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SUMMARY 

The subject of this research is the experimental investigation 

of bounded rectangular jets in the low Reynolds number compressible 

flow regime. Both a single and two perpendicular interacting jets are 

considered. Limited information is also presented on the interaction 

of these jets with a diffuser. The flow fields in this study were 

created by providing a rarefied flow of air through the experimental 

model with a vacuum pump. The limits of the present investigation 

based on conditions at the centerline of the nozzle exit are 

0.2 £ M <. 0.95 

50 < R < 700 
— e — 

5 x 10"4 < K < 2 x 10"2 

"" n — 

This study involves conditions in the lower continuum and upper tran-

-2 
sitional flow regime assuming a Knudsen number of 10 (based on 

conditions at the nozzle exit) is the boundary between these flows. 

In the single jet studies measurements were made of the decay 

of the centerline velocity. At several downstream stations the 

fluctuating velocity profiles, the time-̂ averaged velocity profiles, 

the angle of the velocity vector and the static pressure profiles 

across the jet were determined. Fifteen flow cases were examined in 

this study. The investigation demonstrated both the laminar and 

turbulent mixing process were present in this regime. The origin 



and propagation of turbulence as well as its effect on the jet flow 

field are described both qualitatively and quantitatively. Data from 

the present investigations are compared to experimental and analytical 

results from other flow regimes and differences noted. Semi-empirical 

correlation equations were developed to describe various jet parameters. 

These expressions describe the steady state velocity field in terms of 

Reynolds and Mach number and nondimensional location in the jet. 

Measurements have been carried out: on the interaction of two 

perpendicular jets. These experimental reisults are presented. A 

simple control volume model for the interaction process has been for

mulated for small, deflection angles. It provides a description of the 

jet deflection and mass flow rates for the two nozzles. Empirical 

equations obtained from the single jet study have been incorporated to 

complete the interaction model. The experimental measurements are in 

satisfactory agreement with the analysis. This demonstrates that the 

jet interaction process is not significantly affected by molecular 

-2 
effects at a Knudsen number of 1 x 10 

Experimental studies were performed to determine the output 

flow and pressure resulting from the interaction of a jet flow upon a 

simple receiver and diffuser. Attempts to predict pressure flow char

acteristics with existing theories using the free jet data correlation 

have produced mixed results. This is attributed to the lack of a good 

analytical model of the interaction of a skewed nonuniform velocity pro

file with a receiver, and the growth of boundary layers on the top and 

bottom plates of tfye experimental model negating the two-dimensional 

assumptions made in these calculations. 
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NOMENCLATURE 

b » width of power jet's nozzle, in. 

b = width of power jet's mixing zone, in. 

c = sonic velocity^ ft./sec. 

cT • sonic velocity based on upstream stagnation temperature, ft./sec, 

c •» velocity coefficient 

C • constant pressure specific heat, BTU/lbm.°R 

d = width of inlet to the receiver, in. 

e = receiver offset distance from supply nozzle centerline, in. 

h = height of power jet, in. 

J = momentum per unit height, lbf./in. 

J^ = momentum per unit height of power jet, lbf./in. 

k * ratio of specific heats 

K ~ Knudsen number n 

Z = arc length through which power j€».t is deflected at receiver 
inlet, in. 

o 

m • atmospheric flow component, lbm./sec. 
cL 

m = control port mass flow rate, lbm./sec. 

o 

m = power jet entrained mass flow rate component, lbm./sec. 

m. = power nozzle mass flow rate, lbm./sec. 

m = receiver open load mass flow rate, lbm./sec. 

m • returned power jet mass flow rate component, lbm./min. 

M » Mach number 

2 
p = static pressure, lbf./in. 
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centerlines to receiver inlet, in. 
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CHAPTER I 

INTRODUCTION 

Motivation for this Research 

Numerous analytical and experimental studies have been made of 

free and interacting jet flows. These investigations have considered 

conditions which may be separated into either the high Reynolds number 

compressible and incompressible flow regime or the low Reynolds number 

incompressible flow regime. Motivation for the study of jets from 

these two regimes historically has stemmed from their purely scientific 

as well as practical importance. High Reynolds number jet flows have 

been the subject of numerous investigations since this is the simplest 

flow situation in which a turbulent mechanism controls the diffusion 

process in the fluid. Also, there exist many practical applications 

which involve these flows, for example, nozzles and ejectors. Low 

Reynolds number incompressible jets have been mainly of scientific 

interest due to the lack of practical applications for such devices. 

Between the high Reynolds number turbulent flow regime and the 

low Reynolds number laminar incompressible flow regime lie a class of 

free jet flows which have been mainly ignored. No information on the 

compressible jet mixing process at low Reynolds numbers is available at 

present. Furthermore, the only information concerning these flows which 

is presently available is a limited quantity of mean velocity distribu

tion data within the jet. This absence of information has historically 



2 

been the result of the lack of practical applications for jet devices 

which would be very small when operated at near atmospheric pressures. 

However, contributing to this lack of research may be the difficulties 

associated with the analytical modeling of the transition from laminar 

to turbulent flow in this regime and the making of precise measure

ments of the flow fields. 

Technical advancements primarily in the last decade have pro

vided motivation for the study of low Reynolds number compressible 

flows. This interest has been aroused chiefly from the development of 

pneumatic fluidic devices. These devices make use of single and inter

acting bounded jet flows to perform logic, amplify signals and to 

control processes. Present and anticipated future applications of 

these devices require them to operate at sea level, in high altitude 

aircraft and even in space. There is also a wide variation in physi

cal sizes for these devices. Elements with power nozzle widths as 

large as several inches and as small as a few thousands of an inch have 

been constructed. Even smaller miniaturized fluidic elements have been 

proposed for signal processing devices. It is anticipated that these 

miniaturized fluidic elements would improve', speed of response and lower 

quiescent flow. 

Free and interacting jet analytical models and data have been 

used extensively in the design of fluidic devices. In the proportional 

fluid amplifier, for example5, researchers have proposed that its com

plicated flow field can be approximated by three independent jet 

problems, and thus, each can be analyzed separately. These three 
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problems are the interaction of the control and supply jets, the 

propagation of the combined control and supply jet flows through the 

device and the impingement of these jet flows on the devices receiver 

and its ultimate output flow and pressure. Investigators and designers 

of relatively large fluidic elements have relied heavily on turbulent 

free jet information for mathematically modeling the undisturbed and 

interacting jets in these devices. Smaller devices and elements which 

function at low ambient pressures, however, utilize jet flows which 

are well below those reported to have fully turbulent characteristics. 

There is only a small amount of recent data and no analytical or empir

ical jet flow models to aid the design of these devices. The lack of 

experimental data and analytical models for the low Reynolds number 

compressible flow regime has provided the motivation for this research. 

Objectives for this Research 

The purpose of this research is to investigate free and inter

acting rectangular jets in the compressible low Reynolds number flow 

regime. It is anticipated that this research will serve two basic pur

poses. The first is to study jet flows in a regime which previously 

has not been investigated and compare these data to existing theories 

and experimental data. The second is to organize this information so 

that it may be used in the design of fluidic elements and other jet 

devices. 

An extensive experimental program was performed to obtain infor

mation on low Reynolds number compressible jets. The flow fields in 

this study were created by providing a rarefied flow of air through 
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the experimental model with a vacuum pump. Measurements were carried 

out on the distribution of average velocity, velocity fluctuations and 

static pressure throughout, a jet. Measurements were actually taken 

along the jet centerline and along several paths perpendicular to the 

jet centerline. Both a free jet and two perpendicular intersecting 

jets are considered. Limited experiments were performed upon the 

interaction of these jets with a receiver. The limits of the present 

investigation based on conditions at the centerline of the nozzle exit 

are 

0.2 £ M <_ 0.95 

50 < R < 700 
— e — 

5xl0~4 < K < 2xl0"2 

— n — 

This study involves conditions in the lower continuum and upper tran-

_2 
sitional flow regime assuming a Knudsen number of 10 (based on 

conditions at the nozzle exit) is the boundary between these flows. 

The flow regime considered in this research corresponds approximately 

to fluidic devices using air with atmosphere venting pressure and 

nozzle width variations of 0.005 in. >̂  b >, 0.0001 in. This flow regime 

includes devices which are presently operational as well as devices 

which would possess very much smaller flow passages. 

Thesis Organization 

An extensive review of literature pertinent to single and inter 

acting jets is presented in the remainder of Chapter I. It should be 



noted that this long section may be passed over at the discretion of 

the reader. The presentation of results from the present research 

begins in Chapter II with the description of the experimental apparatus. 

Procedures and methods employed in the experimental investigations are 

discussed in Chapter III. Chapters IV through VI present, respectively, 

the results of the free jet investigation, jet interaction investiga

tion and jet receiver interaction investigation. The conclusions 

resulting from these investigations along with recommendations for 

further research are presented in Chapter VII. 

Literature Review 

In the subsequent sections analytical theories and experimental 

data will be reviewed which are pertinent to the present investigation. 

Since the findings of the prtisent research are to be presented in three 

portions, literature relevant to these results will be reviewed in the 

same manner. 

Plane Jet 

Experimental investigations have demonstrated that the flow 

structure of the plane jet is very different: when turbulence exists as 

compared to when the flow is laminar. Likewise, the analytical tech

niques employed to determine the flow field vary for compressible flow 

versus incompressible flow and for laminar flow versus turbulent flow. 

These differences in techniques have resulted in plane jet analytical 

investigations being divided into five categories 

1. turbulent incompressible plane jet 
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2. turbulent compressible plane jet 

3. laminar Incompressible plane jet 

4. laminar compressible plane jet 

5. transition from laminar to turbulent flow in 

a plane jet 

Reynolds number and Mach number based on conditions at the jet exhaust 

nozzle have been universally assumed as the parameters which divide 

the first four f;Low regimes. The fifth regime consists of jets tran

scending from laminar to turbulent flow. 

This review will follow historical precedent and separate 

analytical and experimental results into the five preceding categories. 

It will be limited to the case of interest, that is, to the plane sub

sonic situation where there is no variation of total temperature 

between the jet and surrounding fluid at rest. 

Turbulent Incompressible Plane Jet 

Actual flows at high Reynolds numbers are characterized by a 

phenomenon known as "turbulence." In such a flow, the apparent steady 

motion of fluids is only steady in so far as the temporal mean values 

of the velocities and the pressure are concerned; in reality, veloci

ties and pressures are subjected to random fluctuations. In this case 

the velocity and pressure distributions, and especially the energy 

losses, are determined mainly by the turbulent fluctuations. 

In the flow of a plane jet at high Reynolds numbers, it is 

known that only near the exit of the nozzle is the flow laminar or 

streamline flow, but far downstream the flow in the jet is turbulent. 
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The essential characteristic of this turbulent motion is that the 

fluctuations are random in nature. Hence, the logical solution of the 

turbulent jet problems appears to be the application of methods of 

statistical mechanics. But: such an application is difficult, because 

both the nature and elementary units and the expressions for probabil

ity are unknown. However, it is desirable to have some sort of theory 

as a guide for experimental results. Several semi-empirical theories, 

sometimes known as phenomenological theories, of fully developed turbu

lent flow have been developed. The best known of these is the Prandtl 

mixing length hypothesis which will be reviewed in a later section. 

The application of these theories to predicting the mean velocity field 

in two turbulent plane jet flow problems has been quite successful. 

A necessary prerequisite to a review of analytical solutions 

for the mean velocity profiles in the fully developed portions of the 

plane jet is a discussion of the appropriate differential equations 

describing turbulent flow. It should be pointed out that the funda

mental differential equations describing laminar flow (the Navier-

Stokes equations) are invalid for turbulent flow. However, the Reynolds 

equations of motion which do describe the turbulent mixing of an incom

pressible fluid may be derived from the Navier-Stokes equations [1]. 

The Reynolds equations will be developed fpr a two-dimensional steady 

flow field in the following section. 

Formulation of Reynolds Equations of Motion. In describing a 

turbulent flow in mathematical terms, it is convenient to separate it 

into a mean motion and a fluctuating, or eddying motion. The time-

average of the u-component of velocity will be denoted by u and its 



fluctuating component of velocity by u'. The following relations may 

be written for the velocity components and pressure: 

u = u + u1 ; v - v + v f ; P = p + pf (1) 

The time-averages of the variables are formed at a fixed point in 

space and are given by 

u = l/tx 
V*! 

u dt: (2) 

'o 

It is understood that the mean values are taken over a sufficiently 

long interval of time, t1, for them to be independent of time. Conse

quently, by definition the time-averages of the fluctuating components 

are equal to zero. 

It is useful to list: several rules of operating on mean time-

averages which will be required later. If f and g are two dependent 

variables whose mean values are to be formed and if q denotes one of 

the independent variables x and y, then the following rules apply: 

f = f ; f + g = f + g (3) 

f . g = f . g 

H=H ; Jf dq = Jf dq 

It is now possible to derive the Reynolds1 equations. The ob

ject of this derivation is to determine the equations of motion which 

must be satisfied by the time-averages of the velocity components u 
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and v and the pressure p. The Navier-Stokes equations for incompress

ible two-dimensional steady flow are 

r3(u2) t B(uv)' 
3x 9y 

9(vu) + iCv
2)"1 

Bx By 

JjL-L. V72 

- | ^ + y V2 v 9y 

(4) 

3H.+ 2v - 0 
9x By 

The decomposition of the velocity and pressure from equation (1) may 

now be introduced into the preceding expression. The equation of 

motion which must be satisfied by the time-average of the variables 

may then be determined by averaging equation (4) term by term 

-M^ +uV
2(u+u') (5) 

3(vfv,)(u+ut) | BCv+v') 
3x By 

_.3lE±E^.+ vl v
2(^fv') 

dy 

B(u+u') + BCv+v') = Q 

9x By 

If the averaging process is carried out on the preceding equations in 

accordance with the rules in expression (3) and a simplification from 

continuity is made, the resulting expressions are 
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. - 3u , - 3u 
p »u 3x"+ V 3y"j = _|£+ v V

2 u -
3x 

au,z
 + au'v1 

(X 3y 
(6) 

. - 3v , - 3v 
P l U 3 ^ + V 3y"j - |* + y V2 v - p 

3y 
au'v1 3v ,2 

3x 3y 

3x 3y 

The preceding results are identical to those of the Navier-Stokes equa

tions if the velocity components and pressure u, v and p are replaced 

by their time-averages except for the quadratic terms in turbulent 

velocity. These additional terms may be interpreted as components of 

a stress tensor. If this analogy is introduced into expression (6), 

the Reynolds equations are 

n - - 3u - 3u 
p l u 3 ^ + v F 

,- 3v , - 3v 
P 'U 3 7 + V 37 

3x + y V u + 
(3a 

x 
3T 

= - |i -I- y V2 v + 3y 

3x 

(* 

J2L 
3y J 

3a * 

(7) 

-J3L + 
3x 3y t 

2H.+ 3 £ - o 
3x 3y 

The components of the stress tensor due to the turbulent velocity 

components are 

cr T x xy 

T a 
L xy y 

f n„.2 pu* pu'v* 

pu'v' pv 
,2 

(8) 



It may be concluded that the components of the mean velocity of 

turbulent flow satisfy the same equations as for laminar flow, except 

that the laminar stresses must be increased by additional stresses. 

These additional stresses are known as apparent or virtual stresses 

of turbulent flow or Reynolds stresses. These stresses are added to 

the ordinary viscous terms in laminar flow and have a similar influence 

on the flow field; it is often said that they are caused by eddy vis

cosity. 

Expressions (7) and (8) constitute the starting point for the 

mathematical determination of the turbulent flow field. Although the 

time-averaged values of the turbulent velocity fluctuations may be 

interpreted as components of a stress tensor, this interpretation does 

not lead to a mathematical solution as in the case of laminar flow. 

Viscosity in laminar flow is a property of the fluid and may be deter

mined experimentally, whereas, in turbulent flow eddy viscosity is 

dependent on the flow field itself. Expressions (7) and (8) cannot be 

used to evaluate the mean flow as long as the relationships between the 

mean and the turbulent velocity components are not known. This rela-
ii 
I 

tionship can only be determined empirically [2], 
i. 
| 

Prandtl Mixing Length Theory. A number of phenomenological 
I 

theories exisi which relate the mean and fluctuating components of 

velocity in turbulent flow. Perhaps the best known of these is the 

Prandtl mixing length theory whose fundamental concepts will be re

viewed for the* case of parallel flow. In this simple flow situation 

the mean velocity varies only from streamline to streamline; the 



principal direction of flow is assumed to be parallel to the x-axis. 

The mean components of velocity may be written as 

u • u(y) ; v = 0 (9) 

This type of flow can be found in a channel for which measurements of 

the turbulent velocity components indicate the only non-zero stress 

component from expression (8) is 

T = T = - pufVf 

xy 
(10) 

Prandtl proposed that in the turbulent flow field, fluid particles 

coalesce into lumps which move together for a given traversed length, 

both in the longitudinal and in the transverse direction, retaining 

their momentum parallel to the x-direction. He postulated that a 

lump of fluid which comes, for example, from a layer at (y -£_) and 

has a velocity u(y1-£-) is displaced a distance £- in the transverse 

direction to the layer at y-; see Figure 1„ 

u(y) 

rT / //////////* 
Figure 1. Description of the Prandtl 

Mixing Length Concept 

• x 
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The distance JL is the Prandtl mixing length. The lump of fluid 

retains its original momentum from the layer at (y —jl ); thus its 

velocity in the new lamina at y is smaller than the velocity prevail

ing there. This difference in velocity between lamina is then 

Aul - =<*!> " 5<*1-*1> " *1 f " h f (11) 
yl 

The preceding expression may be obtained by developing uCŷ -ii-) in a 

Taylor series and neglecting higher order terms. Similarly, a lump of 

fluid which comes from the (y,+£,) lamina to the y_ lamina would pos

sess a velocity which exceeds its surrounding by 

Au2 = n(y1+^) - S(7l) - lr f- (12) 
yl 

The velocity differences caused by the transverse motion of fluid 

particles can be regarded as the turbulent velocity components at y~ . 

Hence, we can calculate the time-average of the absolute value of the 

velocity fluctuation in the x-direction and obtain 

u'| = i (|Au3| + |Au2|) - lx [ du dy. 
yl 

(13) 

Prandtl assumed that velocity fluctuations in the transverse or 

y-direction originate in the following way: Consider two lumps of 

fluid meeting in a lamina at y-, the slower one from (y,-L) and the 

faster one from (y-+JL).. Under these circumstances the lumps will col

lide and diverge sideways. This is equivalent to the existence of a 

fluctuating velocity component in both directions with respect to the 
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layer at y_. This argument implies that the transverse component v* 

is of the same order of magnitude as uf and thus we may write 

Iv'l = const • lu'l = const • A, -r— 
1 1 ' ' 1 dv 

(14) 

In order to determine the expression for shearing stress found in 

equation (10), it is necessary to consider the mean value of u*vf a 

little closer. It follows from the preceding model that lumps which 

arrive at layer y- with a positive value of vf (upwards from below) 

produce "mostly" a negative u'; so that the product ufv' is negative. 

Lumps with a negative value of v1 (downward from above) produce 

"mostly" a positive value of u1 and again the product ufvf is negative. 

The qualifying word "mostly" indicates the appearance of particles with 

u1 of opposite sign is not excluded, however, is less frequent. Hence, 

we can assume 

u'v1 = - c- |uf (15) 

Inserting equations (13) and (14) into (15) yields 

-const • H. du 
dy 

du 
dy 

(16) 

It should be noted that the constant in the preceding expression also 

contains c.. This constant may be included into the still unknown mix

ing length and we may write 

u'v' = - I. 
du 
dy 

du 
dy 

(17) 

Consequently, the shearing stress from equation (10) becomes 



T = P l±
2 du 

dy f ™ 
An expression for the virtual kinematic viscosity becomes 

(19) 0 2 

dy 

Prandtl's result in expression (18) for the turbulent shearing 

stress is unsatisfactory in that the virtual kinematic viscosity, e, 

vanishes at points where —- equal zero (i.e., at points of maximum and 

minimum velocity). This is certainly not the case because turbulent 

mixing does not vanish at points of maximum velocity. As an example, 

hot wire anemometer data have demonstrated the turbulent mixing process 

exists at the centerline of high Reynolds number jets. In order to 

counter this problem, Prandtl established a simpler equation for the 

virtual kinematic viscosity. This expression is valid only for free 

turbulent flow and was derived from extensive experimental data. 

Prandtl assumed that the lumps of fluid which move in a transverse 

direction during turbulent mixing are of the same order of magnitude 

as the width of the turbulent mixing zone. The virtual kinematic vis

cosity is formed by multiplying the maximum difference in the mean flow 

velocity by a length which is assumed to be proportional to the width, 

b , of the mixing zone. Thus 

e - 4N b ("mflY - u ) (20) 
1 m max min 

Here ty denotes a dimensionless number to be determined experimentally. 

It follows that e remains constant over the whole width of every cross-

section, whereas the hypothesis in expression (19) implies that virtual 
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kinematic viscosity varies even if the mixing length were assumed to 

be constant [3]. 

Analytical Solutions to Turbulent Plane Jet Problems. In the 

preceding sections, the mathematical tools have been developed for the 

solution of two problems involved in the flow field of an incompress

ible turbulent plane jet. These problems are that of the free jet 

boundary and the fully developed free jet flow. The solutions to these 

two flow problems have been assumed to describe, respectively, the time-

average velocity profiles in the core region and the fully developed 

turbulent flow region in a plane jet; see Figure 4. 

The free jet boundary problem occurs when a fluid is discharged 

from a nozzle or orifice into a fluid medium at rest; see Figure 2. 

The discontinuity in the velocities of the jet and surrounding medium 

is unstable and gives rise to a zone of turbulent mixing downstream of 

the point where the streams first meet. The width of this mixing re

gion increases in the downstream direction. 

A fully developed turbulent flow occurs at some distance down

stream of the nozzle of a free jet; see Figure 3. In this region of 

flow, the jet has traveled far enough downstream from the nozzle exit 

for the time-averaged velocity profiles through the jet to become 

similar. 

Before proceeding to integrate the Reynolds equations for the 

cases of interest, an estimate will be made of the increase of the width 

of the mixing zone and the decrease of height of the velocity profile 

with increasing distance x. The following account is based on one by 

Prandtl. 
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Figure 2. Free Jet Boundary Flow 
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Figure 3. Fully Developed Free Jet Flow 



It may be assumed for a turbulent jet that the mixing length, 

£ , is proportional to the mixing zone width, b . 
I. m 

JL/b - 3 = const (21) 
1 m 

In addition, the rate of Increase of the mixing zone width with time 

is proportional to the transverse velocity v'. 

Db 
S ^ V (22) 

D 3 3 
Here D/Dt denotes the substantive derivative, so that r— = u r— + v TT-. 

* Dt 3x 3y 

Also, vf ^ £.. -=— from expression (14) may be substituted into the pre

vious equation 

Db a-

sr^il1 ( 2 3 > 
The mean value of 3u/3y taken over the mixing zone may be assumed to 

be approximately proportional to u /b . Thus 

Db 
r-2" = const • JL • u /b (24) 
Dt 1 max m 

Introducing equation (21) into the preceding expression gives 

Db 
;—— = const • 3 • u = const • u (25) 
Dt max max 

Evaluating the substantive derivative for b produces 

db 
u ~z— = const • u (26) 
max dx max 



The preceding expression indicates the mixing zone width is propor

tional to downstream distsince x for both the jet boundary and the fully 

developed jet flow. 

b = const • x (27) 
m 

The decay of centerline velocity in a fully developed jet may be deter

mined if the momentum of the jet is assumed to be conserved (this 

assumption will be examined in more detail in the section describing 

experimental studies of free turbulent plane jets). The momentum per 

unit height is 

J - P 
f -2 
u dy = const (28) 

It may also be assumed that the integrand in the preceding expression 

may be approximated by 

b 
f m -2 -2 

u dy = cons t • u b (29) 
max m 

i 

0 

Thus, express ion (28) becomes 
-2 J / p • const • u b (30) 
max m 

Introducing the expression for the mixing zone in equation (27), yields 

•* 

u = const: • / J/p (31) 
max /— 

vx 

Free Jet Boundary. A summary of the solution for the time-

averaged velocity distribution in a free jet boundary follows. With 

reference to Figure 2, the more general case will be considered where 
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at x = 0 there is a meeting of two streams whose constant velocities 

are U.. and U„, respectively; it being assumed that U1 > U . Downstream 

of the point of encounter the streams will form a mixing zone whose 

width increases proportionally to x. The x-component of momentum and 

the continuity equation from expression (7) may be written as 

~ f~ 3u , - 9u 
p u 3^ + v 37 - - S h ^ - p f i ^ - p ^ 

3x 3y 

•_2 -
The term p V u in the preceding expression represents laminar friction 

and may be neglected for the present situation, since turbulent friction 

dominates the flow field. It will be assumed that the pressure is con

stant and that turbulent fluctuations in the x-direction are small in 

the flow fields of both the jet boundary and the fully developed jet 

flow. This assumption will be verified and considered in more detail in 

the section of experimental studies to follow. Thus expression (32) re

duces to 

.- 3u . - 3u 
P 'U 3x" + V3y^ 

= - p l y - " 37 (33) 

3x 3y 

The previous set of equations was first solved by Tollmien [4] who made 

use of Prandtl's hypothesis in the form of expression (18). He also 

assumed the mixing length remained constant over the mixing zone. We 

shall review here the mathematical simpler solution due to Gortler [5] 

who bases it on Prandtl's hypothesis in expression (20). Expression 



(33) based on Prandtl's second assumption becomes 

- 3u , - 3u 
U 3x-+V3y"j 

l i L 
P 3y 

'JLSl 
3y 

(34) 

9u 9y_ 
3x 8y £± + £L ss o 

If the virtual kinematic viscosity is assumed constant across the mix

ing zone, then 

- 3u , - 3u 
U 3 l + V F J = £ ii 

ay2 
(35) 

Putting b • c-x from expression (27) where c- is some constant, the 

virtual kinematic viscosity becomes 

e - ^ c1x (U1-U2) (36) 

It may be assumed that the velocity profiles of u and v are similar 

functions of y/x. Putting £ = cry/x we can satisfy the equation of 

continuity by the adoption of the stream function ty = xUF(£) where 

U - l/2(Vj+V ) . Then, u - UaFf(£) and expression (35) leads to the 

following differential equation for F(£): 

+ 2 T FF,f -• 0 (37) 

where the value of T is 

T = 
1/2 (38) 

*1C1 

f\-v 
Dl+U2 
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The boundary conditions are £ - ± •; F'(£) = 1 ± X. Gortler solved 

expression (37) by assuming a power-series expansion of the form 

TF(0 = F0<£) + XF1(0 + X
2F2(0 + - . (39) 

with Ffi = £. Substituting expression (39) into (38) and arranging in 

ascending powers of X, we obtain a system of differential equations 

which is solved by recursion. The first of these is 

F1
,,f + 2 B, F1

1' = 0 (40) 

with the boundary conditions F-' (£) = ±1 at £ = ± *>. The solution of 

expression (40) is given by the error function 

2 f- -z2 

F '(5) - erf (O = -^- e dz (41) 
•J IT J V II Q 

The contributions of the succeeding terms of equation (39) are negli

gible, thus the solution is 

- U l + U 2 
u = r 

U - U 
1 + u7TlJ7erf .® (42) 

K = CJy/x 

The single arbitrary constant a in the preceding expression must be 

evaluated from experimental data. 

Fully Developed Plane Jet. The mean velocity distribution in a 

two-dimensional turbulent jet was first calculated by Tollmien [4] who 

made use of' Prandtl's first mixing length hypothesis of equation (18). 

However, as in the case of the free boundary we will review the 
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mathematically simpler solution due to Gortler [5], In the plane jet 

problem similar simplifying assumptions will be made to the equations 

of motion, that is viscous friction will be neglected, pressure is 

assumed constant in the flow field and turbulent fluctuations in the 

x-direction are neglected., The simplified equations of motion are 

2 -
- 9u , - 9u ^ 3 u ,, -v 
U 8 x - + V 8 7 S £ 7 T <43) 

9y 
3u 8v A 

dx 9y 

The rate of increase of the jet mixing zone, b , is assumed to be 

proportional to x. The virtual kinematic viscosity from Prandtl's 

second hypothesis, expression (20), then becomes 

e = ^ b u (44) 
1 m c 

where u denotes the centerline velocity and IJL is some arbitrary con

stant. As in the case of the jet boundary, the velocity profiles of u 

and v may be assumed to be similar to r\- where r|- = CFy/x. The equation 

of continuity in expression (43) may be satisfied by adopting a stream 

function. Writing the x-moinentum equation in (43) in terms of the 

stream function, results in an ordinary differential equation in terms 

of functions of the stream function, F(rL), and its derivatives. Inte

grating that differential equation leads to the final solution to this lli'il 

problem '| 
i i 
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2 
u - u sech (ri1) (45) 

- - 2 
v - u /2a [2r|n sech (n n ) - tanh ( n n ) ] 

e l l 1 

n 1 - ay/x 

Uc = U l ^ 

u in the preceding expression denotes the centerline velocity at 

some arbitrary distance x from the nozzle. The centerline velocity 

at some fixed distance from the nozzle x_ is u . The arbitrary constant 

a in the expression above must be evaluated from experimental data. It 

is interesting to note that the form of the solution for u and v for 

the turbulent plane jet is identical to that for the laminar plane 

jet. The profile similarity parameters for these two cases, however, 

are different [6]. 

Experimental Investigations of Plane Incompressible Turbulent 

Jets. A general explanation of the flow structure observed in a tur

bulent fluid jet can be made with reference to Figure 4. The fluid 

jet is discharged from a nozzle with a uniform velocity. The pro

nounced velocity gradient between the fluid jet at the nozzle walls 

and the surrounding fluid will result in a turbulent lateral mixing 

process which progresses both inward and outward from the efflux sec

tion. The fluid within the jet is gradually decelerated and fluid from 

the surrounding region is gradually accelerated or entrained. This mix

ing process on either side of the potential core gradually reduces its 

width until it is completely eliminated. The point at which the two 
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mixing zones intersect is the end of the core region. Following the 

core region is the transition flow region. In this regime the time-

average velocity profiles are progressing toward similarity. At the 

end of the transition flow region, the jet's velocity profiles have ob

tained similarity and a fully developed turbulent flow exists. 

Liepmann and Laufer [7] have made an extensive experimental 

investigation of the time-average and fluctuating velocity field in a 

plane turbulent free mixing region. The free mixing zone is assumed to 

correspond to a half jet in the core region; see Figure 4. The free 

mixing region in their investigation was created by allowing a jet of 

air to emerge from a nozzle and mix with still air on one of its bound

aries. The other boundaries were solid walls. The nozzle width of the 

apparatus was 19.05 centimeters with an aspect ratio of 8:1. The 

Reynolds number at which this study was conducted was 460,000 based 

on the width of a corresponding free jet situation where the nozzle 

width would be 38.1 centimeters. The Mach number of this study was 

0.052. 

Measurements of the time-average and fluctuating field have 

indicated the boundary layer at the mouth of the jet was only 0.1 

centimeters thick and was laminar. The mixing zone was found to be 

laminar from x = 0 to x = 6 centimeters, however, beyond that point 

turbulence existed in the mixing zone. Experimental measurements of 

the time-average velocity field had demonstrated that fully developed 

turbulent velocity profiles were obtained only for a distance exceed

ing approximately 30 centimeters downstream of the nozzle. 
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In a comparison of the measured velocity profiles in the mixing 

zone's fully developed region, Liepmann and Laufer had found that by 

appropriate choice of the experimental constant 0 both the theory based 

on constant mixing length (Tollmien) and the one based on constant ex

change coefficient (Gortler) could be made to agree with the measured 

velocity distribution. Figure 5 shows that for O - 12.0 the agreement 

with Tollmien's velocity profile is fairly good; while for O =11.0 

Gortler's velocity profile is better approximated. As a matter of fact, 

an error integral curve (Gortler1s first approximation and the one re

viewed in the preceding section) gives a reasonable agreement with 

measured values. 

Measurements of the longitudinal and lateral components of the 

velocity fluctuations were carried out at several stations in the flow. 

These data indicated that the profiles of the fluctuating components 

of velocity had attained similarity at approximately 30 centimeters 

downstream of the nozzle. Their study thus indicated the time-average 

velocity profiles as well as the fluctuating velocity attained similar

ity at approximately the same distance downstream of the nozzle. Shown 

in Figure 6 is time-average and fluctuating components of velocity at 

one location in the flow field. The velocity profiles are nondimension-

alized by 6- which is the momentum thickness given by 

e i - u/5Q (1 - =-) dy (46) 

— 00 
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From the measured correlation coefficient and the components 

of the turbulent fluctuations, Liepmann and Laufer have calculated the 

turbulent shear stress. The mixing length and exchange coefficient 

were then computed from the turbulent shear stress and the measured 

velocity profile. These results indicated both the exchange coeffi

cient and mixing length vary across the mixing zone. Thus the 

hypothesis used by Gortler and Tollmien in the solution of this prob

lem is in error, even though their resulting time-average velocity 

profiles are in good agreement with data. 

An extensive experimental investigation has been made of the 

structure of a free turbulent plane jet issuing into a fluid at rest 

by Miller and Comings [8]. Measurements were made of the time-

average velocity, the fluctuating velocity and the static pressure 

within the jet. The measurements performed with air were at a re

ported Reynolds number of 17,800, based on the width of the nozzle, and 

a Mach number of 0.063. A nozzle of aspect ratio 40:1 was employed to 

insure a two-dimensional flow field. 

Jet width as a function of downstream distance is shown in 

Figure 7. The author's definition of jet width may be ascertained from 

Figure 10. From the velocity distribution in this figure, the jet 

width is the lateral distance to the point: where the velocity is 67 per 

cent of the centerline velocity. The jet width is approximately con

stant for the first four nozzle widths downstream. Further downstream 

a transition to linear spread with distance was observed. From x/b * 7 

to the farthest measurement station, the jet width, b , is proportional 
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to x. It should be pointed out that the analytical solutions for the 

free boundary and the fully developed jet both predict the mixing zone 

grows proportional to downstream distance x. 

The decay curve for the centre-plane velocity (squared) appears 

in Figure 8. The straight portion of the curve for x/b >. 7 has a slope 

of -1.028 as compared to a slope of -1 predicted by the analytical solu

tion for a fully developed turbulent plane jet. From these data it 

would appear the potential core exists some five nozzle widths down

stream of the nozzle. Centerplane velocity data by Albertson [9] are 

in good agreement with Figure 8. Albertson's study which was performed 

for Reynolds number range of 13,000 >. R 2l 1500 indicated a constant 

core length of 5.2 nozzle widths. 

The behavior of the centerline velocity decay and jet spread 

with distance from the nozzle defines two distinct flow regimes. The 

authors of this research had defined the flow region up to x/b = 7 as 

the transition region, and the distance beyond as the fully developed 

region. These two regions were considered separately. 

Miller and Comings report making measurements of the lateral 

distributions of u, u'^, and p at several stations in the transition 

region. Data for u1^ and p are shown in Figure 9. Unfortunately, time-

average velocity profiles are not reported for this region. Hot wire 

anemometer data indicated a region of low turbulence level 

(/(uf2) / u <, 0.05) which existed downstream from the nozzle was con

tained in a wedge whose vertex fell on the centre-plane at x/b « 2.5 

and whose base coincided with the nozzle mouth. A positive static 
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pressure ridge, straddling the centre-plane and decaying rapidly with 

x, was found within the "potential wedge,," This ridge is attributed to 

the persistence of the pressure distribution created within the nozzle. 

Outside this potential wedge all measured static pressures were 

negative. Particularly striking were the static pressure trenches 

appearing on each side of the potential wedge starting at x/b =0.8 and 

finally merging at the centre-plane at x/b - 5.0. 

The corresponding turbulence x-stress profiles of Figure 9 

show the development of turbulence in the high shear regions on either 

side of the potential wedge. A close negative correspondence is noted 

between the static pressure and turbulent fluctuations in the x-

direction at x/b = 1 and 2, however, this correspondence is seen to 

deteriorate at stations farther downstream. 

_ A _ 

Lateral distributions of u, \i%* and p at several stations in 

the fully developed regime are shown in Figures 10, 11 and 12. In each 

case the lateral distance y is nondimensionalized by the jet width 

parameter, b , in Figure 7. The distributions of the time-average 

velocity u demonstrate the similarity of the mean velocity profiles in 

this region. Theoretical velocity profiles for this region by Gortler; 

see equation (45), and Reichardt are in agreement with measured data. 

However, Gortler1s solution appears to be in appreciable error near the 

jet boundary while Reichardtfs expression fits the data through the 

entire profile. 

The most striking feature of the turbulent x-stress profile and 

the pressure distributions in the fully developed region is their lack 
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of similarity; see Figures 11 and 12. Although the time-average 

velocity profile has obtained similarity in approximately seven nozzle 

widths, the fluctuating velocity field is still developing at 40 

nozzle widths downstream. It would appear, however, that similarity 

is being approached. 

The preceding data indicate a negative static pressure field 

exists throughout the turbulent region in the two-dimensional free jet. 

The close correspondence between static pressure deficiency and turbu

lent x-stress component suggests that the static pressure deficiency 

is a manifestation of the presence of turbulence. 

The magnitude of this negative static pressure distribution is 

of the same order of magnitude, but opposite in sign to the turbulent 

fluctuations in the x-direction. Thus, the neglecting of the terms 

- T ~ and - p — r — in expression (32) is justified. The magnitude of 

the pressure forces in the plane turbulent jet are small in comparison 

to the x-component of momentum, and thus the common assumption of con

servation of momentum in that direction is justified. 

Turbulent Compressible Plane Jet 

For the turbulent flow of a compressible fluid, the effect of 

variation of density upon the fluctuating and time-average flow proper

ties cannot be neglected. Thus for high speed flows a description of a 

plane jet becomes much more difficult. In the study of turbulent com

pressible plane jets, besides the correlation of velocity components, 

we must also consider the correlation of velocity and density and 

pressure and velocity. Since there is not a statistical theory of the 
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turbulent shear flow of an incompressible fluid yet, the knowledge of 

the turbulent flow of a compressible fluid is that much more meager. 

However, with some plausible assumptions, it is possible to extend some 

of the semi-empirical theories of turbulent flow of an incompressible 

fluid to the case of a compressible fluid. At least for engineering 

purposes the effect of compressibility on the mean velocity distribu

tion can be determined [10], 

Formulation of Equations of Motion for the Compressible Flow 

of a Turbulent Plane Jet. A prerequisite to a review of the plane 

compressible turbulent jet is a, discussion of the equations of motion 

describing the flow field. As in the previous case of turbulent in

compressible flow, the starting point of the mathematical description 

will be the Navier-Stokes equations. The momentum equation in the x-

direction and the continuity equation for the case of a plane compress

ible steady flow neglecting the effects of viscosity, body forces and 

pressure variations is 

pu 37 + pv sT = ° (47) 

9x c)y 

If the flow properties are separated into their mean and fluctuating 

components, then the dependent variables in the preceding expression 

become 

p = p f + p ; u = u * + u ; v « v' + y (48) 
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The equations of motion describing the time-average quantities u, v and 

p can be determined by inserting expression (48) into expression (47) 

and averaging term by term. The resulting equation for the x-component 

of momentum is 

. . 3u . . , 3u , - . 3uf , - . c)u* , — 3u 
p'u* -z + p*uf r—+ up1 -s + pu' T + pur-
^ 3x 3x 3x c)x 3x 

(49) 

, . 3uf . —i—r 3u , - , 3u* , - , 3u* , — 3u + P'V ^ + p'v' ̂ + vp' ^-+ pv' ̂ - + pv ̂ -- 0 

The expression for continuity is 

3j3u 8 j ) v + 3 ( P V J L + BCp'v') . 0 

3x 3y 3x 3y J (50) 

By a comparison of the order of magnitude of the terms in expression 

(49), that equation may be reduced to 

3u -- 3u , —.—r- 3u , - , 3u* rt /ci\ 
pu^+pv s7+ p v w+pvW° (51) 

Equations (50) and (51) along with an energy equation and an equation 

of state make up a description of the flow field for a plane compress

ible turbulent jet. It should be pointed out that the solution to this 

set of equations is much more difficult than in the turbulent incom

pressible case. This added complexity st€*ms from the correlations 

between velocity components as well as density and velocity contained 

in these equations. 

For the incompressible flow case a phenomenological theory was 

used to describe the correlation between the fluctuating components of 

velocity, and thus the equations of motion were reduced to a solvable 



form. In the present situation an additional semi-empirical relation

ship for density must be employed. 

If Taylor's modified vorticity transport theory is employed to 

describe the fluctuating velocity component in the x-direction, then 

we may write 

w= Au)" *i w V (52) 

The preceding result is identical to that for Prandtl's first mixing 

length hypothesis if the mixing length is considered constant. 

Density fluctuations may be assumed to be analogous to velocity 

fluctuations. Thus, the fluctuating component of density is defined in 

terms of the steady component of density as 

p ' - * P f <«) 

where Jl in the previous expression is the density mixing length. In

serting relations (52) and (53) into equation (51) and simplifying, 

results in 

x- 9u , -- 3u „ |3 /- 9U\ . /-n ,\ 9p 3u 
pu 37+ pv 37= e \J7 (P s? + ^ a7W 

(54) 
8y 3y _ 

E- in the previous equation is equal to the ratio of density mixing 

length to velocity mixing length. The virtual kinematic viscosity, e, 

is given 1?y e = - & vT. 

In ordinary analysis it may be assumed that E_ = 1, but for 

hypersonic flow E should be assigned a value larger than unity. 



42 

I n s e r t i n g E = 1 i n t o ( 5 4 ) , g ives 

— 9u , — 9u 9 f- 9uN ,_CN 
pu 3 x + p v 3 F " e 37 (P P ( 5 5 ) 

Equation (55) represents the starting point of the analysis of the 

turbulent compressible plane jet for moderate speeds [11]. 

Analytical Solutions of the Compressible Flow of a Plane Turbu

lent Jet by Abramovich. Abramovich [12] used Prandtl's assumption that 

the mixing length across each section of the jet is constant and reduced 

equation (55) to 

— 9u , — 9u 0 2 2 9u 9 ,- 9uN /cz:v 
pu 3^ + pv 37 = 2cl x 37 37 (p 37} (56) 

It was also assumed that the velocity, temperature and density profiles 

in the jet mixing region are similar, thus 

u = uQ f (r^) ; T = TQ 0 ^ ) ; P = P0 KO^) <57> 

f in the previous expression is mean temperature and f, 0- and K are 

functions of r>-, only. The profile similarity parameter is given by 

H1 = y/a,x. The subscript 0 in (57) refers to some reference state. 

Introducing the stream function 

ty = Q^XPQUQ FCT^) (58) 

which satisfies the continuity equation when p'u1 and p'v' are neglected 

in comparison to p u and p v, respectively, Abramovich obtained the 

differential equation 



43 

F'" = - F + | r (fr-F') (59) 

For the case of high subsonic flow of an ideal gas, Abramovich assumed 

that for the unheated jet (the condition where the jet's stagnation 

temperature is equal to the temperature of the surrounding fluid) no 

heat transfer existed between the fluid in the jet and the surrounding 

medium. The heat content of the fluid in the jet is uniquely asso

ciated with the flow velocities, thus 

c
P

( f - V - V 2 * <uo2-"2) (60) 

In (60) J is the heat equivalent of mechanical work. For the assump

tion of constant pressure in the jet the density function becomes 

T, 
K £__ m 2!L , L 

P0 T 1 + kzlM2 
x 2 0 1 - ' U 

uo 

(61) 

Inserting equation (61) into (59) and integrating numerically results 

in the final solution to this problem. Adam's method was used by 

Abramovich. 

