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EXPLANATION OF SIGN CONVENTION

The sign convention used is known as the member end convention
as it is applied in comnection with moment distribution analyses., If
a menber is cut away from the joint, the sign is positive if a clock=-
wise moment on the end of the member is necessary t¢ hold it in equi-
librium, or it is negative if a counterclockwise moment is necessary.

Thus it can be seen that, for a single span fixed ended beanm,
the fixed end moments due to a dowrnward load on the span will be pre-
fixed with a minus sign on the left end of the span and a plus sign
on the right. Both, however, are what is usually considered negative
moments according to beam convention since there is tension on the
upper fibers of the beam.

Where moments are determined by ordinary statics, the beam
convention for signs is used. On all bending moment diagrams, posi-
tive moments are plotted on the bottom side of horizontal members
and on the inside of vertical members. WNegative moments are naturally

plotted the reverse of positive moments.
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AN INVESTIGATION OF MOMENT DISTRIBUTION METHODS
OF ANALYZING RIGID FRAMES

SURJECTED TO SIDESWAY

ABSTRACT

The investigation undertaken was limited to single span rigid
frames. An attempt was made to illustrate the conventicnal method of
analyzing single span rigid frames subjected to sidesway by present=-
ing the solutions of ten frames with various types of loading, make-
up of members, and with both fixed and hinged ends. I{ was the pur-
pose of the author to choose among these examples certain conditions
which are not readily found in textbooks, and to explain their solu-
tions sufficiently so that they might serve as examples for other
problems of a similar nature.

A simplified method of solution for frames with hinged ends,
still utilizing the moment distribution method, was developed and
presented. There are four propositions for this simplified or
modified method, with the accompanying proofs, stated in the thesis.
Each proposition is applicable for frames with certain specific
properties and types of loads. After each proposition and its
proof, a modified solution of cne of the examples which was solved
in the ﬁonventional manner is presented,

The modified sclution is a repetition of the conventional
solution in the first phase of the analysis where it is assumed that

fixed end moments on a frame-may be distributed if nco sidesway is
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permitted. The second phase of the conventional analysis, in which
corrections for sidesway are calculated, is eliminated in the modified
solution and is replaced by some very simple formulae applied to the

results of the first phase of the analysis to complete the sclution.



AN INVESTIGATICN OF MOMENT DISTRIBUTION METHODS
OF ANALYZING RIGID FRAMES

SUBJECTED TO SIDESWAY

INTRODUCTION

The investigation undertaken in this thesis is limited to single
span rigid frames. There is no attempt to go inte the theory underlying
the moment distribution method of analysis. Many books have been publish-
ed which adeguately explain the theory, and_it is felt that a repetition
here would serve no useful purpose.1

The objective of this thesis is twofold: (1) To present the solu-
tions of actual problems using the conventional or standard moment distri-
bution method of analysis, thus enabling the reader to learn more readily
to solve problems of a similar character, and (2) To eliminate the second
phase of the standard moment distribution analysis in which it is necess-
ary to make corrections for sidesway.

To obtain the first objective, the complete solutions of ten rigid
frames with different makeups of members and different type loadings are
presented using the conventional method of analysis.

The second objective is the one considered most important in
this thesis. The standard procedure, using the moment distribution
method of analysis in a rigid frame with sidesway, requires two separate
analyses which are ultimately combined to get the actual forces. In the

first of these two, an imaginary force must be assumed as acting im such

lFor example, Cross, Hardy and Morgan, N.D., Continuous Frames
of Reinforced Concrete, John Wiley & Sons, Inc. 1932.




a manner that no movement of the frame or sidesway can occur. However,
the horizontal reactions obtained from the first of these two analyses
will not satisfy the reguirement that the summation of horizontal forces
on a structure in equilibriuom must equal zero., Therefore, corrections
to the reactions and moments obtained initially must be obtained in
order to get the actual values. This requires a second analysis which
is often intricate and subject to errors of interpretation. An attempt
is made in this thesis to get the actual moments and reactions by the
use of some simple formulae after the first of the two analyses has
been completed. In the cases where this has been found possible, a
proposition is stated with the accompanying proof. The formulae derived
in these proofs are ther used in applying a modified solution to the
frames which were scolved in the conventional manner.

Example I of the text contains a more detailed explanation of
the conventional procedurs than does subsequent examples. If the reader
should have any difficulty in understanding any of them, it is helieved

that a reference back to Example I may be helipful.



PROCEDURE

An analytical approach was used throughout in the preparation
of this thesis. A laboratory approach was considered, but it did not
sesm suited to the investigation being made.

In the introducticn it was stated that the purpose of the thesis
was twofold. First, it was desired to clarify certain peculiarities
in anslyzing specific frames by presenting their complete solutions. A
variety of examples with varied shapes, types of loadings, and with
fixed and hinged bases were chosen and solved. The explanations given
with each solution are intended to make the method of applying the
standard solution apparent to the reader.

The principal cbjective, that of eliminating the second phase of
the standard moment distribution method of analysis, was aﬁproached in
this manner:

For each example given in the thesis, and many more, a complete
analysis of the frame was made in the conventional way. Then, an
attempt was made to correlate the wvalves of the actual forces and those
cbtained at the end of the first phase of the analysis. The first
discovery was made in the case of a symmetrical frame with vertical
columns, hinged bases, and an unsymmetrically placed vertical load. It
was noticed that the final moments at the top of the columns were equal
to the average of the moments ohtained at those points after the first
phase of the analysis had been completed. Other similar frames were
checked and in each case it was found that this relation held true.

This led to the belief that, under similar loadings in a frame

of this type, the same relation would aiways be trus. A general proof



for this case was successfully attempted and is presented under Proposi-

tion I of this thesis, In establishing this proof, a procedure was

evolved which appeared to be applicable to other frames for the purpose

of obtainming a correlation between the forces obtained at the end of the

first phase of the moment distribution analysis and the actual forces.
It was in this manner that the proofs for Propositions II, III,

and IV were established.
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EXAMPLE I~ SYMMETRICAL FRAME, HINGED ENDED, WITH VERTICAL COLUMNS AND AN

UNSYMMETRICALLY PLACED VERTICAL LOAD (Conventional Solution)

It is required to find
the moments at B and C and the

reactions at A and D in the ol
frame of Fig. 1.

