
I n p r e s e n t i n g t h e d i s s e r t a t i o n as a p a r t i a l f u l f i l l m e n t of 
t h e r e q u i r e m e n t s f o r an advanced d e g r e e from t h e G e o r g i a 
I n s t i t u t e o f T e c h n o l o g y , I a g r e e t h a t t h e L i b r a r y of t h e 
I n s t i t u t e s h a l l make i t a v a i l a b l e f o r i n s p e c t i o n and 
c i r c u l a t i o n i n a c c o r d a n c e w i t h i t s r e g u l a t i o n s g o v e r n i n g 
m a t e r i a l s of t h i s t y p e . I a g r e e t h a t p e r m i s s i o n t o copy 
from, o r t o p u b l i s h from, t h i s d i s s e r t a t i o n may be g r a n t e d 
by t h e p r o f e s s o r u n d e r whose d i r e c t i o n i t was w r i t t e n , o r , 
i n h i s a b s e n c e , by t h e Dean of t h e G r a d u a t e D i v i s i o n when 
such c o p y i n g o r p u b l i c a t i o n i s s o l e l y f o r s c h o l a r l y p u r p o s e s 
and does n o t i n v o l v e p o t e n t i a l f i n a n c i a l g a i n . I t i s u n d e r ­
s t o o d t h a t any c o p y i n g from, or p u b l i c a t i o n of , t h i s d i s ­
s e r t a t i o n which i n v o l v e s p o t e n t i a l f i n a n c i a l g a i n w i l l n o t 
be a l l o w e d w i t h o u t w r i t t e n p e r m i s s i o n . 
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SUMMARY 

The o b j e c t of t h i s t h e s i s was t o p r e s e n t a g e n e r a l m e t h o d o l o g y 

t o be u sed i n t h e c o m p a r a t i v e e v a l u a t i o n of e x p e n d a b l e c o u n t e r m e a s u r e s . 

From t h i s c o m p a r i s o n , t h e most o p t i m a l mix of c o u n t e r m e a s u r e s f o r a p a r ­

t i c u l a r m i s s i o n can b e s e l e c t e d . The d e c i s i o n c r i t e r i o n on which s e l e c ­

t i o n i s b a s e d i s c o s t - e f f e c t i v e n e s s . 

The m e a s u r e of c o s t e f f e c t i v e n e s s used i s t h e e x p e c t e d c o s t r e ­

s u l t i n g from t h e u s e of t h e p a r t i c u l a r mix of c o u n t e r m e a s u r e s u n d e r c o n ­

s i d e r a t i o n . The e x p e c t e d c o s t i s d e f i n e d as t h e sum of a d e t e r m i n i s t i c 

c o s t and a s t o c h a s t i c c o s t . The d e t e r m i n i s t i c c o s t i s e x p r e s s e d i n 

t e rms of t h e u n i t c o s t p e r i t e m , and i n c l u d e s such c o s t s as r e s e a r c h 

and d e v e l o p m e n t , m a n u f a c t u r e , and d e p l o y m e n t . I n o r d e r t o d e t e r m i n e 

s t o c h a s t i c c o s t s , p o s s i b l e outcomes of t h e m i s s i o n u n d e r c o n s i d e r a t i o n 

a r e d e f i n e d , and c o s t s a r e a t t a c h e d t o each of t h e s e p o s s i b l e o u t c o m e s . 

These c o s t s a r e t h e n w e i g h t e d by t h e p r o b a b i l i t i e s of t h e r e s p e c t i v e 

outcomes r e s u l t i n g from t h e u s e of t h e p a r t i c u l a r mix of c o u n t e r m e a s u r e s 

b e i n g e v a l u a t e d . These w e i g h t e d c o s t s a r e t h e n summed i n o r d e r t o o b ­

t a i n t h e s t o c h a s t i c p o r t i o n of t h e e x p e c t e d c o s t . 

A s i t u a t i o n i n which a m i s s i o n i s t o be r u n ove r t h e same t h r e a t / 

t a r g e t many t imes i s d i s c u s s e d . T h i s s i t u a t i o n i s d i f f e r e n t from a s i n ­

g l e m i s s i o n f o r t h e r e a s o n s t h a t t h e c o n t i n u e d m i s s i o n s a l l o w t h e enemy 

o p e r a t o r s t o l e a r n from t h e i r e x p e r i e n c e , as w e l l as t h e f a c t t h a t t h e 

t h r e a t i t s e l f has p r o b a b l y been changed from t h e e f f e c t of t h e p r i o r m i s ­

s i o n s . A d i s c r e t e - s t a t e Markov c h a i n was used t o a n a l y z e t h i s s i t u a t i o n . 
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CHAPTER I 

INTRODUCTION 

Background 

The q u e s t i o n of c o s t s i n a m i l i t a r y e n v i r o n m e n t has a lways been 

one of g r e a t c o n c e r n . T h i s i s e s p e c i a l l y t r u e of equ ipment c o s t s r e l a ­

t i v e t o i m p r o v i n g s u r v i v a b i l i t y o f , s a y , t a c t i c a l a i r c r a f t . I t i s g e n e r ­

a l l y conceded t h a t when t h e n a t i o n i s i n a s t a t e of n a t i o n a l emergency , 

i t i s d e s i r a b l e t o employ , o r d e v e l o p i n t h e s h o r t e s t p e r i o d of t i m e , 

w h a t e v e r equ ipment i s n e c e s s a r y t o c o u n t e r t h e t h r e a t . However, i n a 

p e a c e t i m e economy, t h e c o s t i n d o l l a r s becomes t h e g o v e r n i n g f a c t o r i n 

t h e s e l e c t i o n of c o m p e t i t i v e e q u i p m e n t . Most m i l i t a r y equ ipment must 

n o t o n l y be e f f e c t i v e so as t o a l l o w a c h i e v e m e n t of t h e o b j e c t i v e s of 

t h e s p e c i f i c m i s s i o n which migh t u t i l i z e such e q u i p m e n t , b u t must a l s o 

be c o s t - e f f e c t i v e so t h a t t h e mone t a ry e x p e n d i t u r e does n o t o u t w e i g h 

t h e v a l u e of t h e m i s s i o n . 

The p a r t i c u l a r c l a s s of equ ipment w i t h which t h i s t h e s i s i s c o n ­

c e r n e d i s e l e c t r o n i c c o u n t e r m e a s u r e equipment t h a t p o s s i b l y c o u l d be 

used i n t h e improvement of s u r v i v a b i l i t y of a i r c r a f t . For e x a m p l e , c o n ­

s i d e r an a i r c r a f t o r f l i g h t of a i r c r a f t h a v i n g a m i s s i o n o v e r enemy-he ld 

t e r r i t o r y . I n t h e c o u r s e of i t s m i s s i o n , t h e a i r c r a f t w i l l be e x p e c t e d 

t o f l y t o t h e t a r g e t , a c c o m p l i s h i t s m i s s i o n w i t h r e s p e c t t o t h e t a r g e t , 

and r e t u r n t o i t s home b a s e . I n t h e c o u r s e of t h i s m i s s i o n , t h e a i r ­

c r a f t w i l l p r o b a b l y meet a d e f e n s i v e a r r a y of weaponry , i n c l u d i n g such 
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i t e m s as r a d a r of d i f f e r e n t t y p e s , a n t i - a i r c r a f t a r t i l l e r y , m i s s i l e s , 

and p o s s i b l y enemy f i g h t e r a i r c r a f t . Given t h e p a r a m e t e r s of t h e s e d e ­

f e n s i v e r e a c t i o n c a p a b i l i t i e s , t h e p u r p o s e of t h e m i s s i o n , t h e t e r r a i n 

o v e r which t h e m i s s i o n i s t o be f lown , and any o t h e r r e l e v a n t d a t a , what 

t y p e of p e n e t r a t i o n a i d , o r what mix of p e n e t r a t i o n a i d s , s h o u l d be 

c a r r i e d by t h e a i r c r a f t ? A p e n e t r a t i o n a i d ( p e n a i d ) , f o r p u r p o s e s of 

t h i s t h e s i s , w i l l be d e f i n e d a s any p i e c e of equ ipment which c o n f u s e s , 

d e l a y s , o r i n any way i n h i b i t s t h e enemy from t h e most e f f e c t i v e u s e of 

t h e i r d e f e n s i v e r e a c t i o n c a p a b i l i t i e s . 

One c l a s s i f i c a t i o n of p e n e t r a t i o n a i d s i s t h a t of e x p e n d a b l e and 

n o n - e x p e n d a b l e p e n a i d s . E x p e n d a b l e p e n e t r a t i o n a i d s a r e e i t h e r n o n -

r e c o v e r a b l e a f t e r u s e o r have a s m a l l p r o b a b i l i t y of r e c o v e r y . Non­

e x p e n d a b l e p e n e t r a t i o n a i d s a r e g e n e r a l l y t h o s e c a r r i e d by t h e a i r c r a f t 

and a r e l o s t o n l y i f t h e a i r c r a f t i t s e l f i s l o s t . T h i s r e s e a r c h d e a l s 

p r i m a r i l y w i t h e x p e n d a b l e p e n a i d s . I t c o n s i d e r s n o n - e x p e n d a b l e s o n l y 

when t h e r e i s an o p p o r t u n i t y c o s t d i r e c t l y r e l a t e d t o m i s s i o n s u c c e s s 

a s s o c i a t e d w i t h t h e i r u s e . The r e s u l t s of t h e t e c h n i q u e s p r e s e n t e d h e r e ­

i n may t h e r e f o r e be used as a b a s i s f o r compar i son of e x p e n d a b l e and n o n ­

e x p e n d a b l e p e n e t r a t i o n a i d s as w e l l as c o m p a r i s o n among d i f f e r e n t e x ­

p e n d a b l e p e n a i d s . N o n - e x p e n d a b l e s a r e o f t e n more e f f e c t i v e ( t h i s need 

n o t a lways be t h e c a s e ) , and t h e y a r e a l s o u s u a l l y more e x p e n s i v e . T h u s , 

i n a t a c t i c a l s i t u a t i o n , a c o s t - e f f e c t i v e n e s s compar i son would be of 

v a l u e t o t h e m i l i t a r y p l a n n e r . 

The p r i m a r y p u r p o s e of t h i s r e s e a r c h i s t o d e v e l o p and d i s c u s s 

t e c h n i q u e s t o be used i n a c o m p a r a t i v e e v a l u a t i o n of e x p e n d a b l e p e n e ­

t r a t i o n a i d s when t h e c r i t e r i o n f o r s e l e c t i o n i s c o s t - e f f e c t i v e n e s s . 
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For p u r p o s e s of t h i s r e s e a r c h , t h e most c o s t - e f f e c t i v e p e n a i d o r mix of 

p e n a i d s f o r a p a r t i c u l a r s i t u a t i o n w i l l be d e f i n e d as t h a t mix w h i c h , 

when b o t h t h e d e t e r m i n i s t i c c o s t s and t h e w e i g h t e d p o s s i b l e c o s t s r e ­

s u l t i n g from t h e u s e of t h a t p a r t i c u l a r mix a r e c o n s i d e r e d , y i e l d s t h e 

minimum e x p e c t e d c o s t . These t e c h n i q u e s a r e t o be g e n e r a l enough t o 

a l l o w e v a l u a t i o n of b o t h d e v e l o p e d and p r o p o s e d p e n e t r a t i o n a i d s , u s i n g 

e i t h e r a c t u a l or a n t i c i p a t e d c o s t s and r e l e v a n t m e a s u r e s of e f f e c t i v e ­

n e s s . E f f e c t i v e n e s s w i l l be e x p r e s s e d i n t h e form of c e r t a i n p r o b a ­

b i l i t y s t a t e m e n t s , and s e n s i t i v i t y s t u d i e s w i l l be made t o i n d i c a t e t h e 

i m p o r t a n c e of t h e s e p r o b a b i l i t i e s . 

The u l t i m a t e o b j e c t i v e of t h e t a c t i c a l m i s s i o n , of c o u r s e , i s 

m i s s i o n s u c c e s s . W h i l e t h e r e e x i s t a l t e r n a t i v e d e f i n i t i o n s , m i s s i o n 

s u c c e s s i s used h e r e i n t h e s e n s e of g e t t i n g t o t h e t a r g e t , a c c o m p l i s h ­

i n g t h e g o a l w i t h r e s p e c t t o t h e t a r g e t , and s a f e l y r e t u r n i n g t o home 

b a s e . For a g i v e n s e t of i n p u t p a r a m e t e r s , what p e n e t r a t i o n a i d s , o r 

what mix of p e n e t r a t i o n a i d s , s h o u l d be u s e d ? Fo r e x a m p l e , a mix f o r 

one p a r t i c u l a r m i s s i o n may g i v e a h i g h p r o b a b i l i t y of s u c c e s s w h i l e t h e 

same mix would g i v e a low p r o b a b i l i t y of s u c c e s s f o r d i f f e r e n t i n p u t 

p a r a m e t e r s . The l a r g e number of p o s s i b l e c o m b i n a t i o n s makes i t i m p e r a ­

t i v e t h a t t h e model be a b l e t o h a n d l e t h e s e , and t h a t i t g i v e t h e m a x i ­

mum i n f o r m a t i o n p o s s i b l e from t h e f ewes t p o s s i b l e d e s i g n s i t u a t i o n s . 

The model must i n c l u d e t h e l o s s due t o f a i l u r e a l o n g w i t h t h e 

p h y s i c a l c o s t of t h e d e v i c e s . Each c o s t must a l s o be r e l a t e d t o a p r o ­

b a b i l i t y of s u c c e s s . C o s t s and s u c c e s s p r o b a b i l i t i e s w i l l t h e n be com­

b i n e d t o d e t e r m i n e t h e optimum c o s t - e f f e c t i v e d e c i s i o n f o r e ach of t h e 

p e r t i n e n t s i t u a t i o n s . 
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L i t e r a t u r e S e a r c h 

The c o n c e p t of c o s t - e f f e c t i v e n e s s as a q u a n t i f i a b l e d e c i s i o n 

p a r a m e t e r has been i n e x i s t e n c e f o r q u i t e some t i m e , and has been used 

e x t e n s i v e l y i n b o t h t h e m i l i t a r y and c i v i l i a n r e a l m s . Most of t h e work 

i n t h i s a r e a done i n and f o r t h e m i l i t a r y i s c l a s s i f i e d , and hence c a n ­

n o t be r e f e r e n c e d h e r e . I n t h e s p e c i f i c a r e a of p e n e t r a t i o n a i d s , 

C o r n e l l A e r o n a u t i c a l L a b o r a t o r i e s has done much r e s e a r c h i n v o l v i n g ef­

f e c t i v e n e s s , and some work i n v o l v i n g c o s t s . However, t h i s work i s c l a s ­

s i f i e d , and hence d e t a i l s c a n n o t be d i s c u s s e d i n t h i s t h e s i s . 

One r e f e r e n c e i n t h i s a r e a which i s u n c l a s s i f i e d i s a P h . D . d i s ­

s e r t a t i o n by C. D. F a w c e t t ( 1 ) . T h i s work t r e a t s t h e p r o b l e m of t h e 

s e l e c t i o n of t a c t i c s f o r an a i r - t o - g r o u n d a t t a c k when u n c e r t a i n c o n d i ­

t i o n s p r e v a i l . The a p p r o a c h i s one of dynamic programming , w i t h some 

use of d e c i s i o n t h e o r y . F a w c e t t c o n s i d e r s two major t y p e s of " d u e l s . " 

The f i r s t i s t h e s i t u a t i o n where t h e s u c c e s s c r i t e r i o n i s t h e e x p e c t e d 

v a l u e of t h e number of h i t s made on t h e t a r g e t . The second i s t h e c a s e 

where a t l e a s t a c e r t a i n number of h i t s must be made on t h e t a r g e t . 

S p e c i f i c c a s e s and g e n e r a l i z a t i o n s a r e g i v e n f o r b o t h i n s t a n c e s . 

T h i s r e s e a r c h w i l l make u s e of two c o n c e p t s d i s c u s s e d by F a w c e t t . 

The p r i m a r y one i s t h e emphas i s on t h e o m n i p r e s e n t u n c e r t a i n t y when 

d e a l i n g w i t h a m i l i t a r y s i t u a t i o n . T h i s u n c e r t a i n t y i s what makes r e ­

s e a r c h i n t h i s f i e l d i n t e r e s t i n g , and must be a c c o u n t e d f o r i n any work 

d o n e . I n f a c t , t h e t e c h n i q u e s t o be p r e s e n t e d i n t h i s t h e s i s a r e s t r u c ­

t u r e d around t h i s u n c e r t a i n t y . The o t h e r c o n c e p t i s t h a t of h a v i n g a 

minimum number of h i t s on a t a r g e t . T h i s l a t t e r c o n c e p t i s a l t e r e d t o 

be t h e minimum numbers of weapons p e r m i s s i o n . 
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The f o l l o w i n g r e f e r e n c e s do n o t d e a l e x p l i c i t l y w i t h c o s t - e f f e c ­

t i v e n e s s of e x p e n d a b l e p e n e t r a t i o n a i d s . However, t h e y do d e a l e i t h e r 

d i r e c t l y o r i n d i r e c t l y w i t h c o s t - e f f e c t i v e n e s s models o r me thodo logy f o r 

p o s s i b l e u s e i n deve lopmen t of c o s t - e f f e c t i v e n e s s m o d e l s . 

D a n t z i g ' s (2) p u r p o s e i s t o m i n i m i z e t h e e x p e c t e d c o s t when some 

f a c t o r i n t h e p r o b l e m i s known o n l y t h r o u g h an assumed o r known p r o b a ­

b i l i t y d i s t r i b u t i o n f u n c t i o n . He d e m o n s t r a t e s t h e p r a c t i c a l i t y of l i n e a r 

programming i n c a s e s where t h e r e i s a m u l t i - s t a g e d e c i s i o n p r o b l e m u s i n g 

t h e minimum c o s t d i e t p r o b l e m w i t h unknown p r i c e s and t h e sh ipmen t p r o ­

blem w i t h s t o c h a s t i c demand as e x a m p l e s . The main theme of h i s p a p e r i s 

t o p r o p o s e and p r o v e s e v e r a l c o n v e x i t y t heo rems t o be u s e d i n t h e s o l u ­

t i o n p r o c e d u r e . 

D a n t z i g and F e r g u s o n (3) u s e t h e t h e o r y d e v e l o p e d i n D a n t z i g ' s 

p a p e r t o s o l v e t h e r e s o u r c e a l l o c a t i o n p r o b l e m of t h e a l l o c a t i o n of 

( c o m m e r c i a l ) a i r c r a f t t o r o u t e s when demand i s u n c e r t a i n i n o r d e r t o 

maximize e x p e c t e d p r o f i t s . B a s i c a l l y , t h e p a p e r d e m o n s t r a t e s t h e p r o ­

c e d u r e s t o be used i n t h e s o l u t i o n of such a p r o b l e m . 

The method p r o p o s e d and d e m o n s t r a t e d i n t h e above p a p e r s were 

c o n s i d e r e d fo r u s e i n t h i s r e s e a r c h , b u t r e j e c t e d fo r t h r e e r e a s o n s , t h e 

v a l i d i t y of wh ich w i l l become o b v i o u s i n C h a p t e r I I I . F i r s t , ou r p r o ­

b lem becomes an i n t e g e r - v a l u e d p r o b l e m , and l i n e a r programming does n o t 

g u a r a n t e e an o p t i m a l i n t e g e r s o l u t i o n . Second , o u r p rob l em may r e q u i r e 

t h e s o l u t i o n of f e a s i b i l i t y and o p t i m a l i t y i n s e p a r a t e s t a g e s , n o t s i m u l ­

t a n e o u s l y . T h i r d , t h e i r a s s u m p t i o n of a known p r o b a b i l i t y d i s t r i b u t i o n 

f u n c t i o n was found t o be i n a p p l i c a b l e . 

Reismann and Buffa (4) p r e s e n t a g e n e r a l m a t h e m a t i c a l model t o 
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be u s e d i n t h e economic e v a l u a t i o n of i n v e s t m e n t of e q u i p m e n t . The 

g e n e r a l t a c t i c i s t o f i n d t h e p r e s e n t w o r t h of t h e v a l u e of s e v e r a l 

f a c t o r s , i n c l u d i n g p u r c h a s e p r i c e , s a l v a g e v a l u e , n o n - p e r i o d i c r e p l a c e ­

ment c o s t s , o p e r a t i n g e x p e n s e s , and r e v e n u e r e c e i v e d from t h e i n v e s t ­

m e n t . O b v i o u s l y , p u r c h a s e p r i c e , o p e r a t i n g e x p e n s e s , and r e p l a c e m e n t 

c o s t s ( i n a s e n s e ) a r e t h e o n l y f a c t o r s a p p l i c a b l e h e r e . These w i l l be 

d i s c u s s e d i n C h a p t e r I I . 

A s u r v e y of t h e t e c h n i q u e s u sed i n t h e e v a l u a t i o n of compe t ing 

i t e m s i s g i v e n by T e r r y ( 5 ) . He p o i n t s o u t t h a t t h e r e a r e t h r e e major 

r e a s o n s f o r making a c o m p a r a t i v e e v a l u a t i o n : (1) S e l e c t i o n ( e . g . , of 

p e r s o n n e l , p u r c h a s i n g p r o j e c t s ) ; (2) Ass ignmen t ( e . g . , p e r s o n n e l , m a r ­

k e t s , u s a g e ) ; (3) Improvement ( e . g . , p e r s o n n e l , e q u i p m e n t , m e t h o d s ) . 

He i s p r i m a r i l y c o n c e r n e d w i t h t h e s i t u a t i o n i n which a s i n g l e e v a l u a t o r 

i s u s e d t o make a d e t e r m i n a t i o n among s e v e r a l compe t ing i t e m s , b u t o n l y 

one i t e m may be c h o s e n . S i n c e t h e r e s e a r c h done i n t h i s p a p e r i n v o l v e s 

c h o o s i n g a p a r t i c u l a r s e t of p e n e t r a t i o n a i d s ( i . e . , T e r r y ' s " S e l e c t i o n " ) , 

a r e v i e w of t h e d i f f e r e n t t e c h n i q u e s f o r s e l e c t i o n i s i n f o r m a t i v e . As 

q u o t e d from T e r r y , t h e y a r e : 

1 . Ave rage S c o r e : add r a t i n g s and o b t a i n a v e r a g e . 
2 . Weigh ted a v e r a g e : add w e i g h t r a t i n g s and o b t a i n a v e r a g e . 
3 . M u l t i p l i c a t i o n Method: m u l t i p l y r a t i n g s t o o b t a i n " s c o r e . " 
4 . E x p o n e n t i a l l y Weigh ted M u l t i p l i c a t i o n Method: m u l t i p l y e x ­

p o n e n t i a l l y " w e i g h t e d " r a t i n g s t o o b t a i n " s c o r e . " 
5 . Loss C o n t r o l ( p e s s i m i s t i c ) : d e t e r m i n e f a c t o r s w i t h l o w e s t 

r a t i n g f o r e ach i t e m . 
6 . Game T h e o r e t i c A p p r o a c h : t r e a t r a t i n g m a t r i x a s a z e r o - s u m , 

t w o - p e r s o n game. 
7 . Dominance: d e t e r m i n e e x i s t e n c e of any dominan t i t e m ( i . e . , 

dominant i n e v e r y c a t e g o r y c o n s i d e r e d ) . 

I t seems a l m o s t t r i t e t o s t a t e t h a t i f a p e n e t r a t i o n a i d which 

c o s t s l e s s and i s more e f f e c t i v e t h a n any o t h e r b e i n g t e s t e d i s found , 
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t h a t i t s h o u l d be used ( i . e . , " D o m i n a n c e " ) . T h i s s i t u a t i o n seems a l ­

most t o o good t o be t r u e . However, i t i s p o s s i b l e t h a t t h e r e s e a r c h may 

f i n d some p a r t i c u l a r p e n e t r a t i o n a i d which w i l l d o m i n a t e some o t h e r a i d 

i n e v e r y c a t e g o r y , and hence t h e domina ted a i d can be d ropped from c o n ­

s i d e r a t i o n . I n t h e m a i n , we w i l l u se t e c h n i q u e (3) i n c o n j u n c t i o n w i t h 

t e c h n i q u e (1) i n t h i s r e s e a r c h . The Average S c o r e Method w i l l be u sed 

i n t h e d e t e r m i n i s t i c p o r t i o n of t h e model ( C h a p t e r I I ) and t h e M u l t i p l i ­

c a t i o n Method w i l l be used f o r t h e s t o c h a s t i c p o r t i o n ( C h a p t e r I I I ) . The 

two methods w i l l be combined t o make t h e f i n a l d e c i s i o n . 
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CHAPTER I I 

DETERMINISTIC COSTS 

I n t r o d u c t i o n of t h e G e n e r a l Model 

The p u r p o s e of t h i s c h a p t e r i s t o i n t r o d u c e t h e c o s t - e f f e c t i v e n e s s 

model t o be used i n t h i s r e s e a r c h . Some n o t a t i o n w i l l be p r e s e n t e d , and 

a p o r t i o n of t h e model w i l l be d i s c u s s e d a t l e n g t h . 

When c o n s i d e r i n g t h e c o s t of an e x p e n d a b l e p e n e t r a t i o n a i d , two 

major a r e a s p r e s e n t t h e m s e l v e s . The f i r s t i s t h a t of t h e p h y s i c a l c o s t 

of t h e d e v i c e i t s e l f , e . g . , r e s e a r c h and d e v e l o p m e n t , m a n u f a c t u r e , and 

d e p l o y m e n t . Note t h a t t h i s t y p e of c o s t i s ( t h e o r e t i c a l l y ) d e t e r m i n i s ­

t i c and can be found e x a c t l y . The symbol "D" w i l l be used t o d e n o t e t h e 

d e t e r m i n i s t i c c o s t of a l l d e v i c e s u sed fo r a p a r t i c u l a r m i s s i o n . 

The second major a r e a of e x p e n d i t u r e i s t h a t c o s t i n v o l v e d i n 

t h e u s a g e of t h e d e v i c e ( s ) . I t i s i n t h i s a r e a t h a t u n c e r t a i n t y p l a y s 

a l a r g e r o l e . The p r o p o s e d method of d e a l i n g w i t h t h i s u n c e r t a i n t y i s 

t h r o u g h c e r t a i n p r o b a b i l i t y s t a t e m e n t s abou t p o s s i b l e outcomes r e s u l t i n g 

from t h e u s a g e of t h e d e v i c e ( s ) . I n o r d e r t o d e t e r m i n e t h e e x p e c t e d c o s t 

of u s a g e , t h e s e p r o b a b i l i t i e s w i l l be used as w e i g h t i n g f a c t o r s i n a s s o ­

c i a t i o n w i t h t h e c o s t of t h e r e s p e c t i v e p o s s i b l e o u t c o m e s . T h i s c o s t 

w i l l be r e p r e s e n t e d by t h e symbol " S . " 

Thus t h e d e c i s i o n c r i t e r i o n fo r t h e s e l e c t i o n of a p a r t i c u l a r s e t 

of e x p e n d a b l e p e n e t r a t i o n a i d s w i l l be t o m i n i m i z e t h e e x p e c t e d c o s t ; 

t h a t i s , 

Min. E(C) = D + S 
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where 

E(C) = e x p e c t e d c o s t 

D = V d. X . 
L J J 
j 

d . = d e t e r m i n i s t i c c o s t of d e v i c e j on a " p e r i t e m " 
^ b a s i s 

X. = amount ( i n t e g e r - v a l u e d ) of d e v i c e j u sed f o r 
^ t h e m i s s i o n u n d e r c o n s i d e r a t i o n . 

The methods used i n d e t e r m i n i n g b o t h S and X^ w i l l be d i s c u s s e d 

i n t h e n e x t c h a p t e r . The r e s t of t h i s c h a p t e r w i l l d i s c u s s t h e d e t e r ­

m i n a t i o n of d . . 
J 

C o n s i d e r a t i o n s f o r D e t e r m i n i s t i c C o s t s 

F i g u r e 1 i s a b a s i c f low c h a r t t o be used i n t h e e v a l u a t i o n of 

c o s t s of t h e d e t e r m i n i s t i c t y p e . I t r e p r e s e n t s t h e g e n e r a l p r o c e d u r e s 

and p r o c e s s e s t h r o u g h wh ich a new c o n c e p t f o r an e x p e n d a b l e p e n e t r a t i o n 

a i d must p a s s b e f o r e i t s u s e . S i n c e t h e methods and c o n s e q u e n c e s of t h e 

u s e of t h e s e d e v i c e s w i l l be d i s c u s s e d i n t h e n e x t two c h a p t e r s , t h e y 

a r e n o t shown h e r e . 