Abramovich found that the effect of compressibility upon the 

properties of jet mixing due to high speed up to M_ = 1 is negligible. 

The qualitative results of this solution indicate with an increase of 

velocity the non-dimensional values of the frictional stresses decrease, 

the width of the mixing zone decreases and the velocity field is 

slightly deformed. 
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Experimental Studies of the Compressible Flow of a Plane 

Turbulent Jet. Olson and Miller [13] made an investigation of high 

Reynolds number compressible plane jets. In their study measurements 

were made of the time-average velocity profiles at a number of down

stream stations for both subsonic and supersonic flow cases. Only the 

results from the subsonic regime will be considered in this review. 

It is appropriate to indicate that the measurements of the steady state 

velocity field made by these authors could not indicate the existence 

of turbulence. However, because of the high Reynolds number of this 

flow study (approximately 120,000 based on nozzle width), it would be 

assumed that the turbulent mechanism controls the jet diffusion process. 

Experimental velocity profiles in the x-direction for the mixing 

region were found to fit a Gaussian distribution, as was the case for 

the turbulent incompressible jet by Albertson [9]. Using this distribu

tion for the mixing region and assuming the jet's momentum in the 

direction of flow is conserved, the authors formulated a semi-empirical 

correlation of their data. A short summary of their data correlation 

will follow. 

Considering the differential control volume shown in Figure 13 

which lies between the jet centerline and the location where the velo

city is equal to one-half of the centerline velocity, the change of 

momentum in the x-direction can be expressed as 

d_ 
dx 

E* -
2 \ 2 P0U0 \ + J pu d^ 

0 -
dx 

P()u0h. + pud£ +• T* (62) 
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Figure 13. Sketch of Differential Control Volume for Free Jet 
Model of Olson and Miller [13] 
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It should be noted that the variables in (62) represent the time-

average components. The preceding expression can be derived from (55) 

if the fluctuating components of the continuity equation p'u' and p'v' 

are neglected in comparison to p u and p v, respectively. 

The authors assumed Prandtl's second mixing length hypothesis 

of equation (20) to describe the shear stress. That is, the virtual 

kinematic viscosity is constant across the mixing zone. The shear 

stress in (62) based on this assumption can be expressed as 

x* = p* e ~ 
dy 

5=S* 
= 0.5 K p*£*u ~ 

s c dy 
(63) 

S=S* 

K is a constant referred to as the shear stress constant and u is the 
s c 

jet centerline velocity. Substituting (63) into (62) and nondimension-

alizing, yields 

d_ 
dx 

£iL 

L- 0 p0U0 
2 a ^* ; - 0.5 U ~ dx S* 

»- 0 

fiH. 
J V o d ( ^ 

(64) 

dh. p*K £* (A 

+ -=-*• (1-0.5 U) = T -
S — [&• 

dx 2p u d̂y 

pc 2 
— U 

where U = u /u„. 
c U 

Assuming the velocity profiles in the mixing zone to have a 

Gaussian distribution, then the velocity distribution is 

2 

u/u = e 
c 

-B±(UW 
(65) 

B, = 0.6931 for u/u = 0.5 at £/£* = 1 
1 c 
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From the ideal gas equation of state, assuming isobaric conditions with 

no heat transfer between the jet and the. surrounding fluid, the density 

ratio becomes 

£_ =V 1 + kzlM2 
'0 2 0 

1 -
r \2 u 

V 0j J 

-1 

(66) 

Evaluating the shear stress for the velocity distribution in expression 

(65) and inserting the expression for density in (66), reduces equation 

(64) to 

b f i ( u ) 

d(x/b) 

¥• f2<»> 
- 0.5 U 

d(x/b) 

dh. 
+ ^ (1-0.5 U) = - Ksf3(U) 

(67) 

The conservation of x-momentum expression for the control vol

ume is 

u A , + £* pu2 d (§--) = p n u A 0 0 i £,*' f'00 0 
(68) 

0 

Dividing by P^u. and normalizing with reispect to b, the nozzle width, 

simplifies (68) to 

£* 1 * hi / h0 
b 2f4(U) 

(69) 

The function f,(U) in the preceding expression is only dependent on 

initial jet Mach number M . For the core region, f_(U), f2(U) and 

f„(U) found in expression (67) are also only dependent on initial jet 

Mach number. Differentiating (£*/b) in expression (69) and inserting 
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into (67) and integrating that equation, yields 

i i x/b ,_n. 

^=1"v^ (70) 

The preceding expression is valid only if the shear stress constant 

K does not vary with x. It also assumes no initial boundary layers 

at the exit plane of the jet's nozzle. Substituting equation (70) into 

(69), gives 

/ x 

x / c 
g*/b - b / b -

2f.(U) W ± ; 

4 
Subst i tu t ing (71) in to (67) and rearranging, yields 

Xc C2 

r - r (72) 

s 
where C2 is a function of f (U), f2<U), fC[(U) and f,(U) . 

In summary for the core region of flow, if the value of the 

shear stress constant K is known then the nondimensional core length 

(x /b) may be calculated from expression (72). The nondimensional dis

tance to the point where u « 0.5u and the core width may then be 
c 

calculated for any downstream station from expressions (71) and (70), 

respectively. The velocity field in the core is thus defined with the 

addition of the assumed velocity profile in expression (65). 

For the developed region, equation (67) must be solved numeri

cally in the following manner. Equation (69) if h = 0 becomes 
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SI = 1 
b 2f4(U) 

Substituting (73) into equation (67) where again h. = 0 , yields 

(73) 

I 

d [8l(U)] d [g (U)] 
w t ? 0.5 U ., ,, , - K fQ(U) (74) 
d(x/b) d(x/b) s 3 

Expression (74) may be rewritten as 

fd [gl(U)] d [g (U)]| 
< ^ 0.5 U -=£ } -4" = . K f (u) (75) 
I dU dU J ..x. s 3 

; d(-) 

The previous expression can be simplified by defining 

g1
,(U) - 0.5 U g2'(U) 

F ( u ) = _± _ _ _ ± (76) 

The derivatives g-'(U) and g '(U) can be determined graphically. Equa

tion (75) thus becomes 

F(U) dU = - K d(x/b) (77) 
s 

The previous equation may be integrated from the end of the core to any 

arbitrary downstream position. If the shear stress constant K is 

assumed to be a nonvarying in the developed region, then this integra

tion yields 

( X 

F(U) dU = - K 
s 

X c 
" b 

(78) 

f 
where F(U) dU can be determined numerically. 

1 
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In summary for the developed region of flow, if the value of 

the shear stress constant K is known then the distance from the core 
s 

to some arbitrary point U may be evaluated from (78). In this manner 

the jet's centerline velocity can be determined as a function of down

stream distance. The function f/(U) can be calculated at each down

stream station and then (£*/b) may be calculated from (73). The 

velocity field in the developed region is thus defined with the addi

tion of the assumed velocity profile in expression (65). 

Pertinent experimental results taken from the research of Olson 

and Miller are shown in Figures 14 through 16. Depicted in Figure 14 

is centerline velocity decay data as a function of nondimensional down

stream distance for two compressible flow cases; also plotted on this 

graph is similar data for the incompressible case by Miller and Comings 

[8]. A check of these data in the fully developed regime indicates 

in each case the centerline velocity decays fit the -1/2 power law pro

file predicted by turbulent incompressible flow theory. The only 

marked difference between the centerline decay data from References 

[13] and [8] appears to be a slightly longer core region for the flow 

cases from Olson's investigation. This effect may be the result, how

ever, of the higher Reynolds number flow conditions in the compressible 

jet study, since Olson's investigation demonstrated core length de

creased with increasing Mach number. 

The spread of the free jet mixing zone in the downstream 

direction for a compressible and incompressible flow case is shown in 

Figure 15. The distance from the jet centerline to the location where 
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u/u = 0.67 is defined as b . For the incompressible flow case this c m 

da1;a was taken from the research of Miller and Comings; see Figure 7. 

The data for the compressible case were obtained from Figure 16. 

These data indicate essentially the same spreading rates for the com

pressible and incompressible free jet. In both cases the spreading 

rate is proportional to downstream distance in the fully developed 

regime. 

Folded free jet velocity profiles, which were obtained by Olson 

and Miller at a jet Reynolds number of 140,000 based on nozzle width 

and a Mach number of 0.895,, are shown in Figure 16. The curves drawn 

through these data represent the Gaussian velocity distribution com

puted via the previously described correlation. In order to produce a 

better fit of their correlation to experimental data, the authors found 

it necessary to define a different shear stress constant K for the 

core and developed regime. As may be seen from the data, their corre

lation is in fair agreement in these regimes. However, for the 

transition region between the two the fit is poorer. Thus, it would 

appear that the shear stress constant K should vary with downstream 
s 

distance at least in the transition regime in order to provide the best 

fit to the experimental data. 

The experimental results of Olson and Miller verify the analy

tical predictions of Abramovich, that is the effect of compressibility 

on free jet mixing up to VL - 1 tend to be negligible. It would also 

appear that Olson and Miller's correlation technique for the subsonic 

jet is somewhat complicated. If the free jet momentum is conserved, 
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the flow is isonenergetic and the velocity profile in the mixing region 

is Gaussian; the only quantities required to define the velocity field 

in the x-direction are the core length and centerline velocity decay. 

Their data has indicated the centerline velocity decay fits the - 1/2 

power law profile for the fully developed region. The core length for 

a wide range of turbulent flow conditions is essentially constant. Thus, 

the dependence on the shear stress constant K is not required to 

describe the flow field. 

Laminar Incompressible Plane Jet 

In the flow of a plane jet, it is well known that at least near 

the nozzle exit plane the flow is laminar or streamline. It is also 

known that for relatively low Reynolds numbers this laminar structure 

may persist for some distance downstream of the nozzle. Experimental 

evidence suggests that the structure of a laminar jet is essentially un

stable and thus the laminar mixing zone must always transcend to 

turbulence. In this section of the literature review the completely 

laminar incompressible jet: will be reviewed. The transition from lam

inar to turbulent flow will be considered in a later section. 

Analytical Solution for Laminar Incompressible Flow in a Free 

Jet Boundary. A sketch of a free jet boundary may be found in Figure 2. 

In this flow situation two parallel streams of respective velocities U-

and U« meet at the edge of a nozzle. The velocity discontinuity between 

the streams produces a mixing zone which spreads downstream of the 

nozzle. It is often assumed that this problem represents a half jet in 

the core region. 
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A summary of the solution to this problem according to Pai [14] 

follows. It will be assumed that no initial boundary layers exist at 

the nozzle exit plane. 

The appropriate differential equations describing the free jet 

boundary may be derived from the Navier-Stokes equations; expression 

(4). The equation of x-momentum for a steady plane flow neglecting 

body forces and assuming no pressure variations in the mixing zone is 

8u , 8u , [3 u . 3 u u r - + v r - s V — : r + — r 
3x 8y Ux 2 8y* 

(79) 

For the jet mixing zone the boundary layer assumptions may be applied, 

8 8 that is u » v and TT- » -r— . Thus equation (79) reduces to 

2 
8u 8u 8 u ,̂ v̂ 

u ~ + v ~•- v -—j- (80) 
9x 3y ~ 2 

3 8y 
The continuity equation for this case from (4) is 

i r+ j r -o (si) 
dx ay 

Equations (80) and (81) are the appropriate differential equa

tions describing plane laminar incompressible jet mixing. It should be 

noted that these equations are identical to those for turbulent incom

pressible flow if the kinematic viscosity, v, is replaced by the virtual 

kinematic viscosity of turbulent motion, e;; see expression (34) . The 

present set of equations for the laminar case are solved in a fashion 

identical to those for the turbulent case. The solution for the 

distribution of the x-component of velocity is 
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u = 
u 1 + u2 u - u 

1 + u~n3^ erf <« 
(82) 

X - »/57vx | 

u = 
Ul + U2 

It is apparent that the velocity distribution expressions in the laminar 

and turbulent case are identical, however, the respective profile simi

larity parameters are different. The spread of the mixing zone in a 

laminar jet boundary is proportional to the vx, while for the turbulent 

case it is proportional to x. 

Analytical Solution for Laminar Incompressible Flow in a Fully 

Developed Free Jet. A sketch of a fully developed free jet flow may be 

found in Figure 3. In this flow situation the plane jet has traversed 

a sufficient distance downstream of the nozzle for the velocity profiles 

within the mixing zone to become similar. In this regime of velocity 

profile similarity the flow is referred to as fully developed. 

Schlichting [15] and later Bickley [16] determined the solution 

to this problem. They assumed the slot from which the jet issued was 

infinitely narrow and the jet momentum was finite. If the flow field is 

assumed to be plane and steady with no variation in pressure, the dif

ferential equations describing the developed jet are equations (80) and 

(81). The appropriate boundary conditions are 

v - 0 ; -sp- - 0 at y = 0 (83) 

u • 0 at y = 
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It again should be noted that the equations describing the fully 

developed laminar incompressible jet are identical to those for the 

turbulent case if the kinematic viscosity, v, is replaced by the 

virtual kinematic viscosity of turbulent motion, e; see expression (43) 

The present set of equations for the laminar case are solved in an 

identical manner to those for the turbulent case. The solution for the 

velocity distribution in the jet is 

u = 0.4543 (JOD
2/p2vx)1/3 sech2 (T^) (84) 

? 1/^ 2 
v = 0.5503 (J^v/px") ' [2nx secli (r^) - tanh (r^)] 

r)1 m 0.2752 (J^/pv2)173 (y/x2/3) 

J^ in the previous expression is the free jet momentum per unit height. 

A comparison of the results for the fully developed laminar jet found 

in expression (84) and the fully developed turbulent case found in ex

pression (45), shows the solution to be of identical form. The respec

tive profile similarity parameters and centerline velocity decay 

parameters, however, are different. The spread of the mixing zone for 

2/3 
the laminar fully developed jet is proportional to x while for the 

turbulent case it is proportional to x. The centerline velocity decay 

-]/3 for the laminar case is proportional to x while for the turbulent 

-1/2 
situation is propprtional to x . 

Experimental Studies of the Laminar Incompressible Flow of a 

Plane Jet. Andrade [17] made an experimental investigation of a plane 

water jet issuing into the same fluid medium at rest. He obtained 
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velocity profiles by a photographic technique for several stations in 

the flow field for a Reynolds number range based on nozzle width of 

approximately 10 to 30. The nearest station at which he obtained data 

was some 44 nozzle widths downstream, while the farthest station was 

approximately 177 nozzle widths downstream. Andrade found that his 

experimental data were in agreement with theoretical predictions of 

equation (84) if a virtual origin behind the nozzle exit plane was 

assumed for the jet. This assumption eliminates the difficulty asso

ciated with the theoretical jet issuing from an infinitely thin 

channel. It would be expected, however, that the theoretical result 

would be in appreciable error near the nozzle exit. Unfortunately, no 

data are presented for locations near the nozzle exit plane. The non-

dimensional distance behind the nozzle as a function of Reynolds number 

proposed by Andrade for the virtual origin of flow is 

x/b - 0.65 R (85) 
e 

Chanaud and Powell [18] made an experimental investigation of 

the laminar incompressible flow of a jet of air issuing into the same 

medium at rest. Their experimental apparatus allowed air to pass 

through a parallel sided nozzle 7.5 centimeters long, of rectangular 

cross section one millimeter by 30 centimeters. This nozzle length was 

sufficient to ensure a parabolic exit velocity profile. Velocity pro

files in the jet were obtained via a hot wire anemometer for a Reynolds 

number range of 15 £ R £240. These Reynolds numbers were computed 

based on nozzle mass flow rate and nozzle width. 



A comparison of experimental data from the research of Chanaud 

to analytical predictions for the fully developed incompressible flow 

of a laminar jet are found in Figures 17 and 18. Shown in Figure 17 

is x-component of velocity data for a flow of Reynolds number of 68 

compared to the theoretical prediction of expression (84). For each 

downstream position the value of ri , the profile similarity parameter, 

was chosen in order to give the best fit to the data. It is apparent 

that even near the slot exit the predicted hyperbolic secant profile 

is in agreement with data. The experimental velocity profile, however, 

would appear to be somewhat broader than the analytical prediction. 

A comparison of centerline velocity decay data to analytical 

prediction is shown in Figure 18. These curves are compared on an equal 

exit-momentum basis since Bickley1s solution was for a line source. As 

may be seen, the curves do not fit well but do have similar trends far 

downstream of the slot. The use of a virtual origin proposed by 

Andrade, that is expression (85), will not provide a better fit for the 

higher Reynolds number cases for locations near the nozzle. 

Experimental evidence indicates Bickley's solution may be 

approached some distance downstream of the nozzle for the laminar jet. 

The transition region from the nozzle exit to fully developed laminar 

flow appears to increase in length with higher Reynolds numbers. 

Laminar Compressible Plane Jet 

For the high velocity flow of a laminar plane jet, the effects 

of variations of density, temperature and viscosity must be taken into 

account. The addition of these variables to the analysis of the flow 
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field complicates the mathematical solution to the plane jet problem. 

This difficulty arises because an energy equation and an equation of 

state must be considered along with the expression for x-momentum and 

the continuity equation. 

Analytical Solutions to the Two-Dimensional Laminar Jet Mixing 

of a Compressible Fluid. Chapman [19] amalytically determined the velo^-

city distribution resulting from laminar compressible mixing in a free 

jet boundary. In this flow situation a uniform stream emerging from a 

nozzle is allowed to mix with a region of fluid at rest; see Figure 2. 

A summary of this solution follows. 

The analysis of this problem is based on the assumptions that 

the flow field is steady and two-dimensional. It may be further assumed 

that there is no variation of pressure in the mixing region and that the 

effect of body forces are negligible. The boundary layer assumptions 

may also be applied to the jet mixing zone, that is u >> v and 

2- » S- . 
3y 3x 

The differential equation describing the momentum in the x-

direction obtained from the compressible form of the Navier-Stokes equa

tion is 

9u , 9u 3 , 3uN ,Qsy. 

The continuity equation for this case is 
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By employing the previous assumptions, the complete differential 

equation representing the balance of energy in viscous compressible flow 

reduces to 

3 ( CP T ) , 9 ( C P T ) 3 L 81 , , 3u 
+ v 'FJ 

2 
(88) 

For a given gas the variation of y and C with temperature is known, 

hence, the foregoing system of three partial differential equations is 

completed by the equation of state for a region of constant pressure 

T/T„- P«/P (89) 

The subscript °° in the previous expression represents conditions at the 

uniform stream's exit plane. 

In order to solve the above set of equations, Chapman made the 

further assumptions 

C - const (90) 
P 

PR ' Cp ^ K t " 1 

y/H» - V T / T oo ) n 

The second of these is often made in calculating boundary layer flows 

when only the velocity profile is desired. The difference between the 

mixing layer velocity distributions for PR « 1 and PR - 0.73 is assumed 

to be small. 

The consequence of the assumption of PR « 1 is that the tempera

ture becomes only a function of velocity. The following relationship 
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between velocity and temperature satisfies both expressions (86) and 

(88): 

T - A + Bu - (u2/2C ) (91) 

where A and B are constants determined bjr the boundary conditions. 

Since the temperature determines the density, expression (91) also pro

vides a means for calculating the density as a function of the velocity. 

In order to satisfy the continuity equation, Chapman introduced 

a stream function. The velocity components in terms of this stream 

function are 

p°° M p°° * t /QO\ 
u = -— -r*- ; v = -r*- (92) 

p 3y * p 3x N 

Since the requirements of conservation of energy are fulfilled by ex

pression (91), and conservation of mass by (92), the only equation left 

to be solved is the momentum equation. By assuming the velocity pro

files in the mixing region are similar, it is possible to reduce the 

momentum equation (86) to an ordinary non-linear differential equation. 

This equation may be converted to an integral equation and solved by 

the method of successive approximation. 

The velocity distribution in the mixing region as a function of 

the profile similarity parameter is shown in Figure 19. These data were 

calculated for several free stream Mach numbers. The profile similarity 

parameter ru may be written as 

/u nx x 
y /T— - L J-T- m *• *^" < 9 3 > 
J v \> x x / v x e 

00 00 
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Thus at constant Reynolds number based on length, the information in 

Figure 19 indicates the mixing layer width grows with free stream Mach 

number. Chapman suggested that the rate of growth of the mixing layer 

with Mach number is approximately 

W o " i + O-UMoo2 (94) 

where 6 in the previous expression represents the distance between the 

points where u = 0.01 u^ and u = 0.99 uw. It may be observed from Fig

ure 19 that the effect of compressibility up to a Mach number of unity 

has a relatively minor influence on the velocity profile. This conclu

sion is in agreement with the predictions of Abramovich [12] for 

turbulent flow. 

Pai [20] used a similar method to determine the velocity distri

bution for the laminar compressible mixing of a fully developed plane 

jet. His analysis concluded that the properties of jet mixing depended 

mainly on the momentum of the jet. Thus an increase in velocity which 

also tends to increase density would increase the jet momentum and, 

consequently, reduce the jet: mixing zone width. 

Studies of the Low Reynolds Number Flow of a Compressible Fluid 

Jet by Anderson. Anderson [21] made an experimental investigation of 

low Reynolds number compressible jet flows in connection with his thesis 

on jet wall attachment. A Reynolds number range of from approximately 

11,000 to 200 based on nozzle width and maximum exit plane velocity was 

cpnsidered in this research. Studies were made of both subsonic and 

supersonic flows, however, only the results for the subsonic case will 

be reviewed. 
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The experimental jet flow was created by allowing air at a low 

total upstream pressure to expand through a fixed rectangular nozzle 

which was 0.2 inches wide with an aspect: ratio of five. The nozzle 

exit was formed by two circular arcs 0.25 inches in radius. Downstream 

of the nozzle exit plane was a large rectangular chamber which was 

evacuated by a high volumetric displacement vacuum pump. The different 

flow conditions in this research were created by independently varying 

the jet's upstream total pressure and exhaust ambient pressure. 

Measurements were made of the x-component of the steady state 

velocity in the jet via an impact pressure probe. The probe was 1/16 

inch in outside diameter and was designed in order to yield accurate 

pressure measurements in low Reynolds number flows. It should be 

pointed out that the impact pressure measurements made by Anderson are 

incapable of indicating whether the flow is laminar or turbulent. How

ever, it is anticipated based upon the studies of a turbulent incom

pressible jet by Miller and Comings [8] and laminar incompressible jets 

by Chanaud and Powell [18] that the range of Reynolds numbers considered 

in this research would border both high Reynolds number turbulent jet 

flows as well as low Reynolds number laminar jet flows. 

Experimental results indicating the effect of Reynolds number 

and Mach number on the jet's centerline velocity decay and spread rate 

are shown in Figures 20 through 23. The jet width, b , in Figures 21 

and 23 is defined as the distance from the jet's centerline to the point 

where the velocity is 67 percent of its centerline value. The informa

tion in these figures was computed from data found in Tables 10 through 
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18 in Anderson's thesis. In Figures 20 and 21 the approximate Mach 

number of the jet at the centerline of its exit plane is 0.5, while in 

Figures 22 and 23 the Mach number is approximately 0.8. Also shown in 

these figures for comparison is similar data for a plane turbulent com

pressible jet from the studies of Olson and Miller [13]; see Figures 14 

and 15. 

The data in Figures 20 through 23 indicate several general 

trends as to the effect of variation of Reynolds number and Mach number 

on a free jet in this low Reynolds number compressible flow regime. 

Firstly, the data demonstrate that as the free jet's Reynolds number is 

decreased from its maximum value, the core length increases until some 

intermediate value of Reynolds number is attained. At this intermediate 

value of Reynolds number the core length reaches a maximum and further 

reductions of the Reynolds number then result in a reduction in core 

length. For very low values of Reynolds number it would appear that 

the jet's potential core is very short or non-existent. It would also 

appear that the effect of Mach number on core length is negligible. 

It is interesting to note that the core lengths measured by Anderson 

even at relatively high values of Reynolds number tend to be somewhat 

shorter than those reported by Olson or Albertson [9], Experimental 

error associated with the relative sizes of the impact probe and the 

jet nozzle could explain this observation. Since the nozzle width was 

0.2 inch and the probe diameter was 1/16 inch, it would be expected, 

based on the skewed profiles impacting the probe near the end of the 

core, that velocity measurements would indicate a shorter core length 

than actually existed. 
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Secondly, the centerline velocity decay rate of the jet would 

appear to be a function of both Mach number and Reynolds number. The 

experimental data demonstrate that as the Mach number increases the 

centerline velocity decay rate decreases. It is interesting to note 

that Olson's studies did not exhibit this characteristic for the case 

of the turbulent compressible flow of a plane jet. Anderson's results 

also demonstrate that as the Reynolds number decreases the centerline 

velocity decay rate also decreases. This trend would be expected 

since at a sufficiently low Reynolds number the flow would be laminar, 

and a laminar jet is known to have a lower centerline velocity decay 

rate in comparison to a turbulent jet. The magnitude of the centerline 

velocity decay rates from this flow regime would appear to be somewhat 

larger than those reported for the adjacent high Reynolds number turbu

lent flow regime or the low Reynolds number laminar regime. Both Olson 

and Miller [13] and Miller and Comings [8] found that the centerline 

velocity decay rate for a high Reynolds number turbulent jet fit a -1/2 

power law distribution. Anderson's data for the higher Reynolds number 

conditions exhibits a somewhat larger centerline velocity decay rate. 

For example, at a Reynolds number of 7490 and a Mach number of 0.52 the 

centerline velocity decay is best fit by a -0.593 power law distribution. 

Chanaud and Powell [18] found that the centerline velocity decay rate of 

a laminar incompressible plane jet tends to approach asymptotically a 

-1/3 power law distribution. Anderson's results for the lower Reynolds 

number conditions would tend to exhibit a higher decay rate. For example, 

the centerline velocity decay at a Reynolds number of 207 and a Mach num

ber of 0.52 is best fitted by a -0.416 power law distribution. 
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Thirdly, the spread of the jet width, b , would tend to indicate 
m 

this parameter is primarily a function of Reynolds number since no 

apparent Mach number dependence is observed in the data. It should be 

pointed out, however, that velocity distributions and thus jet width 

were measured for two downstream positions for each of the flow condi

tions in this study. Thus, observations upon the effect of flow 

conditions on this parameter are tentative. The experimental data do 

indicate that the jet's spread rate increases with larger Reynolds 

number. This conclusion is in qualitative agreement with centerline 

velocity decay data presented previously. It should be noted that for 

the higher Reynolds number conditions studied by Anderson the jet spread 

rate is somewhat larger than that reported by Olson and Miller or Miller 

and Comings (linear spread with distance) for the case of turbulent jets. 

For the lower Reynolds number conditions, however, essentially no jet 

spread rate is detected near the nozzle. The jet width at locations 

near the exit plane is less than one-half the supply nozzle width. Thus, 

it could be again concluded that either no potential core exists or it 

is very short for these low Reynolds number conditions. 

Anderson found that the experimental velocity profiles from his 

research could be fitted to a Gaussian distribution. Using this dis

tribution for the mixing zone, he employed the correlation procedure of 

Olson to describe the flow in the developed region of flow. 

Transition from Laminar to Turbulent Flow in a Plane Jet 

The transition process from laminar to turbulent flow is one of 

the most interesting and often investigated problems of fluid mechanics. 
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Our present knowledge of this process suggests transition can result as 

a consequence of two effects. It has been found that for large Reynolds 

numbers a flow will be unstable for infinitesimal disturbances which 

grow exponentially resulting in transition. But it is also known that 

if the outside disturbance is large enough it may cause transition at a 

much lower Reynolds number than at that due to the basic instability of 

the flow. As a consequence of the complexity of this phenomena, it is 

not possible to describe completely the transition process in a plane 

jet. However, the study of the stability of the flow field to a small 

disturbance yields both qualitative and quantitative information on 

transition. A discussion of this topic according to Schlichting [22] 

follows. 

Theory of Stability of Laminar Flows. Efforts to explain 

theoretically the process of transition were initiated many decades 

ago; they have led to success only recently. These theoretical inves

tigations are based on the assumption that laminar flows are affected 

by certain small disturbances; in the case of the plane jet these dis

turbances may originate at: the nozzle exit plane. The theory endeavors 

to follow up in time the behavior of such disturbances when they are 

superimposed on the main flow, bearing in mind that their exact form 

still remains to be determined. The decisive question is whether the 

disturbances increase or die out with time. If the disturbances decay 

with time, the main flow is considered stable; on the other hand, if the 

disturbances increase with time the flow is considered unstable, and 

there exists the possibility of transition. 
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A short summary of the derivation of the differential equation 

describing the stability of a laminar flow will follow. It is assumed 

in this derivation that the flow field is two-dimensional and incom

pressible. It will be further assumed that the flow is parallel, that 

is the mean component of velocity in the y-direction is zero. It is 

appropriate to point out that this assumption is necessary in order to 

reduce the complexity of the resulting differential equation of 

stability. 

It may be assumed that the velocity components and the pressure 

can be separated into a mean flow (whose stability constitutes the sub

ject of the investigation) and into a disturbance superimposed on it. 

For the case of parallel flow these variables are 

u = U + u1 ; v = vf ; p = P + pf (95) 

Substituting the previous relations into the Navier-Stokes equations 

for two-dimensional incompressible flow and neglecting quadratic terms 

in the disturbance velocity components, result in 

9 « l + u 2HL+V. * L + I 2 L + I 2 E L 
3t U 8x + v 3y p 3 x p 3 x = V 

fdfu 
, 2 Idy 

+ V2u' (96) 

St u 3x p 3y p 3y 
vV2v' 

fc£l+-2zL-o 
9x 8y 

If the mean flow itself satisfies the Navier-Stokes equations, the above 

may be simplified to 
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3uf J. TT 3uf J. i 3U , 1 ap* „2 , , ' 
-rr— + U -r— + v1 o~" + r 5» " ̂ V u' (97) 
3t 3x 3y p 3x v 

3v' -u TT 3v» J. 1 2El ^ 2 . 
T-— + U T + — T^— " VV V1 

3t 3x p 3y 

lHl+3yl,0 3x ^ 9y 

The mean laminar flow in the x-direction is assumed to be in

fluenced by a disturbance which is composed of a number of discrete 

partial fluctuations, each of which is said to consist of a wave which 

is propagated in the x-direction. As it has already been assumed that 

the flow is two-dimensional, it is possible to introduce a stream 

function i/j(x,y,t), thus integrating the equation of continuity in ex

pression (97). The stream function representing a single oscillation 

of the disturbance is assumed to be of the form 

ia-(x-c-t) 
iKx,y,t) - ^(y) e ± x (98) 

Any arbitrary disturbance is assumed expanded in a Fourier series, 

each of whose terms represent such a partial oscillation. In equation 

(98) the wave number, OL , is a real quantity and X = 2TT/0L is the wave 

length of the disturbance. The quantity c_ is complex, 

C;L = cr + 1 c± (99) 

c is the velocity of the wave in the x-direction whereas c. determines 

the degree of amplification or damping. The disturbances are damped if 

c. < 0, whereas for c. > 0 instability sets in. 
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Introducing the stream function defined in expression (98) into 

the equations of motion found in expression (97), after the elimination 

of pressure, results in the following ordinary, fourth order, differ

ential equation for (|>1 (y) 

<U-Cl) (^'-a^) - U» ' ^ - £=|- (4>[» • '^a^^'+a
 44> ) (100) 

1 e 

The previous expression has been nondimensionalized in that all lengths 

have been divided by a suitable reference length, and all velocities 

have been divided by the maximum velocity of the main flow. In the 

case of the free jet, the length quantity is the mixing region width, 

b , and the centerline velocity, u , is the maximum velocity in the 

flow. The prime denotes differentiation with respect to (y/b ) and 

the Reynolds number is defined as 

u b 

R - -V1 (101) 
e v 

Expression (100) is the fundamental differential equation of 

laminar stability theory which forms the point of departure for a 

stability analysis. It is commonly referred to as the Orr-Sommerfeld 

equation. 

Solution to the Orr-Sommerfeld Equation for the Plane Jet. 

The Orr-Sommerfeld equation was derived for parallel flow and thus it 

would appear that it cannot be employed in determining the stability 

of a plane incompressible jet. However, a stability analysis can be 

made of a "pseudolaminar jet." That is, the jet's velocity distribu

tion in the y-direction may be employed in the calculation of the 
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solution of the Orr-Sommerfeld equation. Thus in effect the velocity 

variation in the x-direction for a plane jet is neglected except for 

its effects on local Reynolds number. This same procedure has been 

used with excellent results to predict the transition of the boundary 

layer on a flat plate and, consequently, a precedent for its applica

tion on boundary layer type flows is established. 

Curie [23] in his solution to the "pseudolaminar jet" made use 

of the velocity profiles predicted by Bickley [16] for a plane incom

pressible free jet; see expression (84). The velocity distribution 

in the y-direction employed in the calculation is 

u = u seen'" (y/b ) (102) 
c J m 

u - 0.4543 (J 2/p 2vx) 1 / 3 

c °° 

b =3.633 (pv2x2/J ) 1 / 3 

The preceding expression represents a finite momentum jet originating 

from a line source. In order to correct for this inconsistency between 

the mathematical model and reality, Curie assumed the virtual line 

source was located upstream of the real nozzle exit plane. Andrade's 

expression found in equation (85) was used for the location of the 

virtual origin as a function of Reynolds numbers. 

The parameters used in the analysis to nondimensionalize the 

Orr-Sommerfeld equation are given in expression (102). The local value 

of Reynolds number defined in (101) is 



J o o < ^ X
0 > 

R - 1.651 
e 

J o o < ^ X
0 > 

R - 1.651 
e 

2 
- Pv 

xQ = 0.65 b R 1 
e 'x=0 

nl/3 

(103) 

It should be noted that the local free jet Reynolds number defined 

above increases proportional to x . 

Curie's solution for the stability of the "pseudolaminar jet" 

is found in Figure 24. Shown in this figure as a function of a- and 

Reynolds number is the locus of points of neutral stability which 

divides the regions of stable and unstable disturbances. The point 

on this curve at which the Reynolds number has its smallest value 

(tangent parallel to the a--axis) is of great interest since it indi

cates that value of Reynolds number below which all individual 

oscillations decay, whereas above that value at least some are ampli

fied. As may be seen for the plane jet the region in which the flow 

is completely stable is approximately below a Reynolds number of 5.5. 

For Reynolds numbers above this critical value the jet is only stable 

for disturbances with a high value of wave number (short wave length 

disturbances). 

It is appropriate at this point to consider the transition 

process of a hypothetical plane jet in accordance with Curie's results 

Near the nozzle exit plane the hypothetical jet may possess a local 

Reynolds number less than the critical value and thus would be stable 

to all disturbances in the flow field. As the jet progresses down-

1/3 stream the local Reynolds number increases proportional to x , and 
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thus the flow will eventually become unstable to certain wave length 

disturbances. It would be expected that in any flow field disturbances 

of all wave lengths no matter how minute would be present. Thus once 

the jet crosses over into the unstable region, outside disturbances 

would be magnified and transition to turbulent flow will eventually 

ensue. 

The preceding description introduces an important parameter to 

transition, that is "degree of disturbance" in the surrounding flow 

field. If the surroundings possess a high level of turbulent inten

sity, it would be expected that disturbances imposed on the free jet 

would be much larger and thus the points of instability to disturbances 

and transition to turbulence would be much closer. 

Sensitivity of the Plane Laminar Jet to Disturbances. Unfor

tunately, an experimental verification of Curie's stability analysis 

has not been performed. This is due to the difficulties associated 

with determining stability as a function of distance along the stream 

as well as establishing the low surrounding turbulence levels required 

in the experimental study. An interesting investigation of the sensi

tivity of a plane jet to finite disturbances has been performed by 

Chanaud [18]. This study does provide a qualitative verification of 

the results of Gurle. 

In Chanaud1s experimental model a plane jet of water was 

allowed to flow through a rectangular nozzle of width 0.25 inches and 

height 6.0 inches. This water jet was disturbed by plates moving 

sinusoidally in a direction perpendicular to the flow. The amplitude 
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and frequency of the oscillations were carefully recorded. The effect 

of the disturbances on the stability of the jet was observed visually 

by injecting dye into the flow. 

Shown in Figure 25 are curves of neutral stability for this 

research plotted as a function of Reynolds number and Strouhal number. 

The Reynolds number is based on the mean velocity u at the nozzle exit 
m 

and the nozzle width, b. The Strouhal number is defined as 

S = fb/u (104) 
m 

f in the previous expression represents the frequency of the oscilla

tions. The half amplitude of the oscillations shown in the preceding 

figure is a.. Neutral stability was defined by the authors as the 

condition of unchanging amplitude of barely detectable waves lying be

tween about four and 10 slitwidths downstream of the nozzle. 

The experimental data shown in Figure 25 exhibit several fea

tures qualitatively predicted by stability theory. Firstly, there does 

appear to be a critical Reynolds number below which the jet is stable 

to any disturbance frequency. This critical value of Reynolds number, 

however, is found to be a function of disturbance amplitude. Secondly, 

the theory predicts that the upper boundary of the unstable region is at 

almost constant Strouhal number (constant a.) except where it drops 

sharply near the critical Reynolds number. Thirdly, although it proved 

impossible for the authors to obtain meaningful data for the lower bound

ary of the unstable region (long wave length disturbances), it may be 

concluded that if it exists it must lie close to the Reynolds number 

axis even at comparatively low Reynolds numbers. 
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The authors of this research also report their observation of 

the turbulent transition of an undisturbed jet of water. If the water 

jet was not deliberately disturbed it was found to travel an appre

ciable distance before any disturbance became of visible magnitude. 

These disturbances, once visible, grow extremely rapidly. They would 

always be of very long wave length (small 0L). Chanaud proposed that 

these disturbances were of such a small spatial rate of amplification 

that they only became visible after traveling a long distance when 

they entered into a region of high instability. Chanaud further pro

posed that these disturbances may originate at the orifice and play a 

dominant role in transition. 

Measurements of the steady state velocity profiles in a laminar 

incompressible jet of air indicated the hyperbolic secant distribution 

predicted by Bickley tends to fit the experimental data; see Figure 17. 

However, centerline velocity decay results, especially at higher values 

of Reynolds number, are in. poor agreement with Bickley1s predictions; 

see Figure 18. Thus Curie's use of the hyperbolic secant distribution 

in calculating the curve of neutral stability would appear to be justi

fied; although, assuming the local value of Reynolds number grows 

1/3 proportional to x is not justified. 

The Effect of Compressibility on the Stability of a Plane Jet. 

For the case of high velocity flows, the effect of compressibility on 

the stability of a laminar jet must be considered. This necessitates 

the addition of density and temperature to an already difficult mathe

matical analysis. As a result of this complication, a solution to the 
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problem of the stability of a plane jet of compressible fluid has not 

been achieved. However, if the fluid is assumed to be inviscid, 

qualitative results can be attained on the effect of Mach number on 

stability. 

Pai [24] analyzed the stability of a plane jet flow of inviscid 

compressible fluid. He found that for symmetrical subsonic distur

bances as the Mach number of the jet increased, the value of the wave 

number, a., for neutral stability decreased. This would have the 

effect of moving the locus of neutral stability toward the Reynolds 

number axis in Figure 24. At a sufficiently high Mach number the flow 

was found to be completely stable to all disturbances. For the case of 

no heat transfer this value of critical Mach number was given as approx

imately 2.5. 

Jet Interaction 

The interaction process involving two or more jet flows has been 

the subject of numerous recent investigations. This interest has been 

aroused chiefly from the development of fluidic elements. These de

vices which make use of single and interacting bounded jet flows are 

utilized in performing logic, amplifying signals and controlling pro

cesses. An example of the application of the jet interaction process 

in a fluidic device may be seen in the proportional fluid amplifier 

shown in Figure 26. It can be observed in this sketch that the two 

control streams exert normal forces on the supply jet. These forces 

which result from the momentum and pressure of the control streams act 

to deflect the supply jet. It has been found experimentally that as 



Figure 26. Sketch of a Proportional Fluid Amplifier 
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the control streams interact with the power jet, they tend to merge into 

the power jet. This merging process accelerates the outer edge of the 

supply jet while decelerating the control jets. Thus it is to be 

expected that the combined streams would exhibit a distorted velocity 

profile, at least, near the interaction region. However, downstream of 

the interaction zone, a smoothing process on the profile takes place as 

a result of diffusion with the surrounding fluid at rest. This smoothed 

jet flow ultimately impinges upon a receiver section which is located 

downstream of the control section. In the receiver the velocity profile 

of the jet is converted to an output pressure and flow. 

It is obvious that a description of the interaction process is 

required if the performance of this device is to be predicted. In 

particular, the deflection angle of the combined jets as a function of 

the supply and control port pressure as well as a description of the 

combined jet's velocity profile are required. 

Experimental studies by Moynihon and Reilly [25] have demon

strated that a summation of momentum and static pressure forces on a 

control volume drawn around the interaction region is adequate to 

describe the deflection angle of the supply jet. It was found that the 

deflected power jet appeared to originate from the intersection of the 

ports centerlines. Even though such an analysis in conjunction with 

measured velocity and static pressure profiles may be adequate to 

describe the phenomena, this procedure is incapable in general of pre

dicting deflection angle in terms of the input variables. This diffi

culty is to be expected since the interaction process in general depends 
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upon the complex flow field established upon the meeting of these jets, 

which is highly dependent on interaction region geometry. 

Experimental studieis of the interaction zone indicate that the 

velocity profiles for a single power jet are distorted with the addi

tion of the control jets. Firstly, the power jet is not fully expanded 

at the exit of its nozzle due to control-nozzle static pressure. A 

positive pressure gradient exists in the interaction region and extends 

outside this region to a distance depending on control-nozzle width and 

control pressure level. Secondly, the addition of control momentum 

tends to pinch the power jet resulting in its further acceleration after 

leaving the interaction zone. This pinching of the power jet has the 

effect of distorting the combined jets velocity profile as well as 

lengthening the zone of flow establishment in the jet. However, down

stream of the interaction region the jet will become established, 

appearing like a free jet [26], 

The preceding discussion has indicated the interaction process 

is one that offers formidable difficulties in its analysis. However, 

for the special case where pressure forces dominate the interaction 

process, a simple analysis can be made which has been proven to be in 

good agreement with experimental data. A summary of the analysis of 

the pressure controlled interaction process according to Simson [27] 

follows. 

Analysis of Pressure Controlled Interaction Process 

Simson in his analysis of the pressure controlled interaction 

process considered both single and dual control port mixing geometries. 



In this review results will be presented only for the case of interest, 

that is a single control port interacting with a supply jet. The basic 

mixing region geometry is shown in Figure 27. In order to analyze its 

operation completely would necessitate the consideration of a number of 

nonlinear effects. These include the variations in the supply jet pro

file resulting from jet curvature, pressure differences and nonlinear 

flow and geometry effects,, However, by restricting the operation to 

small deflection angles it is possible to simplify the analysis. The 

nonlinear mathematical relationships for the control section will be 

developed and, subsequently, linearized for the case of small deflection 

angles. 