] O 1 . 36! ——I

Prcoecedure ]
Rotate members AB and B i=h c -]

€D until they are in a hori-
zontal position as shown in
Fig. 2. Calculate fixed end le]l I=1 181
moments at BC and CB and
stiffness coefficients at
joints B and C. Moment dis- |4 Dl
tribution is then carried out
as shown in Fig. 2. Fig. 1
Ke oA 1/3 B 2/3 2/3 ¢ 1/3 D
F.E.M, -162,0 Sh.0
1st Dist. _5h,0 108,0 =36,0 |=18.0
C.0. -18.0 5440
2nd Dist. 6,0 12,0 ~36,0 1-18,0
C.0. -18.0 6.0
3rd Dist. 6.0 12,0 =h.0 2,0
Ca0. =2.0 6.0
J.l.tvh Dist. Q.7 1.3 -h.O =20
C.0. =240 0.7
Cth Dist, 0,7 1.3 ~0,5 =0.2
C.0, =0.2 0.6
&th Dist. Q.1 Qe 0.0 ~0.2
Moment s 67.5 -67.5 Ww.L  =ho.h

From Fig. 2 it is seen that the moments at B and C are 67.5 and LO.k
respectively. They are indicated in Fig. 3 as they would act on the columns
drawn as a pair of free bodies. The horizontal shear in the columns, which
equals the moment divided by the column length, is 3.75 and 2.2l acting in
opposite directions. Evidently, there must be an assumed force of 1.51
acting to the left at C to justify the distribution of Fig. 2 in which it
was assumed that no movement occurred in the frame.



. | 18.56 s~ | 5.4
Since the force of 1.51

does not exist, the actual mo- 675 Y3215 hooh J2.2

ments and reactions may be found B C I‘E_EEEIma _
by adding algebraically to the * g
results of Fig. 3 the moments nary)
and reactions due to a force of
1.51 applied at B and acting
horizontally to the right. It
is apparent that this force would 3 2.9,
produce horizontal reactions at 4 H——:ZEF-

A and D which would satisfy the
requirement that the summation 18,56 5.
of horizontal forces on a frame '
in equilibrium must equal zero. Fig. 3

& convenient method of de-
terming the moments and reactions
due to the force of 1.51 is to allow an arbitrary force P, acting to the
right at B, to produce fixed end moments of 100.0 in the columns. Then
when P is determined, the moments and reactions due to a force of 1,51
will simply be proportional to the ratio between P and 1.51 multiplied
by the moments and reactions due to P. In Fig. L the moment distribution
caused by fixed end moments of 100,0 in the columns is carried out. It
was possible to use a modifisd stiffness factor in Fig, L because of
anti-symmetry of the moments®, and to analyze only half of the frame.

The free body of Fig. 5 indicates the resulting moments and shears
on the columns. Thus it is seen that a force P of L.16 applied at B and
acting horizontally to the right would produce fixed end moments of 100.0
in the colwmng. Accordingly, the results of Fig. 5 must be multiplied
by the ratio of 1.51 to L.16. These values become 13.55 for moment, 0.755
for horizontal shear, and 0.56 for vertical shear with proper regard for
signs.

Final Moments

BA = 6?.5 - 13055 = 53-95

BC 7-67.5 ¢ 13.55 =-53,95 Ke A 1/ B 3/l
F.E M. -100.0  -100.0 é
CB 2 0.4 4 13.55 = 53,95 1st Dist. | 100,00 ~  25.0 75.0
.0, 50.0 |
CD =-h0ih - 13055 =-53095 2nd DiS’b. :_']9-5 —37.5
Moments ~37.5 37.5
Figo ,-l.

2Cross, Hardy and Morgan, N.D., Continuous Frames of Reinforced

Concrete, John Wiley & Sons, Inc. 1932.



1056 Jl 1'56
4 3745 o 37.5
Final Reactions Bl o C ;
2.08 2.08
Hy = 3,75 - 0.755 = 2,995
VA = 18.56 - OlSé = 18000
Hy = 2.2h + 0,755 = 2,995
.08 £5.08
1.56 ¥ 1,56

The moment diagram for the frame of Fig. 1 is shown in Fig. &.




PROPOSITICN I - HYPOTHESIS - IN A HINGED ENDED SINGLE SPAN SYMMETRICAL

RIGID FRAME WITH VERTICAL COLUMNS AND AN UNSYMMETRICALLY

PLACED VERTICAL LOAD, TEE MOMENTS AT THE TOP OF THE

COLUMNS ARE EQUAL TO THE AVERAGE OF THE MOMENTS OBTAINED

AT THOSE PCINTS WHEN THE FRAME IS ANALYZED BY THE MOMENT

DISTRIBUTION METHOD ASSUMING THAT NO SIDESWAY CAN QCCUR.

Proof

In the frame of Fig. 7, it
is evident that the horizontal re-
actions at A and D must be opposite
and equals The moments at B and C,
therefore, must be equal and have a
value of Hh,

The moment distribution method
of analyzing frames is based on the
premise of non-yielding supports.
Lecordingly, an analysis of the frame
may be made assuming that a force x
at C, as shown in Fig. 8, exists and
is sufficient to prevent sidesway.

For statical equilibrium, x
must equal Hy - Hpy assuming that
Hy is greater than Hou

However, x does not exist and
in order tc determine corrections to
Hy and Hy, we must determine the ef-
feet of a force x at C acting as
shown in Fig. 9. The correctness
of this procedure is readily seen
by superposing Fig. 9 upon Fig. 8
and noting that the loaded frame
then is the same as that of Fig. 7.

P
My = Hh l M, = Bh
B L c
h h !
alu H| D |
— 1
Va Vs
Fig, 7
Mg = Hyh f My = Hoh
B L C
h h
Hy H,
i— ) 4
A D
Y Vs

Fig. 8




The reactions at A and

D due to the fogce x at C in xﬂh
Figs 9 are x/2. B L C
How, to determine the
value of H, superpose Fig. 9
on Fig,. 8, h h
HeH -x/2
L x/2 &2
H=H, + x/2 \ A Dt ,
v v
1
v Fig. 9 2
2H = Hl + H2
or,
H, ¢ H
q = 1 2
2

It follows from the value obtained for H that the moment at B and
C is the following:

Hyh + H2h

M, = MB = Formula (1)

The average of the moments at B and C as determined in Fig. 8 with
the restraining force x at C is exactly equal to the value obtained by the
use of Formula (1) above. This is,therefore, the proof of the hypothesis
as stated.

3Cross, Hardy and Morgan, N.D., Continuous Frames of Reinforced
Concrete, John Wiley & Sons, Inc., 1932, p. 1006,




10
EXAMPLE I- SYMMETRICAL FRAME, HINGED ENDED, WITH VERTICAL COLUMNS AND AN

UNSYMMETRICALLY PLACED VERTICAL LOAD (Modified Solution)

It is required to find the momenis at B and C and the reactions at
A and D in the frame of Fig. 1.

frocedure

Proceed exactly in the same manner as in the conventional solution
until the results shown in Fig, 3 are obtained. Then apply Propeosition I
to obtain the moments at B and C. The sum of the moments at B and C in
Figs. 3 is 67.5 # k0L = 107.9. Divide by two to obtain an average value
of 53.95, the actual value of the moments at B and C.

The horizontal reactions at A and D are cbtained by dividing 53.95
by 18, the length of the column, with a resulting value of 2.995.

