theorem whose proof is given after the full statement of the characteri-

zation in Section 2.2 (see Theorem 2.2.1).
Theorem 2.1.1. (G, uy, us, A) is feasible when G is 5-connected.

The connectivity in Theorem 2.1.1 is tight. Let GG be obtained from K by deleting the
edge between two vertices u1, ug, and let A = V(G) — {uy, us}; then G is 4-connected and
(G, uy,us, A) is not feasible.

In Section 2.2, we describe the obstructions to feasibility of quadruples (there are four

types) and state the main result (Theorem 2.2.1). In Section 2.3, we consider a related



problem about the existence of k& disjoint paths in a graph between two given sets of vertices
and containing a given edge. We solve the case £k = 3 which will be used to characterize
quadruples. In Section 2.4, we deal with those quadruples (G, uy, us, A) in which G admits
certain cuts of size at most 3. In Section 2.5, we study quadruples containing critical pairs,
i.e., quadruples (G, uy, ug, A) in which there exist distinct x,y € V(G) — A—{uy, us} such
that (G/xy, uy, us, A) is an obstruction (where GG/zy is obtained from G by identifying =
and y and removing loops or multiple edges). In Section 2.6, we deal with the case when
G /xy has a certain cut of size at most 4, which reduces to the case when G has a certain
cut of size 5. The proof is then completed in Section 2.7 by finding an appropriate edge
xy € E(G — A — {uy,us}) such that {z, y} is a critical pair. In Section 2.8, we describe a

situation in which the theorem is used in the proof of the Kelmans-Seymour conjecture.

2.2 Obstructions

We refer the reader to Figures 2.2 and 2.3 for intuition on the following discussions about
obstructions. We will show that modulo certain separations there will be just four types of
obstructions.

A quadruple (G, uq,us, A) is an obstruction if G has subgraphs Uy, U, (called sides)
and A;,7 € [k] := {1,2, ..., k} (called middle parts), such that

(1) all vertices in G are covered by the sides and the middle parts: V(G) = V(U;) U
V(UQ) U A[k], where A[k] = Uie[k]V(Ai);

(2) uy is in the side Uj, us is in the side Us, and neither is in any of the middle parts:

U; € V(UZ) — A[;ﬂ for: =1, 2;
(3) the middle parts are vertex-disjoint: V(A;) NV (A;) = 0,1 <i < j <k;
(4) all vertices in A are in the middle parts, and every middle part contains at least one

vertex from A: A C Ay, and for any i € [k], V(A4;) N A # 0;

10



(5) if A; contains at least 2 vertices, then |V (A;) NV (U, UU,)| = |[V(A;) N A| + 1 and
V(Al) N V(Ul U UQ) NA= (Z);

(6) if A; consists of exactly 1 vertex v, then v € A and v € V(U; N Us), thus we may

conclude V(U; NUy) C A,and V(A;) NV (UL UU) N A # Diff |[V(A)] = 1;

(7) for an edge uv € E(G), ifu ¢ Aand v ¢ A, then u, v must both be in the same side
or same middle part, that is, F'(G — A) is a disjoint union of E(U; — A), E(Us — A),
and F(A; — A) where i € [k];

(8) if A; contains at least 2 vertices, then Ng(V (A;) N A) C V(A;). There is no restric-

tion on N (A; N A) when A; consists of exactly 1 vertex.

To see that obstructions are not feasible, let (G, uy, us, A) be an obstruction, .J a topo-
logical H in G rooted at uy, us, A, and P the u;-uy path in J. By definition, V(P)NA = ()
and (in particular, by (4)) P has to pass through some A; with |V (A;)| > 2; so |[V(P) N
V(A)NV(ULUUy)| > 2. Also J — V(P — {uy, us}) contains |V (A4;) N Al independent
paths from {u, us} to V(A;)NA; so [(V(J)=V(P))NV (A)NV(U,Uls)| > |V (A;)NA|.
Thus, |V (A;) NV (U, UUs)| > |V (A;) N Al + 2, contradicting (5).

type I type 11

Fig. 2.2: Obstructions of type I and type II.

An obstruction (G, uy,uq, A) is said to be of type I'if k = 3, |V (A;) N Al = 1 for
i=1,2V(A3)NAl =2, |V(U;NA;)| =1for (i,j) # (1,3),and |V (U; N A3)| = 2.

An obstruction (G, uy,us, A) is said to be of type I if k = 2, [V(A;) N Al =1,
[V(A3) M Al =3,and fori = 1,2, |V(U;N Ay)| = 1and |[V(U; N Ag)| = 2.

11



type 111 type IV

Fig. 2.3: Obstructions of type III and type IV.

An obstruction (G, uy, us, A) is said to be of rype I if k = 2, |V (A;) N A| = 2 for
i=12,|[V(UNA)| =|V(UyNAy)|=1,and |V(U; N Ag)| = |[V(U2 N Ay)| = 2.

An obstruction (G, uq, ug, A) is said to be of type IV if k = 4 and, for 1 < i < 4 and
jge{L,2} [V(A)NA = |V(U;NA)| =1

Theorem 2.2.1. Let (G, uy,us, A) be a quadruple. Then one of the following holds:
(1) (G,uq,us, A) is feasible.

(i) G has a separation (K, L) such that |V (K N L)| < 2 and for some i € {1,2},

(7i1) G has a separation (K, L) such that |V (K N L)| < 4, uy,uy € V(K) — V(L), and
AC V(L)

(iv) (G, uy,uq, A) is an obstruction of type I, or 11, or I, or 1V.

Note that (ii) and (iii) both imply that (G, uy, us, A) is not feasible, when |V (K NL)| =
4 the feasibility of (G, uy, ug, A) reduces to (K, uy, us, V(K N L)).

To see that Theorem 2.2.1 implies Theorem 2.1.1, we apply Theorem 2.2.1 to the
quadruple (G — E(G[A]), uy, uz, A). Since G is 5-connected, (ii), (iii) and (iv) of The-
orem 2.2.1 do not hold for (G — E(G[A]), u1,us, A). Hence (G — E(G[A]), u1,ug, A) is
feasible. Since any topological H in G — E(G[A]) rooted at uy, uy, A is also a topological

H in G rooted at uy, ug, A, we see that (G, uy, uz, A) must be feasible.
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2.3 Disjoint paths containing a given edge

In this section we prove a result about the existence of disjoint paths from three given
vertices to three other given vertices such that a specific edge is used by one of these
paths. This result will be used several times in the proof of Theorem 2.2.1. The problem
for finding two disjoint paths between two pairs of vertices and through a given edge is
equivalent to the problem for finding a cycle through three given edges. The following

result is due to Lovasz [20].

Lemma 2.3.1 (Lovéasz). Let G be a 3-connected graph and ey, e, e3 be distinct edges of
G not all incident with a common vertex. Then G contains a cycle through ey, es, e3 iff

G — {e1, ea, €3} is connected.

We need an easy generalization of Lemma 2.3.1. For a subgraph K of a graph G, a
K-bridge of G is a subgraph of G that is induced either by an edge of G — E/(K') with both
ends in K, or by all edges in a component of G — V' (K) and all edges from that component

to K. The K-bridges of the latter type are said to be nontrivial.

Lemma 2.3.2. Let ey, es, e3 be distinct edges of a graph G not all incident with a common

vertex. Then one of the following holds:
(1) {e1,eq,e3} is contained in a cycle in G.

(i1) G has a separation (G, G3) such that |V (G1NGs)| < 2, V(G;) — V(Gs_;) # 0 for

i=1,2 and |E(G;) N {e1,ea,e3}| =1 forsomei € {1,2}.

(1ii) {e1,eq, €3} is contained in a component H of G, and H — {ey, ea, e3} is not con-

nected.

Proof. Suppose the assertion is false, and choose a counterexample G, e1, e, e3 such that
|V (G)| is minimum. Then G is connected, or else (i7) holds or we get a smaller counterex-

ample. Moreover, G is not 3-connected, as otherwise (i) or (7i7) holds by Lemma 2.3.1.
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So let T' be a cut in G with |T'| < 2. Since G has at least two nontrivial 7-bridges, we
may assume that B is a nontrivial 7-bridge of G such that |E(B) N {e1, e2,e3}| < 1. If
|E(B) N {e1,e9,e3}| = 1 then (i) holds. So E(B) N{ey,eq,e3} = 0. If |[T] = 1 let
G :=G—-V(B—-T),andif |T| = 2 let G’ be obtained from G — V(B — T') by adding an
edge between the vertices in 7. Now by the choice of G, e1, €2, 3, we see that (i) or (i7) or
(i77) holds for G, ey, e9, 3. It is straightforward to verify that (i) or (ii) or (iii) holds for

G,€1,€2,63. |

The following figure gives illustrations of conclusions (i) — (v) of Lemma 2.3.3. Note
that there are three pairs of vertices {vy,vo}, {w1,ws} and {ay,as} in the statement of
Lemma 2.3.3. These pairs appear symmetric in the first part of the statement; however, we
state the second part of the lemma according to the locations of vertices aq, a, to facilitate

later applications where {a;, a} will play different roles than {v;, ve} and {wq, ws}.

00000

(i4) i) (iv)
Fig. 2.4: The separation (G, G») in Lemma 2.3.3.

Lemma 2.3.3. Let G be a graph and vy, vy, Wy, ws, a1, as € V(G) be distinct such that
ajag, V102, wiwy ¢ E(G). Then G has three disjoint paths with one from {vy,vs} to
{wy, ws}, one from {vy,va} to {ay, as}, and another from {wy, ws} to {ay, as}, or G has a

separation (G, Gy) such that one of the following holds:

(1) [V(G1NGy)| <2 {ai,a} C V(Gy), and for some i € {1,2}, {v,v2} C V(G;)
and {wy,wy} C V(G5_;).

(ZZ) |V(G1 N G2)| S 2, {Cll,a,g} Q V(Gl), and {'1)1,1)2,11)1,11]2} g V<G2)
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(i11) G1 NGy =0, a; € V(G1), ay € V(Gs), and for some i € {1,2}, {vy,v2} C V(G)
and {wl, U}Q} Q V(Ggfz)

(ZU) G1 N G2 = @, a; € V(Gl), as € V(GQ), andfori € {1,2},

{vi, 02} NV(GY)| =

(U) G1 N G2 = @, {al,a2} g V(Gl), and \{vl,UQ,wl,wQ} N V(G1)| =3.

Proof. Let G' = G + {a1az, v1vq, wyws } and apply Lemma 2.3.2 to G’, ajas, v1vs, wyws.
If Lemma 2.3.2(%) holds, i.e., G’ contains a cycle C' containing a;jay, v1vy and wyws, then
C — {a1az,v1, v, wywsy} gives the desired paths in G. If Lemma 2.3.2(éi) holds then let
(G, GY) be a separation in G’ such that |V (G| N GY)| < 2, V(G)) — V(GY) # 0, and
|E(GY) N {aiag, viv2, wiwy }| = 1; then (4) holds if {vyvy, wiwa} N E(GY) # 0, and (44)
holds if ajas € E(G)). So assume that Lemma 2.3.2(ii7) holds. Then G is the disjoint
union of two graphs GG; and G5, and one of the pairs {ay, as}, {vi,v2}, {w;, ws} has one
element in (G; and another in Go.

Suppose a; € V(G1) and as € V(Gy). If there exists i € {1, 2} such that [{vy, va, w1, wo }N
V(G;)| < 1,then (G;+az_;, G3_;+{v1, ve, w1, we }) shows that (i7) holds. If [{vy, va, w1, wo }N
V(G;)| = 2 fori = 1,2 then (¢iz) or (iv) holds.

So assume (by symmetry) that a;,as,v1 € V(Gy) and vy € V(Gy). If [{wy,we} N
V(Gy)| < 1then (G, G + {v1, w1, ws}) shows that (i) holds; if {wy,ws} C V(G1) then

(v) holds. ]

In general one could ask the following question. Given two disjoint k-sets of vertices
A, B and an edge ¢ in a graph GG, when does G contain k disjoint paths from A to B and
passing through e? The main result of this section is an answer to this question for k£ = 3.
Note that when (i) of Lemma 2.3.4 occurs, the desired paths do not exist if |V (G1NGs)| <

2, and the problem reduces to the smaller graphs G, or G, if |V (G N G3)| = 3.
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G
G3
2
Gy
(4) ) (iv)

(ii) (iii
Fig. 2.5: The separations in Lemma 2.3.4.

Lemma 2.34. Let G be a graph, A, B C V(G) be disjoint, and ¢ € E(G) such that
|A| = |B| =3and V(e) N (AU B) = (0. Then G has three disjoint paths from A to B and

through e, or one of the following holds:

(1) G has a separation (G1,G3) such that |V (G1 N Gs)| < 3, A C V(Gy), and B C
V(Gs).

(17) G has a separation (G, G2) such that |V(G1 N Gy)| <1, e € E(Gy), and AU B C
V(Ga).

(11i) G = G1UGUGs suchthat GiNG3 =0, e € E(G»),

V(GzﬂG2)| S 1f0ri == 1,3,
IV(G1) NA| = |V(G) N B| =1, and |V(G3) N A| = |V(G3) N B| = 2.

(ZU) G=G,UGyU G3 U G4 such that e € E(Gl),V(Gz N G]> = @for2 <i1<3< 4,
and [V(Gy N Go)| = [V(Gs 1 A)| = [V(Gi N B)| = 1 fori € {2,3,4).

Proof. We may assume that A, B are independent sets in G, as otherwise (i) holds. We
may also assume that G has three disjoint paths Py, P, P; from A to B, or else (i) follows
from Menger’s theorem. Let P := | J?_, P;. We may assume that ¢ ¢ F(P) for any choice
of P; for, otherwise, G has three disjoint paths from A to B and through e. Let Lp denote
the P-bridge of G containing e. We choose P (i.e., Pi, P>, P3) so that

(1) Lp is maximal.

Let A = {a,a2,a3} and B = {by, bg, b3} such that P, is from a; to b; fori = 1,2, 3.

Let x;,y; € V(P;N Lp) (if not empty) such that z; P,y; is maximal and a;, x;, y;, b; occur on
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P; in this order. For convenience, let L' := Lp — V(P N Lp) and let L; := G[L' U z; Py;]
fori =1,2,3.

(2) If z;, y; are defined then no P-bridge of G intersects both a; P;x; —z; and z; P;b; — x;,
or both a;P;y; — y; and y; P;b; — y;. For, suppose G has a P-bridge J intersecting both
a;P;x; — x; and x;P;b; — x;. Then J # Lp, and J contains a path (); from some u; €
V(a;Px; — x;) to some v; € V(z;P;b; — z;) and internally disjoint from P U Lp. Let
P = (P —-V(P)) U a;Pu;Q;v;P;b;. Then the P’-bridge of G containing e contains
Lp + x;, contradicting (1).

(3) If x;, y; are defined and L; has a separation (L;1, L;2) such that |V (L;; N Ly)| = 1,
xi,y; € V(Ly), and e € E(L;p), we choose (L;1, L) so that L; is minimal, and let
w; € V(Lj N Ly). If z;,y; are defined and the above separation does not exist, then we
may assume x; = v;; as otherwise, L; contains a path (); from z; to y; and through e, and
hence (P — V(P;)) U a; Pix;Q;y; P;b; gives the desired paths. In this latter case, we set
w; = x; = 1;, and let L;; consist of w; only, and L;s = L;.

(4) We may assume that w;, x;,y;, ¢ = 1,2, are defined, and w; # ws. To see this, let
I = {i: wy;,x;,y; are defined}. If I = () then the separation (Lp, G — Lp) shows that (i7)
holds. So assume I # (). Thus, if (4) is not true then [I| =1orw; = wj foralli, 5 € I; so
the separation (N;erLio, G — NierV (L — w;)) shows that (i7) holds.

By (4) and by the minimality of L; for i = 1,2 (see (3)), Lp — V(P — {wy,ws})
contains a path from w; to ws through e and internally disjoint from P; hence Ly, Lo
are disjoint. So for {7, j} = {1,2}, Lp contains a path ();; from z; to y;, through e, and
internally disjoint from P.

(5) We may assume that no P-bridge of G other than Lp intersects both a; Py, — v,
and xo Pyby — 9, or both as Poys — 4o and x1 Piby — x1. Otherwise, by symmetry assume
that some P-bridge J of G, J # Lp, intersects both a; Pyy; — y; and x5 P,by — x9. Then
J contains a path ) from some v € V(a1 Piy; — y1) to some v € V(xoPoby — x5) and

internally disjoint from PULp. Now a1 PiuQu Pybs, as Poxo(Q)o1y1 Piby, Ps are three disjoint
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paths from A to B and through e.

Case 1. w3, r3, y3 are defined.

Suppose w3 ¢ {wi,wy}. Then by the same argument following (4), we may assume
that forany 1 <1 # j < 3, Lp has a path );; from z; to y; through e and internally disjoint
from P, and (5) holds for any P;, P; with i # j. Thus, {x1, x2, 23} or {y1, y2, Y3} separates
A from B (i.e. (i) holds); or {z1, 29,23} = {a1,as,as}, {y1,v2,y3} = {b1, b2, b3}, and
no P-bridge of G other than Lp contains two of {x1, z2, x5} or two of {y1,y2,ys}. In the
latter case, (iv) holds with Gy = L1 N Loy N L3o, L1 U Py € G, Loy U Py, C Gy, and
L3; U P; C Gj3. Thus, by symmetry assume ws = ws.

Hence, again by the same argument following (4), for all {4, j} # {2, 3}, Lp has a path

Q;; from z; to y; through e and internally disjoint from P, and we may assume that

(¥) no P-bridge of GG other than Lp intersects both a; Piy; — y; and (zoPyby — x5) U

(w3 P3bs — x3), or both 21 P1by — 21 and (as Poys — y2) U (asPsys — ys3).

If no P-bridge other than Lp intersecting Py also intersects P, U P, then (7i7) holds
with Go = L1y N Loy, L1 UP, C Gy, and Loy U La; U P, U P3 C (3. So assume that
G has a path @ from some u; € V(P;) to some uy € V(P, U P3) and internally disjoint
from P U Lp. Note that if for every choice of (), we have u; = x; = y; then, since
ay # by, {uy,as,a3} or {uy, be, b3} is a cut in G separating A from B; so (i) holds. Hence,
by symmetry, assume u; € V(a1 Piy; — y1). Then by (), ug € V(ayPexs U azPsz3). By
symmetry, let us € V(asPyxs).