Equations of Motion in the Interaction Region. It will be 

assumed that a constant positive pressure P.. in the control port acts 

upon the supply jet which results in the jet curvature shown in Figure 

27. After the jet leaves the interaction region the ambient pressure 

on either side of the supply jet is constant and thus the jet follows 

a straight line. 

In the interaction region, Euler's equation of motion in stream

line coordinates may be employed to describe the jet's curvature 

2 

& - - T - (105> 

R in the previous expression represents the radius of curvature of the 

jet. v and r are the velocity along the streamline and the coordinate 
s 

normal to the streamline, respectively. Expression (105) may be inte

grated across the jet if it is assumed that the change in R is small 
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Figure 27. Sketch of Control Port Geometry 



compared to R and that the power jet momentum is constant regardless 

of jet curvature. 

R+y* 
r R+y* 

. * - * 
2 , 

pv s dr (106) 

R-y* R~y* 

y* in the previous expression is the distance from the centerline to 

the edge of the jet. Evaluating (106) gives 

J 
R - p Z p (107) 

1 m 

where J^ is the free jet momentum per unit height. 

Geometrical Relationships in the Interaction Region. The 

radius of jet curvature in expression (107) is defined in terms of the 

free jet momentum and the control port pressure. However, in order to 

determine the deflection angle of the jet as it leaves the interaction 

zone, the geometry of the control port must be considered in detail. 

Employing the control port geometry shown in Figure 27, the following 

relationships may be found: 

6 = R(l-cos 0) (108) 

z' « (y +6) cos a (109) 

0 * s/R (110) 

a - s7R (111) 

tan 9 = X./(R-6) (112) 



89 

tan a = X/(ye+R) (113) 

These relationships are valid for both large and small deflection 

angles assuming the power jet momentum does not vary with radius of 

curvature. 

If the assumption of small deflection angles is made, the pre

ceding expressions may be simplified. In the text that follows the 

jet's deflection angle will be restricted to 9 £ 10°. 

Using expressions (108), (110) and (112), it can be shown that 

X * s ; within 0.3% for 9 <_ 10° (114) 

Substituting the simplification X = s into expression (110) and then 

substituting R from expression (107), yields 

9 = - / m (115) 

The relationship for the jet deflection angle, 0, as it leaves the 

interaction region is completely defined in terms of the power jet 

momentum, J^, the control port width, X, and pressure, P... 

At this point in the analysis the expressions for z' and s', 

equations (109) and (111), respectively, will be evaluated for the case 

of small deflection angles. These two geometric parameters will be re

quired later in the description of the control port flow rate. 

Inserting expressions (108) and (110) into equation (109) and introduc

ing a trigonometric substitution, simplifies zf to 

zf - y + T tan 9 ; within 1% for 9 < 10° (116) J e 2 9 ~ 



Using equations (111) and (113), s1 may be simplified for the case of 

small deflection angles to 

8' " R. p X ; within 1% for 0 < 10° (117) 
y T a. "~~ 

e 

It is interesting to note that Simson's interaction model when 

simplified for small deflection angles is identical to that attained 

by considering a control volume around the interaction region. The in 

puts to this control volume are the power jet momentum and the control 

port pressure, while the emerging jet emanates at a prescribed angle 

from the intersection of the centerlines of the two ports. 

Calculation of the Control Port Flow 

In attempting to understand the control flow characteristics, 

it is necessary first to simplify the problem by considering the vari

ous components which make up the control flow. Simson has suggested 

based on water table experiments that the control flow is made up of 

the proper summation of the entrained flow to the jet, the return flow 

deflected from the jet by the edge of the control port, and the atmo

spheric flow to the environment from the control port. These flow 

components are shown in Figure 28. From this sketch, it is apparent 

that the continuity equation for the control volume shown may be writ

ten as 

m - m - m + m (118) 
c e re a 

Each of the components making up the control flow will be con

sidered separately. Mathematical relationships will be developed 
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for each component and then combined to form a relationship for the 

control flow rate. 

Entrained Flow. In determining the entrained component of flow 

it is assumed that conditions on one side of the supply jet are effec

tively isolated from conditions on the other side. Thus flow across 

the jet's centerline does not occur. Under this assumption, the en

trained flow component at any downstream position is the difference 

between the power jet flow from its edge nearest the control port to 

its centerline and the power jet flow at its exit plane from the edge 

nearest the control port to its centerline. This may be written as 

K -1 (S,
d - 4±> (119) 

For large deflection angles, Simson considered the approximate effect 

of the control pressure on the jet's entrainment characteristics. 

However, if only small deflection angles are considered the velocity 

profile of the supply jet may be assumed to be that of a free jet. 

The mass flow rate of the power jet from its centerline to edge at any 

downstream station may be written as 

00 

j m d - h J pu dy (120) 

0 

h in the previous expression represents the jet height. Substituting 

equation (120) into (119) yields the following expression for the en

trained flow at any downstream station: 

oo 

m • h pu dy - m./2 (121) 

0 
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Returned Flow. In determining the return flow, it is necessary 

to consider the position of the control port knife edge as the power 

jet passes. As may be seen from Figure 27, the distance from the jet's 

centerline to the knife edge is z1. The returned flow may be repre

sented by the integral of the jets velocity profile from z1 to °° at a 

location s1 downstream of the exit plane. The returned flow may be 

represented as 

00 

m r e = h j pu dy (122) 

z' 

If small deflection angles of the power jet are considered, expression 

(116) may be substituted for z1 and thus the previous expression be

comes 

m 
re 

00 

f 
i pu dy (123) 

(ye + | tan 6) 

Atmospheric Flow. In Simson"s thesis a general procedure was 

developed to calculate the atmospheric flow, however, this method was 

inconvenient and generally required a separate graphical solution for 

each case being considered. In order to overcome this drawback, and 

still obtain useful information, the analysis was simplified for small 

deflection angles and small knife edge setbacks. As an aid to under

standing the final linearized relationships for the atmospheric flow, 

the more general nonlinear case for the flow inside the jet boundary 

will be reviewed briefly. Upon the conclusion of this summary the 

simplified model will be presented. 



In order to calculate the atmospheric flow component, Simson 

assumed that the half jet flow nearest the control port is initially 

expanded from the nozzle pressure to the pressure in the control port. 

Then as the flow nears the control port edge it is expanded from the 

control port pressure, Pn, to the ambient pressure, P . In the accel-
l m 

erated flow at the port edge, it is possible to apply the momentum 

equation across individual elements of the jet. This implies that it 

is acceptable to assume that the final turbulent shear stresses across 

any element cancel out, so that momentum and pressure produce the only 

net forces on an element. For an individual element the momentum ex

pression which describes the increase in velocity as the jet is 

expanded across the control port edge may be written as 

iV± - Pm) Ay - p |ux| ux Ay (124) 

In determining the atmospheric flow, Simson firstly calculated 

the power jets reduced momentum profile based on the expansion from 

the nozzle pressure to the control port pressure. In this calculation 

it was assumed that the control ports positive pressure diminished 

linearly across the power jets profile. Secondly, the increase in 

velocity resulting from the expansion across the knife edge was calcu

lated. Thirdly, the velocity squared profile of the power jet before 

the knife edge was added to the velocity squared profile resulting 

across the knife edge. Taking the square root of this summation pro

duced the final velocity profile out of the control port. The 

atmospheric flow component is defined as the difference between the 
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final velocity profile out of the control port and the normally expected 

velocity profile. The normally expected profile would occur at the con

trol port knife edge if the control port was removed. 

In order to simplify the analysis, Simson restricted the deriva

tion to both small deflection angles and small control port setbacks. 

The control port pressure for these conditions is small in comparison 

to the supply pressure, thus it may be assumed that the velocity profile 

in the control port is that of the power jet when expanded from the 

nozzle pressure to the ambient pressure. It may also be assumed that 

very little additional atmospheric flow is associated with the small 

increase in velocity through the potential core as the jet passes the 

knife edge. Thus this flow may be neglected. The increase in flow 

outside of the potential core as the jet passes the knife edge, that is 

the atmospheric flow, may be approximated by a triangular profile whose 

width is the distance from the edge of the core to the edge of the jet 

and whose maximum magnitude, which occurs at the edge of the jet, is 

given by expression (124). Based on these assumptions the atmospheric 

flow velocity as a function of distance from the core is 

W-1 
/P, - P_ (y - y 

m c 
yc 

(125) 

y is the distance from the jet*s centerline to the edge of the core. 

The total atmospheric flow component may be determined by integrating 

expression (125) from the edge of the core, y , to the edge of the 

control port, z1; see Figure 27. 



o 

m 

(y + f tan 0) 
r e L 
pua dy (126) 

Since small deflection angles are being considered, expression (116) 

has been substituted for zf. By inserting the expression for u found 
a 

in (125), the atmospheric flow becomes 

(y + j tan 8) , 

m - h 
a • p(Pn - P ) l m 

'y - y, 
r * - dy (127) 

Integrating the previous expression produces 

o 

m 

h ̂ (pl " V (ye + f tm 9 " yc } 

r * -
(128) 

Combined Control Flow Rate. It is now possible to combine the 

previously calculated individual components of the control flow. In

serting expressions (121), (123) and (128) into (118) and simplifying, 

yields the relationship 

m - h 
c 

(y + j tan 6) 
h /p(PrPn) (y + | tan 0 - y c r ~± 

p u d y + _ T i ^ L - e 2 ^ _ ̂ i (129). 
m, 

0 

Since 0 is approximately equal to tan 0 for small angles, the previous 

expression may be simplified by substituting expression (115) for the 

tan 0. Thus the final expression for the control port flow rate is 
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m = h 
c 

y + 
Je 

X <Pi'PJ l m 
2J 

pu dy + 
h /p(P,-P ). 

i m 

x2 

y + 
7e 

(prV 
2 J 

-i 2 

- y, m. 
r * _ 

(130) 

It should be noted that the control flow rate is defined completely in 

terms of the control port differential pressure, the control port geo

metry and the power jet description. The integral relationship in 

expression (130) as well as the jet characteristics are evaluated at s', 

that is the distance downstream of the exit plane where the jet passes 

the knife edge; see Figure 27. By combining equations (107) and (117), 

s' may be expressed for the case of small deflection angles as 

J X 
00 

y (P,-P ) + J J e 1 m « 
(131) 

Simson's Power Jet Description. In calculating the interaction 

characteristics, Simson made use of a power law velocity distribution. 

This profile describes the x-component of velocity for two-dimensional 

incompressible turbulent jet flow. Simson's velocity profile is 

( W/4-|2 
'y - y, l -

Kxx 

y - y. 
; for o < — _ < 1 (132) 

It should be noted that the core region for this model fills the entire 

nozzle at the exit plane of the jet. The distance to the edge of the 

jet from the centerline may be calculated from (132) and is 
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y* « yc + KlX (133) 

Assuming that the jet momentum is conserved, the value of K- is found 

to be 

K± « 1.378 b/xc (134) 

Simson assumed that the power jet could be broken up into two 

separate flow regimes, that is a transition region where a potential 

core existed and an established flow region. The core length, x , for 

the range of Reynolds numbers from 10,000 to 100,000 was considered 

to be 

x « 5.2 b (135) 
c 

The potential core width y varied linearly with x and can be written 

as 

y c - ( i - | - > ! (136) 
C 

In the zone of fully established flow the centerline velocity 

decay was assumed to vary with the -1/2 power of x. 

Jet Impingement Upon a Receiver 

Literature pertinent to the interaction of a jet flow with a 

receiver will be considered in this section. It should be noted that 

this topic has been of recent interest due to its relevance in the de

sign of fluidic devices. 

In a number of fluidic elements; such as the proportional fluid 

amplifier shown in Figure 26, the deflected power jet ultimately impinges 
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upon a receiver section. In this portion of the amplifier the jet's 

velocity profile is converted to an output flow rate and pressure. It 

is thus of interest to determine the flow and pressure characteristics 

resulting from this impingement. The solution to this problem repre

sents a formidable analytic task, since as the jet profile nears the 

receiver it is distorted by the existence of this obstacle. The unknown 

flow field at the inlet to the receiver is a function of the undisturbed 

power jet profile upstream of the receiver section, the receiver's geo

metry and its loading conditions. Serving as a further complication to 

this analysis is the lack of receiver-diffuser performance data for the 

skewed inlet velocity profiles associated with jet flows [28], 

Because of the complexity of this problem, a general solution 

has not been achieved to the pressure and flow recovery resulting from 

the impact of a jet upon a receiver section. However, analyses have 

been made for several limiting cases. These analyses will be reviewed 

in the following sections. 

Analysis of Receiver Performance Under Open Load 
and Blocked Load Conditions 

As an aid to understanding the two limiting cases of the pressure 

and flow emerging from the receiver section, consider the sketch shown 

in Figure 29. In this sketch a deflected power jet is impinging upon a 

stationary receiver. The pressure and flow recovery from the receiver 

are dependent upon the jet's characteristics upstream of the receiver, 

the receiver's geometry and loading conditions. If the receiver's load 

is varied from fully open to fully blocked, with all other parameters 

held fixed, a relationship between flow and pressure recovery is 
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Figure 29. Nonlinear Jet Receiver Interaction Geometry 



101 

established. The limiting points to this relationship are referred 

to as the blocked load and open load conditions, respectively. 

Analysis of Open Load Conditions. In determining the open load 

condition, that is the condition where the receiver's flow rate is a 

maximum and there is no pressure recovery, Simson [27] assumed that: 

1. The presence of the receiver does not affect the power 

jet velocity profile impinging on the receiver opening. 

2. The receiver operates under no-load conditions. 

3. There is no back flow out of the receiver. 

4. The power jet profile at the receiver is that of a 

free jet. 

Simson assumed the mass flow rate through the receiver is equal 

to the mass flow rate of the power jet intersecting the receiver en

trance. This can be expressed as 

' ' m - h I pu dy (137) 

A r 

where h and A represent the receiver's height and normal area to the 

jet, respectively. 

In order to evaluate expression (137), geometrical relation

ships must be developed between the jet profile and the receiver; see 

Figure 29. It will be assumed that the receiver's centerline is 

located on a radius of length x whose origin is the intersection of 

the centerlines of the control and supply ports. It should be noted 

that the deflected power jet also appears to originate from this point 

for the case of small deflection angles. 
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The arc length, &, through which the supply jet is deflected 

at the radical position x is a function of jet deflection angle, 9, 

and may be expressed as 

' I - x 9 (138) 
r 

Although expression (138) defines the deflection of the power jet pro

file at the radical location of the receiver, x , it is obvious that 

the receiver's knife edges in general intersect the power jet profile 

at locations different than, x . For example, in Figure 29 it may be 

seen for a jet deflection angle of 9 = 0 ° the lower knife edge will 

intersect the power jet profile a distance g- downstream of the origin, 

while the upper knife edge intersects the profile at a position h_ 

downstream of the origin. It also may be noted that a reduced pro

jected area of the receiver is seen by the power jet profile under 

this condition. Expressions for g- and h ', the distances of the re

ceiver's lower and upper knife edges, respectively, from the origin of 

the jet, may be determined as 

•l " cos (9 -6) " (d+e) 8ln (V6) (139) 

r 
x 

K " 75—ST - e sin <0 ~0) 
1 cos (0.-0) r 

The reduced projected area of the jet profile on the receiver may be 

expressed as 

A - d h cos (0 -0) (140) 
r r 
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Eliminating the height of the receiver from (140) gives the following 

equation for the reduced frontal length of the receiver: 

d • d cos (0 -0) (141) 

It is obvious that the evaluation of expression (137) using 

the previous expressions for g-, h_ and d would be very tedious. Thus 

in order to simplify the problem, Simson restricted the motion of the 

jet to small deflection angles. He also assumed small receiver offset 

angles and a small receiver inlet area in comparison to the power jet 

exit area. Under these assumptions 

gx - xr (142) 

h_ - x 
1 r 

d * d 
r 

The linearized model of jet and receiver interaction is shown 

in Figure 30. From this sketch it is apparent that the mass flow 

integral given in equation (137) is 

e+d-£ 
f 

pu dy (143) m = h 
r 

e-A 

It should be noted that the centerline of the jet represents the origin 

of the coordinate system in the previous integration. The velocity pro

file of the power jet used in expression (143) is evaluated at a position 

(x +X/2) downstream of the supply jet's exit plane. 



Linearized Jet-Receiver Interaction Geometry 
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For the case of small deflection angles, % may be simplified 

by introducing expression (115) for 6 

x X (Pn-P ) 
I = T j (144) 

oo 

Analysis of Blocked Load Conditions. In determining the blocked 

load condition, that is the case where the receiver pressure is a maxi

mum and there is no flow through the device, Simson also assumed that 

the power jet profile at the receiver entrance is that of a free jet. 

It was further assumed that the gauge pressure at the blocked load 

condition is the average of the total pressure of the power jet over 

the entrance area of the receiver. For incompressible flow this may be 

expressed as 

P -P = £ -B m A 
- r 

f 2 

2 dv (145) 

A 
r 

If as in the previous case the motion of the power jet is 

restricted to small deflection angles and the receiver offset angle 

and inlet area are small, then expression (145) may be reduced to 

/•e+d-A 

PB-P « I 
B m d 2 

e-l 

2 
£2- dy (146) 

Experimental Investigations of the Impingement of 
an Axisymmetric Jet Upon a Receiver-Diffuser 

Reid [29] made a comprehensive investigation of the flow and 

pressure characteristics resulting from the impingement of an 
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axisymmetric jet upon a circular receiver. The centerlines of the recei

ver and supply nozzle were held coincident in this investigation. The 

objectives of this research were firstly to study the flow phenomena 

involved when the nonuniform velocity profile of a free jet intersected 

a receiver section, and secondly to predict the output flow and pres

sure as a function of the jet and receiver parameters. 

As a result of this research, Reid made several suggestions as to 

the design of a receiver in order to obtain optimum pressure recovery. 

It was suggested that a short constant diameter entry section be pro

vided upstream of the diffuser section in order to smooth the nonuniform 

jet velocity profile. The addition of this section was shown to prevent 

premature separation in the diffuser and thus improve overall pressure 

recovery. The best overall included angle for the conical diffuser was 

suggested to be from 5° to 8°. 

Measurements were made of the overall static performance of a 

jet impacting upon a receiver. Shown in Figure 31 is a typical rela

tionship between receiver pressure and flow rate as the downstream load 

conditions are varied. The receivers volumetric flow rate and recov

ery gauge pressure, Q and P , respectively, have been nondimensionalized 

by the volumetric flow rate of the power nozzle, Q~, and the power jet's 

excess pressure above ambient, P_. For the experimental data obtained 

in Figure 31, the power jet1s nozzle diameter was 1.94 inches while the 

receiver's entrance diameter was 3.0 inches. The decrease in blocked 

load pressure recovery, shown in Figure 31 as the nozzle-to-receiver 

spacing is increased, is due primarily to the spreading of the jet and 

the resulting decrease in centerline total pressure. The corresponding 
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decrease in open load flow recovery is also due to the diffusion of 

the free jet. 

Using the analytical techniques proposed by Simson, described 

in the previous sections, Reid calculated the blocked load pressure 

and the open load flow rate for the case found in Figure 31. A com--

parison of the calculated characteristics and the experimental data 

is found in Table 1. This information indicates a significant error 

associated with this analytical technique. The disparity is espe

cially severe at locations near the nozzle's exit plane. 

The calculated blocked load pressure is in poor agreement with 

the experimental data. As a result of this disparity Reid suggested a 

better approximation of the blocked load pressure was the total pres

sure of the jet's centerline at the downstream position of the receiver. 

Reid indicated that this approximation fit the experimental data within 

a maximum error of six percent. 

The calculated values of the open load flow rate were found to 

be significantly lower than those found experimentally. This effect 

was again more pronounced for locations nearer the supply jet. Reid 

attributed this phenomena to the induction of additional ambient air 

into the receiver. 

Reid concluded that for the range of geometrical and operating 

conditions considered, free jet integrations are inadequate in describ

ing limiting points on the pressure-flow curve. It should be pointed 

out, however, that the receiver diameter in Reid's study was large 

compared to the nozzle diameter. As the jet was allowed to spread and 



Table 1. Comparison of Measured and 
Computed Maximum Pressure 
and Flow Recoveries 

N N 
fa) 
w 1 1.130 — 0.409 1.0 

2 1.297 1.94 0.413 1.0 

3 1.375 — 0.405 1.0 

4 1.395 1.89 0.387 0.969 

6 1.344 1.81 0.339 0.728 

8 1.248 1.65 0.282 0.538 

10 1.116 — 0.221 0.390 

12 1.017 — 0.182 0.292 

Subsc r ip t s : 

c - Computed by integrating measured free jet 
(receiver removed) characteristics over 
area equal to receiver entrance area 

e - Experimentally measured with receiver in 
p l a c e • • * 
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obtain a larger size in relationship to the receiver, the technique 

described by Simson more nearly matches the experimental data. 

Analytical Techniques for Jet-Receiver-Diffuser System Static 

Performance Prediction. Reid presented four simplified analyses in 

his thesis to describe the performance of an axisymmetric jet im

pinging upon a circular receiver section. Only cases where the jet 

and receiver centerlines were coincident were considered. In the first 

two of these analyses it is assumed that no jet mixing with the sur

rounding fluid occurs. This assumption limits the application of 

these analyses to positions very near the power nozzle's exit plane. 

The third and fourth of Reid's analyses are based on the rather 

unique concept of a "cowl" or "dividing" streamline. It is assumed 

that a "dividing" streamline exists at the receiver inlet which sepa

rates the flow passing through the receiver and all remaining flow 

which is spilled over. Typical streamlines are sketched in Figure 32 

as they are supposed to occur. Experimental data (radical pressure 

gradient measurements) indicate that streamline curvature changes from 

concave inwards to concave outwards as receiver back pressure is 

lowered. The use of this "dividing" streamline concept offers the ad

vantage of eliminating the need to consider the details of the flow 

patterns at the receiver entrance plane. 

In brief, Reid's analysis of jet receiver interaction using the 

"cowl" streamlines technique would proceed as follows. Firstly, the 

forces and momentum flux in the x-direction can be written on the con

trol volume between a section in the undisturbed free jet hQ and the 
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end of mixing section 2. (It should be noted that since this control 

volume follows the free streamline that no flow passes through the con

trol volume except at sections hfi and 2.) Secondly, an expression for 

the pressure recovery across the area change diffuser section, that is 

section 2 to 3, is determined. Knowing the free jet characteristics, 

the location of h_, the pressure forces on the free streamlines and 

the diffuser characteristics, an expression for flow rate through the 

diffuser as a function of recovery pressure can be determined. The 

drawback of this analysis is determining the position of section h- in 

the free jet and then evaluating the pressure forces exerted on the 

"cowl" streamlines. Unfortunately, no direct method is available for 

determining this information. Reid attempted to establish a data cor

relation to evaluate the location of section hft and the pressure forces 

in the x-direction on the "cowl" streamlines. Although this correlation 

appeared successful for several cases he concluded that insufficient 

experimental evidence existed for its general application. 



CHAPTER I I 

EQUIPMENT AND INSTRUMENTATION 

Experimental Model 

Figure 33 is a sketch of the experimental model with important 

dimensions and features labeled. Included in this sketch is the supply 

port, control port and receiver-diffuser. It should be noted that dur

ing portions of the experimental program the control port and receiver-

diffuser were removed. This was to allow for the investigation of free 

and interacting jet flows. 

Air enters the experimental model's supply port and control 

port through a two inch and one inch diameter pipe, respectively. The 

air then flows through the supply and control port nozzle blocks into 

the model chamber. A four inch diameter pipe allows expulsion of ex

haust air from the downstream end of the model. The one inch square 

steel bars which make up the sides of the experimental model are bolted 

to the 5/8 inch thick aluminum base plate. The supply port and control 

port chambers are similarly bolted to the base plate. A two inch thick 

plexiglass plate which covers the entire surface of the model is held 

tightly against the model's sides with "C" clamps distributed along the 

edges. With the plexiglass cover plate installed, the supply port and 

control port chambers rest against the cover plate and the entire one 

inch thick flow model is sealed from the ambient air. 

A complete two-dimensional traverse of the flow field was ob

tained through the use of a sliding brass bar at the downstream end of 
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the model. The brass bar slides in an aluminum channel which is bolted 

to the edge of the experimental model. The bar was positioned via a 

crank and gear arrangement. Probe access and connections to the model 

from the ambient are achieved through airtight Swagelok fittings in the 

bar and slotted holes through the channel and edge of the model. Longi

tudinal probe traverses were achieved by sliding the probes in and out 

of the model through the Swagelok fittings. Lateral probe traverses 

were accomplished by moving the bar in the channel. 

Positioning of the receiver was accomplished in a similar 

fashion. The two rods which held the receiver were moved in and out 

giving longitudinal movement. Lateral motion was accomplished by mov

ing the bar in the channel. The angle of the receivers inlet in 

relation to the supply port's exit was also variable. This was accom

plished with three hinge-joints. Two hinge-joints were inserted between 

the receiver base plate and the positioning rods. A third hinge-joint 

was inserted in the middle of the upper positioning rod. By moving the 

positioning rods relative to each other, the receiver angle could be 

varied. 

The nozzle blocks used for the supply and control ports were 

identical in design. A representative sketch with pertinent dimensions 

is found in Figure 34. These blocks provide rectangular supply and 

control ports of 0.2 inch width and one inch height or a nozzle aspect 

ratio of five. The throats of these nozzles were in the form of a cyl

inder with a 0.75 inch radius. This design was easily fabricated and 

resulted in a short nozzle flow length, hence, a reduced jet boundary 

layer thickness at the nozzle's exit plane. The back of the nozzle 



Figure 34. Nozzle Block Sketch 
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blocks was cut at an angle of 45°, thus allowing the supply and control 

port centerlines to be positioned at an angle of 90° without producing 

a dead air space between them. 

Figure 35 is a schematic of the receiver-diffuser employed in 

this research with important dimensions and. features labeled. This 

device is of a rectangular geometry with the receiver's side and back 

plates constructed of 7/8 inch thick aluminum. Attached to the side 

and back plates are top and bottom plates of 0.015 inch thick steel 

shim stock. The addition of the top and bottom plates prevents air 

from entering or leaving the receiver except at the devices entrance 

section or exhaust orifice. The receiver was constructed such that the 

top and bottom plates rested against the model's base plate and plexi

glass cover plate, respectively, at the receiver's entrance. The 

devices flow thickness, however, was reduced gradually through the con

stant width entrance section to the 7/8 inch of internal flow thickness 

found in the diffuser section. The region in which the thickness is 

reduced is illustrated in Figure 35 as section A-A. 

A short constant width entrance section was provided upstream 

of the area change diffuser in order to improve receiver performance as 

was suggested by Reid [29]. The included angle of the diffuser was 6°. 

This value is in accordance with suggestions for optimum diffuser per

formance by Kline [28]. 

A variable load was imposed upon the diffuser by modulating the 

distance separating a 3/4 inch circular disk and a 21/32 inch diameter 

hole in the back plate. The separation between the disk and the hole 
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was controlled by turning a rod which was inserted through an airtight 

fitting on the traversing mechanism. This rod drove through a flexible 

shaft to a 6-32 screw which was attached to the disk. 

Static pressure at: the receiver exit was measured by a wall tap 

in the device's side plate. Inserted into the tap is a Swagelok fit

ting and a flexible tube. This tube emerges from the experimental 

model into the ambient through a fitting on the traversing mechanism. 

Figure 36 shows a photograph of the assembled experimental model. 

The plexiglass cover plate which seals the device during testing has 

been removed in order to show the model details more clearly. 

Vacuum Pump 

A very high volumetric displacement vacuum pump was required to 

pull the air through the experimental model at the desired ambient 

pressure. The pump used was a Beach Russ rotary piston vacuum pump 

capable of exhausting 1050 cubic feet of air per minute with atmospheric 

pressure at the pump inlet. The pump was mounted on a metal frame which 

was bolted to a wooden base composed of four inch by six inch timbers. 

A cylinder five feet long constructed of eight inch diameter pipe was 

connected to the pump's input manifold for use as a damper of any suc

tion surges caused by the pump. Two short lengths of three inch 

diameter pipe were welded to the cylinder to provide for the model's 

exhaust flow into the pump. The vacuum pump exhaust flow was carried 

outside the building which housed the experimental equipment by a line 

composed of eight inch diameter pipe and sheet metal ducting. 



Figure 36. Photograph of Experimental Model 
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Support Equipment 

Figure 37 is a schematic of the entire experimental apparatus 

with the major parts labeled. The air entering the apparatus from the 

atmosphere is first filtered and dried in a 30 inch thick bed of silica 

gel found within the desiccator. It is then filtered a second time to 

eliminate any silica gel dust that is swept up from the bed. After the 

second filtering the air flow splits„ One portion goes to the supply 

reservoir and the other to the control reservoir. The mass flow rate 

of each flow is carefully measured by rotameters. These rotameters 

were calibrated using a water displacement procedure and then the cali

bration was checked to insure repeatibility. After leaving the 

respective rotameters the flows passed through banks of metering valves 

into the control and supply reservoir chambers. The supply reservoir 

was constructed of two 34 inch lengths of 10 inch diameter steel pipe. 

Baffles were arranged in the supply reservoir in such a manner that the 

supply air required four passes along the length of the pipe to flow 

through the device. The control reservoir was constructed from a 24 

inch length of eight inch diameter steel pipe. 

The air flowed from the control and supply reservoirs through 

the appropriate nozzles into the experimental model. This air was then 

discharged from the model through a four inch diameter pipe into the 

downstream tank. This tank is similar in shape to a standard cylindri

cal propane tank with domed ends; it's volume is approximately 18 cubic 

feet. The purpose of the tank is to provide a reservoir for the experi

mental model of sufficient volume to permit manual adjustment of the 
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ambient pressure within the model. Located in the side of the down

stream tank was a large bleed valve. This valve allowed injection of 

atmospheric air into the system downstream of the model. 

Following the tank was the downstream control valves. These 

valves consisted of a one inch diameter bellows type vacuum valve con

nected in parallel with a four inch diameter butterfly valve. These 

two valves restrict the flow into the vacuum pump by reducing the 

effective flow area between the model and the pump. 

Ins t rument at ion 

Probes and Sensors 

Found in Figure 38 is a sketch of the probe used to measure the 

static pressure in the experimental model. The design of this device 

was based on a similar probe employed by Miller and Comings [8]. The 

static pressure probe was designed to minimize disturbances in the flow 

model. The probe's head was :Ln the form of a 1/4 inch diameter brass 

disk. This disk was flat on top and receded from the sharp leading 

edge at an angle of 15°. In the center of the disk was a 0.021 inch 

diameter pressure sensing hole. The entire probe head was polished in 

order to reduce flow disturbances. The probe head was soldered to a 

1/16 inch outside diameter, 1/64 inch wall thickness brass tube. This 

small brass tube was soldered to a 1/4 inch diameter brass tube a dis

tance two inches downstream of the probe head. The 1/4 inch diameter 

tube slipped through a Swagelok fitting on the brass bar of the model's 

traversing mechanism and was connected to one leg of a "U" tube mano

meter with flexible tubing. The sensing hole in the probe head was 
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maintained at a position 0.5 inches from the aluminum base plate and 

thus measured static pressure at the centerplane of the experimental 

model. 

Static pressure was sensed in the supply reservoir, control 

reservoir and the experimental model by means of wall taps. The taps 

were constructed by inserting Swagelok fittings into drilled and tapped 

holes. Flexible tubing was employed to connect these pressures to "U" 

tube manometers. 

Shown in Figure 39 is the velocity direction sensor employed in 

this research. The sensor is formed from a 0.1 inch long piece of flat

tened black sewing thread which was tied about a 0.03 inch diameter 

copper wire. The thread was tied such that it could move freely about 

the wire, however, would not slip off. It was maintained at a distance 

between 0.45 inch and 0.55 inch from the experimental model's base 

plate, and thus measured the direction of the velocity vector near the 

centerplane of the model. Soldered to the 0.03 inch copper wire was 

1/16 inch diameter brass tubing. This tubing extended 5.5 inches down

stream where it attached to 1/4 inch diameter brass tubing. The larger 

tubing, which was solder plugged, slipped through a fitting in the 

traversing mechanism. 

The impact probe which was used to obtain total pressure is 

shown in Figure 40. The device is constructed of five inches of 1/8 

inch outside diameter, 1/64 inch wall thickness brass tubing which is 

soldered to 1/4 inch outside diameter, 1/64 inch wall thickness brass 

tubing. The tip of the device is shaped to provide a sharp edge with 
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a 20 included angle. This shape is recommended by Sherman [30] to 

provide the most accurate pressure measurements at low Reynolds number 

conditions. The 1/4 inch diameter tubing slipped through a fitting on 

the traversing mechanism and was connected to one leg of a "U" tube 

manometer by flexible tubing., 

A sketch of the hot film anemometer sensor is shown in Figure 

40. This device was used to measure both steady state and fluctuating 

components of velocity in the experimental study. The tip was a 

Thermal Systems Incorporated Model 20 sensor. It was in the form of a 

cylindrical glass rod 0.065 inch long with a diameter of 0.002 inch. 

The sensing material was a film of platinum which extended a distance 

of 0.040 inch on the sensor. The cylindrical sensor was held in place 

by two gold plated supports of 1/32 inch diameter which extended back 

1/2 inch to the electrical connector. The electrical connector slipped 

through an airtight fitting on the traversing mechanism. It was anti

cipated that the small size of the anemometer sensor would produce a 

minimum flow disturbance. This element was supported 1/2 inch from the 

aluminum base plate and thus measured the flow field at the centerplane 

of the model. 

Static temperature was sensed in the supply reservoir, control 

reservoir and in the experimental model by the thermocouple probe shown 

in Figure 41. These copper-constantan thermocouples were cast in epoxy 

inside 1/4 inch diameter brass tubing. They were inserted into the 

appropriate locations through Swagelok fittings which provided an air

tight seal. 
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Static Pressure Measurements 

"U" tube manometers x*ere employed to measure the static pres

sure in the supply reservoir, control reservoir and in several pressure 

probes. The manometer indicating fluid is red Meriam manometer oil 

which has a specific gravity of 1.0.4. It is a very low vapor pressure 

indicating fluid and thus is suitable in high vacuum applications. One 

leg of each manometer was connected to the appropriate location on the 

experimental apparatus while the other leg was connected to the model. 

This established the static pressure in the experimental model as the 

reference for these differential pressure measurements. The static 

pressure in the model was determined by two methods, depending upon 

its magnitude. A calibrated McLeod gauge was employed to measure the 

model's absolute pressure for values of less than one mm. hg., while 

an absolute "U" tube manometer was used for pressures above one mm. hg. 

One leg of this absolute manometer was connected to the experimental 

model and the other to a low pressure reservoir. A small vacuum pump 

was utilized to maintain this reservoir at approximately 0.05 mm. hg. 

Several safety features were incorporated into the pressure 

measuring system to prevent the discharge of manometer oil into the 

experimental apparatus as a result of mechanical failure or improper 

procedure. Traps were inserted into the flexible tubing which ran from 

the manometers to the experimental apparatus. These devices were de

signed to prevent manometer oil from being discharged into the system. 

Valving was provided on the absolute "U" tube manometer which vented 

across the manometer legs and disconnected the small vacuum pump from 
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the circuit during experimental apparatus start up and shut down 

transients. 

A cathetometer was used to measure the differential height in 

the oil columns of the "U" tube manometers. This device was located 

on a table in front of and approximately three feet away from the 

manometer board. A lighting system was provided upon the manometer 

board to establish proper illumination for these optical measurements. 

A photograph of the static pressure measurement equipment is found in 

Figure 42. 

Anemometer Support Equipment 

Electronic support equipment for the hot film anemometer in

cluded a Thermal Systems Incorporated Model 1050 constant temperature 

anemometer module. This module included the electrical bridge, vari

able control resistor, voltage readout and output voltage signal 

conditioner. A Thermal Systems Incorporated Model 1060 true rms volt

meter was used in connection with the basic module for measurements of 

turbulent fluctuations. An oscilloscope was employed along with a 50 

Hertz low pass filter and a voltage potentiometer to measure the steady 

state component of velocity at low density levels. A photograph of the 

anemometer support equipment used in this research is found in Figure 

42. 

Static Temperature Measurements 

Static temperature measurements were made via copper-constantan 

thermocouples. The output voltages from these devices were connected 

through a thermocouple switch to a potentiometer circuit. The cold 
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junction of this circuit was maintained at 32°F in an ice bath, 

Temperatures were computed with standard thermocouple tables. 



CHAPTER III 

PROCEDURE 

Preliminary Considerations 

The experimental investigation was divided into three segments 

which consisted of free jet: studies, jet interaction studies and stud

ies of the interaction of a jet upon a receiver-diffuser. Before these 

investigations were conducted, however, extensive checks and calibra

tions were performed on the experimental apparatus. The first step of 

these checkout examinations consisted of testing for leakage under posi

tive pressure. This was accomplished by sealing, the system from the 

supply and control rotameter inlets to the downstream control valves 

and then pressurizing the apparatus. A solution of soap and water was 

applied to all joints and seals of the experimental equipment. The 

formation of bubbles indicated leaks which were subsequently repaired 

with either Glystol or Apiezon Q sealant. 

After all detectable leaks in the experimental equipment were 

eliminated in the previously described fashion, tests were performed 

to determine the magnitude of the leakage remaining. This was accom

plished by evacuating individual elements through a line containing an 

airtight valve. After sufficient outgassing time the line was sealed 

and the rise in pressure as a function of time was determined by a 

mercury filled "U" tube manometer. From the calculated volume of the 

element and the observed rise in pressure with time, the maximum leakage 
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of important portions of the experimental apparatus was determined. 

The leakages in the control and supply reservoirs from the respective 

—8 rotameters to the model were determined to be 1.08 x 10 lbm./min. and 

1.49 x 10 lbm./min., respectively. These flow rates represent approxi

mately 0.01 percent of the minimum flow rates which passed through these 

reservoirs in the experimental study. The leakage rate in the experi

mental equipment from the inlet of the control and supply rotameters to 

the downstream control valves was determined to be 2.79 x 10~ lbm./min. 

This represents 2.2 percent: of the minimum flow rate through the supply 

port in this investigation,, It should be noted that the majority of 

this flow was located within the traversing mechanism at the downstream 

end of the model. This fact was ascertained by temporarily sealing the 

traversing mechanism and then observing the reduced leakage rate. The 

leakage in the traversing mechanism was considered acceptable in this 

research since its magnitude was small and it was located well down

stream of the supply port. 

Preliminary investigations were made to insure the accuracy of 

the various manometers and the McLeod gauge. The first step of this 

procedure was to check the glass portions of these devices for leaks 

while under a vacuum with an electrical discharge detector. The instru

ments were then checked for leaks by pressurizing and applying a soap 

and water solution to all connections. Upon the successful completion 

of this procedure, both legs of the "U" tube manometers were connected 

to a common pressure point and then evacuated to a low pressure. The 

cathetometer was then employed to insure that no differential oil column 

'Hli in! ill ti'i 



existed. This was achieved for each manometer to within the accuracy 

of the cathetometer which is 0.05 mm. of indicating fluid. The McLeod 

gauge, which was previously calibrated, was checked against the abso

lute "U" tube manometer to insure its calibration. 

The temperature and pressure probes were checked before the 

experimental investigations were conducted. The temperature probes 

were calibrated at room temperature and at the boiling temperature 

of water to insure their accuracy. The three probes were found to in

dicate the same temperature to within 0.5°F under these conditions. 

The static pressure and the impact pressure probes were checked for 

leakage by pressurizing these devices while immersed in a liquid bath. 

Calibration of the Anemometer and 

Associated Instrumentation 

Two devices were considered before a hot film anemometer was 

chosen to measure the flow field in this research. A corna discharge 

probe which operates on the principle of varying drift speeds of ion

ized gas between charged electrodes was considered. This device was 

not employed because it had been previously demonstrated to have an 

unpredictable useful life. [Standard impact and static pressure probes 

were initially considered since they are easy to construct and normally 

required no calibration. In this research, however, several disadvan

tages were associated with this method of measuring velocity. Firstly, 

this method only provides information on the steady state components of 

velocity in the flow field. Secondly, under the low Reynolds number 

conditions of this research the probe would have to be calibrated to 



provide accurate steady state velocity measurements. In order to 

measure the velocity at a point in the flow field of the jet, the im

pact probe must be necessarily small in comparison to the jet. A 

small probe operating at the conditions encountered in this research 

would be at a very low Reynolds number. Sherman [30] has shown that 

calculation of velocity from inviscid perfect gas relationships for the 

probe shown in Figure 40 are in error for Reynolds numbers less than 

approximately 70 based on free stream conditions and probe diameter. 

The hot film anemometer was ultimately chosen due to its small 

size and consequently minimum flow restriction, its ability to be used 

in the continuum through free molecular flow regime, and its capability 

to measure both steady state and fluctuating components of velocity. A 

hot film sensor was chosen over a hot wire sensor element due to its 

demonstrated strength, stability and life which outweighed its reduced 

sensitivity. The disadvantage of the anemometer system is the neces

sity for accurate calibration. 

The calibration of the anemometer is necessary since the device 

measures the heat transfer from a sensing element which is suspended in 

the flow field. The heat transfer from the sensor is in general a func

tion of a number of variables, however, for the case of a fixed sensor 

geometry, sensor temperature,, air stagnation temperature and ambient 

pressure the heat transfer is only a function of velocity for a single 

gas. In the calibration and subsequent research a single anemometer 

sensor which was maintained at a constant temperature was employed. 

The measured value of the total temperature in the gas was found to be 
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essentially constant for an experimental run. However, over a period 

of several months the total temperature was found to vary less than 5°F 

about the value 72°F. The device was subsequently calibrated with 

respect to the previous constraints to provide a voltage signal which 

is a function of velocity at a fixed ambient pressure. Calibration data 

were taken for model pressures of approximately 0.51 mm. hg., 1.0 mm. 

hg., 2 mm. hg., 5 mm. hg., 10 mm. hg. and 20 mm. hg. These pressures 

were maintained constant during the calibration studies and subsequent 

research to a maximum pressure variation of ±0.0115 mm. hg. 

Calibration of the device consisted of determining the voltage 

drop across the sensor as a function of a known velocity for the pre

viously mentioned conditions of a fixed gas, sensor, stagnation tempera

ture and model pressure. The velocity field used for the calibration 

was the undisturbed jet flow issued from the model's supply port. The 

anemometer was inserted into this flow at a position of known velocity 

and the voltage from the device measured. Two different methods were 

employed to determine the velocity of points in the field for the cali

bration procedure. The first: method used the impact tube shown in 

Figure 40. The second consisted of determining the velocity of the 

core region from the pressure ratio and stagnation temperature by using 

inviscid perfect gas relationships. 

At several intervals in the research the anemometer calibrations 

were checked. No detectable shift in the calibrations was detected by 

this procedure. A complete description of information pertinent to the 

anemometer calibration is given in Appendix A. 
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Experimental Procedure 

Prior to each experiment the brass bar and the aluminum channel 

of the traversing mechanism were covered with a thin layer of vacuum 

grease. If the plexiglass cover plate had been removed between experi

ments, it was resealed. This was accomplished by first cleaning and 

then coating with a thin l2Lyer of vacuum grease the plexiglass plate 

and one inch ridge upon which it rested. The cover plate was then 

attached firmly to the model with "C" clamps. 