The vertical reactions are determmined by taking moments of all the
external forces on the frame at points A and D and solving directly. They
are 18.00 at A and 6,00 at D,
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EXAMPLE II- SYMMETRICAL FRAME, FIXED ENDED, WITH VERTICAL COLUMNS AND AN

UNSYMMETRICALLY PLACED VERTICAL LOAD (Conventional Solution)

It is reguired to
find the moments at A, B,
C, and D and the reactions
at &4 and D in the frame of

Figa 100 B I - h C

Procedure

Rotate members AB I =1 I=1
and CD until they are in 18¢
a horizontal position as |
shown in Fig, 11l. Carry
out moment distribution 7 A D &
as shown in Fig. 1l.

Fig, 10
Ke A 2/5 B 3/5 3/5 C 2/5 D
F.E.M. ' -162.0 5hL.0
1st Dist. 6.8 97.2 -32.4 [-21,6
C.0. 32.4 -16.1 Lo.0 =100
2nd Dist. 6ol 9.7 -29.2 [-19.h
C.0. 3.2 -6 4.9 =27
3rd Dist. _5.8 8_18 =29 -2 o)
C.Ou 2.9 "'1-)-[. J.l..J.I. “100
Lth Dist. 0,6 0.8 ~2.,6 | ~1.8
C.0, 0.3 =13 O.lt =0.9
5th Dist. 0,5 _0,8 0.2 ~0.2
C.O- 003 —Ocl O.!.I. -0-1
6th Dist., 0.1 =02 0,2 T =0al
Moments 39.1 78.1 ~78.1 5.2 <liB.2 -22.6
Fig, 11
~—a | 18.685 5.315 A

Figs 12 indicates the 78.1 ¢ L5.2
frame members as free bodies B 6.51 3,77 c
from which it is seen that
the horizontal forces are un-
balanced by 2.7hL.

An arbitrary force is
applied acting horizontally
to the right at B which pro- A 6. D
duces fixed end moments of 39.1 J““zi Q‘EI"jl 50 6
100,0 in the columns. The - —_—
resulting moment distribution 18,685 5.315 i

is carried out in Fig. 13.

Fig, 12



il.il

In Fig, 1k the
moments and shears are
shown for the arbitrary
force which is deter-
mined to be 17.08, To
obtain the moments and
shears due to a foree
of 2.74, the values in
Fig. 1L must be multi=
plied by the ratio of
2.7h to 17.08,

These values become
0.4 for wvertieal shear,
1.37 for horizontal shear,
13.5 for moment at A and
D, and 11,1 for moment at
B and C.

¥inal Reactions

6.51 -~ 1.37 514
5.1k
18.275

5.775

;b‘:l:
§

3.77 4 1.37
= 18,685 - 0,L6
S.315 4 0.U6

Um
"
o

b:t
n

&
1

¥inal Moments

25.5

AB 39!1 - 1306

"
"

Ke
F.E.M.
1st Diste.
C.0.

2nd Dist.
Moments

12

L/13 B 9/13

1 -100.0

=100.,0

10,81 69.2

15.!

"thé

$2.88

8454

} 2.88

-69.2 6902

Fig, 13

C
s
69.2

8L.6

Fig. 1b

2.88
r—

8.54L

‘qpﬁ;ﬁh

2.88

A 56,3

BA 78,1 - 11.1

=67.0
5643
'56o3

BC _7801 + 11.1

CB LE.2 ¢ 11.1

n

CD = -}5.2 - 11,1

DC = -22,6 - 13,6

The moment diagram
for the frame of Fig. 11
is shown in Fig. 15.

67.0 &9

_36.2 5.13 éS.S

18,225

Fig.

#3684 5.4
5.775

15

=
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EXAMPLE IIT- SYMMETRICAL FRAME, HINGED ENDED, WITH VERTICAL COLUMNS AND A

HORIZONTAL LOAD ON ONE OF THE COLUMNS (Conventional Solution)

It is reguired
to find the moments at
B and C and the react-
ions at A and D in the g1
frame of Fig. 16. 4

Procedure 6,' B I =) I

Hotate members o) -
AB and CD until they
are in a horizontal ‘ I=1 I= 1 100
position as shown in
Fig. 17. Proceed with 12t
the moment distribution @t D ¢
of Fig. 17.

Fig. 16
Ke A 1/3.B 2/3 2/3 C1/3 D
F.E.M. =32.0 6.0
1st Dist. 32,0 =21.3 | =h2.7
C.0. : 16.0 -21.3
2nd Dist. =5.3 =10.7 U2 Tal
C.0. Tel “5.h
3rd Dist. =2l =1,7 3.6 1.8
C.0. _ 1.8 ~2.l
Lth Dist. ' =06 =1,2 1.6 0.8
Co 0. O 08 -O ¢6
S5th Dist. =0,3 =0,5 0.h 0.2
C.0. 0.2 =0.2
6th Dist. -0.2 =0.1 0.1 Osl
Moments 50 0 -SO <0 =100 10.0
Pig. 17

In Fig. 18 the frame columns are shown as a pair of free bodies
with an unbalanced horizontal force of 24.00 % 0,56 -5.22 = 19.34. Since
the frame of Fig. 16 is the same as the one used in Example I, the results
of Figs. 4 and 5 are also applicable to this example. Therefore, the
moments and reactions determined in Fig. 5 must be multiplied by the ratio
of 19.3L to 4.126 to determine the corrections to be used in this example.



These become T.25
for vertical shear, 9.57
for horizontal shear, and
17h.3 for moment with pro-
per regard for signs.

Finagl Reactions

Hy = 5.22 4 9.67 = 14.89
Hy =-0.56 + 9,67 = 9.11
VA = 1125 - ?.25 = -6.00

4 221,25 ¢ 7.26 = 6,00

Final Moments

-124.30
164,30

BA = 50,00 = 17h.30

CB ==10.00 + 17h.30

1l

1.25 § 1.25
— P
50,0 v,18,78 10,0 | 0.56
B C

" 5,22 Q.Sﬁ
£ A D
1.25 1.25
Y
Fig., 18
BC = <50.00 4 174.30 = 124,30 _
Ch = 10.00 - 174.30 = ~164.30 i

The moment diagram for the frame of Fig, 16 is shown in Fig. 19.

12h.30

164.30

6.00

Fig. 19
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PROPOSITION II- HYPOTHESIS- 1IN A HINGED ENDED, SINGLE SPAN, SYMMETRICAL

RIGID FRAME WITH A HORIZONTAL LOAD ON ONE OF THE COLUMNS,

THE HORIZONTAL REACTIONS ON THE COLUMN BASES CAN BE OB-

TAINED DIRECTLY FROM THOSE REACTIONS WHICH ARE DETERMINED

IN A MOMENT DISTRIBUTION ANALYSIS ASSUMING THAT NO SIDE-

SWAY CAN OCCUR.

Proof

In the frame of Fig. 20,
it is evident that H, 4+ H, = P.
A moment distribution ana%ysis
of the frame may be made if
there is an assumed force x at
C of sufficient magnitude to
prevent sidesway as shown in
Fig. 2la

- For statical equilibrium,
x must equal P - H, - H,.

Since the force X does
not actually exist, corrections
must be determined for Hy, and

of Fig, 21. This is accom-~
p%lshed by applying a force x
at C as shown in Fig. 22.