T a b l e 1 i s a c o d i f i c a t i o n of t h e g e n e r a l t y p e s of c o s t s t o be 

u sed i n c o n j u n c t i o n w i t h F i g u r e 1 . W h i l e most of t h e s e c o s t s a r e s e l f -

e x p l a n a t o r y , some m e r i t f u r t h e r d i s c u s s i o n . 

The U. S . A i r F o r c e and t h e U. S . Navy a r e t h e p r i m a r y governmen­

t a l d e p a r t m e n t s i n t h i s c o u n t r y wh ich would have i n t e r e s t i n e x p e n d a b l e 

p e n e t r a t i o n a i d s . For c o n v e n i e n c e , A i r F o r c e Sys tems Command, which i s 

u s u a l l y t h e c o n t r a c t o r f o r U. S . A i r F o r c e r e s e a r c h and deve lopmen t p r o ­

j e c t s , i s shown i n c o s t b l o c k # 1 . For t h e s a k e of s i m p l i c i t y , i t w i l l 
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T a b l e 1 . G e n e r a l D e t e r m i n i s t i c Cost C o n s i d e r a t i o n s 

a . A d m i n i s t r a t i o n c o s t s 
b . P e r s o n n e l r e q u i r e d and t h e i r t i m e 

a . A d m i n i s t r a t i o n 
b . P e r s o n n e l 
c . Equipment 

a . I f l a t e r a c c e p t , two t y p e s of c o s t 

i . Time v a l u e of money 
i i . O p p o r t u n i t y c o s t due t o d e l a y 

b , I f l a t e r d o n ' t a c c e p t , c y c l e c o s t s l o s s ( i e . , 1, 2 , and 4 ; 
p o s s i b l y t w i c e ) 

a . A l l c o s t s i n 1 and 2 l o s t 
b . P o s s i b l e o p p o r t u n i t y c o s t l o s s due t o r e j e c t i o n of a good 

p r o d u c t 

a . A d m i n i s t r a t i o n c o s t s 
b . M o n i t o r i n g c o s t s 

i . O n - s i t e 
i i . C o r r e s p o n d e n c e 

a . Same as 2a , b , c 
b . P e r h a p s s e v e r a l t i m e s 

a . A l l c o s t s i n 1 , 2 , 5 , and 6 l o s t 
b . 4b c o s t a l s o 
c . Cost of m i s g u i d e d a n t i c i p a t i o n 

a . C o n t r a c t l e t t i n g method 

i . Accep t b i d d i n g , which i m p l i e s 

( a ) Pay o r i g i n a t o r ( p a t e n t r i g h t s , work a c c o m p l i s h e d , 
e t c . ) 

(b) I n c l u d e c o s t s i n v o l v e d i n t h e c o n t r a c t 

i i . D i cke r w i t h t h e o r i g i n a t o r 

b . C o n t r a c t t e r m s , i n v o l v i n g , f o r example 

i . 
i i . 

Q u a n t i t y 
Q u a l i t y 
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T a b l e 1 . G e n e r a l D e t e r m i n i s t i c Cost C o n s i d e r a t i o n s (Conc luded) 

i i i . Due d a t e 
i v . S p e c i a l equipment r e q u i r e d ( i f r e q u i r e d ) 

v . A s s i s t a n c e ( i f any) o f f e r e d by t h e A i r F o r c e 
v i . Labor p rob lems 

v i i . Time v a l u e of money 
v i i i . "Ac t s of God" 

i x . E t c . 

c . M o n i t o r i n g and a d m i n i s t r a t i o n c o s t s 

* 9 . P o i n t of and method of d e l i v e r y may a f f e c t c o s t 8b 

* 1 0 . a . Cost of sh ipmen t t o permanent s t o r a g e 
b . Cost of b u i l d i n g a t permanent s t o r a g e ( s p e c i a l t y p e ? ) 
c . P e r s o n n e l and a d m i n i s t r a t i v e c o s t s 
d . P o s s i b l e c o s t f o r equipment f o r ( s p e c i a l ) h a n d l i n g 

* 1 1 . a . Same as 9 and 10 
b . S p e c i a l d i f f i c u l t i e s i n v o l v e d due t o n a t u r e of u s e s i t e 

* 1 2 . a . Same as 9 and 10 
b . S p e c i a l d i f f i c u l t i e s i n v o l v e d due t o n a t u r e of u s e s i t e 

1 3 . a . S p e c i a l e q u i p m e n t / l o c a t i o n r e q u i r e d f o r d e s t r u c t i o n 
b . I f no t u s e d a t s i t e , c o s t s 10 o c c u r a g a i n 

1 4 . Same as 9 and 10 

1 5 . a . S p e c i a l equipment r e q u i r e d (g round o r a i r c r a f t ) 
b . S p e c i a l t r a i n i n g r e q u i r e d (g round o r a i r c r a f t p e r s o n n e l ) 
c . E x t r a p e o p l e r e q u i r e d a t u s e s i t e b e c a u s e of n a t u r e of 

p e n a i d ? 

IN ALL PHASES: 

1 . E x t r a c o s t s due t o s e c u r i t y c l a s s i f i c a t i o n , i f a p p l i c a b l e 
2 . P r i n t i n g of m a n u a l s , t r a i n i n g of p e r s o n n e l , e t c . 

+ ~* c o s t s a p p l i c a b l e t o any_ p r o p o s a l 

* -* c o s t s a p p l i c a b l e t o any a c c e p t e d p r o p o s a l , t hough amounts 
of money may v a r y 
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b e assumed t h a t t h i s agency w i l l a b s o r b a l l e x p e n s e s i n c u r r e d by t h e 

government i n t h e d e t e r m i n i s t i c e v a l u a t i o n i n t h i s s t u d y . (For e x a m p l e , 

i n t r a - A i r F o r c e communica t ions and t r a n s p o r t a t i o n c o s t s f o r t h e f i n i s h e d 

p r o d u c t would c e r t a i n l y n o t be c h a r g e d s o l e l y t o AFSC.) Which agency 

a c t u a l l y i n c u r s t h e e x p e n s e i s u n i m p o r t a n t t o t h i s r e s e a r c h . 

E v a l u a t i o n of a p r o p o s e d d e v i c e may b e c o n d u c t e d by t h e A i r F o r c e 

i t s e l f , i n wh ich c a s e c o s t s (2) w i l l b e as shown. I f a c o n t r a c t i s l e t 

by t h e A i r F o r c e f o r e v a l u a t i o n , t h e y w i l l have a d m i n i s t r a t i v e as w e l l 

a s c o n t r a c t c o s t s . 

The o p p o r t u n i t y c o s t s men t ioned i n 3a and 4b l e n d t h e m s e l v e s t o 

e v a l u a t i o n o n l y ex p o s t f a c t o . I n d e e d , t h e o p p o r t u n i t y c o s t i n 4b may 

n e v e r be a b l e t o be e v a l u a t e d . C o n s e q u e n t l y , w h i l e t h e s e c o s t s a r e 

v a l i d t h e o r e t i c a l l y , t h e i r v a l u e i n a p r a c t i c a l s i t u a t i o n seems some­

what n e b u l o u s and t h e y would p r o b a b l y n o t be i n c l u d e d i n a c a l c u l a t i o n 

of d e t e r m i n i s t i c c o s t s . 

The t i m e v a l u e of money men t ioned i n c o s t s 3a and 8b a r e f a c t o r s 

which a r e o f t e n o v e r l o o k e d i n t h e s e t y p e of e v a l u a t i o n s . S i n c e t h e t y p e 

of d e v i c e s u n d e r c o n s i d e r a t i o n o f t e n r e q u i r e s e v e r a l y e a r s and m i l l i o n s 

of d o l l a r s t o d e v e l o p and d e p l o y , o m i t t i n g t h e s e c o s t s w i l l i g n o r e a 

p o t e n t i a l l y l a r g e e x p e n d i t u r e . The e x a c t a p p l i c a t i o n of t h e c o n c e p t of 

t h e t i m e v a l u e of money would v a r y from c a s e t o c a s e , b u t s h o u l d c e r -

t a i n l y be c o n s i d e r e d as a r e l e v a n t f a c t o r . 

The c o s t of m i s g u i d e d a n t i c i p a t i o n i n 7c i s one wh ich i s v e r y 

_ 
We w i l l n o t go i n t o more d e t a i l s i n c e d o i n g so would i n v o l v e 

much t i m e and s p a c e a s t h e r e a r e so many f a c e t s t o t h i s p r o b l e m . 
T h i s would d e t r a c t from t h e main p u r p o s e of t h i s c h a p t e r . 
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d i f f i c u l t t o e v a l u a t e . I n t h i s c o u n t r y , t h e deve lopment of new h a r d ­

ware has become a l m o s t r o u t i n e . When t h e "go a h e a d " fo r f u r t h e r r e s e a r c h 

and deve lopmen t has been g i v e n fo r a new p i e c e of g e a r , t h e c a p a b i l i t i e s 

t h e d e v i c e o f f e r a r e o f t e n assumed t o be a f a c t f o r f u t u r e p l a n n i n g . 

When t h e p a r t i c u l a r p r o j e c t f a i l s t o d e v e l o p as a n t i c i p a t e d , t h i n k i n g 

and p l a n n i n g must be revamped. The e x a c t p r i c e of t h i s p r o c e s s would be 

v e r y d i f f i c u l t t o a s s e s s . The q u e s t i o n of w h e t h e r t h i s c o s t s h o u l d be 

c o n s i d e r e d a sunk c o s t (and t h e r e f o r e f o r g o t t e n ) o r shou ld be added t o 

t h e c o s t of a d e v i c e which e v e n t u a l l y i s a c c e p t e d would be d i f f i c u l t t o 

d e t e r m i n e . 

Note t h a t t h i s l a s t q u e s t i o n a p p l i e s n o t o n l y t o m i s g u i d e d a n t i ­

c i p a t i o n c o s t s , b u t a l s o must be asked abou t a l l c o s t s i n v o l v e d i n p r o ­

j e c t s which a r e e v e n t u a l l y d i s c a r d e d . 

One b r i e f comment s h o u l d be made c o n c e r n i n g t h e c o n t r a c t t e r m s i n 

8 b . The speed w i t h which t h e p r o d u c t i s m a n u f a c t u r e d may have an a s s o ­

c i a t e d o p p o r t u n i t y c o s t . I f t h e c o u n t r y i s engaged i n an e n c o u n t e r i n 

which t h e p r o d u c t can be used as soon as i t can be d e l i v e r e d t o t h e s i t e , 

w i t h an i n c r e a s e d p r o b a b i l i t y of m i s s i o n s u c c e s s a t t e n d a n t w i t h i t s u s e , 

t h e r e i s o b v i o u s l y a c o s t s a v i n g s i n v o l v e d i n g e t t i n g t h e f i n i s h e d p r o ­

d u c t t o t h e f i e l d as q u i c k l y as p o s s i b l e . I f t h i s i s t h e c a s e , t h e e x ­

p e c t e d s a v i n g s may be compared w i t h t h e i n c r e a s e d c o s t of r a p i d manufac ­

t u r e i n o r d e r t o a r r i v e a t t h e optimum d e l i v e r y d a t e s . 

Note t h a t i n c o s t 1 5 , o n l y t h e d e t e r m i n i s t i c c o s t s a r e m e n t i o n e d : 

i . e . , t h e c o s t s r e q u i r e d t o p r e p a r e t h e p e n e t r a t i o n a i d f o r u s e . S i n c e 

t h e a c t u a l d e v i c e u s a g e c o s t s a r e n o t d e t e r m i n i s t i c , t h e y w i l l be c o v e r e d 

i n C h a p t e r s I I I and IV. 
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The c o s t of s e c u r i t y c l a s s i f i c a t i o n i s d i f f i c u l t t o e v a l u a t e , 

b u t i s a v e r y r e a l c o s t . I f t h e d e v i c e c a r r i e s some t y p e of c l a s s i f i c a ­

t i o n , n o t o n l y w i l l e x t r a m e a s u r e s have t o be t a k e n i n a l l a c t i o n s i n ­

v o l v i n g t h e d e v i c e i t s e l f , b u t a l l a d m i n i s t r a t i v e a c t i o n w i l l have t o be 

c a r e f u l l y h a n d l e d by s e l e c t e d p e r s o n n e l . S p e c i a l c a r e would have t o be 

t a k e n i n t h e p r i n t i n g , d i s t r i b u t i o n , and u s e of manua l s and r e g u l a t i o n s . 

The p e r s o n n e l poo l from which t r a i n e e s can be c h o s e n i s r e d u c e d , and t h e 

t r a i n i n g i t s e l f must be g i v e n e x t r a a t t e n t i o n . T h i s c o s t i s c e r t a i n l y 

one which must n o t be o v e r l o o k e d . 

The p r o c e d u r e used t o d e t e r m i n e t h e " p e r i t e m " v a l u e of each d e ­

v i c e i s , of c o u r s e , t h e sum of a l l i n c u r r e d c o s t s d i v i d e d by t h e number 

of d e v i c e s r e c e i v e d . T h i s v a l u e w i l l be d e n o t e d by d . . 
J 

T h e r e i s a h i d d e n p r o b l e m i n t h i s s i m p l e s t e p . Suppose t h a t f o r 

an i n i t i a l o r d e r of 1,000 p e n a i d s of a p a r t i c u l a r t y p e , t h e t o t a l c o s t 

i s $ 1 , 0 0 0 , 0 0 0 . T h i s would imply t h a t t h e i n d i v i d u a l c o s t i s $1 ,000 p e r 

i t e m . Then , suppose a s u p p l e m e n t a l o r d e r f o r a n o t h e r 1,000 p e n a i d s of 

t h e same t y p e i s p l a c e d , and t h e c o s t i s o n l y $ 1 0 0 , 0 0 0 . T h u s , t h i s 

l a t t e r s e t of p e n a i d s would seem t o c o s t o n l y $100 p e r i t e m . The t r u e 

c o s t i s $550 (="*" * 2 ^ 0 0 0 ^ ^ P e r ^ t e m w ^ e n c o n s i d e r i n g a l l 2 , 0 0 0 i t e m s , 

and t h i s i s t h e f i g u r e which s h o u l d be u sed i n t h e e v a l u a t i o n . 

A l s o n o t e t h a t an o r d e r p l a c e d a t a t i m e i n t h e f u t u r e , when r e ­

t o o l i n g would be r e q u i r e d , would be more e x p e n s i v e t h a n an a d d i t i o n a l 

(o r an i n c r e a s e i n t h e o r i g i n a l ) o r d e r . 

Whi l e t h e s e p rob lems a r e s i m p l e and e a s y t o ove rcome , t h e impor ­

t a n t t h i n g i s t h a t t h e y be r e c o g n i z e d and s t e p s t a k e n t o d e a l w i t h them. 

T h e s e c h a n g e s i n d . c o u l d v e r y w e l l a f f e c t t h e outcome of t h e d e c i s i o n 



of wh ich s e t of p e n a i d s s h o u l d be u sed i n a p a r t i c u l a r s i t u a t i o n . 

( S i n c e E(C) = D + S and E(C) i s t h e c r i t e r i o n u n d e r which s e l e c t i o n 

made, a change i n D would have an a f f e c t on t h e e x p e c t e d c o s t . ) 
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CHAPTER I I I 

THE ANALYSIS OF SINGLE MISSIONS 

G e n e r a l 

I t i s t h e p u r p o s e of t h i s c h a p t e r t o d i s c u s s t h e method which 

w i l l be used t o d e a l w i t h t h e u n c e r t a i n t y i n v o l v e d in t h e a c t u a l u s e of 

e x p e n d a b l e p e n e t r a t i o n a i d s . F i r s t t h e g e n e r a l model t o be u sed w i l l 

be i n t r o d u c e d , w i t h accompanying n o t a t i o n . N e x t , t h e f e a s i b i l i t y p r o ­

blem w i l l be d i s c u s s e d i n t h e c o n t e x t of a m i s s i o n i n v o l v i n g o n l y one 

a i r c r a f t . Then a m i s s i o n i n v o l v i n g s e v e r a l a i r c r a f t w i l l be i n t r o d u c e d 

and t h e c o n c e p t of "minimum number of h i t s p e r t a r g e t " w i l l be d i s c u s s e d . 

T a b l e 2 d e f i n e s t h e n o t a t i o n t o be used t h r o u g h o u t t h i s t h e s i s . 

A few g e n e r a l comments a r e i n o r d e r . S i n c e X^ and X ^ a r e , of n e c e s s i t y , 

i n t e g e r - v a l u e d , l i n e a r programming t e c h n i q u e s a r e e l i m i n a t e d as a p o s ­

s i b l e s o l u t i o n p r o c e d u r e . Sma l l i n d i v i d u a l u n i t s such a s c h a f f c o u l d be 

u n d e r c o n s i d e r a t i o n and t h u s l i n e a r programming would be an a c c e p t a b l e 

s o l u t i o n p r o c e d u r e . However, we w i l l assume t h a t p h y s i c a l l y s m a l l p e n -

a i d s such as c h a f f a r e " b a l e d " and b a l e s may n o t be f r a c t i o n a t e d . I n 

any c a s e , m i x e d - i n t e g e r i n t e g e r programming computer p rograms a r e a v a i l ­

a b l e and d i f f i c u l t y of s o l u t i o n s h o u l d be m i n i m i z e d . 

O b v i o u s l y , t h e r e i s a r e l a t i o n s h i p be tween each k and each y . 

T h u s , f o r a g i v e n t y p e of ou t come , we w e i g h t t h e c o s t of t h a t outcome 

by t h e c o n d i t i o n a l p r o b a b i l i t y of t h a t ou t come , g i v e n i n t h e s p e c i f i c 

m i x . T h i s l e a d s t o t h e model t o be u s e d : 
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T a b l e 2 . D e f i n i t i o n of Symbols 

E(C) e x p e c t e d c o s t 

T t h e s p e c i f i c t h r e a t t o be e n c o u n t e r e d d u r i n g t h e m i s s i o n 

M t h e s p e c i f i c m i s s i o n t o be r u n 

j p e n e t r a t i o n a i d t y p e s , j = 1, 2 , . . . , m 

D d e t e r m i n i s t i c c o s t f o r a l l p e n a i d s u s e d f o r t h e m i s s i o n 

d j i n d i v i d u a l c o s t s of p e n a i d j 

X. i n a m i s s i o n i n v o l v i n g o n l y one a i r c r a f t , t h e number of 
^ p e n a i d s of t y p e j 

Vj volume of ( i n d i v i d u a l ) p e n a i d j 

w w e i g h t of ( i n d i v i d u a l ) p e n a i d j 

V volume c a p a c i t y f o r p e n a i d s of t h e g i v e n a i r c r a f t 

W w e i g h t c a p a c i t y f o r p e n a i d s of t h e g i v e n a i r c r a f t 

F c l a s s of a l l mixes of p e n a i d s c o n s i d e r e d 

L c l a s s of i n d i c e s on t h e mixes a n d / o r r a t i o s u n d e r 
c o n s i d e r a t i o n 

1 an e l emen t of L 

an e l emen t of F 

K c l a s s of a l l p o s s i b l e c o n s i d e r e d outcomes of t h e m i s s i o n 

R c l a s s of i n d i c e s f o r t h e e l e m e n t s i n K 

r an e l emen t of R 

k an e l emen t of K 
r 

F c l a s s of t h e c o s t s of outcomes g i v e n t h e m i s s i o n M 
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T a b l e 2 . D e f i n i t i o n of Symbols (Concluded) 

f an e l emen t of F d e n o t i n g t h e c o s t of outcome K 
rv 

P , p r o b a b i l i t y t h e mix y g i v e s r e s u l t k g i v e n t h e t h r e a t and 
Jc r t h e m i s s i o n 

= p r ( Y ^ - k | M | T ) 

WHEN MORE THAN ONE AIRCRAFT IS INVOLVED: 

i i n d e x on a i r c r a f t , i = 1 , 2 , . . . , n 

X . . t h e amount of p e n a i d of t y p e j u s e d on a i r c r a f t i ; i n t e g e r 
1 - ' v a l u e d 

V_£ volume c a p a c i t y of a i r c r a f t i 

W_£ w e i g h t c a p a c i t y of a i r c r a f t i 

V volume c a p a c i t y of a l l n a i r c r a f t 

W w e i g h t c a p a c i t y of a l l n a i r c r a f t 

FOR MARKOV CHAINS: 

E. s t a t e s of t h e markov c h a i n 
l 

P . . p r {going from s t a t e E. t o E. i n one t r a n s i t i o n ] 

p . . ( n ) P r ( g o i n g from s t a t e E. t o E. i n n t r a n s i t i o n s ] 

P t h e s t o c h a s t i c m a t r i x of t r a n s i t i o n p r o b a b i l i t i e s 

a^^ n ^ t h e a b s o l u t e p r o b a b i l i t y of b e i n g i n s t a t e E .̂ a f t e r n 
t r a n s i t i o n s 

u t h e i n v a r i a n t d i s t r i b u t i o n of an e r g o d i c c h a i n 
K. 
H t h e c l a s s of t r a n s i e n t s t a t e s i n a r e d u c i b l e c h a i n 

R one of a c l a s s of c l o s e d s e t s of p e r s i s t a n t s t a t e s i n a 
r e d u c i b l e c h a i n 

y^ Pr { u l t i m a t e a b s o r p t i o n i n R J t h e i n i t i a l s t a t e i s E } 
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E(C) = D + S 

where t h e s e t e r m s a r e d e f i n e d i n T a b l e 2 . The a p p l i c a t i o n of t h i s model 

w i l l be d i s c u s s e d and d e m o n s t r a t e d t h r o u g h o u t t h i s c h a p t e r . 

The g e n e r a t i o n of t h e P y ^ k ' s ^ s a n i - n t e r e s t i - n S q u e s t i o n . I n 

some c a s e s , t h e y w i l l be e a s i l y o b t a i n e d ( e . g . , a r a d a r jammer d e s i g n e d 

t o o p e r a t e a g a i n s t S-band r a d a r w i l l have l i t t l e o r no e f f e c t a g a i n s t 

UHF-band r a d a r ) , o r may be o b t a i n e d a n a l y t i c a l l y . However, i f t h e y a r e 

u n o b t a i n a b l e a n a l y t i c a l l y , computer s i m u l a t i o n s may be used t o g i v e e s ­

t i m a t e s of t h e s e p r o b a b i l i t i e s . T h i s r e s e a r c h i s n o t c o n c e r n e d w i t h t h e 

method which i s u sed t o o b t a i n t h e P ' s . I t w i l l be assumed t h a t 

t h e r e q u i r e d p r o b a b i l i t i e s a r e g i v e n o r o b t a i n a b l e from some o t h e r s o u r c e . 

When s i m u l a t i o n i s t h e method u s e d , s p e c i a l p rob lems a r i s e , and t h e s e 

p r o b l e m s w i l l be d i s c u s s e d i n t h i s t h e s i s when t h e y a f f e c t t h e c o s t - e f f e c ­

t i v e n e s s r e s o l u t i o n . 

One A i r c r a f t 

C o n s i d e r t h e s i t u a t i o n where a m i s s i o n i s t o be r u n , and o n l y one 

a i r c r a f t i s t o be u s e d . I n t h i s c h a p t e r , we assume t h a t t h e m i s s i o n e n ­

v i s i o n e d i s t o be run o n c e , and , i f s u c c e s s f u l , need n o t be r u n a g a i n 

( e . g . , p h o t o g r a p h i n g a n d / o r bombing a p a r t i c u l a r i n s t a l l a t i o n ) . I f i t 

i s r e q u i r e d , t h e same m i s s i o n c o u l d be run a g a i n . I n any c a s e , c o n t i n u e d 

m i s s i o n s i n v o l v i n g t h e same t h r e a t / t a r g e t a r e n o t e n v i s i o n e d . T h i s l a t t e r 

c a s e i n v o l v e s s e v e r a l c o n s i d e r a t i o n s n o t c o v e r e d i n t h i s c h a p t e r and i s 

d i s c u s s e d i n C h a p t e r IV. 
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I n o r d e r t o d e s c r i b e t h e p rob lems t o be e n c o u n t e r e d , t h e y a r e 

d i s c u s s e d i n t h e framework of a s i m p l e e x a m p l e . Assume t h a t we a r e t o 

e v a l u a t e two d i f f e r e n t jammers t o be used by s i n g l e a i r c r a f t a g a i n s t a 

s p e c i f i e d t a r g e t , w i t h a known t h r e a t i n v o l v e d i n t h e m i s s i o n . The 

jammers a r e t o be e v a l u a t e d s i n g l y and i n c o n j u n c t i o n w i t h each o t h e r 

v i a s i m u l a t i o n . Le t jammer t y p e 1 be a c h e a p , e f f e c t i v e , b u t s h o r t ­

l i v e d p e n a i d . Jammer 2 c o u l d be an e x p e n s i v e , l o n g - l i v e d jammer. 

For p u r p o s e s of t h i s e x a m p l e , we w i l l assume t h a t t a r g e t a c q u i ­

s i t i o n i s i d e n t i c a l t o m i s s i o n accompl i shmen t w i t h r e s p e c t t o t h e t a r ­

g e t . W h i l e t h i s i s n o t n e c e s s a r i l y t r u e , we w i s h t o keep t h e example 

a s s i m p l e as p o s s i b l e . Prob lems such a s t h e a i r c r a f t s u c c e s s f u l l y a c ­

q u i r i n g t h e t a r g e t b u t n o t a c c o m p l i s h i n g i t s m i s s i o n w i t h r e s p e c t t o 

t h e t a r g e t , p a r t i a l m i s s i o n s u c c e s s w i t h r e s p e c t t o t h e t a r g e t , and n o n -

a c q u i s i t i o n of t h e t a r g e t can e a s i l y be h a n d l e d by e n t e r i n g them i n K 

and c o n s i d e r i n g them as p o s s i b l e outcomes of t h e m i s s i o n . 

Suppose t h a t t h e f o l l o w i n g jammer and a i r c r a f t d a t a a r e g i v e n 

( n o t e t h a t t h e t y p e of a i r c r a f t , one of t h e m i s s i o n p a r a m e t e r s , i s s p e ­

c i f i e d ) : 

t_l
. w. 

J 
v . 

J 
d . 

J 

,—1 20 10 100 V = 500 

2 300 70 5 ,000 W = 2 , 0 0 0 

N e x t , f o r t h e e x a m p l e , assume t h a t t h e r e a r e t h r e e p o s s i b l e o u t 

comes t o t h e m i s s i o n . These a r e l i s t e d be low w i t h t h e i r r e s p e c t i v e 

c o s t s . 
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K = 

= M i s s i o n F a i l u r e 

k n = P a r t i a l S u c c e s s 

S u c c e s s 

F = 

f == $100 ,000 

f 2 == $ 1,000 

f 3 == $ 100 

The outcomes d e f i n e d i n K a r e i n t e n t i o n a l l y n e b u l o u s , and t h e 

c o s t s i n F p u r e l y f i c t i t i o u s . T h i s r e s e a r c h i s n o t i n t e n d e d t o i n c l u d e 

an o p p o r t u n i t y - c o s t - o f - t a r g e t i n v e s t i g a t i o n . P e r s o n a l communica t ions 

w i t h D r . H. M. Wadswor th , D r . J . J . T a l a v a g e , Mr. R. P . Zimmer, e t a l . , 

i n d i c a t e t h a t some work has been done i n t h i s a r e a , b u t w i t h o u t t o o much 

s u c c e s s . Most of t h i s work has been done w i t h u t i l i t y t h e o r y , and t h e 

d i f f e r e n c e i n t h e u t i l i t y of a t a r g e t b e t w e e n , s a y , a f i e l d commander 

and t h e p i l o t f l y i n g t h e m i s s i o n , can be q u i t e l a r g e . Such p o s s i b l e o u t ­

comes as " a i r c r a f t d e s t r o y e d b e f o r e ( a f t e r ) a c q u i r i n g t a r g e t , " " t a r g e t 

a c q u i r e d and p a r t i a l l y ( f u l l y ) d e s t r o y e d , " and " t a r g e t n o t a c q u i r e d " 

would n e c e s s a r i l y imply t h a t some c o s t be a t t a c h e d t o t h e t a r g e t i n t h e 

e v a l u a t i o n of t h e c o s t of t h e ou t come . The p e n a i d s u sed o b v i o u s l y have 

an a f f e c t on t h e n a t u r e of t h e t h r e a t which i s met by t h e a i r c r a f t i n 

t h e a r e a of t h e t a r g e t . Hence t h e y a f f e c t t h e outcome of t h e m i s s i o n 

w i t h r e s p e c t t o t h e t a r g e t . For e x a m p l e , i f p e n a i d s i n h i b i t t h e u s e of 

enemy g r o u n d - t o - a i r m i s s i l e s a n d / o r i n t e r c e p t e r a i r c r a f t , t h e p r o b a b i l i t y 

of a c c u r a t e camera work a n d / o r bombing i s h i g h e r ; however , t h e p r i m a r y 

p u r p o s e of t h i s t h e s i s i s t o a i d i n r e s e a r c h d e a l i n g w i t h t h e u s e of 

p e n a i d s i n t h e e n t r y t o and e x i t from t h e t a r g e t a r e a . Hence , we w i l l 

l e a v e ou r p o s s i b l e outcomes q u i t e l o o s e l y d e f i n e d . 