First, assume that () may be chosen so that u; € V(z1Piy; — {x1,y1}). Then by
(%), xo = ya = ug. Since ay # by, we may let ay # x9 (by symmetry). If {z1,zo, 23}
is a cut in G separating A from B then (i) holds. So by (2) and (%), G has a path R
internally disjoint from Lp U P U (@), which is from some r € V(ayPyxy — x5) to some
s € V(x3Psb3 — x3), or from some r € V(x9Pyby — x5) to some s € V(azPsxs — x3). In

the former case, a; Pyu;Qusa Poby, ag Por Rs Psbs, az P3r3(31y1 Py by are disjoint paths from
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A to B and through e. In the latter case, ay Pix1Q13y3 Ps3b3, as PousQui Piby, a3 P3sRr Pyby
are disjoint paths from A to B and through e.

Therefore, we may assume u; € V(a3 Pix1 — ;). Thus, () implies the existence of a
path Q" in G from some vy € V (asPyz5) to some v1 € V(a3 Pixy — y1) UV (a3 Py — x3)
and internally disjoint from P U L p, and we choose )" with vy Pox5 minimal. Let v € P
with v3 Psas maximal such that v3 = a3, or G contains a path R from v3 to some r €
V(a1 Pyzy — x1) UV (agPyvy — v9) and internally disjoint from P U Lp.

Suppose v3 € V(23P3b3 — x3); so R is defined. By (2) and (x), RN Q" = (); and by (x),
r € V(agPyvy—uvy). If v € V(ay Pix1—yy) then ay PyvyQ've Pobs, as Pyr Rusg Psbs, az Psx3Q31y1 Prby
are disjoint paths from A to B and through e. So assume v; € V' (agPsx3 — x3). Then Py,
ao Pyr Rug Pybs, as P3vi(QQ'vs Pyby contradict the choice of P (the maximality of Lp in (1)).

Thus, vz € V(agPsxs). If {1, v, v3} is a cut in G separating A from B then (i) holds.
So by (2) and (x) and by the choices of vy and v3, we may assume that there is a path R’
from some s’ € V(a3 P3v3—vs3) to some 1’ € V (vy Poby—v5) and internally disjoint from P.
Then R is defined, and by the minimality of vy Poxa, 77 € V(22 Poby — 25). SO RN R =)
by (2) and (). If r € V(asPyvs — vy) then Py, as Por Rus Psbs, a3 Ps3s' R'r’ Pyby contradict
(1); and if r € V(ay Pixy — x1) then ay Pyr Rus P3bs, ag PoxoQo1y1 Piby, and az Pss’ R’ Pyby

are three disjoint paths from A to B and through e.

Case 2. w3, r3,y3 are not defined.

Let u € V(P3) with uP3bs minimal such that u = a3 or u belongs to some P-bridge of
G intersecting (a; Pyzy — x1) U (ag Poxs — z2). We may assume {x1, zo, u} = {ay, as, as}.
For, suppose {x1, z2,u} # {a1, as, as}. We further choose P; (while fixing Py, P, Lp) so
that v P3b3 is minimal; hence no P-bridge of G intersects both a3z P3u — u and uP3b3 — u.
If G has no path from a3 P;u — w to (x1P1by — x1) U (22 Pby — x5) and internally disjoint
from P U Lp, then by (2), (5) and the choice of u, {x1, 25, u} is a cut in G separating A
from B, and (7) holds. So assume that G has a path ) from some € V(a3Psu — u) to

some y € V(x1Piby — x1) UV (29Psby — x5) and internally disjoint from P U Lp. Let

19



R be a path in G from u to some z € V(a; Pyxy — x1) U V(agPyxy — x9) and internally
disjoint from P U Lp, and by symmetry let z € V' (ay Pyxy — x5). By (2) and (5), Q N R =
(). Since we are in Case 2, (Lp — P)N(QUR) = 0. If y € V(xaPby — x5) then
Py, a3 Pyz RuPsbs, a3 PsxQy Pyby contradict the choice of P (i.e., (1)). Soy € V(z1Pib; —
x1). Then a3 Pix1Q12Y2 Paby, ao Poz RuPsbs, a3 PsxQy Py by are three disjoint paths from A
to B and through e.

Similarly, let v € V' (P3) with a3 Psv minimal such that v = b3 or v belongs to some
P-bridge of G intersecting (y; P1by —y1) U (y2 Pybs — y2), and we may assume {yy, o, v} =
{b1, b2, b3}.

If no P-bridge of G intersecting P3 also meets P; (respectively, P») then (7ii) holds
with Gy = Lo N Loy, P, U P; C G5 and P, C Gy (respectively, P, U P; C G3 and
P, C (G7). So assume that some P-bridge of G meets both P, and P3; and some meets both
P; and Ps.

Suppose G has a P-bridge J such that J N P, # () fori = 1,2,3. Then J # Lp as
ws, x3, y3 are not defined. So by (5) and by symmetry, we may assume V(J N ;) = {a;}
fori = 1,2. Let w € V(J N P3) with agP;w maximal. We further choose P; (while
fixing Py, P, Lp) so that wPsbs is as short as possible; then no P-bridge of G intersects
both a3 Psw — w and wP3b3 — w. We may assume that G has a path () from some = €
V(asPsw—w)tosomey € V(P —a;)UV (P,—ay) and internally disjoint from PULpU.J;
for otherwise {ai, as,w} is a cut in G separating A from B, showing that (i) holds. By
symmetry, assume y € V' (P, — ag). Let ()1 denote a path in J from w to a; and internally
disjoint from P. Then a;Q w Psbs, Q21, a3 PsxQy Psbs are three disjoint paths from A to B
and through e.

So assume that no P-bridge of G intersects all P, i = 1,2, 3. Suppose all P-bridges of
G intersecting both P3 and P, U P, meet P; in exactly one common vertex, say z. Assume
by symmetry that z # a3. We may further choose P; (while fixing P, P, Lp) so that z P3b3

is as short as possible. Then no P-bridge of G intersects both a3 P32 — z and 2 P3b3 — 2. So
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{a1, a9, 2z} is acutin G separating A from B, and (7) holds. Hence, we may assume that G
has distinct P-bridges .J; and J, such that J; N P, # (0, Jo N Py # (), and there exist u; €
V(J; N Ps3), i = 1,2, with u; # uy. By symmetry assume that ag, u, us, b3 occur on P in
order. For i = 1,2, let ); be a path in J; from u; to some v; € V(P;) and internally disjoint
from P. If v;1 # ay and vy # bs, then Q12, as PovoQous P3bs, azPyui Qv Py are three
disjoint paths from A to B and through e. So by symmetry, assume V' (J, N P,) = {by}. By
modifying P (while fixing Py, P, Lp) we may assume that no P-bridge of G intersects
both a3 Psus — us and ug P3b3 — us. (Note that J; will not be used in the remaining proof.)
If no P-bridge of G intersecting uy P3bs — us meets (P; — by) U (P> — by), then G has
separation (G, Go) such that V(G1NGs) = {b1,bs,us}, A C V(G1),and B C V(Gs); so
(7) holds. Hence, assume that there is a path R from some s € V' (uy P3bs — uz) to some t €
V(P —b1)UV (Py—bs). Ift € V(P —by) then a; Pit RsPsbs, Qa1, a3 P3us(QQoby are disjoint
paths from A to B and through e. So assume ¢t € V(P,—by). Now Py, as Pot Rs P3bs, a3 P3us(QQaby

reduce this case to Case 1. ]

2.4 Separations of order three

We now use Lemma 2.3.4 to prove the following lemma about separations of order three.

Lemma 2.4.1. Let (G, uy, us, A) be a quadruple, and suppose G has a separation (U1, Us)
such that |V (U1 NUs)| <3, V(U NU)NA#D, uy € V(U) — V(Us), ug € V(Us) —
V(Uy), and A C U, for some i € {1,2}. Then the conclusion of Theorem 2.2.1 holds for
(G, uy, ug, A).

Proof. For convenience, we say a separation of G good if it satisfies the conditions of
this lemma. We may assume that for any good separation (U, Us), |V(U; N Us)| = 3
(and let V(U; N Uy) = {wy, v9,v3}) and Us_; has three independent paths, say P;, Py, P,
from uz_; to vy, vy, v3, respectively. For, suppose otherwise. By symmetry, let ¢ = 1. If

|V(U1 N U2)| S 2 let U21 = U2 and U22 = @, and if |V(U1 N Ug) = 3 let (Ugl, Ugg) be a
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separation in Us such that |V (Uy; N Us)| < 2, ug € V(Usy) — V(Usg) and V(U; N U3) C
V(Usz). Now (Usy, Usy U Uy) is a separation in G showing that Theorem 2.2.1(i¢) holds
for (G, uy,us, A).

We may assume that F'(G[A]) = 0; as otherwise, it is easy to see that Theorem 2.2.1(iii)
holds. Let A = {ay, as, az,as} and a; = v;. We may assume that

(%) for any good separation (Uy, Us), |V(U; NU2)| = 3,and V(U; NU3) N A = {a;}.
Again by symmetry, let i« = 1. If vy,u3 € A then Uy, Uy + A, {a1}, {a2}, {as}, {as}
show that (G, uy, ug, A) is an obstruction of type IV. So we may assume vz ¢ A. Suppose
vy € A, say vy = as. Then, because of Py, P, P;, G has a topological H rooted at
uy, us, A if and only if U; — {aq, as} has three independent paths from wu; to ag, a4, vs,
respectively. Thus either Theorem 2.2.1(7) holds for (G, uy, us, A), or U; has a separation
(U1, Uss) such that |V (U N U)| < 4, ay,a2 € V(U NUL), uyp € V(Upp) — V(Uss)
and {as,aq,v3} C V(Uys). If V(U N Upz)| < 3 then the separation (Uy; U Us, Upa)
shows that Theorem 2.2.1(iii) holds for (G, uy,us, A). So assume |V (U3 N Us)| = 4.
If as,ay ¢ V(U N Upz) then Uy, Uy, {a1}, {as}, Uiz — {a1, az} show that (G, uy, us, A)
is an obstruction of type I. So assume a3 € V(U;; N Uys). If ay ¢ V(U N Upp) then
U1, Us +as, {a1}, {as}, {as}, Uz — {a1, as, ag} show that (G, uy, us, A) is an obstruction
of type IV; and if ay € V(Uyy N Ujg) then Uy, Uy U Uya, {a1}, {as}, {as}, {as} show that
(G, uy,uy, A) is an obstruction of type IV. This proves (x).

We now look for paths in U; in order to form a topological H in G. Let U] be ob-
tained from (U; — a1) + wvyvz by duplicating u; twice, and denote the copies of u; by
u}, u]. We apply Lemma 2.3.4 to U7, {u1,u}, u]}, {as, as, as}, vovs. If U] has three dis-
joint paths from {uy,u}, u}]} to {as, as,as} and through vovs, then (U; — a1) + vovs has
three independent paths Ry, Ry, R3 from uy to as, as, a4, respectively, and through vsvs,
and | J?_, (P, U R;) — vyvs is a topological H in G rooted at uy, uy, A; so Theorem 2.2.1()
holds for (G, uy,us, A). Hence, assume the paths Ry, Ry, R3 do not exist. Then one of

(1) — (iv) of Lemma 2.3.4 holds. Since u} and v are duplicates of u,, (i) and (iv) of
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Lemma 2.3.4 do not occur here. Suppose Lemma 2.3.4(7i) holds. Then U; has a separation
(U11, Uy2) such that |V (U NU)| < 2, a1 € V(U NUL), AU {u} C V(Upy), and
{va,v3} C V(Ujz). Now the separation (U2 UUs, Uy;) shows that Theorem 2.2.1(74) holds
for (G, uy, us, A). Hence, we may assume that Lemma 2.3.4(7) holds.

Thus, U, has a separation (Uy1, Uy2) such that a; € V(Uyy NUss), |V (U NUL)| < 4,
u; € V(Uyp) — V(Uya), and A C V(Uja). We choose (Uyy, Ujs) so that Uy is minimal.
Note that {vs, v3} C V(Uyy) or {ve,v3} C V(Uia). In fact, we may assume {vo, v3} &
V' (Uyy); otherwise the separation (Uy; U Us, Uyo) shows that Theorem 2.2.1(4i7) holds for
(G, uy,us, A).

We may assume that |V (U;; N Upp)| = 4 and Uy — a; has three independent paths
Q1,Q2, Q3 from u; to the three vertices in V (Uy; N Upp) — {a1} respectively. First we
may assume |V (Uy; N Up)| > 3; otherwise the separation (Uyq, Ui U Us) shows that
Theorem 2.2.1(i7) holds for (G, uy, ug, A). Moreover, we may assume |V (Uy; NUy)| = 4;
otherwise by (%), V(U N Upz) N (A — {a1}) = 0, and Uy, Us, {a1}, Uz — a; show
that (G, uy, us, A) is an obstruction of type II. Now if the paths @)1, ()2, Q3 do not exist,
then Uy has a separation (Uj,, U{}) such that |V (U, N U7})| < 3, ay € V(Uj; NUY,),
uy € V(U = V(UY), and V(U NU) C V(UY}). We may assume |V (U7, NUY,)| = 3;
otherwise (Uj,, U} U Ujs U Uy) shows that Theorem 2.2.1(7i) holds for (G, uy,us, A).
By (x), V(Uj; N UY) N (A = {a1}) = 0. So Uy, Us, {ar}, (U}, U Usa) — a; show that
(G, uq,uq, A) is an obstruction of type IL.

We may also assume that {vy,v3} C V(Upz) — V(Uyy). Otherwise, since {v2,v3} ¢
V' (U11), we may assume that vy € V(U1 NUyz) and vg ¢ V (Uy; NUsz). By the minimality
of Uya, Uja—{ay, v } has three disjoint paths from {as, as, as} to (V(U11NU2)—{ a1, vo })U
{v3}. Now these paths and U?_, (P; U Q;) form a topological H in G rooted at uy, us, A,
and Theorem 2.2.1(¢) holds for (G, uy, ug, A)

If V(Ui NUys) — {a1} = {ag, as, a4}, then Uyy, Ujo UUs, {a1 }, {as}, {as}, {as} show

that (G, uy, ug, A) is an obstruction of type IV.
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Suppose |(V(Uy1 N Uyz) — {a1}) N {ag,as,a4}| = 2, say ay ¢ V(U N Upp). If
Uz — {a1, as, a4} has two disjoint paths from {vy,v3} to {as} U (V(Uj; N Ua) — A),
then these paths and U?_,(P; U ;) form a topological H in G rooted at uy, us, A; so
Theorem 2.2.1(7) holds for (G, u, ua, A). Hence, assume that U;, has a separation (S, 7)
such that |S N T| < 4, {ay,a3,a4} C V(SNT), {ax} UV (U NU2) € V(S), and
{vg,v3} CV(T). Ifay € V(S)—V(T) then Uyy, UoUT, {a1}, S —{a1, a3, a4}, {as}, {as}
show that (G, uy, us, A) is an obstruction of type IV; if ay € V(S NT) then Uy; U S, Us U
T,{a1},{az},{as}, {as} show that (G, uy, us, A) is an obstruction of type IV.

Now suppose (V (U11NUia)—{a; })N{as, as, as} = (. Then we may apply Lemma 2.3.4
to Uia — a1 + vous, V(Uyy NUya) — {a1}, {ag, as, as}, vevs. If Ujs — ay + vyus has three
disjoint paths from V(U1 NUjs) — {a; } to {as, as, a4} and through vyvs, then deleting vovs
from the union of these paths with U?:1(Pi U @Q;), we obtain a topological H in G rooted
at uy, ug, A; Theorem 2.2.1(7) holds for (G, uy, us, A). So assume that one of (i) — (iv)
of Lemma 2.3.4 holds. If Lemma 2.3.4(7) holds then Uy has a separation (.5, 7") such that
ap € V(SNT), |[V(SNT)| <4, V(U NUp) € V(S), and {as,as,as} < V(T);
so (Uy; U S,T) contradicts the choice of (U, Uyp). If Lemma 2.3.4(7i) holds then Uy,

has a separation (S, 7) such that a; € V(S NT),

V(SNT) < 2, {vg,v3} C V(T),
and A U V(U NUz) € V(S); so the separation (Uy U T, Uy; U S) shows that The-
orem 2.2.1(i7) holds for (G, us,us, A). Now, suppose Lemma 2.3.4(iii) holds. Then
Uiz — a; = S U Sy U S3 such that S; N Sz = 0, {vg,v3} C V(Ss), [V(S; NSy)| <1
for i = 1,3, [V(S1) N {ag,as,a4}| = |V(S1) N (V(Uip NU2) — {a1})] = 1, and
[V (S3) N {ag,as,as}| = |V(S3) N (V(Ui; NUz) — {a1})| = 2. Note that |S; N S| = 1
for i = 1, 3; as otherwise, (Uy U Sy, Uy; U S; U S3) is a separation in G showing that Theo-
rem 2.2.1 holds for (G, uy, us, A). Therefore, since V(S5; N .Sy) € Afori = 1,3 (by (%) as
{a1} UV ((S1US3)NSy) separates uy from AU {u,}), Uyp, UaU S, {ag}, S1, S3 show that
(G, uy,ug, A) is an obstruction of type I. Thus, we may assume that Lemma 2.3.4(iv) holds.

ThenU12—CL1 251USQUS3US4, {UQ,U;;} QV(Sl), SiﬂSj :®f0r2§z<] §4,and
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[V (S;)N{ag, as,as}| = |V (S;)N(V(U1NUa)—{a1 })| = 1 fori = 2,3, 4. Let A; = {a1},
and fori € {2,3,4}, leta; € V(S;), V(A;) = {a;} and A, = S; (when a; € V(S))), and
A; = S;and A, = () (when a; ¢ V(Sy)). Now Uy U A, U AU AL, Uy U Sy, Ay, Ay, As,y Ay
show that (G, uy, us, A) is an obstruction of type IV.