The reactions at A and D
due to the force x in Fig, 22
are x/2. (See Proposition I)

By superposing Fig, 22 on
Fig. 21, the following is deter-
mined:

By =H,, ¢ x/2

H2 = o] ¥ x/2

In the equations above,
may be replaced by its equiv-
agent of P - H,. The two equa~-
tions can thenlbe added to get
a value for H;.

L
Fig, 20
B
L
h
H
1A

Fig. 21



Hy = Hyy + x/2

P - H ® Hy # /2

~F ¢ 2Hl = HlA - H2D

or,

Hy = Formula (2)

By a similar procedure
H, can be obtained, and is
given in Formula (3).

P - HlA + HQD

H2 = Formula (3)

By the use of Formulae (2) and (3) it is possible to obtain the

16

final horizontal reactions in a frame of the type shown in Fig, 20 imme-
diately after a moment distribution analysis in which it was assumed that
no sidesway occurred. The vertical reactions can be obtained by statics.
The moments are easily determined once the vertical and horizontal compo-

nents of the reactions are found.
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EXAMPLE III- SYMMETRICAL FRAME, HINGED ENDED, WITH VERTICAL COLUMNS AND A

HORIZONTAL LOAD ON ONE OF THE COLUMNS (Modified Sclution)

It is required to find the moments at B and C and the reactions at
A and D in the frame of Fig. 16.

Procedure

Proceed exactly in the same manner as in the conventional solution
until the results in Fig. 18 are obtained. Then apply formulae developed
in Proposition II to obtain horizontal reactions.

2’-’-000 - 5022 + (-0.56)
5 = _ 9,11 Formula (3)

jonl
i
H

201,00 ¢ 5,22 - (=0,56)
N 1h.89 Formula (2)

s
1]
H

The vertical reactions of mimus 6,00 at A and plus 6.00 at D are
found by taking moments at D and A respectively.

The moments at B and C are obtained by taking moments at each of
those points as shown below.

Final Moments

1. At joint B- 14.89 x 18 - 24.00 x 6 = 124.30

2., At joint C- = 9.11 x 18 = ~164.30
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EXAMPLE IV~ SYMMETRICAL FRAME, FIXED ENDED, WITH VERTICAL COLUMNS AND 4

HORIZONTAL LOAD ON ONE OF THE COLUMNS {Conventional Sclution)

It is required
to find the moments at
&, B, Cy and D, and the

reactions at A and D 1481 o
in the frame of Fig. 23. i
) -
Procedure 2k 62 B IT=lh ¢ l
Rotate members } ’

AB and CD until they are I=1 I=1
in a horizontal position 181
as shown in Fig. 24, Pro- 12!
ceed with the moment dis- _l- 2 D
tribution of Fig. 2h. »r 7hr

Fig. 23
Ke A 2/5 B 3/5 3/5 ¢ 2/5 )
F.E.M. =32.0 64,0
1st Dist. =25,6 | =38.4L
CueCe «12.8 =19.,2
2nd Dist., 11.5 | 7.7
c.0. 5.8 38
3rd Dist. ~2.3 -3.5
C.0,. -1l.1 =1.7
Lth Dist. 1.0 |0.7
C.0. 0.5 0.4
5th Dist. =0.2 -0,3
Cooo "‘Ocl "002
6th Dist. Oul Q.1
Moments "’,-1600 3509 "3509 -805 8'5 h02

Fig. 24

In Fig, 25 the frame columns are shown as a pair of free bodies
with an urbalanced horizontal force of 24,00 4 0.71 - 8,56 = 16,15, Since
the frame of Fig. 23 is the same as the one used in Example 11, the results
of Figs. 13 and 1L are also applicable to this example. Therefore, the
moments and reactions determined in Fig. 14 must be multiplied by the ratio
of 16.15 to 17.08 to determine the corrections to be used in this example.

-



These become 8,07
for horizontal shear, 2.72
for vertical shear, 80.0
for moment at joints A and
D, and 65.4 for moment at
joints B and C with proper
regard for signs.

Final Reactions

Hy = 8.56 + 8,07 ® 16,63

HD = "Oo?l "' 8.07 = 7.36

v, ® 0.925 « 2,72 = -1,795
Vg =-0.925 4 2,72 = 1.795
Final Moments

AB = «46,0 - B0.0 = -126.0
BC = -35,9 ¢ 65,1i = 29,5
CD = 8.5 = 65, = <56,9

The moment

h6,0

BA
CB
L.

diagram for the frame

Fig. 26

0.925
v lo.l)

= 35,9 -
= 8.5 4
= 11,2 -

of Fig. 23 is

75.8

Fig 25

65.1 =
65.h
80,0

1"

19

—a } 0.925
8.5
: 0.71
G
D | 0.72
L.2
s’ "0.925
=29.5 |
56.9
~75,8

shown in Fig. 26.
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EXAMPLE V- GSYMMETRICAL FRAME, HINGED ENDED, WITH INCLINED COLUMNS AND AN

UNSYMMETRICALLY PLACED VERTICAL LOAD (Conventional Solution)

It is required to
find the moments at B
and C and the reactions
at A and D in the frame

. 2h .
of Fig. 27. —-‘ Slp—13teke—— 261 — ] Srje—
B C

Procedure I=3 |
Rotate members AB

and CD until they are in I=hL/3 I=L/3 .

a horizontsl position as 12

shown in Fig. 28, Pro=-

ceed with the moment dis-

tribution of Fig. 28. A D

Ke A 1/2 B 1/2 1/2 ¢ 1/2 D

F-EaMc ”13806 69-3

lSt Dist' 69.3 69-3 —3h06 -3h¢7

C.O. -1703 3h06

2nd Dist. 8.7 8.6 =17.3 | -17.3

C.0. -8.? h03

3rd Dist. i h.B huh -2;2 -2.1

C.0. -1.1 242

Lth Dist. 0.6 0.5 1.1 | =11

C.O. ‘0'5 002

Sth Dist. _ Qu2 0.3 0,11 -0,1

C. Oc 0.2

6th Dist. =(,1 [ =0.]

Moments 83.1 -83.1 55. =55.4

Fig. 28

In Fig. 29 the frame columns are shown as a pair of free bodies
with an umbalanced horizontal force of 13.89 - 7.65 = 6.24. An arbitrary
force is applied acting horizontally to the right at B which produces fix-
ed end moments of 100.0 in the columns and 19.2 in the girder. Using these
fixed end moments, the moment distribution is carried out in Fig. 31.
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I
|
i
1
|
-

L]

Deflected frame

o

16.71

Fig. 30

From Fig. 30 it can be seen that, in the frame with inclined col-
umns, a force P will effect a deflection in the girder as well as the
columns. The deflection produces fixed end moments in the frame members
in proportion to the deflection multiplied by, the mcment of inertia of
the member and divided by its length squared.h It was in this manner
that the fixed end moment of 19.2 was cbtained for the girder BC. Due
to anti-symmetry of the moments, a modified stiffness factor for the gir-
der was used in the moment distribution of Fig. 31.