I t s h o u l d a l s o be n o t e d t h a t , i f a d o l l a r c o s t i s a t t a c h e d t o t h e 

c o m p l e t i o n of t h e m i s s i o n w i t h r e s p e c t t o t h e t a r g e t , a n e g a t i v e e x p e c t e d 
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c o s t would be p o s s i b l e . I f s o , t h i s n e g a t i v e e x p e c t e d c o s t c o u l d w e l l 

be u s e d as a c r i t e r i o n on which t o b a s e t h e r e s o l u t i o n of w h e t h e r o r 

n o t t h e m i s s i o n s h o u l d be r u n . However, t h i s t h e s i s does n o t p u r p o r t 

t o p r o p o s e a d e c i s i o n r u l e on w h e t h e r o r n o t a m i s s i o n s h o u l d be r u n . 

Given t h a t t h e m i s s i o n i s g o i n g t o be. r u n , we w i s h t o d e t e r m i n e t h e 

b e s t mix of p e n a i d s t o be used on t h e m i s s i o n . 

The mixes of jammers t o be t e s t e d i n t h e a n a l y s i s must be d e ­

f i n e d . What mixes a r e t o be t e s t e d s h o u l d be d e c i d e d by a p e r s o n fam­

i l i a r w i t h t h e r a d a r and p e n e t r a t i o n a i d f i e l d s . T h i s t h e s i s does n o t 

t r y t o i n v e s t i g a t e how t h e s e y ' s s h o u l d be d e t e r m i n e d . R a t h e r , i t a s ­

sumes p r e d e t e r m i n e d y ' s a n c * d i s c u s s e s , and i n some c a s e s d e m o n s t r a t e s , 

how one would o b t a i n t h e amounts of t h e v a r i o u s p e n a i d s t o be used i n 

t e s t i n g fo r t h e s e y ' s * 

Under normal c i r c u m s t a n c e s , t h e e x p e r t who d e t e r m i n e s t h e mixes 

t o be t e s t e d would p r o b a b l y have some i n f o r m a t i o n c o n c e r n i n g t h e p e n -

a i d ( s ) t o be t e s t e d b e f o r e t h e a c t u a l s e l e c t i o n of t h e mixes i s accom­

p l i s h e d . When t h i s i s t h e c a s e , r e l a t i v e l y few mixes may have t o be i n ­

v e s t i g a t e d . T h i s i s t r u e s i n c e t h e r e s e a r c h e r may be a b l e t o u s e t h i s 

p r i o r i n f o r m a t i o n t o e l i m i n a t e many of t h e mixes t h e o r e t i c a l l y p o s s i b l e . 

For e x a m p l e , assume t h a t i t i s known t h a t a c e r t a i n minimum power r e q u i r e ­

ment e x i s t s f o r a c t i v e jammers t o be e f f e c t i v e a g a i n s t some s p e c i f i e d 

t h r e a t . F u r t h e r assume t h a t f o r t h e f i r s t jammer unde r c o n s i d e r a t i o n , 

t e n u n i t s of t h a t jammer a r e r e q u i r e d t o meet t h i s minimum power r e q u i r e ­

m e n t . Thus t h e r e s e a r c h e r cou ld d e c i d e t o make t h e s m a l l e s t mix i n v o l v i n g 

o n l y t h a t jammer one c o n t a i n i n g t e n u n i t s . A d d i t i o n a l mixes c o u l d be 

d e f i n e d u s i n g more u n i t s of t h i s jammer a t t h e r e s e a r c h e r ' s d i s c r e t i o n . 



24 

To c o n t i n u e w i t h t h i s e x a m p l e , assume t h a t a second jammer i s t o unde rgo 

a n a l y s i s , and t h a t i t i s d e s i r e d t o a n a l y z e t h i s jammer s i n g l y and i n 

c o n j u n c t i o n w i t h t h e f i r s t jammer. Assume tha t : t h e power c a p a b i l i t i e s 

of t h i s second jammer a r e n o t f u l l y known, b u t t h a t i t i s t h o u g h t t h a t 

a p p r o x i m a t e l y 1,000 u n i t s of t h i s jammer would be s u f f i c i e n t t o e f f e c ­

t i v e l y jam t h e t h r e a t u n d e r c o n s i d e r a t i o n . Wi th t h e s e c o n s i d e r a t i o n s 

i n mind , t h e r e s e a r c h e r migh t d e c i d e t o t e n t a t i v e l y s e l e c t t h e f o l l o w i n g 

mixes t o b e a n a l y z e d : 

Y l l 10 u n i t s of jammer t y p e 1 

v 1 2 = 12 u n i t s of jammer t y p e 1 

Yl3 
= 14 u n i t s of jammer t y p e 1 

Yl4 
= 20 u n i t s of jammer t y p e 1 

Y21 = 800 u n i t s of jammer t y p e 2 

Y 2 2 
= 1,000 u n i t s of jammer t y p e 2 

Y 2 3 
= 1,200 u n i t s of jammer t y p e 2 

Y 3 1 
= 3 u n i t s of jammer t y p e 1 and 700 u n i t s of jammer t y p e 2 

Y 3 2 
= 5 u n i t s of jammer t y p e 1 and 500 u n i t s of j ammer t y p e 2 

Y 3 3 
7 u n i t s of jammer t y p e 1 and 300 u n i t s of jammer t y p e 2 

Note t h a t t h e s e o r i g i n a l mix s e l e c t i o n s a r e o n l y t e n t a t i v e : i n f o r m a t i o n 

g a i n e d i n t h e i n i t i a l a n a l y s e s c o u l d modify t h e mixes y e t t o be a n a l y z e d . 

In t h e above example , no r e f e r e n c e was made t o a i r c r a f t wh ich 

migh t be used t o c a r r y t h e s e jammer m i x e s . The r e s e a r c h e r may w i s h t o 

d e t e r m i n e how many a i r c r a f t would be r e q u i r e d t o c a r r y a p a r t i c u l a r m i x . 

A l t e r n a t i v e l y , he may w i s h t o d e t e r m i n e i f a p a r t i c u l a r mix can be c a r r i e d 

by a c e r t a i n number of a i r c r a f t . One t e c h n i q u e f o r s o l v i n g such p r o b l e m s 

i s i n t e g e r p rogramming , which w i l l be d i s c u s s e d be low and i n t h e a p p e n d i c e s . 



25 

For e x a m p l e , i f o n l y one t y p e of p e n a i d i s u n d e r c o n s i d e r a t i o n , i t may 

be d e s i r a b l e t o a s c e r t a i n t h e maximum amount of t h i s t y p e of p e n a i d 

c a p a b l e of b e i n g c a r r i e d by one a i r c r a f t . An i n t e g e r programming p r o ­

b lem would be s o l v e d t o i d e n t i f y t h e maximum number of p e n a i d s t h a t may 

be c a r r i e d w i t h o u t v i o l a t i n g t h e c o n s t r a i n t s imposed by t h e a i r c r a f t 

u n d e r c o n s i d e r a t i o n . 

N e x t , c o n s i d e r t h e s i t u a t i o n i n which no p r i o r i n f o r m a t i o n c o n ­

c e r n i n g t h e p e n a i d i s known. T h i s may be t h e c a s e when a p r o p o s e d 

jammer i s t o be e v a l u a t e d , and a n a l y t i c a l a n a l y s i s i s n o t p o s s i b l e . 

(Thus , s i m u l a t i o n must be u s e d . ) The r e s e a r c h e r may w i s h t o i n v e s t i g a t e 

a b r o a d s p e c t r u m of m i x e s , u s i n g t h i s jammer s i n g l y and i n c o n j u n c t i o n 

w i t h o t h e r s . I n c l u d e d i n t h i s i n v e s t i g a t i o n m i g h t be an a t t e m p t t o a s ­

c e r t a i n t h e o p t i m a l mix t o be used by one a i r c r a f t . I n t h e example f o r 

wh ich K, F , and t h e a i r c r a f t d a t a were g i v e n a b o v e , i t i s assumed t h a t 

t h i s i s t h e c a s e . Note t h a t t h e f o r m u l a t i o n f o r r g i v e n be low wou ld , 

i n g e n e r a l , be a p p l i c a b l e o n l y i n t h e c a s e where no p r i o r i n f o r m a t i o n 

i s known. T h i s t y p e of mix d e t e r m i n a t i o n would n o t u s u a l l y be c o n s t r u c t e d 

when t h e r e i s p r i o r i n f o r m a t i o n and s p e c i f i e d jammers and mixes a r e t o 

be i n v e s t i g a t e d . 

I f a jammer i s b e i n g t e s t e d w i t h which t h e i n v e s t i g a t o r i s u n ­

f a m i l i a r , t h e r a t i o s u n d e r g o i n g a n a l y s i s may be f a r from t h e o p t i m a l 

o n e s . P e r s o n a l communica t ions w i t h Dr . H. A. Ecke r and Mr. R. P . Zimmer 

r e v e a l t h a t t h e s i t u a t i o n n o r m a l l y e n c o u n t e r e d i s one w h e r e i n a minimum 

amount of a jammer must be u sed i n o r d e r t o have any e f f e c t on an enemy 

r a d a r ( g e n e r a l l y b e c a u s e of power r e q u i r e m e n t s ) . I f t h i s i s t h e c a s e , 

a l a r g e d i f f e r e n c e i n t h e p r o b a b i l i t i e s o b t a i n e d i n t h e s i m u l a t i o n s h o u l d 
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be e v i d e n t . T h i s d i f f e r e n c e f o r t h e mixes t e s t e d c o u l d be t h e r e s u l t 

of one mix c o n t a i n i n g n o t enough p e n a i d s t o r e a c h , and t h e o t h e r a num­

b e r a t o r above t h e c r i t i c a l p o i n t . I f t h i s s i t u a t i o n o c c u r s , more s imu­

l a t i o n may be i n o r d e r t o e n a b l e t h e c r i t i c a l p o i n t t o be d e t e r m i n e d . Of 

c o u r s e w h e t h e r t h i s would b e w o r t h w h i l e would depend upon f a c t o r s such as 

t h e p r o b a b i l i t i e s o b t a i n e d , c o s t s , and t i m e . The i n i t i a l mixes c o n s i d e r e d 

s h o u l d be of a r a n g e wide enough t o d i s c o v e r i f and when t h e jump i n p r o ­

b a b i l i t i e s o c c u r s . I f s i m u l a t i o n i s t h e i n v e s t i g a t i o n t e c h n i q u e , r e l a ­

t i v e l y few i n i t i a l p o i n t s s h o u l d be run ( w i t h t h e p r o v i s o t h a t t h e r a n g e 

i s s u f f i c i e n t ) s i n c e t h e p r o c e s s of s i m u l a t i o n i s e x p e n s i v e . T h a t i s , 

t h e i n i t i a l i n v e s t i g a t i o n s h o u l d c o n s i d e r a few p o i n t s which s p a n t h e 

e n t i r e f e a s i b l e r e g i o n i n o r d e r t o d e t e r m i n e i f a c r i t i c a l p o i n t o c c u r s . 

I n our e x a m p l e , assume t h a t two jammers a r e b e i n g t e s t e d abou t 

wh ich no i n f o r m a t i o n i s known. We w i s h t o d e t e r m i n e t h e o p t i m a l mix of 

t h e s e two jammers wh ich can be c a r r i e d on one a i r c r a f t . Thus we d e c i d e 

t o d e f i n e ou r mixes a s : : 

Y = no jammers used 

r = 

o 

Y l l 
\ of t h e a i r c r a f t c a p a c i t y u sed f o r jammer 
t y p e 1 ( o t h e r h a l f empty) 

= a ^ ° f t * i e a i r c r a f t c a p a c i t y u s e d f o r jammer 
t y p e 1 

\ of t h e a i r c r a f t c a p a c i t y used f o r jammer 
t y p e 2 ( o t h e r h a l f empty) 

a l l of t h e a i r c r a f t c a p a c i t y used f o r jammer 
t y p e 2 

r 21 

Y 22 

Yo-i = n u m e r i c a l l y , 2 of jammer t y p e 1 t o 1 of jammer 
t y p e 2 + 20% 

Y32 = n u m e r i c a l l y , a 5 0 : 5 0 mix of jammers t y p e 1 and 2 + 207o 

Yqo = n u m e r i c a l l y , 1 of jammer t y p e 1 t o 2 of jammer 
t y p e 2 + 20% 

I n d e f i n i n g t h e s u b s c r i p t s of t h e Y ' S > t h e f o l l o w i n g c o n v e n t i o n 
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was used and w i l l be f o l l o w e d i n t h i s t h e s i s : 

0 -» no jammers used 

l x -• jammer t y p e 1 o n l y used 

2x jammer t y p e 2 o n l y used 

mx ~* jammer t y p e m o n l y used 

(m+l)x -* t h e v a r i o u s mixes c o n t a i n i n g more t h a n one 
t y p e of jammer where t h e second s u b s c r i p t 
d e n o t e s some a r b i t r a r y s u b g r o u p . 

T h e r e i s one i m p o r t a n t f a c t o r which has n o t been m e n t i o n e d up t o 

t h i s p o i n t . T h i s f a c t o r i s t h e s t r a t e g y t o be employed i n t h e use of 

t h e s e v a r i o u s m i x e s . The t i m i n g and l o c a t i o n of d i s p e r s a l of t h e p e n -

a i d s u n d e r g o i n g t e s t i s o b v i o u s l y a v e r y i m p o r t a n t f a c t o r i n t h e i r e f ­

f e c t i v e n e s s . T h i s c o n s i d e r a t i o n c o u l d be h a n d l e d by a d d i n g a t h i r d s u b ­

s c r i p t o n t o t h e y ' s t o d e n o t e t h e s t r a t e g y employed i n t h a t p a r t i c u l a r 

e v a l u a t i o n . A l t e r n a t i v e l y , we c o u l d s p e c i f y t h e s t r a t e g y used b e f o r e ­

hand and c o n s i d e r i t as an i n p u t p a r a m e t e r . These t e c h n i q u e s a r e a p p l i ­

c a b l e t o any o t h e r f a c t o r s wh ich a r e found t o be i m p o r t a n t t h r o u g h o u t 

t h e c o u r s e of t h e r e s e a r c h . 

Using t h e a i r c r a f t p a r a m e t e r s and Y ' S a s g i v e n , i n t e g e r - p r o g r a m m i n g 

p rob l ems a r e s o l v e d and t h e f o l l o w i n g r e s u l t s a r e o b t a i n e d . The f o r m u l a ­

t i o n s of t h e s e p rob lems a r e g i v e n i n Appendix A i n t h e c o n t e x t of a 

s i m i l a r e x a m p l e . 

V X l = 0 X 2 = 0 Y 2 2 : X l = 0 X 2 = 6 

Y l l : X l = 25 X 2 = 0 Y 3 1 : X l = 11 X 2 = 5 

X l = 50 X 2 
= 0 Y 3 2 : X l = 6 X 2 = 6 

Y 2 1 : X l = 0 X 2 = 3 Y 3 3 : X l = 3 X 2 = 6 
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T h i s example u s e s o n l y w e i g h t and volume c o n s t r a i n t s . T h i s i s 

n o t i n t e n d e d t o imply t h a t t h e r e may n o t be o t h e r c o n s t r a i n t s e x t a n t i n 

a r e a l - w o r l d s i t u a t i o n , b u t r a t h e r t h a t t h e s e a r e t y p i c a l . A f u l l e x ­

p l a n a t i o n of t h e word " n u m e r i c a l l y " p r e c e d i n g and t h e "+20%" f o l l o w i n g 

t h e d e f i n i t i o n s of t h e l a s t t h r e e mixes i n r i s g i v e n i n Appendix A. 

R e t u r n i n g t o our example , assume t h a t a s i m u l a t i o n s t u d y i s r u n , 

and t h e p r o b a b i l i t i e s a r e o b t a i n e d as b e l o w . For c o n v e n i e n c e , we adop t 

t h e c o n v e n t i o n t h a t P = 
Y k 

I r 
P 

£r 
For example , P k o o 

P 
OO 

Y : o : P 
o 1 = 0 . 4 0 Y n * P l l 1 = 0 .37 Y ] 2 : h i 1 0 . 30 

P 
o 2 = 0 .40 P l l 2 = 0 . 4 3 P 1 2 2 0 .45 

p 
o 3 = 0 . 2 0 P l l 3 = 0 . 2 0 P 1 2 3 = 0 .25 

Y 2 1 : 1 = 0 . 3 0 Y 2 2 : 
p 

22 1 
:= 0 .25 y 3 1 : P 3 1 1 0 .20 

P 2 1 2 = 0 . 3 0 p 
22 2 := 0 .25 P 3 1 2 0 .25 

P 2 1 3 = 0 .40 p 
22 3 0 . 5 0 P 3 1 3 = 0 .55 

Y 3 2 : P 
32 1 = 0 . 2 3 Y 3 3 : P 3 3 1 = 0 .25 

P 3 2 2 = 0 .25 p 
33 2 0 .25 

P 3 2 3 = 0 .52 p 
33 3 0 . 5 0 

The n e x t s t e p i s t o e v a l u a t e t h e e x p e c t e d c o s t fo r e a c h y . Re-

c a l l t h a t 

E(C) = D + S 

= y d . x . + y p v , • f. 

j k 1 r 

I n t h e f o l l o w i n g , t h e s u b s c r i p t on t h e e x p e c t e d c o s t , E ( C ) , w i l l be t h e 
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same as on y . ( i . e . , an £) i n o r d e r t o r e a d i l y d i s t i n g u i s h t h e d i f f e r e n t 
AJ 

m i x e s . 

E (C) = [ 0 ] + [ ( 0 . 4 0 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 4 0 ) ( 1 , 0 0 0 ) + ( 0 . 2 0 ) ( 1 0 0 ) ] 

= $ 4 0 , 4 2 0 

E

U ( C ) = [ (25) ( 1 0 0 ) ] + [ ( 0 . 3 7 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 4 3 ) ( 1 , 0 0 0 ) + ( 0 . 2 0 ) ( 1 0 0 ) ] 

= $39 ,950 

E 1 2 ( C ) = [ ( 5 0 ) ( 1 0 0 ) ] + [ ( 0 . 3 0 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 4 5 ) ( 1 , 0 0 0 ) + ( 0 . 2 5 ) ( 1 0 0 ) ] 

= $35 ,475 

E 2 1 ( C ) = [ ( 3 ) ( 5 , 0 0 0 ) ] + [ ( 0 . 3 0 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 3 0 ) ( 1 , 0 0 0 ) + ( 0 . 4 0 ) ( 1 0 0 ) ] 

= $ 4 5 , 3 4 0 

E 2 2 ( C ) = [ ( 6 ) ( 5 , 0 0 0 ) ] + [ ( 0 . 2 5 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 2 5 ) ( 1 , 0 0 0 ) + ( 0 . 5 0 ) ( 1 0 0 ) ] 

= $55 ,300 

E 3 1 ( C ) = [ ( 1 1 ) (100) + ( 5 ) ( 5 , 0 0 0 ) ] 

+ [ ( 0 . 2 0 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 2 5 ) ( 1 , 0 0 0 ) + ( 0 . 5 5 ) ( 1 0 0 ) ] 

= $46 ,405 

E 3 2 ( C ) = [ ( 6 ) ( 1 0 0 ) + ( 6 ) ( 5 , 0 0 0 ) ] 

+ [ ( 0 . 2 3 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 2 5 ) ( 1 , 0 0 0 ) + ( 0 . 5 2 ) ( 1 0 0 ) ] 

= $53 ,902 

E 3 3 ( C ) = [ ( 3 ) ( 1 0 0 ) + ( 6 ) ( 5 , 0 0 0 ) ] 

+ [ ( 0 . 2 5 ) ( 1 0 0 , 0 0 0 ) + ( 0 . 2 5 ) ( 1 , 0 0 0 ) + ( 0 . 5 0 ) ( 1 0 0 ) ] 

= $55 ,600 

Using t h e f i g u r e s as g i v e n , t h e o p t i m a l r a t i o and mix i s Y^2* 

t h e r e i s c o n f i d e n c e i n t h e p r o b a b i l i t i e s u s e d , t h i s i s t h e mix t o be 

c h o s e n i n a s i t u a t i o n i n t h e r e a l - w o r l d which c l o s e l y m a t c h e s t h e m i s s i o n , 

t h r e a t , and o t h e r p a r a m e t r i c s t i p u l a t i o n s used i n t h e p r o b a b i l i t y e v a l u a ­

t i o n s . 
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However, i f t h e r e s e a r c h e r does n o t have c o m p l e t e c o n f i d e n c e i n 

t h e p r o b a b i l i t i e s g e n e r a t e d ( e . g . , t h e y were g e n e r a t e d v i a s i m u l a t i o n 

and t h e r e a r e i n h e r e n t i n a c c u r a c i e s ) , a s e n s i t i v i t y a n a l y s i s i s i n d i c a t e d . 

A s e n s i t i v i t y a n a l y s i s i s a c c o m p l i s h e d by h o l d i n g c o n s t a n t t h e d e t e r m i n ­

i s t i c c o s t and some s u b s e t of t h e p r o b a b i l i t i e s . Then o t h e r p r o b a b i l i ­

t i e s ( o r s e t s of p r o b a b i l i t i e s ) a r e v a r i e d and t h e r e s u l t s g r a p h e d . For 

e x a m p l e , s i n c e t h e c o s t of f a i l u r e i s much h i g h e r t h a n t h e o t h e r c o s t s , 

i t i s d e c i d e d t h a t i t i s i m p o r t a n t t h a t t h e s e p r o b a b i l i t i e s shou ld be 

v a r i e d i n o r d e r t o d e t e r m i n e t h e e f f e c t of changes i n t h i s p a r t i c u l a r 

p r o b a b i l i t y . S i n c e t h e c o s t of S u c c e s s i s r e l a t i v e l y s m a l l , h o l d t h e 

a s s o c i a t e d p r o b a b i l i t i e s c o n s t a n t and v a r y t h o s e p r o b a b i l i t i e s a s s o c i a t e d 

w i t h P a r t i a l S u c c e s s . The r e s u l t a n t g r a p h i s d e p i c t e d i n F i g u r e 2 . The 

c i r c l e s i n d i c a t e t h e p o i n t s which were f i r s t e v a l u a t e d . For b r e v i t y , a 

g r a p h of E(C) v e r s u s P ^ when P ^ was h e l d c o n s t a n t and P was v a r i e d 

c o n c u r r e n t l y w i t h P ^ was n o t d rawn . Because of t h e a r t i f i c i a l i t y of 

t h e f i g u r e s i n t h e example , t h i s g r a p h would be much t h e same as t h e 

one d e p i c t e d . A s i t u a t i o n where b o t h g r a p h s a r e drawn i s i n Appendix A. 

The n e x t p r o c e d u r e i s t o e v a l u a t e t h e a c c u r a c y of t h e p r o b a b i l i t y 

e s t i m a t i o n p r o c e d u r e u sed ( e . g . , s i m u l a t i o n ) . I f t h e r e s e a r c h e r i s c o n ­

f i d e n t t h a t t h e p r o b a b i l i t i e s g e n e r a t e d a r e w i t h i n , s a y , 0 . 1 of b e i n g 

c o r r e c t , t h e min-max t a b l e of c o s t s g i v e n i n T a b l e 3 c o u l d be c o n s t r u c t e d . 

T a b l e 4 shows t h e same t y p e of d a t a fo r a d i f f e r e n c e of 0 .05 i n t h e p r o ­

b a b i l i t i e s . 

Us ing T a b l e 3 ( i . e . , A = 0 . 1 ) , n o t e t h a t Y22 ' Y 3 2 a n c * Y 3 3 c o u ^ 

be e l i m i n a t e d from f u r t h e r c o n s i d e r a t i o n s i n c e t h e i r b e s t p o s s i b i l i t i e s 

a r e a p p r o x i m a t e l y e q u a l t o t h e c o s t of t h e w o r s t p o s s i b i l i t i e s of y , 





T a b l e 3 . E x p e c t e d C o s t s f o r a S e n s i t i v i t y A n a l y s i s , A = 0 . 1 0 

O r i g i n a l ~ ~ 
E s t i m a t e of + 0 . 1 0 Cost x 10 - 1 0 . 0 Cost x 10 

Y n 0 . 4 0 0 .50 
y: 0 .37 0 .47 
Yi« 0 . 3 0 0 .40 
y \ 0 . 3 0 0 .40 
v r l 0 .25 0 . 3 5 
YZf 0 . 2 0 0 . 3 0 
Y „ 0 . 2 3 0 . 3 3 
Y „ 0 .25 0 . 3 5 

5 0 . 2 0 . 3 0 3 0 . 4 
4 9 . 8 0 .27 2 7 . 7 
4 5 . 5 0 .20 2 5 . 4 
5 5 . 1 0 . 2 0 3 5 . 3 
6 5 . 7 0 . 1 5 4 5 . 4 
5 6 . 3 0 . 1 0 3 6 . 4 
6 3 . 1 0 . 1 3 4 4 . 2 
6 6 . 0 0 . 1 5 4 5 . 7 



T a b l e 4 . Expec t ed C o s t s f o r a S e n s i t i v i t y A n a l y s i s , A = 0 . 5 0 

O r i g i n a l 0 „ 
y^ E s t i m a t e of P^ + 0 . 0 5 Cost x 10"' - 0 . 0 5 Cost x 10 

Y n 0 . 4 0 0 .45 
Y?, 0-37 0 .42 
Y,^ 0 . 3 0 0 .35 
y 0 . 3 0 0 .35 
v r f 0 . 2 5 0 . 3 0 

0 . 2 0 0 . 2 5 
YZ, 0 . 2 3 0 .28 
Y^o 0 .25 0 . 3 0 

4 5 . 3 0 . 3 5 3 5 . 8 
4 4 . 9 0 .32 3 4 . 9 
4 0 . 6 0 . 2 5 3 0 . 5 
5 0 . 3 0 . 2 5 4 0 . 4 
6 0 . 3 0 . 2 0 5 0 . 3 
5 1 . 0 0 . 1 5 4 1 . 3 
5 9 . 1 0 .18 4 9 . 2 
6 0 . 4 0 . 2 0 5 0 . 7 
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Y-j^, and Y ^ * I t m a v be d e s i r a b l e t o keep and Y ^ ^ u n d e r c o n s i d e r a ­

t i o n t o meet t h e p o s s i b i l i t y t h a t P Q ^ , P^^ ^ , and ?^ ^ have a l l been 

r a t e d t o o low and t h i s f a c t i s a s c e r t a i n e d . I n such a c a s e , o r c o u r s e , 

P 2 1 1 a n c * ^31 1 ™ou^-^ a^-so have t o be r e v a l i d a t e d . However, t h e main 

i n t e r e s t s h o u l d be c e n t e r e d a round t h e p r o b a b i l ' i t i e s f o r Y > Y]_]_> a n c * 

Y^2• S i n c e t h e r e i s a g r e a t d e a l of o v e r l a p i n t h e c o s t s f o r t h e s e 

m i x e s , a s l i g h t change i n t h e r e l e v a n t p r o b a b i l i t i e s c o u l d w e l l change 

t h e mix t o be c h o s e n . I f t h e p r o b a b i l i t i e s a r e o b t a i n e d v i a e x p e n s i v e 

s i m u l a t i o n and t h e o n l y method t o r e v a l i d a t e t h e p r o b a b i l i t i e s i s s imu­

l a t i o n , t h e n , b a s e d upon t h e g r a p h s , t h e number of mixes c h o s e n f o r 

f u r t h e r s t u d y s h o u l d be as s m a l l as i s l o g i c a l l y f e a s i b l e . I n t h e e x ­

ample , o n l y YQ> Y^2 a n c * ^21 m * - S n t be s e l e c t e d f o r f u r t h e r s i m u l a t i o n 

s t u d y . T h i s would e l i m i n a t e Y ^ and Y-^ which c o u l d p o s s i b l y b e o p t i m a l 

i f t h e s i t u a t i o n d e s c r i b e d above were t o o c c u r . The d e c i s i o n , of c o u r s e , 

i s up t o e x p e r i m e n t e r , and would depend on f a c t o r s such as t ime and 

money. 