Thus, without loss of generality, let V (U;; N Uy2) = {ay, a4, b, c}, with b, c ¢ A. Note
that Uyo U Us has a separation (S, 7") such that {ay,a,} C V(SNT), |[V(SNT)| < 4,
{ag, as,b,c} CV(S),and uy € V(T') — V(S). (For example, S = Uyp and T = U + ay4.)
Choose (S, T) to maximize 7" with Uy C 1. By (%), [V(SNT)| =4. Let V(SNT) =
{a1, a4, v}, v5}. Then T — ay4 has three independent paths Q}, @5, Q4 from us to ay, vh, v5,
respectively; for otherwise, 7" has a separation (7}, T») such that |V (17N T3)| < 3, a1,a4 €
V(Ty N'Ty), uy € V(T3) — V(T1), and {v},v5} C V(17) (since Uy C T and because of
Py, Py, P3), contradicting () (with the separation (Uy; U S U T}, T)).

We apply Lemma 2.3.3 to S — {ay, a4}, b, ¢, v}, V%, as, ag (With ag, az play the roles of
ai, ay there). If S — {ay, a4} has three disjoint paths, with one from {b, c} to {vj, v}},
one from {b,c} to {as,as}, and another from {v}, v4} to {as, a3}, then these paths and
U?_,(Q: U @}) form a topological H in G rooted at uy, uy, A; Theorem 2.2.1(i) holds
for (G, uy,us, A). So assume that S — {ay, a4} has a separation (G, G2) such that one
of (i) — (v) of Lemma 2.3.3 holds. By the minimality of U, and the maximality of
T, Lemma 2.3.3(7) does not occur here. If Lemma 2.3.3(ii) holds, then the separation
(Upn UT U GGy + {a1,a4}], Gy + {a1,a4}) shows that Theorem 2.2.1(ii7) holds for
(G, uy,ug, A). If Lemma 2.3.3(i4) holds, say with {b, ¢} C V(G) and {v}, v} C V(G2),
then U1 UG1+{az, as}, (TUG2)+{ag, as}, {ai },{as}, {as}, {as} show that (G, u1, us, A)
is an obstruction of type IV. If Lemma 2.3.3(iv) holds, then Uy, T,{a;1},{as},G1, G2
show that (G, uy,us, A) is an obstruction of type IV. So assume Lemma 2.3.3(v) holds
with {a2,a3} C V(Gy). If [{v),v4} N V(Gy)| = 1 then the separation (7' U G[Gy +
{a1,a4}],U11 U G[G; + {a1,a4}]) contradicts (x). So [{b,c} N V(Gy)] = 1. Then
Upp U GGy + {a1,a4}], T, {a1}, {as},G1 show that (G, uq,us, A) is an obstruction of
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type L. 1

Lemma 2.4.2. Let (G, uy,us, A) be a quadruple, and assume that G has a separation

(Uy, Uy) such that |V (U;NUs)| < 3,

V(Uh)| > 5w € V(Uy) =V (Us), AU{ug} C V(Uy).
Suppose Theorem 2.2.1 holds for all graphs of order less than |V (G)|. Then Theorem 2.2.1
holds for (G, uy, us, A).

Proof. First, we may assume that |V (U;NUs)| = 3 and U; has three independent paths, say

Py, Py, P3, from u, to the three vertices in V (U; NUy). For, otherwise,

V(U NUs)| <2 (in
which case let K = Uj and L = (), or U; has a separation (K, L) such that |V (KNL)| < 2,
uy € V(K)—V(L)and V(U NUy) C V(L). Then the separation (K, L UUs) in G shows
that Theorem 2.2.1(ii) holds for (G, uy, ug, A).

Now let G’ be obtained from G by deleting U; — u; — V(U; N Us) and adding three
edges from w4 to the three vertices in V' (U; N Uy). By assumption, Theorem 2.2.1 holds for
(G’ uy, ug, A).

If Theorem 2.2.1(3) holds for (G’, uy, us, A) then let 7" be a topological H in G’ rooted
at uq, ug, A. Now (7" — uy) U Py U P, U Pj is a topological H in G rooted at uy, us, A; so
Theorem 2.2.1(7) holds for (G, uy, ug, A).

Suppose Theorem 2.2.1(4i) holds for (G', uy,us, A), and let (K, L) denote a separa-
tion in G’ such that |V(K N L)| < 2 and, for some i € {1,2}, u; € V(K) — V(L) and
AU {us_;} C V(L). If i = 1 then the separation ((K — u;) U Uy, L) shows that The-
orem 2.2.1(ii) holds for (G, u1,ug, A). Soi = 2. If uy ¢ V(K N L) then the separation
(K, (L—uq)UU;) shows that Theorem 2.2.1(74) holds for (G, uq, uz, A). Sou; € V(KNL).
Then the separation (U; UK, L—u, ) shows that Theorem 2.2.1(4i7) holds for (G, uy, us, A).

Suppose Theorem 2.2.1(i¢7) holds for (G’, uy, us, A), and let (K, L) denote a separation
in G' suchthat |[V(KNL)| < 4,uy,us € V(K)—V(L)and A C V(L). Now the separation
((K — uy) U Uy, L) shows that Theorem 2.2.1(i7) holds for (G, uy, us, A).

Finally, assume Theorem 2.2.1(iv) holds for (G’ uy, us, A). Replacing u; with U; in

that side of (G’,uy, us, A) containing u;, we see that (G, uy, us, A) is also an obstruction
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of the same type as (G', uy, ug, A). |

2.5 Quadruples with critical pairs

In this section, we consider quadruples (G, uy, us, A) in which there exist z,y € V(G) —
{u1,us} — A such that (G/zy, uy, us, A) is an obstruction, where G/zy is obtained from
G by identifying = and y. Such a pair {z, y} is said to be critical. First, we need a lemma

on separations of order 4 in a hypothetical minimum counterexample to Theorem 2.2.1.

Lemma 2.5.1. Suppose (G, uy,us, A) is a counterexample to Theorem 2.2.1 with |V (G)|
minimum, and assume that G has a separation (Uy, Uy) such that V(U1NUs) = {wy, wa, w3, wy},
uy € V(Uy) = V(Ua),us € V(Uy) = V(Uy), and A C V(Us). Then for any permutation

ijkl of {1,2,3, 4},

(i) Uy — wy has three independent paths from u, to w;, w;, wy, respectively, unless w; €

N(uy) and |N(uy)| = 3, and

(¢4) Uy has three independent paths from uy to w;, w;, wy, unless w; € N(uy), |N(uy)| =

3, and N(w;) NV (Uy) C Nuy].

Proof. First, note that | N (u1)| > 3, or else Theorem 2.2.1(i7) would hold for (G, uy, us, A).

Suppose U; — w; does not have three independent paths from u; to w;, w;, wy, respec-
tively. Then U, has a separation (Uj1, Ujo) such that |V (U NUys)| < 3, w;, € V(Up1NUy2),
{wy, wa, w3, wy} € V(Upa), and uy € V(Uyy) — V(Upa). Note that |V (Uyy N Up)| = 3;
otherwise the separation (Ui, Ujo U Us) shows that Theorem 2.2.1(ii) would hold for
(G, uy,us, A). Now the separation (U1, Ujp U Us) allows us to use Lemma 2.4.2 to con-
clude that V' (Uy;) = {u; }UV (U1 NUya). Hence, [N (uy)| = 3and N(uy) = V(U1 NUso)
(so w; € N(uy)).

Now assume that U/; does not have three independent paths from u; to w;, w;, wy, re-
spectively. Then U; has a separation (U1, Upz) such that |V (U N Ups)| < 2, uy €

V(Ull) — V(Ulg), and {wi,wj,wk} Q V(Ulg) Note that w; € V(UH) — V(U12) and
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|[V(U1p N Uss)| = 2; otherwise the separation (Uyy, Uyp U Us + w;) shows that Theo-
rem 2.2.1(i7) would hold for (G, uy,us, A). Now the separation (Uyy, Ujn U Us + wy)
allows us to use Lemma 2.4.2 to conclude that V' (Uy;) = {uy, w; } UV (Uy; NUjs). Hence,

|N(U1)| = 3, N(ul) = {wl} U V(UH N U12), and N(wl) N V(Ul) Q N[Ul] [ |

We now show, in a sequence of four lemmas, that no quadruple containing a critical

pair is a minimum counterexample to Theorem 2.2.1.

Lemma 2.5.2. Suppose (G, uy, us, A) is a counterexample to Theorem 2.2.1 with |V (G)|
minimum, and let v,y € V(G) — A — {uy,us} be distinct. Then (G/xy,uy,us, A) is not

an obstruction of type IV.

U4

G/ry G

Fig. 2.6: G/zy is an obstruction of type IV.

Proof. For, suppose (G/xy, ui,us, A) is an obstruction of type IV, with sides Uy, U, and
middle parts A;, Ay, A3, Ay. See Figure 2.6. Recall from definition of obstruction that
V(U NUy) C A. Let A := {ay,a9,a3,a4} such that a; € V(A;) for 1 < i < 4. Let
V(U1NA;) = {v;} and V(UaNA;) = {w;}, 1 <i<4,andletu; € V(Uy)—{v1,v2, 03,04}
and uy € V(Us) — {wy, wy, w3, ws}. By definition of obstruction, if |A;| > 2 then a; €
V(A;) — {vi,w;} and N(a;) C V(4;), and if v; = w; then {v;} = {w;} = {a;} = V(4)).

Let v be the vertex resulting from the identification of x and y. If v ¢ {v;,w; : 1 <
i < 4} then (G, uy, us, A) is an obstruction of type IV, a contradiction. Then by symmetry
assume v = vy. So |V (A;)| > 2and a; € V(A;) — {vy, w, }. Let Uy, A be obtained from
Uy, Ay, respectively, by unidentifying v to x and y. Note that if xy € E(G) we put xy back

in exactly one of U] or A (it does not matter which one).
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Then A} contains disjoint paths X, Y from {x,y} to {a;, w;}. For, otherwise, A} has
a separation (A1, Ajo) such that |V (A1 N Ap)| < 1, {z,y} C V(Ap), and {a;,w;} C
V(Ayz). Now U U Ayy, Uy, Az, Ay, Ag, Ay (When ay ¢ V(A1 NAgp) #0),or UfU A, +
ap, Uy U Aqa,{a1}, As, A3, Ay (When a; € V(A3 N Agp) or V(A N App) = 0), show that
(G, u,uq, A) is an obstruction of type IV, a contradiction.

Moreover, for each i € {2,3,4}, if a; ¢ {v;,w;} then A; — v; contains a path W/
between w; and a;, and A; —w; has a path V; between v; and a,. For, suppose by symmetry
that A; — v; has no path from w; to a;, then A; has a separation (A;;, A;2) such that V' (A;; N
App) = {vi}, a; € V(A;) and w; € V(A;s). Then the separation (G — (A;; — v;), Ai +
(A — {a;})) shows that Theorem 2.2.1(7iz) holds, a contradiction. Let W/ = V! = A, if
a; = v; = w;.

Suppose for each i € {2, 3,4}, U] — (A — {v;}) has three independent paths P}, P, Pi
from u; to x,y,v;, respectively. If U} — (A N {wy}) has three independent paths from
uy to wy, w3, wy, respectively, then these paths and P?, P7, Pi, X,Y,Vy, W3, W, form a
topological H rooted at uq, us, A, and Theorem 2.2.1(i) would hold. So such paths do
not exist in U, — (A N {ws}). Then by Lemma 2.5.1(i), wy € N(uz) and |N(us)| = 3.
Similarly, ws,w,; € N(uz). Hence by Lemma 2.4.1, wy, w3, wy ¢ A. Therefore, by
Lemma 2.5.1(ii), N(w;) NV (Us) € NJusg] fori = 2,3, 4. Now G[Nuz]] + a1, U] U Aj U
(Uy — {ug, we, w3, wy}), {a1}, As, Az, A4 show that (G, uy, us, A) is an obstruction of type
1V, a contradiction.

Hence, we may assume by symmetry that P2, P7, P? do not exist. Then U] has a
separation (U1, Upz) such that A N {vs, v} C V(U N Uss), V(U NUR)| < JAN
{vs, 4} + 2, uy € V(Uy) — V(Uia), and {x,y,vo} C V(Uia). We choose (U1, Uz) so
that |V (U, N Ujy)| is minimum and then Uy is minimal.

We claim that |V (U N Uyz)| = |A N {vs,vs}| + 2. For, otherwise, the separation
(Unn + {vs,v4},G — (Uyy — Uya) + {vs3,v4}) allows us to use Lemma 2.4.1 to assume

V3, V4 ¢ A; SO |A N {1)3,1)4}| = (. Then |V(U11 N U12)| = 1 and V3, Vg - V(UH — Ulg);

29



else, the separation (Uyy, U1 UA] U AU A3UA4UU;) shows that Theorem 2.2.1(4¢) would
hold. Hence, Uy, Uy, A} U Uya U Ag, Az, Ay show that (G, uq, us, A) is an obstruction of
type I, a contradiction.

Let V(U NUa) — (AN {vs,v4}) = {s1,$2}. We claim that vy ¢ AN {sy,s2}. For,
suppose vy € A N {s1,s2}; so vy = ay. Note that for each i € {3,4}, if v; ¢ A then,
since vy = ay, we must have v; ¢ V(Uj) by Lemma 2.4.1. So Uy, Us, (Ujs — vg) U
Al {ve}, As, Ay show that (G, uq, us, A) is an obstruction of type IV, a contradiction.

Then by the minimality of Uja, Ujs — (A N {vy}) contains disjoint paths S, Sy from
{z,y} to {s1, s2}. We may assume that (Uy; + {vs, v4}) — (AN{vs}) (or (Uyy +{vs,v4}) —
(AN{wv3})) has independent paths Q] , @, Q% from u; to sy, Sa, v3 (or vy), respectively. This
is true if v3 € {s1, 82} or vy € {s1,s2}; as otherwise Uy; + {vs,v4} has a cut of size at
most two separating u; from {si, s2} U {vs, vs}, which gives a separation showing that
Theorem 2.2.1(7i) would hold. So we may assume vs,vs ¢ {s1, 2} and that the paths

1, @y, Q% do not exist. Then by Lemma 2.5.1(3), |N(u1)| = 3 and v3,vs € N(u1). So
by Lemma 2.4.1, v3,vs ¢ A. Hence, by Lemma 2.5.1(4i), N(v;) NV (Uyy + {v3,v4}) C
Nuy] for i = 3,4. Now G[N|u1]], U, (U — {u1,v3,v4}) U A} U Ay, A3, Ay show that
(G, uq,us, A) is an obstruction of type I, a contradiction.

By symmetry, assume that Q% ends at v3. Then because of Sy, Sa, we see that Uy — (AN
{vs, v4}) has independent paths ()1, )2, )3 from u; to z, y, vs, respectively. If Uy — (AN
{ws}) has three independent paths from uy to wy, we, wy, respectively, then these paths
and 1, Q2, @3, X, Y, V{, W3, W, form a topological H in G rooted at uy, us, A, and Theo-
rem 2.2.1(¢) would hold. So such paths do not exist. Then by Lemma 2.5.1(3), w3 € N (us)
and |N(uz)| = 3. So by Lemma 2.4.1, w3 ¢ A. Hence, N(ws) NV (Uy) C Nlus| by
Lemma 2.5.1(i7). Moreover, vs ¢ A. So vs € V(Uy; — Uja) because of Q7, @5, Q5. Then
vy € V(Uyy — Uypa); for otherwise, since vy & {s1, 82} when vy € A, Uyy, G[Nus]], As,
Upp UAL U Ay U Ay U (Uy — {ug, ws}) (and removing from the last subgraph the possi-

ble edge with both ends in N (us)) show that (G, uq, us, A) is an obstruction of type II, a
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contradiction.

Suppose U;; does not contain independent paths from u; to s, s9, vy, respectively.
Then by Lemma 2.5.1(ii), v3 € N(uy), |[N(u1)| = 3 and N(vs) N V(Uy1) € Nlug).
Hence G[N|u1]], G[N[us]], As, (U] — {u1,v3}) U AL U Ay U Ay U (Uy — {uz, ws}) (and
removing from the last subgraph possible edges with both ends in N (u;) or N(uz)) show
that (G, uy, ug, A) is an obstruction of type I, a contradiction.

So let Ry, Ry, R3 be independent paths in U;; from u; to sy, s9, vy, respectively. If
U; — (A N {w4}) has independent paths from usy to wy, we, ws, respectively, then these
paths, Ry, Ry, R3, S1, 52, X, Y, V|, Wj, W form a topological H in G rooted at u;, us, A,
and Theorem 2.2.1(z) would hold. So such paths in Uy — (A N {w4}) do not exist. Then by
Lemma 2.5.1(i), wy € N(uz), and by Lemma 2.4.1, wy ¢ A. Hence by Lemma 2.5.1(i7),
N(w;) NV (Us) € Nlus] fori = 3, 4. Thus, Uy, G[N[us]], As, Ag, Ura U A, U Ay U (U —

{ug, w3, ws}) show that (G, uy, us, A) is an obstruction of type I, a contradiction. |

Lemma 2.5.3. Suppose (G, uy,us, A) is a counterexample to Theorem 2.2.1 with |V (G)|
minimum, and let v,y € V(G) — A — {uy, us} be distinct. Then (G/xy, uy,us, A) is not

an obstruction of type L

Proof. Suppose (G/xy, uy, us, A) is an obstruction of type I, with sides Uy, Us and middle
parts Ay, Ay, As. Recall that V(U; NUs) C A. See Figure 2.2. Let A := {ay,as, a3, a4}
such that a; € V(A;) fori = 1,2 and a3, as € V(A3z). Let V(U N A;) = {v;} fori = 1,2,
V(U N As) = {us, 04}, V(U N Ay) = {w;} fori = 1,23, uy € V(Uy) — {v1, 02,03, 04},
and uy € V(Uy)—{wy, wy, ws}. By definition of obstruction, as, ay € V(Az)—{vs, v4, w3}
and, fori = 1,2,if [V (A;)| > 2then a; € V(A;) —{v;, w;}. Note that A is independent, as
otherwise the separation (G[A], G — E(G[A])) shows that Theorem 2.2.1(iii) would hold
for (G, uy, ug, A).