The pair of free bodies shown in Fig, 32 indicate the moments and
shears resulting from the arbitrary force P which is determined to be 7.88.
In order to get the moments and shears due to a force of 6.2k, the values
obtained in Fig. 32 must be multiplied by the ratio of 6.2l to 7.88.

These become 1,53 for vertical shear, 3.12 for horizontal shear,
and 29.8 for moment with proper regard for signs.

Ke A /5 B 3/8
FoEoMc "lOOoO -10090 19-2
1st Dist. 100,0 32.3 8,5 37.7
C.0. 50.0 B
2nd Dist. =20,0 |-30.0
Moments -37.7 37.7

Fig. 31

hcross, Hardy and Morgan, N.D., Contimuous Frames of Reinforced
Concrete, John Wiley & Sons, Inc., 1932, p. 113, fig. 33, stztement 2.




Final Reactions

HA £ 13.89 - 3,12 = 10.77 HD € T7.65 4 3.12 = 10,77
VA = 16.71 - 1.53 = 15,18 VD 2 7.29 4 1.53 = 8.82
Final Moments

BA = 83,1 - 29.8 = 53,3 BC = -83.1 # 29.8 = -53.3
CB = 55, 4 29.8 = 85.2 CD = -85 = 29.8 = -85.2

The momernt diagram for the frame of Fig, 27 is shown in Fig. 33.

| A&
53'3 85.2

1hls.0
10.77 10,77

15.18 8.82

Fig. 33

22
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PROPOSITION III- HYPOTHESIS- IN A HINGED ENDED, SINGLE SPAN, SYMMETRICAL

RIGID FRAME WITH AN UNSYMMETRICALLY PLACED VERTICAL LOAD,

THE HORIZONTAL REACTIONS ON THE COLUMN BASES ARE EQUAL

TO THE AVERAGE OF THE HORIZONTAL REACTIONS OBTAINED AT

THOSE POINTS WHEN THE FRAME IS ANALYZED BY THE MOMENT

DISTRIBUTION METHOD ASSUMING THAT NO SIDESWAY CAN OCCUR.

Proof

In the frame of Fig. 3k,
it is evident that the horizon-
tal reactions at A and D must
be opposite and equal. A moment
distribution analysis of the
frame may be made if there is
an assumed foree x at C of suf-
fTicient magnitude to prevent
sidesway. Let it be assumed
that the force x in Fig. 35 ful=
fills this requirement. Then x
must equal to Hy - H,, assuming
that Hy is grea%er than Hy.

Since the force x does
not actually exist, correctiocns
for Hy and Hp of Fig. 35 are
determined by applying a force
x at C as shown in Fig., 36.

The reactions at A and

D due to the force x at C in Fig.

36 are x/2. (See Proposition I).

By superposing Fig. 36 on

Fig. 35, the following is deter-
mined:

=
n

Hl - X/2

H=H, ¢ x/2

2H=H ¢ H,

— T

L
Fig. 3L
2
| o
L c
h
H
Von

Fige 35



2L

Divide both sides of
the equation on the preced-
ing page by two to get an
expression for H.

Hl + H2
H = Formula (L)

Since H, and H, are
the horizontal reactifns which Figs 36
would be cbtained if there was
a force x at € as indicated in
Fige 35, it can be seen that the actual horizontal reactions at A and D
are equal to the average of those values by an inspection of Formula (L).
This is, therefore, the proof of the hypothesis as stated.
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EXAMPLE V- SYMMETRICAL FRAME, HINGED ENDED, WITH INCLINED COLUMNS AND AN

UNSYMMETRICALLY PLACED VERTICAL LOAD (Modified Solution)

It is required to find the moments at B and C and the reactions at
A and D in the frame of Fig. 27.

Procedure '

Proceed exactly in the same manner as in the conventional solution
until the results in Fig. 29 are obtained. Then apply Formula (L) of Pro-
position III to obtain the horizontal reactions at A and D. The sum of
the horizontal reactions at A and D in Fig. 29 is 13.89 4 7.65 = 21.5L.
Divide by two to obtain an average value of 10.77, the actual value of the
horizontal reactions at A& and D,

The vertical reactions of 15,18 at A and 8.82 at D are found by
taking moments at D and A respectively of all the external forces acting
on the frame,

The moments at B and C are obtained by taking moments at each of
those points as shown below,

Final Moments

1. At joint B- 15.18 x 5 - 10.77 x 12 = -53.3

2. At joint C- 8.82 x 5 - 10.77 x 12 = -85.1
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EXAMPLE VI- SYMMETRICAL FRAME, FIXED ENDED, WITH INCLINED COLUMNS AND AN

UNSYMMETRICALLY PLACED VERTICAL LOAD (Conventional Solution)

It is required to
find the moments at A, B,
C, and DB, and the reactions h
at & and D in the frame of

2 _
Figs 37. 415' |-—13'----— 261 -—-FS' I._
B

Procedure I =3 C l
Rotate members AB
and CD until they are in .
a horizontal position as I=1L4/3 1=1)/3 121
shown in Fig., 38, Pro-
ceed with the moment dis-
tribution of Fig. 38. A D
Fig. 37
Ke A L4/7 B 3/7 3/7 ¢ L/7 D g
F.E.M. . 1 -138.6 9.3 [
13‘b Disto 79!2 59014 "2907 -3916
CeO. 39.6 -1i.9 29.7 ~19.8
2nd Dists 8.5 6-1—1 -12.7 -17-0
C.0. 12 ~G.3 3.2 ~3.5
3I‘d Dist. 3-6 207 ‘loh -1IB
c,0, 1.8 =047 1.4 09
lith Dist. 0.4 0.3 -0.6 -0.8
C.O. 002 "003 0.1 "’Ooh
5th Dist. Dol w+—0m 0.2 0.1 0.1
Moments 5.9 91.9 =91.9 59.3 -59.3 -29.6
Fig. 38

In Fig. 39 the frame columns are shown as a pair of free bodies
with an unbalanced horizontal force of 18,50 - 10,40 = 8.10. An arbitrary
force is applied acting horizontally to the right at B which produces fix-
ed end moments of 100.0 in the columns and 19.2 in the girder. Using these
fixed end moments, the moment distribution is carried out in Fig. LO.
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" Ke A 8/17 B 9/17
F.E.M. -100.0 =100.0 [19.2
1st Dist. 38,0 | h2.8  §

C.0. 19.0
2nd Dist,
Moments -8100 -62 oO 62 |O

Fig. WO

7016 \J

Fig. 39

The pair of free bodies
shown in Fig. hlindicates the . 13,2h
moments and shears resulting
from the arbitrary force which
is determined to be 26.,48. In
order to get the moments and
shears due to a force of 8.10,
the values cbtained in Fig. Ll
must be multiplied by the ratio
of 8.10 to 26.L8.