Using T a b l e 4 ( i . e . , A = 0 . 0 5 ) , one can a g a i n i m m e d i a t e l y e l i m i ­

n a t e Y 2 2 ' Y32 a n c * v 3 3 « I n t h i s c a s e , however , one can a l s o i m m e d i a t e l y 

e l i m i n a t e y^ and Y^^ from f u r t h e r c o n s i d e r a t i o n . I n t h i s s i t u a t i o n , 

b o t h of t h e s e a r e domina ted by Y ^ • T h u s , o n l y YQ> Y J J a n c * Y^2 r e m a i - n 

t o be f u r t h e r i n v e s t i g a t e d . As b e f o r e , i t m igh t be d e c i d e d t o e l i m i n a t e 

Y ^ from f u r t h e r s t u d y . 

Once t h e f e a s i b i l i t y s o l u t i o n s a r e a v a i l a b l e , and b e f o r e s i m u l a ­

t i o n , t h i s t y p e of g r a p h cou ld have been p l o t t e d . However, t h e o p e r a t i n g 

r a n g e s would be unknown. By p l o t t i n g b e f o r e s i m u l a t i o n , t h e s i t u a t i o n 

i n which one p a r t i c u l a r mix i s c o m p l e t e l y domina ted by o r d o m i n a t e s 
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a n o t h e r m i x ( e s ) a t a l l p r o b a b i l i t i e s ( i . e . , from z e r o t o one) can be 

d i s c o v e r e d and t h e domina ted mixes can be e l i m i n a t e d b e f o r e t h e s i m u l a ­

t i o n i s r u n . Note however t h a t a l l s u b s e t s t o be v a r i e d must r e v e a l 

dominance b e f o r e a mix can be e l i m i n a t e d . For example , w i t h t h r e e mixes 

b e i n g c o n s i d e r e d , t h e g r a p h s migh t be of t h e form: 

P Y 2 C o n s t a n t C o n s t a n t 

E(C) E(C) 

i n wh ich c a s e y c o u l d n o t be e l i m i n a t e d b e f o r e t h e s i m u l a t i o n s i n c e t h e 

p r o b a b i l i t i e s c o u l d be such t h a t p ^ i s i n t h e i n t e r v a l [ a , 1 ] and p ^ 

and p ^ such t h a t t h a t p o r t i o n of t h e g r a p h were a p p l i c a b l e ( e . g . , p o i n t s 

A and B a s shown a b o v e ) . However, i f h o l d i n g p - c o n s t a n t y i e l d e d 
y j 

p _ C o n s t a n t 

E(C) 

we c o u l d e l i m i n a t e Y^ b e f o r e t h e s i m u l a t i o n s i n c e i t i s c o m p l e t e l y dom­

i n a t e d by Y. . 
J 1 

N o t i c e t h a t t h e g r a p h s of E x p e c t e d Cos t v e r s u s P r o b a b i l i t i e s a r e 

l i n e a r . However, t h e r e i s a p o s s i b l e n o n l i n e a r i t y d e m o n s t r a t e d by t h e s e 

f i g u r e s . For t h e mixes i n v o l v i n g jammer t y p e 1 o n l y , a lower e x p e c t e d 

c o s t u s i n g 50 u n i t s was found t h a n when u s i n g 25 u n i t s . O b v i o u s l y , t h e r e 

i s a c r i t i c a l p o i n t of some s o r t be tween 25 and 50 u n i t s . (Note t h a t 

t h i s d i d n o t o c c u r u s i n g jammer t y p e 2 ) . From t h e d a t a a v a i l a b l e , i t i s 
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i m p o s s i b l e t o d e c i d e w h e t h e r t h i s i n c r e a s e i n e f f e c t i v e n e s s i s a smooth 

i n c r e a s e , o r i f t h e r e i s a minimum number a t which t h e r e i s a d i s c o n t i ­

n u i t y and a jump i n e f f e c t i v e n e s s . I n t h i s example t h e r e i s o n l y a d i f ­

f e r e n c e of a p p r o x i m a t e l y $ 5 , 0 0 0 i n t h e e x p e c t e d c o s t of u s i n g no jammers 

and 50 jammers of t y p e 1 . (Remember t h a t t h e s e f i g u r e s a r e ( p u r p o s e l y ) 

c o m p l e t e l y a r t i f i c i a l . ) The d i f f e r e n c e s i n a t r u e s i t u a t i o n c o u l d be 

q u i t e d i s t i n c t . The d e t e r m i n i s t i c c o s t of t h e p e n a i d s and t h e d i f f e r ­

e n c e s i n e f f e c t i v e n e s s ( i n t h e p r o b a b i l i t i e s ) c o u l d w e l l y i e l d such l a r g e 

d i f f e r e n c e s i n t h e e x p e c t e d c o s t t h a t a f u r t h e r i n v e s t i g a t i o n t o d e t e r ­

mine a g r a p h of Number of P e n a i d s v e r s u s E(C) becomes m a n d a t o r y . 

To f u r t h e r t h e u n d e r s t a n d i n g of t h e r e a d e r c o n c e r n i n g s e n s i t i v i t y 

a n a l y s e s , a n o t h e r example i s g i v e n i n Appendix A t o t h i s t h e s i s . The 

same i n p u t c o s t s , m i x e s , and d e t e r m i n e d p r o b a b i l i t i e s a r e u s e d , b u t t h e 

p o s s i b l e outcomes and t h e i r a s s o c i a t e d c o s t s a r e d i f f e r e n t . S i n c e t h e 

mixes t o be u sed a r e t h e same, t h e i n t e g e r programming f e a s i b i l i t y p r o ­

b lems w i l l be t h e same as i n our e x a m p l e . An o p p o r t u n i t y c o s t i s a s ­

s o c i a t e d w i t h t h e t a r g e t , and t h u s n e g a t i v e e x p e c t e d c o s t s a r e p o s s i b l e . 

Because of t h e d i f f e r e n c e s i n t h e f ^ ' s * I t i s n e c e s s a r y t o a l t e r b o t h 

P^2 a n d P i 3 > l e a v i n g t h e o t h e r c o n s t a n t , w h i l e v a r y i n g P ^ • 

The d i s c u s s i o n up t o t h i s p o i n t assumes t h a t e s s e n t i a l l y no p r i o r 

i n f o r m a t i o n c o n c e r n i n g t h e p r o b a b i l i t i e s i s known, and an a n a l y t i c a l 

a n a l y s i s o r a s i m u l a t i o n i s r u n i n o r d e r t o o b t a i n t h i s k n o w l e d g e . I f 

t h e r e i s p a r t i a l knowledge c o n c e r n i n g t h e r e l e v a n t m i x e s , say from e x ­

p e r i e n c e w i t h t h e p e n a i d s i n v o l v e d , i t i s p o s s i b l e t h a t t h e p r o b a b i l i t i e s 

c o u l d be r o u g h l y e s t i m a t e d . I n t h i s c a s e , one t e c h n i q u e t o o b t a i n some 

i d e a of t h e s e n s i t i v i t y of t h e p rob l em i s t o e s t i m a t e min-max r a n g e on 



37 

t h e p r o b a b i l i t i e s . These min-max f i g u r e s c o u l d be e n t e r e d i n t o t h e e x ­

p e c t e d c o s t e q u a t i o n and e v a l u a t e d . T h i s would y i e l d n o t o n l y some e s t i ­

m a t i o n of t h e s e n s i t i v i t y of t h e e x p e c t e d c o s t t o t h e p r o b a b i l i t i e s , b u t 

c o u l d i n d i c a t e t h e a r e a s i n t o which f u r t h e r s t u d y i s r e q u i r e d . As an e x ­

a m p l e , t h e e x p e c t e d c o s t i s l i t t l e s e n s i t i v e t o t h e p r o b a b i l i t i e s a s s o ­

c i a t e d w i t h t h e t h i r d outcome ( s u c c e s s ) i n t h e sample p r o b l e m i n t h i s 

s e c t i o n . A p r e - s i m u l a t i o n e x a m i n a t i o n would show t h a t t h e v a l u e of t h e 

p r o b a b i l i t i e s used i n c o n j u n c t i o n w i t h t h e f i r s t outcome ( i . e . , M i s s i o n 

F a i l u r e ) h a s a l a r g e e f f e c t on t h e e x p e c t e d c o s t and c o n s e q u e n t l y t h e 

s i m u l a t i o n s t u d y c o u l d be s l a n t e d t o g i v e t h e most p r e c i s e a c c u r a c y i n 

e v a l u a t i n g t h e P - Q > and l e s s a c c u r a c y i n t h e P a n d P-^ p r o b a b i l i t i e s . 

I n t h e a b o v e , t h e o n l y m i s s i o n p a r a m e t e r d i s c u s s e d was t h a t of 

t h e c h o i c e of a i r c r a f t , s i n c e t h e c a p a c i t y of t h e a i r c r a f t , a f f e c t e d t h e 

c o n s t r a i n t s . Not d i s c u s s e d were m i s s i o n p a r a m e t e r s such as t e r r a i n , 

t i m i n g , l o a d , enemy t h r e a t c a p a b i l i t i e s , s t r a t e g y , and t h e p u r p o s e of 

t h e m i s s i o n . I t i s assumed t h a t t h e s e were used i n t h e g e n e r a t i o n of 

t h e p r o b a b i l i t i e s . The o n l y r e s t r i c t i o n i n d i c a t e d i s t h a t t h e m i s s i o n 

i s n o t t o be r e p e a t e d , s i n c e t h i s would a f f e c t t h e p r o b a b i l i t i e s ( s e e 

C h a p t e r I V ) . Whi le p a r a m e t e r s such as t h o s e men t ioned a r e v i t a l l y im­

p o r t a n t t o t h e u s e and e f f e c t i v e n e s s of p e n e t r a t i o n a i d s , i t i s n o t t h e 

p u r p o s e of t h i s t h e s i s t o d e l v e i n t o them. R a t h e r , i t i s assumed t h a t 

t h e s e f a c t s w i l l be a c c o u n t e d fo r i n t h e a n a l y s i s a n d / o r s i m u l a t i o n 

s t u d i e s . Whi le d i f f e r e n t i n p u t p a r a m e t e r s w i l l u n d o u b t e d l y l e a d t o d i f ­

f e r e n t o p t i m a l mixes and r a t i o s , t h e r e s u l t s of t h e s i m u l a t i o n s t u d i e s 

t o be u s e d i n t h i s c o s t - e f f e c t i v e n e s s model a r e t h e p r o b a b i l i t i e s . From 

t h e s e p r o b a b i l i t i e s , a c o s t - e f f e c t i v e n e s s s t u d y can be made u s i n g t h e 
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model p r e s e n t e d h e r e . 

More Than One A i r c r a f t 

T h i s s i t u a t i o n i s v e r y s i m i l a r t o t h e one i n t h e p r e v i o u s s e c t i o n . 

The p r o b l e m i s l a r g e r and s l i g h t l y more c o m p l i c a t e d , b u t t h e s i t u a t i o n 

i n which a p a r t i c u l a r t h r e a t i s t o be e n c o u n t e r e d o n l y once or t w i c e i s 

s t i l l u n d e r c o n s i d e r a t i o n . The n o t a t i o n w i l l be s l i g h t l y d i f f e r e n t ( s e e 

T a b l e 2) i n o r d e r t o h a n d l e t h e f a c t t h a t a f l i g h t of a i r c r a f t i s b e i n g 

used i n s t e a d of j u s t o n e . 

When c o n s i d e r i n g t h e f e a s i b i l i t y p r o b l e m , t h e r e a r e f o u r d i f f e r e n t 

p o s s i b i l i t i e s , and each must be h a n d l e d s l i g h t l y d i f f e r e n t l y . 

(1 ) The dep loyment of t h e p e n a i d s among t h e a i r c r a f t i s u n i m p o r ­

t a n t . The f e a s i b i l i t y p r o b l e m i s : 

Max X 11 

s . t . r a t i o c o n s t r a i n t s 

w. X . . < W 

i j 

Y 

i j 

w. X. . < W. V- i 

j 

v . X. . < V. V- i 
J i j — i 

j 

X > 0 , I n t e g e r V- i , j . 
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A s i m p l e example of a r a t i o c o n s t r a i n t would b e : 

m = 2 ; a 5 0 : 5 0 + 10% r a t i o 

0 
• 9 I 

X . . < V X._ < 1.1 V X 
i l - / , i 2 - i l 

i 

N o t i c e t h a t 

W. = W and ) V. V 

i i 

and c o n s e q u e n t l y c o n s t r a i n t s marked * a r e r e d u n d a n t i n t h e f o r m u l a t i o n 

and need n o t be u sed i n t h e a c t u a l s o l u t i o n p r o c e d u r e . They a r e i n c l u d e d 

h e r e s i m p l y f o r c l a r i f i c a t i o n . I t i s a l s o t r u e t h a t i f a l l t h e a i r c r a f t 

a r e i d e n t i c a l , W. = W and V. = V. 
' I I 

(2) I n t h e c a s e i n which i t i s d e s i r e d t h a t one a i r c r a f t c a r r y 

a l l t h e p e n a i d s , t h e p r o b l e m i s i d e n t i c a l t o t h e s i n g l e a i r c r a f t p r o b l e m 

g i v e n i n t h e " S i n g l e A i r c r a f t " s e c t i o n of t h i s c h a p t e r . 

(3 ) When i t i s d e s i r e d t h a t one a i r c r a f t c a r r y a t l e a s t a c e r ­

t a i n amount of some t y p e of p e n a i d , s i m p l y add a n o t h e r c o n s t r a i n t . For 

e x a m p l e , a i r c r a f t # 1 c a r r i e s a t l e a s t 10 u n i t s of p e n a i d t y p e 2 . Add 

t h e c o n s t r a i n t > 10 ( a s suming t h a t t h i s i s f e a s i b l e ) . 

Note t h a t t h e c a p a c i t y c o n s t r a i n t s w i l l n o t a l l o w t h i s a i r c r a f t 

t o be o v e r l o a d e d , and t h e r a t i o c o n s t r a i n t s w i l l m a i n t a i n t h e c o r r e c t 

o v e r a l l r a t i o . 

(4 ) The most i n t r i c a t e c a s e i s one i n which c e r t a i n a i r c r a f t i n 

t h e f l i g h t must m a i n t a i n a g i v e n r a t i o of c e r t a i n j ammers , and t h e o v e r ­

a l l f l i g h t must m a i n t a i n a d i f f e r e n t o v e r a l l r a t i o of j ammers . 

F o r e x a m p l e , i n a f l i g h t of f i v e a i r c r a f t and t h r e e p e n a i d t y p e s 

(n = 5 , m = 3 ) , a s t r i c t r a t i o of two jammers of t y p e 1 t o one jammer 
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of t y p e 3 must be m a i n t a i n e d i n b o t h a i r c r a f t # 1 and # 2 . The o v e r a l l 

f l i g h t r a t i o of jammers must be [ 1 : 1 : 1 } + 6%. Assume t h a t t h e s p e c i f i c 

mix of t h e o t h e r t h r e e a i r c r a f t i s u n i m p o r t a n t ( i f n o t , more c o n s t r a i n t s 

of a s i m i l a r n a t u r e a r e r e q u i r e d ) . The f e a s i b i l i t y p r o b l e m i s : 

Max X i n 

3 1 1 

s . t . V w. X . . < W . , i = 1 , , 5 

j = l 

3 

Y v . X . . < V . , i = 1 , — , 5 

j = l 
5 5 5 

0 .97 \ X ( 1 < y X . 0 < 1.03 y X... 
i_j l l — _. i 2 — / i i 

i = l i = l 1=1 
O v e r a l l R a t i o 

5 5 5 

0 . 9 7 Y X n < J X . 3 < 1 .03 £ x ± l 

i = l i = l i = l 

X l l " 2 X 1 3 

X 2 1 2 X 2 3 

X ± j > 0 , I n t e g e r s V- i , j 

S e v e r a l comments c o n c e r n i n g t h e f e a s i b i l i t y p r o b l e m f o r m u l t i p l e 

a i r c r a f t and m u l t i p l e p e n a i d s a r e i n o r d e r . The f i r s t t h i n g t o n o t e i s 

t h e s i z e of t h e p r o b l e m . I n t h e c a s e of a s i n g l e a i r c r a f t , t h e p r o b l e m 

was f a i r l y e a s y t o s o l v e , and p o s s i b l y c o u l d be done m e n t a l l y . I t i s 

o b v i o u s t h a t w i t h j u s t a few a i r c r a f t and p e n a i d s , t h e p r o b l e m becomes 

so l a r g e t h a t i t would be q u i t e l a b o r i o u s t o s o l v e by h a n d . C o n s e q u e n t l y , 

i t i s recommended t h a t a m i x e d - i n t e g e r programming computer p rogram be 
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o b t a i n e d and u s e d . 

The second comment c o n c e r n s t h e c o n s t r a i n t s t h e m s e l v e s . When 

fo rming t h e c o n s t r a i n t s , t h e s i z e of t h e p r o b l e m o f t e n makes i t d i f f i ­

c u l t t o keep t r a c k of t h e i m p l i c a t i o n of e ach c o n s t r a i n t . I f one i s n o t 

c a r e f u l , one c o u l d r e s t r i c t t h e p r o b l e m so much a s t o e l i m i n a t e any f e a ­

s i b l e s o l u t i o n . Somet imes , t h i s w i l l n o t a t a l l be o b v i o u s by i n s p e c t i o n . 

Hence , i t i s recommended t h a t a l l f o r m u l a t i o n s be d o u b l e c h e c k e d , p r e ­

f e r a b l y by a p e r s o n o t h e r t h a n t h e o r i g i n a t o r , t o e l i m i n a t e t h e w a s t e 

i n v o l v e d i n h a v i n g t o r e d o t h e who le p r o b l e m . 

I n t h i s c o n n e c t i o n , i t s h o u l d a l s o be n o t e d t h a t t h e g r e a t e r t h e 

number of c o n s t r a i n t s , t h e s m a l l e r i s t h e f e a s i b l e s p a c e . T h i s f a c t 

c o u l d l e a d t o a l e g i t i m a t e l y o p t i m a l s o l u t i o n t o t h e i n t e g e r programming 

p r o b l e m which i s f a r from t h e o p t i m a l s o l u t i o n t o t h e p r a c t i c a l p r o b l e m 

b e i n g c o n s i d e r e d . T h i s i s e s p e c i a l l y t r u e when an e q u a l i t y c o n s t r a i n t ( s ) , 

s u c h as i n (4) a b o v e , i s e n t e r e d i n t o t h e p r o b l e m . T h i s t y p e of c o n ­

s t r a i n t , when c o u p l e d w i t h t h e f a c t t h a t i n t e g e r s o l u t i o n s a r e t h e o n l y 

a c c e p t a b l e o n e s , g r e a t l y r e s t r i c t s t h e s o l u t i o n s p a c e of t h e i n t e g e r 

programming p r o b l e m , and may e l i m i n a t e i t e n t i r e l y . A d d i t i o n a l l y , s i n c e 

t h e s o l u t i o n s of t h e s e i n t e g e r programming may be used i n s i m u l a t i o n , 

w i t h i t s i n h e r e n t l i m i t a t i o n s , t h e a u t h o r f e e l s t h a t an e x a c t e q u a l i t y 

c o n s t r a i n t would be i n a d v i s a b l e i n t h i s i n v e s t i g a t i o n . The x:y+z% 

would seem t o be much more p r a c t i c a l . (The x:y+z% i s d i s c u s s e d more 

f u l l y i n Appendix A ) . 

Once t h e f e a s i b i l i t y p rob lems have been s o l v e d , t h e p r o c e d u r e 

f o r e v a l u a t i n g t h e e x p e c t e d c o s t s and t h e s e n s i t i v i t y a n a l y s e s a r e t h e 

same a s i n t h e s i n g l e a i r c r a f t c a s e . The p r i m a r y d i f f e r e n c e w i l l be 
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t h e s i z e of t h e p r o b l e m . The p o s s i b l e outcome s t a t e s , K, a s w e l l a s t h e 

mixes and r a t i o s t o be c o n s i d e r e d , r , w i l l c o n t a i n many more e l e m e n t s i n 

o r d e r t o a c c o u n t fo r t h e i n c r e a s e d number of a i r c r a f t and p e n a i d s . I t 

i s recommended t h a t a computer p rog ram be w r i t t e n i n o r d e r t o h a n d l e most 

of t h e m a n i p u l a t i o n s . 

Up t o t h i s p o i n t , t h e d i s c u s s i o n has c o n c e n t r a t e d p u r e l y on n o n ­

e x p e n d a b l e p e n e t r a t i o n a i d s . I g n o r e d has been t h e f a c t t h a t , i n some 

c a s e s , t h e a i r c r a f t i s c o n f i g u r e d s u c h t h a t e x p e n d a b l e p e n a i d s , n o n ­

e x p e n d a b l e p e n a i d s , and o r d n a n c e a r e a l l c a r r i e d by t h e a i r c r a f t i n t h e 

same manner and t h u s one i s u sed a t t h e e x p e n s e of t h e o t h e r s . An e x ­

ample migh t be an a i r c r a f t wh ich c a r r i e s a l l such i t e m s i n pods mounted 

be low i t s wings and f u s e l a g e , and has o n l y a f i x e d number of l o c a t i o n s 

a t which t h e s e pods can be a d d e d . Thus we must d e c i d e upon t h e a l l o c a ­

t i o n s t o be u s e d . 

The u s u a l c o n d i t i o n w i l l be one i n which a minimum a n d / o r f i x e d 

amount of o r d n a n c e w i l l be r e q u i r e d , and t h e r e s t of t h e a v a i l a b l e c a p a ­

c i t y would be a v a i l a b l e f o r p e n e t r a t i o n a i d s . I n t h e c a s e where i t i s 

c e r t a i n t h a t o n l y a f i x e d number of a i r c r a f t a r e t o be u s e d , t h e p r o b l e m 

i s as c o v e r e d e a r l i e r i n t h i s s e c t i o n , s i n c e t h e t o t a l c a p a c i t y can be 

r e d u c e d by o r d n a n c e r e q u i r e m e n t s and t h e r e s t of t h e c a p a c i t y i s a v a i l ­

a b l e f o r p e n e t r a t i o n a i d s . Even i n t h i s c a s e , however , t h e r e s e a r c h e r 

must s t i l l a s c e r t a i n t h e p r e c i s e a l l o c a t i o n of t h e v a r i o u s t y p e s of p e n -

a i d s t o be u sed among t h e a i r c r a f t . The o p t i m a l a l l o c a t i o n amongst t h e 

a i r c r a f t i s c e r t a i n l y n o t a t r i v i a l p r o b l e m . However, t h i s i s a p r o b l e m 

i n d e f i n i n g t h e e l e m e n t s i n p and t h e i r e v a l u a t i o n , a s has been d i s c u s s e d 

a b o v e . 
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When t h e number of a i r c r a f t i s n o t f i x e d , an i n t e r e s t i n g s i t u a t i o n 

d e v e l o p s . I f a c e r t a i n amount of o r d n a n c e i s t o be d e l i v e r e d , what i s 

t h e o p t i m a l number of a i r c r a f t t o be u s e d ? Shou ld t h e minimum number of 

a i r c r a f t c a p a b l e of c a r r y i n g t h e o r d n a n c e be u s e d , o r s h o u l d a d d i t i o n a l 

a i r c r a f t , w i t h t h e added c a p a c i t y f o r p e n a i d s , be added t o t h e f l i g h t ? 

I t i s recommended t h a t a c o s t - e f f e c t i v e n e s s m a r g i n a l a n a l y s i s b e used 

t o s o l v e t h i s p r o b l e m . For example , s u p p o s e t h a t some number , s a y t , 

of a i r c r a f t a r e n e c e s s a r y t o c a r r y t h e o r d n a n c e . F i r s t , a s t a n d a r d c o s t -

e f f e c t i v e n e s s s t u d y on t a i r c r a f t i s r u n , u s i n g any e x c e s s c a p a c i t y f o r 

p e n a i d s . N e x t , a c o s t - e f f e c t i v e n e s s s t u d y on ( t + 1) a i r c r a f t i s r u n , 

u s i n g t h e e x t r a c a p a c i t y o b t a i n e d f o r p e n a i d s . C o n t i n u e u n t i l t h e e x ­

p e c t e d c o s t f o r t h e optimum mix f o r t h e l a s t c a s e i n v e s t i g a t e d i n c r e a s e s . 

Note t h a t , f o r each number of a i r c r a f t i n v e s t i g a t e d , t h e e n t i r e c o s t -

e f f e c t i v e n e s s s t u d y , i n c l u d i n g f e a s i b i l i t y , a l l o c a t i o n , and s e n s i t i v i t y , 

must be a c c o m p l i s h e d i n o r d e r t o f i n d t h e e x p e c t e d c o s t . 

T h i s p r o c e s s , a t f i r s t g l a n c e , would seem t o be a l ong o n e . I f 

t h e r e s e a r c h were d e a l i n g w i t h o n l y e f f e c t i v e n e s s , i t p o s s i b l y c o u l d b e . 

However, t h i s r e s e a r c h i s i n t e r e s t e d i n c o s t - e f f e c t i v e n e s s . The a d d i t i o n 

of a n o t h e r a i r c r a f t w i l l u n d o u b t e d l y i n c r e a s e e f f e c t i v e n e s s , t h o u g h t h e r e 

i s p r o b a b l y an u p p e r l i m i t on t h i s i n any g i v e n s i t u a t i o n . But t h e a d d i ­

t i o n of e x t r a a i r c r a f t and p e n a i d s i n c r e a s e s t h e d e t e r m i n i s t i c c o s t , a s 

w e l l as a d d i n g e l e m e n t s t o K which would a f f e c t t h e p r o b a b i l i s t i c c o s t 

( e . g . , t h e r e a r e more a i r c r a f t wh ich c o u l d be l o s t ) . These f a c t o r s would 

t e n d t o l i m i t t h e number of i n v e s t i g a t i o n s r e q u i r e d . I n a d d i t i o n , t h e 

r e s e a r c h e r may have p r i o r knowledge c o n c e r n i n g t h e p e n a i d s t o be u s e d . 

I f t h i s i s t h e c a s e , he c o u l d u s e t h i s knowledge n o t on ly i n t h e 
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e v a l u a t i o n of t h e c o s t - e f f e c t i v e n e s s f o r p a r t i c u l a r m i x e s , b u t i t c o u l d 

be an a i d i n d e c i d i n g t h e number of a i r c r a f t t o be u s e d . (For e x a m p l e , 

s h o u l d he i n v e s t i g a t e t a i r c r a f t and ( t + 2 ) a i r c r a f t and n o t b o t h e r t o 

i n v e s t i g a t e ( t + 1) a i r c r a f t ? ) 

Note t h a t t h e same t y p e of i n v e s t i g a t i o n i s a p p l i c a b l e i f c e r t a i n 

t y p e s of n o n - e x p e n d a b l e p e n e t r a t i o n a i d s a r e u s e d , e i t h e r w i t h o u t o r i n 

c o n j u n c t i o n w i t h e x p e n d a b l e s . I n s t e a d of a d^ as we have d e f i n e d i t , a 

" u s a g e c o s t p e r u s e " would be a p p r o p r i a t e . 