Let v denote the vertex resulting from the identification of = and y. Note that v € {v; :
1 <i<4}UA{w; : 1 <i <3}, for otherwise (G, ug, us, A) is also an obstruction of type

I, a contradiction. By symmetry, it suffices to consider four cases: v = vy, v = wy, v = ws,
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and v = v4. See Figure 2.7. Before distinguishing these four cases, we make observations
(1), (2) and (3) below. Let A, = A; if v ¢ V(A;), and otherwise let A be obtained from
A; by unidentifying v to x and y. Similarly, let U] = U; if v ¢ V(U;), and otherwise let U
be obtained from U; by unidentifying v to z and y. When zy € E(G), we put xy back in

exactly one of U/ and A..

(1) If v € {v1,v4} then v;,w; ¢ A for all 4,7, and U, has three independent paths

Wy, Wy, W3 from us to wy, ws, ws, respectively.

Suppose v € {vy, vs}. Note that vz, vy, w3 ¢ A by definition of obstruction. Also, wy, wy ¢
A by Lemma 2.4.1. Hence, v, ¢ A by definition of obstruction. Now suppose the second
part of (1) fails. Then U, has a separation (Us;, Use) such that |V (Uy N Usy)| < 2, uy €
V(Us1)—V (Usz), and {wy, we, w3} C V(Usz). The separation (Usy, UsoUU]UAUALUAY)

shows that Theorem 2.2.1(i7) holds, a contradiction.

(2) Fori € {1,2},if v ¢ V(A;) and |V (A;)| > 2, then A; — v; has a path W/ from w; to
a; and A; —w; has a path V' from v; to a; (and if |V (A;)| = 1 thenlet W/ = V/ = A)).

For, suppose W/ does not exist. Then A; has a separation (A;;, A;2) such that V(A4;; N
Aig) = {UZ‘}, w; € V(Azl) and a; € V(Alg) Now (AZQ+A, U{UUéUAﬂUAg_iUAg) shows
that Theorem 2.2.1(4i7) holds for (G, uy, us, A), a contradiction. So W/ exists. Similarly,

V! exists.

(3) Fori € {3,4}, if v ¢ Ajs then A3 — v;_; has disjoint paths Q;, R; from ws, v;,

respectively, to {as, a4}.

Otherwise, A3 has a separation (As;, As2) such that |V (Az; N Aso)| < 2,07 € V(Az1 N
Asg), {ws,v;} C V(As1),and {ag, as} C V(Aszz). Now the separation (Aso+{aq, as}, UU
U U AL U A, U A3y ) shows that Theorem 2.2.1(4i7) holds for (G, uy, us, A), a contradiction.

Casel. v = ;.
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vy
Case 1 Case 2 Case 3 Case 4

Fig. 2.7: (G/zy,u1,uy, A) is an obstruction of type I.

Note that A} has disjoint paths X,Y from {z,y} to {a;,w;}. Otherwise, A} has a
separation (A1, Ajp) such that |V (A N Agp)| < 1, {z,y} € V(An) and {as,w,} C
V(Aiz). Then Uy U Ay, Us, A1a, Az, Az (When a; ¢ V(A1 N Apz) # 0)or Uy U Ay +
a,Us U Ajg,{a1}, Ay, A3 (When V(Aq; N Agp) C {ai}) show that (G, uq,us, A) is an
obstruction of type I, a contradiction.

For any ¢ € {3,4}, U] does not contain three independent paths from u; to z,y, v;,
respectively; as such paths and X, Y, Wy, Wy, W3, W3, Q;, R; would form a topological H
in G rooted at uy, us, A. Thus, U] has a separation (U1, Uy2) such that |V (U, NUy)| < 2,
uy € V(Upy) — V(Uis), and {z,y,v3} C V(Uiz). Choose this separation to minimize Us.

Suppose |V (U NUya)| < 1. I |V(Uyy NU)| = 0or {vg, 04} € V(Ury) — V(Uia),
then the separation (Uyy, U U Uy U A} U Ay U A3) shows that Theorem 2.2.1(i7) would
hold for (G, uy,uq, A). So |V (Uy; N Ups)| = 1 and vg, vy € V(Uyy) — V(Urz). Then
Ui1, Us, Ag, Uja U A} U Az show that (G, ug, us, A) is an obstruction of type II, a contra-
diction.

Solet V(Ui1NUis) = {s1, s2}. By the minimality of Uyo, Uyo —vs (When vs ¢ {s1, s2})
and Uyo (When vs € {s1, so}) contain disjoint paths S}, Sy from {s1, s2} to {z, y}.

If vy ¢ V(Upp) — V(Urp) then vo € V(Uyy) — V(Uips); otherwise the separation
(U1, U1 UU; U A U Ay U Ajg) shows that Theorem 2.2.1(74) would hold for (G, uq, us, A).
But then, Uy, Uy, Ay, Ui U A} U A3 show that (G, uq, ug, A) is an obstruction of type II, a

contradiction.
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So v, € V(Uyy) — V(Uiz). Now Uy; does not contain three independent paths from w4
to s1, So, v4, respectively; otherwise these paths and 57, .S, would form three independent
paths in U7 from u; to x, y, v4, respectively (which were assumed to be nonexistent in the
second paragraph of Case 1). Thus, U;; has a separation (K, L) such that |V (K N L)| < 2,
uy € V(K)=V(L)and {s1, s2,v4} CV(L). Ifvg ¢ V(K)—V(L)or|V(KNL)| < 1then
(K, LUU;3UU,UATUA2UA3) shows that Theorem 2.2.1(74) would hold for (G, uy, us, A).
Sowy € V(K)—V(L)and |V(KNL)| =2. Then K,Us, Ay, LUU;5 U A} U A3 show that

(G, uy,ug, A) is an obstruction of type II, a contradiction.

Case 2. v = v,.

Then A has three disjoint paths Py, Py, P from {vs, z, y} to {as, as, ws}. For, other-
wise, A} has a separation (As;, Asz) such that [V (As; N Asg)| < 2, {vs, z,y} C V(Asz1),
and {as, a4, w3} C V(As2). If [V (A31NAs2)| < 1, then the separation (Ase+{ay, as}, UjU
Uy U Ay U Ay U Agy) shows that Theorem 2.2.1(zi¢) would hold for (G, uy,us, A). So
|V (A31 N Azg)| = 2. If V(A3 N Azp) N A = ) then U] U Azy, Us, Ay, Aa, A3y show that
(G, uy,ug, A) is an obstruction of type I, a contradiction. If V' (Az; N Azx) N A = {a;} for
some ¢ € {3,4} then U] U Agy, Us, Ay, Ag, {a;}, Ass — a; show that (G, uq,us, A) is an
obstruction of type IV, a contradiction. Thus a3, ay € V(Az; N Asg); so U U Agy, Us U
Aso, Ay, Ay, {as}, {as} show that (G, uy,us, A) is an obstruction of type IV, a contradic-
tion.

If U] has three independent paths from u; to vs, x, y, respectively, then these paths and
Py, Py, Py, Wy, Wy, W3, W[, W3 would form a topological H in G rooted at uy, us, A. Thus
U] has a separation (Uyy, Up2) such that |V (U N Uss)| < 2, uy; € V(Uyy) — V(Uis), and
{vs,z,y} C V(Upa).

Suppose |V (U1NU12)| < 1. Then |V (U11NU;2)| = 1and {vy, 09} C V(Upy)—V (Ur2);
otherwise the separation (Uyy, U1 UUs U Ay U Ay U AL) shows that Theorem 2.2.1(i7) would
hold for (G, uy, us, A). But then the separation (U3 U Us U Ay U Ay, Uro U AL + {aq, as})
shows that Theorem 2.2.1(#7i) would hold for (G, uy, us, A).
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So |V(Uyy NUps)| = 2. If vy, vy ¢ V(Uyy) — V(Uyz) then the separation (Uyq, Ujs U
Uy U AU AU AY) shows that Theorem 2.2.1(i4) would hold for (G, u, ug, A). So assume
by symmetry that v; € V/(Uyy) — V (Uss). If vy & V(Uyy) — V (Upp) then Uy, Us, Ay, Ui U
Ay U A% show that (G, u, ug, A) would be an obstruction of type II. Thus ve € V/(Uyy) —
V(Uy2). Now Uyq, Us, Ay, Ay, A5 U Uyo show that (G ug, ug, A) is an obstruction of type I,

a contradiction.

Case 3. v = ws.

In this case, there is symmetry between U; and Uj. We choose Uy, U, A% (while fixing
A; and A,) to maximize U;UUJ, subjectto {as, as} C V(AL)—{vs, v, 2,9y}, uy € V(Up)—
V(US), and uy € V(U5)—V (Uy). Hence, if vy € E(G) we putitin Ul, and if v3v, € E(QG)
we putitin U;. We apply Lemma 2.3.3 to A%, vs, v4, 2, Y, as, ay (as G, vy, vg, wy, wo, ay, as,
respectively).

Suppose A’ has a separation (G, G2) such that one of (i) — (v) of Lemma 2.3.3 holds.
If Lemma 2.3.3(77) holds, then the separation (G, U Uy U Uj U Ay U Ag, Gy + {aq,a2})
shows that Theorem 2.2.1(ii7) would hold for (G, uy,us, A). If Lemma 2.3.3(74¢) holds
then (U1UG;)+{as, a4}, (USUG3_;)+{as, as}, A1, Aa, {as}, {as} show that (G, uy, ug, A)
would be an obstruction of type IV. If Lemma 2.3.3(iv) holds then Uy, U}, Ay, Ay, G1, G
show that (G, uy, uz, A) would be an obstruction of type IV. If Lemma 2.3.3(v) holds then
Uy UGy, Us, Ay, Ay, Gy (when {3, v4} NV (Gy) # 0) or Uy, Uy U Gy, Ay, As, Gy (When
{z,y} NV (G3) # () show that (G, uq,us, A) would be an obstruction of type I. Thus,
Lemma 2.3.3(7) holds. By symmetry between U; and UJ, assume {vs, vy, a3, a4} C V(Gy)
and {z,y} C V(Gy). If V(G1NGy) = {az,as} then U UGy, Uy U Gy, Ay, Ay, {az}, {as}
show that (G, uy, uz, A) would be an obstruction of type IV. If V(G1 N G2) N {as,as} =
() then we get a contradiction to the choice of Uy, Uj, A} (the maximality of U; U U))
by Uy, U, U Go, Ay, Ay and Gy (when |V(G1 N Gy)| = 2) or G + x (when |V (G N
Go)| = land z ¢ V(Gy NGy))or Gy +y (when |[V(G1NGy)| =1landy ¢ V(G1 N
Gs)) or Gy + {x,y} (when |V (G1 N G2)| = 0). So by symmetry assume V(G; N Gg) N
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{as, a4} = {a3}. UV (G1 N Gs) = {as} then Uy UGy, (U U Gs) + ay, A1, As, {as}, {as}
show that (G, uq, uz, A) would be an obstruction of type IV. So |V (G N G3)| = 2. Then
(G Jvzvy, u1,us, A) is an obstruction of type IV with sides (U; + a3)/vzvg, Uy U G5 and
middle parts Ay, Ay, {as}, (G1 — a3)/vsvs, contradicting Lemma 2.5.2.

Hence by Lemma 2.3.3, A} has three disjoint paths Py, P», P3, with one from {v3, v4}
to {x,y}, one from {vs, v} to {as, as}, and another from {x, y} to {as, a4}

For some s € {1,2}, U; — (AN {vs_,}) has three independent paths S, S, S5 from
uy to vs,v3,vy, respectively. For, otherwise, by Lemma 2.5.1(7), vi,vo € N(u;) and
|N(uy1)| = 3. Then by Lemma 2.4.1, N(u;) N A = () (in particular, v1, vy ¢ A). Hence by
Lemma 2.5.1(i7), N(v;) N V(Uy) € N[w] fori = 1,2. Now G[N[u4]], Us, A1, Ag, A5 U
(Uy — {uy,v1,v9}) show that (G, uy, us, A) is an obstruction of type I, a contradiction.

Similarly, for some ¢ € {1,2}, U, —(AN{ws_.;}) has three independent paths 77, 75, T
from wuy to wy, x, y, respectively.

If s and ¢ may be chosen so that s # t, then Sy, Ss, Ss, 11,15, T3, V!, W/ Py, Py, Ps
form a topological H in G rooted at uq,us, A, a contradiction. Thus assume s = t =
1 is the only possibility. So by Lemma 2.5.1(7), w; € N(ug) and |N(ug)| = 3, and
v1 € N(up) and |N(u;)| = 3. By Lemma 2.4.1, (N(u1) U N(ug)) N A = (). Hence
by Lemma 2.5.1(ii), N(vy) N V(U;) € Nluy], and N(wqy) N V(U) € Nlug]. Thus,
G[Nu1]], G[N[ugl], A1, AQUALU(Uy —{uy, v1 })U(U)—{ug, wy }) show that (G, uy, us, A)

is an obstruction of type II, a contradiction.

Case4. v = w;.

As in Case 1, we can show that A’ has disjoint paths X, Y from {z,y} to {as,v;}.
Note that A3 — w3 has disjoint paths .S, T" from {v3, v4} to {as, as}. For otherwise A3 has a
separation (Ajzy, Asg) such that |V (Az1NAss)| < 2, w3 € V(A31NAsg), {vs,v4} C V(Asz1)
and {as, as} C V(Asq). Hence the separation (U; U US U A} U Ay U Agy, Ase + {a1,a2})
shows that Theorem 2.2.1(#ii) would hold for (G, uy, us, A).

We claim that for some s € {2,3}, U} — (A N {ws_s}) has three independent paths
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Py, Py, P; from uy to z, y, ws, respectively. First, assume wy = ay. Then UJ — w,, has three
independent paths from us to z, y, ws, respectively; else by Lemma 2.5.1(7), we € N (us)
and |N(u)| = 3, allowing us to use Lemma 2.4.1 to obtain a contradiction. So wy # as.

Thus, if the claim fails then by Lemma 2.5.1(ii), wy, w3 € N(us),

N(ug)| = 3, and
N({wz,w3}) € Nlug]. Now Uy, G[N(us)], A} U (U5 — {ug, wa, ws}), Ay, A3 show that
(G, uy,uy, A) would be an obstruction of type I.

Suppose s = 2. If U; — (A N {vy}) has three independent paths from w; to vy, v, vy,
respectively, then these paths and X, Y, S, T, P, P,, P;, W} would form a topological H
in G rooted at uy, us, A. So such paths do not exist in U; — (A N {vy}). If v9 = ay then
by Lemma 2.5.1(7), v € N(uy) and |N(uq)| = 3, which allows us to use Lemma 2.4.1
to obtain a contradiction. Thus vy # a5 (and hence ws # as). Then by Lemma 2.5.1(47),

vy € N(uy),

N(uy)| =3 and N(vy) NV (Uy) € Nluy]. Suppose U has three independent
paths Ly, Lo, L from u; to vy, vy and one of {vs, v}, say vs. If U has three independent
paths from uy to x,y,ws, respectively, then these paths and Ly, Lo, L3, X, Y, V), Q3, R3
(see (3)) would form a topological H in G rooted at u;, us, A. So such paths do not exist
in Uj. Then by Lemma 2.5.1(ii), wy € N(uz), |[N(uz2)| = 3 and N(wq) NV (Us) C Nlus).
Now G[N[u1]], G[N[ug]], Aa, AL U A3 U (U — {uy, va}) U (U — {ua, we}) (removing from
the last subgraph possible edges with both ends in N (u;) — {v} orin N (uy) — {ws}) show
that (G, uy,us, A) is an obstruction of type II, a contradiction. So these paths L, Lo, L3
do not exist in U;. Then by Lemma 2.5.1(i7), N(uy) = {va,vs,v4} and N({vs,v4}) N
V(Uy) € NJuy]. Moreover, U; has a separation (U1, Uy2) such that V(U N Uss) = 0,
{uy,v9,v3,v4} C V(Uyy), and v; € V(Uys). Now Uyy + aq, U U U5 U Al {ar}, Ag, As
show that (G, uy, us, A) is an obstruction of type I, a contradiction.

Thus s cannot be 2 (so s = 3). By Lemma 2.5.1(i%), ws € N(us), |N(uz)| = 3 and
N(ws) NV (Uj;) C Nlugl. If for some i € {3,4}, U; has three independent paths from u;
to vy, va, v;, respectively, then these paths and Py, P, P5, X, Y, V;, Q;, R; (see (3)) would

form a topological H in G rooted at u;,uy, A. So no such paths exist in U;. Hence by
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Lemma 251(22), V3,V4 € N(Ul), |N(U1)| = 3, and N({’Ug, U4}) N V(Ul) - N[ul] Now
G[N|u1]], G[N[ugl], A3, AU A U(Uy —{uq, v3,v4})U(U)—{ug, w3 }) (removing from the
last subgraph the possible edge with both ends in N (us) — {ws}) show that (G, uy, us, A)

is an obstruction of type III, a contradiction. 1

Lemma 2.5.4. Suppose (G, uy, us, A) is a counterexample to Theorem 2.2.1 with |V (G)|
minimum, and let x,y € V(G) — A — {uy, us} be distinct. Then (G/xy,uy,us, A) is not

an obstruction of type II.

Proof. Suppose (G /xy, uy, us, A) is an obstruction of type II with sides Uy, U, and middle
parts Ay, As. Let V(U N Ay) = {vi}, V(Ua N Ay) = {wr}, V(U N Ag) = {vg,v3},
V(U N Ag) = {wa, w3}, uy € V(Uy) — {vy,v9,v3}, and ug € V(Uy) — {wy, wy, w3}
Let A := {ay,as,as,ay} such that a; € V(A;) and ag, as,ay € V(As) — {vq, v3, wa, ws}.
Then A is independent, else (G[A],G — E(G[A])) shows that Theorem 2.2.1(iii) would
hold for (G, uy, us, A).

Let v denote the vertex resulting from the identification of x and y. If v ¢ {v;,w; :
1 <4 < 3} then (G, uy, ug, A) would be an obstruction of type II. So by symmetry assume
v € {vy,v3}. Then by Lemma 2.4.1, w; ¢ A and, hence, v; ¢ A. As (1) and (2) in the
proof of Lemma 2.5.3, Us has three independent paths W7y, Wy, W3 from us to wy, wo, ws,

respectively, and if v # vy then A; — vy has a path W] from w; to a;.