These become 0.97 for
vertical shear, .05 for hori-
gontal shear, 24.8 for moment
at A and D, and 19.0 for moment Fig. Ll
at B and C with proper regar
for signs. '

Final Reactions

H, = 18,50 - L.05 = 1L.L5 Hy = 10.k0 # L.05 = 1h.L5
Ve 16.84 - 0,97 = 15.87 Vp = 7.16 ¢+ 0,97 = 8.13
Final Moments

AB = L5.9 - 24,8 = 21,1 BA = 91.9 - 19.0 = 72,9
BC = -91.9 ¢ 19,0 =-72.9 CB = 59.3 ¢ 19.0 = 178.3
CD = =59.3 - 19.0 ==78.3 DC = -29,6 - 24,8 = -5h,L

The moment diagram for the frame of Fig., 37 is shown in Fig. k2.

Ly



Fig. L2

28
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EXAMPLE VII- SYMMETRICAL FRAME, HINGED ENDED, WITH INCLINED COLUMNS AND
A LOAD PLACED NORMAL TO ONE OF THE COLUMNS

(Conventional Solution)

It is required

to find the moments St 39t | 58
at B and C and the re- 1 [ g N
actions at A and D in ¥
the frame of Fig. li3. ol 1 {B I=3 G I
Procedure
Rotate mem- I=4/3 I=104/3 12t
bers AB and CD un- ot
til they are in a ‘{‘ '
horizontal position A D
as shown in Fig. Ll.
Proceed with the mo- Fig. 43
ment distribution of
Fig. .
Ke A 1/2B1/2 1/2 ¢ 1/2 D
F.E.M. -20.4 Lé.0
1st Dist. 20.4 =23,0 [ =23,0
c.0. 10,2 ~11.5
?2nd Dist. ‘Sol "‘501 50? 5.8
C.0. 29 -2.6
31"d Dist. -1.5 "lth 1.3 l-3
C.O- 046 -007
hth Dist. -0.3 =0.3 Ooh 0.3
CoOc 0-2 "0.2
Sth Dist. -0.1 =-0.1 0.1 | 0.1
Moments 26,2 =26,2 =T«5 7.5
Fig. hh

In Fig. L5 the frame columns are shown as a pair of free bodies
with an unbalanced horizontal force of 22.15 ¢ 0.98 - 1.61 = 21.52. Since
the frame of Fig., L3 is the same as the one used in Example V, the results
of Figs. 31 and 32 are also applicable tc¢ this example. Therefore, the
moments and reactions determined in Fig. 32 must be multiplied by the ratic
of 21.52 to 7.88 to determine the corrections to be used in this example.



These become 5.27
for vertical shear, 10.76
for horizontal shear, and
10340 for moment with pro-
per regard for signs.

Final Reactions

B, * 1.61 ¢ 10.76 = 12.37
Hpy 210,76 - 0,98 = 9,78
v, =10.,09 - b5.27 = L.82
Vp 2 5.27 - 0,86 = L.hl
Final Moments

BA = 26,2 -~ 103.0 = ~76.8
CB= -7.5 ¢+ 103.0 = 95,5

30

4 10.09-9.23=

=)

Fig. h5

BC

-26,2 + 103.0 76.8

H

D 7.5 = 103.0 = =95.5

The moment diagram for the frame of Fig. L3 is shown in Fig, L6,

Fig. L6
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EXAMPLE VII~ SYMMETRICAL FRAME, HINGED ENDED, WITH INCLINED COLUMNS AND
A LOAD PLACED NOEMAL TO ONE OF THE COLUMNS
(Modified Solution)
It is required to find the moments at B and C and the reactions at
A and D in the frame of Fig. U43.
Procedure
Proceed exactly in the same manner as in the conventional solution
until the results in Fig. L5 are obtained. Then apply formulae developed

in Proposition II to obtain horigontal reactions.

20,15 = 1.61 + (=0.98)

Hy, = = 9,78 Formula (3)
2
22,15 ¢ 1.61 - (-0.,98)
Hy = = 12,37 Formula (2)

The vertical reactions of L.82 at & and L.41 at D are fcound by
taking moments at D and A respectively of all the external forces acting
on the frame,

The moments at B and C are cobtained by taking moments at each of
those points as shown below,

Final Moments

1. At joint B- L.82 x5 4 12.37 x 12 -2k x L = 76.8

2. At joint C- L1 x5 - 9.78 x 12 = -95.5
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EXAMPLE VIII- SYMMETRICAL FRAME, FIXED ENDED, WITH INCLINED COLUMNS AND
A LOAD PLACED NORMAL TO ONE OF THE COLUMNS

(Conventional Solution)

It is required to
find the moments at 4, B, o1 391 ot
C, and D, and the react- -~ |' '|
ions at A and D in the
frame of Fig. L7.

Procedure

Rotate members AB
and CD until they are in
a horizontal position as
shown in Fig. 48. Pro-
ceed with the moment dis-

tribution of Fig. 48, Fig. L7

Ke A W/7 B 3/7 3/1 ¢ L/7 D ¢

F.EM, «20.1 460 f

1st Dist. -26.3 | -19.7

CaOa 13&1 -909

2nd Dist. _ _L.2]5.7

C.0. 2.1 2.8

3rd Dist, 0.9 =142 -

C.0C. -0.5 =0.6

hth Dist. 0.3 003

C.0. 0.1 0.2

5th Dist, =0,1

Moments -3l1.0 18,7 -18,7 -5,0 6,0 3.0
Fig. L8

In Fig. L9 the frame columns are shown as a pair of free bodies
with an unbalanced horizontal force of 22.15 4 1.01 - 5,17 # 17.99. Since
the frame of Fig. L7 is the same as the one used in Example VI, the results
of Figs. 1O and Ll are also applicable to this example., Therefore, the
moments and reactions determined in ¥Fig. L1 must be multiplied by the ratio
of 17.99 to 26.L8 to determine the corrections to be used in this example.
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These become 2,16
for vertical shear, 8.99
for horizontal shear, 55.0
for moment at A and D,
and 42.1 for moment at B
and € with proper regard
for signs.

Final Reactions

H, = 5.17 4 8.99 = 1h.16
Hy = 8.99 - 1,01 = 7,98
Fig. L9

V, % 9.86 - 2,16 = 7.70
¥, = 2.16 - 0,63 3 1,53

Final Moments

AB = «34.0 - 55.0 = -89.0 BA = 18.7 - 2.1 = -23.4
BC = -18.7 # L2.1 = 23,k CB = -6.0 ¢ L2.1 = 36.1
€D = 6.0 - h2,1 = 36,1 DC = 3.0 - 55.0 = =52.0

The moment diagram for the frame of Fig. W7 is shown in Fig. 50.
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EXAMFLE IX-

3k

UNSYMMETRICAL FRAME, HINGED ENDED, WITH VERTICAL COLUMNS OF

UNEGQUAL HEIGHTS AND AN UNSYMMETRICALLY PLACED VERTICAL LOAD

{Conventicnal Solution)

It is required to
find the moments at B and

!
PR LU PR J—

8

C and the reactions at A
and I} in the frame of Fig. ! .
51. 8 T=6 C T

Procedure

Rotate members AB 1519
and CD until they are in 201 I=2 I=]
a horizontal position as
shown in Fig. 52. Pro- ) L__l,
ceed with the moment dis- '
tribution of Fig. 52. e &