The initial step of each experimental run was to evacuate the 

apparatus to a low absolute pressure. This was required to eliminate 

accumulated moisture and contamination from the apparatus. During this 

procedure no air was allowed to flow through the control valves and 

thus the system was at a common pressure. The "U" tube manometers were 

checked with the cathetometer during this period to insure that no dif

ferential oil columns were present. The seal between the plexiglass 

cover plate and the model was also checked visually to insure no leak

age paths into the apparatus had developed. 

Upon the completion of an outgassing period of sufficient length 

to obtain a low system pressure, the experimental flow was established. 

The first step of this procedure was to allow a large quantity of flow 

through the bleed valve (in comparison to the flow through the supply 

and control ports) into the downstream tank. The downstream control 

valves were then adjusted until the proper model ambient pressure was 

obtained. The upstream valves were subsequently opened and the proper 

conditions were established across the supply and control ports. The 
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introduction of flow throug;h the supply and control valves slightly 

upset the model pressure and thus readjustment of the model pressure 

with the downstream control valves was required. Upon the establish

ment of the proper flow conditions, the pressures in the apparatus were 

monitored for approximately one hour to insure steady state had been 

achieved. 

Free Jet Investigations 

The absolute pressure in the experimental model and the differ

ential pressure across the supply nozzle were used in this investigation 

to establish the flow conditions of the free jet. The model pressure 

was monitored during the course of an experiment and maintained constant 

by manually adjusting the system's downstream control valves to within a 

maximum pressure error of ±0.0115 mm. hg. The differential pressure 

across the supply port was maintained constant during an experimental 

run to within ±0.0038 mm. hg. by manually adjusting the flow rate through 

the upstream control valves. 

Static Pressure Measurements in the Free Jet. Measurements were 

made of the static pressure in the experimental jet flow with the probe 

shown in Figure 38. The validity of the probe's readings was checked by 

utilizing three 3/32 inch wall pressure taps in the aluminum base plate. 

The differential pressure between the jet and the model was obtained 

with an oil filled "U" tube manometer. A cathetometer with an accuracy 

of approximately 0.05 mm. of oil was utilized to measure the differen

tial oil column height. A second cathetometer was used to measure the 

lateral position of the probe's sensing hole in relation to the supply 
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jet's nozzle blocks. Longitudinal position of the probe was controlled 

by markings on the aluminum base plate. The lateral position measure

ments of the probe are accurate to within an estimated accuracy of 0.05 

mm. 

Velocity Direction Measurements in the Free Jet. Measurements 

were made of the direction of the velocity vector with the probe shown 

in Figure 39. The angular deflection of the probe's sensor was deter

mined optically with a projector and a cathetometer. The projector was 

attached to the experimental model's cover plate. The cathetometer was 

used first to measure the lateral position of the probe with respect to 

the nozzle blocks, and then the hairline on the instrument was aligned 

with the probe's sensor. The hairline image was transferred to the 

projector where the differential angle from normal was measured. The 

estimated error associated with this procedure is approximately 1/2° of 

angle. The estimated error in the lateral position measurement of the 

sensor is approximately 0.05 mm. 

Fluctuating and Steady State Velocity Measurements. The steady 

state and fluctuating components of velocity in this study were mea

sured with the anemometer sensor shown in Figure 40 and associated 

electronic instrumentation. The lateral position of the sensing element 

was obtained with a cathetometer to within an expected accuracy of 0.05 

mm. The longitudinal position of the probe was controlled optically 

with reference to marks on the aluminum base plate. The calculation of 

steady state and fluctuating components of velocity from anemometer data 

and an analysis of the uncertainty associated with these measurements is 
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described in Appendix B. The uncertainty analysis indicated the 

maximum uncertainty in the measurement of the mean velocity is 22.31 

ft./sec. This uncertainty represents approximately three percent of 

the maximum velocity measured at that pressure level. The maximum per

centage uncertainty in the fluctuating component of velocity which is 

reported in this investigation was computed to be 8.18 percent. 

Jet Interaction Investigation 

The absolute pressure in the experimental model and the differ

ential pressures across the supply and control port nozzles were used 

in this study to establish the flow condition. The absolute pressure 

in the experimental model was monitored and maintained constant during 

an experimental run to within a maximum pressure error of ±0.0115 mm. 

hg. The differential pressures across the supply port and control port 

were maintained constant by manual adjustment of the respective flow 

rates to within ±0.0038 mm. hg. 

Studies were made of the velocity profiles, direction of the 

velocity and the static pressure distribution in the jet which resulted 

from the interaction of the supply and control port flows. These mea

surements were made using the same procedures discussed in the free jet 

investigation. 

Jet Interaction with a Receiver-Diffuser 

The experimental equipment in this portion of the research was 

identical to that in the jet interaction investigation except for the 

addition of the receiver-diffuser shown in Figure 35. The flow condi

tion in the model was established based on the model*s absolute pressure 
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and the differential pressure across the control and supply ports. The 

receiver's downstream position and angular offset from the centerline 

of the supply port were determined optically with relation to marks 

scribed on the model's base plate. The uncertainties in these linear 

and angular positions are estimated to be 0.01 inch and 0.5 degrees of 

angle, respectively. 

Measurements were made of the static pressure in the receiver 

by a wall tap which was connected to an oil filled "U" tube manometer. 

These measurements were obtained for various combinations of diffuser 

loadings, deflected jet conditions, receiver setbacks and receiver 

offset angles at prescribed values of absolute model pressure. The 

loading conditions on the receiver were obtained by modulating a flat 

disk on a hole. The load was varied in discrete turns of the disk and 

was precisely determined by alignment marks on the disk and receiver. 
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CHAPTER IV 

FREE JET EXPERIMENTS 

Experimental Data 

A complete collection of the experimental data which describes 

the structure of a free jet in the low Reynolds number compressible flow 

regime is presented in Appendix C. These data include time-average and 

fluctuating velocity measurements for 15 flow cases as well as static 

pressure and velocity vector measurements for several conditions. Rey

nolds number and Mach number based on the measured state at the center-

line of the nozzle's exit plane and nozzle width are employed to 

describe the flow conditions in this research. The expressions used to 

calculate these nondimensional parameters along with a sample calcula

tion are presented in Appendix C. 

Free Jet Structure 

The Reynolds and Mach number range of the present investigation 

is compared to those of previous studies of two-dimensional free jet 

flows in Figure 43. The flow regime considered in this research is 

bordered by both the high Reynolds number turbulent jet studies of 

Miller and Comings [8] and Olson and Miller [13] as well as the low 

Reynolds number laminar jet investigations of Chanaud and Powell [18]. 

It is interesting to note that the impact pressure studies of Anderson 

[21] overlap a portion of the present experimental regime. In the next 

section a qualitative description will be made of the jet's flow 
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structure in the low Reynolds number compressible flow regime. Upon 

the completion of this description, data from this regime will be com

pared to data from previous investigations as well as analytical 

expressions for the limiting cases of laminar and turbulent plane jet 

flow. 

A general description of the jet's flow structure in this regime 

may be made by considering the experimental data presented in Figures 44 

through 48. In Figure 44 a plot of jet centerline velocity as a func

tion of downstream position is presented for four flow cases. Profiles 

of the time-average and fluctuating components of velocity for several 

downstream stations for these same conditions are presented in Figures 

45 through 48. These data illustrate the change of the flow structure 

as lower Reynolds number conditions are approached. 

The data from this investigation demonstrate the importance of 

the turbulent mechanism on the structure of a free jet in this flow 

regime. This effect may be illustrated by examining the centerline 

velocity decay and profile spread rate for several flow conditions as a 

function of the growth and intensity of the turbulent shear layer. Fig

ures 44 and 45 show the characteristics of a flow with a Reynolds number 

of 546 and a Mach number of (9.183. Two separate and symmetric turbulent 

shear layers are found near the nozzle exit plane in Figure 45 for this 

flow condition. The root mean square velocity measurements indicate 

these shear layers are rather narrow and of low turbulent intensity. The 

shear layers are shown to spread in the downstream direction while the 

turbulent intensity remains low until the layers intersect. After 
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intersection the intensit}^ of the turbulent fluctuations grows rapidly. 

The effect of this rapid growth is observed in the increased decay rate 

of the centerline velocity and the increase in the width of the velocity 

profile. The centerline velocity decay characteristics of this flow 

condition are similar to that of a turbulent jet; that is a long core 

region followed by a sharp transition to rapid centerline velocity decay. 

It is interesting to note that the turbulent shear layers have met up

stream of the vertex of the potential core which is located approxi

mately six nozzle widths downstream of the exit plane. Relatively 

thick boundary layers are found on the nozzle walls for this condition 

and make up approximately 15 percent of the flow area at the exit plane. 

The characteristics of a flow condition where the Reynolds num

ber is 325 and the Mach number is 0.426 are presented in Figures 44 and 

46. It can be observed in Figure 46 that the spread and increase in 

intensity of the turbulent shear layers is much slower for this condi

tion in comparison to the previous case. For this lower Reynolds number 

condition the boundary layers at the nozzle exit are thicker and conse

quently the core length is shorter. Beyond this short core regime is a 

region of low turbulence, and consequently a region of gradual center-

line velocity decay and slow velocity profile spread rate. The turbulent 

shear layers are found to meet a short distance beyond 10 nozzle widths 

downstream and grow rather rapidly in intensity following this point. 

This rapid shear layer growth resulted in a much higher rate of center-

line velocity decay in this region. Although this free jet possesses 

turbulent shear layers, the centerline velocity characteristics are 



153 

quite different from that: of a turbulent jet flow at high Reynolds 

number as described by Miller and Comings [8], That is the <;ore region 

is much shorter and is followed by a long transition regime before 

rapid centerline velocity decay rate is attained. 

The characteristics of a still lower Reynolds number condition 

are presented in Figures 44 and 47. Figure 47 illustrates that no tur

bulence was discovered at the nozzle exit plane. Hot film surveys 

indicated that turbulence developed to a detectable Intensity at a 

point downstream between three and six nozzle widths. The turbulent 

shear layers were found not to intersect within 20 nozzle widths of the 

exit plane and were found to be of low intensity and slow growing. The 

low turbulent intensity level in this jet results in both a rather grad

ual centerline velocity decay rate and a slow profile diffusion rate. 

It is interesting to note that a pronounced change of centerline velo

city slope does not occur within 20 nozzle widths of the exit plane. 

This pronounced slope change was associated with the formation of highly 

turbulent shear layers in the prior flow cases. For this condition the 

boundary layers were found to have met at the nozzle exit plane and thus 

no potential core existed. The free jet1s centerline velocity decay 

rate is not characteristic of either a laminar or a turbulent jet. Al

though turbulence exists in this jet, it is not of sufficient intensity 

to produce the high centerline velocity decay rates associated with the 

previous cases. 

The characteristics of a very low Reynolds number condition are 

presented in Figures 44 and 48. No turbulence was detected in this jet 
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flow within 20 nozzle widths of the exit plane. The steady state 

velocity profiles indicate the boundary layers have met in the nozzle 

and thus no potential core exists. The slowly decreasing value of 

centerline velocity is somewhat similar to that observed in the pre

vious case, however, the rate is larger. The flow structure encoun

tered at this condition is laminar and appears very similar to that 

reported by Chanaud and Powell [18]. The centerline velocity decay 

rate appears to be approaching asymptotically that predicted for a 

laminar incompressible plane jet. 

Comparison of Experimental Data 

to Previous Studies 

In the following section a comparison is made of the jet's flow 

structure in the presently investigated regime to analytical theories 

and data from previously investigated flow regimes. This comparison is 

divided into considerations of both time-average and fluctuating jet 

parameters. 

Characteristics of the Steady State Velocity Profiles 

Centerline velocity decay data from the present research are 

presented in Figure 49. These data represent the approximate limiting 

states in terms of Reynolds number which were investigated. Shown for 

comparison are data from the turbulent incompressible flow regime by 

Miller and Comings [8] and the laminar incompressible flow regime by 

Chanaud and Powell [18]. 

A comparison of the high Reynolds number case from the present 

research to data from Miller's investigation indicates the characteristics 
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are rather similar. That is both exhibit a long core region followed 

by a regime of rapid centerline velocity decay. The case from the pre

sent research, however, exhibits both a slightly longer core region and 

a longer transition region to fully developed turbulent flow. A com

parison is made in Figure 49 of the present high Reynolds number flow 

case to the centerline decay rate predicted for a turbulent incompres

sible plane jet; see expression (45). This comparison demonstrates the 

-1/2 present data approaches the predicted decay rate, proportional to x , 

approximately 15 nozzle widths downstream. An unexpected steep decay 

rate is observed for this flow case between approximately 10 and 15 

nozzle widths downstream of the exit plane. The data of Miller does not 

exhibit this phenomena. A possible explanation for this pronounced de

cay rate is the loss of two-dimensional flow in the experimental jet. 

A check of the velocity profiles in this region with the anemometer 

indicated the boundary layers from the top and bottom plates of the 

apparatus were relatively thick. The velocity profile data also sug

gested a slight loss of momentum in the direction of flow for this region 

which again indicated the flow was becoming three-dimensional. 

A comparison is made in Figure 49 of a low Reynolds number case 

from the present research to a set of data with approximately the same 

Reynolds number from the research of Chanaud and Powell [18]. These 

centerline velocity data are again rather similar. It should be noted 

that the reported Reynolds number of 68 for Chanaudfs data is based on 

flow rate and thus the Reynolds number based on centerline velocity at 

the nozzle exit would be somewhat larger. The centerline velocity decay 
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rate for both the present case and that of Chanaud would appear to 

approach asymptotically that predicted for a laminar incompressible jet; 

see equation (84). The general trend exhibited by low turbulence level 

cases from the present research, that is the centerline velocity decay 

rate decreased with higher Reynolds number conditions, was also in 

qualitative agreement with ChanaudTs results. 

Centerline velocity decay and jet width data from the research 

of Anderson [21] are compared in Figure 50 to data from the present in

vestigation. A good quantitative comparison is difficult to make 

between these two studies since only two conditions considered by 

Anderson are within the range of the present experimentation. As may 

be seen from Figure 50, the centerline velocity decay characteristics 

for these two studies at approximately the same Reynolds and Mach num

ber conditions are quantitatively different. A qualitative comparison 

of the data from the two studies, however, demonstrates many similar 

trends. Firstly, the core length is shown to obtain a maximum value 

at an approximate Reynolds number based on centerline conditions of 700. 

For lower Reynolds number conditions the core length decreases rapidly. 

The present data also indicate the core length decreases with Mach num

ber. This effect was not indicated by Anderson's data, however, it was 

demonstrated for the studies of compressible turbulent jets by Olson and 

Miller [13]. Secondly, lower Reynolds and higher Mach number flow condi

tions decrease the centerline velocity decay rate for positions beyond 

the potential core. The present investigation demonstrates this effect 

is the result of such conditions retarding the growth of the turbulent 
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shear layers in the jet. For very low Reynolds number conditions, 

however, this trend is reversed. In such cases the flow is laminar and 

consequently the higher momentum of the larger Reynolds number jet pro

duces a reduced centerline velocity decay rate near the nozzle exit. 

Jet width data which again represent the approximate limiting 

conditions for the present research are presented in Figure 51. Also 

shown for comparison are data from the research of Miller and Comings 

[8] and Chanaud and Powell [18]. The jet width, b , represents the 
m 

lateral distance from the centerline to the position where the dimen-

sionless velocity u/u is equal to 0.67. 

A comparison may be made by referring to Figure 51 between a 

high Reynolds case from this research to data from Miller and Coming's 

study. These data demonstrate the essential absence of jet spread for 

the present case up to 10 nozzle widths downstream. This is in quali

tative agreement with Figure 49 which indicates the centerline decay 

rate is much lower in comparison to Miller's data up to this position. 

The narrower jet width for the present case near the nozzle exit is 

an indication of the thick nozzle boundary layers. 

The comparison of a low Reynolds number case from the present 

study and data from the research of Chanaud and Powell again indicates 

rather similar characteristics. It is interesting to note that the 

case from the present research has both a higher nondimensional center-

line velocity and a wider nondimensional profile width at a common 

distance downstream of the exit plane. A plausible explanation for 

this observation is that Chanaud's jet emerged from a long channel while 
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the present study employed a nozzle. The jet flow emerging from a 

nozzle could be expected to have a greater portion of the profile at a 

higher velocity due to the decreased drag effect of the nozzle. It 

thus could have a wider nondimensional jet width and still be expected 

to have a slower centerline decay rate as a result of its higher momen

tum. A comparison of the jet's spread rate to that predicted for 

2/3 laminar incompressible flow, that is spread rate proportional to x , 

demonstrates the low Reynolds number case from the present research 

appears to be approaching but has not attained this relationship at a 

distance 20 nozzle widths downstream. 

Jet width data from the present research and that of Anderson 

[21] are presented in Figure 50. These data again exhibit quite dif

ferent characteristics. Anderson's data demonstrate essentially no 

spread rate in the region from two to seven nozzle widths downstream 

of the exit plane while data from the present investigation reveal a 

large spread rate in the same regime. The centerline velocity decay and 

spread rate parameters of Anderson's jet exhibit the same general char

acteristics found in higher Reynolds number cases in the present 

research. This may be observed by comparing the data from a case where 

the Reynolds number is 546 and the Mach number is 0.183 to that of 

Anderson; see Figures 49 and 51. A possible explanation of the dissimi

lar jet characteristics shown in Figure 50 at approximately the same 

flow conditions could be the nozzle geometries used in these two inves

tigations. Anderson's experimental nozzle had a width of 0.2 inch with 

an aspect ratio of five as was the case in the present research. The 
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converging section of his nozzle was formed by two 0.25 inch radial 

sections while the nozzle from this research was formed by two 0.75 inch 

radial sections. The longer converging flow sections for the present 

research could be producing thicker boundary layers at the nozzle exit 

plane. These thicker boundary layers could explain the characteristics 

exhibited by Anderson's jet in Figure 50 which are similar to charac

teristics of higher Reynolds number cases in the present research. 

Measurements of the time-average component of velocity in the 

x-direction demonstrated two distinct flow conditions existed in the 

low Reynolds number compressible flow regime. The jet was found to 

possess a potential core for relatively high Reynolds number conditions 

while in low Reynolds number cases the boundary layers had met in the 

nozzle and no core existed. In either of. these situations the time-

average velocity profiles outside of the core, if it existed, could be 

fitted to a Gaussian distribution. This profile was found to fit the 

experimental data as near as 0.25 nozzle widths from the exit plane. 

Shown in Figure 52 is a typical set of time-average velocity data fit

ted to a Gaussian profile. The investigations of Miller and Comings 

[8], Chanaud and Powell [18] and Anderson [21] also indicated the steady 

state velocity profiles could be fitted to a Gaussian distribution. 

In the regime where a core existed, its width was found to de

crease in proportion to the distance from the nozzle exit plane. This 

is in agreement with the analytical result for a two-dimensional incom

pressible turbulent free jet boundary; see equation (42). The decay of 

1/2 
the potential core in proportion to x rather than x , as is predicted 
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for a two-dimensional incompressible laminar free jet boundary; see 

equation (82), may be explained by the observation that in any case 

where a core was detected there also existed turbulence in the mixing 

zone near the exit plane. In flow cases where the jet was laminar near 

its exit plane, the boundary layers had met in the nozzle and no core 

existed. 

Characteristics of Fluctuating Velocity Profiles 

A comparison is presented in Figures 53 and 54 of fluctuating 

velocity profiles from the present research to similar data reported 

for a plane turbulent incompressible jet by Miller and Comings [8], 

These data again illustrate the effect of the lower Reynolds number 

conditions which were encountered in this research upon the formation 

and growth of the turbulent shear layers. Presented in Figure 53 are 

fluctuating velocity profiles for several positions within the potential 

core. These parameters are nondimensionalized by the velocity at the 

centerllne of the nozzle exit plane, un, and the nozzle width, b, 

respectively. A comparison of these data, demonstrates a more rapid 

growth of the turbulent shear layers in the high Reynolds number flow 

case investigated by Miller. The position at which the turbulent in

tensity is a maximum lies closer to the jet centerllne for the present 

research. This is an indication of the thick boundary layers occurring 

for the present flow cases., 

Data illustrating the growth of the turbulent shear layers in 

the regime of flow beyond the potential core are presented in Figure 

54. The fluctuating velocity component and distance from the centerllne 
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in this figure are nondimensionalized by the appropriate centerline 

velocity, u , and the jet width parameter, b , respectively. These data 

demonstrate the lower Reynolds number conditions considered in the pre

sent research retard the growth of the turbulent shear layers. Figure 

54 indicates for a flow condition where the Reynolds number is 255 and 

the Mach number is 0.761 the turbulent shear layers have not met within 

10 nozzle widths of the exit plane and are of low intensity. As the 

Reynolds number is increased to 325 at a Mach number of 0.426 the tur

bulent shear layers appear t:o have spread, however, the intensity of 

the fluctuations is still small. At a still higher Reynolds number 

condition of 546 and at a Mach number of 0.183 the turbulent shear 

layers have met at six nozzle widths downstream. The fluctuating velo

city profiles for this condition are very similar in shape to those 

reported by Miller, however, the intensity of the turbulent fluctua

tions is of a lower magnitude. 

The research of Miller indicates the position of maximum inten

sity in the fluctuating velocity profile is approximately at y/b equal 

to one. That is the point in the steady state velocity profile where 

the velocity is 67 percent of its centerline value. This point corres

ponds approximately to the inflection point in the time-average velocity 

profile. Data from the present research agree with this conclusion 

within experimental uncertainty. 

Transition to Turbulent Flow 

Turbulent transition data from the present research and the in

vestigations of Andrade [17] are presented in Figure 55. This figure 
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presents for several flow cases the locus of local Reynolds and Mach 

number conditions as the plane jet passes through a fluid at rest. The 

local Reynolds and Mach numbers are defined as 

p u b 
R - — ; M - u /c (147) 
e y c \J-T// 

b In the previous expression is the distance from the edge of the jet's 

core to the point where u/u =0.67. In the cases where no core exists 
c 

b is measured from the jet's centerline. The calculation of p, y and 

c is based upon conditions at the jet's centerline. 

Experimental data points in Figure 55 which are open indicate 

states at which no turbulcmce has been detected in the jet as opposed to 

darkened data points which indicate the presence of turbulence. The 

existence of turbulence was ascertained in the present research by hot 

film anemometer measurements. In the research of Andrade turbulence was 

detected by injecting dye into the experimental water jet and observing 

the resulting flow patterns. The point at which the dye pattern began 

to break up is interpreted as the state sit which turbulence existed in 

the jet. 

A correlation between the growth of the turbulent shear layers 

and the locus of local Reynolds and Mach number conditions can be made 

with reference to Figures 53 through 55. These data demonstrate that 

turbulent flow conditions in which the local Reynolds number increases 

slowly exhibits a comparable slow growth of the turbulent shear layers. 

This may be illustrated by considering the states shown in Figures 54 

and 55 where the Reynolds numbers are 255 and 546 and the Mach numbers 
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are 0.761 and 0.183, respectively. This trend agrees qualitatively 

with Curie's [23] analysis of the stability of a plane incompressible 

jet, that is higher local Reynolds number flows are more unstable to 

disturbances. 

The approximate locus of states separating the completely lam

inar region of flow from the conditions which exhibit turbulent fluctua

tions is presented in Figure 55. These data indicate the transition 

point for a laminar incompressible plane jet occurs at a local Reynolds 

number of approximately 60. This condition is approximately and order 

of magnitude higher than reported by Curie for complete insensitivity 

to disturbances of any wave length. The locus of transition Reynolds 

numbers presented in Figure 55 is found to increase with Mach number. 

This trend agrees with the analysis of Pai [24]. Pai's analysis indi

cated for a local Mach number exceeding 2.5 the flow is stable to all 

disturbances. This hypothesis could not be checked since only subsonic 

flows were investigated. The shape of the transition locus, however, 

did not exclude such a phenomena. 

Static Pressure and Velocity Vector Distributions 

Representative static pressure profiles from the present inves

tigation are compared in Figure 56 to results from the research of Miller 

and Comings [8]. The parameter (P-P ) in this figure represents the 

variation from the static pressure at rest in the experimental model. 

Surveys of positions nearer than three nozzle widths of the jet's exit 

plane were not possible in the present research. This was due to the 

relatively large static pressure probe which tended to block the nozzle 
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when near. Positive static pressures reported by Miller for positions 

near the nozzle exit were not detected at the nearest plane of investi

gation in the present research. Figure 56 demonstrates the static 

pressure distributions reported by Miller in ,the developed regime of 

flow are very similar in shape to the profiles obtained in the present 

research. The pressure distributions from this investigation, however, 

are of a larger nondimensional magnitude at a common downstream dis

tance. 

The experimental data in Figure 56 demonstrate the jet's longi

tudinal momentum is much larger than the jet's unbalanced static pressure 

-2 

force. By integrating the quantities pu and (P-P ) over their respec

tive profiles it is determined that the maximum unbalanced static 

pressure force shown in this figure is approximately 3.54 percent of the 

respective longitudinal momentum force. The assumption of conservation 

of momentum in the longitudinal direction would thus appear to be a 

valid approximation. 

Investigations of the low Reynolds number compressible flow 

regime demonstrated the jet's velocity vector is essentially in the 

longitudinal or x-direction except near the outer extremities of the 

jet. For the flow conditions investigated, the absolute value of velo

city may be approximated to within one percent by the longitudinal 

component of velocity for positions in the profile up to u/u =* 0.18. 

The absolute difference between the velocity and its longitudinal com

ponent is less than one percent of the centerline value of velocity. 
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Free Jet Data Correlations 

In the following section a data correlation will be presented 

which describes the time-average longitudinal velocity field of a free 

jet in the low Reynolds number compressible flow regime. This empirical 

correlation is based upon determining the longitudinal component of 

momentum in the jet and assuming it is conserved. With a known momentum 

and an assumed velocity distribution, the longitudinal velocity field is 

prescribed if, respectively, the core configuration and centerline velo

city beyond the core regime are known. 

Evaluation of Free Jet Momentum 

The experimental data demonstrated the jet's longitudinal velo

city profile could be described by a simple Gaussian distribution. The 

form of the assumed time-averaged longitudinal velocity distribution is 

u/u = e~4,6f| for -y > y > - » (148) 

yc <. y <. °° 

u/Gc = 1 for - y c < y < y c 

where the p ro f i l e shape parameter, r\9 i s defined as 

y/b - y /b 
n - y S 7 F ^ 7 B - (149) 

The variables y /b and y*/b represent the nondimensional distances from 

the jet's centerline to the edge of the core and from the centerline to 

the point where the velocity diminishes tp one percent of the center-

line value, respectively, A sketch of the assumed time-averaged 
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velocity profile is shown in Figure 57. 

The longitudinal momentum per unit height of the jet may be 

written as 

J - I pu2 dy (150) 

For the isoenergetic flow of an ideal gas with constant speci

fic heats, the density may be written as 

PT (P/PT) 

x 2 
("1 c 

N 
2 

f u ] 
u 

{ C J 

2 
(151) 

where the subscript T refers to conditions in the stagnation tank, k is 

the ratio of specific heats, and c is the stagnation sonic velocity. 

Introducing the expression for density into equation (150) with the 

assumption of constant momentum per unit height, one obtains 

J . - PT(P/PT) «c
2 

(u/u ) dy 

1 k-1 
2~" 

fu" c 
2 

fu 1 
u 

I CJ 

2 
(152) 

Substituting the velocity profile given in equation (148) into the pre

vious expression, yields after evaluation 

J = 2b(7^P B) 00 k-1 m 

y /b 
~ g - + 0.292 (y*/b-yc/b) £ 

,m 

m=0 /m+1 
(153) 



"TIT ' I' — 1 

1.0 

--0.8 

+ 0.6 

u/u 
< 

+ 0.4 

h 

--0.2 

-A.sn' 

Figure 57. Free Jet Longitudinal Time-Average Velocity 
Distribution 

•̂ 4 

~ ] 



176 

where P is the constant static pressure in the experimental jet. The 

centerline velocity function, B, is defined as 

B » ^ ( U G / C T ) 2 (154) 

A detailed description of the evaluation of equation (152) is presented 

in Appendix D. 

The momentum per unit height of the free jet is defined in 

equation (153) in terms of the unknown variables y*/b, y /b and u 
c c 

J o o a Joo <y*/b» yc/
b> V d55) 

In the potential core regime of the jet u is known and consequently 

the jet's momentum is a function of y*/b and y /b. Since the jet's 

momentum is conserved, expression (153) may be used to determine y*/b 

in terms of y /b. Similarly, in the flow field beyond the core the 

momentum of the jet is only a function of y*/b and u , thus expression 

(153) may be used to determine y*/b in terms of u . 

In the following sections analytical expressions will be pre

sented for y /b and u . These analytical expressions are provided by 

a correlation of the experimental data. It can be shown from the equa

tions of motion that equality of Reynolds and Mach number, based on the 

centerline velocity at the exit plane, insure dynamic similarity. 

Assuming similar geometries for model and prototype then a set of simi

larity parameters are Reynolds number, Mach number and distances in the 

x and y-direction nondimensionalized by power nozzle width, b. 
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IB 1! 

Evaluation of Centerline Velocity 

Centerline velocity decay data from the present research sug

gested the flow can be divided into the four regimes which follow: 

1. Core regime. The regime in which the centerline 

velocity can be calculated from the pressure ratio 

across the nozzle and the upstream conditions. 

2. Laminar transition regime. The regime in which the 

centerline velocity is less than the potential core 

velocity, however, the effect of turbulence is neg

ligible. 

3. Turbulent transition regime. The flow regime in 

which the turbulent shear layers have met and the 

flow is approaching a fully turbulent jet. 

4. Fully turbulent: regime. The regime in which the 

flow is dominated by the turbulent shear layers 

and the centerline velocity may be expressed by a 

power law distribution. 

As a practical consideration it is rather difficult to differentiate 

between the laminar and turbulent transition regimes. Thus in order to 

simplify the data correlation, both will be lumped together and referred 

to as the transition regime. A sketch of the free jet representation 

employed in the data correlation is shown in Figure 58. 

Core Regime. The velocity in the potential core is prescribed 

in terms of the pressure ratio across the nozzle and stagnation condi

tions in the upstream reservoir. This region's nondimensional length 



Figure 58. Free Jet Representation 
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may be expressed as 

R 3 / 4 

x 7 b Y" " 3 - 9 5 (156) 
c 10.3 (1+frT) 

The experimental data demonstrated the width of the potential core de

creased linearly from the thickened nozzle boundary layers. The non-

dimensional core width is expressed as a function of downstream 

distance by 

10.3 (1+M2) 

R 3' 4 
(157) 

It should be noted that an evaluation of equation (156) which 

results in a zero or a negative number indicates the core terminates 

at the nozzle exit or ends within the nozzle, respectively. In the 

latter situation the pressure ratio and upstream stagnation conditions 

are insufficient to determine the exit plane velocity. To alleviate 

this difficulty a velocity coefficient is defined £n term$ pf £he cal-i 

culated isentropic velocity 

cv"V5i (158) 

The correlation expression for the velocity coefficient in terms of the 

Reynolds and Mach number based on isentropic flow is 

c « 0.845 + 0.00382 R 0,75/(l+M2) (159) 
v e 

The value of c is matched to the core length expression; that is con^ 

ditions which produce a zero core length also produce a velocity 
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coefficient of one. In summary, when an evaluation of the core length 

produces a negative number then the actual velocity at the nozzle exit 

plane must be recalculated from expressions (158) and (159). The Rey

nolds and Mach numbers then must be recomputed based on the true velocity 

before the correlation can proceed. 

Flow parameters for the core regime are presented graphically 

in Figure 59. Expressions (156), (157) and (159) are presented in this 

nomograph. In the plot to the right of this figure, the core length, 

x /b, and the velocity coefficient, c , are shown as a function of the 

potential Reynolds and Mach number. In the plot to the left, the core 

width, y /b, is presented as a function of downstream distance, x/b, 

for constant values of core length. 

Transition Regime. The centerline velocity in the transition 

regime may be expressed as 

u c 
1 -

fx/b + xQ/b ' 

xc/b + xQ/b 

0.45 

/ 
~ = e w v (160) 
u0 

where u represents the velocity at the centerline of the nozzle's exit 

plane. Expression (160) is valid for the regime 

x/b + x /b 
/• . /u > 1 (161) 

xc/b + xQ/b -

the transition regime stretches from the end of the core region, or in 

the case of no core, from the nozzle exit plane. This regime terminates 

in either a fully laminar or fully turbulent jet. In the present 
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investigation it was found to only terminate in a turbulent jet. It is 

anticipated a fully laminar jet would have occurred at the lower Rey

nolds number conditions for large downstream distances. The value of 

x0/b is given by 

x_/b - 0.0036 R /(l + 1.25 M4) (162) 
U e 

Equations (160) and (162) which describe the centerline velocity 

in the transition region are presented in Figures 60 and 61. In Figure 

60 the transition parameter, xn/bj, is presented as a function of the 

Reynolds and Mach number of the flow. In Figure 61 the nondimensional 

centerline velocity in this regime is plotted in terms of xn/b, x /b 

and x/b. In the plot to the right of this nomograph the transition 
r x„/b 

function, — T T - T ITT 
\xc/h + VbJ 

x /b. The nondimensional centerline velocity is then calculated on the 

, is evaluated from the values of xn/b and 

plot to the left as a function of —Hr-
/•u lx / b 

' x
n/b 1 ° ' 

held fixed. 

with the parameter 

•x/b + xQ /b 

Turbulent Regime. The c e n t e r l i n e v e l o c i t y i n the t u r b u l e n t 

r eg ion was found t o f i t the exp res s ion 

-1/2 
- / - • x/b 
u / u = '—'— c s lx /b 1 s 

(163) 

where x represents the point separating the transition and turbulent 
s 

regimes and u is the centerline velocity at the end of the transition 

region which may be calculated from equation (160). The boundary point, 

x , may be expressed as 

x /b = 545 (1 + 0.6 M4)/R °'65 (164) 
s e 



183 

60 80 300 400 600 800 

REYNOLDS NUMBER, R 

Figure 60. Graphical Presentation of Expression for x_/b 
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Expressions (163) and (164) are presented in Figure 62. On the 

right side of this nomograph the nondimensional boundary point between 

the transition and turbulent regimes is plotted as a function of 

Reynolds and Mach number. The nondimensional centerllne velocity is 

then calculated on the plot to the left as a function of x/b for a con

stant value of x /b. 

s 

Evaluation of y*/b 

In previous investigations of high Reynolds number turbulent 

jets, the momentum of the jet was easily calculated at the nozzle exit 

plane. At this position the pressure drop across the nozzle could be 

used to compute the potential velocity which essentially filled the 

entire exit plane. In the low Reynolds number compressible flow re

gime, however, very thick boundary layers were always found at the exit 

plane. At low Reynolds number conditions the boundary layers met in 

the nozzle and the core was entirely absent. Rather than base the 

momentum of the jet on the exit condition at which the velocity profile 

was unknown, the momentum in this correlation is calculated at the sta

tion one fourth nozzle width downstream,, Experimental data demonstrated 

the velocity profiles at this position were Gaussian and consequently 

equation (153) could be used to calculate Ĵ . The correlation expres

sion for the jet width parameter, y*/b, at this position is 

y*/b 
0.45 

x/b=l/4 ^ e 

! 6- 7 3 - 0.128 (l+2.3M
2)(0.25)0-00808^e+0-185

 + 0.5 

(165) 
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Expression (165) is presented as a function of Reynolds and Mach number 

in Figure 63. 

Since the longitudinal momentum is conserved, the momentum at 

any arbitrary position can be equated to that at x/b » 0.25 

x/b=l/4 
(166) 

Substituting equation (153) into the previous expression and solving 

for y*/b, yields 

y 

B 

Z* 
b 

C +0.292(y*/b-y /b) \ - 2 — 
m=0 Vmfl 1-B x_ m _1 b 11-B 

b 4 

00 Rm 

0.292 B ^ 
HIFO >4rfl 

(167) 

The value of the power series £ ~~~ZZL *s presented in Figure 64 as a 
IHFO /mfl 

function of B. 

Examples of Data Correlation 

In order to illustrate the application of Figures 59 through 64, 

two sets of experimental data will be compared to the predictions of the 

data correlation. In the first set of data the boundary layers have met 

within the nozzle and thus no potential core exists. In the second set 

of data the core persists some distance beyond the exit of the nozzle. 

In the first example the pressure and temperature in the stagna

tion tank upstream of the nozzle are 1.149 mm. hg. and 532°R, respectively, 

The pressure in the experimental model is 1 mm. hg. The pressure ratio 
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across the nozzle is 

P /P_ = |-°° •»• hB- - 0.8703 (168) 
m T 1.149 mm. hg. v ' 

The Mach number and ratio of static to total temperature at the nozzle 

exit are calculated from one-dimensional perfect gas relationships to 

be 

M - 0.45 ; T/TT - 0.9611 (169) 

The static temperature at the nozzle exit is calculated to be 512°R. 

The sonic velocity of the flow is defincid as 

c = / k R T g (170) 

The velocity at the centerline of the nozzle exit plane is 

uQ - M c (171) 

The sonic velocity and the velocity at the centerline of the nozzle 

exit plane are computed from the previous definitions to be 1108 ft./ 

sec. and 499 ft./sec, respectively. 

The Reynolds number at the centerline of the nozzle exit is 

defined as 

p u b 
•R = — (172) 
e u 

If it is assumed the gas is ideal, then the density may be expressed as 

p = P / R T (173) 
m 
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Assuming the viscosity of the gas is proportional to the square root of 

temperature, then viscosity may be expressed as 

1/2 
. V - y* (T/V ' (174) 

where y^ represents the viscosity at some reference temperature T.. 

The density may be computed from expression (173) and is 

p = (1.0 mm.hg.) (2.783 lbf./ft.2mm.hg.)/(53.34 |—||~)(512°R) 
ibm. R 

p = 1.02 x 10"4 lbm./ft.3 ( 1 7 5 ) 

The viscosity of the gas from expression (174) is 

y - 0.37 x 10 6 / | | | i | (176) 

y = 0.377 x 10"6 lbf.sec./ft.2 

Introducing the values of density and viscosity into equation (172) 

where b is equal to 0.0167 feet, yields 

Re = (1.02 x 10~
4)(499)(0.0167)/(0.377 x 10"6)(32.2) (177) 

R = 70.0 
e 

The Reynolds number and Mach number based on potential flow 

conditions at the nozzle exit are thus 70 and 0.45, respectively. 

Entering the plot to the right in Figure 59 with these values, it is 

determined there is no potential core and the velocity coefficient, c , 

is 0.921. The Reynolds number and Mach number, therefore, must be • 
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recomputed before the correlation can proceed. The velocity at the 

centerline of the nozzle's exit plane may be calculated from equation 

(158) and is 

"0 "
 Cv Si ( 1 7 8 ) 

uQ - (0.921)(499 ft./sec.) = 460 ft./sec. 

If it is assumed that the flow is isoenergetic, the static 

temperature, T, at the centerline of the nozzle's exit plane may be 

expressed as 

T - TT " S 0 2 / 2 «c Cp ( 1 7 9 ) 

The value of T is calculated to be 514.4°R. The sonic velocity, c, and 

the Mach number which are defined in expressions (170) and (171) are 

recomputed to be 1110 ft./sec. and 0.414, respectively. The Reynolds 

number is recalculated to be 64 based on the exit plane centerline velo

city of 460 ft./sec. and the temperature of 514.4°R. 

With the computation of the true values of Reynolds and Mach 

number the correlation may proceed. Entering the plot to the right in 

Figure 62 with a Reynolds number of 64 and a Mach number of 0.414, it 

is determined that turbulent transition does not occur within 20 nozzle 

widths of the exit plane. The centerline velocity is described by the 

transition regime from the exit plane to 20 nozzle widths downstream. 

From Figure 60 the transition parameter, x./b, is determined to be 0.214. 

Entering the plot to the right of Figure 61 with the values of xQ/b = 
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Vb 
0.214 and x /b = 0, the parameter I , '^ jr is determined to be 

one. The centerline velocity may be evaluated from the plot on the 

left side of this nomograph. For example, at the position x/b = x /b 

the centerline velocity is 96.2 percent of the value at the exit plane. 

A comparison is shown in Figure 65 between the predicted centerline 

velocity and experimental data. Although the experimental data exhi

bit a slightly higher velocity for large distances from the exit plane, 

the correlation provides a reasonable description. 

With the centerline velocity known it is possible to calculate 

the value of the jet width parameter, y*/b, and thus completely describe 

the flow. From Figure 63 y*/b at x/b = 0.25 is found to be 1.40. In

troducing this value into the expression for the jet width parameter, 

equation (167), and simplifying for the case where y /b = 0 yields 

1.40 

y*/b 

B l-±m 
L m=0 /m+1^ 

x/b=l/4 
(180) 

,m ^ 
B I 
L m=0 /m+1 

A summary of the calculated values of y*/b for several downstream sta

tions is provided in Table 2. The value of B is calculated from 
0 0 T,m 

equation (154) while the summation £ — is determined from Figure 
m=0 Vm+1 

64. 

A comparison between time-average velocity profiles and corre

lation predictions is made in Figure 66. The velocity data have been 

nondimensionalized at the appropriate downstream position with the 
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Table 2 . Tabu la t ion of J e t Width 
Parameters fo r Example 1 

u 
x/b / * - / ' N B ( f t . / s e c . ) 

0.25 443 0.03071 

3.0 352 0.01939 

6.0 310 0.01504 

10.0 272 0.01158 

20.0 221 0.00764 

r Bm 

I "7ZZ y*/b y /b 
m=0 /m+1 c 

1.021 1.40 0.0 

1.014 2 .23 0.0 

1.011 2.89 0.0 

1.009 3.76 0.0 

1.006 5 .71 0.0 
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parameters in Table 2. Figure 66 illustrates the data correlation 

provides a reasonable description of the velocity profiles shown. The 

fit would appear to be more accurate near the jet's centerline in com

parison to the edges of the jet. 

In the second example the absolute pressure and temperature in 

the stagnation tank are 5.666 mm. hg. and 532°R, respectively. The 

pressure in the experimental model is 5.0 mm. hg. The pressure ratio 

across the nozzle is 

VPT = 5M6 = 0-8828 <181> 

The Mach number and ratio of static to total temperature at the center-

line of the nozzle exit are computed from one-dimensional flow tables 

to be 0.427 and 0.965, respectively. The static temperature at the 

nozzle exit is calculated to be 513°R. The sonic velocity and the 

velocity at the centerline of the nozzle's exit plane are calculated 

from expressions (170) and (171) to be 1110 ft./sec. and 473 ft./sec, 

respectively. 

The density at the centerline of the nozzle exit plane may be 

calculated from expression (173) and is 

p = (5.0 mm.hg.)(2.783 *bf' )/(53.34 j^1^') (513°R) (182) 
ft. mm.hg. 

p = 5.085 x 10"4 lbm./ft.3 

The viscosity of the gas from expression (174) is 
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y - 0.37 x 10"6 / | | p | (183) 

u = 0.378 x 10"6 lbf.sec./ft.2 

Introducing the values of density, viscosity and velocity into equa

tion (172), yields 

R - (5.085 x 10~4)(473)(0.0167)/(0.378 x 10"6)(32.2) (184) 

R = 330 
e 

The Reynolds number and Mach number based upon potential flow 

conditions at the nozzle exit are thus 330 and 0.426, respectively. 