Case 1 Case 2

Fig. 2.8: (G/zy,u;,us, A) is an obstruction of type II.

Case 1. v = vy.

Let U7, A} be obtained from U, A, respectively, by unidentifying v to x and y. Note
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that A} has disjoint paths X, Y from {z,y} to {as,w;}; otherwise A} has a separation
(A11, Aq2) such that |[V(A;p N Ap)| < 1, {z,y} C V(A1) and {a;, w1} C V(A2),
and hence U] U Ay, Uy, Aja, Ay (When V(A N Ayn) € {a1}) or (U] U Ayy) + aq,Us U
Ajg,{a1}, Ay (when V(A1 N A1) C {ay}) show that (G, uq, us, A) is an obstruction of
type II, a contradiction.

For some s € {2, 3}, U7 has three independent paths P;, P,, P; from u; to x,y, v, re-
spectively. Otherwise by Lemma 2.5.1(ii), vo, v3 € N(uq), |N(u1)| = 3 and N({ve,v3})N
V(U]) € Nluy]. Hence G[N [uq]], Uy, A7 U (U] — {uy,v9,v3}), Ay show that (G, uy, us, A)
is an obstruction of type II, a contradiction.

Without loss of generality, let s = 2. If Ay —wv3 has three disjoint paths from {ay, a3, a4}
to {vy, wy, w3}, then these paths and Py, P, P3, W1, Wy, W3, X, Y would form a topologi-
cal H in G rooted at uy, us, A. So A, has a separation (As;, Ass) such that |V (A NAg)| <
3,v3 € V(A9 N Agy), {as, as, as} C V(Ay), and {vy, wa, w3} C V(Ag;). Then the sepa-
ration (Ay; UU]U A, UUs, Ags+ay) shows that Theorem 2.2.1(ii7) holds for (G, uy, us, A),

a contradiction.

Case 2. v = vs.

Let U], A} be obtained from Uj, A,, respectively, by unidentifying v to  and y. We
choose such U7, Uy, A, (while fixing A;) to maximize U; U U, (subject to as, as,ay €
V(A3) — {v2, wa, w3, z, y}). Then zy, wows ¢ E(A5).

We claim that U] has three independent paths Py, P, P3 from u; to v, z, y, respectively.
Otherwise, by Lemma 2.5.1(i¢), v1 € N(uq), |[N(u1)| = 3, and N(vy) N V(U;) € Nluy].
Then, G[N [uy]], Ua, Ay, AU (U —{uy,v1}) (removing from the last subgraph the possible
edge with both ends in N (u;) — {v;}) show that (G, uy, ug, A) is an obstruction of type II,
a contradiction.

If A} := A}, 4+ wows has three disjoint paths from {as, as, as} to {vs, z, y} and through
wows, then these paths (deleting wows) and Py, Po, Py, Wy, Wy, W3, W{ would form a

topological H in G rooted at uy,us, A. So one of (i) — (iv) of Lemma 2.3.4 holds,
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with AY {as, as, a4}, {va, x,y}, wows as G, A, B, e, respectively. We use the notation in
Lemma 2.3.4. See Figure 2.5.

If Lemma 2.3.4(i7) holds then the separation (U U (G — wows), U] U Go U A;) shows
that Theorem 2.2.1(i7) would hold for (G, uy, ug, A).

Suppose Lemma 2.3.4(iv) holds. For i € {2,3,4}, if V(G; N G1) N A # () then let
G; = G, and A} = G; N Gy, and otherwise let G} = () and A; = G;. Then U; U G} U
G, UG, Uy UGy, Ay, Ay, Ay, A show that (G uy, ug, A) is an obstruction of type IV, a
contradiction.

Now suppose Lemma 2.3.4(7ii) holds. If V(G N Gy) = 0 or V(G3 N G3) = 0 then
the separation (Us U (G2 — wews),U; U A; U G1 U G3) shows that Theorem 2.2.1(i4)
would hold for (G, uy,us, A). T V(GiNGy) N A # (or V(GsNGy) N A # () then
the separation (U, U (G2 — wows), U] U A} U G; U G3) allows us to use Lemma 2.4.1 to
obtain a contradiction. So |V (G N Gy)| = |[V(G3 N Gs)| = 1 and V(G3) N A = (. Now
Uj,Uy U (Gy — wows), Ay, G1, G3 show that (G, uq,us, A) is an obstruction of type I, a
contradiction.

So Lemma 2.3.4(7) holds. Then wows € E(G1); otherwise, wows € E(G3), and the
separation (A; U U{ U Uy U (G2 — wows), G1 + a1) shows that Theorem 2.2.1(#4¢) would
hold for (G, uy,ug, A). Also V(G NGy) — A # 0; otherwise, U, UGy + {ag, as, as}, Us U
(G1 — waws), A1, {as2},{as}, {as} show that (G, u;,us, A) is an obstruction of type IV, a
contradiction.

Suppose [V (G1 N Gq)| < 2. If V(G NGy) N A # () then the separation (U] U
Go,Uy U (G — wows) U Ay) allows us to use Lemma 2.4.1 to obtain a contradiction. So
V(GiNGy)NA=0.If|V(G; NGy)| = 2 then U] U Go, Uy, Ay, G — wyws show that
(G, uy,ug, A) is an obstruction of type II, a contradiction; and if |V (G; N G2)| < 1 then
the separation (U] U G, Uy U (G — waws) U A;) shows that Theorem 2.2.1(7) holds for
(G, uy,uq, A), a contradiction.

Thus |V<G1 N G2)| =3. If V(Gl N Gg) NA= @ then U{ U GQ,UQ,Al,Gl — WoWs3
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contradict the choice of U7, Us, Ay, Az (the maximality of U; U Us). If V(G NGe) N A =
{a;} forsome i € {2,3,4} thenlet V(G1NG2) —{a;} = {v, w}; now (G/vw, uy, us, A) is
an obstruction of type I with sides (U] U Gs2) /vw, Us + a; and middle parts A, {a;}, (G} —
a; —wyws) /vw, contradicting Lemma 2.5.3. Since V(G1NGy) —A # 0, V(G1NG2)NA =
{ai,a;} for some distinct 7,7 € {2,3,4}. Now (G/wows, uy, us, A) is an obstruction of
type IV with sides Uj U G, (Uz + {a;, a;}) /wows, A1, {a:},{a;}, (G1 — {ai, a;}) /wows ,

contradicting Lemma 2.5.2. 1

Lemma 2.5.5. Suppose (G, uy,uy, A) is a counterexample to Theorem 2.2.1 with |V (G)|
minimum, and let v,y € V(G) — A — {uy, us} be distinct. Then (G/xy,uy,us, A) is not

an obstruction of type III.

Proof. Suppose (G /xy, u1,us, A) is an obstruction of type III with sides Uy, U and middle
parts Ay, As. Let V(U1 N Ay) = {1}, V(U1 N Ag) = {wg, 03}, V(U N Ay) = {wy, we},
V(UsNAs) =A{ws}, ug € V(Uy) —{v1,v2, 03}, and ug € V(Usy) — {wy, we, ws}. Let A :=
{ai,as,as3, a4} suchthatay,as € V(Ay) —{vi, wy,ws}, and az, ay € V(Ay)—{vy, v3,w3}.
As before, A is independent in G.

Let v denote the vertex resulting from the identification of = and y. Now v € {v;, w; :
1 < i < 3}; otherwise (G, uy, uz, A) would be an obstruction of type III. Thus by sym-
metry, assume v € {vy,ve}. Let U] (respectively, A} if v = v;) be obtained from U,
(respectively, A;) by unidentifying v back to z and y. Let A, = A; when v ¢ A;. See
Figure 2.9. We choose such U7, Uy, A}, A}, to maximize U] U Us. Thus if zy € E(G) then
zy € E(U}), and if wywe € E(G) then wywy € E(Uy).

As (1) in the proof of Lemma 2.5.3, U, contains three independent paths Wy, Wy, W
from us to wy, we, ws, respectively.

Case 1. v = vs.

We claim that A/, has three disjoint paths @1, @2, Q3 from {v3, z, y} to {as, as, ws}.
For, otherwise, A}, has a separation (As;, Agz) such that |V (AgNAg)| < 2, {ag, as, w3} C

V(Agp) and {vs, x,y} C V(Ag). If [V (A N Asy)| < 1 then the separation (A U Ay U
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Case 1 Case 2

Fig. 2.9: (G/zy,u;,u, A) is an obstruction of type IIL

U + {a1, a2}, U] U Agy) shows that Theorem 2.2.1(i7) would hold for (G, uy, ug, A). So
[V (A1 M Ag)| = 2. If V(A N Ag) N A = 0 then Uy U Ay, Us, Ay, Agy show that
(G, uy,us, A) is an obstruction of type III, a contradiction. So V' (Ag N Ag) N A # (.
Then the separation (U] U Ay, Uy U Ay U Ags) allows us to apply Lemma 2.4.1 to obtain a
contradiction.

Also, A; — vy contains disjoint paths Ry, Ry from {wy, ws} to {a;,as}. For, other-
wise, A; has a separation (A1, Ajo) such that [V (A N Ag)| < 2,01 € V(A N Apg),
{wy,wy} C V(A1) and {a1, a2} C V(A;2). Then the separation (U UU;UA 11 UAL, Ajp+
{as, a4}) shows that Theorem 2.2.1(7ii) holds for (G, uy, ug, A), a contradiction.

If U] has three independent paths from u; to vs, z,y, respectively, then these paths
and Q1, Q2, Q3, Ry, Ry, W1, W5, W3 would form a topological H in G rooted at uq, us, A.
So such paths do not exist in U;. By Lemma 2.5.1(ii), v; € N(uq), |[N(u1)| = 3 and
N(vy) N V(U]) € Nuy]. Hence, G[N[uy]], Us, Ay, A, U (U] — {uy,v1}) (removing from
the last subgraph the possible edge with both ends in N (u;)—{v; }) show that (G, u1, ug, A)

is an obstruction of type III, a contradiction.

Case 2. v = vy.

Note that for any ¢ € {2,3}, Ay — vs_; contains disjoint paths @Q;, R; from {ws, v;}
to {as,as}. For, otherwise, A, has a separation (A, Ags) such that [V (A N Ag)| <
2, v5_; € V(A9 N Ago), {as,as} C V(Ag) and {ws,v;} C V(Agy). Then (Ay +
{a1,as},U] U Uy U Agy U A)) shows that Theorem 2.2.1(7iz) holds for (G, uq,us, A), a
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contradiction. We apply Lemma 2.3.3 to A}, x, y, wy, wa, a1, as (as G, vy, ve, wy, we, ay, as,
respectively).

Suppose A/ has three disjoint paths Py, P, P3, with one from {z,y} to {w;,wy}, one
from {x,y} to {a1,as}, and another from {w;,ws} to {ai,as}. If for some i € {2,3},
U] has three independent paths from wu; to z,y,v;, respectively, then these paths and
Wi, Wo, W3, Py, Ps, P3, Q;, R; would form a topological H in G rooted at uy, us, A. So
such paths do not exist in Uj. Then by Lemma 2.5.1(i%), vo, v3 € N(uy), |N(u1)| = 3, and
N({ve,v3}) NV (U]) C Nuy]. Now G[N[uy]], U, A} U (U] — {uy, va,v3}), Ao show that
(G, uq,us, A) is an obstruction of type III, a contradiction.

Thus, A) has a separation (G4, G2) such that one of (i) — (v) of Lemma 2.3.3 holds.
If Lemma 2.3.3(77) holds then (G + {as,as},U; U Uy U G2 U Ajy) shows that Theo-
rem 2.2.1(sii) would hold. If Lemma 2.3.3(7ii) holds then U; U G; + {ai,as},Us U
Gs_; + {a1, a2}, {a1}, {az}, A show that (G, uy, uz, A) would be an obstruction of type
I. If Lemma 2.3.3(iv) holds then U], Uy, G1, G2, Ay show that (G, uq,us, A) would be
an obstruction of type I. Now suppose Lemma 2.3.3(v) holds. If {z,y} C V(G;) then
(Uy U Go, Uy UG U Asy) shows that Theorem 2.2.1(47) would hold for (G, uy, us, A). So
{wy,ws} C V(G1). Then Uy U Gy, Us, Gy, Ay show that (G, uy, us, A) is an obstruction of
type III, a contradiction.

Hence Lemma 2.3.3(7) holds. If {a;, as } = V(G1NGy) then U[UG;, UsUGs—;, {a1 }, {as}, Ao
show that (G, u1, uz, A) would be an obstruction of type L. If {a;, a2} N V(G N Gs) =0
then U], Uy U G, Gy, A3 (when i = 1) or U] U Go, Us, G, A3 (when i = 2) contradict the
choice of Uj, Us, A}, A, (the maximality of U] U Us). So assume a; € V(G; N G3) and
as ¢ V(G N Gy). If i = 1 then (Us U G, Uy U Gy U Ay) allows us to use Lemma 2.4.1
to obtain a contradiction. So i = 2. Then (G /wjws, uy, uz, A) is an obstruction of type I
with sides U] U Gy, Us /wywq + a1 and middle parts {a; }, G1 /wws — ay, As, contradicting

Lemma 2.5.3. 1
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2.6 Separations of order five

In this section, we let (G, uy, us, A) be a quadruple in which N(u;) N N(ug) C A, and

there exist vy € F(G — A — {uy,us}) and a separation (G, G3) in G such that
(1) {z,y} € N(u;) fori € {1,2},
(2) z,y € V(G1NGs), xy € E(G4), and
(3) [V(G1NGy)| =5, u1,us € V(Gy) — V(Gs),and A C V(Gs).

See Figure 2.10. Quadruples satisfying (1), (2) and (3) will occur in our proof of Theo-
rem 2.2.1. The aim of this section is to show that such quadruples (with additional proper-
ties (4) and (5) below) cannot be a minimum counterexample to Theorem 2.2.1. First, we

prove a lemma about disjoint paths in G5, which will be used frequently in this section.

&

Fig. 2.10: The 5-separation (G, G3).

Lemma 2.6.1. Letr (G, uy,us, A) be a quadruple in which G has a separation (G1,G>)
satisfying (1), (2) and (3) above. Suppose Theorem 2.2.1(iii) fails for (G, uq,us, A), and
letv € V(Gl N Gg)

(i) Ifv ¢ Athen Gy — v has four disjoint paths from V(G N G2) — {v} to A, and

(it) ifv e Aand N(v) NV (Gs) # 0, G has four disjoint paths from V(G N Gs) — {v}
to A.

44



Proof. Suppose (i) fails. Then G2 has a separation (K, L) such that v € V(K N L),
[V(KNL)| <4,V(GiNGse) CV(K),and A C V(L). Hence, the separation (G4 UK, L)
shows that (G, u1, us, A) satisfies Theorem 2.2.1(i7i), a contradiction.

Now assume (7¢) fails. Then G5 has a separation (K, L) such that V(K N L)| < 3,
V(GiNGy) —{v} C V(K),and A C V(L). If V(L) # A or E(G[A]) # 0 then
(G1 U K, L) is a separation in G showing that Theorem 2.2.1(i7) holds for (G, uy, us, A),
a contradiction. So V(L) = Aand E(G[A]) = 0. Since N(v)NV(Gs) # 0,v € V(KNL)
and, hence, V(G; N Gy) C V(K). Therefore, (G1 U K, L) is a separation of order at most

3 in G, contradicting the assumption that Theorem 2.2.1(i4i) fails for (G, uy, ug, A). [
We choose (G, Gs) such that, subject to (1), (2) and (3),
(4) G, is minimal.

In the rest of this section, we let A’ := V(G N Gy) — {z} = {y,a},d}, a}}, and assume

that

(5) wu,yus € E(G), N(2)N(V(G1)=V(G2)) € N[u]and N(y)N(V(G1)=V(Gs)) €
Nlus].

Lemma 2.6.2. If (G, uy,us, A) is a counterexample to Theorem 2.2.1 with |V (G)| mini-
mum and G has a separation (G1, Gs) satisfying (1)~(5) above, then (1), (ii) and (iii) of
Theorem 2.2.1 do not hold for (G1, uy, ug, A’) and, moreover, (G1, uy,uq, A') is an obstruc-

tion of type I, or II, or 1V, with {y} as a middle part.

Proof. By the minimality of |V (G)|, Theorem 2.2.1 holds for (G, uy, us, A"). If Theo-
rem 2.2.1(4) holds then a topological H in GG} rooted at uy, us, A’ and four disjoint paths
in Gy — x from A’ to A (by Lemma 2.6.1(i)) would form a topological H in G rooted at
Uy, Ug, A.

Assume that Theorem 2.2.1(i7) holds and that G; has a separation (Uy, U,) such that

[V (U1NUs)| < 2,u; € V(Up)=V (Us), and A'U{us} C V(Us). Then |V (U1NU3)| = 2 and
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x € V(Uy)—V (Us,); as otherwise the separation (U;, UsUG5) shows that Theorem 2.2.1(41)
would hold for (G, uy,us, A). Thusy € V(U NUy) as xy € E(Gy) andy € A If
|V (Uy)| = 4 then, since {z,y} Z N(uy) (by (1)), Theorem 2.2.1(i7) holds. So |V (Uy)| >
5. Thus, (Uy, Us U G3) is a separation in GG contradicting Lemma 2.4.2.

Now assume that Theorem 2.2.1(7i7) holds; so GG; has a separation (K, L) such that
V(KN L) <4, u,uy, € V(K)—V(L), and A’ C V(L). Thenz € V(K)— V(L)
and |V (K N L)| = 4; otherwise, the separation (K, L U G3) shows that Theorem 2.2.1(i7)
would hold for (G,uy,u9,A). Thusy € V(KNL)aszy € E(Gy) andy € A'; so
(K, (L + z) U Gs) contradicts the choice of (G1, G>) in (4) (that G4 is minimal).