Fig, 51
Ke ol 1/3 B 2/3 3/h C1/k D
F.E.M. -281.2 168.8
1st Dist. 93.7 187.5 -126,6 | -h2.2
C.0. 63,3 93.8
ond Diste 21,1 h2.2 =70.h | -23.L
Co0. -35.2 21.1
3rd Dist. 11,7 23.5 -15.8 ~543
C.O. “'709 1107
Lth Dist. 2.7 5.2 -8.8 2.9
C.0. -l 2.6
5th Dist. 1.5 2.9 -1,9 0.7
CeOs -1.0 1.5
6th Dist. 0.3 0.7 =Lel =0l
Gnoo "005 O’B
7th Dist. D.2 0.3 ~0,2 ~0el
Moment.s 131.2 -131.2 75.0  =75.0
Fig. 52

In Fig. 53 the frame columns are shown as a pair of free bodies

with an unbalanced horizontal force of 6.56 - 5.00 = 1,56,

An arbitrary

force is applied acting horizontally to the right at B which produces fix-

ed end moments of 100.0 in column AB and 88.9 in column CD,

Using these

fixed end moments, the moment distribution is carried out in Fig, Sl



— | 31.11 16.59 | a~ o~ 41,85 1.85 | am—
131.2 75.0 37.3 1.8 36.5
Y656 500,y | 1.57 23y

B C B c
5.00 2.h3
— D e | D
1.87
A ‘jl_ﬁ-ié. 16,59 | Al 1.85
311 1.85
) Y
Fig. 53 Fig. 55
e A 1/3 B 2/3 3/k c1/h D
F.E.M, ~100,0 =100.0 -88,9 -88,9
1st Dist. 120.0 33.3 66.7 66.7 22.2 8809
C.0, 50,0 33,4 33.4 ] bhel
ond Dist. -27.8 | =55.6 -58,3 | -19.5
CoDo ‘29.1 -2708
Brd Disto 907 l9.h 20.8 ?oO
C.0. 10.1 9.7
hth Dist. -305 -609 “703 ‘2»&
C.O. -3.7 ‘305
Sth Dist. 1.2 2,5 261 0.9
COO. 1.3 1.2
éth Dist. -0, -0,9 0,21 =0.3
COOO -0'5 -0.5
7th Dist. 0,2 0,3 O.h Ol
Moments “3703 3703 36-5 -36.5
Figa SH

The moments and shears produced by the force chosen arbitrarily are
shown on the column free bodies of Fig. 55, from which it is seen that this
force was 4.30. In order ito get the moments and shears due to a force of
1,56, the values cobtained in Fig. 55 must be multiplied by the ratio of
1.56 to L.30.

These become 0,67 for vertical shear, 0.68 for horizontal shear at
A, 0.88 for horizontal shear at D, 13.5 for moment at B, and 13.2 for mo-
ment at £ with proper regard for signs.



Finzl Reactions

HA = 6'56 - 0068 = 5.88

VA =31¢h1 - 0067 =30.?}-|-

Final Moments

BA = 131&2 - 1305 = 11707

CB = 75.0 +# 13,2 = 88.2

The moment diagram for the frame of Fig. 5l is

H_=5.00 # 0,88 = 5,88

D

p

BC

CD

216,59 + 0.67 =17.26

-131.2 "‘ 1305

-75.0 - 1302

=117.7
-88,2

shown in Fig. 56,

L3
117.7 l | ,(<Sﬁ:SS§ 88,2
% T
3h3.4
5,88 fn
5.88 17.26

Fig. 56

36
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PROPOSITION IV~ HYPOTHESIS- IN A HINGED ENDED, SINGLE SPAN, RIGID FRAME

WITH VERTTCAL COLUMNS OF UNEQUAL HEIGHTS AND AN UNSYMME-

TRICALLY PLACED VERTICAL LOAD, THE HORIZONTAL REACTIONS

CAN BE OBTAINED DIRECTLY FRCM THOSE REACTIONS WHICH ARE

FOUND IN A MOMENT DISTRIRUTION ANALYSIS ASSUMING THAT

NO SIDESWAY CAN OCCUR.

Proof

In the frame of Fige. 57
it is evident that the horizon-
tal reactions at A and D must
be opposite and equal. A moment
distribution analysis of the
frame may be made if there is an
assumed force x at C of sufficient
magnitude to prevent sidesway.
Let it be assumsd that the force
x in Fige. 58 fulfills this re-
quirement. Then x must egual to
Hl - Ho, assuning that H1 is
greater than H..

Since tﬁe force x does
not actually exist, corrections
for H; and H, of Fig. 58 are
determined by applying a force
x at C as shown in Fig. 59. The
horizontal reactions at A and D
due to this force are designated
a8 X7 and kx; whose sum must be
equal to x.

The value of k is deter~
mined from the following formulae,
presented by Kleinlogel; which
are applicable to the frame of
Flg- 59:

nC B
HA =x __ HD =2 x __
N N

B L c
I3
I, I, | b,
D
}; 1
_—
H
vV )
A
Fig. 57
P
| ‘x
B L C
I
3
I, | by
I,
D
A
— Yo
Hy
a
Fig. 58

5Kleinlogel, Adolf, Rahmenformeln, Verlag Von Wilhelm Ernst and

Sohn, Berlin, 19hli, ps 17k = 175.
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Using the twe formulae X
Just given, the following ex- -
pression is arrived at for a B L C
value of k: 13
12 h,
H B _ kx4 | D
k= 22 om | 4
- 1
H nC X v
A A bt 2D
1 1
I3 hy hy ' V14 Fie. 5
2d e e + 1 + — 1L
I L h
k = . . 1 Formula {5)

—t 142 =] 14— =

hl hy 12 L

By superposing Fig. 59 on Fig. 58, the following is obtained:

H= Hl - % : kH = kHl - kx1
kH $ H = kHl + H2
The first of the two
equations gbove is multiplied
through by % as shown at the
right and then added to the kHl + H2
second. Both sides of the re- H= Formula (6)
sulting equation are then di-
vided by 1 + k to obtain a 14k

value for H which is given in
Formula (6}).

Therefore, as stated in the hypothesis, it is possible to obtain
the horizontal reactions in a frame of the type shown in Fig. 57 by apply-
ing Formulae (5) and (&) and using the horizontal reactions which are ob-
tained in a moment distribution analysis assuming that no sidesway can
ocCur.
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EXAMPLE IX~ UNSYMMETRICAL FRAME, HINGED ENDED, WITH VERTICAL COLUMNS OF
UNEQUAL HEIGHTS AND AN UNSYMMETRICALLY PLACED VERTICAL LOAD
(Modified Solution)
: It is required to find the moments at B and C and the reactions at
A and D in the frame of Fig. Sl.
Procedure
Proceed exactly in the same manner as in the conventional solution

until the results in Fig. 53 are obtained. Then apply formulae developed
in Proposition IV to obtain horizontal reactions.