The same q u e s t i o n can be o b s e r v e d from a n o t h e r v i e w p o i n t . Say 

t h a t a p a r t i c u l a r a i r c r a f t has t h r e e pod mounts t o c a r r y w h a t e v e r i s d e ­

s i r e d . I t i s known t h a t a p a r t i c u l a r mix of p e n e t r a t i o n a i d s ( e i t h e r 

e x p e n d a b l e s , n o n - e x p e n d a b l e s , o r b o t h ) i s o p t i m a l . T h i s mix r e q u i r e s 

t h e u s e of two of t h e pod m o u n t s , l e a v i n g one f o r o r d n a n c e . But t h e 

minimum o r d n a n c e r e q u i r e m e n t n e c e s s i t a t e s t h e u s e of two of t h e pod 

m o u n t s . T h u s , i f i t i s t o be u s e d , t h i s p a r t i c u l a r mix r e q u i r e s t h e 

a d d i t i o n of a n o t h e r a i r c r a f t t o t h e m i s s i o n . When t h i s s i t u a t i o n o c c u r s , 

i t i s e v i d e n t t h a t t h e r e s e a r c h e r must a c c o m p l i s h two e v a l u a t i o n s : t h e 

f i r s t b e i n g one a i r c r a f t u s i n g t h e b e s t mix which can b e mounted on one 

pod ; t h e o t h e r b e i n g t h e u s e of two a i r c r a f t , u t i l i z i n g t h e two pods n o t 

s p e c i f i c a l l y t a k e n t o t h e b e s t a d v a n t a g e . 

Thus i t i s r e a d i l y a p p a r e n t t h a t m u l t i p l e a i r c r a f t u s a g e i n v o l v e s 

a l a r g e r s i z e p r o b l e m , more numerous i n v e s t i g a t i o n s , and q u e s t i o n s a r i s e 

n o t found i n t h e s i n g l e a i r c r a f t c a s e f o r which s o l u t i o n s must be found . 

T e c h n i q u e s f o r s o l u t i o n t o some of t h e s e p rob lems have b e e n p r e s e n t e d i n 

t h i s s e c t i o n . A d m i t t e d l y t h e s o l u t i o n p r o c e d u r e s recommended h e r e a r e 

q u i t e l o n g , t i m e - c o n s u m i n g , and p o s s i b l y v e r y e x p e n s i v e . However, t h e 
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r e a l - w o r l d p r o b l e m b e i n g i n v e s t i g a t e d i s n o t a s i m p l e one by any m e a n s . 

I f s e v e r a l m i l l i o n d o l l a r s a r e l o s t when an a i r c r a f t i s s h o t down, i t 

would seem q u i t e c o s t - e f f e c t i v e t o spend s e v e r a l m i l l i o n d o l l a r s i n an 

i n v e s t i g a t i o n wh ich would y i e l d r e s u l t s wh ich c o u l d w e l l s a v e dozens o r 

h u n d r e d s of a i r c r a f t . 
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CHAPTER IV 

THE EFFECT OF REPEATED MISSIONS 

Up t o now, t h i s t h e s i s has been c o n c e r n e d w i t h m i s s i o n s which a r e 

p l a n n e d t o be run o v e r t h e same t e r r a i n , enemy t h r e a t , e t c . , o n l y o n c e , 

and w i l l be run more t h a n once o n l y i f r e q u i r e d by m i s s i o n f a i l u r e . I n 

t h e g e n e r a t i o n of t h e c o r r e s p o n d i n g p r o b a b i l i t i e s , t h e m a t h e m a t i c a l i n ­

d e p e n d e n c e of t h e s e p r o b a b i l i t i e s has b e e n i m p l i c i t l y a ssumed . T h i s c h a p ­

t e r w i l l d e a l w i t h t h e g e n e r a t i o n of t h e s e p r o b a b i l i t i e s w i t h o u t t h e a s ­

s u m p t i o n of i n d e p e n d e n c e . Such i s t h e c a s e when t h e same b a s i c m i s s i o n 

i s t o be run many t i m e s ove r t h e same t h r e a t and l o c a l e . A t y p i c a l e x ­

ample from t h e c u r r e n t w o r l d s i t u a t i o n would be t h e bombing r u n s a c r o s s 

t h e Suez Canal by t h e I s r a e l i s . 

T h e r e a r e two major r e a s o n s why, i n t h i s t y p e of s i t u a t i o n , t h e 

p r o b a b i l i t i e s a r e n o t i n d e p e n d e n t . The f i r s t c o n c e r n s t h e e f f e c t of t h e 

p r i o r m i s s i o n s on t h e enemy t h r e a t i t s e l f . Assume t h a t t h e o r i g i n a l 

( i . e . , b e f o r e any m i s s i o n s a r e r u n ) t h r e a t c o n s i s t s of some number of , 

s a y , a r a d a r s and b a n t i - a i r c r a f t a r t i l l e r y (AAA). On t h e f i r s t m i s s i o n , 

we d e s t r o y one r a d a r s e t and no AAA. T h e r e i s no d e s t r u c t i o n of t h r e a t 

on t h e second m i s s i o n , b u t on t h e t h i r d we d e s t r o y two AAA. Thus t h e 

second and t h i r d m i s s i o n s were r u n a g a i n s t a d i f f e r e n t t h r e a t t h a n t h e 

f i r s t , and t h e f o u r t h w i l l f a c e y e t a n o t h e r t h r e a t . Hence , t h e d e s t r u c ­

t i o n , and p o s s i b l e e r e c t i o n , of enemy t h r e a t c a p a b i l i t i e s s h o u l d be c o n ­

s i d e r e d i n t h e d e t e r m i n a t i o n of t h e p r o b a b i l i t i e s . 

The second major r e a s o n f o r t h e dependence of t h e p r o b a b i l i t i e s 
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i s t h e e f f e c t t h a t t h e c o n t i n u e d m i s s i o n s w i l l have on t h e r a d a r and AAA 

o p e r a t o r s ; t h e y w i l l u n d o u b t e d l y l e a r n from t h e i r e x p e r i e n c e . T h i s i n ­

c r e a s e i n e x p e r i e n c e on t h e p a r t of t h e o p e r a t o r s s h o u l d be t a k e n i n t o 

a c c o u n t when d e t e r m i n i n g t h e p r o b a b i l i t i e s . 

Th i s p r o b l e m can be d e a l t w i t h t h r o u g h t h e t h e o r y and a p p l i c a t i o n 

of Markov c h a i n s w i t h s t a t i o n a r y t r a n s i t i o n p r o b a b i l i t i e s . I n such Markov 

c h a i n s , t h e outcome of a p a r t i c u l a r m i s s i o n depends n o t on ly on t h a t 

m i s s i o n i t s e l f , b u t on t h e m i s s i o n d i r e c t l y p r e c e d i n g i t , and o n l y on i t . 

T h u s , t o c o n t i n u e w i t h our e x a m p l e , t h e outcome of t h e f o u r t h m i s s i o n i s 

d i r e c t l y d e p e n d e n t on t h e t h r e a t and l e a r n i n g s t a t e l e f t by t h e t h i r d 

m i s s i o n o n l y , as w e l l a s t h e number of a i r c r a f t r e m a i n i n g . 

I n what f o l l o w s , t h e t h e o r y of Markov c h a i n s w i l l n o t be d i s c u s s e d . 

R a t h e r , d i s c u s s i o n and d e m o n s t r a t i o n of t h e u s e of such c o n c e p t s i n t h i s 

s i t u a t i o n w i l l be p r e s e n t e d . An e x c e l l e n t r e f e r e n c e on Markov c h a i n s i s 

F e l l e r ( 6 ) , whose t e r m i n o l o g y and n o t a t i o n w i l l b e used h e r e . 

As n o t e d i n T a b l e 2 , we l e t E. d e n o t e t h e p o s s i b l e s t a t e s . 
' l r 

p „ = Pr ( g o i n g from s t a t e E^ t o E^ i n one t r a n s i t i o n ) 

Cn") * p . . = Pr ( g o i n g from s t a t e E. t o E . i n n t r a n s i t i o n s ) i j ° ° l j ' 

( n - 1 ) 
P. P . 

i v v j 

P = t h e s t o c h a s t i c m a t r i c of t r a n s i t i o n p r o b a b i l i t i e s 

F e l l e r u s e s p . . and p . f n \ We w i l l u s e p ( r h o ) t o a v o i d c o n -i i i i i ^ * 
f u s i o n w i t h t h e p,,, ' s . 

Yk 
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For p u r p o s e s of i l l u s t r a t i o n , l e t 

E l = X r a d a r s , y AAA. l e a r n i n g s t a t e z , u a i r c r a f t 

E 2 = ( x - 1 ) r a d a r s , y AAA, l e a r n i n g s t a t e z , u a i r c r a f t 

E 3 = X r a d a r s , (y-•1) AAA, l e a r n i n g s t a t e z , u a i r c r a f t 

E 4 ( x - 1 ) r a d a r s , (y-•1) AAA, l e a r n i n g s t a t e z , u a i r c r a f t 

E 5 = X r a d a r s , y AAA, l e a r n i n g s t a t e ( z + 1 ) , u a i r c r a f t 

E 6 = X r a d a r s , (y-•1) AAA, l e a r n i n g s t a t e ( z + 1 ) , u a i r c r a f t 

E 7 = ( x - 1 ) r a d a r s , y AAA, l e a r n i n g s t a t e ( z + 1 ) , u a i r c r a f t 

E 8 = ( x - 1 ) r a d a r s , (y-•1) AAA, l e a r n i n g s t a t e ( z + 1 ) , u a i r c r a f t 

E 9 = X r a d a r s , y AAA, l e a r n i n g s t a t e z , ( u - 1 ) a i r c r a f t 

E 1 0 = ( x - 1 ) r a d a r s , y AAA, l e a r n i n g s t a t e z , ( u - 1 ) a i r c r a f t 

E l l = X r a d a r s , (y- 1) AAA, l e a r n i n g s t a t e z , ( u - 1 ) a i r c r a f t 

E 1 2 = ( x - 1 ) r a d a r s , (y- 1) AAA, l e a r n i n g s t a t e z , ( u - 1 ) a i r c r a f t 

E 1 3 = X r a d a r s , y AAA, l e a r n i n g s t a t e ( z + 1 ) , ( u - 1 ) a i r c r a f t 

E 1 4 = X r a d a r s , (y - 1) AAA, l e a r n i n g s t a t e ( z + 1 ) , ( u - 1 ) a i r c r a f t 

E 1 5 = ( x - 1 ) r a d a r s , y AAA, l e a r n i n g s t a t e ( z + 1 ) , ( u - 1 ) a i r c r a f t 

E 1 6 = ( x - 1 ) r a d a r s , (y- 1) AAA, l e a r n i n g s t a t e ( z + 1 ) , ( u - 1 ) a i r c r a f t 

The c o r r e s p o n d i n g P m a t r i x , w i t h c o r r e s p o n d i n g s t a t e s shown, i s 

E i E 2 E 3 • • • he 

p u P 1 2 P 1 3 • • p l 16 E i 

P 2 1 P 2 2 p 2 3 • • • p 2 16 E 2 

P = 
P 3 1 P 3 2 

P 3 3 

• 

• • • P 3 16 E 3 

• 

P 1 6 1 P 1 6 2 

• 

P 1 6 3 * 

• 

p 1 6 16 

• 

he 
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I n g e n e r a l , t h e number of s t a t e s d e f i n e d s h o u l d b e as numerous as 

i s p o s s i b l e . The l i m i t a t i o n which s h o u l d be of p r ime i m p o r t a n c e i s t h e 

number of and a c c u r a c y w i t h which t h e p ! s can be g e n e r a t e d o r e s t i m a t e d . 

The x , y , and z u sed i n d e f i n i n g t h e c o u l d be v iewed a s i n d i v i d u a l , 

s p e c i f i c u n i t s , o r a s s e t s o r c l a s s e s of u n i t s . T h i s would depend on 

t h e e f f e c t e ach of t h e s e u n i t s has on t h e outcome of t h e m i s s i o n . For 

e x a m p l e , t h e r e migh t be no n o t i c a b l e d i f f e r e n c e be tween 2 7 and 26 r a d a r 

u n i t s , b u t a g r e a t d e a l of d i f f e r e n c e be tween two and one r a d a r u n i t s . 

How t h e d i f f e r e n t p o s s i b l e outcomes a r e d e f i n e d i s , of c o u r s e , l e f t t o 

t h e d i s c r e t i o n and e x p e r i e n c e of t h e e x p e r i m e n t e r . However, some s i m p l e 

examples s h o u l d h e l p t o c l a r i f y what i s m e a n t . 

Assume t h a t t h e p e n a i d u n d e r c o n s i d e r a t i o n i s p a c k a g e s of c h a f f , 

c u t t o be e f f e c t i v e a g a i n s t one p a r t i c u l a r f r e q u e n c y . I f t h e enemy r a d a r 

c o n s i s t s s o l e l y of u n i t s c a r r y i n g t h a t f r e q u e n c y , and t h e c h a f f p a c k a g e s 

a r e p r o p e r l y d r o p p e d ( i . e . , w i t h r e l a t i o n s h i p t o t h e l o c a t i o n of t h e 

r a d a r s and t h e r o u t e t h e a i r c r a f t a r e t o f l y ) , t h e p h y s i c a l number of 

r a d a r u n i t s m igh t be u n i m p o r t a n t due t o t h e n a t u r e of c h a f f jamming. 

Thus t h e r e s e a r c h e r migh t d e c i d e t o d e f i n e o n l y two d i f f e r e n t p o s s i b i l i ­

t i e s : 

(1) The re a r e r a d a r u n i t s on t h i s f r e q u e n c y , and 

(2) The re a r e n o t r a d a r u n i t s on t h i s f r e q u e n c y . 

An e n t i r e l y d i f f e r e n t s i t u a t i o n would be met i f t h e p e n a i d u n d e r 

c o n s i d e r a t i o n were an a c t i v e " r e p e a t e r " t y p e of jammer w i t h a u n i d i r e c ­

t i o n a l a n t e n n a . T h i s t y p e of jammer a c c e p t s t h e r a d a r s i g n a l , d e l a y s i t , 

and r e t u r n s t h e same s i g n a l t o t h e s e n d i n g r a d a r s e t i n o r d e r t o c r e a t e 

e r r o n e o u s r a n g e a n d / o r a l t i t u d e i n d i c a t i o n s . As i n a l l work of t h i s t y p e , 
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t h e l o c a t i o n of t h e enemy r a d a r r e l a t i v e t o t h e p l a n n e d f l i g h t p a t h i s 

i m p o r t a n t . However, assume t h a t t h i s jammer has t h e c a p a b i l i t y t o ef ­

f e c t i v e l y jam, f o r e x a m p l e , f i v e d i f f e r e n t r a d a r s l o c a t e d i n one c e n t r a l 

a r e a . T h u s , t h e r e s e a r c h e r must be c o n c e r n e d w i t h more t h a n f i v e r a d a r s 

i n t h e c e n t r a l a r e a , and r a d a r s l o c a t e d o u t s i d e of t h i s c e n t r a l a r e a , 

s i n c e t h e s e a r e t h e r a d a r s which w i l l n o t be jammed by t h i s p e n a i d . 

F u r t h e r assume t h a t t h e r e a r e t h r e e b a s i c s t a t e s of enemy e f f e c t i v e n e s s 

p o s s i b l e when c o n s i d e r i n g o n l y r a d a r . These a r e : 

(1) No non-jammed r a d a r , 

(2) One o r more non-jammed r a d a r , b u t t h e i r l o c a t i o n s s u c h 
t h a t t r i a n g u l a t i o n i s n o t p o s s i b l e , and 

(3) Two o r more non-jammed r a d a r s l o c a t e d s u c h t h a t t r i a n g u ­
l a t i o n i s p o s s i b l e . 

Wi th t h i s c o n s i d e r a t i o n i n mind , i t might be d e c i d e d t o e s t a b l i s h t h e 

f o l l o w i n g s e t s of r a d a r c l a s s e s t o be used i n d e f i n i n g our Markov s t a t e s : 

(1 ) F i v e or l e s s r a d a r s i n one l o c a t i o n ; no o t h e r r a d a r . 

(2) F i v e o r l e s s r a d a r s i n one l o c a t i o n ; o t h e r r a d a r e x i s t , 
b u t l o c a t e d such t h a t t r i a n g u l a t i o n i s i m p o s s i b l e . 

(3) F i v e o r l e s s r a d a r s i n one l o c a t i o n ; o t h e r r a d a r e x i s t , 
and t r i a n g u l a t i o n i s p o s s i b l e . 

(4 ) S i x o r more r a d a r i n one l o c a t i o n ; no o t h e r r a d a r . 

(5) S i x or more r a d a r i n one l o c a t i o n ; a t l e a s t one o t h e r r a d a r 
(which i m p l i e s t h a t t r i a n g u l a t i o n i s p o s s i b l e ) . 

No te t h a t we may w i s h t o c o n d e n s e t h e s e f i v e p o s s i b l e s t a t e s i n t o t h r e e 

p o s s i b l e s t a t e s : (1) would be one s t a t e ; combine (2) and (4) i n t o one 

s t a t e ; and (3) and (5) would be t h e l a s t s t a t e . T h i s p a r t i c u l a r s e t 

would be a l i g n e d w i t h t h e d e f i n i t i o n of t h e s t a t e s of enemy r a d a r e f ­

f e c t i v e n e s s . 
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P o s s i b l e s e t s of AAA f o r u s e i n d e f i n i n g Markov s t a t e s must i n ­

c l u d e t h e t y p e of weapons t o b e m e t : f o r e x a m p l e , ground f i r e , r e -

c o i l l e s s r i f l e , enemy f i g h t e r a i r c r a f t , o r g r o u n d - t o - a i r m i s s i l e s . 

Note t h a t t h e e f f e c t i v e n e s s of r a d a r jamming may have a l a r g e e f f e c t on 

t h e AAA a v a i l a b l e fo r u s e by t h e enemy. Such t h i n g s a s r e c o i l l e s s r i f l e s 

and g r o u n d - t o - a i r m i s s i l e s a r e o f t e n c o n t r o l l e d d i r e c t l y by r a d a r a n d / o r 

r a d a r o p e r a t o r s . 

Nex t , a b r i e f d i s c u s s i o n of p o s s i b l e " l e a r n i n g " s t a t e s i s i n 

o r d e r . The c o n t i n u a l f l y i n g of t h e same m i s s i o n o v e r t h e same t a r g e t / 

t h r e a t w i l l g i v e t h e enemy o p e r a t o r s e x p e r i e n c e . The i n t e r e s t of t h i s 

r e s e a r c h i s c e n t e r e d i n two c a p a b i l i t i e s on t h e p a r t of t h e r a d a r o p e r a ­

t o r and h i s equ ipment which w i l l d i r e c t l y a f f e c t t h e outcome of our m i s ­

s i o n s . The f i r s t of t h e s e i s t h e i n c r e a s e i n t h e p r o b a b i l i t y of d e t e c ­

t i o n which w i l l r e s u l t when t h e same t y p e of jamming i s used i n a d a y -

a f t e r - d a y s i t u a t i o n . P e r s o n a l communica t ion w i t h Dr . T . L . Sadosky r e ­

v e a l s t h a t t h e g e n e r a l n a t u r e of t h i s t y p e of s i t u a t i o n i s as d e p i c t e d 

i n F i g u r e 3 . N i s t h e number of t i m e s which t h e same t y p e of jamming i s 

used o v e r t h e same t a r g e t / t h r e a t . We do n o t s p e c i f y u n i t s on N b e c a u s e 

t h i s w i l l depend on t h e t y p e of jamming, t h e s k i l l of t h e o p e r a t o r , t h e 

t e r r a i n , w e a t h e r , e t c . Note t h a t t h e p r o b a b i l i t y of d e t e c t i o n i n c r e a s e s 

u n t i l i t e v e n t u a l l y r e a c h e s u n i t y . The s l o p e of t h e l i n e , of c o u r s e , r e ­

p r e s e n t s t h e r a t e w i t h which p r o b a b i l i t y of d e t e c t i o n i n c r e a s e s . The 

g r a p h as d e p i c t e d i s c o n t i n u o u s . However, f o r u s e i n t h e Markov c h a i n , 

d i s c r e t e p o s s i b i l i t i e s must be d e f i n e d . One p o s s i b l e breakdown i s i n t o 

t h r e e c o n d i t i o n s as i n d i c a t e d on t h e g r a p h . T h u s , t h e r e would be a 

s low l e a r n i n g s t a t e , a f a s t l e a r n i n g s t a t e , and a n o t h e r s low l e a r n i n g 
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N > 

F i g u r e 3 . P r o b a b i l i t y of D e t e c t i o n C u r v e . 
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s t a t e . 

F i g u r e 4 r e p r e s e n t s t h e o t h e r i m p o r t a n t f a c e t of t h e e x p e r i e n c e 

g a i n e d by t h e enemy. Given t h a t t h e a i r c r a f t a r e d e t e c t e d , how e f f e c ­

t i v e a r e t h e a c t i o n s of t h e enemy i n s h o o t i n g them down? The c u r v e i s 

of t h e same g e n e r a l s h a p e as t h e d e t e c t i o n c u r v e , b u t ends a t some u n ­

s p e c i f i e d p r o b a b i l i t y l e s s t h a n o n e . As men t ioned b e f o r e , i t i s f e l t 

t h a t even w i t h p e r f e c t knowledge as t o t h e f l i g h t p r o f i l e , e . g . , s p e e d , 

r a n g e , a l t i t u d e , of t h e a i r c r a f t , t h e enemy w i l l n o t a lways be a b l e t o 

d e s t r o y t h e i r t a r g e t s . As b e f o r e , t h i s c o n t i n u o u s c u r v e must be b r o k e n 

i n t o d i s c r e t e s t a t e s . 

The "number of a i r c r a f t " p o r t i o n of s t a t e d e f i n i t i o n would o b ­

v i o u s l y depend on t h e number l o s t and r e p l a c e m e n t s . As b e f o r e , t h i s 

c a t e g o r y may be d i v i d e d i n t o s e t s . 

I t s h o u l d be o b v i o u s t h a t t h e c a t e g o r i e s l i s t e d a r e t o b e t a k e n 

o n l y as examples of p o s s i b l e c a t e g o r i e s . I n f a c t , i n r e s e a r c h of t h i s 

t y p e , i t may be d e s i r a b l e t o e l i m i n a t e t h e AAA, a i r c r a f t , and t h e c u r v e 

d e p i c t i n g t h e p r o b a b i l i t y of e f f e c t i v e a c t i o n g i v e n d e t e c t i o n c a t e g o r i e s . 

That i s , o n l y i n t h e number and l o c a t i o n of r a d a r s i t e s and t h e p r o b a ­

b i l i t y of d e t e c t i o n by t h e s e s i t e s may be of i n t e r e s t . T h i s would e n ­

a b l e t h e r e s e a r c h e r t o o b t a i n a r e l a t i v e measu re of t h e e f f e c t i v e n e s s 

of v a r i o u s p e n e t r a t i o n a i d s . The d e p t h and d e t a i l u sed i n d e f i n i n g t h e 

s t a t e s would be up t o t h e e x p e r i m e n t e r , and would depend on t h e e x a c t 

p u r p o s e of t h e r e s e a r c h . 

To r e t u r n t o t h e d i s c u s s i o n of t h e m a t r i x , n o t i c e t h a t t h e s i z e 

of P w i l l i n c r e a s e g r e a t l y w i t h t h e number of s t a t e s d e f i n e d . The num­

b e r of s t a t e s i s i n t u r n d e p e n d e n t on t h e number of s e t s (o r u n i t s ) 
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d i f f e r e n t i a t e d amongst i n each c a t e g o r y d e f i n e d . The t o t a l number of 

s t a t e s i s found by m u l t i p l i c a t i o n of t h e number of c l a s s e s i n each c a t e ­

g o r y . For e x a m p l e , f i v e c l a s s e s w i t h i n t h e " r a d a r s " c a t e g o r y , f o u r w i t h ­

i n "AAA," and s i x d i f f e r e n t l e a r n i n g s t a t e s y i e l d 5*4*6 = 120 d i f f e r e n t 

s t a t e s . (Above, we had 2*2*2 '2 = 16 d i f f e r e n t s t a t e s . ) The p o i n t t o 

be made i s t h a t s i z e i t s e l f s h o u l d n o t be a f a c t o r i n d e t e r m i n i n g how 

many s t a t e s a r e d e f i n e d . E l e c t r o n i c computer p rograms a r e a v a i l a b l e 

wh ich a r e c a p a b l e of e f f e c t i v e l y d e a l i n g w i t h t h e p r o c e d u r e s t o be i n ­

t r o d u c e d h e r e . 

T h e o r e t i c a l l y , i t would be p o s s i b l e t o have two i n d i v i d u a l a b ­

s o r b i n g s t a t e s i n t h e c h a i n . One such s t a t e would be p e r f e c t knowledge 

and c a p a b i l i t y on t h e p a r t of t h e enemy o p e r a t o r s . The o t h e r would be 

t h e c o m p l e t e d e s t r u c t i o n of t h e enemy r a d a r s . P r a c t i c a l l y , however , 

n e i t h e r of t h e s e cou ld o c c u r . I n t h e f i r s t c a s e , i t i s f e l t t h a t l e a r n i n g 

w i l l r e a c h a c e r t a i n maximum and l e v e l o f f ( r e f e r e n c e p e r s o n a l communica­

t i o n s w i t h Dr . T . L . S a d o s k y ) . I n any c a s e , one would n o t w i s h t o r u n 

m i s s i o n s a g a i n s t p e r f e c t o p p o n e n t s . 

I f t o t a l d e s t r u c t i o n of enemy r a d a r c a p a b i l i t i e s o c c u r r e d , jammers 

would n o t need t o be c a r r i e d . Hence , t h i s c a s e does n o t e n t e r i n t o t h e 

r e a l m of i n t e r e s t t o which t h i s t h e s i s i s d i r e c t e d . Thus we w i l l assume 

t h a t no i n d i v i d u a l a b s o r b i n g s t a t e s e x i s t i n t h e c h a i n . T h i s does n o t 

r u l e ou t t h e p o s s i b i l i t y t h a t a s e t of s t a t e s i s a b s o r b i n g . For e x a m p l e , 

t h e m i s s i o n may be such t h a t ou r a i r c r a f t may be a b l e t o k e e p t h e number 

of enemy r a d a r t o f i v e o r l e s s , b u t c o u l d n o t c o n t r o l t h e l e a r n i n g s t a t e 

of t h e o p e r a t o r s . T h u s , t h e s e t c o n t a i n i n g f i v e o r l e s s r a d a r s and a l l 

l e a r n i n g s t a t e s would be a b s o r b i n g . 
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I f i t i s known t h a t t h e m i s s i o n i n t h i s s i t u a t i o n i s t o be r u n a 

f i x e d , f i n i t e number of t i m e s , s a y n , one c a n e a s i l y c a l c u l a t e t h e 

( a b s o l u t e ) p r o b a b i l i t y t h a t t h e c h a i n w i l l be i n some p a r t i c u l a r s t a t e , 

s ay E^, a t t h e end of t h e n m i s s i o n s . Using t h e f a c t t h a t t h e s t a t e i n 

wh ich t h e c h a i n s t a r t e d i s known, s ay E^, t h e a b s o l u t e p r o b a b i l i t y of 

b e i n g i n s t a t e E a f t e r n m i s s i o n s , a ^ n \ i s j u s t 
K. K. 

S e v e r a l comments c o n c e r n i n g t h e n a t u r e of t h i s c h a i n a r e i n o r d e r . 

The f i r s t t h i n g t o n o t i c e i s t h e f a c t t h a t t h e P ^ j ' s w i l l depend g r e a t l y 

on t h e p u r p o s e of t h e m i s s i o n . I f t h e o b j e c t i v e i s t o d e s t r o y r a d a r and 

AAA s i t e s , t h e P ^ j ' s f ° r i > j i n t h e s e c a t e g o r i e s may be r e l a t i v e l y 

l a r g e a s compared t o t h e P . . ' s and p . . ' s . The P . . ' s f o r l e a r n i n g c a t e -& r 11 j i i j & 

g o r i e s may t e n d t o be s m a l l e r f o r i < j and l a r g e r fo r i > j due t o t h e 

f a c t t h a t o p e r a t o r s w i l l be l o s t and t h e i r r e p l a c e m e n t s w i l l n o t be a s 

e x p e r i e n c e d . However, i f t h e p u r p o s e of t h e m i s s i o n s i s , f o r e x a m p l e , t o 

d e s t r o y i n d u s t r y and t r a n s p o r t a t i o n f a c i l i t i e s , j u s t t h e o p p o s i t e w i l l 

p r o b a b l y be t r u e . 