Entering the plot to the right in Figure 59 with these values, it is 

determined the core length is x /b = 2.4. Entering the plot to the 

left of the nomograph with x /b = 2.4, the core width may be calcu

lated as a function of downstream distance. For example, at x/b = 

0.25 the core width is y /b - 0.167. 
c 

The first step in computing the centerline velocity beyond 

the core region is to determine the point separating the transition 

and fully turbulent regimes. Using the plot to the right in Figure 

62, turbulent transition is found to occur at x /b = 12.9. The tran-
s 

sition parameter, x_/b, which is required to calculate the centerline 

velocity in the transition regime, is found from Figure 60 to be 1.12. 

Entering the plot to the right in Figure 61 with xn/b = 1.12 and 



199 

x /b = 2.4, the parameter f V b 
is found to be 0.318. The LC,U - <..-, LUC P « « « « L ^ / b + ^ 

centerline velocity in the transition regime may be calculated in 

the plot to the left of this nomograph as a function of downstream 

distance. For example, at x/b = 5 x~/b the nondimensional center-

line velocity is u /u~ = 0.968. The centerline velocity in the 

turbulent regime may be calculated from the plot to the left in 

Figure 62 as a function of downstream distance. For example, the 

nondimensional centerline velocity at x/b = 16 is u /u =0.9. A 
c s 

comparison is presented in Figure 67 of the centerline velocity pre

diction and the experimental data. The correlation gives a good 

description of the data except at 20 nozzle widths downstream of 

the exit plane. The high centerline velocity decay rate at this 

position was assumed to be the result of three-dimensional flow 

developing in the experimental jet. 

With the centerline velocity known, the jet width para

meter, y*/b, may be determined and the flow completely described. 

The jet width parameter, y*/b, at x/b - 0.25 is found from Figure 

63 to be 0.836. The value of y*/b can consequently be determined 

for any downstream position from expression (167). A tabulation 

is provided in Table 3 of the calculated values of y*/b for sev

eral downstream positions. 



Table 3. Tabulation of Jet Width 
Parameters for Example 2 

u 
x/b ,,„ .C , Ei 

(ft./sec.) 

0.25 473 0.03501 

3.0 471 0.03471 

6.0 458 0.03282 

10.0 439 0.03015 

I -~= y*/b y 7b 
ra=0 /m+1 c 

1.024 0.836 0.167 

1.024 1.259 0.0 

1.0225 1.333 0.0 

1.021 1.453 0.0 
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A comparison is made in Figure 68 between predicted and actual 

time-average velocity profiles. The velocity data are nondimension-

alized with the parameters in Table 3. This figure illustrates the 

correlation provides a reasonable description of the data. The fit 

would appear again to be more accurate near the centerline in compari

son to the edges of the jet. 

Estimated Accuracy of the Data Correlation 

In order to indicate the accuracy of the correlation, the ex

perimental data in the free jet investigation were compared to the 

predicted values of these parameters. A summary of the maximum errors 

between predicted and actual centerline velocity data is presented in 

Table 4. In this table the maximum error between data and prediction 

is presented for the positions from the exit plane to 10 and 20 nozzle 

widths downstream, respectively. The maximum percentage error is cal

culated by dividing the velocity error by the measured value of exit 

plane velocity, u_. Table 4 indicates that for positions between the 

nozzle exit and 10 nozzle widths downstream, the maximum error is 10.1 

percent with an expected error of approximately five percent. For 

positions from 10 to 20 nozzle widths downstream the expected error in

creases in the higher Reynolds number cases to approximately 10 percent. 

This was assumed to be the result of three-dimensional flow developing 

in the experimental jet for these conditions. 

The computation of the time-average velocity profiles is depen

dent on the correlation of y /b, y*/b at x/b = 0.25 and u . A compari-

son of the experimental data and the analytical predictions indicated 
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Table 4. Tabulation of Error Between Measured 
Values of Centerline Velocity and Data 
Correlation Predictions 

Maximum Percentage Maximum Percentage 
Reynolds Centerline Centerline 
Number Mach Number Velocity Error Velocity Error 
of Flow of Flow to x/b = 10 to x/b = 20 

47.7 0.591 10.10 10.10 
64.2 0.416 6.04 6.04 
109 0.670 3.03 5.10 
152 0.885 4.62 4.62 
142 0.457 3.75 3.75 
255 0.761 5.50 5.50 
336 0.956 5.70 5.70 
262 0.347 2„30 6.70 
325 0.426 3.85 14.10 
515 0.646 1.10 17.80 
359 0.240 2.00 11.20 
558 0.368 3.70 11.60 
705 0.458 1.70 8.90 
546 0.183 0.50 9.00 
645 0.216 3.10 7.40 
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the correlation was quite accurate in the estimates of y /b and y*/b 

at x/b = 0.25. The main source of error resulted from the calculation 

of y*/b as a function of the correlated value of u . Since y*/b is 

- 2 
proportional to u , the expected maximum error in y*/b and r\ is 

approximately double the expected maximum error in u . Thus for posi

tions up to 10 nozzle widths downstream of the exit plane, the expected 

maximum error in the profile similarity parameter, n, is approximately 

10 percent. The expected maximum error for high Reynolds number cases 

between the positions of 10 to 20 nozzle widths downstream is antici

pated to increase to approximately 20 percent. 

In summary, the free jet experiments yielded the following con

clusions: 

1. Lower Reynolds number and higher Mach number flow condi

tions retard the growth of turbulent free shear layers; 

this observation is in agreement with the predictions 

from stability theory by Curie [23] and Pai [24], 

2. The power profile solution of Schlichting [15] is not in 

agreement with the latter up to 20 nozzle widths from the 

exit plane for the lower Reynolds number jet flows, al

though it would appear to approach this distribution 

in the limit. 

3. Jet flows in this regime may be composed of a potential 

core regime, a laminar transition regime where the tur

bulent shear layers have not met and their effect is 

small, a turbulent transition region beyond the coalescence 

of the free turbulent layers and a fully turbulent zone. 
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4. Not all four regions may be present in a single case. 

This is apparent since no laminar transition region 

existed for high Reynolds number conditions. Like

wise, no core regions were found for low Reynolds 

number flows.. 

A correlation of the time-average component of velocity in the 

longitudinal direction is presented. This correlation employs only 

simple calculations along with the graphs shown in Figures 59 through 

64 to describe the jet's centerline velocity and profile shape. The 

predictions of the data correlation up to 10 nozzle widths downstream 

are expected to be within approximately five percent for the center-

line velocity and 10 percent for the jet width parameter, r\, 
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CHAPTER V 

JET INTERACTION EXPERIMENTS 

Experimental Data 

A complete collection of the experimental data is presented in 

Appendix D which describe the interaction process of two transverse jets 

in the low Reynolds number compressible flow regime. These data include 

the deflection angle of the power jet after the interaction process as 

well as steady state velocity, static pressure and velocity vector pro

files. Reynolds and Mach number based upon upstream stagnation 

conditions and differential pressure across the nozzle are employed to 

describe the several power jet flow conditions. The differential pres

sure and mass flow rate through the control port along with the geometry 

serve to complete the description of the experiments. Sample calcula

tions are presented in Appendix H of the power jet deflection angle as 

well as the power and control port mass flow rates. These predictions 

are based upon Simsonfs [27] model of the interaction process and the 

free jet correlation from this flow regime. 

Jet Deflection Anĝ Le 

Experimental investigations were performed at a number of flow 

conditions in the low Reynolds number compressible flow regime. In 

these studies the power jet flow was subjected to a control pressure 

from a transversely positioned jet; see Figure 27. This control pres

sure resulted in the deflection of the power jet away from the control 
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port. The deflection angle of the power jet was measured downstream 

of the interaction zone and its value was compared to the prediction of 

Simson's interaction model [27]. 

The power jet's momentum which is required for the prediction 

of jet deflection angle is provided by the free jet data correlation. 

The first step in determining the momentum consists of computing the 

Reynolds and Mach number of the power jet: from the upstream stagnation 

conditions and the differential pressure across the supply port. Then 

after employing Figures 59 through 64 to determine the required jet 

parameters, the momentum of the power jet: is calculated from expression 

(153). With the power jet momentum known the jet deflection angle may 

be computed from Simson's interaction model, that is equation (115), 

in terms of the control port pressure and the interaction geometry. 

A sample calculation of the power jet deflection angle is presented in 

Appendix H. 

Typical experimental data are compared to predicted values of 

the power jet deflection angle in Figure 69. The independent variable 

in these tests was the control pressure which is given in terms of mm. 

of oil (specific gravity 1.04) above the model's ambient pressure. The 

deflection angle was determined by taking the best average of the jet's 

centerline position at several stations downstream of the interaction 

region; see Figure 70. Figure 69 illustrates Simson's model in con

junction with the free jet: correlation provides a good description of 

the experimental data. Of the 18 deflection angles measured, the 

maximum error in the prediction was 1.9° while the average error was 1°. 
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The agreement between the calculated and measured values of jet deflec

tion angle suggests the interaction process is not significantly 

affected by molecular effects in the regime investigated. That is the 

regime described by 

1 x 10"2 > K >. 5 x 10"4 (185) 

where K is the Knudsen number based on nozzle width, b. 
n * 

Typical deflected jet velocity profiles are compared in Figure 

70 with the predictions of the data correlation. The time-averaged 

velocity data in this figure have been nondimensionalized at each longi

tudinal station by the corresponding prediction of centerline velocity. 

It should be noted that the correlation was evaluated at the longitu

dinal position of the corresponding traverse. Variations of axial 

distance traveled by the jet across the plane of the traverse were 

found to be small and thus were not considered in the prediction. As 

is expected, Figure 70 illustrates the velocity profile at the trailing 

edge of the control port, which is located one nozzle width downstream, 

is not in agreement with the prediction. Firstly, the velocity near 

the control port edge is much higher than predicted. This would appear 

to result from the pressure differential across the control port edge. 

Secondly, the central portion of the velocity profile appears to be 

skewed slightly away from the control port as a result of its force. 

As the jet progresses downstream the asymmetries in the velocity pro

file are smoothed by diffusion with the fluid at rest. This effect may 

be observed in the velocity profile four nozzle widths downstream. At 
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this location the data correlation compromises a reasonable representa

tion of the data. In general, It Is observed that beyond a streamwise 

station about three nozzle widths from the power jet exit plane the 

correlation Is In good agreement. 

Studies were made of the static pressure and velocity vector 

distributions In the deflected power jets. A comparison of these data 

to profiles obtained In the free jet Investigation demonstrated that 

the pressure and velocity vector profiles were essentially the same 

for positions greater than three nozzle widths downstream of the exit 

plane. The comparison was made about the respective centerlines of 

each jet at a common flow state and downstream position. 

Control Port Flow Rate 

Simson's model of the pressure controlled interaction process 

describes the control port mass flow rate in terms of the power jet 

description, control port: differential pressure and interaction region 

geometry. In the following section Simsonfs model will be simplified 

and subsequently evaluated for the present flow regime. 

For the isoenergetic flow of an ideal gas with constant speci

fic heats, the expression for density presented in equation (151) may 

be introduced into Simson's analytical model. The control port flow 

rate found in equation (130) becomes 

X2(P--P ) 
1 m 

tya + 

m„ - pT(P/PT) u h c l m 1 c 

e 2J 

u/u dy 
C (186) 

[1 - B(u7u"c)
2] 
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h ̂ PC^-PJ 
l m 

y + 

X <Pi-pJ i m 
2J -y. 

m, 
r * -

(186) 

Substituting the Gaussian velocity profile given in equation (148) into 

the first term of the previous expression and integrating, yields 

h b P u 
o m c 
m = — — — — — 
c 

R Tr 

yc/b 
^ - + 0.8264 (y*/b-yc/b) Y^ (B,n2> (187) 

h b /p(Pn-P ) 
+ _ ! - » _ (y*/b-yc/b) ̂  - ji 2 mi 

where R and T represent the gas constant and total temperature of the 

gas, respectively. 

The parameter ru in equation (187) is defined as 

n2 = 

(X/b)' (P,-PJ 
V » + i3 /b - y < > 

oo' 

y*/b - y c / b ~ ~ 
(188) 

The func t ion T (B,n 2 ) i s 

,m 
r 9 ( B , n 9 ) - I - 7 <f> ( ^ (2nH-l) n 2 ) 

c m=Q /2m+l 
(189) 

<f)(x) in the previous equation represents the cumulative distribution func

tion which is tabulated in handbooks dealing with probability. The free jet 

mass flow rate function, r2(B,ri2)» has been evaluated in terms of B and n2 

and the results are presented in Figure 71. A detailed description 
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of the evaluation of the first term of equation (186) is presented in 

Appendix F. 

The control port mass flow rate which is presented in equation 

(187) is completely specified in terms of the control port pressure, 

the interaction region geometry, the free jet characteristics and the 

supply nozzle flow. The free jet characteristics are evaluated at the 

downstream position where the power jet passes the knife edge; see 

Figure 27. This distance nondimensionalized by the supply jet width 

may be expressed for small deflection angles as 

(jJbHx/b) 
S'/b " (y / b H P ^ + J / b (190) 

J e 1 m °° 

A comparison of m€»asured and predicted values of the control 

port mass flow rate is presented in Figure 72 as a function of control 

port pressure. These data are from several tests at the same flow con

ditions and demonstrate the results are repetitive. The free jet 

characteristics employed in the evaluation of expression (186) were 

determined from the data correlation, however, the mass flow rates from 

the supply nozzle were determined experimentally. It is noted that Fig

ure 72 illustrates better agreement for lower values of the control port 

pressure. This is to be expected since the analysis has been restricted 

to small deflection angles which occur at low control port pressures. 

For this research the control port mass flow rates which are calculated 

from equation (187) are in reasonable agreement with experimental data. 

The maximum error in the prediction is approximately 20 percent of the 

maximum control port mass flow rate. 
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Estimation of the Supply Nozzle Mass Flow Rate 

The expression for the control port mass flow rate which was 

formulated in the preceding section required the value of the power 

nozzle mass flow rate. In order to make this expression useful for 

design, the power n»zzle flow must be computed from the known values of 

upstream stagnation condition, the pressure drop across the power nozzle 

and its geometry. The supply nozzle flow was computed in Simson's in

vestigation of high Reynolds number turbulent jets from these data. 

In that case the pressure drop across the nozzle was used to calculate 

the potential velocity which essentially filled the exit plane. In the 

present flow regime this procedure is not applicable, since very thick 

boundary layers are present even for the highest Reynolds number cases. 

In the following section a procedure will be described to estimate the 

exit plane velocity profiles in the present flow regime. This method 

is based upon the free jet data correlation and an assumed form of the 

exit plane profile. The supply nozzle mass flow rate will be subse

quently calculated from this profile. 

Experimental data indicated the power jet's exit plane velocity 

profiles could be represented by a power law distribution of the form 

u/u =1.0 for 0 < _ y < v (191) 
c c 

y/b - y /b'n 

u/u = 1.0 - "T-yr 7T-
c 11/2 - y/b 

for y £ y <. b/2 

c 

where n represents a variable profile distribution coefficient. 

If it is assumed that the supply jet is not influenced by the 

control port, the longitudinal momentum per unit height of the supply 
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jet at the exit plane is 

Jno " 2 
00 

b/2 
-2. . 
pu dy (192) 

For the isoenergetlc flow of an ideal gas with constant specific heats, 

the expression for density found in equation (151) may be introduced 

into the preceding equation. Equation (192) becomes 

J = 2 p (P /PJ u 2 

» KT m' T' c 

b/2 /-/- x2 (u/u )* 
^r^yciy 

[1 - B(u/u )Z] 
(193) 

Substituting the velocity profile given in equation (191) into the 

previous expression and evaluating, yields 

J^ - 4 (r~) P B b 00 k-1 m 

y./t> 
.ĵ r-.+ (l/2«yc/b) ^(B.n) (194) 

oo L 

cf> (B,n) = • I B m f (1-T^) 
m=0 i "V 

2(m+l) 
dT. 

The nozzle exit momentum function, 4>-(B,n), has been evaluated in terms 

of B and n and the results are presented in Figure 73. 

Solving equation (194) for (f>..(B,n), yields 

4̂ (8,11) -
Vb yc/b 

4 <k3? Pm B 
1-B 1/2 - yc/bj 

(195) 

If it is assumed that the longitudinal momentum of the power jet is con

served, then the momentum at the nozzle exit plane in the preceding 
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equation may be determined from the free jet data correlation. The 

core width and centerline velocity at the nozzle exit plane may also be 

computed from the free jet: correlation. The function 4> (B,n) is thus 

known. The value of the profile distribution coefficient, n, may be 

determined as a function of <f>..(B,n) and B from Figure 73. 

The exit plane velocity profile is completely described by the 

core width, centerline velocity and the profile distribution coeffi

cient, n, computed above. The mass flow rate from the supply port will 

be estimated from this description. The mass flow rate per unit height 

through the supply nozzle may be expressed as 

b/2 

m - 2 pu dy (196) 

Introducing into the previous equation the expression for density in 

an isoenergetic flow process 

mi ' 2 *r(W sc 

b/2 -.-
f u/u 

C dy (197) 

0 
[1 - B(u/u )2] 

Substituting the assumed velocity profile which is presented in equa

tion (191) into the preceding expression and evaluating, yields the 

expression for power nozzle mass flow rate 

2 P u bh © m c 
m± = 

R TT 

y c /b 
3[~-+ (l/2-yc/b) <J>2(B,n) (198) 

f1 

•2<B,n) - I B
m j <l-r V " * 1 *c 

m=0 0 
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The nozzle exit mass flow rate function, <{>2(B,n), has been evaluated in 

terms of B and n and the results are presented in Figure 74. It should 

be noted that the free jet characteristics in equations (194) and (198) 

are evaluated at the nozzle exit plane. 

In summary, the method for calculating the mass flow rate 

through the supply nozzle consists of three steps. Firstly, the free 

jet data correlation is employed to calculate the jet momentum, the core 

width and centerline velocity at the nozzle exit plane. Secondly, after 

solving equation (195) for ^-(Bjn) the profile distribution function, n, 

is determined from Figure 73. Thirdly, using Figure 74 the mass flow 

rate through the supply port nozzle is calculated from equation (198). 

A complete description is presented in Appendix G of the evaluation of 

the momentum and mass flow rate expressions at the nozzle exit plane. 

A comparison is presented in Table 5 of calculated and measured 

values of power nozzle mass flow rate. This information indicates a 

maximum and average error in the prediction technique of approximately 

10 percent and 4.6 percent, respectively. The computed and measured 

values of power nozzle flow are in good agreement for both low Reynolds 

number and high Reynolds number cases. In the former the boundary layers 

meet well upstream of the nozzle exit, while in the latter a substantial 

core exists at the exit plane. For intermediate Reynolds number cases, 

at which the core terminates near the exit plane, the prediction is in 

the greatest error. This would suggest the assumed power law distribu

tion is somewhat in error for these exit plane profiles. 
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Table 5. Comparison of Measured and 
Computed Power Nozzle Mass 
Flow Rates 

Reynolds Number Mach Number 

114 0.691 

155 0.892 

252 0.763 

341 0.970 

326 0.434 

534 0.662 

546 0.183 

700 0.222 

Subscripts; 

c - Computed from power 
data correlation 

O I O 

lbm./min.) (lbm./min.) 

0.005662 0.00544 

0.00774 0.00796 

0.01079 0.0120 

0.0144 0.01586 

0.01574 0.0164 

0.02668 0.02796 

0.02917 0.0292 

0.03809 0.0388 

profile and free jet 

e - Experimentally measured 
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In summary, the calculated values of jet deflection angle, 

using Simson's interaction model in conjunction with the free jet cor

relation, are reasonably accurate. The maximum and average errors in 

the jet deflection angles were found to be 1.9° and 1°, respectively. 

This good agreement suggests the interaction process is not signifi

cantly affected by molecular effects in the regime 

-2 -4 
1 x 10 > K > 5 x 10 (199) 

where K is the Knudsen number based on nozzle width. 
n 

Considering the simplicity of Simson's interaction model, the 

prediction of the control port mass flow rate using the measured value 

of power nozzle flow is reasonably accurate. The maximum error in the 

control port mass flow rate is approximately 20 percent of the maximum 

control port flow. If the predicted values of power nozzle flow are 

employed in the calculations, the maximum error in the control port mass 

flow rate increases to approximately 26 percent of the maximum control 

port flow. Better agreement between measured and predicted control port 

mass flow rates is found for low control port pressures. This is to be 

expected since the mathematical model is restricted to small deflection 

angles. 

A technique is presented for predicting the power nozzle mass 

flow rate and thus making the expression for control port flow useful 

for design. This procedure is based on the free jet data correlation 

and an assumed velocity profile at the nozzle exit plane. The maximum 

and average error in this prediction is approximately 10 percent and 4.6 

percent, respectively. 
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The deflected power jet's velocity profiles are found to be 

distorted by the control port for positions near the interaction region. 

However, through diffusion with the fluid at rest the velocity profiles 

smoothed rapidly and were in good agreement with the data correlation 

beyond a streamwise station three nozzle widths from the exit plane. 



CHAPTER VI 

JET RECEIVER IMPINGEMENT EXPERIMENTS 

Experimental Data 

A complete collection is presented in Appendix E of the 

experimental data which describe the impingement process of a free 

jet upon a receiver in the low Reynolds number compressible flow regime. 

These data include the receivers output flow rate and pressure recov

ery as a function of the power jet flow condition, the position of the 

jet with respect to the receiver inlet and the receiver loading. 

Reynolds and Mach number based upon upstream stagnation conditions and 

differential pressure across the nozzle are employed to describe the 

several power jet flow conditions investigated. The control port's 

differential pressure and mass flow rate along with the geometry serve 

to identify the jet's location with respect to the receiver inlet. Re

ceiver loading was established by modulating the distance separating 

the circular disk and the hole in the back plate of the receiver-

diffuser. In this manner the exhaust area from the receiver was var

ied. Sample calculations are presented in Appendix H of the open load 

flow rate and the blocked load pressure. These predictions are based 

upon the jet receiver impingement models of Simson [27] and Reid [29] 

in conjunction with the free jet data correlation from the present 

research. 
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Computation of the Open Load Flow Rate 

The open load flow rate for small deflection angles was pre

sented in equation (143) for Simson's model of jet receiver interaction, 

Rewriting this expression 

m = h 
r 

e+d-£ 

pu dy (200) 

e-A 

Since the power jet appears to emanate from the intersection of 

the supply and control port centerlines, the deflection distance, £, 

may be expressed as 

x X (P -P ) 
I = -£ -1 m (201) 

°° 

The open load flow rate may be evaluated for the low Reynolds 

number compressible flow regime in the same manner as the generalized 

mass flow rate function which is presented in Appendix F. Introducing 

the expression for density within an iso€»nergetic flow process into 

expression (200) and simplifying, yields 

e+d-l -,-
o f U'U 

HI = h p_ (P/PT) u £ 5- dy (202) 
r 1 m T cl ,- «/"/"\^i 

U [1 - B ( u / U c } ] 
The assumed Gaussian velocity distribution of a free jet may be 

introduced into the previous expression and the result integrated. Be

fore preceding with this integration, the possible velocity profiles 

which can intersect the receiver inlet will be considered. A sketch 

is presented in Figure 30 of the impingement of the deflected power jet 
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upon the receiver inlet. In this sketch the receiver intersects only 

the lower developed portion of the jet. The integrand in expression 

(202) would thus consider only the velocity distribution outside the 

potential core. For larger values of the deflection distance, &, the 

appropriate mathematical expression for the potential core velocity 

must be considered. It is apparent that the mathematical description 

of the velocity profile which intersects the receiver inlet will vary 

with jet deflection distance. 

If it is assumed that the power jet's centerline is only de

flected to the receiver's centerline, then four possible mathematical 

expressions for the velocity distribution are required. The result of 

evaluating expression (202) for each of these distributions is presented 

in the following section. 

Configuration one is defined by the boundary 

e -• A >. y (203) 

Within this regime the receiver intersects only the developed portion 

of the free jet's velocity profile. The open load flow rate within 

this region may be expressed as 

hb P u 
m 2—£{o.8264 (y*/b~y /b)[r9(B,nJ-r (B,n,)]l (204) 

R T T
 c 

where T (B,ri) is defined in expression (189) and 

(e+d-JO/b - y /b 

y*/b - yc/b 
c (205) 
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( e - * ) / b - y c / b 
n 4 " y*/ib - y /b 

Conf igura t ion two i s def ined by the boundar ies 

y c >L e-£ >_ - y c (206) 

e+d-£ > y 
~ ; c 

In this regime the lower edge of the receiver intersects the developed 

portion of the jet while the upper edge intersects the core region. 

The open load flow rate for this regime is 

hb P u 
o . m c 
m = — 
r R TT 

y /lb - (e-JO./b 
— j-rj + 0.8264 (y*/b-yc/b) ^(B,^) 

(207) 

where ru is defined in (205). 

Configuration three is bounded by the region 

e-i < -y (208) 
~ c 

e+d-£ > y 
— J c 

Within this regime the potential core lies between the upper and lower 

edge of the receiver. The open load flow rate for this condition is 

hb P u [2y /b | 
1 SL / 9. L n noA/. f„*/u_„. /K̂  rr (v. r, î + r fa n ^ 1 \ m \T^B + °- 8 2 6 4 (y*/b-yc/b)[r2(B,n3) + r2(B,n4)]y 

R T T 

(209) 
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where ru is again defined in (205), however, r\, is defined as 

n4 = 
-(e-A)/b - yc/b 

~ */b - yc/b 
(210) 

Configuration four is defined by 

e+d-£ <. y (211) 

In this configuration the velocity profile at the receiver inlet is 

composed completely of potential core. The open load flow rate for 

this regime is 

m 

hd P u 
m c 

R TT(1-B) 
(212) 

It should be noted that the free jet characteristics which are 

found in expressions (204), (207), (209) and (212) are evaluated at the 

axial distance traversed by the jet to the receiver inlet plane. If 

no potential core exists at the receiver inlet, configurations one 

and three are sufficient to compute the open load flow rate. 

Computation of Blocked Load Pressure 

Simson assumed that the blocked load pressure is equal to the 

average of the total pressure of the power jet velocity profile which 

is coincident to the receiver inlet. For compressible flow this may be 

expressed as 

9 -i k/k-1 

^rAI 

m' 
( *» [i • (aH") (PV"2)] dy 
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where the integration above is performed over the inlet 

receiver, A . Since the x-component of velocity, u, is 

equal in magnitude to the vector component of velocity, 

(213) may be simplified to 

K H ^ ( p = 2 ) ] k / k ~ l d y 

A 

* . - - 1 

Experimental Results 

Experimental investigations were performed at a number of flow 

conditions in the low Reynolds number compressible flow regime. In 

these studies the power jet flow impinged upon a stationary receiver; 

see Figure 29. Receiver centerline offset angles of 0° and 10° were 

considered in this research. At a receiver offset angle of 0° the con

trol port pressure was adjusted to a zero value and consequently the 

power jet and receiver centerlines were coincident. At a receiver 

offset angle of 10° the control port pressure was varied in order to 

position the power jet at various offset angles with respect to the 

receiver inlet. 

Typical experimental receiver mass flow rate and pressure re

covery characteristics are presented in Figure 75 for coincident power 

jet and receiver centerlines. The open load flow rate was determined 

from these data by extrapolating the respective flow rate pressure 

recovery characteristics to zero pressure. Comparisons are made in 

Figures 76 through 78 of experimental and predicted values of open 

load flow rate and blocked load pressure for the case of coincident 

area of the 

essentially 

V, expression 

(214) 



RECEIVER MASS FLOW RATE (lbm./min. x 10 ) 

Figure 75. Receiver Mass Flow Rate and Pressure 
Recovery Characteristics for 
R = 107, M = 0.653 and 9 = 0 ° 
e ' r 
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centerlines. The computation of these predictions from the models of 

Simson [27] and Reid [29] was performed with a digital computer pro

gram. This program made use of the free jet data correlation, the 

power jet flow condition, control port pressure, receiver location and 

geometry to calculate this information. The open load flow rate was 

computed from the appropriate form of expression (200). The prediction 

of blocked load pressure based on Simson*s model was determined by in

tegrating expression (214) across the inlet plane of the receiver. The 

estimate of blocked load pressure recovery suggested by Reid was deter

mined from the computed value of the centerline velocity at the entrance 

plane of the receiver. A description and listing of this computer pro

gram is presented in Appendix I. 

The jet receiver interaction characteristics are presented in 

Figure 76 of a power jet flow condition in which the Reynolds number is 

107 and the Mach number is 0.653. In the plot at the top of this figure, 

the blocked load pressure is presented as a function of downstream re

ceiver location, x /b. The predicted values of this parameter based on 

the respective models of Simson and Reid are presented for the purpose 

of comparison. In the plot at the bottom of this figure, the open load 

flow rate nondimensionalized by the computed value of this parameter is 

again plotted against downstream receiver location. It may be observed 

that for this flow condition both methods of predicting the block load 

pressure are reasonably accurate. The actual value of open load flow 

rate, however, is less than 60 percent of that predicted at the nearest 

receiver location investigated. The experimental values of this parameter 
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are observed to decrease in comparison to the prediction for larger 

values of x /b. 
r 

Presented in Figure 77 are characteristics of a flow condition 

in which the Reynolds number is 252 and the Mach number is 0.763. The 

predictions of blocked load pressure from Reid's model are observed to 

be the more accurate for small values of x /b while for larger values 

of x /b the predictions based on Simson's model are the more accurate. 

The calculated values of open load flow rate for positions near the 

power nozzle exit plane are observed to be very good. The actual values 

of open load flow rate are observed to diminish rapidly as x /b in

creases. 

The characteristics of a flow condition in which the Reynolds 

number is 566 and the Mach number is 0.368 are presented in Figure 78. 

The predictions of blocked load pressure are seen to be reasonably 

accurate for small values of x /b while considerably in error for larger 

values of x /b. The experimental data in comparison to either of the 

prediction models demonstrate a much larger decrease in this parameter 

with the separation distance. The calculated values of open load flow 

rate are again quite accurate near the nozzle exit plane. With increas

ing values of x /b, the experimental data again diminish rapidly in 

comparison to the prediction. 

Comparisons are presented in Figures 79 through 81 of typical 

measured and predicted values of open load flow rate and blocked load 

pressure recovery with the receiver offset at 10°. These data were 

obtained at a receiver location of x /b = 5.5 for the same flow cases 
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presented in Figures 76 through 78. Two methods were employed to 

calculate the blocked load pressures shown in these figures. In the 

former the blocked load pressure was calculated based on the method sug

gested by Simson. That is the average of the total pressure profile 

across the receiver inlet. In the latter this parameter was estimated 

to be equal to the total pressure at the center of mass flow rate of the 

velocity profile coincident to the receiver inlet. This method may be 

viewed as an extension of Reid's "cowl" streamline approach to asym

metric velocity profiles at the receiver inlet. The open load flow rate 

was again computed from the appropriate form of expression (200). The 

calculation of the predictions was performed by the computer program 

described in Appendix I. 

The blocked load pressure and open load flow characteristics are 

presented in Figure 79 for a power jet operating at a Reynolds number of 

107 and a Mach number of 0.653. The blocked load pressure and the open 

load flow rate are presented as a function of control port pressure at 

the top and bottom of this figure, respectively. It may be observed 

that in this flow case both methods for predicting blocked load pressure 

give a reasonable description of the data. The experimental values are 

observed, however, to reach a maximum at a larger control port pressure. 

This trend could stem from error in predicting the power jet deflection 

angle. The measured values of the open load flow rate are found to be 

much smaller than those predicted. This trend was also observed in 

Figure 76 for the case where 0 =0°. The measured values of open load 

flow rate would appear to reach a maximum at higher control port pres

sure. 
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The characteristics of a flow case are presented in Figure 80 in 

which the Reynolds number is 252 and the Mach number is 0.763. The pre

dicted values of open load flow rate are shown to be reasonably accurate 

with respect to these data. This fact is in agreement with information 

found in Figure 77. The experimental data are observed, however, to ob

tain a maximum value at a higher control port pressure. Both methods of 

predicting blocked load pressure would also be reasonable estimates of 

the experimental data. The measured values of blocked load pressure, 

as in the case of the open load flow rate, obtain a maximum value at a 

higher control port pressure. If the predictions were shifted such 

that maximum values coincided, the method based on tptal pressure at 

the center of mass would be the more accurate. 

Characteristics of a flow case in which the Reynolds number is 

566 and the Mach number is 0.368 are presented in Figure 81. The pre

dicted values of open load flow rate are found to be in fair agreement 

with experimental data. The data in comparison to the predictions 

demonstrate a much faster rise of flow rate with control port pressure 

and are observed to obtain a maximum at a lower value of this parameter. < 

The blocked load pressure data demonstrate the same trend in that the 

pressure rises more quickly with control port pressure and reaches a 

maximum at a lower value of this variable. In this flow case, the 

technique based on the total, pressure at the center of mass of the pro

file would be the more accurate estimate of blocked load pressure. 

In summary, the correlation of measured and predicted values of 

open load flow rate demonstrated several trends. Firstly, the prediction 
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technique was better for short receiver power jet separation distances. 

The measured values of open load flow rate were found to diminish 

rapidly in comparison to those predicted as x /b was increased. This 

information would suggest that the jet boundary layers adjacent to the 

top and bottom plates of the experimental apparatus were significant in 

width at larger values of x /b. Considering the numerical values, it 

would appear that the low velocity boundary layer regions could provide 

a leakage path back out of the receiver inlet. Secondly, the predic

tions of open load flow rate when the receiver was offset with respect 

to the power nozzle centerllne were better for the lower Reynolds num

ber flow cases. The receiver flow rate was found to increase more 

rapidly with control port pressure than was predicted. It is assumed 

that the better correlation between analysis and data for the lower 

Reynolds number flow cases was the result of wider more uniform velo

city profiles which occur at these conditions. 

The comparison of predicted and measured values of blocked load 

pressure recovery demonstrated several trends. Firstly, fair correla

tion was achieved for both the respective models of Simson and Reid at 

receiver positions near the power jet exit plane. For larger receiver 

separation distances and higher Reynolds number flow cases, the measured 

values of this parameter were much lower than predicted. It should be 

noted that this effect might again suggest power jet boundary layer 

growth upon the constraining plates of the experimental apparatus. 

Secondly, the predictions of blocked load pressure when the receiver 

was offset with respect to the power nozzle centerllne were again better 
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for the lower Reynolds number flow cases. The blocked load pressure 

was found to increase more rapidly than predicted with control port 

pressure in the higher Reynolds number flow cases. 

Considering the present research, it would appear the computa

tion of open load flow rate and blocked load pressure from the 

respective models of Simson and Reid is justified where two conditions 

are met. That is, when the flow is substantially two-dimensional and 

the coincident power jet velocity profile is fairly large and uniform. 

For conditions in which the jet flow was suspected of being three-

dimensional, the measured values diminished rapidly in comparison to 

those predicted. The one exception to this rule was the blocked load 

pressure recovery for large separation distances at low Reynolds num

bers. The correlation was observed to be poor for situations in which 

the power jet was small in comparison to the receiver inlet or the co

incident velocity profile was very nonuniform. It should be pointed 

out that these conclusions are generally in agreement with Reid's ex

perimental results. Reid indicated that Simsonfs predictions of open 

load flow rate and blocked load pressure were better for larger power 

jet receiver separation distances. That is, at positions where the 

jet profiles were wider and more uniform over the receiver inlet 

plane. 
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CHAPTER VII 

CONCLUSIONS AND SUGGESTIONS 

FOR FURTHER RESEARCH 

Conclusion 

Steady state and fluctuating plane jet characteristics were 

compared to analytical theories and experimental data from previously 

investigated flow regimes. The comparison of high Reynolds number flow 

cases from the present research with a turbulent incompressible plane 

jet [8] demonstrated somewhat similar steady state characteristics. The 

propagation and growth of the turbulent shear layers, however, is much 

slower for even the highest Reynolds number case considered in this in

vestigation. 

The comparison of a low Reynolds number case from this research 

to a laminar incompressible jet with approximately the same Reynolds 

number [18] indicated very similar characteristics. Steady state jet 

characteristics from the present research were compared to flow data 

from the investigation of Anderson [21], These data exhibited similar

ities as to the qualitative effect of Reynolds and Mach number upon the 

time-average velocity profiles. The centerline velocity decay and jet 

spread rates were found, however, to be quite different at approximately 

the same flow conditions. A possible explanation of these differences 

could be the respective nozzles used in the investigations. This would 

suggest nozzle geometry is important to the velocity distribution in this 

regime. 



The experimental data indicated the following conclusions upon 

the structure of a plane jet in this regime: 

1. Lower Reynolds number and higher Mach number flow condi

tions retard the growth of turbulent free shear layers; 

this observation is in agreement with the predictions 

from stability theory by Curie [23] and Pai [24]. 

2. The power profile solution of Schlichting [15] is not in 

agreement with the latter up to 20 nozzle widths from the 

exit plane for the lower Reynolds number jet flows, 

although it would appear to approach this distribution 

in the limit. 

3. Jet flows in this regime may be composed of a potential 

core regime, a laminar transition regime where the turbu

lent shear layers have not met and their effect is small, 

a turbulent transition region beyond the coalescence of 

the free turbulent layers and a fully turbulent zone. 

4. Not all four regions may be present in a single case. 

This is apparent since no laminar transition region 

existed for higji Reynolds number conditions. Likewise, 

no core regions were found for low Reynolds number flows. 

The experimental data demonstrated the jetfs longitudinal 

velocity profile could be described by the Gaussian distribution 

, , 2 
u"/u = e~*#° n for -y > y > - oo (215) 

c ' c — J — 
yc ±y I00 

u/u =* 1 for -y <̂  y <_ y 
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where the profile shape parameter n is defined as 

y/b - yc/b 

n • y*/b . yc/b (216) 

A correlation of the time-average component of velocity in the 

longitudinal direction was formulated based on this velocity distribu

tion. The correlation employs only simple calculations and graphs to 

describe the jet's centerline velocity and profile shape. The predic

tions of the data correlation up to 10 nozzle widths downstream are 

expected to be within approximately five percent for the centerline 

velocity and 10 percent for the jet width parameter r|. The correlation 

is expected to be of sufficient accuracy for design purposes. 

The data from the interaction portion of this research were 

compared to the predictions of Simson's [27] model. The calculated 

values of jet deflection angle, using this model in conjunction with 

the free jet data correlation, are reasonably accurate. The maximum 

and average errors in the jet deflection angles were found to be 1.9° 

and 1°, respectively. This good agreement suggests the interaction 

process is not significantly affected by molecular effects in the 

regime 

1 x 10~2 > K > 5 x 10"4 (217) 
• — n — 

where K is the Knudsen number based on nozzle width. 
n 

Considering the simplicity of Simson's interaction model, the 

prediction of the control port mass flow rate using the measured value 

of power nozzle flow is reasonably accurate. The maximum error in the 
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control port mass flow rate is approximately 20 percent of the maximum 

control port flow. If the predicted values of power nozzle flow are 

employed in the calculations, the maximum error in the control port 

mass flow rate increases to approximately 26 percent of the maximum con

trol port flow. Better agreement between measured and predicted control 

port mass flow rates is found for low control port pressures. This is 

to be expected since the mathematical model is restricted to small de

flection angles. 

A technique is presented for predicting the power nozzle mass 

flow rate and thus making the expression for control port flow useful 

for design. This procedure, is based on the free jet data correlation 

and an assumed velocity profile at the nozzle exit plane. The maximum 

and average error in this prediction is approximately 10 percent and 

4.6 percent, respectively. 

The deflected power jet's velocity profiles are found to be 

distorted by the control port for positions near the interaction region. 

However, through diffusion with the fluid at rest, the velocity profiles 

smoothed rapidly and were in good agreement with the data correlation 

beyond a streamwise station three nozzle widths from the exit plane. 

The data from the jet receiver interaction investigation were 

compared to the predictions based upon the respective models of Simson 

[27] and Reid [29]. Attempts to compute the blocked load pressure and 

open load flow rate characteristics from these models in conjunction 

with the free jet data correlation have produced mixed results. The 

correlation of measured and predicted values of open load flow rate and 



249 

blocked load pressure were generally better for short receiver power 

jet separation distances and decreased in accuracy for larger separa

tion distances. This effect was attributed to boundary layer growth 

on the top and bottom plates of the experimental apparatus. 

For situations in which the receiver was offset with respect 

to the power nozzle centerline, the correlation was better for lower 

Reynolds number conditions. The receiver's flow rate and pressure 

characteristics for the higher Reynolds number flow cases were found 

to increase more rapidly with control port pressure than was predicted. 

It is assumed the better correlation between analysis and data for the 

lower Reynolds number cases was the result of the wider more uniform 

velocity profiles which occur at these conditions. 

In summary, neither the models of Simson or Reid are generally 

adequate to describe the blocked load pressure and open load flow char

acteristics. For situations in which the flow was assumed to be sub

stantially two-dimensional and fairly uniform over the receiver inlet, 

the predictions were adequate descriptions of the results. 

Suggestions for Further Research 

Further experiments which could result in a better description 

of a plane jet in this flow regime are recommended in the paragraphs 

that follow. 

Studies of plane jet characteristics at supersonic Mach numbers 

are suggested. Such studies would indicate the effect of an increased 

degree of compressibility upon the free jet's structure. Of special 

interest is the effect of higher Mach number conditions upon the 
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transition process from laminar to turbulent flow. Equipment which is 

more accurate and sensitive would be required to maintain the flow and 

measure the flow field in such a research. 

Further experiments are suggested to determine the effects of 

nozzle radius of curvature and aspect ratio upon the flow field. The 

poor correlation in steady state characteristics between the present 

research and that of Anderson [21] could suggest the nozzle radius of 

curvature is an important parameter. Measurements of the boundary layer 

growth on the top and bottom plates of the apparatus would provide use

ful information. These data are required to describe the overall energy 

in a jet flow. It would also be useful in interpreting the experimental 

results of the power jet receiver interaction study. 

Experimental measurements of the x and y-components of the 

steady state and fluctuating velocity field are suggested. The evalua

tion and comparison of these data to similar characteristics from high 

Reynolds number turbulent jets could provide further information on 

turbulent transition. 

Jet interaction experiments at higher values of Knudsen number 

are recommended. Such experiments would indicate the flow regime in 

which molecular effects become important to the interaction process. 

It is anticipated, at sufficiently rarefied flow conditions, these ex

periments would demonstrate the control flow substantially passing 

through the power jet without deflecting it. More sensitive equipment 

would be required for such an investigation. 



Experimental studies of the physical phenomena resulting from 

the interaction of two and three-dimensional velocity distributions 

upon a rectangular receiver are suggested. It is hoped this investi

gation would lead to a more rational model of flow and pressure re

covery than is presently available. It would be suggested such 

experiments first be performed at flow conditions consistent with 

operational fluidic devices. 
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APPENDIX A 

ANEMOMETER CALIBRATION 

The anemometer sensing element was maintained at a constant 

temperature during the calibration procedure and the subsequent research. 

This was accomplished by an electronic bridge circuit which was found in 

the anemometer module. A high gain amplifier which was connected across 

the center of the bridge controlled the current flow through the bridge 

such that the resistance of the sensor was maintained equal to that of 

a control resistor. The electronic circuit thus controlled the resist

ance and hence the temperature of the anemometer sensor in the flow 

field. The voltage drop across the sensor is proportional to both the 

electrical current flowing through as well as the heat transfer from 

this device. This heat transfer is a function of the velocity of the 

fluid passing the sensor. The voltage drop across the sensor thus may 

be used to measure velocity, however, a calibration procedure is re

quired to establish the relationship between the voltage drop and the 

velocity in the flow field. 