246 . 20 L 44 15
K -15{2 I +1§} 20 oy = Le30L7 Formula (5)
56[11'2‘%(11'6']16)}

o 500 # 1,3047 x 6,56
243007

H = 5,88 Formula (6)

The vertical reactions of 30.7hk at A and 17.26 at D are found by
taking moments at D and A respectively of all the external forces acting
on the frame which will include the horizontal reaction value of 5,88
determined above.

The moments at B and C are obtained by taking moments at each of
those points as shown below. ' '

Final Moments

1., At joint B~ -5,88 x 20 = -117.6

2. At joint C- -5.88 x 15 = -88.2



L0
EXAMPLE X- UNSYMMETRICAL FRAME, FIXED ENDED, WITH VERTICAL COLUMNS OF

UNEQUAL HEIGHTS AND AN UNSYMMETRICALLY PLACED VERTICAL LOAD

(Conventional Solution)

It is required to LB
find the moments at A, B, '
£, and D, and the reactions I._15 —';‘— 25'—‘1
at A and D in the frame of , B T= 38 c
Fig. 60. I
Procedure Izo 1=1 157
Rotate members AB 501
and CD until they are in —1_
a horizontal position as : D e
shown in Fig. 61, Pro-
ceed with the moment dis- 4
tribution of Pig. 61. e
Fig. 60
Ke A 2/5 B 3/% 9/13 ¢ 4/13 D
T.EM. =281.2 168.8
1st Dist. 112.5 168,17 -116,9 | =51.9
C.0. 56.3 ' -58.,! 8L.3 -26.0
ond Dist. 23.h 35.0 -58.L } -25.9
C.0. 11.7 =29.2 17.5 -12.9
3I‘d Disto 1107 1_705 -12.1 "50.14
c.0. 5.8 6.1 - 8.8 ~247
}_].t-h Dist. 20!1 3-7 -6|l -207
C.O. 1.2 ~340 1.8 -1.4
Sth Dist, 1.2 1.8 -1.,2 0.6
C.0. 0.6 -0.6 0.9 =03 |
éth Dist. 042 Ol =0,6 =0,3
CoOo O.l "003 O|2 -Ool
?th DiSJGo 0-1 002 -Ool -0.1
Moments 75.7 151.5 =-151.5 B86.9  =86.9 b3k
Fige. 61

In Fig, 62 the frame columns are shown as a pair of free bodies
with an unbalanced horizontal force of 11.36 - 8.69 = 2.67. An arbitrary
force is applied acting horizontally to the right at B which produces fix-
ed end moments of 100.0 in column AB and 88.9 in column CD. Using these
fixed end moments, the moment distribution is carried out in Fig. 43.



s | 32.625 16,385 | a~ a~ 4 3.4 3.l | A~
151.5 86.9 69.1 : 68.6
8.69 |D 9,82 (D
y |  § 8.7
16.385 | L3.L 3uh | B
| 11.36 ~ A 7.68
! L BT
¥ |31.615 Y
Fig, 62 Fig. 6L
Kc A 2/°B 3/5 9/13 C L4/13 D
FOEM, -100.0 ~100.0 -88.9 -88.9
1st Dist. Lo,0 | 60,0 G1.5 1 270
C.0s 20.0 30.8 30.0 13.7
?nd Dist, : -12,3 [=-18.5 =208 | -9,2
C.0. —6.2 -10.Ll =92 -hﬁé
3rd Dist. 1.2 6,2 6.0 2.8
C.0. 2.1 3.2 3.1 1.k
hith Dist. =1,3 | ~1,9 2,21 -0,9
C.0. 0.6 1.1 -1.0 -0.5
5th Dist. Dy 0.7 0.7 0.3
C.0. 0.2 0.3 043 0.1
6th Dist. -O.l -002 "0.2 -Ool
Moments -81;.5 -69.1  69.1 68,6 -68.6 ~78.7
Fig. 63

The moments and shears produced by the force chosen arbitrarily are
shown on the column free bodies of Fig. &4, from which it is seen that this
force was 17.50. In order to get the moments and shears due to a force
of 2,67, the values obtained in Fig, 64 must be multiplied by the ratioc of
2.67 to 17.50.

These become 0,52 for vertical shear, 1.17 for horizontal shear at
A, 1,50 for horizontal shear at D, 12,9 for moment at A, 10.5 for moment
at B and C, and 12.0 for moment at D with proper regard for signs.



Final Reactions

Hy = 11.36 - 1.17 = 10.19 Hy = 8.69 4 1.50 = 10.19
Vp = 31615 = 0.52 = 31.095 Vp = 16,385 + 0,52 = 16,905
Final Moments

AB = 5.7 - 12.9 = 62,8 BA = 151.5 - 10,5 = 141.0
BC = ~151.5 + 10.5 = =141.0 CB = 86.9 + 10.5 = 97.L
CD = =86.9 = 10.5 = =97.k DC = =l3.k - 12,0 = =55.4

The moment diagram for the frame of Fig. 60 is shown in Fig. 65.

L8
141.0 l x(@ 97.L
B c
325.4
10,19
55-’4 Ir.__—
D
10,19 16,905
—™ 62,8 ‘
A
31.095

Fig. 65



CONCLUSIONS

The following conclusions can be drawn from this investigation:

1. {Applicable to single span, symmetrical, hinged ended rigid
frames with either horizontal or vertical loading.} It is possible to
eliminate the second phase of the conventional moment distribution ana-
lysis , in which corrections are made for sidesway, and to replace it
with some simple formulae to complete the solution. Proofs of these
formulae are embodied in this thesis.

2. {Applicable to single span, hinged ended, rigid frames with
vertical columns of unequal heights with vertical loading on a horizon-
tal girder which Spanslfrom column to column,) It is possible to elim=
inate the second phase of the conventional moment distribution analysis,
in which corrections are made for sidesway, and to replace it with for-
mulae developed in this thesis to complete the sclution. The use of
these formulae for this unsymmetrical case requires considerable arith-
metic and it is questionable whether or not it is an improvement upon
the conventional moment distribution analysis. It does have merit in
that it may be used as a method of checking solutions obtained.by the

conventional method.



RECOMMENDATIONS

It was possible in this thesis to present a modified solution for
the determination of moments and reactions in single span, symmetrical
rigid frames with hinged bases using the moment distribution method. It
is believed that a further study of the problem in which the bases are
fixed might lead to a simplified or medified solution for that condition
also. The problem may be attacked in the same manner as for the hinged
base condition to get the actual horizontal reactions. The difficulty
apparently lies in being able to determine the values of the moments at
the fixed bases,

For the unsymmetrical frame with the vertical columns and hinged
bases, it is believed that a good approximation to the actual values can
be obtained by using a formula less complicated than the one developed
in Proposition IV, It is suggested that an approximately correct fonnuia
be obieined for this case in which it is assumed that the girder is per=-
fectly rigid and that the shears developed in the columns are directly
proportional to their moments of inertia divided by the cube of their

lengths.,
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