The c h a i n i s , by d e f i n i t i o n , c l o s e d . By c o n s i d e r i n g t h e n a t u r e 

of t h e e v e n t s i t d e s c r i b e s , i t can a l s o s a f e l y be s t a t e d t h a t i t i s 

a p e r i o d i c . 

Whether o r n o t t h e c h a i n i s r e d u c i b l e depends on s e v e r a l f a c t o r s . 

For example , i n t h e r a d a r and AAA c a t e g o r i e s , i t would depend on t h e . p u r ­

p o s e of t h e m i s s i o n . I f t h e p u r p o s e i s t o d e s t r o y AAA and r a d a r , how ef ­

f e c t i v e i s t h e j o b d o n e , and what i s t h e r e a c t i o n of t h e enemy t o t h e 

d e s t r u c t i o n ? I f t h e enemy does n o t a t t e m p t t o r e b u i l d d e s t r o y e d r a d a r 
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a n d / o r AAA s i t e s , i t i s o b v i o u s t h a t t h e s t a t e s c o n t a i n i n g t h e d e s t r o y e d 

r a d a r a r e t r a n s i e n t . S i m i l a r l y , i f t h e enemy does a t t e m p t t o r e b u i l d , 

b u t our a i r c r a f t i n t e n d t o and a r e e f f e c t i v e enough t o keep him from 

r e a c h i n g t h e p r e v i o u s l y h i g h l e v e l s , t h e s e s t a t e s would s t i l l be t r a n ­

s i e n t . Because of t h e l e a r n i n g t h e enemy o p e r a t o r s o b t a i n , and t h e i r 

c a s u a l t i e s i n h e r e n t i n t h e p r o c e s s , i t i s f e l t t h a t t h i s c a t e g o r y w i l l 

n o t t end t o make a s t a t e e i t h e r t r a n s i e n t o r p e r s i s t e n t . I t i s u n l i k e l y 

t h a t t h e a b s o r b i n g s t a t e of no enemy r a d a r s w i l l b e r e a c t e d , which 

d i r e c t l y i m p l i e s t h a t t h e r e must a lways be some o l d r a d a r s i t e s r e ­

m a i n i n g , o r new ones b u i l t , no m a t t e r what a c t i o n we t a k e . Wi th t h e 

s i t u a t i o n as d e f i n e d i n t h i s p a r a g r a p h , t h e c h a i n would b e r e d u c i b l e , 

c o n t a i n i n g b o t h p e r s i s t e n t and t r a n s i e n t s t a t e s . Note t h a t s e v e r a l 

c l o s e d s e t s a r e p o s s i b l e . 

I t i s a l s o p o s s i b l e t h a t t h e c o n d i t i o n s above do n o t a p p l y , and 

t h a t t h e c h a i n i s i r r e d u c i b l e and a l l s t a t e s a r e p e r s i s t e n t . I n t h i s 

c a s e , t h e e n t i r e c h a i n i s e r g o d i c . We a l s o n o t e t h a t t h e r e a r e no n u l l 

s t a t e s p o s s i b l e i n t h i s c h a i n . The method of d e a l i n g w i t h t h i s t y p e of 

c h a i n w i l l b e d i s c u s s e d n e x t . 

We d e f i n e t h e l i m i t s i n an i r r e d u c i b l e e r g o d i c c h a i n as 

n * co 

which a r e i n d e p e n d e n t of t h e i n i t i a l s t a t e j . The u^ s a t i s f y t h e p r o ­

p e r t i e s : 

(1 ) \ > o 

( 2 > Z \ = 1 
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( 3 ) U j = L U i P i j f ° r 

i 

The p r o b a b i l i t y d i s t r i b u t i o n d e f i n e d by t h e s e l i m i t s , c a l l e d t h e i n ­

v a r i a n t d i s t r i b u t i o n , i s t h e one i n wh ich t h e r e s e a r c h e r i s i n t e r e s t e d 

s i n c e t h e a s s u m p t i o n has b e e n made t h a t t h e m i s s i o n i s t o be r u n an u n ­

known, b u t l a r g e , number of t i m e s . 

R e w r i t i n g p r o p e r t y (3) i n v e c t o r n o t a t i o n , we g e t 

u = uP 

u (P - I ) = 0 

Tha t we want t h e l a r g e s t such s o l u t i o n i s p roved by F e l l e r (pp 3 9 3 - 3 9 4 ) . 

T h i s i s a t y p i c a l e i g e n v e c t o r p rob l em w i t h \ = 1 , and hence no example 

w i l l be g i v e n . Note t h a t i f an e r g o d i c c h a i n which i s n o t i r r e d u c i b l e 

i s u n d e r c o n s i d e r a t i o n , t h e n u^ = 0 f o r a l l s t a t e s which a r e t r a n s i e n t . 

N e x t , t h e c a s e where a r e d u c i b l e c h a i n may be d i v i d e d i n t o a c l a s s 

of t r a n s i e n t s t a t e s and a c l a s s of p e r s i s t e n t i r r e d u c i b l e s t a t e s , w i l l be 

c o n s i d e r e d . Given t h a t t h e s y s t e m s t a r t s from a t r a n s i e n t s t a t e , t h e r e 

a r e two p o s s i b i l i t i e s : e i t h e r t h e s y s t e m u l t i m a t e l y p a s s e s i n t o one of 

t h e c l o s e d s e t s and s t a y s t h e r e f o r e v e r , o r e l s e t h e s y s t e m r e m a i n s f o r ­

e v e r i n t h e t r a n s i e n t s e t . Our p r o b l e m c o n s i s t s i n d e t e r m i n i n g t h e c o r ­

r e s p o n d i n g p r o b a b i l i t i e s . 

The l a s t q u e s t i o n i s e a s i l y a n s w e r e d . S i n c e any c h a i n s e n c o u n t e r e d 

i n t h i s r e s e a r c h w i l l be s t r i c t l y f i n i t e , t h e p r o b a b i l i t y of r e m a i n i n g 

among t h e t r a n s i e n t s t a t e s f o r e v e r i s z e r o . I n t h e s i t u a t i o n i n which 

t h e r e i s o n l y one ( i r r e d u c i b l e ) c l o s e d s e t i n t h e c h a i n , t h e f i r s t q u e s ­

t i o n i s a l s o s i m p l y a n s w e r e d : t h e p r o b a b i l i t y s o u g h t i s u n i t y . 
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N e x t , c o n s i d e r t h e c a s e where t h e r e a r e s e v e r a l c l o s e d s e t s , and 

a s e t of t r a n s i e n t s t a t e s . Given t h a t t h e c h a i n s t a r t s from t h e t r a n ­

s i e n t s e t , t h e r e s e a r c h e r w i s h e s t o know t h e r e s p e c t i v e p r o b a b i l i t i e s 

of e n t e r i n g e a c h of t h e s e c l o s e d s e t s . (Note t h a t t h i s i s t h e same as 

t h e p r o b a b i l i t y t h e c h a i n w i l l be i n each of t h e s e s e t s a f t e r an i n f i n i t e 

number of m i s s i o n s . ) Denote by H t h e c l a s s of t r a n s i e n t s t a t e s and l e t 

R be any one of t h e c l o s e d s e t s of p e r s i s t e n t s t a t e s . Denote by y^ t h e 

p r o b a b i l i t y of u l t i m a t e a b s o r p t i o n i n R g i v e n t h a t t h e i n i t i a l s t a t e i s 

E^ . F e l l e r ( p . 403) p r o v e s t h a t t h e p r o b a b i l i t i e s a r e g i v e n by t h e 

min ima l n o n - n e g a t i v e s o l u t i o n of 

r . = V P . v + V p . 
1 rlV JV Z - . i v 

H R 

where E i s some a r b i t r a r y s t a t e . The above summations e x t e n d o v e r t h o s e v J 

v f o r which e H and E^ e R, r e s p e c t i v e l y . Note t h a t t h e r e may be 

s e v e r a l i n d e p e n d e n t s o l u t i o n s , b u t we s e e k t h e min ima l o n e . 

As an e x a m p l e , c o n s i d e r 

1 0 0 0 0 

1/2 0 1/2 0 0 

0 1/4 1/2 1/4 0 

0 0 1/8 3 / 4 1/8 

0 0 0 0 1 

P = 

No te t h a t t h e r e i s no l o s s of g e n e r a l i t y by a s s i g n i n g t h e v a l u e of 1 t o 

an e n t i r e c l o s e d s e t . Our o r i g i n a l P above may have b e e n 30 x 3 0 , and 

r e a r r a n g i n g and s i m p l i f y i n g h a s been a c c o m p l i s h e d . 

O b v i o u s l y , H = ( E 2 , E ^ E ^ ) ; R.̂  = ( E ^ ; R 2 = ( E ^ . For t h e p r o ­

b a b i l i t y of b e i n g a b s o r b e d i n t o R^: 

http://Z-.iv
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1 0 1/2 0 

1/4 1/2 1/4 

\ o 1/8 3 /4 ; 

0 - 1 0 0 

w 

y 0 = 3 / 4 > y , = 1 / 2 , y , = 1/4 

T h u s , t h e p r o b a b i l i t i e s of a b s o r p t i o n i n t o from t h e v a r i o u s s t a t e s 

a r e : 

El: 1 .00 

E 2 : 0 . 7 5 

E 3 : 0 . 5 0 

E, : 0 . 2 5 

E 5 : 0 . 0 0 

S i n c e t h e r e a r e o n l y two a b s o r b i n g s t a t e s , t h e p r o b a b i l i t i e s of a b s o r p ­

t i o n i n t o R 2 a r e j u s t {1 - P r ( A b s o r b e d i n R ^ ) } . T h u s , 

V 0 . 0 0 

V 
0 .25 

V 0 . 5 0 

V 0 . 7 5 

E c : 1 .00 
5 

I n g e n e r a l , f u r t h e r c a l c u l a t i o n s w i l l b e r e q u i r e d . 

F i n a l l y , t h e r e l a t i o n s h i p of t h e s e u ^ ' s and y ^ ' s t o our o r i g i n a l 

p , ' s must b e d i s c u s s e d . T h i s a c t u a l l y q u i t e s t r a i g h t f o r w a r d . E a r l i e r , 
Y j T r 

a s p e c i f i c mix was e v a l u a t e d wh ich r e s u l t e d i n a p r o b a b i l i t y b e i n g g e n e r ­

a t e d f o r a s p e c i f i c o u t c o m e . I n t h a t s i t u a t i o n , s u c h f a c t o r s as t h e 

l e v e l of l e a r n i n g , number of r a d a r and number of AAA p l a y e d no p a r t i n 

t h e d e t e r m i n a t i o n of t h e p r o b a b i l i t i e s e x c e p t t h a t t h e y were f i x e d i n p u t 
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p a r a m e t e r s . 

I n t h i s s i t u a t i o n , a s p e c i f i c mix i s s t i l l u n d e r e v a l u a t i o n . 

H e r e , t h e a b o v e - m e n t i o n e d f a c t o r s a r e n o t s t a b l e , b u t a r e s u b j e c t t o 

change s i n c e t h e same m i s s i o n i s t o be r u n many t i m e s . As b e f o r e , p o s ­

s i b l e ou tcomes a r e d e f i n e d , b u t t h e y a r e outcomes of t h e e n t i r e s e r i e s 

of f o r a y s , n o t j u s t t h e one r a i d . As b e f o r e , t h e s e outcomes w i l l have 

c o s t s a s s o c i a t e d w i t h them, and our o b j e c t i v e i s t o m i n i m i z e t h e e x ­

p e c t e d c o s t . Depending on wh ich i s a p p l i c a b l e , t h e c o s t s of outcomes 

a r e m u l t i p l i e d by e i t h e r t h e u ^ ' s o r y ^ ' s i n o r d e r t o o b t a i n t h e S p o r ­

t i o n , which i s added t o t h e D p o r t i o n i n o r d e r t o o b t a i n t h e e x p e c t e d 

c o s t s . 

I t i s e n v i s i o n e d t h a t t h i s t y p e of a n a l y s i s would b e u s e d a s t h e 

f i n a l e f f o r t i n a s t u d y of t h i s s o r t . T h u s , t h e e x p e r i m e n t e r would have 

a l l t h e f i g u r e s g e n e r a t e d by p a s t r e s e a r c h . T h i s would e n a b l e t h e d e f i ­

n i t i o n of t h e s t a t e s , a s w e l l a s be a g r e a t a i d i n t h e e s t i m a t i o n of 

t h e p ' s . Note t h a t t h e p ' s depend g r e a t l y on t h e d e f i n i t i o n s of t h e 

Markov s t a t e s . Wi th a j u d i c i o u s c h o i c e of s t a t e d e f i n i t i o n s , some, i f 

n o t a l l , of t h e p , ' s found from p r e v i o u s work c o u l d be used a s p ' s i n 

t h e m a t r i x . The o t h e r p ' s would be e s t i m a t e d by a worke r f a m i l i a r w i t h 

t h e r e s u l t s of a l l p r e v i o u s work . I n t h i s way, t h e e s t i m a t e s of t h e p ' s 

would n o t be f a r from t h e i r a c t u a l v a l u e . A s e n s i t i v i t y a n a l y s i s on t h e 

p . . ' s c o u l d be a c c o m p l i s h e d as was done on t h e p , ' s . Note t h a t t h e r e 

w i l l be many p e r m u t a t i o n s which must be c o n s i d e r e d , and hence t h e p r o ­

blem i s p o s s i b l y q u i t e l a r g e . However, t h e r e s u l t s t o be u sed i n t h e 

e x p e c t e d c o s t e v a l u a t i o n a r e n o t t h e p ' s , b u t t h e y ^ ' s a n d t h e u ^ ' s . 

F r a c t i o n a l c h a n g e s i n t h e p ' s would n o t have a g r e a t e f f ec t : on t h e s e 
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f i g u r e s , and hence t h e e x p e c t e d c o s t f i g u r e s would n o t change a g r e a t 

d e a l . T h i s i m p l i e s , of c o u r s e , t h a t t h e e x p e c t e d c o s t i s n o t t o o s e n s i ­

t i v e t o t h e p ' s . 

The f o l l o w i n g example s h o u l d d e m o n s t r a t e t h e u s e of t h e s e c o n c e p t s . 

I n o r d e r t o k e e p t h e example of a r e a s o n a b l e s i z e , we w i l l d e f i n e t h r e e 

l e a r n i n g s t a t e s , A, B , and C, t o c o r r e s p o n d w i t h t h o s e shown i n F i g u r e 3 . 

Two a r b i t r a r y c l a s s e s of r a d a r s i t e s w i l l be u s e d , M and N, N c o n t a i n i n g 

more r a d a r t h a n M. Thus t h e r e w i l l b e 3*2 = 6 d i f f e r e n t Markov s t a t e s . 

We d e f i n e 

E l • l e a r n i n g s t a t e A, r a d a r c l a s s M 

E 2 = l e a r n i n g s t a t e A, r a d a r c l a s s N 

E 3 = l e a r n i n g s t a t e B, r a d a r c l a s s M 

E 4 = l e a r n i n g s t a t e B, r a d a r c l a s s N 

E 5 = l e a r n i n g s t a t e C, r a d a r c l a s s M 

E 6 = l e a r n i n g s t a t e C, r a d a r c l a s s N. 

S i n c e t h e t y p e of m i s s i o n and r e a c t i o n of t h e enemy i s c r i t i c a l 

t o t h e p ' s , l e t us assume t h a t m i s s i o n s a r e b e i n g r u n i n which t h e d e s ­

t r u c t i o n of r a d a r i s i n c i d e n t a l , and t h a t t h e enemy i s n o t b u i l d i n g r a d a r 

s i t e s a t a r a p i d p a c e . The f i r s t s p e c i f i c a t i o n i m p l i e s t h a t t h e p r o b a ­

b i l i t i e s of d e s t r u c t i o n of r a d a r and of d e c r e a s e i n l e a r n i n g s t a t e s a r e 

l o w . The second i m p l i e s t h a t t h e p r o b a b i l i t y of g o i n g from M t o N i s 

a l s o f a i r l y low. Wi th t h e s e f a c t s i n mind , and o b s e r v i n g t h e e f f e c t 

t h a t t h i s p a r t i c u l a r mix of p e n a i d s has had on enemy o p e r a t o r s ( j u d g i n g 

from p r e v i o u s e x p e r i e n c e ) , t h e r e s e a r c h e r d e c i d e s t h a t t h e P m a t r i x 

i s as f o l l o w s : 
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P = 

E l E 2 E 3 \ E 5 E 6 

1/2 0 3 / 8 1/16 1/16 0 E l 

1/32 1/2 1/32 3 / 8 0 1/16 E 2 

1/16 0 1/2 1/16 3 / 8 0 E 3 

0 1/16 0 1/2 1/16 3 / 8 E 4 

0 0 1/8 0 1/2 3 / 8 E 5 

0 0 0 1/16 1/16 7 / 8 E 6 

The c h a i n i s i r r e d u c i b l e and e r g o d i c , and hence t h e r e s e a r c h e r i s 

i n t e r e s t e d i n o b t a i n i n g t h e u j c ' s * T h u s , t h e f o l l o w i n g p r o b l e m i s f o r ­

m u l a t e d : 

- - t 
u l 

U 2 

U 3 

U 4 

U 5 

_U6_ 

- 1 / 2 0 3 / 8 1/16 1/16 0 U l 

1/32 - 1 / 2 1/32 3 / 8 0 1/16 U 2 

1/16 0 - 1 / 2 1/16 3 /8 0 U 3 

0 1/16 0 - 1 / 2 1/16 3 / 8 U 4 

0 0 1/8 0 - 1 / 2 3 / 8 u 5 

0 0 0 1/16 1/16 - 1 / 8 

A s o l u t i o n t o t h i s p r o b l e m i s : 

u i • 0 .0430 

1.000 

u - = 0 .5316 

u 4 = 2 4 . 0 0 0 0 

« • = 1.4910 

U 6 = 8 .5526 

where t h e i n d i c a t e s t h a t t h e s o l u t i o n has y e t t o be n o r m a l i z e d , 
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The n o r m a l i z e d s o l u t i o n i s : 

ul = 0 .0012 

u 2 = 0 . 0 2 8 1 

u 3 = 0 .0149 

u , = 0 .6738 4 

u 5 = 0 .0419 

u^ = 0 . 2 4 0 1 

6 

Assume t h a t t h e d e t e r m i n i s t i c c o s t f o r t h e mix u n d e r c o n s i d e r a t i o n 

i s $ 1 0 0 . F u r t h e r , assume t h a t t h e f o l l o w i n g c o s t s f o r t h e Markov s t a t e s 

a r e a p p l i c a b l e : 

c o s t of Ê ^ = $ 3 0 , 0 0 0 

c o s t of E 2 = $ 5 0 , 0 0 0 

c o s t of E 3 = $ 5 0 , 0 0 0 

c o s t of E^ = $ 8 0 , 0 0 0 

c o s t of E 5 = $ 9 0 , 0 0 0 

c o s t of E 6 = $100 ,000 

T h e r e f o r e , t h e e x p e c t e d c o s t f o r t h i s m i x , when used i n a s i t u a t i o n i n 

wh ich t h e Markov a n a l y s i s i s a p p l i c a b l e , i s 

E(C) = D + S 

= [ 1 0 0 ] + [ ( 0 . 0 0 1 2 ) ( 3 ) + ( 0 . 0 2 8 1 ) ( 5 ) + ( 0 . 0 1 4 9 ) ( 5 ) 

+ ( 0 . 6 7 3 8 ) ( 8 ) + ( 0 . 0 4 1 8 ) ( 9 ) + ( 0 . 9 4 0 1 ) ( 1 0 ) ] X 1 0 4 

= $83,962 
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CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

The p u r p o s e of t h i s t h e s i s has been t o p r e s e n t an a n a l y t i c a l t e c h ­

n i q u e t o e n a b l e a r e s e a r c h e r t o e v a l u a t e t h e c o s t - e f f e c t i v e n e s s of v a r ­

i o u s p e n e t r a t i o n a i d s and mixes of p e n e t r a t i o n a i d s . The r e a l - w o r l d 

s i t u a t i o n a n a l y z e d i s one of u n c e r t a i n t y s i n c e l i t t l e i s known abou t 

t h e p r o b a b i l i t i e s of t h e p o s s i b l e outcomes of t h e m i s s i o n ( s ) t o be r u n . 

The e f f e c t i v e n e s s of t h e v a r i o u s mixes of p e n a i d s i s assumed t o be e x ­

p r e s s e d as p r o b a b i l i t i e s , t h u s a r r i v i n g a t a ( d i s c r e t e ) p r o b a b i l i t y d i s ­

t r i b u t i o n f o r t h e p o s s i b l e o u t c o m e s . Hence t h e s i t u a t i o n i s no l o n g e r 

one of u n c e r t a i n t y , b u t of r i s k . Using t h e s e p r o b a b i l i t i e s as w e i g h t s , 

t h e e x p e c t e d c o s t of t h e s t o c h a s t i c p o r t i o n of t h e model i s found . To 

t h i s s t o c h a s t i c p o r t i o n , t h e d e t e r m i n i s t i c c o s t s i n v o l v e d i n t h e u s e of 

t h a t p a r t i c u l a r mix of p e n a i d s i s a d d e d , t h u s a r r i v i n g a t an e x p e c t e d 

c o s t f i g u r e a s s o c i a t e d w i t h t h e u s e of t h a t s e t of p e n e t r a t i o n a i d s . 

By compar ing t h e e x p e c t e d c o s t f i g u r e s and c h o o s i n g t h e min imal o n e , 

one can s e l e c t t h e most c o s t - e f f e c t i v e mix of p e n e t r a t i o n a i d s t o be 

u s e d f o r t h e p a r t i c u l a r s i t u a t i o n u n d e r i n v e s t i g a t i o n . 

T h i s p a r t i c u l a r p r o c e d u r e i s n o t n e c e s s a r i l y u n i q u e . S i n c e i t 

was d e s i r e d t o keep t h i s t h e s i s u n c l a s s i f i e d , d i s c u s s i o n and d e m o n s t r a ­

t i o n of r e a l - w o r l d examples was i m p o s s i b l e . Due t o t h e s p e c i f i c c h a r a c ­

t e r i s t i c s i n v o l v e d , t h e g e n e r a l t e c h n i q u e s p r e s e n t e d i n t h i s t h e s i s may 

r e q u i r e minor m o d i f i c a t i o n s when w o r k i n g on r e a l - w o r l d p e n a i d s . I t i s 

f e l t t h a t t h e s e m o d i f i c a t i o n s , i f r e q u i r e d , w i l l be o b v i o u s when a 
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s p e c i f i c p e n e t r a t i o n a i d i s s t u d i e d . 

One e f f e c t of t h i s r e s e a r c h i n t o a method of e v a l u a t i n g c o s t -

e f f e c t i v e n e s s was t o r a i s e many q u e s t i o n s which must be s a t i s f a c t o r i l y 

answered i n o r d e r t o c o n d u c t a t h o r o u g h i n v e s t i g a t i o n of t h e c o s t - e f f e c ­

t i v e n e s s of e x p e n d a b l e p e n e t r a t i o n a i d s . T h e s e w i l l be b r i e f l y d i s c u s s e d 

b e l o w . 

I n ou r mode l , we assumed t h a t c e r t a i n t y p e s of c o s t s were d e t e r ­

m i n i s t i c . I n t h e r e a l w o r l d , t h e s e may n o t , i n f a c t , be d e t e r m i n i s t i c 

a t a l l . T h i s would o b v i o u s l y be t h e c a s e when a newly d e v e l o p e d p e n a i d 

was b e i n g t e s t e d . Most of t h e c o s t s i n v o l v e d i n t h e d e t e r m i n i s t i c p o r ­

t i o n of t h e model would n o t have o c c u r r e d as y e t , and t h u s would have t o 

be e s t i m a t e d . I f i t were p o s s i b l e t o e s t i m a t e t h e i n d i v i d u a l c o s t of 

each u n i t t o w i t h i n , s a y , 20%, t h e i n v e s t i g a t o r c o u l d u s e a minimum, 

maximum, and "most l i k e l y " c o s t a s d^ i n t h e e v a l u a t i o n s . Note t h a t , 

u s i n g t h e s e t h r e e d i f f e r e n t c o s t s , d i f f e r e n t mixes cou ld be chosen as 

o p t i m a l . However, t h e r e s e a r c h e r s h o u l d be a b l e t o make a f a i r l y a c ­

c u r a t e g u e s s a s t o t h e a d v i s a b i l i t y of d e v e l o p i n g and m a n u f a c t u r i n g a 

p r o p o s e d p e n a i d . Even when a d e v e l o p e d , m a n u f a c t u r e d p e n e t r a t i o n a i d 

i s b e i n g i n v e s t i g a t e d , t h e s e " d e t e r m i n i s t i c " c o s t s may n o t l e n d them­

s e l v e s t o e x a c t c o s t i n g , and t h e same t e c h n i q u e may be a p p l i e d . How­

e v e r , i n t h i s l a t t e r c a s e , c o s t s s h o u l d , of c o u r s e , be much more a c ­

c u r a t e . 

P e r h a p s t h e most i m p o r t a n t q u e s t i o n s which must be answered a r e 

how t h e mixes t o be t e s t e d a r e c h o s e n and t h e t e c h n i q u e s and s t r a t e g i e s 

t o be u sed i n t h e t e s t i n g of t h e v a r i o u s mixes of p e n a i d s . Some i n f o r ­

m a t i o n can be o b t a i n e d from t h e s p e c i f i c c h a r a c t e r i s t i c s b e l o n g i n g t o 
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t h e p e n a i d . I s i t an a c t i v e o r p a s s i v e p e n a i d ? I f a c t i v e , what a r e 

i t s power r e q u i r e m e n t s a n d / o r power c a p a b i l i t i e s ? I f i t i s d e s i g n e d t o 

work a g a i n s t o n l y c e r t a i n f r e q u e n c i e s , we may be a b l e t o e l i m i n a t e i t s 

u s e a g a i n s t r a d a r t h r e a t s of d i f f e r e n t f r e q u e n c i e s . I f i t i s t o be 

u s e d i n c o n j u n c t i o n w i t h o t h e r p e n a i d s , a r e t h e r e any c h a r a c t e r i s t i c s 

of t h e p e n a i d which would i n t e r f e r e w i t h t h e e f f e c t i v e n e s s of any of 

t h e o t h e r s (and v i c e v e r s a ) ? I s t h e r e a n y t h i n g i n h e r e n t i n t h e c h a r a c ­

t e r i s t i c s of t h i s p e n a i d which would g i v e us i n s i g h t i n t o t h e number 

of t h e s e p e n a i d s r e q u i r e d t o r e a c h a c r i t i c a l p o i n t of e f f e c t i v e n e s s ? 

Can we i n f e r what t h e optimum a l t i t u d e , d i s t a n c e from t h r e a t r a d a r , f o r ­

m a t i o n of t h e d rop of t h e s e p e n a i d s , e t c . , s h o u l d be most e f f e c t i v e from 

t h e p e n a i d c h a r a c t e r i s t i c s ? I f i t i s an a c t i v e p e n a i d , i s i t u n i d i r e c ­

t i o n a l , o m n i d i r e c t i o n a l , o r somewhere i n be tween? 