The heat transfer, H, from a sensor in a gas is in general a 

function of the fluid velocity, V, as well as the sensor's geometry, 

static pressure in the gas, P, static temperature in the gas, T, den

sity of the gas, p, the temperature of the sensor, T , as well as 

properties of the gas, y, C , k and R. This assumes that the radiation 

heat transfer between the sensor and surroundings does not vary with 
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position in the experimental model. This assumption was checked by 

evacuating the model to a low absolute pressure and then determining 

the heat transfer rate from the sensor in still air as a function of 

various positions in the model. No detectable variation in heat 

transfer rate was found. In the present research a single sensor was 

employed which was held at a constant temperature. This served to 

simplify the calibration procedure. 

If the gas flowing past the sensor is assumed to be ideal and 

the flow process in the jet is assumed to be isoenergetic, then the 

static temperature in the gas is 

T - TT - V
2/2gc Cp (218) 

where T is the stagnation temperature of the flow. 

For an ideal gas at a constant static pressure, density is only 

a function of temperature, thus 

P •- P(T) (219) 

The properties of the gas and consequently the heat transfer 

from a constant temperature sensor in air is a function of only velocity 

for a fixed stagnation temperature and a fixed ambient pressure 

H - H(V) (220) 

In summary, the voltage drop across the anemometer sensor is proportional 

to only velocity for flow about a single sensor for a fixed gas, stagna

tion temperature and ambient pressure. 
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Based on the preceding discussion it is apparent that both the 

ambient pressure as well as the total temperature must be maintained 

constant between the calibration procedure and subsequent research. 

The velocity field used in the calibration was obtained by allowing air 

to flow from the supply reservoir through the supply port into the ex

perimental model. The control port and the receiver diffuser were 

removed from the apparatus during calibration. Calibration data were 

taken for static pressure levels in the model of approximately 0.51 mm. 

hg., 1 mm. hg., 2 mm. hg., 5 mm. hg„, 10 mm. hg., and 20 mm. hg. These 

pressures were maintained constant to within ±0.0115 mm. hg. and ±0.0038 

mm. hg. far static pressure levels of 5 ram. hg. and above and 2 mm. hg. 

and below, respectively. 

Measurements of the stagnation temperature in the supply reser

voir of the experimental model indicated that during a particular 

experimental run the total temperature was essentially constant. How

ever, over a period of several months the upstream total temperature was 

found to vary as much as 5°F about the valve 72°F. The stagnation 

temperature was considered constant, at least with respect to a parti

cular experimental run. As a check on the assumption of constant 

stagnation enthalpy in the flow, measurements were made of the stagna

tion temperature in the test model. The anemometer was used to measure 

the temperature near the jest flow by determining the change of resist

ance of the unheated sensor. Thermocouples were used to measure the 

temperature in fixed position taps in the supply reservoir and experi

mental model. These measurements indicated the stagnation temperature 
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in the model was essentially identical to the supply chamber tempera

ture. 

Two techniques were employed in the calibration of the anemo

meter. The first method of calibration consisted of measuring the 

velocity at various positions in the jet flow with an impact probe. 

The anemometer sensor would then be positioned in the same locations 

and the voltage drop across the sensor determined as a function of the 

known velocity. A cathetometer was used in conjunction with reference 

marks on the model's base plate to insure the locations were matched. 

The second method consisted of determining the velocity of the potential 

core at the exit plane of the jet and then measuring the voltage drop 

across the sensor as a function of this known velocity. The velocity 

in the potential core was determined from inviscid perfect gas relation

ships by using the pressure drop across the nozzle, the upstream 

stagnation temperature and the model pressure. 

Of the two methods described, the velocity calibration in the 

potential core was considered the more exact. This was due to the large 

relative size of the impact probe used in the calibration in comparison 

to the jet flow in which it was positioned. This large size was re

quired to maintain the probe's Reynolds number sufficiently high in 

order to insure the validity of the calculation of velocity from invis

cid perfect gas relationships. Sherman [30] studied the effect of low 

Reynolds number on impact probe operation. He concluded the shape of 

the probe employed in this research was the best for low Reynolds number 

conditions. However, for Reynolds numbers of less than 70 based on free 



stream conditions and probe diameter the use of perfect gas relation

ships to calculate velocity was in error. This error was found to be 

very significant for Reynolds numbers lower than 20. 

Experimental studies demonstrated that the optimum location of 

the impact probe during calibration was a position on the centerline of 

the jet flow several nozzle widths downstream of the exit plane. If 

the probe was positioned nearer the exit plane, it was found to block 

the flow from the nozzle. Velocity measurements made at positions far

ther downstream of this optimum location demonstrated considerable 

scatter. It is assumed that this scatter resulted from the interaction 

of the probe and the highly turbulent flow in this region. 

The primary concern in employing the pressure ratio technique 

for calibration was insuring the existence of a potential core at the 

jet's exit plane. Two rath€»r simple tests were employed to insure the 

existence of this core. First, a scan was made across the exit plane 

to insure the existence of a constant voltage and hence a constant 

velocity region. Secondly, the probe was moved downstream of the exit 

plane to insure the core existed a sufficient distance downstream of 

the nozzle's exit. Data were not taken unless both of the criterion 

were satisfied. 

Two techniques were utilized for measuring the steady state 

voltage drop across the anemometer sensor. This was necessary since as 

the model pressure decreases the sensitivity of voltage drop across the 

sensor to velocity also diminishes. For model pressures of 5 mm. hg. 

and above the standard voltmeter in the anemometer module provided 
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sufficient sensitivity, however, for ambient pressures of 2 mm. hg. and 

lower this voltage was amplified. For these low pressure conditions 

the anemometer voltage signal was introduced into one input of an oscil

loscope. A potentiometer which was calibrated to the voltage drop across 

the sensor in still air at that model pressure was introduced into the 

other oscilloscope input. These two voltages were measured differenti

ally and amplified. A low pass filter was employed to smooth the 

anemometer voltage input to the oscilloscope. The break frequency on 

this filter was 50 Hertz. 

In order to illustrate how the anemometer calibration data were 

obtained, a sample calculation for the impact probe will be presented. 

Calculation of the velocity from the impact pressure at one con

dition may be illustrated with the following data: 

measured impact pressure above model pressure = 5.5 mm. oil 

model static pressure = 66.21 mm. oil 

P /P., = 66 .21 /71 .71 - 0.9233 (221) 
m i 

From isentropic flow tables for the pressure ratio of 0.9233 

the following relationships are defined: 

M = 0.34 ; T/TT * 0.9774 (222) 

From the definition of the speed of sound and the Mach number 

c » A R T g ; M - V/c (223) 
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For this test TT - 532°R where R denotes degrees Rankine. The sonic 

velocity for air may be determined from the previous relation and is 

c -y<T/TT) k R T T gc ( 2 2 4 ) 

c =» v^.9774) (1.4) (53.34) (532) (32.2) 

c - 1118 ft./sec. 

The velocity is thus 

V - Mc (225) 

V = (0.34)(1118) 

V - 380 ft./sec. 



APPENDIX B 

CALCULATION OF STEADY STATE AND FLUCTUATING 

COMPONENTS OF VELOCITY 

Both steady state and fluctuating components of velocity were 

determined by means of the hot film anemometer. The calibration of 

this instrument was described in Appendix A. A typical calibration 

curve which was obtained for a model pressure of 5 mm. hg. may be seen 

in Figure 82. Employing this curve it is possible to demonstrate the 

calculation of both steady state and fluctuating components of velocity 

from the measured voltage drops. 

Calculation of Steady State Velocity 

The calculation of the steady state velocity may be illustrated 

with the following data: 

measured voltage at point of unknown velocity =2.46 volts 

measured voltage at point of zero velocity = 2.185 volts 

Ae1 = 2.46 - 2.185 = 0.275 volts (226) 

From Figure 82 the steady state velocity is 477 ft./sec. 

Uncertainty in Steady State Velocity Measurements 

The factors influencing the accuracy of the steady state velo

city measurements would include the sensitivity and reading error of 

the instrumentation as well as variations in the model static pressure 
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during an experimental run. It should be noted that changes of total 

temperature between runs should not affect the accuracy of these mea

surements. That is since the anemometer readings were made with 

respect to the voltage level in the gas at rest, the effect of changes 

of total temperature between runs is eliminated. 

It may be assumed that the measured value of steady state velo

city, u, is a function of the voltage drop across the sensor, e-, and 

the static pressure in the model, P 
m 

u « u (e ,P ) 
1 m (227) 

The effect of variations of voltage drop and model pressure from their 

true values upon the velocity may be written as 

Au = liL 3e, 
Ael+3F 

m m 

AP 
m 

(228) 

The previous expression represents the error in the computed 

steady state velocity as a function of the errors in voltage and model 

pressure. If it is assumed that an infinite number of velocity measure

ments are made, the uncertainty in this measurement may be expressed as 

w- -
u 

(35 
w 

p e 

m ; 

2 
+ 

r ^ e l 3u 

u 1 
w 

p Pm 
m J 

2 " 

[hi 
w 

p e 

m ; 

2 
+ 3P 

I m 

3u 

u 1 
w 

p Pm 
m J 

2 " 1/2 
(229) 

w-, w and w represent the uncertainties in velocity, voltage and model 
u e pm . 

pressure, respectively. 

Shown in Table 6 is the computed uncertainties associated with 

the steady velocity measurements in this research. These values were 
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computed for both zero velocity and the maximum velocity for each of 

the model pressure levels considered. These data indicate the uncer

tainty associated with the range of experimentation. 

Table 6. Uncertainty in Steady State 
Velocity Measurements 

Model Pressure, Uncertainty in Speed Uncertainty in Speed 
P (mm. hg.) at u»0 (ft./sec.) at u»u (ft./sec.) 
m max 

20.0 0.745 3.125 
10.0 2.04 12.51 
5.0 5.52 22.31 
2.0 2.77 19.26 
1.0 8.75 10.32 
0.51 22.03 13.51 

It could be argued that the uncertainties presented in Table 6 

are optimistic, since they assume the anemometer calibration data are 

absolutely correct. It Is rather difficult to estimate the uncertainty 

associated with the calibration procedure, however, it should be more 

accurate than the actual measurement of an unknown velocity. This is 

true since the calibration curves are based on the weighted average of 

a number of individual data points and, therefore, are more accurate 

than a single velocity measurement., A pessimistic appraisal of the 

total experimental uncertainty in the measured value of velocity would 

be to assume that the same uncertainty existed in the calibration and 

subsequent use of the anemometer. If the calibration and use of the 

device are uncorrelated, the uncertainties found in Table 6 would in

crease by approximately 41 percent for this pessimistic assumption. 
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Calculation of the uncertainties in Table 6 from expression 

(229) may be illustrated by the following data. For a model pressure 

of 5 mm. hg. and for a steady state velocity of zero 

3u_ 
3e, 

= 1100 
ft./sec. 
volt ap 

m 
m 

= 0.04 

u 

volts 
mm. hg. 

(230) 

uncertainty in voltage, w • 0.005 volts 

uncertainty in model pressure, w • 0.0115 mm. hg. 

Introducing the previous data into equation (229), yields 

w- - {[(1100)(0.005)]2 + [(0.04)(1100)(0.0115)]2}1/2 = 5.52 ft./sec. 

(231) 

u 

Calculation of the Fluctuating 

Component of Velocity 

A true rms voltmeter was employed in this research to measure 

the fluctuating component of velocity in the free jet. An explanation 

of how the fluctuating component of velocity was calculated may be 

made by considering the factors influencing this voltage. 

The electrical output from the anemometer is composed of two 

fluctuating signals, that is electronic noise and the fluctuation of 

voltage due to turbulence in the jet flow. This may be expressed as 

e. - e + e 
f s n 

(232) 

where e and e represent the signal and noise voltages, respectively. 



Since the signal and noise are uncorrelated the output of the volt

meter is 

r* / 2 ± 2 
/ e_ * / e + e 

f s n 
(233) 

The rms value of the signal from the previous expression is 

? • / / n 
(234) 

With the signal separated from the electronic noise it is pos

sible to obtain the rms value of the velocity fluctuations. The 

fluctuating component of velocity may be expressed as 

u'2- f e , P , u 
s m 

(235) 

For constant values of u and P the preceding expression may be simpli

fied to 

3 e i P ,u 
m 

'T 
e 
s 

(236) 

That is, the rms values of velocity and voltage are related by the 

slope of the anemometer calibration curve at the appropriate static 

pressure and average velocity. 

Calculation of the fluctuating component of velocity from ex

perimental data may be illustrated with the following data for a static 

pressure level of 5 mm. hg.: 

~2 
rms value of voltage reading • e 

rms value of electronic noise 

0.0092 volts 

e -• 0.0046 volts 
n 
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The value of the true signal from expression (234) is 

e 
s 
2 - /(0.0092)2 - (0.0046)2 « 0.00795 volts (237) 

The average value of velocity at which this data point was taken is 

162 ft./sec. From Figure 82 

3u_ 
3e, - B 1490 ̂ {t 6 0'' (238) 

Pm>u 

/ 2 The value of / uf from expression (236) is thus 

u'2 - (1490)(0.00795) - 11.8 ft./sec. (239) 

Uncertainty in Fluctuating Component 

of Velocity Measurements 

The measured value of the fluctuating component of velocity 

may be expressed as 

u'2 = K / e 2 (240) 
e s 

where K is represented by 

K -¥• 
e 3e, 

(241) 
P ,u 
nr 

The effect of errors in the rms value of voltage, the model pressure 

and the average velocity upon the fluctuating component of velocity 

may be written as 
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uf2 = K A e2 + 
s 

f3K 

3P 
m u 

AP + 
m 

f3K 

35 
m 

Au 

(242) 

The previous expression represents the error in the computed 

rms value of the velocity as a function of errors in the rms value of 

voltage, the model pressure and the average velocity. If it is assumed 

that an infinite number of measurements of the fluctuating component 

of velocity are made, then the uncertainty in this parameter may be 

expressed as 

2 £ = 
W / u ^ = 

f £rr 
K w es 3P 

m 
w 

- pm 
u r 

f ' 3K ' 
2 e e 
s 3d w-

p * UJ 
(243) 

w ,2 w e , w and w- represent the uncertainties in the rms value 
s ' pm u 

of velocity, rms value of voltage, the model pressure and the average 

velocity, respectively. If the preceding expression is divided through 

by the mean square velocity (expression (240) squared), an expression 

for the normalized uncertainty in the fluctuating component of velocity 

results 

/=? (( /=F]i , -U/2 

U 
,2 

f r i < 

2 
N 

VJ e 3K (* \ 2 "3K f- ^ 
2 

I s + e 1 (w ) 
pm 

+ e 1 > \ 
f^mm—m 

+ 
3F 

m U 
K 

e 
(w ) 

pm 
+ 

35 P K W— 

u 
> 

/ 2 L_ v / -J - m -* 
L i ^ e s J / 

(244) 



267 

Shown in Table 7 is the computed percentage uncertainties asso

ciated with the fluctuating component of velocity. These values are 

computed for both the maximum and minimum steady state velocity for 

each of the model pressure levels considered. These data thus indicate 

the uncertainty associated with the range of experimentation. It should 

be noted that in the calculation of the information in Table 7 the per

centage uncertainty in the rras value of voltage has been assumed to be 

five percent for each case. The rms voltmeter and the reading error 

associated with this device are certainly not that large; however, the 

main error associated with obtaining the. fluctuating component of volt

age is the separation of the noise and true signal voltages. 

Table 7. Percentage Uncertainty in Root 
Mean Square Velocity Measurements 

Model Pressure, Percentage Uncertainty Percentage Uncertainty 

/TT 
in / u at u = u 

max 
5.01 
6.05 
7.17 
8.18 
5.01 
5.44 

Calculation of the uncertainties in Table 7 from expression 

(244) may be illustrated by the following data. For a model pressure 

of 5 mm. hg. and a steady state velocity of zero 

P (mm. hg.) m in v ' u 2 at u = 0 

20.0 5.45 
10.0 5.03 
5.0 5.07 
2.0 5.01 
1.0 5.05 
0.51 5.06 
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dK 

9P « - 370 
ft./sec. dK 

m u 
volt mm. hg. ' 3u 1.47/volt (245) 

m 

K - 1100 - f t , /? e c^ ; e volt 

w/ 2 
s - 0.05 

w = 0.0115 mm. hg. ; w- - 5.52 ft./sec. 
pm ° ' u 

Introducing the previous data into expression (244) yields 

"/** 

u 
,2 

= {(0.05)2 + [[(-370) (̂ igg) (0.0115) ] 2 

1 2 I/2 
+ [(1.47) (3—) (5.52) ]Z} 

(246) 

w/ ,2 
•' u 

= 0.0507 

u 
i2 

Thus the uncertainty associated with this measurement is 5.07 percent 
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APPENDIX C 

FREE JET DATA 

Flow Conditions 

A tabulation of the flow conditions considered in the free jet 

investigation is presented in Table 8. The absolute pressure in the 

experimental model and the differential pressure across the supply 

nozzle serves to identify these cases. The Reynolds and Mach number 

based on the width of the supply nozzle and measured conditions at the 

centerline of the nozzle exit plane are also presented. 

The calculation of the Reynolds and Mach numbers found in Table 

8 from the measured values of velocity at: the centerline of the nozzle 

exit plane, un, model ambient pressure, P , and upstream total tempera-U m 

ture, T , may be summarized by the following equations. 

If it is assumed that the flow is isoenergetic, the static tem

perature, T, at the centerline of the nozzle exit plane may be expressed 

as 

T = TT - u0
2/2gc Cp (247) 

The sonic velocity of the flow is given by 

c = A. R T g (248) 
c 

The value of the Mach number may be found from the definition 

M - uQ/c (249) 
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The value of the Reynolds number may be determined from the definition 

Re = V%h/]1 <25°) 

If it is assumed the gas is ideal, then density may be expressed as 

p - Pm/RT (251) 

Assuming the viscosity of the gas is proportional to the square root of 

temperature, then viscosity may be expressed as 

u = u^(T/Tp1/2 (252) 

The calculation of the Mach number and Reynolds number may be 

illustrated with data from the third flow case in Table 8. 

measured velocity = 725 ft./sec. 

model pressure = 1.0 mm. hg. 

upstream total t€imperature = 532°R 

From expression (247) the static temperature may be determined 

T = 532 - (725)2 / (2)(32.2)(778)(0.24) - 488°R (253) 

Inserting the value of static temperature into expression (248) yields 

the speed of sound 

c • /(1.4)(53.34)(488)(32.2) = 1083 ft./sec. (254) 

The value for the Mach number may be computed from equation (249) 
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M - 723/1083 * 0.67 (255) 

The density of the gas may be computed from expression (251) and is 

p = (1.0)(2.783) / (53.34)(488) = 1.069 x 10~4 lbm./ft.3 (256) 

The viscosity of the gas from expression (252) is 

y = 0.37 x 10"6 J ~ = 0.3686 x 10"6 l b f . s e c . / f t . 2 (257) 

Introducing the values of density and viscosity into expression (250), 

yields 

Re = (1.069 x 10"
4)(725)(0.0167) / (0.3686 x 10~6)(32.2) 

R - 109 ( 2 5 8 ) 

e 

Free Jet Velocity Data 

A tabulation of the time-averaged and fluctuating components 

of velocity which were measured in the free jet investigation is pre

sented in Tables 9 through 23. A description of how this information 

was obtained from anemometer data and a discussion of experimental 

error associated with these measurements is presented in Appendix B. 

The free jet data have been presented in a nondimensional form 

in that all length units and velocities have been divided by nozzle 

width, b, and steady state velocity at the centerline of the nozzle 

exit plane, u~, respectively„ Values of x represent distance down

stream of the nozzle's exit plane and values of y represent distance 

from the centerline of the jet. It should be noted that the centerlines 
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of the experimental jet and experimental apparatus did not exactly 

correspond. This asymmetry was attributed to slight imperfections in 

the nozzle blocks. The maximum offset angle between the jet and appara

tus centerline was found to be -1.9°. No attempt was made to correct 

the experimental data for the slight error associated with traversing 

the jet profiles normal to the device's centerline rather than the jet's 

centerline. 

Free Jet Static Pressure Measurements 

Static pressure traverses are presented for several flow cases 

in Tables 24 through 26. Differential pressure measurements between 

the model ambient and the jet are expressed in mm. of oil which has a 

specific gravity of 1.04. 

Free Jet Velocity Vector Measurements 

Velocity vector traverses are presented for several flow cases 

in Tables 27 through 29. The angle of the jet's velocity vector with 

respect to the centerline of the apparatus is presented as a function 

of the nondimensional distance from the jet's centerline. The sign 

convention established in these data is such that a positive y-value 

produces a vector whose angle is 90° to the apparatus centerline. 



Table 8. Experimental Free Jet Conditions 

Model Pressure, Differential Nozzle Reynolds Mach 
P (mm. hg.) Pressure (mm. hg.) Number Number 
m ^ 

0.51 0.199 47.7 0.591 
1.0 0.149 64.2 0.416 
1.0 0.406 109 0.670 
1.0 0.780 152 0.885 
2.0 0.321 142 0.457 
2.0 0.937 255 0.761 
2.0 1.600 336 0.956 
5.0 0.436 262 0.347 
5.0 0.666 325 0.426 
5.0 1.645 515 0.646 

10.0 0.410 359 0.240 
10.0 0.981 558 0.368 
10.0 1.542 705 0.458 
20.0 0.478 546 0.183 
20.0 0.658 645 0.216 



Table 9. Free Jet Velocity Measurements; 

Re = 47.7, M = 0.591, uQ = 645 ft./sec. 

x/b y /b u/uQ c u/u 
c / u f 2 / u Q x 102 

0.0 0 .0 1.0 0.0 
0.25 0.0 0.884 0.0 
1.0 0 .0 0.807 0.0 
2 .5 0.0 0.721 0.0 
5.0 0.0 0.674 0.0 
7.5 0 .0 0.626 0.0 

10.0 0.0 0.572 0.0 
15.0 0 .0 0.481 0.0 
20.0 0.0 0.426 0.0 

*No turbulence was detected in the jet. 



Table 10. Free Jet Velocity Measurements; 

R » 64.2, M - 0.416, u - 463 ft./sec. 

x/b y/b u/un u/u urt x 10 
u c 0 

0.0 0.0 1.0 0.0 
0.25 -0.66 0.309 0.0 

-0.52 0.448 0.0 
-0.48 0.558 0.0 
-0.39 0.751 0.0 
-0.33 0.820 0.0 
-0.29 0.890 0.0 
-0.18 0.945 0.0 
-0.07 0.971 0.0 

0 .0 0.959 1.0 0.0 
0.08 1.0 0.0 
0.18 0.971 0.0 
0.23 0.890 0.0 
0.27 0.834 0.0 
0.35 0.695 0.0 
0.44 0.585 0.0 

0.25 0.54 0.475 0.0 
0.71 0.309 0.0 

0.50 0.0 0.933 0.0 
1.0 0.0 0.892 0.0 
2 .0 0.0 0.868 0.0 
3.0 -0.97 0.304 0.0 

-0.77 0.503 0.0 
-0.69 0.603 0.0 
-0.54 0.767 0.0 
-0.36 0.884 0.0 
-0.23 0.899 0.0 
-0.10 0.966 0.0 
0.05 0.810 1.0 0.0 
0.20 0.966 0.0 
0.31 0.915 0.0 
0.41 0.833 0.0 
0.53 0.767 0.0 
0.62 0.651 0.0 
0.78 0.471 0.0 
0.92 0.370 0.0 
1.11 0.206 0.0 
1.39 0.106 0.0 

4 .0 0.0 0.759 0.0 
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Table 12. Free Jet Velocity Measurements; 

Rg = 152, M - 0 .885 , uQ = 930 f t . / s e c . 

x/b y /b u/u, u /u u'2/u" 0 x 10' 

0.0 0.0 1.0 
0.25 0.0 0.930 
0.5 0.0 0.940 
1.0 0.0 0.918 
2.0 0.0 0.854 
4.0 0.0 0.724 
6.0 0.0 0.690 

10.0 0 .0 0.642 
15.0 0.0 0.592 
20.0 0.0 0.553 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

*No turbulence was detected in the jet. 

Table 13. Free Jet Velocity Measurements; 

R = 142, M = 0.457, un = 507 ft./sec. e ' ' 0 

x/b y/b u/u, u/u ul2/uQ x 10
i 

0.0 0.0 1.0 
0.5 0.0 0.976 
1.0 0.0 0.943 
2.0 0.0 0.917 
4.0 0.0 0.838 
6.0 0.0 0.785 

10.0 0.0 0.709 
15.0 0 .0 0 .661 
20.0 0.0 0.605 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

*Turbulence detected in the jet at x/b = 10.0. 
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Table 14. (Continued) 
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x/b y /b u/uQ u/u c / u ' 2 / ^ x 102 

6.0 -0.47 0.817 0.888 
-0.35 0.937 0.0 
-0.15 0.990 0.0 
-0.01 0.755 1.0 0.0 
0.31 0.937 0.0 
0.45 0.846 0.932 
0.55 0.737 1.129 
0.68 0.616 0.947 
0.79 0.491 0.821 
0.95 0.308 0.505 
1.13 0.154 0.477 

10.0 -1.15 0.170 0.679 
-0.96 0.310 1.02 
-0.79 0.450 1.49 
-0.65 0.650 1.90 
-0.52 0.770 1.78 
-0.38 0.910 1.28 
-0.18 0.708 1.0 0 .0 
0.21 0.975 0.0 
0.36 0.880 2.06 
0.53 0.750 2.07 
0.68 0.620 1.77 
0.76 0.530 1.58 
0.96 0.340 1.17 
1.19 0.170 0.837 

15.0 o.o- 0.683 0.0 
20.0 0 .0 0.664 0 .0 

tii.it 

tii.it


Table 15. Free Jet Velocity Measurements; 

R = 336, M = 0.956, un = 985 ft./sec. e u 

x/b y/b i I /UQ u /u 
c / u ^ u Q x l O 2 

0.0 0 .0 1 .0 0.0 
0 .25 - 0 . 6 3 0.180 0.416 

-0 .56 0.293 0.462 
-0 .52 0.438 0.855 
- 0 . 3 5 0.775 1.78 
-0 .24 0.875 0.0 
-0 .16 0.970 0.0 
-0 .04 1.0 0.0 

0.05 0 .950 1.0 0.0 
0 .13 0.970 0.0 
0 .23 0.875 0.0 
0.35 0.716 1.58 
0 .53 0.492 0 .961 
0.57 0.331 0.490 
0 .63 0.215 0.425 

0 .5 0.0 0 .965 0.0 
1.0 0.0 0 .950 0.0 
2.0 0.0 0 .908 0 .0 
3.0 -0 .97 0.204 0.416 

- 0 . 8 3 0.336 0.472 
- 0 . 4 1 0.742 0.990 
-0 .37 0 .821 1.15 
- 0 . 3 3 0.900 0.0 
-0 .14 0.970 0.0 
0.0 0 850 1.0 0.0 
0.44 0.766 1.04 
0.56 0 .641 0.814 
0.75 0.352 0.481 

4.0 0.0 0 822 0.0 
6.0 -1 .09 0.193 0.579 

-0 .97 0.325 0.778 
-0 .84 0.465 1.19 
-0 .66 0.702 1.76 
-0 .50 0.903 2.47 
-0 .26 0.973 1.73 
- 0 . 0 1 0, 743 1.0 0.0 

0.09 0.973 0.0 
0.30 0 .903 , 1.54 
0.65 0.770 1.99 
0.79 0.623 1.36 
0.95 0.422 0.998 
1.12 0.220 0.713 
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Table 16. Free Jet Velocity Measurements; 

R = 262, M = 0.347, u. =389 ft./sec. 

x/b y/b u/uQ u /u c / u ^ / u x 102 

0.0 0 .0 1.0 0.0 
1.75 0.0 1.0 0.0 
3.0 0.0 0.974 0.0 
4.0 0.0 0.961 0.0 
6.0 0 .0 0.928 0.0 

10.0 0.0 0.868 0.0 
15.0 0.0 0.819 0.0 
20.0 0.0 0.681 5.51 

*Turbulence detected in the j e t a t x/b = 3.0. 
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Table 18. (Continued) 

x/b y/b i a/uQ u/u c / u ^ / u 0 x 102 

6.0 - 0 . 4 8 0.672 1.29 
-0 .34 0 .843 0.0 
-0 .30 0.915 0 .0 
-0 .14 0.974 0.0 
-0 .05 0 .977 1.0 0.0 

0.05 1.0 0.0 
0.15 0.965 0.0 
0.19 0.928 0.0 
0.30 0.849 1.03 
0.44 0.714 1.82 
0.53 0.518 2.37 
0.69 0.295 1.82 
0.86 0.147 0.953 
1.17 0.044 0.266 

10.0 0.0 0 .937 2 .61 
15.0 0.0 0 .612 7.05 



Table 19. Free Jet Velocity Measurements; 

Re =359, M = 0.24, uQ =270 ft./sec. 

x/b y/b u/uQ u/u c / u ^ / u Q x 102 

0.0 0.0 1.0 0.0 
3.5 0.0 1.0 0.0 
4.0 0.0 0.996 0.0 
6.0 0.0 0.978 0.0 

10.0 0.0 0.930 0.326 
12.5 0.0 0.886 
15.0 0.0 0.818 5.88 
17.5 0.0 0.675 
20.0 0.0 0.608 

*Turbulence detected in the jet at x/b = 0.25. 

Table 20. Free Jet Velocity Measurements; 

R = 558, M = 0.368, un = 410 ft./sec. e 0 

x/b y/b u/uQ u /u c / u l 2 / u x 102 

0.0 0.0 1.0 0.0 
5.0 0.0 1.0 0.0 
5.5 0.0 1.0 
7.5 0 .0 0.983 

10.0 0.0 0.967 13.0 
12.5 0.0 0.794 
15.0 0.0 0.639 13.3 
17.5 0.0 0.594 
20.0 0.0 0.566 11.7 

*Turbulence detected in the jet at x/b = 0.25. 



Table 21. Free Jet Velocity Measurements; 

Rp = 705, M - 0.458, uQ - 507 ft./sec. 

x/b y/b u/un u/u u^ x 10^ 
u c i U 

0.0 
0.0 

15.2 

13.1 

11.1 

0.0 0.0 1.0 
5.0 0.0 1.0 
6.5 0.0 1.0 
7.5 0.0 0.987 

10.0 0.0 0.904 
12.5 0.0 0.710 
15.0 0.0 0.634 
17.5 0.0 0.606 
20.0 0.0 0.579 

*Turbulence detected in the jet at x/b - 0.25. 



ON 

o 
u> 
o 

o o 
N > O 
L n 

I I I 1 I I I I I I I i L L I I I I I I t I _ 

o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o 
U I U U W N O \ O O U I O O N N J ( » O I O 

I O U M n O \ < s J O O O M J i U i * « J M O W O ( O U * > O i U U ^ O 
ONUivjLnooooOJlsJtnroooUnooU) * O O ^ O ^ v j O 

I-1 

o 

H O O O O O O O O O O O O O M O O O O O O O O O O O O O O l - i M O O O O O O 

V 0 s l 0 > > . f c » I O M O O O | - - » t s > * - « s j v 0 O , O s l U i W I - - » O O O O > - » W U i s l v 0 
O N s J ^ * » H O W U O O O i U i s | V O O O 4 > V D 0 0 * « 0 0 U i H N } 0 0 0 0 N J O v l 0 \ 
s J v l O O I O ^ N ) U 0 0 U i > O O 0 ) ^ O O W O O l n H s J M U H ^ M M 

o o o o m c o M O O 
SI s i W W s i N) 
O O s i O »-» s i 

N J C O t O U J w r o O O O O O O O O O O O O O O O O O O O O O l - ' O O O O O M O O O O O 

M N J * N H M O N W N W O i U i O o a O O O O \ O O O N O i N 3 N J h ' U O O * O M O O O U i 
0 0 s l M O * » C S O i v D J S H O \ ^ M W W U ) W O i K ) U M * O H O s l s l s l s l si 

U i s i U ) O O M U « O U U U U O O O N U O O s i l n o o v J si h-» 

O VO Ui IO 
O si si *•« si 

s i ON W N) 

M O 

O* 

V! 

O* 

C I 

- C I 

C I 

C I 

C I 

o 



ts> M 
O Cn 

O O 

O 

O 

ON 

o 

I I I I I I 
O O M O O O O O O O O O O O O O O O O O O O 

O O H ^ M O N U i O J M H O H W ^ O N O O O O O ^ O i ^ t O H 

o o 
• • 
Ln ON 
00 00 
^J O 

VO 

Ur 

O O O O O O O O O O O O O O O O O O O 
O O I O W * > O M » A O 
l O s j N M J S O M O U l 
VO Ui JS 00 00 *J t o .£> 

V O M * « M H O H WvVif lOVO 
t O O O O O N O C A O N M O O O N 
O s j v O J S W O W O v f l J S M 

O H» H« 
M H H» K« 

N > ^ . ^ j v O | - » t O O O * » M M * > H H H I O W U > 

H V O O O W O ^ W O O N J ^ ^ H N O O O O H O i V O a j S H 
O U O) b) 00 W ^ H O I V O O O ^ O O N 



ON 

o 
Co 

o 
o o 
to O 
Cn 

o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o i i i I I I 
o o o o to 

s i 
M O N U J ^ U i C ^ N l O ^ ^ U i 

O i O \ V O \ O s l O \ v O H i - ' 
Co .£» i s *» Cn Cn 
Cn O •£» VO Co 00 

M 

O 
M 

O 

O O t - ' O O O O O O O O O O O O O M M O O O O O O O O O O O O O O M O O O O O O 
O O V O O v O M ^ N J | - i O O I - ' U ) O i ( ^ M ^ 
COON O O C O - O C o O N - T N O O C O t O O O ^ J C O 
M 00 H O H N ) H O i O i p O \ ^ H 0 0 O i 

O O v O s j U i ^ N H O O O l - ' U O ^ M V O 
W U K M - ' l n w t M - ' O i N J O W U i O 
U i L n O i ^ ^ v O a O W O J M O U i N ) 

VO VO ON CO M O 
ON CO CO to .£» 4S 
00 N ) H 00 4 N » 

t O O O M C 0 C 0 t O | - i O O M M I - J h J l - ' O O O O | - ' | - i | - i | - i | - i O O O | - ' t O M I - J O O O I - ' t O | - i O O O 

O j s O ^ O K ) ^ L n v O O i | - i 
W s i C o C n v O v O l - ' t o c O s i 

CO ON CO 

O N M O i H ^ O O ^ H M O i U 
H Ui ONsl M si ON VO in N) 

CO Co 

O N O ^ O N ) V O ^ * . O O H O ^ * > 0 0 
M VO si NJM 0> O si VO ON Ui p 
Oi si ̂  o CO 



to J-» 
O U> 
• • 
o o 

O Ĵ 
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Table 24. Free Jet Static Pressure Measurements; 

R «* 336, M = 0.956, un = 985 f t . / s e c . e u 

x/b y/b 
P - P 

m 
(mm.oil) 

3.0 -0.71 -0.05 
-0.47 -0.20 
-0.27 -0.40 
-0.12 -0.70 
0.05 -0.75 
0.19 -0.50 
0.39 -0.35 
0.52 -O.10 
0.71 0.0 

6.0 -0.73 0.0 
-0.49 -0.20 
-0.29 -0.35 
-0.15 -0.70 
0.01 -0.80 
0.17 -0.65 
0.37 -0.35 
0.50 -0.15 
0.89 0.0 

10.0 -1.09 0.0 
-0.78 -0.15 
-0.53 -0.40 
-0.29 -0.55 
0.02 -0.75 
0.36 -0.55 
0.41 -0.45 
0.60 -0.25 
0.83 -0.10 
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Table 26. Free Jet Static Pressure Measurements; 

R - 705, M = 0.458, un = 507 ft./sec. 

P - P 

y 1 v (mm. oi l ) 

-0.56 0.0 
-0.41 -0.25 
-0.28 -0.65 
-0.17 -0.90 
-0.11 -1.05 
-0.01 -1.15 
0.18 -0.95 
0.26 -0.80 
0.34 -0.45 
0.48 -0.15 
0.55 -0.05 

-0.78 -0.05 
-0.66 -0.15 
-0.47 -0.25 
-0.30 -0.55 
-0.24 -0.70 
-0.05 -1.05 
0.09 -1.20 
0.22 -1.00 
0.39 -0.50 
0.48 -0.30 
0.69 0.0 
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APPENDIX D 

JET INTERACTION DATA 

Flow Conditions 

A tabulation of the power jet flow conditions considered in the 

jet interaction investigation is presented in Table 30. The absolute 

pressure in the experimental model and the differential pressure across 

the primary nozzle serves to identify these data cases. The Reynolds 

and Mach numbers of the power jets which are calculated from the free 

jet correlation are also presented. 

Jet Deflection Data 

A tabulation of measured steady state velocity profiles and 

centerline positions of the deflected power jets is presented in Tables 

31 through 38. These data are presented for a constant power jet flow 

as a function of the control port differential pressure above the model 

ambient. The indicating fluid has a specific gravity of 1.04. Values 

of the power jet and control port mass flow rates which were obtained 

with calibrated rotameters are also presented. A discussion of the 

method of obtaining the steady state velocity profiles from anemometer 

data and a description of the experimental error associated with these 

measurements is presented in Appendix B. The deflected power jet's 

centerline position was located by taking partial velocity profiles. 

The jet's centerline was established as the mid-point of these pro

files. 
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Values of x represent: parallel distance downstream of the power 

nozzle's exit plane and values of y represent normal distance from the 

apparatus or power nozzle centerline. It should be noted that the cen-

terlines of the deflected jet: and the power nozzle were offset. The 

lateral probe traverses cut across different axial stations in the de

flected jet. The axial station of the deflected jet profiles, s/b, at 

the arbitrary probe traverse coordinates x/b and y/b may be expressed as 

s/b « (x/b-1/2) cos 6 - y/b sin 6 + 1/2 (259) 

where 6 represents the deflection angle of the jet with respect to the 

power nozzle centerline. Applying the previous expression to the velo

city profile data indicates the variation of s/b across the experimental 

profiles increases with downstream distance., The maximum magnitude of 

this variation for deflection angles of less than 10° was found to be 

0.45 nozzle widths at the station x/b = 10.0. The axial distance 

traveled at the centerline of the profile which is intersected by the 

probe traverse is within two percent of the longitudinal traverse coor

dinate, x/b, for deflection angles restricted to less than 10°. It 

should also be noted that the normal distance from the deflected jet's 

centerline differs by the cosine of the deflection angle from the dis

tance to the centerline of the lateral traverse coordinate, y/b. 

Deflected Jet Static Pressure Measurements 

Static pressure traverses of the deflected power jet are pre

sented for several flow cases in Tables 39 and 40. Differential pressure 
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measurements between the model ambient are expressed in mm. of oil 

which has a specific gravity of 1.04. 

Deflected Jet Velocity Vector Measurements 

Velocity vector traverses are presented for several flow cases 

in Tables 41 and 42. The deflection angle of the jet with respect to 

the power nozzle centerline is presented as a function of normal dis

tance from the apparatus or power nozzle centerline. The sign conven

tion established is such that a positive y value produces a vector whose 

angle is 90° to the apparatus centerline. 



Table 30. Experimental J e t I n t e r a c t i o n Condit ions 

Model P r e s s u r e , D i f f e r e n t i a l Nozzle Reynolds Mach 
P (mm.hg.) P re s su re (mm.hg.) Number Number 

m 

1.0 0.443 114 0.691 
1.0 0.815 155 0.892 
2.0 0.939 252 0.763 
2.0 1.639 341 0.970 
5.0 0.673 326 0.434 
5.0 1.720 534 0.662 
20.0 0.478 546 0.183 
20.0 0.742 700 0.222 



Table 31. Deflected Jet Velocity Measurements; 

Re = 114, M = 0.691, m = 0.00544 lbm./min. 

u P^P 
0 

m 
x/b y /b c 

( f t . / s e c . ) 
u /3 c 

1 m 
(mm.oil) 

c 
(lbm./min.) 

6.0 -0.74 1.0 1.10 0.000611 
10.0 -1.30 1.0 
15.0 -1.94 1.0 

1.0 -1.62 
-1.23 
-0.98 
-0.84 
-0.73 
-0.64 
-0.50 
-0.33 

0.087 
0.199 
0.379 
0.597 
0.800 
0.876 
0.920 
0.979 

1.90 0.001130 

-0.15 
0.04 
0.27 
0.39 
0.56 

633 1.0 
0.979 
0.920 
0.856 
0.813 

2.0 -1.90 
-1.56 
-1.35 
-1.24 
-1.11 
-0.99 
-0.85 

0.131 
0.239 
0.434 
0.587 
0.760 
0.912 
0.978 

-0.64 
-0.50 
-0.38 
-0.30 
-0.19 
-0.05 

0.12 
0.29 
0.40 
0.54 

582 1.0 
1.0 
0.978 
0.954 
0.931 
0.890 
0.824 
0.613 
0.367 
0.218 4.0 -2.61 

-2.32 
-2.05 
-1.91 
-1.75 
-1.59 

0.096 
0.239 
0.453 
0.619 
0.810 
0.928 
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Table 32. Deflected Jet Velocity Measurements; 

Rg - 155, M = 0.892, m j = 0.00796 lbm./min. 

u P--P o 

m x/b y/b 
( f t 

c 
, / sec . ) 

u/u c 
1 m 

(mm.oil) 
c 

(lbm./min.) 

6.0 -0.43 1.0 1.10 0.000452 
10.0 -0.68 1.0 
15.0 -1.14 1.0 

6.0 -0.87 1.0 2.00 0.000770 
10.0 -1.47 1.0 
15.0 -2.19 1.0 

Table 33. Deflected Je t Velocity Measurements; 

R - 252, M - 0.763, m. « 0.0120 lbm./min. e i 

u P -P m 
x / b y / b ( f t . / s e c . ) u / u c (mm.oil) (lbm./min.) 

6.0 -0.85 
10.0 -1.51 
15.0 -2.22 

6.0 -1.41 
10.0 -2.41 
15.0 -3.67 

2.20 0.001358 

3.60 0.002123 

0.85 0.000523 
1.45 0.000679 
1.85 0.000888 
2.15 0.001150 
2.60 0.001280 
0.75 0.000340 
1.15 0.000549 
1.65 0.000758 
2.30 0.001098 
2.55 0.001411 
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Table 35. (Continued) 

x/b y /b 
u c 

( f t . / s e c . ) u/u c 

P-'-P 1 m 
(mm.oil) 

o 
m c 

(lbm./min.) 