Thus, Theorem 2.2.1(iv) holds; so (G, uy,us, A') is an obstruction. Asy € A', y
belongs to some middle part. Since y € N (us), y belongs to the side containing uy. Thus,
by definition of obstructions, the middle part containing y is in fact {y}. As a consequence,

(G1,uy,us, A’) cannot be an obstruction of type IIL. |

In the next three lemmas, we consider the obstruction types of (G, uy,us, A’), and

show that (G, uy, ug, A) cannot be a minimum counterexample to Theorem 2.2.1.

Lemma 2.6.3. If (G, uy,us, A) is a counterexample to Theorem 2.2.1 with |V (G)| mini-
mum and G has a separation (G1, G5) satisfying (1)—(5) above, then (G1,uy, us, A’) is not

an obstruction of type 1V.

Proof. Suppose (G, uy,us, A') is an obstruction of type IV with sides Uy, U, and middle
parts Ay, Ay, As, Ay. For 1 < i < 4, let V(U1 NA;) = {v;} and V(U N 4;) = {w;}.
Let uy € V(Uy) — {v1,v9,v3,04}, and ug € V(Us) — {wy, wy, w3, ws}. We choose such
Ui, A; so that Uy U U, is maximal. By Lemma 2.6.2, let V(A4;) = {y} and let a] €
V(A;) for2 < i < 4. By (5), z € V(Uy). If x = v; for some ¢ € {2,3,4} then
(G1 — V(A; — {vi,w;}),Go U A;) contradicts the choice of (G, G2) (see (4)). So z ¢
{vg,v3,v4}. By (5), N(y) N (V(G1) — V(G3)) € N[us]. Hence, we have symmetry

between Uy — y, uy, x, vo, v3, vq and Uy, us, y, we, w3, ws. See Figure 2.11.
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U1 S A, U,
v® ®w,

Fig. 2.11: (G4, uq,us, A') is of type IV.

(a) Foreachi € {2,3,4} with |V (4;)| > 2, A; —v; has a path W/ from w; to a}, A; —w;
has a path V; from v; to @}, and A; — a has a path R; from v; to w;. (When |V (4;)| =1
let W/ = V! = R, consist of only a..) First, suppose W/ does not exist and, without loss of
generality, let i = 2. Then A, has a separation (As;, Ago) such that V(A N Ag) = {vs},
wy € V(Ay) and ay € V(Ay), and hence (U; U Us U Agy U A3 U Ay, Age + A’) shows
that Theorem 2.2.1(7i7) holds for (G, uy, us, A’), contradicting Lemma 2.6.2. So W/ does
exist. Similarly, V;' exists. Now suppose R; does not exist. Then A; has a separation
(Ai1, Ai2) such that V(A N Ay) = {ai}, v; € V(A;) and w; € V(A;2). Replacing the
sides Uy, Uy with Uy U A;p, Us U Ajo, and replacing the middle part A; with {a}}, we get a
contradiction to the maximality of U; U Us.

(b) There exists a permutation ijk of {2,3,4} such that (U; — y) — v, has three in-
dependent paths P, P, P3 from u; to x,v;,v;, respectively, and there is a permutation
rst of {2,3,4} such that Uy — w; has three independent paths @, Q2, Q3 from uy to
Y, w,, Wws, respectively. For, otherwise, suppose by symmetry that P, P, P; do not exist.
By Lemma 2.5.1(2), N(uq) = {va, v3,v4}, contradicting (5) (that z € N (uy)).

(©) |[N(u1)] = 3 = |N(uz)| and, for any choice of Py, P, P; in (b) and any choice
of Q1,Q2, Qs in (b), we have N(uy) N {v,,vs} # 0 and N(ug) N {w;,w;} # 0, where
ijk and rst are permutations of {1,2,3} in (b). By symmetry we only prove the claim
for uy. If t # j for every choice of ), ()2, )3 above, then U, — w; does not have three

independent paths from us to y, w;, wy, respectively; so by Lemma 2.5.1(7), |N(ug)| = 3
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and w; € N(uz). Similarly, if ¢ # i for every choice of ()1, (2, Q)3 above, then we have
|N(u2)| = 3 and w; € N(usy). In either case, (c) holds for us. Thus assume that we may
choose @)1, ()2, Y3 so that ¢ = 7 and we may choose ()1, ()2, ()3 so that t = j. Suppose

/ !
a;, a; € A,

V(A;)| = Tor N(a;)NV(G2) = 0, and [V (A;)| = Lor N(a})NV(Gy) = 0. If
wy ¢ Athen (G/ywyg, uq, ug, A) is an obstruction of type I, with sides U; — y, Uy /ywy, and
middle parts A;, A, ((AxUG2)+zy—{a;, a}})/ywy, contradicting Lemma 2.5.3. So wy, €
A. Then V(Ay) = {wg} by the maximality of U; U Us; so (G, uq, us, A) is an obstruction
of type IV with sides U; — y, U, and middle parts Ay, A3, Ay, Go — {a}, as, al} + xy, a
contradiction.. Hence, by symmetry we may assume that a; ¢ A, ora, € A, |V(A;)] > 2
and N(a;) N V(Gy) # 0. Choose Q1,Q2, Q3 so that t = j. Then by Lemma 2.6.1,
Go — a; (when a} ¢ A) and G5 (when a} € A) has four disjoint paths from {z,y, a, a} }
to A. In either case these four paths and Py, P, P3, Q1, Q2, Q3, i, V;, Wy (see (a)) form a
topological H in G rooted at uy, us, A, a contradiction.

(d) There exists some ¢ € {2,3,4} such that v, € N(uy) and w, € N(uz). By (c),
assume w; € N(uz). We may assume v; ¢ N (u,), as otherwise we may let ¢ = j. Then by
Lemma 2.5.1(¢), (U; —y) —v; has three independent paths from u; to z, v;, vy, respectively;
so by (c) again, N (ug) N {w;, wy} # 0. Hence | N (ug) N {wa, w3, ws}| > 2. By symmetry
we could also prove |N(u;) N {va, v3,v4}| > 2. Hence, ¢ exists.

Without loss of generality, let v5 € N(u;) and ws € N(uz). By (c) and Lemma 2.4.1,
N(u;)NA=0fori=1,2. So|V(A;)| > 2as N(ui) N N(uz) C A.

(e) There exists b € {2,4} such that v, € N(u;) and w, € N(uz). Otherwise, by
symmetry and by (c), since |N(u;)| = 3 for i = 1,2, we may assume vy ¢ N(u;) and
wy ¢ N(ug). Then by Lemma 2.5.1(7), (U; —y) — v has three independent paths P/, P;, P}
from u, to x, vs, vy, respectively, and U, — wy has three independent paths )7, @), Q% from
ug to y, w3, woy, respectively. If a; ¢ A then by Lemma 2.6.1(i), Gy — a’ has four disjoint
paths from {z,y, a}, a}} to A;if ay € A and N(a3) NV (Gy) # 0 then by Lemma 2.6.1 (i),

G has four disjoint paths from {x,y, a}, a} } to A. In either case the four paths in G5 and
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P, Py, P, Q, Q%, Q%, R, V{, W, (see (a)) form a topological H in G rooted at uy, us, A, a
contradiction. So a} € Aand N (a5)NV(Gs) = 0. Similarly, if U; —y has three independent
paths from u; to x, v, vy then @), € A and N(ay) NV (Gy) = (. In this case, if wy, ¢ A
then (G/ywy, uq, us, A) is an obstruction of type I with sides U; — y, U /yw, and middle
parts Ay, Az, (G2 U Ay — {da}, a4} + xy) /yws, contradicting Lemma 2.5.3; and if wy € A
then V' (A43) = {w,} by the maximality of U; U Us, which implies that (G, uy, us, A) is an
obstruction of type IV with sides U; —y, U, and middle parts Ay, A3, Ay, Go—{a}, as, aly}+
xy, a contradiction. Thus U; — y has no three independent paths from wu; to x,vs, vy.
So by Lemma 2.5.1(ii), N(vs) N V(U —y) € N([u]). Similarly, we conclude that
N(w3) NV (Uy) € Nlus]. Hence, G[N[u1]|, G[N|us]], A3, G — (A3 + {u1, uz}) (removing
from last subgraph the possible edges with both ends in N(u;) or in N(uy)) show that
(G, uyq,us, A) is an obstruction of type II, a contradiction.

Thus, we may assume that N(u;) = {z,v9,v3} and N(uz) = {y,ws,w3}. Since
N(u;)) N A = ) for i = 1,2 (by Lemma 2.4.1), |V (As)] > 2 and |[V(43)] > 2 (as
N(uy) N N(uz) € A). Suppose for i = 2,3, a, € Aand N(a;,) NV (Ge) = 0. If
wy ¢ Athen (G /ywy, uy, us, A) is an obstruction of type I with sides U; — y, Us /yw, and
middle parts As, A3, (G2 U Ay + zy)/yws, contradicting Lemma 2.5.3. So wy € A. Then
V(Ay) = {w4} by the maximality of U; UUy; so (G, uy, ug, A) is an obstruction of type IV
with sides U; — y, U, and middle parts Ay, A3, Ay, Go — {a}, a}, a) } + zy, a contradiction.
Hence, by symmetry we may assume aj ¢ A, or aj € A and N(a}) NV (Gs) # 0.

Suppose (U; — y) — {u1, z,v3} has a path Sy from vy to vy or Uy — {us, y, w3} has a
path 75 from w, to wo. By symmetry, assume we have S;. By Lemma 2.6.1, G2 — a4 (when
ay ¢ A)or Gy (when ajy € Aand N(a5)NV(G2) # 0) has four disjoint paths from V(G1 N
G2) — {d}} to A. These paths and uyz, uyvs, Sy + {u1, urvs }, usy, usws, usws, Wi, Rs, V,
(see (a)) form a topological H in G rooted at uy, us, A, a contradiction.

So neither Sy nor 75 exists. Then {z,v3} is a cut in U; — y separating {u, v}

from (U; — y) — {uy,vs,z,v3}, and {y,ws} is a cut in U, separating {ug, wo} from
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Uy — {ug, ws,y, ws}. Hence, ay ¢ A, or ay € A and N(ay) NV(Gy) # 0; as other-
wise, G[N[u1]], G[N[uz]], A2, (Ga — al) U (Uy —{uy, va } —zv3) U (Us — {ug, we } —yws) U
A3UA4+xy show that (G, uq, us, A) is an obstruction of type II, a contradiction. Moreover,
(U; —y) — {u1, x, v } has a path S3 from v, to vs or Us — {us, y, ws } has a path T3 from w,
to ws; otherwise by (5), we see that (G[N[u1|]]JUG[N[ug]|UA2UA3, GoUG[Ag+xy|U(U; —
{uy,v9,v3}) U (Uy — {ua, we, w3})) is a a separation in G showing that Theorem 2.2.1(iii)
would hold for (G, uy, us, A). By symmetry, assume we have S3. Hence U; — y has three
independent paths S, Sy, S3 from wu; to x, vg, vy, respectively. By Lemma 2.6.1, Gy — a
(when ay ¢ A) or Gy (when a)y € A and N(ab) NV (G2) # () has four disjoint paths from
V(G1NGs) —{a,} to A. These paths and Sy, So, S3, sy, usws, usws, Wi, Ry, V| (see (a))

form a topological H in GG rooted at uy, us, A, a contradiction. ]

Lemma 2.6.4. If (G, uy,us, A) is a counterexample to Theorem 2.2.1 with |V (G)| mini-
mum and G has a separation (G1, Gs) satisfying (1)—(5) above, then (G1,uy, us, A’) is not

an obstruction of type L.

Proof. Suppose (G1,uq,usz, A") is an obstruction of type I with sides Uy, U, and middle
parts Ay, Ay, As. Let V(A;) = {y} (by Lemma 2.6.2), V(U; N Ay) = {we}, V(U1 N A3) =
{vs,v4}, V(U N A;) = {w;} fori = 2,3, a)y € V(Ay), as,a € V(A3) — {vs, v, w3},
w € V(Ur) —{y, v, 03,04}, and ug € V(Uz) — {y, w2, ws}. We choose U; and A; so that
U; U U, 1s maximized.

By (5), x € V(U; —y) and N(y) N (V(G1) — V(G2)) € Nlusg] C V(Usz). We claim
that © ¢ {vy, v3,v4}; for, if © = vy then (G — V(Ag — {ve, wa}), G2 U Ag) contradicts the
choice of (G1, Gy) (see (4)), and if x € {vs, vy} then (G — V(As — {vs, vg, ws}), GaU As3)
contradicts the choice of (G, G2) (see (4)).

By Lemma 2.4.2, N(ug) = {y, w2, ws}. As in the proof of Lemma 2.6.3, if |A5| > 2
then Ay — vy has a path W from ws to a), and Ay — a’, has a path Ry from ws to v, (by the
maximality of U; U Us). When |As| = 1, we let W) = Ry = As.

For any i € {3,4}, A3 — v7_; has two disjoint paths R;, Q; from {v;, w3} to {a},a)}.
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Fig. 2.12: (G, uy,us, A') is of type L

Otherwise, A3 has a separation (As;, Ass) such that |V (As N Asg)| < 2, v7_; € V(A3 N
Ass), {vi, w3} C V(As1),and {a}, a)} C V(Ase). Then (U UU,U AU A3y, Ase+{y, ab})
shows that Theorem 2.2.1(i4i) holds for (G, uq, uz, A"), contradicting Lemma 2.6.2.
Moreover, for any i € {3,4}, A3 — a’_, has two disjoint paths R}, ()} from {vs,vs4}
to {ws, a}}. For otherwise A; has a separation (As;, As2) such that V(A3 N Asg)| < 2,

/
ar_;

€ V(A3 N Asz), {vs,v4} C V(As1), and {ws,a;} C V(Asp). Then Uy U Az +
al, Uy U Aga, {y}, Aa, {a},{a}} (when a] € V(A3; N Agz) or V(A3 N Ase) = {a’_,})
or Uy U Az, Us + a7, {y}, A, {a7_;}, Ase — a7, (When a; & V(Az N Asp) # {a7_;})
show that (G, u1, us, A’) is an obstruction of type IV, contradicting Lemma 2.6.3.

Clearly, vs, vy ¢ A. We note that v, ¢ A. For, otherwise, by the maximality of U; U Us,
Vg = wy € N(uz). So N(uz) M A # (. But |[N(ug)| = 3, contradicting Lemma 2.4.1.

If for all i € {3,4}, a, € A and N(a}) N V(Gs) = 0, then (G/xvq, uy,us, A) is an
obstruction of type Il with sides (U; —y)/xva, Us and middle parts (A2 U(Ga—{a}, aj})+
xy))/xvq, Ag, contradicting Lemma 2.5.5. Hence by symmetry, let a)y ¢ A, or a), € A and
N(a})) NV(G3) # (). Then by Lemma 2.6.1, G — a} (when a), ¢ A) or G5 (when a)) € A)
has four disjoint paths Si, S, S, Sy from V(G N Gy) — {a)} to A.

If af, € Aand N(a)) NV (Gs) = 0 then (G /vzvg, uq, us, A) is an obstruction of type II
with sides (U; —y) /vsvy, Uz and middle parts Ay, (As/vsvs) U(Go—afy) +xy, contradicting
Lemma 2.5.4. Thus a, ¢ A, oray € Aand N(a)) NV (G3) # 0. So by Lemma 2.6.1,
Gy — ay (when a), ¢ A) or Gy (when a, € A) has four disjoint paths 17, 15, T3, Ty from
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V(G1 N Gy) —{dy} to A.

By Lemma 2.5.1(7) and the fact uyx € E(G), there exists a permutation ijk of {2, 3,4}
such that (U; — y) — vy, has three independent paths Py, P, P from u; to z, v;, v;, respec-
tively. If {i,7} = {3,4} then Py, Py, Ps, usy, usws, usws, Ry, Q4, W3.S1, S5, S5, 5, form
a topological H in G rooted at uy, us, A, a contradiction. Thus by symmetry between vs
and vy, assume {i, 7} = {2,3}. Then Py, P, P3, usy, usws, usws, R3, Qs, Ra, Ty, Ts, T3, Ty

form a topological H in GG rooted at uy, us, A, a contradiction. 1

Lemma 2.6.5. If (G, uy,us, A) is a counterexample to Theorem 2.2.1 with |V (G)| mini-
mum and G has a separation (G1, Gs) satisfying (1)—(5) above, then (G1,uy, us, A’) is not

an obstruction of type II.

Proof. Suppose (G, uy,us, A) is a counterexample to Theorem 2.2.1 with |V (G)| mini-
mum, and (G1,uq,usz, A’) is an obstruction of type II with sides Uy, Uy and middle parts
Ay, A Let V(Ay) = {y} (by Lemma 2.6.2), V(U; N Ag) = {wy,v3}, V(Ua N Ag) =
{wq, w3}, ay,aly,a), € V(Ay) — {va,v3,wa, w3}, uy € V(Uy) — {y,ve,v3}, and uy €
V(Us) — {y, we,ws}. By (5), z € V(U; —y) and N(y) N (V(G1) — V(Gs)) C Nlus] C
V(Us,). Note that © ¢ {vs,v3}; otherwise the separation (U; — y, Uy U Ay U G3) shows
that Theorem 2.2.1(ii) would hold for (G, uy,us, A). By Lemma 2.4.2, V(U; — y) =
{uy,ve,v3, 2} and V(Us) = {ug, wy, w3, y}. Moreover, N (uy) = {vg, v3, 2} and N(ugp) =

{ws, w3, y}, as otherwise Theorem 2.2.1(ii) would hold for (G, uy, us, A). See Figure 2.13(a).

&
ay

Fig. 2.13: (G4, uy,uq, A') is of type II.
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There exists some ¢ € {2,3,4} such that a; ¢ A or N(a}) N V(G3) # 0; for if this is
not the case then Uy — y, Us, Ao, (Go — {d}, af, a}}) + xy show that (G, uq,uq, A) is an
obstruction of type II, a contradiction. By symmetry, assume a) ¢ A or N(a}) NV (Gs) #
(). Then by Lemma 2.6.1, G5 — a) (when a) ¢ A) or G5 (when a) € A) has four disjoint
paths Sy, Sy, S5, Sy from V(G N Gy) — {a}} to A.

Let Ao —ajy =LUMURsuchthat V(LN M)| <2, |[V(RNM)| <2,V(LNR) C
V(M),{vg,v3} C V (L), {we,ws} C V(R),and {a},at} C V(M)—V(LUR). (Note that
L ={vy,v3}, M = Ay — a} and R = {ws, w3} satisfy this.) Choose L, M, R to minimize
M.