Q u e s t i o n s l i k e t h e above s h o u l d be answered as f u l l y as p o s s i b l e 

t h r o u g h a n a l y t i c a l t e c h n i q u e s . I t i s assumed t h a t t h o s e q u e s t i o n s which 

a r e n o t answered a n a l y t i c a l l y w i l l be answered as w e l l a s p o s s i b l e 

t h r o u g h t h e t e c h n i q u e of s i m u l a t i o n . S i n c e a s i m u l a t i o n of t h i s t y p e 

c o u l d e a s i l y c o s t t h o u s a n d s of d o l l a r s p e r computer h o u r , i t o b v i o u s l y 

would be e c o n o m i c a l t o o b t a i n a s much i n f o r m a t i o n a s i s p o s s i b l e b e f o r e 

a s i m u l a t i o n s t u d y i s r u n . Even i f q u a n t i t a t i v e answers c a n n o t be o b ­

t a i n e d a n a l y t i c a l l y , a p r e s i m u l a t i o n a n a l y s i s c o u l d w e l l i n d i c a t e t h e 

d i r e c t i o n i n which t h e emphas i s i n t h e s i m u l a t i o n s h o u l d be p l a c e d . For 

e x a m p l e , t h e minimum number of p e n a i d s which would have any e f f e c t on a 

r a d a r of c e r t a i n ( f i x e d ) c a p a b i l i t i e s may n o t be a b l e t o be d e t e r m i n e d 

e x a c t l y by a n a l y t i c a l t e c h n i q u e s , b u t t h e g e n e r a l a r e a wh ich must be 

i n v e s t i g a t e d c o u l d be found . 
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One major s o u r c e of i n f o r m a t i o n a b o u t t h e e f f e c t i v e n e s s and u s e 

of p e n a i d s i s d a t a from t h e f i e l d : i . e . , r e a l d a t a . Whi l e t h i s t y p e 

of d a t a i s n o t o r i o u s f o r i n c o m p l e t e n e s s and u s u a l l y c o n t a i n s some e r r o r , 

t h i s can be a s o u r c e of i n v a l u a b l e i n f o r m a t i o n t o t h e r e s e a r c h e r . N a t u ­

r a l l y t h i s t y p e of d a t a c o u l d c o n t a i n i n f o r m a t i o n s u p e r f l o u s t o t h e s t u d y 

b e i n g u n d e r t a k e n , and may n o t c o n t a i n c e r t a i n i n f o r m a t i o n which i s v i t a l 

t o t h e r e s e a r c h . N e v e r t h e l e s s , a c r i t i c a l a n a l y s i s of any d a t a a v a i l ­

a b l e would i m p a r t some i m p o r t a n t i n f o r m a t i o n t o t h e i n v e s t i g a t o r . I f 

such d a t a i s a v a i l a l b e , i t s h o u l d be t h o r o u g h l y r e v i e w e d . 

Assuming t h a t a l l p o s s i b l e i n f o r m a t i o n has been o b t a i n e d from p r e -

s i m u l a t i o n i n v e s t i g a t i o n s , we n e x t come t o t h e s i m u l a t i o n i t s e l f . B e f o r e 

a s i m u l a t i o n c a n be r u n , i t must be d e c i d e d e x a c t l y what i s t o be o b ­

t a i n e d from t h e s i m u l a t i o n . Once t h i s q u e s t i o n has been s e t t l e d , t h e i n ­

p u t p a r a m e t e r s can be d e c i d e d upon . 

One of t h e f i r s t t h i n g s which must be d e c i d e d i s t h e n a t u r e of t h e 

t h r e a t i t s e l f . I t i s a n t i c i p a t e d t h a t t h e f i r s t t y p e of i n v e s t i g a t i o n s 

w i l l be o n e - r a d a r - t o - o n e - a i r c r a f t s o l u t i o n s . ( I t was t h i s t y p e of s i t u a ­

t i o n wh ich was e n v i s i o n e d when t h e examples i n t h e second s e c t i o n of 

C h a p t e r I I I and t h e example i n Appendix A were p r e s e n t e d . Wi th a s p e c i ­

f i e d a i r c r a f t and no i n f o r m a t i o n abou t t h e p e n a i d s , we may w i s h t o d e ­

f i n e t h e mixes t o be t e s t e d i n t e rms of t h e a i r c r a f t i t s e l f . ) T h i s t y p e 

of i n v e s t i g a t i o n s h o u l d y i e l d such i n f o r m a t i o n a s t h e optimum a l t i t u d e , 

t i m i n g , d i s t a n c e , l o c a t i o n , and t y p e s of mixes of p e n a i d s which a r e most 

e f f e c t i v e a g a i n s t t h a t p a r t i c u l a r r a d a r f o r t h a t a i r c r a f t . The number 

of p o s s i b l e s t r a t e g i e s ( w i t h r e s p e c t t o t h e j u s t men t ioned t y p e of d a t a ) 

t h a t may be used i n t h i s s i t u a t i o n i s q u i t e l a r g e . Hence i t i s r e a d i l y 
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a p p a r e n t t h a t any i n f o r m a t i o n which can be g a i n e d b e f o r e t h e s i m u l a t i o n 

i s run i s q u i t e v a l u a b l e , and can s a v e much s i m u l a t i o n t i m e . 

Given t h a t t h e o n e - o n - o n e s i t u a t i o n has been a n a l y z e d and t h e c a p a ­

b i l i t i e s of t h e v a r i o u s mixes of p e n a i d s has been e v a l u a t e d , t h e n e x t s t e p 

would be t o i n c r e a s e t h e number of t h r e a t r a d a r a n d / o r t h e number of a i r ­

c r a f t . T h i s o b v i o u s l y i n c r e a s e s t h e number of p o s s i b l e p e n a i d m i x e s , t h e 

number of p o s s i b l e o u t c o m e s , and hence t h e p o s s i b l e c o s t s . We may w i s h 

t o i n c r e a s e f i r s t one ( e . g . , t h e number of r a d a r s ) k e e p i n g t h e o t h e r 

c o n s t a n t a t u n i t y , t h e n i n c r e a s e t h e number of t h e o t h e r , k e e p i n g t h e 

f i r s t c o n s t a n t a t u n i t y . F i n a l l y , t e s t i n g would be a c c o m p l i s h e d i n t h e 

s i t u a t i o n where b o t h m u l t i p l e t h r e a t and m u l t i p l e a i r c r a f t a r e b e i n g c o n ­

s i d e r e d . 

C o n s i d e r t h e s i t u a t i o n i n which t h e t h r e a t c o n s i s t s of m u l t i p l e 

r a d a r . The d e c i s i o n migh t be made t o g roup t h e r a d a r i n t o c l a s s e s , a s 

m e n t i o n e d i n C h a p t e r IV . These c l a s s i f i c a t i o n s c o u l d be made on t h e 

b a s i s of number , l o c a t i o n , c a p a b i l i t i e s ( e . g . , f r e q u e n c y ) , e t c . , of t h e 

r a d a r , d e p e n d i n g on t h e p a r t i c u l a r mixes unde r c o n s i d e r a t i o n . Note t h a t 

t h e s e c l a s s e s c o u l d be d i f f e r e n t f o r d i f f e r e n t mixes of p e n a i d s . 

When d e a l i n g w i t h m u l t i p l e a i r c r a f t , n o t o n l y do t h e v a r i o u s mixes 

have t o be c o n s i d e r e d ( w i t h a l l t h e s t r a t e g i e s i n v o l v e d t h e r e i n ) , b u t t h e 

s t r a t e g i e s f o r t h e u s e of t h e a i r c r a f t t h e m s e l v e s must be t a k e n i n t o a c ­

c o u n t . For example , i f an o p t i m a l mix ( v s . a p a r t i c u l a r t h r e a t ) i s known, 

how s h o u l d t h i s mix be d i s t r i b u t e d amongst t h e a i r c r a f t ? For a p a r t i c u l a r 

d i s t r i b u t i o n of t h i s m i x , what i s t h e o p t i m a l a i r c r a f t f o r m a t i o n t o be 

f lown? The i n v e s t i g a t i o n t o f i n d t h e s o l u t i o n of t h e s e l a s t two q u e s t i o n s 

w i l l be q u i t e i n v o l v e d . I t i s t h e r e f o r e o b v i o u s t h a t i n s i t u a t i o n s f o r 
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wh ich no o p t i m a l mix i s known, and many v a r i o u s mixes must be t e s t e d 

u n d e r v a r i o u s s t r a t e g i e s , m e a n i n g f u l e v a l u a t i o n w i l l be q u i t e l a r g e , 

t i m e - c o n s u m i n g , and e x p e n s i v e . 

The i d e a l s i t u a t i o n would be one i n which an a n a l y t i c a l , q u a n t i t a ­

t i v e method c o u l d be found wh ich u s e s t h e i n f o r m a t i o n o b t a i n e d i n t h e 

o n e - o n - o n e s i t u a t i o n and a p p l i e s i t t o t h e m u l t i p l e r a d a r and a i r c r a f t 

c a s e . As a s i m p l e e x a m p l e , assume t h a t t h e p r o b a b i l i t y of l o s s of t h e 

a i r c r a f t i n t h e one a i r c r a f t s i t u a t i o n ( v e r s u s some s p e c i f i e d t h r e a t ) i s 

d i s t r i b u t e d a c c o r d i n g t o a b i n o m i a l d i s t r i b u t i o n when p l o t t e d a g a i n s t , 

s a y , t h e number of p e n a i d s of a p a r t i c u l a r t y p e u s e d . I f we c o u l d s a y 

t h e p r o b a b i l i t y of k i l l s i n t h e m u l t i p l e a i r c r a f t c a s e ( a g a i n s t t h e same 

t h r e a t ) when p l o t t e d u s i n g t h e same p e n a i d was d i s t r i b u t e d a c c o r d i n g t o 

a m u l t i n o m i a l d i s t r i b u t i o n , we would have a s i m p l e a n a l y t i c a l t e c h n i q u e 

w i t h wh ich t o e v a l u a t e t h e m u l t i p l e a i r c r a f t c a s e . However, t h e a u t h o r 

f e e l s t h a t s u c h a method w i l l , u n f o r t u n a t e l y , n o t be found . The r e a s o n 

f o r t h i s p e s s i m i s m i s t h e f a c t t h a t t h e r e a r e t o o many v a r i a b l e s i n v o l v e d 

i n t h e p r o b l e m u n d e r i n v e s t i g a t i o n . Fo r e x a m p l e , i f a fo rmula f o r one 

p a r t i c u l a r s i t u a t i o n c o u l d be found , a change i n one of t h e i n p u t p a r a ­

m e t e r s , e . g . , t e r r a i n , c o u l d e a s i l y i n v a l i d a t e t h e f o r m u l a . Thus t h e 

r e l a t i o n s h i p would p o s s i b l y have t o be m o d i f i e d f o r each s i t u a t i o n , and 

t h e d e t e r m i n a t i o n of t h e r e q u i r e d m o d i f i c a t i o n would n e c e s s i t a t e an 

e v a l u a t i o n . I t would be p o s s i b l e , a t t h e c o n c l u s i o n of t h e r e s e a r c h , 

t o examine a l l d a t a o b t a i n e d i n o r d e r t o i n v e s t i g a t e t h e p o s s i b i l i t y 

t h a t such a r e l a t i o n s h i p e x i s t s . However, i f f o u n d , t h e r e i s no g u a r a n ­

t e e t h a t t h e r e l a t i o n s h i p would be s o l v a b l e i n an a c t u a l c a s e . Due t o 

t h e many f a c t o r s i n v o l v e d i n t h e p r o b l e m , any such r e l a t i o n s h i p would 
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u n d o u b t e d l y i n v o l v e many n o n l i n e a r i t i e s and d e p e n d e n c i e s which c o u l d 

w e l l make t h e r e l a t i o n s h i p i m p o s s i b l e t o u s e . Thus t h e a u t h o r c o n ­

c l u d e s t h a t , a s u n d e s i r a b l e as i t i s , s i m u l a t i o n may be t h e o n l y t e c h ­

n i q u e wh ich i s a v a i l a b l e t o d e a l w i t h t h e m u l t i p l e t h r e a t / a i r c r a f t s i t u a ­

t i o n s . 

When d e a l i n g w i t h t h e Markov a n a l y s i s , i t s h o u l d be emphas ized 

t h a t any f a c t o r n o t e x p l i c i t l y used i n t h e d e f i n i t i o n of t h e s t a t e s i s 

t o be c o n s i d e r e d a f i x e d i n p u t p a r a m e t e r . T h u s , f o r e x a m p l e , t h e s t r a ­

t e g i e s employed c o u l d be made e i t h e r a c a t e g o r y t o be u s e d i n s t a t e d e f i ­

n i t i o n , o r cou ld be c o n s i d e r e d f i x e d and s e v e r a l c h a i n s e v a l u a t e d f o r 

d i f f e r e n t s t r a t e g i e s . 

When d e a l i n g w i t h Markov a n a l y s e s , a n o t h e r t y p e of s t r a t e g y n e e d s 

t o b e c o n s i d e r e d . I n a d d i t i o n t o l e a r n i n g and i n c r e a s i n g i n c a p a b i l i t i e s , 

o p e r a t o r s h a v e a t e n d e n c y t o f o r g e t and d e c r e a s e i n c a p a b i l i t y when t h e y 

do n o t s e e t h e e f f e c t of a p a r t i c u l a r p e n e t r a t i o n a i d mix on t h e i r s c r e e n s . 

T h i s i m p l i e s t h a t a s t r a t e g y of v a r y i n g t h e mixes of p e n a i d s when f l y i n g 

c o n t i n u a l l y o v e r t h e same t h r e a t / t a r g e t s h o u l d b e employed . The t i m i n g 

of t h e u s a g e of t h e mixes s h o u l d , of c o u r s e , b e on an i r r e g u l a r b a s i s 

so t h a t t h e r a d a r o p e r a t o r s w i l l n o t be a b l e t o a n t i c i p a t e t h e p i c t u r e 

wh ich t h e y w i l l s e e on t h e i r s c r e e n s . 

The e x a c t c u r v e s of l e a r n i n g , c a p a b i l i t i e s , and " f o r g e t f u l n e s s " 

w i l l have t o be d e t e r m i n e d by compe ten t r e s e a r c h e r s . P e r s o n a l communica­

t i o n s w i t h Dr . T . L . Sadosky r e v e a l t h a t work has been done i n t h e a r e a 

of t h e l e a r n i n g a b i l i t y of r a d a r o p e r a t o r s . However, most of t h i s work 

has b e e n done w i t h i n e x p e r i e n c e d o p e r a t o r s . I t i s a l s o n o t e d t h a t t h e 

speed of l e a r n i n g may v a r y w i t h t h e p a r t i c u l a r mix u s e d , and t h u s 
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l e a r n i n g c u r v e s may have t o be d e v e l o p e d f o r each mix i n v e s t i g a t e d . 

T h i s h o l d s t r u e f o r b o t h t h e c a p a b i l i t y and " f o r g e t f u l n e s s " c u r v e s . 

From t h e above d i s c u s s i o n s , i t i s n o t e d t h a t f u r t h e r work i s r e ­

q u i r e d i n t h e f o l l o w i n g a r e a s : 

( a ) The " d e t e r m i n i s t i c " p o r t i o n of t h e model ( i . e . , 

(b ) Methods of a n a l y s i s of p r e - s i m u l a t i o n d a t a , i n c l u d i n g 

( i ) c h a r a c t e r i s t i c s i n h e r e n t i n t h e p e n e t r a t i o n a i d , 

( i i ) " l i v e " d a t a from t h e f i e l d . 

( c ) A compute r p rog ram c a p a b l e of s i m u l a t i o n of a l l t h e p a r a ­
m e t e r s and v a r i a b l e s i n v o l v e d i n t h e e s t i m a t i o n of t h e 
p r o b a b i l i t i e s used a s t h e m e a s u r e of e f f e c t i v e n e s s . 

(d ) The d e t e r m i n a t i o n of an a n a l y t i c a l r e l a t i o n s h i p be tween 
t h e u s e of i n f o r m a t i o n o b t a i n e d i n t h e o n e - o n - o n e s i t u a ­
t i o n a s a p p l i e d t o t h e m u l t i p l e a i r c r a f t , m u l t i p l e t h r e a t 
c a s e s . 

( e ) I n v e s t i g a t i o n of t h e l e a r n i n g and c a p a b i l i t y c u r v e s of 
r a d a r o p e r a t o r s . 

( f ) " F o r g e t f u l n e s s " c u r v e s of r a d a r o p e r a t o r s , t o i n c l u d e t h e 
e f f e c t of t h e s t r a t e g y of c h a n g i n g t h e mixes u sed when 
f l y i n g a m i s s i o n many t imes o v e r t h e same t h r e a t / t a r g e t . 

(g) The method of combin ing t h e c u r v e s i n ( e ) and ( f ) t o g e t 
t h e o v e r a l l e f f e c t of w h a t e v e r s t r a t e g y i s employed . 

I n c o n c l u s i o n , we n o t e t h a t t h e t e c h n i q u e s p r e s e n t e d i n t h i s 

t h e s i s a r e v e r y g e n e r a l , and g i v e a method f o r t h e d e t e r m i n a t i o n of t h e 

most c o s t - e f f e c t i v e mix of p e n e t r a t i o n a i d s . S e v e r a l of t h e p rob lems 

wh ich w e r e met i n t h e c o u r s e of t h e i n v e s t i g a t i o n w e r e d i s c u s s e d , and 

t h e i r r e s o l u t i o n p r e s e n t e d . F i n a l l y , some of t h e p rob lems wh ich have 

y e t t o be s o l v e d , b u t must be a d e q u a t e l y d e a l t w i t h i n o r d e r t o accom­

p l i s h a t h o r o u g h i n v e s t i g a t i o n of e x p e n d a b l e p e n e t r a t i o n a i d s were d i s ­

c u s s e d . R e s e a r c h i n t o t h e c o s t - e f f e c t i v e n e s s of e x p e n d a b l e p e n e t r a t i o n 
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a i d s w i l l be l o n g , a r d u o u s , and e x p e n s i v e . However, t h e r e a l - w o r l d 

s i t u a t i o n wh ich i t i s d e s i g n e d t o i n v e s t i g a t e i s an e x p e n s i v e , and p o s ­

s i b l e v i t a l , o n e , and t h e t i m e , e f f o r t , and e x p e n s e s h o u l d be w e l l w o r t h 

t h e i r e x p e n d i t u r e . 
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APPENDIX A 

A FULL EXAMPLE FOR A SINGLE AIRCRAFT 

I n t h i s example , i t i s assumed t h a t t h e r e a r e one a i r c r a f t and 

two t y p e s of p e n e t r a t i o n a i d s t o b e e v a l u a t e d . F u r t h e r , assume t h a t 

t h e r e i s an o p p o r t u n i t y c o s t of a p p r o x i m a t e l y $600 ,000 a s s o c i a t e d w i t h 

t h e accompl i shmen t o f t h e m i s s i o n w i t h r e s p e c t t o t h e t a r g e t . I n a d d i ­

t i o n , assume t h a t i f t h e t a r g e t i s a c q u i r e d , t h e p r o b a b i l i t y of t h e m i s ­

s i o n accompl i shmen t w i t h r e s p e c t t o t h e t a r g e t i s u n i t y . T h r e e p o s s i ­

b l e m i s s i o n ou tcomes a r e d e f i n e d : 

K = 

= a i r c r a f t d e s t r o y e d b e f o r e a c q u i r i n g t a r g e t 

= a i r c r a f t d e s t r o y e d a f t e r a c q u i r i n g t a r g e t 

k^ = a i r c r a f t n o t d e s t r o y e d , t a r g e t a c q u i r e d . 

T a b l e 2 i s r e p e a t e d t o a v o i d n o t a t i o n a l c o n f u s i o n . 

T h e r e a r e o t h e r e l e m e n t s of K p o s s i b l e , b u t we i n c l u d e o n l y t h e s e 

t h r e e i n o r d e r t o keep t h e example s m a l l . 

The a s s o c i a t e d c o s t s a r e : 

f = $ 1 , 0 0 0 , 0 0 0 

F = | f = $400 ,000 

f 3 = - $ 6 0 0 , 0 0 0 

The same p a r a m e t e r s w i l l b e used a s we re u sed i n t h e s e c t i o n on 

s i n g l e a i r c r a f t i n C h a p t e r I I I . These a r e : 



T a b l e 2 . D e f i n i t i o n of Symbols 

E(C) e x p e c t e d c o s t 

T t h e s p e c i f i c t h r e a t t o be e n c o u n t e r e d d u r i n g t h e m i s s i o n 

M t h e s p e c i f i c m i s s i o n t o be r u n 

j p e n e t r a t i o n a i d t y p e s , j - 1 , 2 , . . . , m 

D d e t e r m i n i s t i c c o s t f o r a l l p e n a i d s u s e d f o r t h e m i s s i o n 

d j i n d i v i d u a l c o s t s of p e n a i d j 

X. i n a m i s s i o n i n v o l v i n g o n l y one a i r c r a f t , t h e number of 
^ p e n a i d s of t y p e j 

volume of ( i n d i v i d u a l ) p e n a i d j 

w e i g h t of ( i n d i v i d u a l ) p e n a i d j 

V volume c a p a c i t y f o r p e n a i d s of t h e g i v e n a i r c r a f t 

W w e i g h t c a p a c i t y f o r p e n a i d s of t h e g i v e n a i r c r a f t 

r c l a s s of a l l mixes of p e n a i d s c o n s i d e r e d 

L c l a s s of i n d i c e s on t h e mixes a n d / o r r a t i o s u n d e r 
cons i d e r a t i o n 

1 an e l e m e n t of L 

an e l emen t of T 

K c l a s s of a l l p o s s i b l e c o n s i d e r e d outcomes of t h e m i s s i o n 

R c l a s s of i n d i c e s f o r t h e e l e m e n t s i n K 

r an e l emen t of R 

k an e l e m e n t of K 
r 

F c l a s s of t h e c o s t s of ou tcomes g i v e n t h e m i s s i o n M 
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T a b l e 2 . D e f i n i t i o n of Symbols (Conc luded) 

f^ an e l e m e n t of F d e n o t i n g t h e c o s t of outcome K 

P , p r o b a b i l i t y t h e mix y. g i v e s r e s u l t k g i v e n t h e t h r e a t and 
Y „ k It, • • * r 

Jo r t h e m i s s i o n 

= p r ( Y j e - k |M |T) 

WHEN MORE THAN ONE AIRCRAFT IS INVOLVED: 

i i n d e x on a i r c r a f t , i = 1 , 2 , . . . , n 
X . . t h e amount of p e n a i d of t y p e j u s e d on a i r c r a f t i ; i n t e g e r 

1 - ' v a l u e d 

V^ volume c a p a c i t y of a i r c r a f t i 

W^ w e i g h t c a p a c i t y of a i r c r a f t i 

V volume c a p a c i t y of a l l n a i r c r a f t 

W w e i g h t c a p a c i t y of a l l n a i r c r a f t 

FOR MARKOV CHAINS: 

E. s t a t e s of t h e markov c h a i n 
l 

P . . [ g o i n g from s t a t e E. t o E. i n one t r a n s i t i o n ] 
i j i J J 

p . . ( n ) P r [ g o i n g from s t a t e E. t o E. i n n t r a n s i t i o n s ] 

P t h e s t o c h a s t i c m a t r i x of t r a n s i t i o n p r o b a b i l i t i e s 

a k ^ n ^ t * 1 6 a ^ s ° l u t e p r o b a b i l i t y of b e i n g i n s t a t e E^ a f t e r n 
t r a n s i t i o n s 

u, t h e i n v a r i a n t d i s t r i b u t i o n of an e r g o d i c c h a i n 
k 

H t h e c l a s s of t r a n s i e n t s t a t e s i n a r e d u c i b l e c h a i n 

R one of a c l a s s of c l o s e d s e t s of p e r s i s t a n t s t a t e s i n a 
r e d u c i b l e c h a i n 

y^ P r [ u l t i m a t e a b s o r p t i o n i n R | t h e i n i t i a l s t a t e i s E^} 



j w. 
J 

v . 
J 

d . 
J 

1 20 10 100 W = 2 , 0 0 0 

2 300 70 5 ,000 V = 500 

S i m i l a r l y , t h e same mixes w i l l b e t e s t e d a s were i n C h a p t e r I I I . 

I n t h i s Append ix , t h e i n t e g e r programming p r o b l e m s w i l l be f o r m u l a t e d 

i n o r d e r t o show t h e t e c h n i q u e u s e d . As men t ioned b e f o r e , t h e method 

o f s o l u t i o n w i l l n o t b e d i s c u s s e d . Next t h e d e f i n i t i o n s o f t h e m i x e s 

t o b e u sed i s g i v e n . 

no jammers used 

\ f u l l o f jammer t y p e 1 ( o t h e r h a l f empty) 

f u l l o f jammer t y p e 1 

\ f u l l o f jammer 

f u l l of jammer t y p e 2 

n u m e r i c a l l y , 2 of jammer t y p e 1 t o 1 of jammer t y p e 2 
± 20% 

n u m e r i c a l l y , a 5 0 : 5 0 mix o f jammers t y p e 1 and 2 
± 20% 

n u m e r i c a l l y , 1 of jammer t y p e 1 t o 2 of jammer t y p e 2 
± 20% 

The f o r m u l a t i o n of t h e i n t e g e r programming p r o b l e m s t o b e s o l v e d 

fo r f e a s i b i l i t y w i l l now b e p r e s e n t e d . The p r o b l e m s g i v e n h e r e a r e 

q u i t e s i m p l e , and c o u l d be s o l v e d m e n t a l l y . However, i t i s t h e t e c h ­

n i q u e which i s i m p o r t a n t s i n c e p r o b l e m s d e a l i n g w i t h m u l t i p l e a i r c r a f t 

a r e much more c o m p l i c a t e d . 

fo r YQ : none r e q u i r e d 

fo r Yn -j : d i v i d e t h e r e s u l t s o f Y-, 0 by two 

r 

'12 

'21 

'22 

'31 

r 32 

'33 
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f o r Y-^2: M a x ' X l 

s . t . 20 ^ 2 , 0 0 0 (we igh t c o n s t r a i n t ) 

10 X^ ^ 500 (volume c o n s t r a i n t ) 

Xj| ^ 0 , i n t e g e r ( n o n - n e g a t i v i t y and i n t e r g e r 
c o n s t r a i n t ) 

= J > X x = 50 

T h e r e f o r e , u s e 50 jammers f o r t h e Y^ 2 s i m u l a t i o n , and 25 jammers fo r 

t h e Y-Q s i m u l a t i o n . 

Note t h a t , had t h e answer t o t h e Y^ 2 f e a s i b i l i t y p rob l em been 

odd , t h e s o l u t i o n t o Y-^ would have been n o n - i n t e g e r . Whether t o go up 

o r down t o a r r i v e a t an i n t e g e r - v a l u e d s o l u t i o n fo r Y ^ i s up t o t h e 

e x p e r i m e n t e r . 

f o r Y21'' same p r o c e d u r e a s i n Y-^. 

f o r Y 2 2

: M a x - x

2 

s . t . 300 X 2 £ 2 , 0 0 0 

70 X 2 £ 500 

X 2 ^ 0 , i n t e g e r 

X 2 = 6 f o r Y 2 2 

^> X, = 3 fo r y. 1 " T 2 1 

f o r Y-^: Max. X^ 

s . t . 20 X1 + 300 X 2 ^ 2 , 0 0 0 

10 Xl + 70 X 2 ^ 500 

1.8 X 2 ^ X1 £ 2 . 2 X 2 

X l ' X 2 ^ ®' i n t e S e r 

= ^ X x = 1 1 , X 2 = 5 
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Note t h a t t h e o b j e c t i v e f u n c t i o n c o u l d b e e i t h e r {Max. X^} o r 

(Max. X ^ } . The o n l y c a r e t h a t n e e d s t o b e t a k e n i s t h a t t h e r a t i o c o n ­

s t r a i n t s must b e f o r m u l a t e d such t h a t t h e c o r r e c t r a t i o i s o b t a i n e d . 

f o r Y 3 2*. Max. X 

s . t . 20 X x + 300 X 2 ^ 2 , 0 0 0 

10 Xl + 70 X 2 ^ 500 

0 . 9 X ^ X ^ 1 . 1 X 2 

X l ' X 2 ^ ®' i n t e § e r 

^ > X x = 6 , X 2 = 6 

fo r Y 3 3 : Max. X̂^ 

s . t . 20 X± + 300 X 2 ^ 2 , 0 0 0 

10 X1 + 70 X 2 ^ 500 

1.8 X 1 ^ X 2 ^ 2 . 2 X 

X x , X 2 ^ 0 , i n t e g e r 

= ^ > X± = 3 , X 2 = 6 

B e f o r e we c o n t i n u e w i t h t h e example , a few e x p l a n a t i o n s must b e 

made. 