10.0 -1.45 
-1.22 
-1.02 
-0.79 
-0.63 
-0.45 
-0.19 

412 1.0 
0.940 
0.793 
0.539 
0.379 
0.199 
0.049 

15.0 -3.74 
-3.34 
-3.09 
-2.81 
-2.43 

0.080 
0.280 
0.472 
0.680 
0.968 

-2.32 
-2.14 
-1.91 
-1.58 
-1.33 
-1.14 
-0.71 

375 1.0 
0.968 
0.840 
0.592 
0.400 
0.253 
0.053 6.0 -1.12 1.0 2.30 0.002280 

10.0 -2.07 1.0 
15.0 -3.13 1.0 
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Table 36. Deflected Je t Velocity Measurements; 

Re = 534, M - 0.662, m± - 0.02796 Ibm./min. 

x/b y/b ( f t . / s e c . ) u / V ( m m . o i l ) ( I b m . / m i n . ) 

1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 

6.0 -0.43 
10.0 -0.80 
15.0 -1.29 
6.0 -0.82 
10.0 -1.39 
15.0 -2.03 
6.0 -1.03 
10.0 -1.83 
15.0 -2.76 

2.30 0.001842 

3.80 0.002460 

5.40 0.003425 

0.85 0.001019 
1.40 0.001437 
2.45 0.001829 
3.15 0.002195 
4.40 0.002979 
4.95 0.003397 
0.25 0.000627 
1.10 0.001098 
1.60 0.001385 
2.35 0.001803 
2.85 0.002038 
4.00 0.002665 



Table 37. Deflected Jet Velocity Measurements; 

R =» 546, M 
e '• 

- 0.183, m± - 0.0292 lbm./mln. 

u P.-P 
e 

m 
x/b y/b c 

(ft./sec.) 
u/u 

c 
1 m 

(mm.oil) 
c 

(lbm./mln.) 

6.0 -0.46 1.0 0.80 0.001986 
10.0 -0.93 1.0 
15.0 -1.51 1.0 
6.0 -0.96 1.0 1.60 0.003660 
10.0 -1.82 1.0 
15.0 -2.84 1.0 

0.35 
0.50 
0.75 
1.05 
1.30 
2.10 
0.85 
1.15 
1.40 
1.75 

0.001359 
0.001777 
0.002038 
0.002613 
0.003293 
0.005017 
0.002300 
0.003031 
0.003554 
0.004207 
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Table 38. Deflected Jet Velocl ty Measurements; 

R - 700, M - 0.222, e ' ij - 0.0388 lbm./min. 

u P.-P m 
x/b y/b c -,-

(ft./sec.) U/Uc 
1 m c 

(mm. oil) (lbm./min.) 

6.0 -0.56 1.0 1.35 0.002505 
10.0 -1.16 1.0 
15.0 -1.86 1.0 
0.0 -0.44 0.712 1.85 0.003480 

-0.39 0.935 
-0.33 244 1.0 
-0.15 0.967 
0.0 0.950 
0.14 0.935 
0.36 0.902 
0.40 0.836 
0.44 0.631 

3.0 -1.12 0.045 ' 

-1.05 0.131 
-0.98 0.254 
-0.87 0.545 
-0.77 0.778 
-0.65 0.967 
-0.58 244 1.0 
-0.29 1.0 
-0.14 0.967 
-0.02 0.778 
0.08 0.545 
0.16 0.348 
0.26 0.209 
0.34 0.106 
0.42 0.033 

6.0 -1.68 0.045 
-1.56 0.139 
-1.46 0.266 
-1.37 0.431 
-1.26 0.681 
-1.14 0.902 
-1.00 0.983 
-0.88 244 1.0 
-0.69 0.967 
-0.51 0.780 
-0.42 0.632 
-0.32 0.431 
-0.22 0.266 
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Table 38. (Continued) 

> y/b 
u c 

( f t . / s e c . ) u/u c 
P--P 1 m 

(mm.oil) 

o 
m 

c 
flbm. /min } 

0 -0.09 
0.01 

0.123 
0.041 

0 -3.04 
-2.64 
-2.46 
-2 .31 
-2.16 
-2.00 
-1.76 

0.034 
0.068 
0.152 
0.250 
0.394 
0.606 
0.932 

-1.60 
-1.33 
-1.17 
-0.99 
-0.84 
-0.71 
-0.55 
-0.34 

236 1.0 
0.834 
0.652 
0.407 
0.250 
0.123 
0.055 
0.025 -1.04 

-1.97 
-3.11 

1.0 
1.0 
1.0 

2.55 0.004710 



Table 39. Deflected Jet Static Pressure Measurements; 

R = 341, M - 0.97, m. = 0.01440 Ibm./min. 

y/b 
P--P 

1 m 
(mm.oil) 

P-P 
m 

(mm.oil) 
-1.08 3,40 0 .0 
-0.97 -0.10 
-0.86 -0.30 
-0.70 -0.50 
-0.52 -0.80 
-0,34 -0.75 
-0.19 -0.65 
0.02 -0.35 
0.19 -0.15 
0.35 0.0 

-2.63 0.0 
-2.30 -0.10 
-2.09 -0.30 
-1.86 -0.50 
-1.60 -0.70 
-1.39 -0.80 
-1.18 -0.70 
-0.96 -0.40 
-0.72 -0.25 
-0.53 -0.05 



Table 40. Deflected Jet Static Pressure Measurements; 

R, = 326, M - 0.434, m, = 0.01574 lbm./mln. 

p n - p P-P 
y /b 1 m 

(mm.oil) (mm.oil) 

-1.03 1.55 0 .0 
-0.88 -0.05 
-0.76 -0.20 
-0.65 -0.35 
-0.54 -0.45 
-0.42 -0.55 
-0.30 -0.50 
-0 .13 -0.35 
-0.03 -0.25 
0.10 -0.15 
0.19 -0.05 
0.40 0.0 

-2 .31 0.0 
-2.17 -0.05 
-1.99 -0.15 
-1.89 -0.25 
-1.66 -0.40 
-1.50 -0.55 
-1.33 -0.60 
-1.22 -0.45 
-1.12 -0.40 
-1.00 -0.30 
-0.82 -0.15 
-0.73 -0.05 
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Table 42. Deflected Je t Velocity Vector Measurements; 

Re = 326, M - 0.434, m± * 0.01574 lbm./min. 

x/b 

3.0 

10.0 

P--P 
y/b 1 m 

(mm. oi l ) 
0 

(degree) 

-2.08 1.55 23.5 
-1.73 12.5 
-1.48 4.5 
-1.27 - 2.5 
-1.10 - 4.0 
-0.60 - 9.0 
-0.15 - 8.0 
0.16 - 9.5 
0.43 -12.0 
0.63 -15.5 
0.93 -22.5 

-3.93 23.5 
-3.51 18.5 
-3.29 11.5 
-3.02 8.5 
-2.78 1.5 
-2.57 0.0 
-2.26 - 2.5 
-2.00 - 6.0 
-1.81 - 7.5 
-1.27 - 4.5 
-1.00 - 4.5 
-0.78 - 5.5 
-0.52 - 8.5 
-0.36 -12.5 
0.10 -18.0 
0.38 -32.5 
0.78 -41.0 
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APPENDIX E 

JET RECEIVER IMPINGEMENT DATA 

Flow Conditions 

A tabulation of the power jet flow conditions in the jet receiver 

impingement investigation is presented in Table 43. The absolute pres

sure in the experimental model and the differential pressure across the 

primary nozzle identify these cases. The Reynolds and Mach numbers of 

the power jet flows presented in this table are calculated using the 

free jet data correlation. 

Receiver Interaction Data 

A tabulation of measured receiver jet interaction data is pre

sented in Tables 44 through 48. These data are presented for a con

stant power jet flow as a function of the control port differential 

pressure, receiver location and receiver loading. 

In the interaction region of the device, the power nozzle and 

control port mass flow rates were obtained with calibrated rotameters. 

The control port pressure above the model ambient is presented in terms 

of mm. of oil (specific gravity 1.04). The positions of the control 

and supply ports are identical to that in the interaction study. 

The position of the receiver was determined by its radial 

location and offset angle. The receiver's centerline was located 

upon a radius of length x which emanated from the intersection of 

the control and supply port centerlines; see Figure 29. This distance 
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nondimensionalized by the power nozzle width is represented by x ... 

The offset angle of the receiver1s centerline with respect to the power 

nozzle centerline is 6 . Receiver offset angles of 0° and 10° were con

sidered in this research. At a receiver offset angle of 0° the control 

port pressure was adjusted to a zero value and thus the power jet and 

receiver centerlines were coincident. At a receiver offset angle of 

10° the control port pressure was varied through a range of values and 

consequently the power jet was positioned at a number of offset angles 

with respect to the receiver inlet. 

The receiver loading was established by modulating the distance 

separating a circular disk and the hole in the back plate of the receiv

er; see Figure 35. A load of zero revolutions indicated the hole was 

closed tight and the receiver was blocked. The load was varied in 

integer turns of the disk. The static pressure at the receiver exit 

was measured by a differential manometer. Its value above the model 

ambient pressure (P -P ) is presented in terms of mm. of oil (specific 

o 

gravity 1.04). The mass flow rate through the receiver, m , was deter

mined as a function of receiver pressure and loading by calibration. 

Previous to this investigation the nozzle blocks were removed from the 

supply port of the experimental apparatus. The receiver inlet was then 

sealed into the supply port and measured quantities of flow were passed 

through the device. Calibration curves were established at constant 

values of model pressure which relate the mass flow rate through the 

receiver exit as a function of receiver exit pressure and receiver load. 

These calibration data were subsequently used to compute the receiver 

flow rate in the experimental study. 



Table 43. Experimental Jet Receiver 
Impingement Conditions 

Model Pressure Differential Nozzle Reynolds Mach 
P (mm 
m 

.hg.) Pressure (mm .hg.) Number Number 

1.0 0.394 107 0.653 
2.0 0.939 252 0.763 
5.0 1.683 530 0.657 
10.0 0.980 566 0.368 
20.0 0.482 549 0.184 



Table 44. Receiver Interaction Measurements; 

R =* 107, M = 0.653, m. =0.00532 lbm./min. 
e x 

.3 

0.0 
0.30 0.206 
0.60 0.390 
0.85 0.555 
1.20 0.740 
1.65 0.981 

5.5 

9.5 

14.5 

10.0 5.5 

P - P m x 103 6 r L o a d
 m r X 1 0 Pr"Pm 

fJ i .o i l ) ( lbm.Mn^ (degree) V * (Revolutions.) (lbm./min.) ( - . o i l ) . 

0.0 0.0 2.5 0 0 .0 3.25 
2 0.69 2.75 
3 1.06 1.80 
4 1.44 1.25 
6 2.04 0.95 
0 0 ,0 2.60 
2 0.57 2.25 
3 0.95 1.60 
4 1.23 1.10 
6 1.70 0.75 
0 0.0 1.90 
2 0.38 1.50 
3 0.57 0.95 
4 0.84 0.70 
6 1.10 0.45 
0 0 .0 1.35 
2 0.26 1.00 
3 0.43 0.70 
4 0.61 0.50 
6 0.75 0.30 
0 0.0 0.55 

0.0 1.15 
0.0 1.55 
0.0 2.00 
0.0 2.55 
0.0 2.70 



Table 44. (Continued) 

P--P 1 m 
(mm.oil) 

m x 10 c 
(lbm./min.) 

9 
r 

(degree) 

/h Load 
r (Revolutions) 

m x 10 
r 

(lbm./min.) 

P -P r m 
(mm.oil) 

0.0 
0.30 0.206 
0.60 0.390 
0.85 0.555 
1.20 0.740 
1.65 0.981 
0.0 
0.30 0.206 
0.60 0.390 
0.85 0.555 
1.20 0.740 
1.65 0.981 
0.0 
0.40 0.261 
0.85 0.555 
1.15 0.740 
1.65 0.981 
0.0 
0.40 0.261 
0.85 0.555 
1.15 0.740 
1.65 0.981 
0.0 
0.40 0.261 
0.85 0.555 
1.15 0.740 
1.65 0.981 

10.0 9.5 

0.21 0.35 
0.45 0.75 
0.54 0.90 
0.66 1.10 
0.89 1.50 
0.89 1.50 
0.61 0.25 
0.98 0.40 
1.10 0.45 
1.10 0.45 
1.40 0.60 
1.40 0.60 
0.0 0.35 
0.0 0.55 
0.0 0.80 
0.0 1.35 
0.0 1.70 
0.14 0.25 
0.18 0.30 
0.30 0.50 
0.42 0.70 
0.51 0.85 
0.13 0.05 
0.25 0.10 
0.50 0.20 
0.50 0.20 
0.87 0.35 

u> 
fo 



Table 45. Receiver I n t e r a c t i o n Measurements; 

R 
e 

- 252, M « 0 .763 , m± = 0.0120 lbm./min. 

P--P 
1 ID 

° 3 m x 10 e 
= ; : . 

° 3 
(mm. oil) c 

(lbm./min.) 
r 

(decree) 

0.0 

x /b 
r 

Load 
(Revolutions) 

m x 10 

(lbm./min.) 

P -P 
r m 

(mm.oil) 

9.35 

0.0 

c 
(lbm./min.) 

r 
(decree) 

0.0 2.5 0 0.0 

P -P 
r m 

(mm.oil) 

9.35 2 
3 
4 

2.93 
5.35 
6.65 

9.30 
6.40 
4.65 

5.5 
6 
0 
2 
3 
4 

8,05 
0.0 
2.20 
5.00 
6.45 

3.20 
6.90 
6.70 
5.85 
4.50 

9.5 
6 
0 
2 
3 
4 

7.55 
0.0 
1.32 
2.75 
3.55 

2.90 
4.50 
3.75 
2.75 
2.00 

14.5 
6 
0 
2 
3 
4 

4.30 
0.0 
0.87 
1.65 
1.75 

1.45 
3.05 
2.35 
1.55 
0.90 

0.0 
0.35 0.261 

10.0 5.5 
6 
0 

2.20 
0.0 

0.70 
2.75 

0.85 0.523 0.0 4.85 
1.45 0.680 0.0 5.60 
1.85 0.863 0.0 5.70 
2.15 1.155 0.0 5.95 
2.60 1.307 0.0 

0.0 
6.15 
6.OS 

co 
to 
On 



Table 45 . (Continued) 

P,-P m x 10 8 m x i n 3
 P _P 

, ° r x /b L o a d r r m 

(mm. o i l ) ( Ibm./min.) (degree) r j (Revolut ions) ( lbm./mln.) (mm. o i l ) 
0 .0 
0.35 0.261 
0.85 0.523 
1.45 0.680 
1.85 0.863 
2.15 1.155 
2.60 1.307 
0.0 
0.35 0 .261 
0.85 0.523 
1.45 0.680 
1.85 0.863 
2.15 1.155 
2.60 1.307 
0.0 
0 .75 n Q/.n 

\j . J t w 
1.15 0.523 
1.65 0.732 
2.30 1.124 
2.50 1.333 
0.0 
0.75 0.340 
1.15 0.523 
1.65 0.732 
2.30 1.124 
2.50 1.333 

10.0 9.5 

1.17 1.10 
2.45 2.40 
3.40 3.55 
3.85 4.20 
4.52 5.15 
4.85 5.65 
5.20 6.15 
2.10 0,65 
2.95 0.95 
4.40 1.50 
5.45 1.90 
6.80 2.50 
7.40 2.80 
7.55 2.90 
0.0 0.75 
0.0 2.25 
0.0 3.20 
0.0 4.20 
0.0 4.80 
0.0 4.90 
0.55 0.50 
1.28 1.20 
1.80 1.70 
2.22 2.15 
2.70 2.70 
2.75 2.75 

Co 
N3 
ON 



Table 45. (Continued) 

P -P m x 103 6 _ . m x 103 P -P 
1 n» c r . Load r r m 

(mm. oil) (lbm./min.) (degree) \_ (Revolutions) (lbm./min.) (mm. oil) 
0.0 
0.75 0.340 
1.15 0.523 
1.65 0.732 
2.30 1.124 
2.50 1.333 

1.00 0.30 
2.10 0.65 
2.50 0.80 
3.20 1.05 
3.75 1.25 
3.90 1.30 

u> 
N> 
"̂ J 



Table 46. Receiver Interaction Measurements; 

R - 530, M - 0.657, m, = 0.0276 lbm./min. 
e ' i 

P--P m x 10" 0. . , m x 103 P -P 
1 m c r /, Load r r m 

m x 10 
c 

(lbm./min.) (mm, oil) (lbm./min.) (degree) r (Revolutions) (lbm./min.) (mm. oil) 

0.0 0.0 2.5 

0.0 0.261 
0.85 0.967 
1.40 1.360 
2.45 1.777 
3.15 2.170 
4.40 2.930 
4.95 3.450 

5*5 

9.5 

14.5 

10.0 5.5 

0 0.0 19.45 
2 8.70 18.05 
3 14.20 13.55 
4 18.30 10.90 
6 22.10 7.25 
Q 0.0 15.45 
2 7.30 14.45 
3 13.70 12.75 
4 18.45 11.00 
6 20.20 6.35 
0 0.0 8.45 
2 4.20 6.55 
3 7.75 4.70 
4 9.65 3.60 
6 11.20 2.35 
0 0 .0 4.80 
2 2.72 3.65 
3 5.00 2.30 
4 6.10 1.65 
6 7.60 1.15 
0 0.0 2.50 

0.0 10.10 
0.0 11.10 
0.0 10.90 
0.0 11.10 
0.0 12.05 
0.0 13.75 



Table 46. (Continued) 

• ,~3 
. c * . Load m x 10J p -p 

^ ^ ( ^ . / - i n . ) ( d e K r e e ) V ^ ( R e v ^ l o n s > • n L . ^ , ( ^ . 0 

0.0 0 .261 
0.85 0.967 
1.40 1.360 
2.45 1.777 
3.15 2.170 
4.40 2.930 
4.95 3.450 
0.0 0 .261 
0 .85 0.967 
1.40 1.360 
2.45 1.777 
3.15 2.170 
4 .40 2.930 
4 .95 3.450 
0 .25 0.601 
1.10 1.122 
1.60 1.360 
2.35 1.777 
2.85 2.065 
0.25 0.601 
1.10 1.122 
1.60 1.360 
2.35 1.777 
2.85 2.065 
0.25 0.601 
1.10 1.122 
1.60 1.360 
2.35 1.777 
2.85 2.065 

10.0 9.5 

3.70 
8.00 

10.80 
11.70 
12.40 
14.75 
14.90 

6.00 
11.30 
14.35 
16.70 
18.00 
20.30 
20.60 
0 .0 
0 .0 
0 .0 
0.0 
0.0 
1.10 
6.80 
7.40 
7.90 
8.25 
1.60 

10.10 
11.00 
11.30 
12.10 2.70 £ 

1 .50 
4 .95 
8 .45 
9 .75 

10 .80 
14 ,40 
14 .65 
0 .80 
2 .40 
3 .65 
4 .70 
5 .30 
6 .40 
6, .55 
0, .50 
6, .55 
7. ,60 
8. ,35 
8. 50 
0 . 40 
3 . 75 
4 . 35 
4 . 90 
5 . 25 
0 . 15 
1. 95 
2 . 25 
2 . 40 
2 . 70 
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Table 48. Receiver tnteraction Measurements; 

V - 5 4 9» M - 0.184, ; - 0.0293 lbm./m i„. 

2 2'? 5.65 
{ 9-4° s « 
3 15.80 £'£ 

5?-?S *'* 
5.5 o 2 J '*° ' 2-10 

2 7 70 4 - 6 5 

isIS ^85 
6 15.90 2 30 

"io0 *•» 
2 /. n« 3 * 6 5 

^.*Q 2.05 

3 8.20 

J 9-70 i.'oo 
14.5 o ^'l0 °-70 

2 ?'2A
 2-45 

3 5-S 1-85 7 7.80 
9.30 1.25 

0*35 ?* 4 1 7 W.O 5 5 * 10-'4<> 0*60 
U - J 5 1.360 D,:> 0 0 ft

 u - b 0 

o°-57? ^ °:° 1o 
°: 2I13 2-2 ^ 
!-30 3*290 0*0 4 - 2 0 

2-10 5!o 0 Oio 3 ' 8 5 
3 - 8 5 

°-° 4.00 8 
to 
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APPENDIX F 

DERIVATION OF FREE JET MOMENTUM 

AND MASS FLOW INTEGRALS 

The experimental data demonstrated the plane jet's steady state 

longitudinal velocity profile could be described by a simple Gaussian 

distribution. The form of this expression is 

.2. 
u/u = e f or -y > y > - °° 

y <_ y <. °° 

(260) 

u/u = 1 
c for -yc <_y ±y^ 

The value of r| is given by 

n -
y/b - yc/b 

y*/b - yc/b 

A sketch of the profile is presented in Figure 57 

(261) 

Momentum Integral 

The momentum per unit: height of the jet in the x-direction from 

arbitrary positions y_ to y„ may be written as 

?2 
J = p u dy (262) 

For an ideal gas with constant specific heats within an isoenergetic 

mixing process (constant total temperature), the relationship between 

J!iL_. 
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static and total temperature in the jet is 

v2 

T ~ T T r " 2 g c C p T T J (263) 

V in the previous expression represents the average speed of the velo

city vector. The expression above may be simplified by introducing 

an identity for constant pressure specific heat 

T = T„ l - ( ^ 
v2 

lk 8, S T T J 
(264) 

Using the ideal gas equation of state p may be written as 

p = pT (P/PT)(TT/T) (265) 

Solving for p yields 

P -
PT (P/PT) 

i-mi 
(266) 

where C is the sonic velocity based on the total temperature. 

For a single flow case the density at any position in the jet 

is a function only of the velocity at that point. Experimental studies 

have indicated the x-component of velocity, u, can be substituted for V 

in expression (266) with a maximum error in the value of p of 0.02 per

cent. After this substitution equation (262)may be written as 
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J = 

y2 pT (P/PT) u
2 

'-<^(C 
dy (267) 

Nondimensionalizing the preceding equation gives 

dy J = pT (P/PT) u / 

y2 (u/u ) 2 

y [1 - B(u/uc)
2] 

(268) 

B = 
k-1 

(~ 12 u 

vS 
The nondimensional velocity profiles given in equations (260) 

and (261) may be inserted into the previous expression and the result 

integrated. The most general case of this integration is from a posi

tion at the centerline of the jet to some arbitrary position beyond the 

potential core region. 

J = PT(P/PT) u / 

y 

rc 
1-B 

dy + 

2 2 2
 (e-*-6n

2) 

/ <L 2 2 
y 1-B(e ) 
c 

dy (269) 

The variables of integration may be transformed to 

n = 
y/b - yc/b 

y*/b - y 7b 
(270) 

dy = (y*-yc) dn 

The resulting momentum integral becomes 
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J = PT(P/PT) uc
2 

yc + ( * , f"2 e-9'2^2 

dn 
0 1 - B e -9.2n' 

(271) 

n0 = 
y2/b - yc/b 

2 y*/b - y /b 

The integrand of the preceding expression may 

into a power series by simple division 

be transformed 

J = PT(P/PT) uc
2 

1-B vy yc ; 

n. 2 

b t 

m -(mfl)9.2n I B e 
m=0 

dn 
/ —i 

(272) 

In order to interchange the order of integration and summation in 

oo 2 

expression (272), the series £ Bm e~(m+1)9"2n must be shown to be a 
m=0 

uniformly convergent series of continuous functions in the region 

0 <. n <. «>. It is evident that Bm g-^11^1)9-2^ i s continuous for 

0 <. n <. °°. The Weirstrass M-test may be applied to show uniform con

vergence. By this test if for all values of r\ in the region 0 <. rj <. °°, 

the absolute value of a series of the form Mn + M. + M_ ••• are, respec

tively, less than the corresponding terms in a convergent series of 

constant terms. Then the series converges uniformly in the region 
00 

0 <. n <. °°. The test series for this proof is £ Bm. 
m=0 



338 

The following is true: 

Dm - (m+1) 9.21V' 
B e .m <. B for - °° <. r| <. (273) 

The power series £ B converges for all B where |B| < 1, thus the 
m=0 

order of integration and summation may be interchanged for B < 1. 

From the definition of B it is apparent that for subsonic air this con

dition is satisfied. Equation (272) consequently may be written as 

J - PT(P/PT) S
 2 

m=C) 

rn2 2 " 
f e-(m+l)9.2n

2
 dn 

0 

(274) 

The integrand of equation (274) may be converted into the form 

My) * 
f L 1 -Y II A e ' dy 

0 
/~2? 

(275) 

This is the cumulative distribution function which may be found in 

mathematical handbooks. Rewriting equation (274) in this form gives 

J = pT(P/PT) u / 

T = \ I 

A ri 
y c _ L / J . , V T J m ' / 2 ? f 1 2 l "Y2/2 , — + (y*-y ) I B — — e r dY 
1 a C m=0 A l ^ / 2 ? 

(276) 

A± = V 18.4(m+l) 

Simplifying yields 
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J = PB 
2k 
k-1 

yc/b 

1-B / 9.: 
,m 

(y*/b-yn/b) I -g (KA-rQ 
a=0 /m+7 x z 
m= 

(277) 

oo Bm 
The series J (KA^) may b e evaluated if B and ru are known, 

m=0 / m+1 

The results of the momentum integration may be summarized 

J = PB 
y /b f2k 1 yc / D / T " 

[fe| b i V + /5?2 &*>b-yc/b) rx (B,n2) 
(278) 

B = k-1 
f~ 1 2 u z 

c 

^CT. 

y2/b - yc/b 

2 " y*/b - y /b n0 = 

oo Bm 
i\ (B,n2) = I — — * (A-n2) 

m=0 / m+1 X 

The momentum of one half of a free jet may be determined by setting 

ru = °° in equation (278). The. momentum of a free jet may be determined 

by doubling the half jet momentum. The expression for the momentum of 

a plane jet is 

J = 2 PB 2k 
k-1 

y /b °° m 
T^ i-+ 0.292 (y*/b-y/b) J — = 
1_B c m=0 rTSl 

(279) 

Mass Flow Integral 

The mass flow rate per unit height through a surface normal to 

the x-axis of the supply jet is 
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m = pu dy (280) 

where y and y« are two arbitrary positions on this surface. The ex

pression for density found in equation (266) may be substituted into 

the equation above to give 

m = pT(P/PT) uc 

u/u 

y [1- B(u/uc)
2] 

dy (281) 

The nondimensional velocity profiles may again be substituted 

into the preceding equation and the result integrated. The most gen

eral case again will be considered; that is, from a position at the 

centerline to some arbitrary position beyond the potential core region. 

m = PT(P/PT) uc 

y 
f _JL 

l-B 

ry2 
dy + 

-4.6iV 

yc [1 - B(e-
4-6n2)2] 

dy (282) 

Changing variables of integration and simplifying gives 

m = PT(P/PT) uc 13+ (y*^c> 

/•n2 -4.6n: 

J 
0 1 - B e 

dri 
-9.2n' 

(283) 

The integrand of the above may be converted into a power series by 

division. 

m = PT(P/PT) uc 

,n2 

I=B + < y * ^ 
l B»e-(2^1)A-6n dp 

m=0 
(284) 
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As in the previous case, uniform convergence of the series 

2 
must be demonstrated in order to interchange the 

m!=r\ o 

order of integration and summation. It is evident that B m e ' ̂  

y m -(2m+l)4.6if 

is continuous for 0 <.TV<.°° and thus the Weirstrass M-test may be used 
00 

to show uniform convergence. Using the same test series J B , it is 
m=0 

apparent that 

Dm -(2m+l)4.6lY 
u e ,m <. B for - °° <. n <. (285) 

Thus the s e r i e s £ B e * converges uniformly in t h e i n t e r v a l 
m=0 

0 <. n i °° for | B | < 1 . Equation (284) may be w r i t t e n as 

m = P T < P / V 5C 
m=0 >Q 

2
e - (2nH-l )4 .6n 2

 d n (286) 

Again the above integrand may be converted to the cumulative distribution 

function which is computed and tabulated in handbooks dealing with proba

bility. Simplifying expression (286) yields 

bP u 
m = 

R T, 
T "-

y /b / — °° 
C + JTT (y*/b-yc/b) I 

m 

B m 

1-B 4.6 =0 /2m+l 
(287) 

A 2 = /9.2(2m+l) 

The series J B m <j) (A-ru) may be evaluated if B and n are known, 
m=0 /2m+l 

This series has been evaluated as a function of B and r\ and the results 

are shown in Figure 71. 
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The results of the mass flow integration may be summarized 

bP u 
° c 
m = R T 

T > 

y /b 
7T 

i=T + /4^6 <y*/b-yc/b) r2 (B,n2) (288) 

r9 (B,n9) = I 
B m 

m=0 /2m+l 
* (A2n2) 

B = ̂  (uc/CT)
2 

no = 
y2/b - yc/b 

2 y*/b - y /b 
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APPENDIX G 

ESTIMATION OF THE SUPPLY NOZZLE 

MASS FLOW RATE 

The experimental data indicated the supply jet's velocity 

profile at the exit plane of the nozzle could be represented by a power 

law distribution of the form 

u/u = 1 for 0 < y < y (289) 
c — — J c 

u/u = 1 -
c 

fy/b - yc/bl
n 

1/2 - yc/bj 
for y <. y <_ b/2 

The profile distribution coefficient, n, was found to vary with the 

flow condition in order to provide the best fit to the experimental 

data. 

Assuming the supply jet's x-component of momentum is conserved, 

the flow rate at the nozzle exit plane may be estimated based on the 

free jet data correlation and the assumed velocity profile. The proce

dure which was developed for computing the nozzle flow consists of three 

steps. Firstly, the momentum and the core width at the nozzle exit 

plane are calculated from the free jet correlation. Secondly, the pro

file distribution coefficient, n, is calculated from the known momentum 

and core width. Thirdly, the nozzle flow rate is computed based on the 

assumed velocity profile. The following two sections will develop the 

momentum and mass flow rate expressions for the velocity profile 



presented in equation (289). The third section will employ these 

expressions to calculate the nozzle flow rate. 

Momentum Integral 

The momentum per unit height in the x-direction of one half the 

supply jet at the nozzle exit plane is 

J = 

b/2 
-2 , 
pu dy (290) 

As was demonstrated previously, the density of an ideal gas with con

stant specific heats within an Isoenergetic mixing process is 

P = 
PT(P/PT) 

[i - (i-lxu/Cj)2] 
(291) 

Introducing the previous expression for density into (290), results in 

J « 

b / 2 pT(P/PT) u
2 

o ri-<¥ ) (- / cT ) 2 ] 
dy (292) 

Nondimensional!zing the previous equation gives 

b/2 

J = PT(P/PT) u c
2 

(u/u ) 2 

c 

[1 - B(u/uc)
2] 

dy (293) 

The nondimensional velocity profiles given in equation (289) may be in

serted into equation (293) and the result integrated. 

r r y c 
J = PT(P/PT) UQ

4 

1 ^ * + 

r b / 2 ( 1 - T * ) 2 -

— ^ n ~ dy 
[i - B U - T J V ] 

(294) 
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y/b - y c /b 
T l = 1/2 - y c /b 

The var iables of the in tegra t ion are changed to 

y/b - y c /b 

1 " 1/2 - y / b T. = (295) 

dy = (b/2 - yc) dT1 

The resulting momentum integral is 

y 
J = pT(P/PT) u c

2 

1 /n nN2 
c + ,b , f (1 - T l > A 

1_B 2 C J [1- B(l-r V ] X 

0 

(296) 

The integrand of the above expression may be transformed into a power 

series by simple division 

1 
oo 

(297) J = pT(P/PT) 5
 2 m,- nN2(m+l) ^ ( l - y ^ f J B-CI^") 

o m=0 
dT. 

In order to interchange the order of integration and summation in ex-
oo 

pression (297), the series \ B (l-T-n) must be shown to be a 
m=0 

uniformly convergent series of continuous functions in the region 

0 <. T <. 1. It is evident that B m(l-T 1
n) 2 ( m f l ) is continuous for 

0 <. T <. 1 and thus the Weirstrass M-test may be used to show uniform 
00 

v m 
convergence. The test series £ B may be used to demonstrate uniform 

ra=0 
convergence. It is apparent that 

B m(l-T i
n) 2 ( m + 1 ) < B m 0 < T < 1 (298) 

n > 0 
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The test series £ B converges for all B where |B| < 1, thus uniform 
m=0 

convergence is demonstrated and the order of integration and summation 

may be interchanged. Equation (297) may be written as 

J = pT(P/PT) u c
2 

H E + <| - *c>. I. B" f d - T ^ ) 2 ^ 1 ) dT (299) 
m=0 

Th e series £ B d"Ti ) dT-i maY be determined if B and n are 

known. This series has been evaluated as a function of B and n and the 

results are shown in Figure 73. In summary, the momentum of the power 

jet per unit height at the exit plane of the nozzle is 

J- = * <£$ p Bb 

* 1 (B,n) = I Bm 

m=o 

y c / b ! 

ITT" + ( j - y c / b ) *l ( B ' n ) 

a . T i H ) 2 ( » H ) d T i 

(300) 

k-1 - 2 

Mass Flow Integral 

The mass flow per unit height through a surface normal to the 

x-axis of the supply jet is 

m = pu dy (301) 

After introducing the expression for density found in equation (291), 

the preceding expression may be evaluated to determine the flow rate 
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at the exit plane of the nozzle. 

m = 2pT (P/PT) ue 

0 

b / 2 u/u 
C. . 2 dy 

[1 - B(u/u )Z] 
(302) 

The nondimensional velocity profiles given in equation (289) may be 

substituted into the preceding expression and the result integrated 

m = 2pT (P/PT) uc 1-B 
dy + 

W 2 (1-T^) 

[1 - B(l-Ti
n)2] 

• c 

dy (303) 

Changing var iables of in tegrat ion and simplifying gives 

m = 2pT (P/PT) u 
1-B + < 7 - y J 

( l - T ^ ) 

0 
[1 - B ( l - T i

n ) 2 ] 
dT. (304) 

The integrand of the preceding expression may also be transformed into 

a power series by simple division 

m = 2pT (P/PT) S 1-B K2 lj l Bm (1-T^) 
m=0 L 

nN2m+l dT. (305) 

Uniform convergence of the series £ B (1-T, ) must be demonstrated 
m=0 

in order to interchange the order of integration and summation in the 

preceding expression. It is evident that B (I'̂ -i ) is continuous 

for 0 <_ T_ <. 1. The Weirs trass M-test may again be used to demonstrate 
00 
r> XH 

uniform convergence. Using the same test series 2 B , it is evident 
m=0 



|Bm (.l-T1
n)2Bri"1].'£Bm' 0 <. T <. 1 (306) 

n > 0 

nN 2m+l Thus the series £ B m (1-X-11) converges uniformly for |B| < 1. 
m=0 

Equation (305) may be written as 

m = 2pT (P/PT) uc ^-+£-7 
1-B r K2 y c 

00 L 

) J Bm f ( I - T V * * 1 dT. 
m«0 i -1 -1 

(307) 

The series J B m 

m=0 

nN2m+l (1-T- ) dT- may be calculated if B and n are 

known. This series has been evaluated as a function of B and n and the 

results are presented in Figure 74. In summary, the mass flow per unit 

height exiting the nozzle is 

m --

2P u b c 

R T„ 

y c /b 
3fj- + (1/2 - yc/b) <f>2 (B,n) (308) 

f 
* (B,n) = I Bm <l-r V * 1 dT. 

m=0 i X 3" 

where R and T are the gas constant and total temperature, respectively, 

Calculation of Nozzle Flow Rate 

The expression for the momentum of the jet at the nozzle exit 

plane was presented in equation (300). Solving for (j> (B,n) from that 

expression yields 
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^ (B,n) 
00 

yc/b 

4 ( E 3 ) PB 
1-B 1/2 - yc/bj 

(309) 

x=0 

where J is determined from the free j et data correlation and the i et 
00 J 

characteristics are evaluated at the nozzle exit plane. With <f>- (B,n) 

and B both known, the profile distribution coefficient, n, may be com

puted from Figure 73. The value of ^ (B,n) may be determined from 

Figure 74 and the mass flow rate per unit height from the nozzle exit 

may be evaluated from equation (308). 
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APPENDIX H 

SAMPLE CALCULATIONS 

Calculation of Free Jet Parameters 

The calculation of free jet parameters which are required in the 

determination of interaction and receiver characteristics may be illus

trated with data from flow case six of Table 30. The pressure and 

temperature in the stagnation tank upstream of the supply nozzle is 6.72 

mm. hg. and 532°R, respectively. The pressure in the experimental model 

is 5.0 mm. hg. The pressure ratio across the nozzle is 

Pm/PT = 5/6.72 « 0.745 (310) 
m T 

From one-dimensional perfect gas relationships the following 

parameters are determined at the nozzle exit: 

M = 0.662 ; T/TT * 0.9197 (311) 

The static temperature at the nozzle exit is calculated to be 489°R. 

From the definition of speed of sound and Mach number 

u0 - M &R T g (312) 
0 c 

The potential velocity at the centerline of the nozzle exit plane may 

be computed from the previous expression with k = 1.4 and R * 

for air and the gravitational constant equal to 53. 3"Mbm. °R 

32 0 f t . lbm. 32 2 l b f . s ec . 2 l b f . s ec . 
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uQ = 0.662 /0.4) (53.34) (489) (32.2) = 717 ft./sec. (313) 

The Reynolds number at the centerline of the nozzle exit is 

defined as 

Re = puQ b/y (314) 

If it is assumed the gas is ideal, the density, p, may be ex

pressed as 

p = P/R T (315) 
m 

The density at the nozzle exit plane is 

(5.0 mm.hg.) 
r lbf f2.783 
I ft. mm.hg.j /01,v 

P ~ („ „, ft.lbf.V, " ^ (316> 
[53. 34 Ibm. °R (489°R) 

p = 5.33 x 10""4 lbm./ft.3 

Assuming the viscosity of the gas, y, is proportional to the 

square root of temperature 

U = 0.37 x 10"6 (T/492)1/2 lbf.sec./ft.2 (317) 

The viscosity at the centerline of the nozzle exit plane is 

V = 0.37 x 10~6 (489/492)1/2 = 0.369 x 10~6 lbf.sec./ft.2 (318) 

Introducing the values of density and viscosity into the expres

sion for Reynolds numbet where b is equal to 0.0167 feet, yields 
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R = (5.33 xlO-
4)(717)(0.0167! = 5 3 A ( 3 i g ) 

e (0.369 x 10 )(32.2) 

The Reynolds number and Mach number based upon potential flow 

conditions at the nozzle exit plane are thus 534 and 0.662, respective

ly. Entering the plot to the right in Figure 59 with these parameters, 

it is determined the core length is x /b = 3.55. Entering the plot to 

the left of the nomograph with, x /b - 3.55, the core width at x/b =0.25 

is found to be y /b = 0.22. The jet width parameter, y*/b, at the posi

tion x/b = 0.25 is found as a function of Reynolds and Mach number in 

Figure 63 to be y*/b =0.83. 

With the centerline velocity, core width and jet width parameter 

known at the position x/b » 0.25, the free jet momentum nondimensional-

ized by the nozzle width may be computed from equation (153) 

J /b = 4 (r^r) P B 00 k-1 m 
V b . „ _ , , „ „ , r Bm 
1 B +0.292 (y*/b-yc/b) ]> 

m F0 /m+1 
(320) 

The required value of B is calculated from equation (154) 

k-1 - ? 

B - ¥ <w 
B = (1^-1)(717 / /(1.4) (53.34) (532) (32.2))2 - 0.0838 (321) 

Introducing the value of B into the expression for free jet 

momentum and evaluating 
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1.4 Jjb = 4 ( i7^Ii)(5 .0 mm.hg.) 2.783 lbf. 

f t . mm.hg. 
(0.08038) 

[l-0?08038 + 0 > 2 9 2 (°- 8 3-°- 2 2)(1.06095)1 (322) 

J /b - 6.65 l b f . / f t . " 
00 

The value of £ B //m+1 in the preceding expression was found in 
m=0 

Figure 64 to be 1.06095. 

Calculation of Jet Deflection Angle 

The calculation of the power jet deflection angle as a function 

of control port pressure may be illustrated by the following data. Upon 

the power jet flow considered previously, a control port pressure of 

2.30 mm. oil above model ambient (specific gravity of the oil 1.04) is 

imposed. The control port width, X, is equal to the power nozzle width, 

b. The power jet deflection angle may be computed from equation (115) 

6 = 

e = 

X/b (PT-PJ l m 
J /b 

(1)(2.30 mm. oil) 

(323) 

1.04 mm.hg. 
1̂3.6 mm. oil 

2.783 
lbf. 

ft. mm.hg. > 

6.65 lbf./ft. 

6 - 0.0736 rd. = 4.22' 
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Calculation of Power Nozzle Mass Flow Rate 

The computation of the power nozzle flow may be illustrated by 

the following example. The core width at the exit plane of the power 

jet is found from Figure 59 to be y /b - 0.237. The value of <J) (B,n) 
c J. 

may be computed from expression (195) using the previously defined 

values of J^/b and B 

4>x (B,n) 
J /b „ Vt, 

4 ( J U P B _ 1 - B " 
k-1 m 

1/2 - yc/b 
(324) 

4^ (B,n) = 
6.65 lbf./ft. 

4 (^ ^)(5.0 mm.hg.) 

0.237 

2.783 lbf. 

ft. mm.hg. 
(0.08038) 

1-0.08038 0.5-0.237 

<j>- (B,n) - 0.635 

The profile distribution parameter, n, is plotted as a function 

of <().. (B,n) and B in Figure 73. From this figure n is found to be equal 

to 2.5. The mass flow rate from the power nozzle is computed from ex

pression (198) 

m -

2P u bh 
m c 

R Tm 

t5-+(?-7c/b) h (B.n) (325) 

The function (()« (B,n) is found from Figure 74 to be equal to 0.764. 

Evaluating the previous expression with a model height of one inch, 

yields 

-LLL 
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mi = 
[0.237 
[_1-0.0I 08038 

(326) 
2(5.0)(2.783)(7X7)(0.0167)(0.0833) 

(53.34)(532) 

+ (0.5-0.237)(0.764) 

m = 0.000445 lbm./sec. - 0.02668 lbm./min. 

Calculation of Control Port Mass Flow Rate 

The calculation of control port mass flow rate may be illus

trated with the previously considered power jet flow and control port 

pressure. The nondimensional distance at which the deflected power 

jet passes the control port, knife edge is determined from equation 

(190). For a control port set back of y /b =0.6, the value of s'/b is 

s'/b -
(Jjb) (X/b) 

(ye/b)(P1-Pm) + Jjh 
(327) 

s»/b = 
(6.65 lbf./ft. )(1) 

(0.6)(2.30 mm.oil) 
1.04 mm.hg. 
13.6 mm. oil 

2.783 lbf. 

ft. mm.hg.^ 
+ 6.65 lbf. 

f t . 2 

s'/b = 0.958 

The core width at the position x/b = 0.958 is determined from 

Figure 59 to be y /b = 0.173. The jet width parameter y*/b at this 

axial position may be determined from equation (167). Introducing the 

jet parameters which were calculated for x/b =0.25 into this expression 

yields 
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2* 
b 

y /b y \ oo 
c ' ' 0.292(^1 - :-£• 

1-B I 
,m 

Tt̂ o A H . ; x/b=l/4 
. Ic (JL, 

b ^ l V 

0.292 B J 
m=»0 /m+1 

(328) 

n 
b 

= 0.173 

x/b=0.958 

O).08038 [ j . 0
0 o303 8 + 0.292 (0.83-0.22) (1.06095)]\ 

0.292 (0.08038)(1.06095) 

fp.08038 
U-o.< - 0.173 ,08038.) 