Then |V(L N M)| = 2 and L has two disjoint paths from {vs, v3} to V(L N M), and
V(RN M)| = 2 and R has two disjoint paths from {w,, w3} to V(R N M). For, suppose
this is not true, and assume by symmetry that |V (L N M)| < 1 or L has no disjoint paths
from {ve,v3} to V(LN M). If V(LN M)| < 1let Ly = Land Ly = L N M, and if
V(L N M)| = 2 then G[L + a/] has a separation (L1, Ly) such that |V (L, N Ly)| < 2,
ay € V(L1 N Lg), {ve,v3} CV(Ly),and V(LN M) C V(Ls). Now V(L; N Lo) U {x}is
a cut in G separating u; from A U {us}, contradicting Lemma 2.4.2.

Let V(LN M) = {s1,s2} and V(RN M) = {t1,t2}. Note that {sq, so} # {t1,%2}; as
otherwise, the separation (G; — (M — {s1, s2}), G2 U G[M + a)j]) contradicts (4). Clearly,
G[L+ {uy, x}] has three independent paths P;, P,, Ps from u; to x, s1, so, respectively, and
G[R + {uq, y}] has three independent paths ()1, Q2, Q3 from us to y, t1, to, respectively. If
M has three disjoint paths, with one from {s;, so} to {t1, 2}, one from {s;, 52} to {a), a4},
and another from {¢;, t2} to {a}, a4}, then these paths and Py, Py, Ps, Q1, Q2, @3, S1, Sa, S3, 54
would form a topological H in G rooted at u, us, A. So such paths in M do not exist.

We claim that {s1, so }N{t1, 2} = 0. Suppose otherwise and, without loss of generality,
let s; = t;. Then sy # ty, and M — s; does not contain disjoint paths from {so,t5}
to {a),a%}. Hence M has a separaion (M, M) such that [V (M; N My)| < 2, s €
V(M N M), {s9,ta} C V (M), and {a},as} C V(Ms). Now (Gy — (My — V(M; N
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My)), Gy U G[Msy + a}))) is a separation in G contradicting (4).

By Lemma 2.3.3 (with M, sy, So, t1, t2, ay, af as G, vy, ve, wy, we, ai, as, respectively),
M has a separation (M7, Ms) such that one of (i) — (v) of Lemma 2.3.3 holds (with M,
1 =1,2,as (G; in Lemma 2.3.3).

If Lemma 2.3.3(7) holds, then the separation (G [MULUR+{a), uy, ug, x,y}|, Mi+
{d},y}) shows that Theorem 2.2.1(i77) holds for (G, u1, us, A"), contradicting Lemma 2.6.2.

If Lemma 2.3.3(zi¢) holds, then G1[L U M; + (A" U {uy,x})],Gi[R U Ms_; + (A" U

{uz, y})|,{y},{ds}, {a}}, {a}} show that (G, uy, uy, A’) is an obstruction of type IV, con-
tradicting Lemma 2.6.3. If Lemma 2.3.3(iv) holds, then G;[L + {a}j,uy,x,y}], G1[R +

{a}, us,y}],{y},{a}}, My, My show that (G, uy, uz, A") is an obstruction of type IV, con-
tradicting Lemma 2.6.3. If Lemma 2.3.3(v) holds, then by symmetry assume that {1, S9, t1, a5, a5} C
V(My); now G1[L + {a},ur,z,y}], GIR U My + {a}, us,y}|, {y},{a}}, M7 show that
(G1,u1,uq, A’) is an obstruction of type I, contradicting Lemma 2.6.4.

So Lemma 2.3.3(4) holds, and assume by symmetry that {sy, s2, a}, a3} C V(M) and
{t1,t2} C V(Ms). Note that |V (M; N Mz)| = 2 and M, has disjoint paths 77, T, from
{t1,t2} to V/(M; N M,); otherwise, |V (M, N Ms)| < 1 (in this case let S := V(M N My)),
or My has acut S, |S| < 1, separating V' (M N M) from {t1, ¢}, and hence, S U {a/, y}
is a cut in G separating uy from A U {u; }, contradicting Lemma 2.4.2.

Hence by the minimality of M, we may assume by symmetry that V(M N M,) =
{d}, z}. Then z # daf, as otherwise G, [LUM,+{a}, u1, z,y}], Gi[RUMs+{a}, us, y}], {y}, {a’}, {a}},
{a}} show that (G, uy, us, A’) is an obstruction of type IV, contradicting Lemma 2.6.3.

If M, —a, contains disjoint paths from {s1, s2} to {a}, z} then these paths and P, P», P3, 1,
@2, Qs3,T1,Ts,51,5,,53,S4 form a topological H in G rooted at uy, us, A, a contradiction.

So such paths do not exist in M; — al,. Then M, has a separation (Mj;, Mi2) such that

CL/Z S V(MH N Mm),

V(MH N M12)| S 2, {81,82} Q V(MH), and {aé,z} Q V(Mlg)
If af ¢ V(M N M) then Gi[L U My + {aj, w1, 2, y}], Gi[RU Ms + {aj, us, y}],

{y}, {as}, {a}}, M1s — af, show that (G, uy,us, A’) is an obstruction of type IV, con-
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tradicting Lemma 2.6.3. So a € V(M N Myz). Then Gy[L U My + {al, ui, z,y}],
G1[R U My U Mg + {a),ua,y}], {y}, {ab}, {as}, {a}} show that (Gq,u;,us, A’) is an

obstruction of type IV, contradicting Lemma 2.6.3. 1

2.7 Conclusion

We complete the proof of Theorem 2.2.1. Suppose that the assertion of Theorem 2.2.1 fails,
and let (G, uy, ug, A) be a counterexample with |V (G)| minimum.

Then |N(u;)| > 3 (otherwise (zi) would hold for (G, uy, us, A)). Also G has no sepa-
ration (G, Gz) such that |V (G NGy)| < 4, {us,us} CV(Gy)—V(Gz),and A C V(Gy);
for otherwise (iii) would hold for (G, u1,us, A). Thus A is independent in G. Moreover,
for any vertex u ¢ AU {uy, us}, the graph GG’, obtained from G — u by duplicating u; with
w} (i = 1,2), contains four disjoint paths from {uy, u}, us, u,} to A. Now these paths give
rise to four independent paths Py, P, P, Py in G — u from {u;,us} to A, with two from
each u;. We now prove properties (a) — (e) and use them to prove that GG has a separation

(G1, Gy) satisfies (1) — (5) in Section 6.
(a) U1U ¢ E(G), and N(Ul) N N(Ug) Q A.

For, if ujuy € E(G) then Py, P, P3, Py and ujuy; would form a topological H in G rooted
at uy, us, A; and if there exists u € (N(uy) N N(ug)) — A then Py, Py, P3, Py and ujuus
would form a topological H in G rooted at uy, us, A.

If G — A— {uy,us} = () then we see that N(u;) C A. So by Lemma 2.4.1, N(u;) = A
fori = 1,2. Hence G[A + uy], G[A + us],{a1 }, {az}, {as}, {as} show that (G, uy,us, A)

is an obstruction of type IV, a contradiction. Thus G — A — {uy, us} # (. In fact,

(b) E(G— A — {ug,us}) # 0.

Otherwise, by (a), forany x € V(G) — A—{uy, uz}, N(z) € AU{u;} forsome i € {1,2}.
Thus G has a separation (Uy, Uy) such that V (U, N Uy) = A, uy € V(Uy) — V(Uz), and
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U € V(UQ) — V(Ul) Now Ul, UQ, {al}, {ag}, {ag}, {CL4} show that (G,ul,U27A) is an

obstruction of type IV, a contradiction.
(c) There exists xy € E(G — A —{uy,us}) such that {z,y} Z N(u;) foranyi € {1,2}.

Suppose for any zy € E(G — A — {uy,us}) we have {z,y} C N(u;) for some i € {1,2}.
Then by (a), for any v € N(w;) — A, N(v) € NJu;) U A. Thus, G has a separation
(U1, Us) such that V(U; N Us) = A, Uy = G[N[u1] U A], and Uy = G — V(G — A).
Now Uy, U, {a1},{as}, {as}, {as} show that (G, u,us, A) is an obstruction of type IV, a
contradiction.

Since |V (G/zy)| < |V(G)|, one of (i)—(iv) of Theorem 2.2.1 holds for (G /xy, uy, ug, A).

Let v denote the vertex resulting from the contraction of xy.
(d) For any zy satisfying (c), (¢¢7) holds for (G /xy, uy, ug, A).

By Lemmas 2.5.2, 2.5.3, 2.5.4 and 2.5.5, (iv) does not hold for (G/zy, uy, us, A). If (4)
holds for (G /xy, uy, us, A) then let K be a topological H in G/zy rooted at uy, ug, A; now
K (when v ¢ K) or the graph obtained from K by uncontracting v back to zy (when
v € K) gives a topological H in G rooted at uy, us, A, a contradiction. Now suppose that
(#7) holds for (G/zxy,ui,us, A), and let (G}, GY) denote a separation in G/xy such that
V(GINGY)| <2,u; € V(G)) —V(GY) and AU{us} C V(GY). Then |[V(GINGEH)| =2
and v € V(G N GY); for otherwise (i7) would hold for (G, u,us, A). Hence G has a
separation (G, G) such that |V (G1NG2)| = 3, 2,y € V(G1NG3), u; € V(Gy)—V(Ga),
and AU {us} C Gs. Since |N(uy)| > 3and {z,y} € N(uy), |V(G)| > 5, contradicting
Lemma 2.4.2. Thus (¢i7) holds for (G /xy, ui, ug, A).

By (d), for any zy satisfying (c), G/xy has a separation (G, G) such that |V (G} N
G| < 4, {u,us} € V(G)) — V(G,), and A C V(G,). Then v € V(G N GY) and
V(G| N GY)| = 4; or else (iii) would hold for (G, uy, us, A). Hence, G has a separation
(G1,Gs) such that z,y € V(G1NGy), |V(G1NG2)| =5, {ur,us} CV(G)—V(Gs), and
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A C V(Gs). Moreover, N(z) N (V(G1) = V(Gy)) # 0,and N(y) N (V(G1) — V(Ga)) #
(); for otherwise, (7ii) would hold for (G, uy,uq, A). We choose zy (satisfying (c)) and
(G1, Gs) so that GGy is minimal (subject to xy € E(G1)). Now (G, uy, us, A) satisfies (1)
— (4) in Section 6. We now show that (G, uy, us2, A), xy and (G, G) also satisfies (5) in

Section 6. First, we claim that
(e) 2,y € N({u1,u2}) and (N(2) U N(y)) N (V(G1) — V(G2)) € N[{u1, us}].

Suppose (e) fails, and assume by symmetry that it fails for x. If ¢ N({uy,uz2}) let
z € N(x)N(V(Gy) — V(Gy)); and if x € N({uy,us}) then N(z) N (V(Gy) — V(Gs)) &
N[{uy,us}],andlet z € N(x)N(V(G1) —V(G2)) — N[{u1, us}]. Then zz satisfies (c). By
the argument following (d), G has a separation (H;, Hy) such that {x, z} C V(H; N Hy),
\V(HyNHs)| =5, {u1,us} C V(H)—V(Hz) and A C V(Hy). Thus uy,us € (V(Gy) —
V(Gy)) N (V(H,) — V(Hz)) and A C V(Gy N Hy). In particular, |V(Ge N Hy)| >
|AU{x}| > 5. Thus |V(G1NGyN Hy)UV (H N HyNGy)| > 5; as otherwise the separation
(G1UH;, GoN Hy) shows that (iii) would hold for (G, uy, us, A). Therefore, since |V (G1N
Go)|+|V(HyNHy)| = 10, we see that |V (G NGoNH) UV (HNHyNGY)| < 5. In fact,
\V(GiNGeN H) UV (H N HyNGL)| = 5; otherwise, the separation (G N Hy, Go U Hs)
shows that (iii) would hold for (G, uy, us, A). Thus |V (G1NGeNHy)UV (HiNHyNG,)| =
5. By the choice of (G, G2) (i.e., the minimality of G), the separation (G; N Hy, GoU Hy)
implies that V(G N Hy) — V(Hy) =0 (so V(G1 NGy N Hy) = V(G NGy N Hy N Hy)).
Now since z ¢ V(G3), [V(G1NGe N He) UV (H N Hy N Gy)| = |V(H N HyNGy)| <

|V (Hy N Hy) — {z}| = 4, a contradiction.

By (a), (c) and (e), there exists a permutation ij of {1,2} such that zu;, yu; € E(G).
We now show that N(z) N (V(Gy) — V(G3)) € Nw] and N(y) N (V(Gy) — V(Gs)) C
Nlu;]. Suppose this is false and, by symmetry, assume that N (z) N (V(Gy) — V(G2)) €
NJu;). Then by (a) and (e) there exists z € V(G1)—V (Ga) —{u1,us} such thatzz € E(G)
and zu; ¢ E(G). By (a) again, xz satisfies (c); so by (e), zu; € E(G). Let G be obtained
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from G by duplicating uy, with u), k = 1,2. If G} — {z, z} has four disjoint paths from
{ur, v}, ug, uh} to V(G N Gy) — {z}, then these paths, u;zzu; and four disjoint paths in
Gy —x from V(G NGy) —{z} to A (Lemma 2.6.1()) give a topological H in G rooted at
u1, ug, A, a contradiction. Thus, G; has a separation (G171, G12) such that |V (G11NG1o)| <
5, {z,z} C V(G111 NGia), {ur,us} C V(Gyy), and V(G N Gs) — {z} C V(G12). Now
the separation (G411, G12 U G5) contradicts the choice of (G, G) (the minimality of G).
Thus, (G, u1,us, A) also satisfies (5) in Section 6. Hence, we get a final contradiction

by invoking Lemmas 2.6.2 — 2.6.5, completing the proof of Theorem 2.2.1.

2.8 Application

The characterization of infeasible quadruples was used by He, Wang, and Yu [10, 11, 12,
13] in their recent proof of the Kelmans-Seymour conjecture that every 5-connected non-
planar graph contains a topological K5. They applied Theorem 2.2.1 to force topological
K5 in the following case in the proof of Theorem 1.2 in [10]:

Let G be a 5-connected graph and (G, G5) be a 5-separation in G. Let V(G;) N
V(Gy) = {a,a1,a9,as,a4} such that G[{a,as,as}] = Kj, where G is obtained from
another graph by contracting a connected subgraph to the vertex a. Let uy,us be two
neighbors of a, and uy,uy € V(Gy) — V(G1). The goal is to force a topological K
regardless of the feasibility of (G, uy, us, {a1, as, as, as}).

If (G, w1, us, {ai, as, as, as}) is feasible, then let H* denote a topological H with root

{u1,us} and ends in {aq, as, as, as }. We have 2 cases:

e Case 1: H* contains two internally vertex disjoint paths from one of uy, us to both
a; and ay. Since G is 5-connected, GGy has vertex disjoint paths Py, P, from {ay, as}
to {as, as}, so G[{a, ay, az,us,us}] U H* U P; U P, is a topological K5 with branch

vertices a, aq, s, U, Us.

e Case 2: H* contains two vertex disjoint paths from wuy, us to aq, as. By symmetry
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we may assume [* contains two internally disjoint paths from u; to a4, as, and two
internally disjoint paths from us to as,ay. When G has two vertex disjoint paths
P, from a; to ay and P, from ay to a3, G[{a,a1,as,uy,us}] U H* U P, U Py is a
topological K5 with branch vertices a, a;, as, ui, us. If such path P, P, do not exist
in Gy, then by a result of Seymour, G; — a is planar, and hence, G — a is planar. In

which case, we can always find a topological K.

If (Go, uy, ug, {a1, as, as, a4 }) is not feasible, the characterization in Theorem 2.2.1 will
provide further structural information about G, which either lead to contradictions, or the

existence of topological K.
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CHAPTER 3
PROGRESS ON HAJOS’ CONJECTURE

3.1 Introduction

Using Kuratowski’s characterization of planar graphs [19], the Four Color Theorem [3, 4, 2,
24] can be stated as follows: Graphs containing no K5-subdivision or K3 3-subdivision are
4-colorable. Wagner [28] and Kelmans [16] showed that if a connected graph G contains
no K s-subdivision then G is planar, or G = Kj, or G admits a cut of size at most 2.
Consequently, the chromatic number of a graph with no K3 3-subdivision is at most 5.
What about graphs containing no K5-subdivision? If the chromatic number of graphs
containing no K-subdivision is at most 4, we would have a natural extension of the Four
Color Theorem (as K33 has chromatic number 2 and perhaps should not be excluded).
This is part of a more general conjecture made by Hajos in the 1950s (see [27], although
the reference [9] is often cited): For any positive integer k, every graph containing no

K. 1-subdivision is k-colorable. It is not hard to prove the following theorem:
Theorem 3.1.1. Hajos’ conjecture is true for k = 1,2, 3.

Proof. For k = 1, a graph G with no K,-subdivision is a graph with no edges. i.e. G
is a graph with only isolated vertices. G is 1-colorable. For k = 2, a graph G with no
K3-subdivision is a graph with no cycles. Since every acyclic graph is bipartite, G is 2-
colorable.

For £ = 3, we would like to prove a graph with no K4-subdivision is 3-colorable.

Suppose not, let G be the minimum counterexample:
(1) G has no K -subdivision,
(2) G is not 3-colorable, and
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(3) subject to (1) and (2),

V(G)| is minimum.

Then G is connected; otherwise one of the components of G must be a smaller coun-
terexample.

Moreover, G is 2-connected. Suppose not. Let v be a cut vertex of GG, and C'y, Cy, . .., Cy
be the components of G —v. Since G has no K -subdivision, G|V (C;)U{v}],i =1,... k,
has no Kj-subdivision. Hence by the minimality of G, G[V (C;) U {v}],i = 1,... k are
3-colorable. Thus G must be 3-colorable, which is a contradiction.