F i r s t , n o t e t h e word " n u m e r i c a l l y " p r e c e d i n g t h e d e s c r i p t i o n o f 

t h e l a s t t h r e e m i x e s t o b e t e s t e d . One must s p e c i f y t h e b a s i s f o r t h e 

r a t i o s s i n c e i t would b e p o s s i b l e t o f i nd a r a t i o b a s e d on e v e r y c o n ­

s t r a i n t e n t e r e d i n t h e p r o b l e m ( e x c e p t t h e i n t e g e r , n o n - n e g a t i v i t y , and 

minimum r e q u i r e m e n t s c o n s t r a i n t s ) . In t h i s example , t h e r e c o u l d be an 

x : y mix by w e i g h t , by vo lume , o r n u m e r i c a l l y . Which b a s i s i s t o b e 

u s e d must o b v i o u s l y b e s p e c i f i e d . I n t h i s t h e s i s , n u m e r i c a l r a t i o s a r e 
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b e i n g used s i n c e i t i s f e l t t h a t t h i s i s t h e most r e l e v a n t b a s i s f o r t h e 

p rob l em u n d e r i n v e s t i g a t i o n . 

The "± 20%" e n t e r e d a t t h e end o f t h e d e s c r i p t i o n s o f t h e l a s t 

t h r e e m i x e s i s n e c e s s i t a t e d by t h e f a c t t h a t X.. i s r e s t r i c t e d t o i n t e g e r 

v a l u e s . The x : y ± z% c a p a b i l i t y o f t h e f o r m u l a t i o n shou ld b e a g r e a t 

boon t o t h e e v a l u a t i o n . S i n c e t h e X.. a r e i n t e g e r s , i t i s p o s s i b l e t h a t 

an e x a c t r a t i o would come nowhere c l o s e t o f i l l i n g t h e c a p a c i t y o f t h e 

a i r c r a f t , and t h u s t h e s i m u l a t i o n i n v e s t i g a t i o n cou ld w e l l b e i n t h e 

wrong a r e a o f t h e f e a s i b l e s p a c e . In a d d i t i o n , i t i s f e l t t h a t t h e 

p r o b a b i l i t i e s g e n e r a t e d from t h e s i m u l a t i o n would n o t be s u f f i c i e n t l y 

p r e c i s e t o d i f f e r e n t i a t e be tween l i m i t s o f an a p p r o p r i a t e ± z7 0. 

The q u e s t i o n o f how t o c h o o s e an a p p r o p r i a t e z?0 i s n o t an e a s y 

o n e . Each s i t u a t i o n would h a v e t o be e v a l u a t e d , and t h e z d e c i d e d upon 

would depend on t h e c h a r a c t e r i s t i c s of t h e p e n a i d s t h e m s e l v e s . However, 

t h e r e a r e two c o n s i d e r a t i o n s which would be a p p l i c a b l e i n a l l c a s e s . 

The f i r s t t h i n g t o n o t e i s t h a t , i f t h e r e i s p r i o r knowledge o f t h e 

c r i t i c a l p o i n t o f some t y p e o f p e n a i d , one o b v i o u s l y would n o t want t o 

go be low t h a t p o i n t . I f t h e r e s e a r c h e r can t e l l t h a t t h e z% chosen 

would a l l o w some number be low t h i s c r i t i c a l p o i n t t o be r e a c h e d , he 

shou ld add a c o n s t r a i n t so t h a t t h i s w i l l n o t h a p p e n . ( T h i s t y p e o f 

c o n s t r a i n t w i l l be c o v e r e d b e l o w . ) I f t h e m i x e s u n d e r c o n s i d e r a t i o n 

a r e n o t i n t h e a r e a o f a c r i t i c a l p o i n t o r t h i s p o i n t i s unknown, and 

s i m u l a t i o n i s b e i n g u s e d , t h e s e n s i t i v i t y o f t h e s i m u l a t i o n t o t h e num­

b e r o f jammers cou ld b e a c r i t e r i o n on which t o b a s e t h e s e l e c t i o n o f 

t h e p r o p e r z . 
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S i n c e t h e c a p a b i l i t y t o d e a l w i t h t h i s t y p e o f r a t i o i s a v a i l a b l e , 

any number o f d i f f e r e n t p e n a i d t y p e s and m i x e s c o u l d b e c o n s i d e r e d . How­

e v e r , t h e number of c o n s t r a i n t s w i l l i n c r e a s e , and must b e m o d i f i e d by 

t h e r a t i o s t o b e i n v e s t i g a t e d . For example , i f one were c o n s i d e r i n g 

t h r e e jammer t y p e s and wanted t h e r a t i o t o be {x^ = X^ = X^} - 10%, two 

c o n s t r a i n t s would be r e q u i r e d : 

0 .95 X 2 ^ X1 ^ 1.05 X 2 

0 .95 X 2 £ X 3 £ 1.05 X 2 . 

Nex t , c o n s i d e r t h e c a s e where t h e c r i t i c a l minimum number o f some 

t y p e o f p e n a i d i s known, and i t i s d e s i r e d t o i n c l u d e t h i s number of 

t h i s t y p e o f p e n a i d i n t h e a i r c r a f t l o a d . T h e r e a r e two p o s s i b l e s u b ­

c a s e s : 

(1) T h i s minimum number o f t h i s p e n a i d i s r e q u i r e d , and t h e 
r e s t o f t h e c a p a c i t y i s t o be f i l l e d by o t h e r t y p e s . 
I n t h i s c a s e , s imply modify t h e c a p a c i t y by t h e a p p r o p r i ­
a t e amount and f o r m u l a t e a s i n o u r p r e s e n t example , u s i n g 
t h e r e d u c e d c a p a c i t y i n t h e c o n s t r a i n t s . 

(2) Say t h e minimum number o f jammer t y p e 3 r e q u i r e d i s q, 
y e t i t i s w i shed t o i n v e s t i g a t e what h a p p e n s when an 
a d d i t i o n a l amount o f t h i s t y p e i s used i n c o n j u n c t i o n 
w i t h o t h e r s . T h i s would be f o r m u l a t e d , u s i n g t h e 
o r i g i n a l c a p a c i t i e s , and a d d i n g t h e c o n s t r a i n t 

X 3 * q 

t o t h e p r o b l e m . 

The f o r m u l a t i o n of t h e f e a s i b i l i t y i n t e g e r programming p r o b l e m s 

i s q u i t e s i m p l e o n c e t h e b a s i c c o n c e p t s a r e u n d e r s t o o d . C o n s e q u e n t l y , 

f o r m u l a t i o n t o s a t i s f y d i f f e r e n t c o n s t r a i n t s of t h e same t y p e by p e r ­

s o n n e l u n f a m i l i a r w i t h i n t e g e r programming c o u l d b e a c c o m p l i s h e d . I t 

i s a n t i c i p a t e d t h a t a m i x e d - i n t e g e r i n t e g e r programming computer p rogram 
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w i l l b e a v a i l a b l e i f work o f t h i s t y p e i s c o n t e m p l a t e d , and h e n c e s o l u ­

t i o n p r o c e d u r e s fo r t h e s e p r o b l e m s w i l l n o t b e d i s c u s s e d i n t h i s t h e s i s . 

A word o f w a r n i n g : w h i l e l i n e a r programming i s a commonly known t e c h ­

n i q u e , i n t e g e r programming can b e q u i t e d i f f e r e n t . I f an o b j e c t i v e 

f u n c t i o n o r c o n s t r a i n t s o f a form d i f f e r e n t from t h o s e p r e s e n t e d h e r e i s 

c o n t e m p l a t e d , an e x p e r t i n i n t e g e r programming shou ld be c o n s u l t e d . 

We assume t h e same p r o b a b i l i t i e s a s i n t h e example i n C h a p t e r 

I I I . These p r o b a b i l i t i e s a r e g i v e n , a l o n g w i t h t h e e v a l u a t e d e x p e c t e d 

c o s t e q u a t i o n s . 

P| 31 = 0 . 4 0 E Q (C) = [ 0 ] + [ ( 0 . 4 0 ) ( 1 , 0 0 0 , 0 0 0 ) + ( 0 . 4 0 ) ( 4 0 0 , 0 0 0 ) 

p ( 32 = 0 . 4 0 + ( 0 . 2 0 ) ( - 6 0 0 , 0 0 0 ) ] = + $ 4 4 0 , 0 0 0 

p l 33 0 .20 

Y l l : P l l 1 0 . 3 7 E n ( C ) = [ ( 2 5 ) ( 1 0 0 ) ] + [ ( 0 . 3 7 ) ( 1 , 0 0 0 ) + ( 0 . 4 3 ) ( 4 0 0 ) 

P l l 2 0 . 4 3 + ( 0 . 2 0 ) ( - 6 0 0 ) ] X 1 0 3 = + $424 ,500 

P l l 3 = 0 .20 

Y 1 2 : P 1 2 1 = 0 . 3 0 E 1 2 ( C ) = [ ( 5 0 ) ( 1 0 0 ) ] + [ ( 0 . 3 0 ) ( 1 , 0 0 0 ) + ( 0 . 4 5 ) ( 4 0 0 ) 

P 1 2 2 0 .45 + ( 0 . 2 5 ) ( - 6 0 0 ) ] X 1 0 3 = + $270 ,000 

P 1 2 3 0 .25 

Y 2 1 : P 2 1 1 = 0 . 3 0 E 2 1 ( C ) = [ ( 3 ) ( 5 , 0 0 0 ) ] + [ ( 0 . 3 0 ) ( 1 , 0 0 0 ) + ( 0 . 3 0 ) ( 4 0 0 ) 

P 2 1 2 = 0 . 3 0 + ( 0 . 4 0 ) ( - 6 0 0 ) X 1 0 3 = + $ 1 9 5 , 0 0 0 

P 2 1 3 = 0 . 4 0 

Y 2 2 : P 2 2 1 = 0 .25 E 2 2 ( C ) = [ ( 6 ) ( 5 , 0 0 0 ) ] + [ ( 0 . 2 5 ) ( 1 , 0 0 0 ) + ( 0 . 2 5 ) ( 4 0 0 ) 

p 2 2 2 0 . 2 5 + ( 0 . 5 0 ) ( - 6 0 0 ) ] X 1 0 3 = $80 ,000 

P 2 2 3 = 0 . 5 0 
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Y 3 1 : p 3 1 1 = 0 . 20 E 3 1 ( C ) = [ ( 1 1 ) (100) + (5) ( 5 , 0 0 0 ) ] + [ ( 0 . 2 0 ) ( 1 , 0 0 0 ) 

p 3 1 2 = 0 . 25 + ( 0 . 2 5 ) ( 4 0 0 ) + ( 0 . 5 5 ) ( - 6 0 0 ) ] X 1 0 3 

p 3 1 3 = 0 . 55 = - $ 3 , 9 0 0 

Y 3 2 : P 3 2 1 = 0 . 23 E 3 2 ( C ) = [ ( 6 ) ( 1 0 0 + 5 , 0 0 0 ) ] + [ ( 0 . 2 3 ) ( 1 , 0 0 0 ) 

p 3 2 2 = 0 . 25 + ( 0 . 2 5 ) ( 4 0 0 ) + ( 0 . 2 5 ) ( - 6 0 0 ) ] X 1 0 3 

p 3 2 3 = 0 . 52 = + $48 ,600 

Y 3 3 : P 3 3 1 = 0 . 25 E 3 3 ( C ) = [ ( 3 ) ( 1 0 0 ) + ( 6 ) ( 5 , 0 0 0 ) ] + [ ( 0 . 2 5 ) ( 1 , 0 0 0 ) 

p 3 3 2 = 0 . 25 + ( 0 . 2 5 ) ( 4 0 0 ) + ( 0 . 5 0 ) ( - 6 0 0 ) ] X 1 0 3 

p 3 3 3 = 0 . 50 = + $ 8 0 , 3 0 0 

U s i n g t h e f i g u r e s a s g i v e n , t h e o p t i m a l r a t i o and mix i s o b v i o u s ­

l y y^i' However, a s e n s i t i v i t y a n a l y s i s i s i n o r d e r . Note t h a t i n Y 22» 

Y 3 1 ' Y 3 2 ' an<* Y 3 3 * c o s t s a r e r e l a t i v e l y c l o s e t o z e r o (o r n e g a t i v i t y ) . 

T h u s , f u r t h e r i n v e s t i g a t i o n shou ld be d i r e c t e d toward a c h i e v i n g a b e t t e r 

e s t i m a t i o n o f t h e r e s p e c t i v e p r o b a b i l i t i e s . For example , i f t h e p r o b a ­

b i l i t i e s i n Y 2 2 we re changed o n l y by 0 . 0 5 , t o p 2 2 ^ = 0 . 2 0 , p 2 2 2 = 

0 . 2 5 , p 2 2 3 = 0 . 5 5 , we would g e t E 2 2 ( C ) = 0 . 

In o r d e r t o a n a l y z e t h e e f f e c t o f t h e p r o b a b i l i t i e s , g r aph t h e 

e x p e c t e d c o s t v s . p o s s i b l e v a l u e s o f P ^ * a s b e f o r e . I n t h i s s i t u a t i o n , 

i t i s n e c e s s a r y t o h o l d f i r s t P^2» a n < ^ t h e n Py 3 > c o n s t a n t and v a r y t h e 

o t h e r . T h i s i s a r e q u i r e m e n t b e c a u s e o f t h e n a t u r e o f t h e c o s t s : i . e . , 

a l l t h r e e c o s t s o f ou tcomes a r e i m p o r t a n t and have a n o t i c e a b l e e f f e c t 

on t h e e x p e c t e d c o s t . Note t h a t a l l o t h e r p o s s i b l e c o m b i n a t i o n s o f 

c h a n g e s o f p r o b a b i l i t i e s would b e r e p r e s e n t e d by s t r a i g h t l i n e s be tween 

t h e s e two e x t r e m e s ( e . g . , a s p ^ i s c h a n g e d , a 5 0 : 5 0 change be tween p ^ 
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and p ^ would b e e x a c t l y ha l fway be tween t h e s e two ex t rema l i n e s ) . F i g ­

u r e s 1-1 t h r o u g h 1-4 d e p i c t t h e p o s s i b i l i t i e s fo r t h e fou r m i x e s of 

i n t e r e s t . As b e f o r e , d o t s imply t h e o r i g i n a l e s t i m a t e s . 

N o t i c e t h a t i n a l l fou r c a s e s b e i n g c o n s i d e r e d , t h e d e t e r m i n i s t i c 

c o s t o f t h e p e n e t r a t i o n a i d s p l a y s a major p a r t o f t h e f i n a l e x p e c t e d 

c o s t . T h i s f a c t o r i n i t s e l f may b e a v a l i d c r i t e r i a fo r d e t e r m i n i n g 

w h e t h e r o r n o t f u r t h e r i n v e s t i g a t i o n i n t o t h e p r o b a b i l i t i e s i s w a r r a n t e d : 

i . e . , i f t h e d e t e r m i n i s t i c c o s t i s o f t h e same d e c i m a l power a s t h e p r o b ­

a b i l i s t i c c o s t , f u r t h e r p r e c i s i o n shou ld b e s o u g h t . (Of c o u r s e t h i s i s 

a p p l i c a b l e o n l y when a n e g a t i v e c o s t i s a s s o c i a t e d w i t h s u c c e s s f u l a c ­

compl i shment o f t h e m i s s i o n w i t h r e s p e c t t o t h e t a r g e t . ) 
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APPENDIX B 

INTEGER PROGRAMMING FORMULATIONS 

T h i s a p p e n d i x w i l l d e m o n s t r a t e i n t e g e r - p r o g r a m m i n g f o r m u l a t i o n 

p r o c e d u r e s t o be fo l lowed i n t h e m u l t i p l e a i r c r a f t and m u l t i p l e p e n a i d 

c a s e . The example w i l l be k e p t s m a l l , u s i n g o n l y t h r e e a i r c r a f t o f t h e 

same t y p e and two d i f f e r e n t t y p e s o f p e n a i d s . Even though t h i s i s a 

r e l a t i v e l y s m a l l example , i t w i l l be n o t i c e d t h a t t h e s i z e o f t h e p r o b ­

lem i s l a r g e enough t o make hand c a l c u l a t i o n s q u i t e t e d i o u s . As men­

t i o n e d b e f o r e , a computer p rog ram shou ld b e w r i t t e n t o do t h e c a l c u l a ­

t i o n s and keep t r a c k o f t h e d a t a i n an a c t u a l i n v e s t i g a t i o n . 

We w i l l p r e s e n t o n l y t h e mixes t o b e i n v e s t i g a t e d and t h e formu­

l a t i o n o f t h e p r o b l e m s d e s i g n e d t o s p e c i f y t h e amounts o f p e n a i d s t o be 

u sed i n each o f t h e m i x e s . The e x p e c t e d c o s t e v a l u a t i o n s and s e n s i t i v i t y 

a n a l y s e s a r e a c c o m p l i s h e d i n t h e same manner a s t h o s e p r e s e n t e d e a r l i e r , 

t h e o n l y d i f f e r e n c e b e i n g t h e s i z e and number of c a l c u l a t i o n s r e q u i r e d . 

S i n c e n o t h i n g new would b e added by i n c l u d i n g t h e s e a n a l y s e s , t h e y w i l l 

n o t b e i n c l u d e d . 

Le t u s assume t h a t t h e f o l l o w i n g b a s i c d a t a a r e g i v e n : 

j v . 
J 

w. 
J 

V. l = V = 300 

1 15 200 w. 
1 

= w = 2 , 0 0 0 

2 10 50 
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The f o l l o w i n g mixes a r e t h e ones of i n t e r e s t : 

r = 

YQ = no jammers u sed 

r 10 

f l l 

12 

'13 

f 20 

f 21 

r 22 

r 23 

f 30 

31 

f 32 

r 33 

r 34 

r 35 

r 36 

= a i r c r a f t #1 f i l l e d w i t h jammer t y p e 1 and t h e o t h e r 
a i r c r a f t c a r r y i n g no jammers 

= a i r c r a f t #1 and #2 f i l l e d w i t h jammer t y p e 1 , and 
a i r c r a f t #3 w i t h no jammers 

= a l l t h r e e a i r c r a f t f i l l e d w i t h jammer t y p e 1 

= a l l t h r e e a i r c r a f t each o n e - h a l f f u l l of jammer t y p e 1 

= a i r c r a f t #1 f i l l e d w i t h jammer t y p e 2 

= two o f t h e t h r e e a i r c r a f t f i l l e d w i t h jammer t y p e 2 

= a l l t h r e e a i r c r a f t f i l l e d w i t h jammer t y p e 2 

= a l l t h r e e a i r c r a f t o n e - h a l f f u l l o f jammer t y p e 2 

= a i r c r a f t #1 f u l l of jammer t y p e 1; a i r c r a f t #2 f u l l 
o f jammer t y p e 2 ; a i r c r a f t #3 w i t h no jammers 

= a i r c r a f t #1 f u l l o f jammer t y p e 1; a i r c r a f t #2 f u l l 
of jammer t y p e 2 ; a i r c r a f t #3 h a s a l o a d o f (% of 
jammer t y p e 1 and \ o f jammer t y p e 2) ± 207o 

= a l l t h r e e a i r c r a f t c a r r y i n g l o a d s o f (\ jammer t y p e 
1 and \ jammer t y p e 2) ± 20% 

= a minimum of 10 u n i t s o f jammer t y p e 2 on each a i r ­
c r a f t ; t h e r e s t o f t h e c a p a c i t y t o be a 5 0 : 5 0 ± 10% 
mix o f t h e two jammers p e r a i r c r a f t 

= a minimum o f 10 u n i t s o f jammer t y p e 2 on each a i r ­
c r a f t , and a r a t i o of (2 o f jammer t y p e 1 t o 1 of 
jammer t y p e 2) ± 107o p e r a i r c r a f t 

= t h r e e u n i t s o f jammer t y p e 1 on each a i r c r a f t and 
t h e r e s t o f t h e c a p a c i t y t o be f i l l e d w i t h jammer 
t y p e 2 

= a minimum of t h r e e u n i t s o f jammer t y p e 1 p e r a i r ­
c r a f t , and a (2 of jammer t y p e 2 t o 1 o f jammer t y p e 
1) ± 20% o v e r a l l mix f i l l i n g t h e r e s t o f t h e c a p a c i ­
t y 
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f37 

r 38 

a minimum of t h r e e u n i t s of jammer t y p e 1 p e r a i r ­
c r a f t , and a (2 o f jammer t y p e 2 t o 1 of jammer t y p e 
1) ± 10% o v e r a l l 

a i r c r a f t $1 must have a t l e a s t 5 u n i t s o f jammer t y p e 
1 and t h e r e s t o f i t s c a p a c i t y i s i m m a t e r i a l . A i r ­
c r a f t #2 must have a 5 0 : 5 0 ± 10% mix and f i l l e d t o 
c a p a c i t y . A i r c r a f t $3 must h a v e a (2 of jammer t y p e 
2 t o 1 o f jammer t y p e 1) ± 6%. O v e r a l l , we must have 
a 5 0 : 5 0 ± 20% r a t i o . 

As b e f o r e , t h e s e r a t i o s w i l l b e d e t e r m i n e d on a n u m e r i c a l b a s i s . 

From t h e s e d a t a t h e f o l l o w i n g f e a s i b i l i t y p r o b l e m s must b e s o l v e d 

i n o r d e r t o d e t e r m i n e t h e l o a d s t o b e s t u d i e d i n t h e s i m u l a t i o n . 

f o r Y 0 

f o r Y 10 

none r e q u i r e d 

Max. Xn 

s . t . 15 X1 ^ 300 

200 X1 ^ 2 , 0 0 0 

^ 0 , i n t e g e r 

f o r Y 1 1 ? Y 1 2 > a n d v

1 3 : u s e t h e r e s u l t s o b t a i n e d i n Y 1 Q 

f o r Y 2 C J : M a x - x

2 

s . t . 10 X 2 ^ 300 

50 X 2 ^ 2 , 0 0 0 

X 2 ^ 0 , i n t e g e r 

f o r Y2"L t h r o u g h Y 2 3

: u s e t h e r e s u l t s o b t a i n e d i n Y 2 Q 

fo r Y 3 Q : u s e t h e r e s u l t s from Y-^Q and Y 2 Q 

u s e above r e s u l t s fo r f i r s t two a i r c r a f t ; r e s u l t from 
Y 3 2 f o r t h e t h i r d a i r c r a f t 

h e r e we need o n l y c o n c e r n o u r s e l v e s w i t h one a i r c r a f t , 
and a p p l y t h e r e s u l t s t o a l l t h r e e a i r c r a f t 

fo r Y 3 1 

f o r Y 3 2 
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Max. Xl 

s . t . 15 X 1 + 10 X 2 ^ 300 

200 Xl + 50 X 2 ^ 2 , 0 0 0 

0 . 8 X 2 ^ Xl ^ 1.2 X 2 

X l * X 2 ^ ° ' i n t e 8 e r 

f o r Y 3 3 : h e r e , s imp ly r e d u c e t h e c a p a c i t y by t h e amount r e q u i r e d 
by t h e 10 u n i t s o f jammer t y p e 2 p e r a i r c r a f t . A g a i n , 
one need o n l y s o l v e t h e p rob l em f o r one a i r c r a f t and 
a p p l y i t t o a l l . 

Max. Xl 

s . t . 15 Xl + 10 X 2 ^ 200 

200 X x + 50 X 2 ^ 1,500 

0 . 9 X 2 ^ X 1 ^ 1.1 X 2 

X l * X 2 ^ ° ' i n t e 8 e r 

f o r Y ^ : one need o n l y s o l v e f o r one a i r c r a f t , a f t e r c o r r e c t i n g 
t h e c a p a c i t y f o r t h e r e q u i r e d amoun t s 

Max. Xl 

s . t . 15 Xl + 10 X 2 ^ 200 

200 X1 + 50 X 2 £ 1,500 

0 .475 X x ^ x 2 ^ 0 .525 X x 

X l ' X 2 ^ ° ' i n t e S e r 

f o r Y^^". a s b e f o r e , r e d u c e t h e c a p a c i t y by t h e r e q u i r e m e n t s . 
The t h i n g t o n o t i c e i n t h i s s i t u a t i o n i s t h a t i t would 
b e wrong t o u s e t h e t o t a l r e m a i n i n g c a p a c i t y o f a l l 
t h r e e a i r c r a f t , s i n c e t h i s c o u l d w e l l l e a d t o i n f e a s i -
b l e s o l u t i o n s . As b e f o r e , s o l v e f o r one a i r c r a f t and 
a p p l y t h e s o l u t i o n t o a l l . 

Max. X 2 

s . t . 10 X 2 ^ 255 

50 X 2 ^ 1,400 

X« ^ 0 , i n t e g e r 
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f o r Y q A : a s b e f o r e , r e d u c e t h e c a p a c i t y by t h e r e q u i r e m e n t s 

1 1 

Y 36 ' 

Max. X, 

15 X l l + 10 X 1 2 255 

15 X 2 1 + 10 X 2 2 255 

15 X 3 1 + 10 X 3 2 255 

200 X l l + 50 X 1 2 1,400 

200 X 2 1 + 50 X 2 2 1,400 

200 X 3 1 + 50 X 3 2 1,400 

0 . 4 ( X 1 1 + X 2 1 + X 3 1 ) * ( X 1 2 + X 2 2 + X 3 2 ) £ 0 . 6 ( X 1 1 + X 2 1 + X ^ ) 

X £ j * 0 , i n t e g e r , i = 1 , 2 , 3 ; j = 1,2 

Us ing t h e symbolism used i n t h e t e x t , t h e s e c o n s t r a i n t s f o r Y 3 g would 

b e , o f c o u r s e , 

Max. X^^ 

2 

s . t . ) v . X. . ^ 255 i = 1 , 2 , 3 

j = l 

2 

^ Wj X ± j £ 1 ,400 i = 1 , 2 , 3 

j = l 

3 3 3 

° ' 4 Z X i l I X i 2 ^ 0 ' 6 I X i l 
i = l i = l i = l 

j ^ 0 , i n t e g e r i , j 

The r e a s o n t h a t one can w r i t e t h e s e c o n s t r a i n t s i n t h i s s h o r t h a n d i s 

o b v i o u s l y t h e f a c t t h a t t h e a i r c r a f t a r e a l l i d e n t i c a l . I f t h e a i r c r a f t 

were d i f f e r e n t , w i t h d i f f e r e n t c a p a c i t i e s , one would b e f o r c e d t o w r i t e 



a l l c o n s t r a i n t s e x p l i c i t l y . I n what f o l l o w s , t h e s h o r t h a n d n o t a t i o n 

w i l l be u s e d . 

f o r y^-j' Note t h a t t h i s i s a c o m p l e t e l y d i f f e r e n t t y p e of 
p r o b l e m from Y36» I n Y 36> a p a r t i c u l a r mix f i l l i n g 
t h e c a p a c i t y r e m a i n i n g a f t e r t h e r e q u i r e m e n t s had 
b e e n met was d e s i r e d . H e r e , an o v e r a l l mix of c e r ­
t a i n p r o p o r t i o n s i s d e s i r e d . 

Max. X ^ 

s . t . Y v . X. . < 300 , i = 1 , 2 , 3 

j = i 
2 

Y w. X. . < 2 , 0 0 0 , i = 1 , 2 , 3 

X i l > 3 , i = 1 , 2 , 3 

3 3 3 

° - 4 7 5 I X i l ^ I X i 2 < 0 .525 Y X u 

i = l i = l i = l 

f o r Y 3 8 : 

< 300 , i = 1 , 2 , 3 

Max. X ^ 

2 

s . t . Y w. X. . < 2 , 0 0 0 , i = 1 , 2 , 3 

j = i 
2 

Y v . X. . 

j = i 
3 3 3 

° ' 8 I X i 2 ^ I X i 2 ^ 1 ' 2 V * ± 1 

i = l i = l i = l 

X n > 5 

0 . 9 X 2 2 ^ X 2 1 £ 1.1 X 2 2 
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0 .485 X 3 1 < X 3 2 < 0 .515 X 3 1 

x i j > °> i n t e g e r , V- i , j 

As m e n t i o n e d b e f o r e , s o l u t i o n s t o t h e s e f o r m u l a t i o n s , e v a l u a t i o n s 

of e x p e c t e d c o s t , and a s e n s i t i v i t y a n a l y s i s w i l l n o t be p r e s e n t e d b e ­

c a u s e t h e y have n o t h i n g new t o o f f e r . 
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