/ 0.292 (0.08038)(1.06095) 

X* 
b 

= 0.944 

x/b=»0.958 

The parameter r\~ necessary for the calculat ion of control port 

flow ra te may be computed from equation (188) 

(X/b)^(P 1 -P ) 1 m 
Vb + -TcTTb) y c / b 

y*/b - y c / b 

( 1 ) 2 ( 2 . 3 0 ) ( ^ 2 | ) (2.783) 
o.6 + „ , / ; ; : 0.173 

n2 = 
2(6.65) 

0.944 - 0.173 

(329) 

r\ - 0.602 

The control port mass flow ra t e now may be computed from equa

t ion (187) 
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m -c 

hb P u 
m c 

R Tm 

y /b 
3 ~ - + 0.8264 (y*/b-yc/b) r2(B,n2) 

hb /p(P -P ) , 
+ 2

 L m - (y*/b-yc/b) n2 - m±/2 (330) 

(0.0833)(0.0167)(5.0)(2.783)(717) 
mc " (53.34)(532) 

LiL 
Li-o. 

173 
08038 

+ 0.8264(0.944-0.173) (0.491) 

AT. (0.0833) (0.0167) /(5.33xl0"4) (2.30) (~~) (2.783) (32.2) 
1J.O (0.944 

0.173)(0.602)^ - mi/2 

m - 0.0002628 lbm./sec. - m.,/2 =* 0.01577 lbm./min. - mJ/2 c i i 

The value of r<?(B,ri«) was determined from Figure 71. The measured 

value of supply nozzle flow for this condition is found in Table 5 to 

be 0.02796 lbm./min. The control port flow rate is thus 

m - 0.01577 - 0.01398 * 0.00179 lbm./min. 
c 

(331) 

Calculation of Open Load Flow Rate 

and Blocked Load Pressure Recovery 

The calculation of open load flow rate and blocked load pressure 

may be illustrated with the previously considered power jet flow condi

tion. The control port pressure for this example as well as the 
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receiver offset angle is zero. The power nozzle receiver separation 

distance is x/b =3.0. 

The core width of the power jet at the downstream position of 

the receiver, x/b - 3.0, is determined from Figure 59 to be y /b * 

0.034. The jet width parameter at this axial position may be deter

mined from equation (167) 

^ Q + (o.08038^.0^38 + 0.292(0.83-0.22)(1.06095)] j 

x/ba83 0.292 (0.08038) (1.06095) 
2t 
b 

(332) 

- 0.034 0.08038 
^1-0.08038 

/ 0.292 (0.08038)(1.06095) 

b = 1.297 
x/b=3 

The power jet deflection distance is calculated from equation 

(201) to be % «= 0. For the present example in which the receiver off

set angle is equal to 0° and the receiver and supply nozzle widths are 

equal, the value of e is determined to be 0.5 b. The potential core 

lies within the lower and upper edges of the receiver and thus the 

open load flow rate is computed from expression (209) 

hb P u |2y /b 
m r _ m c < ~ I ! B - + 0.8264 (y*/b-yc/b) [^(B.T^+r,,(B,n4) ] ̂  (333) 

The values of n, and r\, required for the evaluation of the previous 
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expression are 

n, -
(e+d-JO/b - yc/b 

y*/b - yc/b 
(334) 

0.5 - 0.034 n Q , Q 
n 3 = 1.297 - 0 . 0 3 ? " " ° ' 3 6 9 

n, = 
- ( e - £ ) / b - y c / b 

4 y*/b - y c / b 

- (-0.5) - 0.034 
n4 " 1.297 - 0.034 

0.369 

r2(B,ru) and r2(B,n.) are found to be equal to 0.38 from Figure 71, 

Evaluating the expression for open load flow rate gives 

(0.0833)(0.0167)(5.0)(2.783)(717) 
mr " (53.34)(532) 

f0.068 
[l-0.08( 08038 

+0.8264 (1.297-0.034)(0 .3&f0.38) 

(335) 

m - 0.0004241 lbm./sec. - 0.02545 lbm./min. 
r 

The blocked load pressure recovery based on Reid's model may be 

computed from the expression 

( k-1 
B m 1 + 

1 _ flkfa-l 

2k R T 
(336) 

Introducing the numerical values of the centerline velocity and tempera

ture and then evaluating yields 

« 5.0 |l + (1.4-1)(717) 
2(1.4)(53.34)(32.2)(489) 1 

1.4/1.4-1 
= 6.705 mm.hg. (337) 



APPENDIX I 

COMPUTER PROGRAM FOR JET PARAMETERS 

The calculation of free jet parameters, control and supply jet 

interaction parameters as well as open load flow rate and blocked load 

pressure are rather laborious computations. A digital computer program 

was written to expedite the calculation of this information. 

The following is a Fortran IV computer program which was de

vised to calculate the previously described variables. Following the 

program listing is a sample set of input data and output results. The 

calculations were performed upon a Control Data Corporation 6400 Digital 

Computer at the Phoenix Division of AiResearch Manufacturing Company. 

The program plan, firstly, is to numerically compute the required free 

jet parameters from the known flow condition, nozzle geometry and the 

free jet data correlation. The power jet deflection angle and the con

trol port mass flow rate are then computed based on the free jet 

parameters, the power nozzle mass flow rate, control port pressure and 

geometry. Finally, the open load flow rate and blocked load pressure 

recovery are calculated from the power jet description, receiver loca

tion and geometry. 

The evaluation of ris (B,r|) and r-(B,r|) was accomplished by 

numerically summing 10 terms of each of these series. The error re

sulting from truncating these rapidly converging series was assumed to 

be less than 0.1 percent. The numerical value of the normal curve of 



error which was required in these summations was provided by Subroutine 

Cubic. This subroutine interpolated a map of the numerical values of 

the normal curve of error. Subroutine Cubic's method of interpolation 

consisted of forming a cubic equation through grid points on either 

side of the required ordinate. This cubic equation was then evaluated 

at the required ordinate in order to determine the value of the 

function. 

The blocked load pressure recovery based on Simson's analyti

cal model was calculated by integrating the power jet's total pressure 

profile across the inlet plane of the receiver and then dividing this 

value by the receiver inlet width. The integration was accomplished 

by computing the total pressure at 20 equally spaced increments across 

the receiver inlet and then summing according to the trapezoid rule. 

Included in the computer output data is a listing of the function r\, 

x-component of steady state velocity, static temperature and total 

pressure at 10 equally spaced increments across the receiver inlet 

plane. The summation of power jet mass flow rate and momentum with 

respect to the edge of the receiver was presented at each of these 

stations. Interpolation was used to determine the center of the mass 

flow rate profile coincident to the receiver inlet. The blocked load 

pressure based on Reid's analytical model was then calculated by inter

polating the total pressure profile to the centroid of the mass flow 

rate profile. Logic statements were employed in the computer 

program to determine the appropriate expression for calculating open 

load flow rate. Power jet parameters, receiver geometry and expressions 
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(203), (206), (208) and (211) were used to select which of the four 

flow regimes were appropriate. 

The input and output variables for this computer program along 

with the dimensions of these parameters will be identified in Tables 

49 and 50. The identification of these parameters will follow the 

order of appearance within the input-output portion of the program. 

Provisions are made in the program by means of Do Loops to introduce 

multiple values of receiver positions, x , and control port pressure, 

P_. The map of the normal curve of error is introduced in 40 evenly 

spaced grid points which represents ordinates of from 0 to 3.9. 
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Table 49. Computer Program Input Variables 

Variable Description Dimensions 

PM 

PT 

TT 

GAMMA 

R 

CP 

B 

H 

XX 

YE 

XMSUP 

THETAR 

D 

XR 

PC 

experimental model absolute pressure 

upstream stagnation tank absolute 
pressure 

total temperature in stagnation tank 

ratio of specific heats 

gas constant 

constant pressure specific heat 

power nozzle width 

power nozzle height 

control port width divided by power 
nozzle width 

setback distance of control port from 
power nozzle centerline divided by 
power nozzle width 

power nozzle mass flow rate 

receiver offset angle 

receiver inlet width 

radial distance from point of inter
section of control and supply port 
centerlines to the receiver inlet 
divided by power nozzle width 

control port pressure 

mm. hg. 

mm. hg. 

°R 

dimensionless 

ft.lbf./lbm.°R 

BTU/lbm.°R 

in. 

in. 

dimensionless 

dimensionless 

lbm./min. 

radians 

in. 

dimensionless 

mm. oil 
(S.G.= 1.04) 
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Table 50. Computer Program Output Variables 

Variable Description Dimensions 

XMACH 

REYND 

U0 

XCORE 

XTRAN 

XTURB 

YCORJ 

YWIDJ 

XJJET 

THETAJ 

SCONT 

UCLS 

YCORS 

YWIDS 

XNEW2 

power jet Mach number at cemterline 
of nozzle exit plane 

power jet Reynolds number at center-
line of nozzle exit plane 

power jet centerline velocity at 
nozzle exit: plane 

nondimensional core length 

nondimensional transition parameter 

nondimensional separation distance 
between laminar and turbulent 
flow regions 

nondimensional core width at 
x/b = 0.25 

nondimensional profile width at 
x/b = 0.25 

power jet momentum per unit area 

power jet deflection angle 

nondimensional distance along power 
jet centerline from power nozzle 
exit to control port knife edge 

power jet centerline velocity at 
control port edge 

nondimensional core width at 
control port edge 

nondimensional profile width at 
control port edge 

the function ri2 evaluated at 
control port edge 

dimensionless 

dimensionless 

ft./sec. 

dimensionless 

dimensionless 

dimensionless 

dimensionless 

dimensionless 

lbf./ft.2 

radians 

dimensionless 

ft./sec. 

dimensionless 

dimensionless 

dimensionless 



Table 50 . (Continued) 

Variable Description Dimensions 

GAM2 

XMPROF 

XMATMO 

XMCONT 

UCLXR 

YCORXR 

YWIDXR 

XL 

XNEW3 

XNEW4 

GAM2N3 

GAM2N4 

XMOPRC 

the function r2(B,n2) evaluated at 

control port edge 

component of control port mass flow 
rate passing through power jet 
velocity profile 

component of control port mass flow 
rate to atmosphere 

control port mass flow rate 

power jet centerline velocity at 
receiver inlet 

nondimensional power jet. core width 
at receiver inlet 

nondimensional profile width at 
receiver inlet 

nondimensional position of receiver's 
upper edge with respect to power 
nozzle centerline 

nondimensional power jet deflection 
distance 

the function ru 

the function rî  

the function I^CB.ru) 

the function r?(B,n,) 

open load mass flow rate through 
the receiver 

dimensionless 

lbm./min. 

lbm./min. 

lbm./min. 

ft./sec. 

dimensionless 

dimens ionles s 

dimensionless 

dimensionless 

dimensionless 

dimensionless 

dimens ionles s 

dimensionless 

lbm./min. 

XNEWXR the function ri determined at 
positions across the receiver inlet dimensionless 
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Variable Description Dimensions 

UXR 

TXR 

POXR 

SUMMAS 

SUMMOM 

GAM1N3 

GAM1N4 

XMOMEN 

PBAV 

the x-component of velocity at posi
tions across the receiver inlet 

static temperature at positions 
across the receiver inlet 

total pressure at positions across 
the receiver inlet 

summation of mass flow rate coinci
dent to receiver inlet up to this 
position 

summation of momentum per unit height 
coincident to receiver inlet up to 
this position 

the function r..(B,r)o) 

the function r_(B,n*) 

calculated value of power jet 
momentum per unit height coincident 
to receiver inlet 

blocked load pressure resulting from 
determining average of total 
pressure across the receiver inlet 

ft./sec. 

°R 

mm. oil 
(S.G.= 1.04) 

lbm./min. 

lbf./ft. 

dimensionless 

dimensionless 

lbf./ft. 

mm. oil 
(S.G.= 1.04) 



JET COC 6<»00 GUF V3.G~P3<»8 OPT=0 

PROGRAM J E T I I N P U T , O U T P U T , T A P E 6 0 = I N P U T , T A P E 6 1 = O U T P U T ) 
DIMENSION X R R < 3 0 > , P C C C 3 0 > , E R F N ( 5 Q ) , X N E W X R ( 2 1 ) , T X R ( 2 1 ) , U X R ( 2 1 ) t 

• P 0 X R C 2 1 » , 0 E N S X R < 2 1 ) , X M A S R < 2 1 ) , X M 0 M ( 2 1 ) , S U M M A S ( 2 1 ) , S U M H O M ( 2 1 > 
COMMON/CBIVAR/NIXX.NIXZ.DCDX.DCDY 

5 IF «EOFC60>)>«»0G,10 
10 WRIYEC61,5CI> 

R E A O ( 6 0 , 8 3 0 ) t P M , P T , T T , G A M M A , R , C P 
W R I T E C 6 1 , 1 G O O ) P M , P T , T T , G A M M A , R , C P 
R E A D < 6 0 , 8 3 C ) i B , H , X X , Y E , X M S U P , T H £ T A R , D 
W R l T E ( 6 1 , 1 0 i 0 ) B , H , X X , Y E , X M S U P , T H E T A R 
W R I T E ( 6 1 , 1 C : 1 5 ) 0 
REAO(60,81C1VM 
R E A O ( 6 0 , 8 3 C H X R R ( I ) , I = 1 ,M) 
MRITt (61 ,10 i !0 ) CXRR(I) , I = 1 , M ) 
REAO(60,81CDN 
R E A O < 6 0 , 8 3 G M P C C C I ) , 1 = 1 , N ) 
NRlTE(61 , lC: t0 ) (PGCCIlt 1=1 ,N) 
READ (6 0 , 8 3 0 (ERFN(I) , 1 = 1 , 3 ) 
K=ERFNCl ) * -3 , ,0 
REAO(6 0 , 8 3 0D ( E R F N ( I ) , I = < » , K ) 
HRITE(61«'1C»0I (ERFN<I) , I=1 ,KJ 
W R I T E < 6 1 , 5 5 I 

50 FORMAT ( 1 H 1 * 2 7 X , ' I N P U T D A T A * / ) 
55 F0RMAT<1H1,J !7X, 'OUTPUT R E S U L T S * / ! 
8 3 0 FORMAT ( 6 E 1 2 . , 5) 
810 F0RMATCI3 ) 
10 0 0 F 0 R M A T ( 5 X , 2 H P M , 1 1 X , 2 H P T , 1 1 X , 2 H T T , 1 1 X , 5 H G A M M A , 8 X , 1 H R , 1 2 X , 2 H C P / 

+ 6 ( 3 X , E 1 0 . < » > / ) 
1 0 1 0 F O R M A T C 5 X , 1 H 3 , 1 2 X , 1 H H , 1 2 X , 2 H X X , 1 1 X , 2 H Y E , 1 1 X , 5 H X M S U P , 8 X , 6 H T H E T A R 

• / 6 < 3 X , E 1 0 . M / ) 
1 0 1 5 F O K M A T ( 5 X , i H D / 3 X , E 1 0 . < * / > 

1 0 2 0 F 0 R M A T C 5 X , ' P O S I T I O N X R V 8 C3X,E1Q . < • ) / ) 
1 0 3 0 FORMAT (5X , 'CONTROL PORT PRESSURE»/8 (3X , E 1 0 .<•) / > 
1Q<»0 FORMATC5X,'NORMAL CURVE OF E R R O R ' / 3 ( 3 X , E 1 0 . < » ) / 6 ( 3 X , E l Q .<•) / 

+ 6 ( 3 X , E 1 0 . t » ) / 6 ( 3 X , E l < ] . < t > / 6 ( 3 X . , E 1 0 . < » > / 6 ( 3 X , E 1 0 . < » > / 6 < 3 X , E l t ] . < » ) / 
« - 6 ( 3 X , E l Q . < • > / ) 

C CALCULATE Fl.OH CONDITIONS 
CT=SQ.RTCGAMMA'R'TT '32 .17W) 
X M A C H = S Q R T ( C C P T / P M ) " C C G A M M A - 1 . 0 l / G A M M A ) - 1 . 0 ) ' 2 . 0 / ( G A H M A - 1 . 0 ) ) 
T = T T / C 1 . 0 + C G A M M A - 1 . 0 ) ' X M A C H ' X M A C H / 2 k O ) 
U0 = XMACH»SQRT(GAMMA»R*T*32. i7<») 

. D E N S = P M ' 2 . 7 G 3 W / C R ' T > 
V I S C - 0 ,a0OOf lO37»SQRT(T /«»92 . Oil 
R E Y N O = D E N S * U u ' B / ( 1 2 . 0 * V I S C ' 3 2 . l 7 < » ) 
X C O R E = < R E Y N D " 0 . 7 5 ) / C 1 Q . 3 M 1 « 0 * X M A C H » X M A C H ) ) - 3 . 9 S 
I F ( X G O R E ) 1 0 G , 1 1 0 , 1 1 0 

100 C V = G . 8 < » 5 * ( 0 . 0 0 3 8 2 ' R E Y N O " 0 . 7 S ) / < 1 . 0 * X M A C H » X M A C H ) 
UG=CV'UQ 
T = T T - U 0 ' U 0 / ( 2 . 0 ' 3 2 . l 7 < » * C P » 7 7 t t . Q ) 
XMACH=UQ/SQRT(GAMMA'R 'T '32 .171») 
D E N S = P M ' 2 . 7 6 3 * » / ( R ' T ) 
V I S C = C . Q Q 0 0 Q Q 3 7 * S Q R T ( T / « » 9 2 . 0 » 
R E Y N D = D E N S » U 0 ' B / C 1 2 . 0 » V I S C » 3 2 . 1 7 < » ) 
XCORE-0.0 

110 CONTINUE 
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•JET COC 6<t00 GUF V3«0-P3<»d OPT=0 

CALCULATE POWER JET MOMENTUM 
XTRAN=G.0036*REYND/ll.0«-1.25»XMACH**<».a) 
XTUR3=5«»5.0*fl.O + 0.6*XMACH»*<i.Q)/REYND*»0.65 
IF(XCORt-i3.25)120,130,130 

120 UCLJ = U0»2.7183**(C1.0-((0,25+XTRANI/(XCOR£*XTRAN))»*0,li5l/9.0l 
GO TO 132 

130 UCLJ^UC 
132 BBJ=KGAMMA-1.0)/2.0)»(UCLJ/CT)**2.0 

suMj=i.a 
DO 135 MM*1,10 
XMM=MM 
TERM=tBBJ»*XMM)/SQRT(XMM+l,0) 

135 SUMJ=SUMJ*TERM 
YCORJ=0.5MCXCORE-0.25)*<1Q.3M1.0*XMACH*XMACH)/IREYNO**0.75))) 
YCORJ=AMAXl(Q.C,YCORJI» 
YWIDJ=(6.7 3/REYNO»»Q.t»5-0.125)»<1.0*2.3*XMACH*XMACH)*(0.25)" 

«-<0.008Q8*SQRT(REYNOI + G.185)*Q.5 
XJETI = BBJ*(YCORJ/(l.Q-flBJ)*0.292MYWIDJ-YCORJ)*SUMJ) 
XJJET=«t.0*GAMMA/(GAMMA-1.0)*PM»2.7d3<f*XJETI 
WRITEC61t1200)XMACH,REYND,Ufl,XCORE,XTRAN,XTURB 

1200 FORMAT 15X,«>HXMACH,8X,5HREYN0,8X,2HUQ,llX,5HXCOREt8Xt5HXTRAN,8Xt 
• 5HXTURB/6( ; fX,E10. '» l / r 

WRIT£C6l, l i : iOIYCORJ,YWIDJ.XJETItXJJET 
1210 FORMAT(5X,5HYCGRJ,8X,5HYWIOJ,8X f5HXJETI f8Xt5HXJJ£T/M3X,E10.4) / ) 

DO 36 J I «1 ,M 
XR-XRRCII 
DO 2JC JJ=1,N 
PC=PCC(JJI 
CONTROL PORT CHARACTERISTICS 
THETAJ = XX*PC»li.2l28<»6/XJJET 
SCONT=XX*XJJET/<YE*PC*0.2128«»&«-XJJET) 
IF(XCORE-SCQNT)140,150„150 

1<»0 UCLS=U0*2.7183*M<l.Q-USCaNT*XTRAN)/CXCORE*XTRAN))*»Q.<»5)/9.a) 
GO TO 152 • 

150 UCLS=UC 
152 B8S-((GAMMA«1.0)/2.0)MUCLS/CT)»»2.Q 

SUMS=1.C 
DO 155 NN=1»10 
XNN=NN 
TERM=(B8S»»XNN)/SQRT(XNN«-1.0) 

155 SUMS=SUMS+TERM 
YCORS=O,5*((XC0RE-SCONT)M1Q.3*<1.O*XMACH»XMACH)/(REYNB**O.75))) 
YCORS=AMAXl(0.0tYCORS) 
YWIOS=YCORS*(XJETI-YCORS*BBS/(l.C-BBS))/(0.292*BBS*SUMS! 
XNEW2=<Y£*XX*XX*PC*0.2128<»6/t2.0*XJJET)-YCORS)/<YWIDS-YCORS) 
GAM2=0.0 
DO 159 LL=1»10 
XLL=LL-1 
TERM=<BBS**Xl.L)/SQ.RT(2.Q*XLL*1.0)*CUBie<ERFNfSQRTf9.2*<2.0»XLL«>i«0 

+))*XNEN2) 
159 GAM2=GAM2+TERM 

XMPROFs(H*B/l.*»i».0»PM*2.783*t»UCLS/CR»TTIl»CrCORS/ll.0-BBS>*0.826«» 
• *(YWIDS-YCORS;)»GAM2)*6fl.O 

XMATMO=H*B/lM». 0'SGlRT IDENS*PC*0« 212846*32 .174 ) / 2 . 0 * <VHIDS-VCORS) • 
•XNEW2*XNEW2*60.0 
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PROGRAM JET CDC 6<»00 GUF V3.0~P3<»6 OPT*0 

XMCONT-KMPROF*-XMATHO-XMSUP/2.0 
C RECEIVER CHARACTERISTICS 

IF<(XR*HX/2.0>-XCORE>160*160»170 
160 UCLXR=U0 

115 60 TO 190 
170 IFfCXR*XX/2.G)-XTUR3>18C»180»185 
160 UCLXR=Ua»2.7813»»{Cl.0-CCXR*XX/2.0*XTRAN)/IXCORE*XTRAN))»»0.<»51/9. 

• 0> 
GO TO 190 

120 • 185 US=U0*2.m3»Mll .0"CCXTURB*XTRAN>/IXCORE*XTRAN>>»*0.<»5>/9.0) 
UCIXK=USMCXR*XX/2.0>/XTURB>»M-0.5> 

190 BaXR=MGAMMA-1.0»/2.0>*(UCLXR/CT)»*2.& 
SUMXR=1.(1 
00 195 KK=1.10 

125 XKK=KK 
TtRM=«8BXR*»XKK>/SQRT«XKK«l,fl) 

195 SUMXR=SUMXR*TERM 
YCORXR=0.5M<XCORE-XR-XX/2.0)»<10.3Ml.0*XMACH»XMACH>/REYND»»Q.75l 

• > 

130 YCORXR*AMAXU0.0,YCORXR> 
YWIDXR = YCORXR*CXJETI-YCORXR»BBXR/C1.0-BBXRM/C0.292»B8XR»SUMXRI 
DO=D/B 
XL=XR*THETAJ 
E-XR*THETAR-OO/2.0 

135 IFUE-XL>-YCORXRI50Q»<»50»<»50 
C REGIME 1 
<»50 XNEWJ-t(E*DD-XL)-YCORXR»/(YMIDXR-YCORXR) 

XNEW«*=UE-XL>-YCORXRI/(YWIDXR-YCORXR) 
GAM2N3=3.C 

1«»0 00 <*55 LL = 1,10 
XLL=LL-1 
TERM=CBBXR*»XLLI/SQRTC2,0»XLL*1.0»»CUBICIERFN,SQRT*9,2»{2.0»XLL«-1. 

•»)*XNEW3) 
*»55 GAM2N3=GAMi!N3*TERM 

1<»5 GAM2N<t=0.Q 
00 <ibO LL=1,10 
XLL=LL-1 
TERM=<8BXR*»XLU/SQRT«2.Q*XLl>1.0»»CUBIC<ERFN,SQ.RTC9.2M2.0»XLL*l. 

• II*XNEW<»» 
150 <*60 GAM2N<*=GAM2N<»«-TERM 

XMOPRC=(H»B/l<»<».0»PM*2,.783^UCLXR/<R»TT)>MO.826**CYWIOXR-YCORXRJ 
• • (GAM2N3-GAI12N41 1*60.0 

GAM1N3=0.0 
00 %65 LLslvlO 

155 XLL=LL-i 
TERM=(BBXR»*XLLI/SQRT<XLL*1.0>»CUBIC<ERFN»SQRTC18.*»»CXLL*1.0n» 

•XNEH3> 
<»65 GAM1N3=GAH1N3*TERM 

GAMlN<*sO.O 
160 00 <»7C L L > l t l O 

XLL=LL-1 
TERMs(BBXR»»XLL)/SO.RTCXt,L*1.0)»CUBICCERFN tS(lRTI18.<i»IXLL*1.0>)» 

•XNEW<*> 
<»70 GAMlN*»*GAMlN«t*TERM 

165 XHOM£NsPM»2.783<»*BBXR*2.0*GAHMA*a/i2.0/CGAHHA-1.0)«f0.58<*36* 
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PROGRAM JET COC 6<»00 GUF V3.0-PJJU8 OPT=0 

• (YWI0XR-YC0RXR)MGAMiN3-GAMlN<»n 
GO TO 750 

500 IF<<£+DD-XL>-YCORXR>600.550.550 
C REGIME f» 

170 600 XMOPRC=(H»B/l%i».0*PM»2.7H3'»»UCLXR/{R»TTn/(1.0-BBXR)*60.0 
XMOMEN=PM»2.7 93<»»BBXR»2.0»GAHMA»O/12.C/<1.0-8BXR) 
GO TO 753 

550 IF<ADS<E-XL)-YCORXR)650,700,70Q 
C REGIME 2 

175 650 XNEW3=((E+D0-XU-YC0RXR)/(YHIDXR-YC0RXR) 
GAM2N3=0.Q 
00 655 LL-1 .10 
XLL=LL-1 
TERM=(8BXR»»XlLL)/SQRTf2.0»XLL*l.O)»CUBIC<ERFN,SQRTf9.2»f2.O»XLL*l. 

180 • ) )*XNEW3) 
655 GAM2N3=GAM2N3*TERM 

XMOPRC= (H»B/l«|i». 0*PM*2.783*»*UCLXR/ CR'TT) i* ((YCORXR- (E-XLI1/ CI. 0-
• BBXR) + C.826<»*<YWIOXR-YCORXR)»GAM2N3)»60.0 
GAM1N3=0.0 

185 00 665 LL-ltlt) 
XLL=LL-1 
TERM= CBBXR*»XLL> /SQRT <XLL*1.0)'CUBICCERFNtSQRT(18.<»MXLL*1. 0> > • 
• XNEW3II 

665 GAflN3=GAMlN3«-TERM 
190 XMOM£N=PM*2.793*»»BBXR»2.0»GAMMA»B/12.0/(GAMMA-1.0I*CCYCORXR-(E-XL 

• >)/(!.. 0-BBXR)o0.58'»36MYWIDXR-YCORXR)*GAMlN3) 
GO TO 750 

C REGIME 3 
700 XNEW3=( (E + DD-XU-YCORXRI/CYHIDXR-YCORXR) 

195 XNEH4=(-<E-XLI>-YCORXR)/(YWIDXR-YCORXR) 
GAM2N3=0.Q 
DO 7J5 LL=1,1(I 
XLL=LL.-1 
TERM=(BBXR**XLL>/SQRTC2.0»XLL*1.01'CUBIC(ERFN,SQRT(9.2»C2.0»XLL»1. 

200 +))*XMtW3) 
705 GAM2N3=GAM2N3t-TERM 

GAM2N%=0.0 
00 710 L L = l t l C 
XLL=U.-1 

205 TERM=CBBXR**Xl.L)/SQRT(2.0*XLL«L.0)'CUBIC(ERFN«SQRT(9.2«(2.0*XLL«-l. 
• ))»XNEW*») 

710 GAM2N*» = GAM2N«t«-TERM 
XMOPRC=tH»B/l*»»».0»PM»2.783«»»UCLXR/fR»TTnM2.0»YCORXR/tl.0-BBXR) 

• •b.82bi»«(YWIOXR-YCORXR)»CGAH2N3«-GAH2N<»n*60.0 
210 GAM1M3=0.C 

00 715 LLsl.lC 
XLL=LL-1 
TERM=(8BXR»»Xl.L)/SQRT(XLL«-1.0)"CUBIC(ERFN,SQRT(18.'»*(XLL*1.0))* 
+XNEM3) 

215 715 GA«1N3=GAM1N3«TERM 
GAM1N<»=0.0 
DO 723 LL=1,1C 
XLL=LL-1 
TERM=<BBXR»»XLL)/SQRT<XLL*1.0>"CUBIC<ERFN,SQRT<18.'»MXLL+1.0>>» 

220 •XNEW*) 
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PROGRAM JET COC 6<»00 GUF V3 .0 -P3<»8 OPT*Q 

7 2 0 GAM1N<»=GAM1NI»*TERM 
X M O H t N = P H » 2 . 7 8 3 « * * B 8 X R » 2 . Q » G A M M A » B / 1 2 . 0 / { G A M M A - l . a ) » ( 2 . 0 » Y C O R X R / 

• U . 0 - B 8 X R ) * 0 .58<»36» C YWIOXR-YCORXRI • (GAM1N3«-GAM1N1») ) 
7 5 0 POHOM = P M " ( 1 . 0 * ( ( G A M M A - 1 . 0 J / ( 2 . 0 » G A H M A * P M » 2 . 7 8 3 « » » O / 1 2 . 0 » » * X M O M E N l 

2 2 5 • * * C G A M M A / ( G A M M A - 1 . C > ) 
P 0 M 0 M = { P C ) H 0 M - P M ) * 1 3 . 6 / I . a t » 

C TOTAL PRESSURE ACROSS RECEIVER 
00 8CC J = l t 2 1 
X J = J - 1 

2 3 0 I F ( ( £ - X L ) + O O * X J / 2 0 . a ) 8 2 0 , a 2 0 < 8 ' + 0 
8 2 0 XN£WXR<JI = ( - U £ - X L > * D O * X J / 2 3 . 0 ) - Y C O R X R ) / ( Y W I D X R - Y C O R X R ) 

X N E W X R < J I = A M A X K 0 . 0 » X N E W X R U > ) 
GO TO 850 

8<»0 XNEWXR(JI = { { ( E - X L ) * D [ i » X J / 2 0 . 0 ) - Y C O R X R J / C V W t O X R - Y C O R X R ) 
235 X N t W X P ( J ) - A M A X K Q . G . X N E W X R C J ) ) 

6 5 0 U X R < J J = U C L X R » 2 . 7 l 8 3 * M - < » . 6 * X N E W X R f J > » » 2 . 0 l 
T X R < J » = T T < - U X R C J I » U X R < J ) / < 2 . 0 * 3 2 . 1 7 < » » C P » 7 7 8 . Q 1 
0 £ L N S X R ( J l « P M ^ 2 . 7 f t 3 ' * / { R » T X R C J ) ) 
X M A S « U I = l ) E N S X R < J > * U X R ( J > » 6 0 . 0 

2<»0 XM0M(J ) = 0 E N S X R ( J ) * U X R ( J ) » U X R ( J ) / 3 2 . 1 7 ' i 
P O X R C J J = P M * ( 1 . 0 * ( G A H M A - 1 . 0 » » U X R ( J ) » U X R ( J » / ( 2 . 0 » G A M M A » R » T X R ( J J » 

• 3 2 . 1 7 < * ) ) * * <GAMMA/<GAMMA-1.CI>> 
8 0 0 P O X R ( J ) = ( P O X R ( J > - P M ) * 1 3 . 6 / 1 . 0 < » 

SUKPOR=0.0 
2*5 S U r M A S ( l » = O . Q 

SUMMOM(l)=C.U 
00 950 KK=1,20 
X P A S T E = < X M A S R ( K K ) * X M A S R < K K * i » ) / 2 . Q » D * H / ( 2 Q . 0 » l < » < i . 0 ) 
X M O M I E = C X M O M C K K 1 * X M O M « K K * 1 ) ) / 2 . 0 * D / C 2 0 . 0 » 1 2 . 0 1 

250 SUMMAS<KK*1)=XMASTE*SUMMAS{KK> 
SUMMON (KK* :L) = XMOMTE*SUMMOM{KK) 
T E R M = { P O X R ( K K I « - P O X R < K K * l > ) / 2 . 0 * D / 2 u . O 

9 5 0 SUMPOR=SUMPOR*TERM 
PBAVsSUMPOR/O 

2 5 5 W R 1 T E C 6 1 , 1 3 0 0 I X R , P C 
1 3 0 0 FORMAT l 5 X f 2 H X R , l l X , 2 H P C / 2 ( 3 X , E 1 0 . <•>/ /> 

WRIT£<61 f H*G0>THETAJ ,SCONT,UCL ,S ,YCORS,YWlDS f XNEW2 
1<»00 F O R M A T I 5 X , » I N T E R A C T I O N REGION P A R A M E T E R S V 5 X , 6 H T H E T A J « 7 X , 5 H S C 0 N T 

• » 8 X ( i * H U C L S t 9 X t 5 H Y C O R S « 8 X t 5 H Y W i O S t 8 X ( 5 H X N E H 2 » 8 X / b I 3 X « E 1 0 . < * l / l 
2 6 0 W R I T E I 6 l , H » l Q ) G A M 2 , X H P R 0 F , X M A T M 0 t X M C 0 N T 

1<»10 F O R M A T f 5 X « < f H G A M 2 , 9 X t 6 H X M P R O F , 7 X , 6 H X M A T M O t 7 X t 6 H X M C O N T / M 3 X , E 1 0 . < » » / l 
H R I T t ( 6 1 , 1 5 0 G > U C L X R , Y C O R X R , Y H I O X R , E , X L , X N E W 3 

1 5 0 0 F0RMAT<5X,»RECEIVER P A R A M £ T E R S » / 5 X t 5 H U C L X R » 8 X t 6 H Y C 0 R X R t 7 X t 6 H Y H I 0 X R 
• • 7 X t l H E » i 2 X t 2 H X L » l l X f 5 M X N E W 3 / 6 ( 3 X , E i a . < » ) / > 

2 6 5 WRITE(61,1510)XN£H<* ( GAM2N3«GAH2N<»tXMOPRC 
1 5 1 0 FORMAT (5Xt5HXNEW<»«,8X,6HGAM2N3t7Xt6HGAM2N<»,7X«6HXMOPRC/ i» t3XtE10.<» 

• ) / / > 
WRIT£(61 , l 5 i !5 ) 

1 5 2 5 FORMAT f 5 X , 6 H X N E W X R t 7 X t 3 H U X R t 1 0 X t 3 H T X R t 10X»<*HPOXR t9X t6HSUMMAS»7X* 
2 7 0 «-6HSUMM0M> 

00 1 5 5 0 J s l t l l 
N N = J » 2 - 1 

1 5 5 0 W R I T E ( 6 1 , 1 6 0 0 ) X N E H X R ( N N ) , U X R C N N ) t T X R ( N N ) , P O X R ( N N ) , S U M M A S ( N N ) , 
•SUHMOMINN) 

2 7 5 1 6 0 0 F O R M A T U X , 6 < 3 X t E l 0 . ' » » / » 



PROGRAM JET CDC 6<*0Q GUF V3.0-P3<*8 OPT*Q 

WRITE ( 6 1 , 1 6 5 0 ) GAM1N3,GAM1N1»,XM0MEN,P0M0M,PBAV 
1650 FORMAT (5X.6HGAM1N3, 7X,6HGAMlN«»,7X,6HXMOHEN,7X,5HPOi10l1, 8X,«»HPBAV/ 

• 5 (3X ,£10 .« •> / /> 
200 CONTINUE 

80 300 CONTINUE 
GO TO 5 

<»Q0 CONTINUE 
STOP 
ENO 

FUNCTION. CUBIC COC 6<*Qfl GUF V3.0-P3<»« OPT*0 

FUNCTION CUBIC<Y,X) 
COMMQN/CBIVAR/NIXXfNIXZ,OCOX,DCOY 
OIHtNSION Y(28) 
NIXX=C 

5 N I - Y ( l ) 
IF ( X - Y ( 3 ) ) 1 0 » 2 0 , 3 0 

10 NIXX=-1 
20 CUBIC=YU) 

OCQX=(Y<5)-YU>>/Y(2> 
10 RETURN 

30 I= (X -Y<3U/Y<2 ) *<» .Q 
A=I-if 
DX=X-YU1-A*Y«2 I 
IF fl)X><»Q«<!»0,60 

15 kQ IF ( I -N I -31 ) 126 ,50 .100 
50 CUBiC=YCI) 

O C O X = ( Y « I ) " Y ( I - l ) ) / Y I 2 ) 
RETURN 

120 CUBIC=Y(I ) 
20 0 C D X * t Y I I * l ) - Y f I - l M / ( 2 * * V C 2 M 

60 E=OX/Y(2» 
IF ( I - < t ) 7 0 i 7 0 * 6 0 

70 U = - 1 . 5 * Y ( I ) + 2 . 0 » Y ( I + 1 I - 0 . 5 » V ( I * 2 ) 
C = C . 5 » ( Y t I > * Y I I * 2 > ) - Y ( I * i ) 

25 CUBIC=Y(I»*E*(B*E»C) 
OCOX=IB*2.0»E»C)/Y(2) 
RETURN 

60 IF ( I - ( N I + 2 > ) 9 C , 1 1 3 , 1 0 0 
90 B = ( 2 . 0 * Y ( I - l ) * 3 . 0 » Y ( I ) « - 6 . 0 » Y I I * l l * Y ( I * 2 ) > / 6 . 0 

30 C = ( Y ( I - l ) - 2 . 0 » Y ( I ) * Y C I » l ) l / 2 . 0 
0 = ( Y C I - 1 ) - 3 . 0 » Y ( I ) + 3 . 0 V Y ( I » 1 ) - Y ( I * 2 ) ) / 6 , , 0 
CUBIC=Y( I>*EM-8+EMC-E»D>) 
O C D X = ( - B * E * ( 2 . » C - 3 . » E » 0 ) I / Y C 2 I 
RETURN 

35 100 NIXX=*1 
CUBIC=Y(NI+3) 
D C O X = ( Y ( N I * 3 ) - Y ( N I * 2 ) ) / Y ( 2 ) 
RETURN 

110 B = 0 . 5 M Y ( N I * 3 ) - Y ( N I + 1>) 
<»0 C = G . 5 * ( Y ( N H l > •Y (NH-3>) -Y (N I+2> 

CUBIC=YCNI*<:)*E»(8*E»C) 
OCOX=(B+2.»£»CI/Y<2> 
RETURN 
ENO 



PM 
•5G0GE+01 

B 

•200GE+00 

•2tfQGE*00 

PT 
•672QE+Q1 

H 
• 10QQE4-Q1 

0. 

POSITION XR 
• 250(iE*Ol 
CONTROL PORT PRESSURE 

NORMAL CURVE OF ERROR 
• *»00SE*02 

0 . 
•2258E*00 
• 38<f9E*i50 
• *»6<fiE*00 
• <»9i8E*00 
• <»987E*0Q 
• <»998E*00 

•iCOOE+Ofl 
•3980E-01 
•258GE+Q0 
• <»O32E*<J0 
• <»7l3E«-00 
• *»938E*fl0 
• <»990E«-4il] 
• <»999E»00 

INPUT OATA 

TT 
*5320E*03 

XX 
•1000E+01 

0 . 
• f '930E-0l 
•2881E*00 
• <*192E*00 
'**773E*Q0 
• <»953E*00 
• <»993E+00 
• *»999E*Q0 

GAMMA 
• l^f lDEfQl 

TE 
• 6 0fl!JE*0(J 

•1179E*00 
•3l59E*fl0 
• <»332E*fl0 
• <»821E*00 
• <»965E*Q0 
• *»995E»00 
• 5000E*00 

•533<»E+02 

XHSUP 
•2796E-01 

• 155kE*CtQ 
•3<»13E*Q0 
• <»<»52E«-C0 
•^aSlE+QQ 
• **97kE*QQ 
• <»997£»0Q 

CP 
• 2<»G0E+00 

0 . 
THETAR 

• 1915£«-00 
• 36<f3E*0Q 
• <»55<»E*00 
• *»893E*00 
• <»981E+00 
• <»998E»00 



0U1PUT RESULTS 

XMACH 
.6639E«-00 

REYNO 
.5393E+03 

UO 
.7195E*03 

XCORE 
.3591E*01 

XTRAN 
.1562E+01 

XTURB 
•1Q20E+02 

YCORJ 
.2215E*00 

YHIOJ 
• 8266E + 0ii 

XJETI 
• 3*i72E-Qi 

XJJET 
.676<*E*Q1 

XR 
•250GE*Q1 

PC 
0 . 
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INTERACTION REGION PARAMETERS 
THETAJ 

• 
SCONT 

.10G0E+01 
UCLS 

.7195E*Q3 
YCORS 

.1718E+Q0 
YHIDS 

.9515£ f00 
XNEH2 

• 5<«92E>aO 

GAM2 
• <»77CE*QQ 

XMPROF 
. l<»53E-0i 

XMATMO 
0 . 

XMCONT 
.55<»<»E-03 

RECEIVER PARAMETERS 
UCLXR YCORXR 

•7195E+03 .392QE-Q1 
YWIOXR 

• 128<»E + 01 
E 

- .5000E+00 
XL 

0 . 
XNEW3 

.37CGE»00 

XN£H*» 
• 370CE4-00 

GAM2N3 
.3928E4-00 

GAM2N1* 
.3928Et0o 

XMOPRC 
.2628E-Q1 

XNEWXR 
.3700E+00 

UXR 
•3833E»a3 

TXR 
.'.S198E + 03 

POXR 
.55<»3E»01 

SUMMAS 
o . 

SUMMON 
0 . 

.2897E»00 .*»890E+Q3 .Si21E+Q3 ,9337E»01 .1838E-02 •5G23E-Q2 

.2Q9*»E»00 .588QE+Q3 •5032E*03 • l<»05E+02 .<»15QE-02 •1281E-01 

.1291£K)0 .666*»E*03 ,<»95QE»03 .187<»E>02 .6891E-G2 .2355E-Q1 

• «»882E-Qi .7117E+Q3 .U898E+03 .2191E*02 .99<»5E-02 ,366f tE-01 

0 . •7195E+03 .A889E+Q3 »22<»9E»02 .1313E-Q1 . 5 0 9 i E - 0 1 

• <t882E-01 • 7 U 7 E « 0 3 .^398E+Q3 .2191EKJ2 •1632E-01 .6513E-Q1 

.1291E*00 .bbbkZ+QZ .*»95QE*03 . 187<*E>02 .1938E-C1 •7826E-01 

• 209<»E*00 •5880E+Q3 .5032E*G3 • 1<»Q5E*Q2 . 2212E-01 •890QE-01 

.2897E*00 • <»890E*03 .5121E*G3 • 9337£«Q1 • 2<t<»3E-01 . 9 6 7 9 E - 0 1 

.37G0E*Q0 •3833E+03 .5 i98E»03 .55<»3£«01 .2627E-01 .1G18E+00 

GAM1N3 
• t737£*0Q 

GAM1NU 
• <»737E+00 

XMOMEN 
.1Q19E+O0 

POMOM 
.1552E»Q2 

PBAV 
.1565£*02 
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