We claim that G must be 3-connected. Suppose not. Then G must have a 2-seperation
(G1,Gs). Let V(G1 N Gy) = {u,v}. We consider G; + uv for i = 1, 2. By the minimality
of GG, G; + uw either contains a K ,-subdivision, or is 3-colorable. Suppose G; + uv contain
a K4-subdivision. There must be a uv-path P in G3_;, since either wv is an edge in G3_,
or there must exist a vertex w in G3_;, with 2 internally vertex disjoint paths from w to u, v
in GG3_; (since (G is 2-connected). Then G must have a K-subdivision in GG; U P. Thus,
G+ uv,i = 1,2 must be 3-colorable, and hence G; must have a 3-coloring such that v and
v do not have the same color. This implies G must be 3-colorable, which is a contradiction.

Now let C' be a shortest cycle in G. Then V' (C') # V(G), otherwise by the minimality
of C, E(G)\ E(C) = (), which implies G = C, and G is 3-colorable. Letv € V(G)\V(C).
Since G is 3-connected, G must contain 3 internally vertex disjoint paths from v to C' by
Menger’s Theorem [23]. Let P, P, and P3 be 3 shortest internally vertex disjoint paths
from v to C'. Then C U P, U Py U P5 is a K,-subdivision in G.

Thus there exist no such counterexample. Hajos’ conjecture is true for k = 1,2,3. 1

However, Catlin [5] disproved Hajos’ conjecture for k& > 6. Subsequently, Erd6s and
Fajtlowicz [8] showed that Hajos’ conjecture fails for almost all graphs. On the other hand,
Kiihn and Osthus [18] proved that Hajés conjecture holds for graphs with large girth, and
Thomassen [27] pointed out interesting connections between Hajds conjecture and several
important problems, including Ramsey numbers, Max-Cut, and perfect graphs. Hajos’

conjecture remains open for £ = 4 and k = 5.
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We are concerned with Hajds’ conjecture for £ = 4. We say that a graph G is a Hajos

graph if
(1) G contains no K5-subdivision,
(2) G is not 4-colorable, i.e., y(G) > 5, and

(3) subject to (1) and (2),

V(G)| is minimum.

Thus, if Hajés graph does not exist then graphs containing no Kj-subdivisions are 4-
colorable.

Recently, He, Wang, and Yu [10, 11, 12, 13] proved that every 5-connected nonpla-
nar graph contains a Kj-subdivision, establishing a conjecture of Kelmans [15] and, in-
dependently, of Seymour [25] (also see Mader [22]). Therefore, Hajos graphs cannot be
5-connected. On the other hand, Yu and Zickfeld [30] proved that Hajés graphs must be
4-connected, and Sun and Yu [26] proved that for any 4-cut 7" in a Hajos graph G, G — T'
has exactly 2 components.

Our goal is to show the following theorem.

Theorem 3.1.2. No Hajés graph has a 4-separation (G1, Gs) such that (G1,V(G1 N Gy))
is planar and |V (G1)| > 6.

This work will be useful in modifying the recent proof of the Kelmans-Seymour con-
jecture in [10, 11, 12, 13] to make progress on the Hajés conjecture, in particular, for the
class of graphs containing K, as a subgraph, where K, is the graph obtained from K
by removing an edge. The arguments in [11, 12] depend heavily on the assumption of 5-
connectedness, and we wish to replace such arguments with coloring arguments. For this
to work, we need to deal with 4-cuts with a planar bridge. (For a graph G and 7' C V(G),
a T-bridge of G is a subgraph of GG induced by edges of a component of G — 1" as well as

edges between that component and 7'.)
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3.2 Forcing good wheels with 4-separations

To prove Theorem 3.1.2, we consider Hajés graphs G with a 4-separation (G1, G3) such
that (G, V(G1 N Gy)) is planar and |V (G;)| > 6. We first find a special wheel inside
G, then extend the wheel to V(G N G2) in G by four disjoint paths, and form a K-
subdivision with two disjoint paths in GGo. We now make this more precise. By a wheel we
mean a graph which consists of a cycle C, a vertex v not on C' (known as the center of the
wheel), and some edges from v to a subset of V(C'). Let G be a graph, W C G be a wheel
with center w, S C V(G) \ {w}, such that Ng(w) C V(W) and there exists a separation
(G",G")in G with V(G'NG") = S, |S| > 4,and W C G’. We say that W is S-good if
SNV(W) C Ng(w). Let S’ be a subset of S with size 4, we say that W is S-extendable

(with respect to S’), if G has four paths P, P, P3, P, from w to S such that
e V(PN P;) = {w} for all distinct ¢, j € [4], and
o |V(P—w)NV(W)| =1forie [4].

Note that the paths P; may use more than one vertex from S.
We will first complete the proof of that G; has a wheel that is V(G N G2)-good. In
this section, we will show the proofs of some useful lemmas to force good wheels with

4-seperations.

Lemma 3.2.1. Let G be a Hajos graph and let (G, G3) be a 4-separation in G such that
(G1,V(G1 N Gy)) is planar. Then |V (G1)| # 6.

Proof. For, suppose |V (G1)| = 6. Let V(G1) \ V(G1 N Gs) = {u,v} and V(G N Gy) =
{v; : i € [4]}, and assume that vy, v, v3, v4 Occur on the boundary of a disc represention of
G in clockwise order. Then, since G is 4-connected, we may further assume that N (u) =
{v1,v9,v3,v} and Ng(v) = {v1,v3, v4, u}.

Now G’ := G —{u, v} +wvyv4 contains no K5-subdivision. For, if 7" is a K5-subdivision

in G, then (7" — vyvy) U vouvvy C G contains a K5-subdivision, a contradiction.
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Thus G’ has a proper 4-coloring, say o. If o(vs) € {o(v1),0(v3)} then we can extend
o to a proper 4-coloring of G by greedily coloring v, u in order. If o (vy) ¢ {o(v1),0(v3)}
then we can extend o to a proper 4-coloring of G by coloring v with o(vy) and color-
ing u with a color not used by vy, v, v3,v. Either way, we obtain a contradiction to the

assumption that GG is a Hajos graph. 1

Lemma 3.2.2. Let G be a Hajos graph and let (G1,G3) be a 5-separation in G such that
(G1,V(G1 N Gy)) is planar. Then G1 — V (G1 N Gy) ¥ K.

Proof. Suppose for a contradiction that G; — V(G N Gy) = Kj. Let u,v,w € V(Gy) \
V(Gs) and V(G1NGs) = {v; : i € [5]}, and assume that GG; has a disc representation such
that vy, v9, v3, vy, U5 occur on the boundary of the disc in clockwise order.

Note that Ng(v;) N {u,v,w} # () for i € [5]. For, otherwise, we may assume by
symmetry that N (vs)N{u, v, w} = (). Then, since G is 4-connected, N (v;)N{u, v, w} #
() for i € [4]; so by planarity, there exists some j € [4] with | Ng(v;) N {u,v,w}| =1, and
without loss of generality, let w € Ng(v;). Now G has a separation (H;, Hs) such that
V(HiNHy) ={v; :i € 4\ {j}}U{w}, (H,V(H, N Hy))is planar, and V(H;) = {v; :
i€ [4)\{j}}U{u,v,w}, contradicting Lemma 3.2.1.

Moreover, no vertex in {u, v, w} is adjacent to four vertices in V' (G1NGz). For, suppose
vv; € E(G) for i € [4]. Then, by planarity, G has a separation (Hy, Hs) such that V (H; N
Hy) = {v,v1,v4,v5}, (Hy,V(H; N Hy)) is planar, and V(H;) = {v1, vy, v5,u,v,w},
contradicting Lemma 3.2.1.

Also note that any two vertices of {u, v, w} must have at least four neighbors in V' (G; N
(). For, suppose u, v has at most three neighbors in V' (G;NG5). Then |(Ng(u)UNg(v))\
{u,v}| = 4 (as G is 4-connected), and G has a separation (Hy, Hs) such that V/(H,NHy) =
(Ng(u) U Ng(v)) \ {u, v}, (Hy,V(Hy N Hy))is planar, and V (H;) = Ng(u) U Ng(v) (so
|V (Hy)| = 6), contradicting Lemma 3.2.1.

Case 1. There exists {a,b} C {u, v, w} such that V(G; N G2) C Ng({a,b}).
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Without loss of generality, we may assume that « = v and b = w, and that vy, v, €
N¢(v) and v3, vy, v5 € Ng(w). We may further assume that the notation is chosen so that
uvy, uvs € E(G) (by planarity). Moreover, vvs € E(G) since v and v must have at least
four neighbors in V(G N G2).

Let G' := G — {u,v,w} + {vsv1, V502, v5v3}. We claim that G’ contains no Kj-
subdivision. For, suppose 7" is a K5-subdivision in G’. If vsvy, vsv9, v5v3 € E(T) then
T — {vsv1, v509, v5v3} and the paths wvs, wuvy, wvvy, wos form a Ks-subdivision in G, a
contradiction. So {vsvy, v5v2, vsv3} € E(T'). Then we obtain a contradiction by forming a
Ks5-subdivision in G from T': replacing edges in {vsvy, v5vq, v5v3} N E(T') with one or two
paths from one of the following {vsuvy, vswvvy}, or {vsuvy, vswws}, or {vsuvvy, Vswvs}.

Thus, G’ has a proper 4-coloring, say 0. We extend o to a proper 4-coloring of G by
first assigning o (vs) to v, and then greedily coloring w, u in order. Thus G is 4-colorable,

a contradiction.

Case 2. For any {a,b} C {u,v,w},

Ne({a,b}) NV (G1NGy)| = 4.

Without loss of generality, we may assume that uvy, uvs, vve, vvg € E(G). By symme-
try and planarity, assume wvs, wvy € FE(G). Note that {wvs, vv,} € E(G) as, otherwise,
V(Gy N G2) € Ng({v,w}) (but we are in Case 2). On the other hand, since any two
vertices of {u, v, w} must have at least four neighbors in V(G; N Gs), wvs € E(G) or
vv; € E(G). So by symmetry, we may assume wvs € F(G) and vy ¢ E(G).

Let G' := (G — {u,v,w}) + {vsv2, vsv3}. Note that G’ contain no K5-subdivision
as v5vg, V5v3 can be replaced by vsuvvs, vswus, respectively. Hence G’ has a proper 4-
coloring, say o. By assigning o(vs) to v and greedily coloring w, u in order, we obtain a

proper 4-coloring of (G, a contradiction. 1

We now proceed to show the existence of a good wheel inside a nontrivial 4-separation.

Lemma 3.2.3. Let G be a Hajos graph and let (G, G) be a 4-separation in G such that
\V(G41)| > 6 and (G1,V(G1NGy)) is planar. Then G contains a V (G1NGy)-good wheel.
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Proof. First, we may assume that (G; is minimal subject the assumption in the statement
of the lemma, as for any 4-separation (G, G5) of G with G| C Gy, a V(G N G})-good
wheel in GG is also a V(G N Gy)-good wheel in G1.

By Lemma 3.2.1,

V(Gy)| > 7. Let V(G N Gy) = {t1,1s,t3,t4} and assume that Gy
has a disc representation with ¢, ¢, t3,t, on the boundary of the disc in clockwise order.
Let D := G; —V(G1NGy). Since G is 4-connected, | Ng(t;) NV (D)| > 1 for each i € [4].

In fact,
(1) |Ng(t;) NV(D)| > 2fori € [4].

For, suppose |Ng(t;) N V(D)| = 1 for some i € [4], and let t € Ng(t;) N V(D) = {t}.

Then (G — t;, G2 + {t,tt;}) is a separation in G that contradicts the minimality of G;. O
(2) D is 2-connected.

Suppose to the contrary that D is not 2-connected. Then D has a 1-separation (D;, D5)
such that |V (D;) \ V(Ds3_;)| > 1 fori = 1,2. Since G is 4-connected, | Ng(D; — Ds_;) N
{t1,ta,t3,t4}| > 3fori =1,2.

Thus by planarity (and choosing appropriate notation for ¢;), we may assume that
t1,ta,t3 € Ng(D1 — Ds) and t3,t4,t; € Ng(Dy — D). Since G is 4-connected, |V (D N
D,)| = 1. Note that G has a separation (G, G) such that V(G| N GY) = {t1,t2,t3} U
V(Dy; N Dy) and G} C Gy, as well as a separation (G, GY5) such that V(G] N GY) =
{t1,t3,t4} UV (D1 N Dy) and GY C G,. Thus by the choice of (G, G2) (the minimality of
G1), |[V(D;)| = 2 for i = 1,2. But then | Ng(t2) NV (D)| = 1, contradicting (1). O

Let C' be the outer cycle of D. If there exists z € V(D) \ V(C) then all vertices and

edges of D cofacial with x (including =) form the desired wheel. Thus we may assume that
3) V(D) =V(C).

We claim that.
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(4) for each i € [4], there exists u; € Ng(t;) N Ng(tiv1) NV (C) (with t5 := ty).

For, suppose (4) fails and, without loss of generality, assume that N (t,)\Ng(t1)NV(C) =
0. Letv; € Ng(t1) N V(C) and vy € Ng(t4) N V(C) such that v4Cv; is minimal. Thus,
vity, v4ty ¢ E(G). By (1) and by planarity, vito, v1t3, v4te, v4t3 ¢ E(G). Since the degree
of vy in G is at least 4, v; has a neighbor v in D such that vv; € E (D) \ E(C). We choose
v, such that vC'v; is minimal. Moreover, let v’ be the neighbor of v; on v,Cv;.

If Ng(ts) NV (v1Cv — v) = () then G has a 4-separation (H;, Hs) such that V/(H; N
Hy) = {t1,ta,v,0'}, v1 € V(Hy) \ V(H2), Go + {ts,tsa} C Ho, (H1,V(H; N Hy)) is
planar, and |V (H;)| > 6 (by (1)), contradicting the minimality of (.

So we may assume Ng(t3) NV (v1Cv — v) # (). Moreover, since G is 4-connected,
{v1,v,t4} cannot be a cut in G. Hence, Ng(t3) € V(v1Cv).

Thus, G has a 4-separation (H, Hy) such that V(H; N Hy) = {t3,t4,v,01}, vg €
V(H)\V(Hsy), Go+{t1,t2} C Ho,and (Hy, V(H;N Hy)) is planar. By (1), |V (H;)| > 6,

so (Hy, Hy) contradicts the choice of (G1,Gs). O

We may assume that
(5) V(C) = {ula Ug, U3, U4}-

First, we may assume that N¢(t;) N (V(C) \ {u; : j € [4]}) = 0 for i € [4]. For, suppose,
without loss of generality, that there exists u € V(usCuy) \ {ug,u1} and ut; € E(G).
Then the vertices and edges of GG; cofacial with u form a V(G N G3)-good wheel.

Now suppose V (C') # {uq,us, us,us}. Then |V(C)| = 5; for otherwise, G has a 4-
separation (Hy, Hy) such that V (H; N Hy) = {uy, us, us,us}, Hy = D, (Hy, V(H; N Hy))
is planar, and Gy + {t; : i € [4]} C H,, contradicting the choice of (G, G3).

Let u € V(C) \ {uy,us,us, us} and, without loss of generality, assume that u €
V(ugCuy). Since uty ¢ E(G), uug,uuz € E(G), as G is 4-connected. Hence, G has
a 5-separation (Hy, Hy) such that V/(H; N Hy) = {to,t3,t4, u1,us} and Hy — V(H; N Hy)

is the triangle uusugu, contradicting Lemma 3.2.2. O
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6) D+ C.

For, suppose D = C'. Let o be a proper 4-coloring of G — {uy, us, ug, us} which exists as
G is a Hajos graph. We can extend o to a proper 4-coloring of G as follows: If |[{o(¢;) :
i € [4]}] = 4 then assign to uy, ug, ug, uy the colors o (ty), o(t1), o(t2), o(ts), respectively.
If [{o(t;) : i € [4]}] < 3 then assign to both u; and ug a color not in {o(t;) : i € [4]}, and

greedily color us, u4 in order. This contradicts the assumption that G is a Hajos graph. O

By (6) and by planarity of D, we may assume D = C + uyuy. Note that G' := (G —
{uq, us, ug, us})+{tite, tats, t3t1 } contains no K5-subdivision; for, if 7"is a K5-subdivision
in G’ then, by replacing tts, tot3, t3t; (Whenever in T') with tyu;ts, tausts, t3usuyty, respec-
tively, we obtain a K5-subdivision in G.

Thus let o be a proper 4-coloring of G'. If |{c(t;) : ¢ € [4]}| = 4 then assign
to wuy, ug, ug, uy the colors o(ty),o(ty),o(tz),o(ts), respectively, we obtain a proper 4-
coloring of (G, a contradiction.

So [{co(t;) : i € [4]}] = 3 and o(ty) € {o(t;) : i € [3]}. We derive a contradiction
by extending o to a proper 4-coloring of G: If o(t4) = o(t2) or o(t4) = o(t;) then assign
o(t1),o(ts) to us, uy, respectively, and greedily color uq, u3 in order; and if o(t4) = o(t3)

then assign o (1), o(t2) to ug, uy, respectively, and greedily color u;, ug in order. |

3.3 Sketch of the proof of Theorem 3.1.2

We will first complete the proof of that G; has a wheel that is V' (G; N G5)-good. However,
we need to allow the separation (G, ) to be a 5-separation in order to deal with issues
when wheels are not V(G N Gy)-extendable. This is saying that when we try to extend
a good wheel in the planar side of a 4-separation (G4, G) by four paths to V(G N Gy)
that are internally disjoint from the wheel, we encounter problems with 5-separations. For
5-separations, we characterize the situation when one cannot find a good wheel inside a

S-separation:
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Lemma 3.3.1. Let G be a Hajos graph and (G1, G2) a 5-separation in G such that (G, V (G1N

Gs)) is planar and V (G, N Gy) is independent in G1. Then one of the following holds:
(i) G has a 4-separation (L, L) such that Ly C Gy, Gy C Lo, and |V (Ly)| > 6.
(ii) Gy contains a V(G N Gg)-good wheel.

(iii) (G1,V(G1 N Gy)) is one of the graphs in Figure 3.1, where G is drawn in a closed

disc and V (G N Gs) consists of vertices on the boundary of the disc.

Sk A
NN

Fig. 3.1: The obstructions.

Finally we characterize the graph G when wheels are not extendable and complete the

proof of Theorem 3.1.2.
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